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Abstract

We construct secondary classes for super-foliations of codimension 0+ ε1 and 1+ ε1. We indicate how to generalize th
construction for any regular super-foliations on super-manifolds. We interpret the secondary classes as classes of fo
connections.To cite this article: C. Laurent-Gengoux, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Classes caractéristiques secondaires des super-feuilletages.Nous déterminons des classes caractéristiques secondai
super-feuilletages de codimension 0+ε1 et 1+ε1. Nous indiquons comment généraliser cette construction pour les feuille
réguliers de codimension quelconque sur des super-variétés. Nous interprètons ensuite les classes ainsi construites
classes caractéristiques associées à des connexionsfeuilletées plates.Pour citer cet article : C. Laurent-Gengoux, C. R. Acad.
Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

La classe de Godbillon–Vey est un élément deH 3(M,R) associée à un feuilletage régulier de codim
sion 1 sur une variétéM. De plus depuis les travaux de Fuks, Bernshtein ou Rozenfel’d [2,3], on sait associ
à tout feuilletage de codimensionn avec trivialisation du fibré normal sur une variétéM un homomorphisme
H ∗(Vect(n)) → H ∗(M,R), ou, en d’autres mots, on sait construire autant de classes caractéristiques qu’i
classes de cohomologie dans la cohomologie de Gelfand–Fuks de l’algèbre de Lie Vect(n) des champs de vecteu
formels. On appelle ces classes caractéristiques des classes secondaires du feuilletage.

ConsidéronsM une super-variété etM sa variété de base. Nous associons dans la présente Note un élém
H 1(M,R) à des super-feuilletagesF de codimension 0+ ε1 par le théorème suivant :

E-mail address:laurent@math.psu.edu (C. Laurent-Gengoux).
1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.06.006
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Théorème 0.1.Soit un super-feuilletageF de codimension0 + ε1 déterminé par une1-forme pairea et soitX
un super-champ de vecteur tel quea(X ) = 1. La classe de cohomologie dep(LX a) ∈ Ω1(M), où p :Ω(M) →
Ω(M) est la projection canonique, ne dépend pas des choix dea etX .

Nous donnons aussi une méthode pratique pour construire des classes secondaires dans le cas de la codime
1 + ε1. Plus généralement, nous affirmonsque l’on peut associer à un super-feuilletage au complémentaire trivia
une application deH ∗(Vect(n,m)0) dansH ∗(M,R), où H ∗(Vect(n,m)0) est la cohomologie de Gelfand–Fu
de la partie paire Vect(n,m)0 de la super-algèbre de Lie Vect(n,m) des super-champs de vecteurs formelsn
paramètres pairs etm paramètres impairs. En d’autres mots, étant donné unC ∈ H ∗(Vect(n,m)0), nous construi-
sons une classe secondaireφM,F (C) ∈ H ∗(M,R).

Théorème 0.2.Soit un super-feuillategeF de codimensionn + εm admettant un fibré normal trivialisé. Il exist
un homomorphismeφM,F :H ∗(Vect(n,m)0) → H ∗(M) tel que(i) si f ∗ :N → M est une submersion, alo
φN ,f ∗(F) = f̃ ∗ ◦ φM,F , oùf ∗(F) est le tiré en arrière du super-feuilletageF et oùf̃ :N → M est l’application
lisse induite par la restriction def aux variétés de bases,(ii) si M est une variété différentielle ordinaire,φM,F
est l’application de Bernshtein, Fuks et Rozenfel’d,[2,3].

Il peut sembler surprenant que ce soit la cohomologieH ∗(M) de la variété de base qui joue un rôle ici : c
est dû à un résultat de Batchelor [7,9] selon lequel cette cohomologie est isomorphe à celle de la super-vaM.
Enfin, remarquons que c’est la cohomologie de la partie paire Vect(n,m)0 et non celle de Vect(n,m) qui généralise
le résultat classique. Il est en fait heureux qu’il en soit ainsi puisque l’on peut montrer [1,4] que lorsquen < m

l’espace vectorielH ∗(Vect(n,m)0) n’est que de dimension 2. Nous montrons néanmoins (Proposition 4.2) q
l’on pourrait utiliser la cohomologie de Vect(n,m) mais que l’on obtiendrait alors moins de classes seconda
On retrouve toutefois dans certains cas particuliers les classes de Godbillon–Vey construites en [5].

