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Abstract

We extend one of the main results of Biirgisser and Cucker (http://www.arxiv.org/abs/cs/cs.CC/0312007), which asserts that
the computation of the Euler characteristic of a semialgebraic set is complete in the counting complexity@sﬂ'ﬁ@
goal is to prove a similar result ovér. the computation of the Euler characteristic of an affine or projective complex variety is
complete in the class I#CBC To citethisarticle: P. Blrgisser et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

La complexité du calcul de la caractéristique d’Euler des variétés complexe®ans cette Note, nous étendons un des
résultats principaux de Burgisser et Cucker (http://www.arxiv.org/abs/cs/cs.CC/0312007), qui établit que le calcul de la carac-
téristique d’Euler d’un ensemble semialgébrique est complet dans la classe de complexité de conﬁﬁag‘eda@ prouvons
un résultat similaire su€ : le calcul de la caractéristique d’Euler d’une ¥dé algébrique (affine ou projective) est complet
dans la classe %BC Pour citer cet article: P. Burgisser et al., C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Version frangaise abrégée

L'objectif de cette Note est de prouver que le calcul de lact@ristique d’Euler d'une variété algébrique (affine
ou projective) est complet dans la cIass%PF‘P

Nous rapellons ici (cf. [3]) que #Pdésigne la classe des fonctionsRi€, espace des suites finies de nombres
réels, dan® U {oco}, et qui, en gros, comptent le nombre de témoins pour une entrée d’'un probléme dee\ife
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classe de fonctions étend au cdlsur les nombres réels la classe itroduite par L. Valiant dans son article
fondamental [9], dans lequel il prouve que le calcul du permanenPesb#hplet. Nous rapelons aussi queféaﬂD
est la classe des fonctiops R® — R calculables en temps polynomial avec des oracles fonctionnels dans #P
Des telles définitions s’appliquent également&ur

Pour décrire nos résultats et les relier a des travaux antérieurs, nous considérons les problémes suivants :

DeEGREE(Degré géométriqye Etant donné un ensemble fini de polynémes complexes, calculer le degré géomé-
triqgue de I'ensemble des zéros d&ifs

EULERc (Caractéristique d’Euler de variétés affinesEtant donné un ensembile fini de polynémes complexes,
calculer la caractéristique d’Euler de I'ensemble des zéros@ans

PROJEULERc (Caractéristique d’Euler des variétés projectiyesEtant donné un ensemble fini de polynémes
complexes homogeénes, calculer la caractéristique d’Euler de I'ensemble des zér®s.dans

EULERR (Caractéristique d’Euler Etant donné un ensemble semialgébrique par une réunion d’ensembles se-
mialgébriques de base, décider s'il est videnon et calculer sa caractéristique d’Euler.

Les principaux résultats de [3] établissent que le probleraeREE est F%Rc—complet et que le probleme
EULERR est F%RR-complet. Le résultat principal de cette Note est le suivant.

Théoreme 0.1.Les probleme&ULERc et PROEULERC sontFPf:PC-complets pour des réductions de Turing.

Lorsque les polyndémes définissant la varigtént des coefficients tous entiers, le calcul de la caractéristique
d’Euler x (Z) peut étre considéré dans le modeéle de caldlit@lle Turing. Le Théorém®.1 a pour conséquence
directe que les problémes discrets correspondants sont complets dans larf&Ssdci, FP désigne la classe des
fonctions calculables par machine de Turing en temps polynom@tetest une classe de comptage de fonctions
booléennes introduite dans [3].

Les démonstrations complétes sont données dans [4].

1. Introduction

This Note extends one of the main results in [3], which asserts that the computation of the Euler characteristic
of a semialgebraic set is complete in the counting cIa%@ﬁ?lWe prove a similar result ové, namely, that the

computation of the Euler characteristic of an algebraic variety (affine or projective) is complete in the é@ss FP

Here, we recall from [3] that #P denotes the class of functions from the sp&ce of finite sequences of
real numbers intN U {oo} which, roughly speaking, count the number of satisfying witnesses for an input to a
problem in NR:. This class of functions extends to the setting of computationsRvbe class # introduced by
L. Valiant in his seminal paper [9], where he proved that the computation of the permanerntdsnplete. Also,
the complexity class F[@ consists of all functiong : R* — R, which can be computed in polynomial time
using oracle calls to functions in #PSimilar definitions apply ovet.

