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Abstract

We prove that if a holomorphic mapping from some complex manifol@4alefines a complete intersection then the cor-
responding Coleff-Herrera residue current can be smoothly regularisedbg)aform depending on two parameteiis cite
thisarticle: H. Samuelsson, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Résumé

Unerégularisation du courant résiduel de Coleff-Herrera. Nous démontrons que, si une application holomorphe d’'une
variété complexe a valeurs dafid définit une intersection compléte, alors le courant résiduel de Coleff-Herrera correspondant
peut étre régularisé par ui@ 2)-forme dépendant de deux paraméetRir citer cet article: H. Samuelsson, C. R. Acad. Sci.

Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Soit X une variété complexe et sgit= (f1, f2) : X — C2 une application holomorphe. Supposons gukéfinit
une intersection complete,aement dit que la variété s = { f1 = f> = 0} est de codimension 2. Définissons, pour
toute formep € D, ,—2(X), l'intégrale résiduelle

1%(e1, €2) := / L
r(en e fife
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| fal“=¢€2
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Le courant résiduel de Coleff-Herrera, ngaé: A 5%], est défini comme la limite de cette intégrale lorsque
etes tendent vers zéro le long d’un « chemin admissible », ce qui, dans ce cadre, signifie que, par exderle,
vers zéro plus vite que toute puissancesgéct. [3]). Il est bien connu que l'integrale résiduelle est, en général,
dicontinue a I'origine [7,2]. Dans cette note, nous donnons une démonstration du résultat suivant.

Theorem 0.1. SoitX une variété complexe et sqit= (f1, f2) : X — C2 une application holomorphe. Supposons
que f définit une intersection compléte. Alors

. - f) - f -1 -1
lim /8 fl AD 52 A(p:[B—A8—:|.<p
a.e=0) |filfte  |fol°te i f2

pour toute formep € D, ,—2(X).

Par conséquent, le courant de Coleff-Herrera peut étre obtenu comme la limite (au sens des courants) d’'un
(0, 2)-forme réguliere dépendant de deuxgraetres, indépendamment de la fagdont on s’approche de I'origine.

1. Introduction and theresult

Let X be a complex manifold and lgt= (f1, f2) : X — C2 be a holomorphic mapping. Assume thatlefines
a complete intersection, i.e. théy = { f1 = f> = 0} has codimension 2 iX. The correspondinGolefi-Herrera
residue currentvas originally defined as follows [3]. Denote thesidue integraby

1° , = / L
rlen e fif2

| f1l?=e1

| f2|?=€2
whereg is any test form of bidegre@, n — 2). If we let¢; andez approach the origin along an ‘admissible path’,
which in this context means thet tends to zero faster then any powekgfr vice versa, then the residue integral
has a limit independently of the choice of admissible path and this limit defines the actidf,&)ecurrent, the
Coleff—Herrera residue current, on the test fasnWe will denote this current bséfi A éiz]. Itis known that an
unrestricted limit of the residue integral does not exist in general. Passare and Tsikh showed in [7] that if we take
fi=12%, fo=22+ 75+ 23 and atest form which in a neighbourhood of the origin equats = Z» f2(z) dz1 A dz2
then the residue integral has limit zero if we approach the origin along any pati$*, c82), c # 1 and a nonzero
limit if we approach the origin along the paih— (84, §2). Other examples disproving the continuity of the residue
integral at the origin have been found by Bjork [2]. Thenaif this note is to outline a proof of the following result
saying that the Coleff-Herrera current can be obtained as the unrestricted (weak) limit of a styapttorm
depending on two parameters.

Theorem 1.1. Let X be a complex manifold and lgt = (f1, f2) : X — C? be a holomorphic mapping. Assume
that f defines a complete intersectionih Then

- f - f -1 -1
lim /8 51 AD 52 /\(p=[8—/\3—:|.(p
.50/ |filc+er  |f2lc+e fi f
for all test formsp of bidegree(n, n — 2).