Nous expliquerons enfin pourquoi à partir de toutsuper-feuilletage sur une super-variétéM, on peut construire
ce que l’on appelle des connexions feuilletées plates sur la variété de baseM ; c’est-à-dire un feuilletage sur l
variété de base, un fibré vectoriel et une connexion plate de ce fibré vectoriel définie uniquement le l
feuilles du feuilletage. On obtient alors le résultat suivant.

Théorème 0.3.Si à deux super-feuilletagesF etF ′ sont associées des connnexions feuilletées plates isomorphe
alorsφM,F = φM,F ′ .

1. Introduction

The Godbillon–Vey class is an element ofH 3(M,R) associated to a regular foliation of codimension 1
a manifoldM. More generally, to any regular foliationF with a trivialized normal bundle on a manifoldM
is uniquely associated a (non-trivial in general) homomorphism fromH ∗(Vect(n)) to H ∗(M,R), see [2] or [3]
(whereH ∗(Vect(n)) is the Gelfand–Fuks cohomology of the Lie algebra Vect(n) of formal vector fields withn
parameters). These classes are called secondary classes of the foliation.

Let M be a super-manifold andM its basis manifold. We construct in this article secondary classes of
ated super-manifoldM endowed with a super-foliation of codimension 0+ ε1 or 1+ ε1. For super-foliation of
codimension 0+ ε1, we construct a secondary class as an element ofH 1(M,R). For super-foliation of codimen
sion 1+ ε1, we construct three secondary classes as elements ofH 3(M,R). More generally, we will show how
to associate to any super-foliationF of codimensionn + εm with a trivialized normal bundle, a homomorphis
φM,F :H ∗(Vect(n,m)0) → H ∗(M,R) whereH ∗(Vect(n,m)0) is the Gelfand–Fuks cohomology of the even p
Vect(n,m)0 of the super-Lie algebra Vect(n,m) of formal vector fields withn even parameters andm odd pa-
rameters. In other words, we define for anyC ∈ H ∗(Vect(n,m)0) a secondary classφM,F (C) ∈ H ∗(M,R) of
super-foliation with a trivialized normal bundle. The reader must not be surprised by the fact that the de
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cohomology ofM is not used: by a result of Batchelor [7], this cohomology is indeed isomorphic to the
mology of the basis manifold. Note that only the even part Vect(n,m)0 appears: it is indeed better like this, sin
H ∗(Vect(n,m)) has only two non-trivial generators forn < m, see [3].

2. Foliations on super-manifolds

We denote byO(M) the super-functions on a super-manifoldM, by Vect(M) the super-Lie algebra o
super-vector fields and by(Ω(M), d) the super-algebra of differential forms onM endowed with its de Rham
differential.

On the super-manifoldRp,q , we denote byB theO(Rp,q)-sub-module of Vect(Rp,q) generated by the supe
vector fields( ∂

∂x1
, . . . , ∂

∂xp−n
) and( ∂

∂θ1
, . . . , ∂

∂θq−m
) wherex1, . . . , xp, θ1, . . . , θq are the natural parametrisation

R
p,q . A regular super-foliationF of codimensionn + εm is a sub-super-Lie algebra Vect(F) of Vect(M) such

that for anyx in the basis manifoldM there exists a neighborhoodU of x and a diffeomorphism fromU andR
p,q

that provides an isomorphism betweenB and the restriction of Vect(F) to U .
We say that a super-foliationF admits a trivialized normal bundle when there exists odd 1-formsω1, . . . ,ωn

and even 1-formsa1, . . . , am generating a freeO(M)-module of super-dimensionn + εm such that Vect(F) =
{X ∈ Vect(M) | ω1(X ) = · · · = ωn(X ) = a1(X ) = · · · = amX = 0}.