The Euler characteristic &f, denoted byy (Z), can be characterized in several different ways. For instance, for
spacesZ admitting a finite triangulation, it ithe alternate sum of the numberiegimplices of the triangulation.
In general, it is also the alternate sum owef the Betti numbers of, that is, of the ranks of the homology groups
H;(Z; 7). Also, for manifoldsZ, x (Z) can be characterized as the alternate sum oeéthe number of critical
points of indexi of any Morse functionf : Z — R. It is this last characterization, together with the elimination of
generic quantifiers via partial witness sequences,lidsaat the heart of the proof of completeness for the Euler
characteristic given in [3]. Ultimately, this characterization reduces the problem of computifigto that of
counting points satisfying a certain property, and counting points is precisely what functiong anet&ble to do.

If Z is now a complex (affine or projective) variety and we want to compy#) with machines ovet, the use
of Morse functions as described above is not possible. This is due to the fact that machirfésamaot compute
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signs or recognize elementsiit Therefore, to extend the completenesauteof [3] to complex varieties requires
yet another characterization @f(Z), for a complex varietyZ, which again reduces the computationyafZ) to
counting points. Such a charactiion was recently found by Aluffi [1].

To describe our results and to relate them to previous work, consider the following problems.

DeGREE (Geometric degrée Given a finite set of complex polynomials, compute the geometric degree of its
affine zero set.

EULERc (Euler characteristic of affine varietigs Given a finite set of complex polynomials, compute the Euler
characteristic of its affine zero set.

PROJEULERc (Euler characteristic of projective varietigs Given a finite set of complex homogeneous polyno-
mials, compute the Euler charadstic of its projective zero set.

EULERR (Euler characteristif Given a semialgebraic set, decideetther it is empty and if not, compute its
Euler characteristic.

The main results of [3] state that the problera &REEis F%Rc—complete and the problemUgERy is FPH#{PR—
complete, both for Turing reductions. The main result of this Note is the following.

Theorem 1.1.Both problem$£EuLERc and PROJEULERc are FREPC -complete for Turing reductions.

If the polynomials defining the variety are restricted to have integer coeiffiats, then the problem of comput-
ing x (Z) can be considered in the Turing model of computation. An easy consequence of Theorem 1.1 is the fact
that the corresponding discrete problems are complete in theRB&8S . HereFP is the class of functions com-
puted by Turing machines in polynomial time a@@C is a counting class of Boolean functions introduced in [3].
Complete proofs will be found in [4].

2. Preliminaries
2.1. Machines and complexity classes

We denote byC> the disjoint unionC> = | |, ,C", where forn > 0, C" is the standard-dimensional
space ovefC. The spaceC*™ is a natural one to represent problem instances of arbitrarily high dimension. For
x € C" c C*, we calln thesizeof x.

In this Note we will consider Blum—Shub—-Smale-machines évas they are defined in [2]. Roughly speaking,
such a machine takes an input frd@f°, performs a number of arithmetic operations and tests for zero following
a finite list of instructions, and halts returning an elemer@ (or loops forever). The computation of a machine
on an inputx € C* is well-defined and notions such as a function being computed by a machine or a subset of
C®° being decided by a machine easily follow. We denote by B class of functions that can be computed in
polynomial time.

2.2. Projective algebraic varieties

We denote byP" := P"(C) the projective spacef dimensionn over C. A projective varietyis defined as
the zero setZ(f1,..., fy) :={x € P"| fi(x) =0,..., fr(x) = 0} of finitely many homogeneous polynomials
f1,..., fr e C[Xo,..., X, ]. Boolean combinations of projective varieties are catjadsialgebraic sets

For 0< k < n the GrassmanniarG (k, n) is the set of allk + 1)-dimensional vector subspaces@f!. Ele-
ments inG (k, n) are in bijective correspondence with subspatles P". We will often write L"~* for an element
in G(k, n), the superscript emphasizing the codimension.
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We will consider projective varieties as input data for machines @vén this case, a variety is encoded by
a family of polynomials of whicl is the zero set. Our results are valid for both the dense and sparse encoding of
polynomials.

2.3. Counting complexity classes

We now recall the definition of counting classes olZein [3]. This definition follows the lines used in discrete
complexity theory to defineR#[9].