Before we continue with the proof section we mention that a thorough study of the limits of the residue integral
along paths of the form — (81, §*2) for (s1, s2) € Ry has been done by Passare in [5]. He shows that as long
as(s1, s2) avoids finitely many lines through the origin the corresponding limit of the residue integral equals the
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limit along an admissible path. We also mention, and will later use, an alternative approach to the Coleff—Herrera
residue current proposed by Passare and Tsikh [6]. If we compute the (iterated) Mellin transform of the residue
integral we get

/5|f1|2*1 A 3| 2|22
b f2

at least for the real part 6f; andx; large enough. Passare and Tsikh showed that the integral as a funciipn of
and» has an analytic continuation to a neighbourhood of the origitfimnd that the value at; = 1, = 0 equals
the limit of the residue integral along an admissible path.

Ny

2. Outline of the proof

We first present and indicate how to prove two technicalilts, Propositions 2.1 and 2.2, and then we finish the
proof of Theorem 1.1 using these results.

Proposition 2.1. Let¥ and @ be strictly positive smooth functions @#. Then for anyy € D, ,(C") we have

m, [ ]
L |ca|ZW+e1|cﬂ|Z¢+ez“"_ gath |

Proposition 2.2. Let¥ and @ be strictly positive smooth functions @#. Then for anyy € D, ,(C") we have
a+/5

€
e1, 62—>0+ 2/ (|c“|2s'f+e1)(|cﬁ|2¢ +e2!

The key to understanding Propositions 2.1 and 2.2 isithé lemma which maybe s has some independent
interest. It is a version of Taylor’s formula but unlike the usual one that gives us a polynomial approximation in a
neighbourhood of the intersection of the coordinate hylp@gs our version provides us with an approximation in
a neighbourhood of the union of the coordinate hyper@a@eir approximation is, in general, not a polynomial,
however, but has enough similarities for our purposes. Define the linear opyrr-'ton C°°(C™) to be the operator
that mapsp to the Taylor polynomial of degres of the functiorz; — ¢(¢) (centered ag; = 0). A straight forward
computation shows thaw;j andM;’ commute.

Lemma23.LetK C{1,...,n}andr = (i, ..., ri,,) and define the linear operatdd, on C>(C") by

; ) . ; r
My = Y M = 3 M ot DR
JjeK i,jeK
i<j

Then for any € C*°(C") we have

¢ — Myp= 0(1‘[|c|’f“)

ieK

Moreover,My ¢ can be written as #finite) sum of termsp; 5 ()¢ ¢’ wherel; + J; <r; fori e K and¢y ;(¢) is
independent of the coordinateif I; + J; > 0, and also ifL is the set of indicese K such thatl; + J; = 0 then

¢1,0(0) = O([Tep I+,
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It is now quite easy to see that Propositions 2.1 and 2.2 hold in thedcagel @ are constant (for simplicity
equal to 1). We illustrate by considering Proposition 2.2. Chd6se ({1, ...,n} andr =« + 8 — 2 and add and
subtractM; ¢. Then the integral in Proposition 2.2 splits into

a+/5

(IC‘)‘I2 +61)(|§ﬁ|2 +€2)?

Myo )

a+/5
+
2/ (|§“|2+€1)(|Cﬁ|2+62

20— M) @

where A is a big polydisc containing the support @f The integral in Eq. (1) is zero for all positiva andez

by anti-symmetry since the terms Mj ¢ are polynomials in at least one of the variables. On the other hand, the
integrand in Eq. (2) is locally integrable when= ¢> = 0, and so by the Dominated Convergence Theorem the
limit of Eq. (2) equals the integral of the pointwise limit of the integrand and this is zero (almost everywhere). In
the general case whah and¢® are not constant we cannot use anti-symmetry directly to see that certain integrals
vanishes. However we can use the following two results to see that it actually is enough anti-symmetry left in the
general case to deduce the same thing. With the notation from Lemma 2.3 we have

v @ v @ N
:M;<< )*HIQ’“V(M c.d.5). 3)
iekK

Wtabd+c/d Wtalbd+c/d

c/d . c/d Fitl) £
W +a/b)(® +c/d)? _MK<(¢/ +a/b)(q>+c/d)2> +I,l;[{ & [Fa.b,e.d,0), @

whereF andF are bounded otD, c0)* x D if D € C". The homogeneity in Egs. (3) and (4) enables us to re-write

the integrals in Propositions 2.1 and 2.2 in such a way that we can use anti-symmetry but we skip the details. We
can now finish the proof of Theorem 1.1 but first we need some terminology for multiindices. We say that two
multiindicesa and 8 with the same number of components digiointif «; # 0 implies thatg; = 0 andg; # 0

implies thate; = 0.