An important point is that to any super-foliationF of codimensionn+ εm on a super-manifoldM is associated
by a canonical way a super-foliation with a trivialized normal bundle on a Gl(n,m)-principal bundle overM,
see [6]. This Gl(n,m)-principal bundle is the super-manifold of freen + εm families T ∗(M) that vanishes on
Vect(F). Therefore, we can always assume that the super-foliation admits a trivialized normal bundle by re
the initial super-foliation by this new one if necessary.

3. Secondary classes for super-foliations of codimension 0+ ε1 and 1+ ε1

Let F be a regular super-foliation of codimension 0+ ε1 with a trivialized normal bundle given by an ev
1-form a andΘ an unique odd super-vector field satisfyinga(Θ) = 1. Let us consider the 1-form onM given
by A = p(LΘa) wherep :Ω(M) → Ω(M) is the natural projection. This theorem allows us to consider[A] ∈
H 1(M,R) as a secondary class of a super-foliation of codimension 0+ ε1.

Theorem 3.1.The1-form A is closed. Its cohomology class inH 1(M,R) does not depend upon the choice oa

andΘ.

Proof. Since the 1-forma defines a super-foliation of codimension 0+ ε1, there exists an odd 1-formb such that
da = b∧a, see [8]. Sinceb is odd, we haveb∧b = 0 and the identity 0= d2a = a ∧b∧b+a ∧db = a ∧db holds.
This implies that db = 0 because,a being a regular even 1-form, we have the surprising property thata ∧ c = 0
impliesc = 0 for anyc ∈ Ω(M).

Now from LΘa = ıΘda = ıΘa ∧ b = b + a ∧ ıΘb, we deduce immediately thatA = p(LΘa) = p(b). The
1-formA is thus a closed 1-form onM that does not depend on the choice ofΘ.

To show that[A] does not depend on the choice of the 1-forma chosen, we just have to see that if we repl
a by f a for f an even invertible super-function onM, we have d(f a) = c ∧ f a with c = b + df

f
and, as a

consequence,p(c) = p(b) + p(
df
f

) = p(b) + dp(f )
p(f )

. The super-functionf being invertible,p(f ) never vanishes

so the 1-formp(
df
f

) = d(ln(|p(f )|)) is exact onM. �
Example 1.On the super-circleS1|1, let us denotex ∈ S1 the even parameter andθ the odd parameter. For an
t ∈ R, let us consider the super-foliation of codimension 0+ ε1 defined by the 1-form dθ + tθ dx. Let us choose
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. We haveA = p(LΘa) = t dx and[A] = t ∈ H 1(S1,R) � R. The secondary class that we obtain in t
case is thus non-zero ift �= 0.

For super-foliation of codimension 1+ε1, the following theorem (proved in [6]) defines three secondary cla

Theorem 3.2.LetF be a super-foliation of codimension1+ ε1 defined by the odd1-formω and the even1-forma.
Let b be an odd n1-form onM andc an even1-form onM satisfyingdMa = ω ∧ c − a ∧ b. Then:

(i) There existα,β, ξ ∈ Ω1(M) on the base manifoldM such thatdMp(ω) = p(ω) ∧ α, dMα = p(ω) ∧ β ,
dMp(b) = p(ω) ∧ ξ .

(ii) The three3-forms[β ∧ α ∧ p(ω)], [ξ ∧ α ∧ p(ω)] and [ξ ∧ p(b) ∧ p(ω)] are closed and their cohomolog
class do not depend on the choice ofξ,α,β .

Example 2. Consider the super-manifold given by the trivial 1-vector bundleE over the 3-dimensional Toru
T 3 � (S1)3. Let x, y, z ∈ S1 the coordinates ofT 3 and letθ be the odd-parameter corresponding to the cons
section ofE. Setf (x), g(x) two smooth functions onS1 such that

∫
S1 W(f,g) �= 0 whereW is the Wronskian.