Definition 2.1. (i) We say that a functionf : C*° — N U {oco} belongs to the class #Pwhen there exists a
machineM working in polynomial time and a polynomiagl such that, for allx € C", f(x) = |{y € CP™ |
M acceptgx, y)}|. The complexity class Fﬁgﬁ consists of all functiong : C* — C*°, which can be computed in
polynomial time using oracle calls to functions ingtHii) We say thatf Turing reduces t@ when there exists an
oracle machine which, with oraclg computesf in polynomial time. (iii) We say that a functiopnis Turing-hard
for FF’:EP<C when, for everyf € FF’EP‘C, there is a Turing reduction froryi to g. We say thag is F%P‘C-complete

when, in additiong € FF{EPC.
An example of a problem in #Pis the following:

#BIPROXQAS (Counting points in biprojective quasialgebraic 9ets€Given a quasialgebraic s§tC P" x P,
count the number of points il returningoo if this number is not finite.

2.4. Projective degrees

Let fo,..., fn € C[Xo,..., X,] be homogeneous nonzero polynomials of the same degremd let
Y .= Z(fo,..., fn) denote their projective zero set. Then these polynomials defimegalar morphism
o:U—>P" (x0:-:x5) > (fo(x):---: fu(x)) on the domain of definitio/ :=P" \ X. We will call such
¢ arational morphismand sometimes write shortly: P" --» P". Let I'y € P" x P" denote the graph @f and let
I denote the closure dfy in the Zariski topology. It is easy to see that= I'y U I's, wherel'y is the inverse
image of X under the projectiornr1 : I — P" onto the first factor.

ConsiderL! e G(n —i,n) andL"~ € G(i, n) in the Grassmannians. Since difn=n, for generic(L’, L")
the intersection™ N (L' x L") is finite and we may wonder under whiclnditions the number of points in
this intersection does not depend @i, L"~'). The next proposition gives an answer and leads to the concept of
projective degrees.

Proposition 2.2.Letp : P" --» P" be a rational morphism defined @hand letI” be the closure of the graph ¢f
(i) For 0 <i < n there exists a nonnegative integgrsuch that, ifly h (LY x L") and I's N (L} x L") =@,
then|I'y N (LI x L") = |L' N~ Y(L"~)| = d;. HereU  V means that/ andV intersect transversallyii) The
above conditions are satisfied for genetic, L") € G(n — i, n) x G(i, n).

The integersl, ..., d,—1 are called thgrojective degreesf the rational morphismp (see [6, Chapter 19]).
2.5. Euler characteristic

The Euler characteristic satisfies an additivity property expressed in the following principle of inclusion and
exclusion.

Lemma 2.3.Let Zy, ..., Z, be complex quasialgebraic sets. Wrile :=
Then we have (Z1N---NZ) =Y, 4(-D=1x (Z)).

ier Zi foranindexsef C {1,...,r}.
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For a smooth irreducible hypersurfacéP” of degreed, the Euler characteristic can be expressed by the known
formula x (Z) = (1 — d)"t — 1)d=1 + n + 1 (cf. [5]). The following generalizes this to the case of possibly
singular hypersurfaces.

Theorem 2.4 (Aluffi [1]). Let f € C[Xop,..., X,] be a nonconstant homogeneous polynomial and let
X = Zpn(d0f, .., 0 f). Then the Euler characteristic of the projective hypersurface Z(f) satisfiesy (Z) =

n+ Z?:l(—l)"ldn_,», whered, ..., d,—1 are the projective degrees of the gradient morphBm, X~ — P",
x=(x0: - :xp) > (dof(x):---:0, f(x)).

2.6. Generic quantifiers and partial withess sequences

Several completeness results in the Blum—Shub—Smale-model rely on Koiran’s method to eliminate generic
quantifiers in parametrized formulas [7].

We denote byF the set of first order formulas over the language of the theory of ordered fields with constant
symbols for real numbers. L&t € Fr have free variablesas, ..., ax. We say thatF is Zariski-generically true
if the set of values € R¥ not satisfyingF («) has dimension strictly less thdn We express this fact by writing
V*a F (a) using thegeneric universal quantifier*.

Definition 2.5. Let F(u, a) € Fr with free variables: € R?" anda € R¥. A sequencer = (¢, ..., o@D of
points inR* is called gpartial witness sequender F iff Vu € R?" ((v*a € R* F(u,a)) = |{i €{1,...,4m+1}|
F(u,a®)}| > 2m).

The next result, Theorem 2.7 below, summarizes the main properties of partial witness sequences that we will
need in this paper. The proof relies on efficient quantifier elimination Buef. [8]).