Proof. [Proof of Theorem 1.1.] We prove the following slightly stronger statement
A - f B [ 1. 1}

lim > > A S
e,e2-0) |filc+e1 |f2lc+ e

i f2 ®)

whereg is any test form of bidegre@:, n — 1). We will use the analytic continuation definition of the right-hand
side of Eq. (5) [6,1], that is we will use that

[ 1. 5 1} | 112 3] fol** A .
1 f f1 f2 =0

By Hironaka'’s theorem [4], for any sufficiently small opéhC X we can find a complex manifold and a
proper holomorphic map : U — U which is a biholomorphism outside the null-set{f1 - f> = 0} such that
{m* f1-7* fo = 0} has normal crossings lri. Hence locally iy we can choose coordinates such thaf; = w1g1
andr* f, = uog> wherep ; are monomials angd; are non-vanishing holomorghfunctions. After a partition of
unity we may assume thathas supportin such&@, and so we see that in order to prove Eq. (5) it suffices to prove

2
|

- - _ - - 2)\. é
ng’l uzg’z APt — l1gal™ 0lpag2 Apr*o| ©6)
ln1g1lc + €1 |u2g2|c+e€2 nig1  M282 A—=0

wherep is a cut-off function in. We write the monomialg ; in local coordinateg on Uaspr= c4¢” and
w2 = ¢P¢% where the multiindices, 8 andy are pairwise disjoint angt; =0 ifand only if §; = 0. Hencex, g
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ands are also pairwise disjoint. Note that coordinatelivides both.; andu; if and only if y; # 0 or equivalently
8; # 0. The right-hand side of Eq. (6) can be computed by integrations by parts as in e.g. [1] and the result can be
written

1 [ 17 pn*e
—— | ®3| — | . 7
[é““*y”} [Cﬂ} 8182 i
Let K and L be the set of indiceg such thatg; # 0 andy; # O respectively. Decompose tleoperator as
d = 0k + dxc Wheredgx andog. are the parts corresponding to the varialglewith j € K andj ¢ K respectively.
Integrating by parts we see that the integral on the right-hand side of Eq. (6) equals
- L . ) ;P g,
— [ x| —————F—p71 —_———— 8
/ K<|§“+”I2|gllz+€1 Y 1£8+812]g2|% + €2 ®)
e / (v $Poke(Fg2)
1£9H7 2| g1)% 4 €1 (1£P1812| 82|12 + €2)?
Let us first consider Eq. (8). Whelx falls on p*¢ we get an integral which can be handled by Proposition 2.1
and in the limit we get—[1/§“+ﬁ+y+“].5K% which is precisely Eq. (7). On the other hand wtignfalls on
the quotient we get, since is disjoint with botha andy, an integral which by Proposition 2.2 tends to zero. It

remains to see that also Eq. (9) tends to zero. Wherfalls on gz we run into no problems and Proposition 2.2
says that this integral tends to zero. It is a bit more delicate Wkefalls on? because then we get

A prre. 9)

oty = B+5 -.
D e / ¢ ¢ g_lg_2% A pT*g
") 1ee Y 1216112 + €1 (1P H012) g2 + €2)27707

ieL !

Now for the first and only time we have to use thgthas codimension 2. We use the Coleff-Herrera trick to see
that*¢ is a sum of terms which are either divisible byor d¢;. In fact, if we letz be local coordinates on our
original manifoldX, then we can write

o= Y ¢rndZ,
\I1=n—1

where thep; are(n, 0)-forms. SinceV s has codimension 2, th®, n — 1)-forms &’ vanish onV;. Hencer* dz!
vanishes omr*V ¢ and in particular, since; divides bothu; andu; for j € L, it vanishes ori¢; = 0}. Moreover,
ar*dz! = 7*9dz! =0, and so if we write

mrdzf = ) Cio)de?,
|J|=n—1
we see that the coefficien (¢) must be anti-holomorphic. Hence ifddoes not di\{ide d’ thenEj must divide
C;(¢) sinceCy (¢) is anti-holomorphic and zero dg; = 0}. Thusforj € L the form% A1 *@ is actually smooth

J
(and compactly supported) and so we can use Propositicio 2&e that all the integrals in the sum above tend to
zero. O
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