We leave the reader to check that a super-foliation of codimension 1+ ε1 is defined by the odd 1-formω = dx

and the even 1-forma = dθ + θ(f (x)dy + g(x)dz). In this case, we can choseb = (f (x)dy + g(x)dz), ξ =
− f (x)

dx
dy − g(x)

dx
dz and it is routine to check that[ξ ∧p(b)∧p(ω)] = [W(f,g)dx ∧ dy ∧ dz]. Since[W(f,g)dx ∧

dy ∧ dz] = (
∫
S1 W(f,g)) [dx ∧ dy ∧ dz], [ξ ∧ p(b) ∧ p(ω)] is a non-zero class of the de Rham cohomology

Example 3. Let M be a manifold andF a foliation of codimension 1 onM defined byω ∈ Ω1(M) such that
dMω = ω ∧ α. Assume moreover that the Godbillon–Vey class−[α ∧ dMα] ∈ H 3(M) of F is not zero.

Let E → M be the trivial 1-dimensional bundleE = R × M. Consider the super-manifoldM with O(M) =
Γ (∧E). We denote byθ the unique odd parameter corresponding to some constant section ofE.

We define a super-foliation of codimension 1+ ε1 by the odd 1-formω and by the even 1-forma = dθ + θα.
In this case, one can check (see [6]) that all three secondary classes constructed in Theorem 3.2(ii) are eq
Godbillon–Vey class.

4. Generalization

The Lie super-algebra Vect(n,m) of super-vector fields onRn,m with polynomial coefficients is defined fo
example in [1]: it is the Lie super-algebra of super-derivations ofR[x1, . . . , xn] ⊗ ∧

R
m whereR[x1, . . . , xn]

is the algebra polynomial functions onRn. We denote byH ∗(Vect(n,m)0) the cohomology of the even part
Vect(n,m). The following theorem definessecondary classes of a super-foliation with a trivialized normal bun.
The proof of this statement turns out to be far from being easy and will appear in [6].

Theorem 4.1.To any super-foliation with a trivialized normal bundle of codimensionn + εm, we can associate
natural and non-trivial in general homomorphismφM,F from H ∗(Vect(n,m)0) to H ∗(M,R) such that

(i) if f :N → M is a submersion of super-manifolds, thenφN ,f ∗F = f̃ ∗φM,F where the super-foliationf ∗F
is the pull-back ofF byf andf̃ :N → M is the smooth map induced byf on basis manifolds;

(ii) if M is an (ordinary) smooth manifold, thenm = 0 and φM,F reduces to the well-known map of Fuk
Bernshtein and Rozenfel’d[2,4].

Example 4. It is not difficult to see (see [6]) thatH 1(Vect(0,1)0) � R andHi(Vect(0,1)) = 0 for i � 2. The
secondary class associated toH 1(Vect(0,1)) is the class described in Theorem 3.1.
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Example 5. It is not difficult to see (see [6]) thatH 3(Vect(1,1)0) � R
3 andHi(Vect(1,1)) = 0. The secondar

class associated toH 1(Vect(1,1)) are the classes described in Theorem 3.2 fori � 3.

It is natural to ask whether it is possible to construct using similar techniques a natural homomorphismψM,F :
H ∗(Vect(n,m)) → H ∗(M) whereH ∗(Vect(n,m)) is the Gelfand–Fuks cohomology of Vect(n,m). The answer
is that it possible and, moreover, that this construction has been done in [5] in the case of a super-foli
codimension 0+εm on a super-manifold of dimensionn+εm. The following proposition relates both constructi
and explains why all the classes that can be constructed through the homomorphismψM,F (using therefore the
cohomology of Vect(n,m)) are indeed among the classes that can be constructed through the homomo
φM,F (using therefore the cohomology of Vect(n,m)0).

Proposition 4.2.(i) For any super-foliationF of codimensionn+ εm with a trivialized normal bundle, the follow
ing diagram is commutative

H ∗(Vect(n,m)
) ψM,F−→ H ∗(M)

↓J ↓ p̂

H ∗(Vect(n,m)0
) φM,F−→ H ∗(M)

(1)

whereJ :H ∗(Vect(n,m)) → H ∗(Vect(n,m)0) is induced by the inclusion ofVect(n,m)0 into Vect(n,m) and
p̂ :H ∗(M) → H ∗(M) is the isomorphism of Batchelor.