Definition 2.6. Let R € C*® x C*°. We say thatR is definable by short enough formulagen there exists a
polynomial p such that, for alln € N, (i) Yu € C" Va € C* (R(u, a) = |a| < p(m)), (ii) the predicatdu, a) €

RN (C™ x CP™) can be expressed by a formulg («, ) in the languagér that hasn®? bounded variables,

a bounded number of quantifier blocks, art?'? atomic predicates containing integer polynomials with degree
and bit size at most’2™” .

Note that the definition above requires the formalau, a) to be in the languag@&g of the theory of ordered
fields and not in the language of the theory of fields. The poirgsC™ anda € C?"™ are represented by points
in R?" andR2”™ in the obvious way.

Theorem 2.7.Let R € C*® x C* be a relation definable by short enough formulas with associgtezhd
{Fu(u,a)}men- Then there is a constant-free machine oewhich computes on input € N a partial witness
sequence,, for Fy,(u, a) in time polynomial inn.

3. Outline of the proof of Theorem 1.1
We need to study the following auxiliary problem:

PROIDEGREE: (Projective degregs Given homogeneous polynomiagfs, ..., f, in C[Xo, ..., X, ] of the same
degree and € N, 0< i < n, compute theth projective degree; of the rational mag : P" — P" defined by
them.

Proposition 3.1.The problenPROJDEGREE iS in FPféPC.

Idea of the proof. Letu € C™ be a vector parameterizing the homogeneous polynorfals., f, and letl™ =
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rjurg CP* xP" be the graph associatedfe, . . ., f,. Also, to a pointz € Ci»+D (seen as a matrix withrows
andn + 1 columns), we associate the linear spage= {x < C"*1 | ax = 0}. For generiar, dimL, =n+1—1,
thatis,L, € G(n — i, n). Similarly we defineL}~* for b € C"=D(+D),

We use the following lemma.

Lemma 3.2.Forall i,n e N,0<i < n, there is a family of short enough formul(aE,,Si’”) (u,a, b)}men such that,
forall m € Nand allu € C”, we have¥(a, b) € C/+D x CO=D0HD (£ (4 a, b)) & (I (Ll x L~ =
@ATEMNLL x L),

To prove Proposition 3.1 it is enough to see thabBDEGREE: Turing reduces to #BPROXQAS, i.e., to
give a polynomial time algorithm solvingR®IDEGREE: with oracle #BPROXQAS.. The algorithm doing so,
with inputu € C™, computes a description df/; and then computes a partial witness sequeiagge B,) for

the formuIaF,,(f’")(u, a,b) in Lemma 3.2 (use Theorem 2.7). Then, it computes the vaiﬂé& [N (L i X
(0%

m

L;(‘ji)| for j =1,...,4m + 1 with queries to #BPROXQAS¢, and returnsi;, the winner of a majority vote on

a) (4m-+1)
dV, ... d . O

Idea of the proof of Theorem 1.1.If Z is a projective hypersurface, the membershigpBEULERc € FP?ép‘C
follows readily from Proposition 3.1 and Theorem 2.4.

For the general case, we use Lemma 2.3 to reduce the computagig# pfo the case of a hypersurface. Note,
however, that the addition in Lemma 2.3 involves expuialy many terms. This difficulty can be overcome by
passing the cost of this addition to the oracle. The details are in [4].

To prove the membershiplEERC € FR:’;F>C one reduces ELERc to PROJEULERc. This is done by embedding
Z C C"into Z, C P" (described by the homogenization of the equations which desgzibesing thaty (Z) =
x(Zn) — x(Zy \ Z) and noting thaZ;, \ Z < P~ 1.

To prove the F%D‘C-hardness of ROJEULERc and EULERc it is enough to do so for the latter (since, we just
argued, the latter reduces to the former). To do so, we establish a Turing reduction BGREBt0 EULERC.
The idea for this reductions is thatrfa sequence of generic affine subspadesAi, ..., A, of C" such that
dimA; =i,we haveA;,NZ, =@ fori <k aswellasA; M Z, 0 andx(Ar N Z,) = |Ax N Z,| = degZ,. One
thus computes deg to be the first nonzero element of the sequefoe, N Ag), ..., x(Z, N A,)) if this is not
the zero sequence; otherwise we put deg 0. Genericity is dealt with partial withess sequences, similarly as in
the proof of Proposition 3.1. O
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