(ii) The Godbillon–Vey classes constructed in[5] are among the secondary classes of super-foliation constru
above. In particular, the secondary class for super-foliations of codimension0 + ε1 of Theorem3.1 is equal
to the class constructed in[5], Example1, for super-foliations of codimension0 + ε1 on super-manifolds o
dimensionn + εm.

5. Super-foliation on a super-manifold and flat foliated connection on its basis manifold

5.1. Characteristic classes of trivial flat foliated connections

Let F be a foliation of codimensionn on a smooth manifoldM andE a vector bundle overM. We recall
that afoliated connectionis a bilinear map∇ : Vect(F ) ⊗ Γ (E) → Γ (E) that satisfies the usual properties o
connection. We say that this foliated connection isflat if ∀X,Y ∈ Vect(F ),∀s ∈ Γ (E) we have∇X∇Y s−∇Y ∇Xs−
∇[X,Y ]s = 0. By a trivial foliated connection(F,E,∇), we mean a foliationF with a trivialized normal bundle
onM, a trivial vector bundleE overM and a foliated connection∇.

There is a natural application from the set of flat trivial foliated connections(F,E,∇) to the set of super
foliations F with a trivialized normal bundle: given a trivial foliated connection(F,E,∇) we define first the
super-manifoldM whose super-functions are the sections of∧∗E and the super-foliation generated by the ev
derivations∇X of O(M) for all X ∈ Vect(F ). By Theorem 4.1, we can therefore associate to any flat trivial foli
connection a homomorphism fromH ∗(Vect(n,m)0) to H ∗(M,R). This definescharacteristic classes of a trivia
flat foliated connection, which can be shown to be non-trivial in general.

5.2. A functor from super-foliations to flat foliated connections

Given a super-foliations with a trivialized normal bundle on a super-manifoldM one can construct a flat trivia
foliated connection as follows. LetF be a super-foliationF with a trivialized normal bundle.
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– First a regular foliationF onM is defined by the Lie algebrap(Vect(F)0), p being here the natural projectio
from the even part of Vect(M) onto Vect(M) and Vect(F)0 being the even part of Vect(F).

– Second a vector-bundleEF is defined to be the vector bundle whose sections are of the formJFO(M)

I2 , where
I is the ideal of nilpotent elements ofO(M) andJF the algebra of odd super-functions constant on the le
of F (i.e. the algebra of super-functionsf such that df (X̃) = 0 for anyX̃ ∈ Vect(F)0).

– The foliated connection is then defined∀X ∈ Vect(F ),∀s ∈ Γ (E) by ∇Xs = df (X̃) modI2 wheref ∈
JFO(M) is a super-function withs = f modI2 andX̃ ∈ Vect(M) is an even super-vector field that proje
naturally onX. We let the reader check that thisdefines a foliated connection.

– If the super-foliationF has a trivialized normal bundle then the foliationF has a trivialized normal bundl
also and the vector bundleEF is trivial.

We have therefore constructed a trivial foliated connection. It is easy now to check that the foliated con
∇ onEF is flat (see [6]).

This last proposition finishes our construction. Note that this construction is not the inverse of the construct
of Section 5.1, see [6].

Theorem 5.1[6]. Two super-foliationsF andF ′ with a trivialized normal bundle on a super-manifoldM defining
isomorphic flat trivial foliated connections have the same secondary classes, i.e., the homomorphismsφM,F and
φM,F ′ fromH ∗(Vect(n,m)0) to H ∗(M,R) associated to these super-foliations are equal.

The foliationF previously defined has a trivialized normal bundle: therefore the theory of secondary c
of [2,4] applies and provides a homomorphismφM,F :H ∗(Vect(n)∗) → H ∗(M,R). These secondary class
are among those constructed in Theorem 4.1. More precisely, there is a natural inclusioni :H ∗(Vect(n)∗) →
H ∗(Vect(n,m)∗0), see [6], and it can be shown that

Proposition 5.2[6]. The following diagram is commutative

H ∗(Vect(n)∗
) i→ H ∗(Vect(n,m)∗0

)
↘ φM,F ↓ φM,F

H ∗(M,R)

.
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