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Abstract

Pseudo-differential operators of typellare proved continuous from the Triebel-Lizorkin spate, to L, 1< p < oo,
when of ordew, and this is, in general, the largest possible domaioragithe Besov and Triebel— leorkln spaces. Hormander’s
condition on the twisted diagonal is extended to this framewaskng a general suppawule for Fourier transformed pseudo-
differential operatorsTo citethisarticle: J. Johnsen, C. R. Acad. Sci. Paris, Ser. | 339 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Domaines des opérateurs de type 1,1 et des espaces de Triebel-Lizorkin. On démontre que les opérateurs pseudo-
différentiels de type 11 et d’ordred sont continus de I’ espacEd de Triebel-Lizorkin dand. ,, 1 < p < oo, et que parmi
les espaces de Besov et Triebel-Lizorkias domaines sont, en geneials plus grand possibléa condition & Hormander
sur la diagonale—miroir est établie pour cerggen utilisant un résultat général sardupport de la transformation de Fourier

d’'un opérateur pseudo-différenti€our citer cet article: J. Johnsen, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

Recall that for symbols S;”a(R" x R™), i.e. |D§‘Dfa(x, £)] < Cop(L+ |E|)dPla+3IAL,

a(x,D)ZOP(a)Z(Zﬂ)_"/ e Sa(x, £)a&) d )

map the Schwartz spac&RR") continuously into itself, say for & § < p < 1. For(p, ) # (1, 1) these operators
extend to continuous, ‘globally’ defined maps

a(x,D):S'(R") — S'(R"). 2
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However, forp = § = 1 Ching [2] proved existence af € Sf’l such thatu(x, D) ¢ B(L2(R")). That everyA e
OP(S‘ljyl) is bounded orC* and H* for s > 0 was first proved by Stein (unpublished); Meyer [6] proved continuity

from H3* to HS fors > 0, 1< p < oc.
Fors 0, Hormander [4] gave a condition on theisted diagonal {(¢,7) | & + n = 0}: a(x, D) is bounded
Hs+ — g forall s e Rif a(g, n) := Feealx, n) fulfils

ag,m=0 for C(&+nl+1) <[y, forsome C>1. (3)

Fors > 0 and 1< p < oo, the next result gives a maximal domdy means of the Triebel-Lizorkin spaces
Fy ,(R") (albeit with a Besov space for= o).

Theorem 1.1. Everya Sil(R" x R™), d € R, gives a bounded operator

a(x,D):Fi,(R") — L,(R") for pe[d,ool, 4

a(x,D):Bgoyl(R")e Loo(R"). (5)
OP(S;” 1) containsa(x, D) : S(R") — D'(R"), that are discontinuous when S(R") is given the induced topology
fromany Fg,q(R") or Bg’q(R") with p € [1, 00] and g € 11, oo].

So for fixedp € [1, oo[, everyA e OP(S1 1) is boundedF0 — L, and everywhere defined, but not so on any
largerB, - or F;, -space (regardless of the codomain).

In comparison with Besov spaces, arguments in favoufrigbel—Lizorkin spaces have, perhaps, been less
convincing. IndeedF[S7 o= H, for 1 < p < oo, cf. [9], but this does not necessarily make tg  a useful
extension of thet;-scale. However Theorem 1.1 shows that &g, -spaces withy # 2 are indispensable for a
naturalL -theory

The next result extends Hérmander’s condition in (3}fo, .

Theorem 1.2. Any a(x, D) € OP(S{ ; (R" x R™)) is continuous, for s > 0, p. ¢ €[1, o],
a(x,D):F;’Zd(R")% F;,q(R”), for p < oo. (6)

If (3) holds, (6) does so for s € R. (The result extendsto B;, , and p, g €10, o¢].)

The proofs of Theorems 1.1 and 1.2 treat the symbols directly without approximation by elementary symbols,
so itis crucial to control the spectra of the terms appearing in the paradifferential splittirig,d?), and for this
purpose the following was established.

Proposition 1.3 (The support rule)f b € 5§ ((R" x R") and v € 7~ £'(R™), then
SuppF (b(x, D)v) C {& +n | (€. n) € suppb(-,-), n € suppi }. (7

Proposition 1.4. Any A in OP(Si"l) extendsto amap F 1 (R") — S'(R"), that coincides with the usual one for
A € OP(55%).

The support rule generalisesie Sl  forallv e F~L&, using Proposition 1.4.
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2. Ontheproofs

With 1= Z?"oqb sothat®;(§) =1& [E|~2/ (j>0), setd; =@;_1+ & + D41, ajr(x,n) =
(®jac(, M) Pr(n) andu; = @;(D)u. One can then make the ansatz

§—>x
a(x, Dyu(x) =a®x, Dyux) +a®(x, Dyu(x) +a® (x, Dyu(x), (8)
when the paika, u) is such that the following series convergelM(R"):

oo k-2 oo j—2

aP@, D= ajrx,Dux,  a®x, D=2y "% a;i(x, Dy, 9
k=2 j=0 j=2k=0
o0

a®@, D=y > ajri(x, Dyur. (10)

k=0j,1=0,1, j+I<1

Herea € ST (R" x R") impliesa;x € S™°, and if K j x denotes the distribution kernel,

aj(x, Dyug = / Kjx(x, Yur(y)dy, forueS'(R"). (11)
Rn
This definition ofa(x, D) extends other ones, e. g (1) Proposition 1.4 follows, far & £’ both aWV(x, Dyu,
a®(x, Dyu exist as finite sums; wittKy (x, y) := (a®y)(x,x — y) one can sum ovef < N in (11) and

majorise to shows’-convergence tg’ Ky (x, -)uy dy.
To exploit the ansatz further, the ‘pointwise’ estimate in the next lemma is useful.

S—w

Lemma2.l. Letve S’ (R") andb € Siol(]R" x R") such that suppFv U [ J, g« SUPPD(x, -) is contained in a ball
B(0,2%), k € N. Then there exists a ¢ > 0 such that

|b(x. Dyv()| < cf[bx. 2%) | BY) (R™) | Mv(x). (12)
Here M; f (x) :sug>0(m S5 | £ ()| dy)Y/* isthe maximal function; 0 < ¢ < 1.

Lemma 2.1 is similar to [5, Proposition 5(a)], except that S7° replaces the vague assumption made there of
being a ‘'symboR"” x R" — C’ ([5, Proposition 5(a)] itself is not easy to read, as it is extracted from an earlier
proof with another set-up. Howeveére S77 implies thatb(x, D)v is given by an integral like (11), and estimates
in [5, Proposition 4] apply to this.)

The proof of Theorem 1.1 combines (12) with) (¢1)-boundedness o/, for ¢ < 1, so that; <n + 1. Further
estimates of: follow from the embeddings/; ** — By t! — B;‘y/tt: since < |n| < 4 on suppb, so eg 3¢ ~

(1+|2’<n|)d then ifw = do+ - - + @y,
Za/k (.20 [ B < Y | Dg (W—a(Di)a(x. 25) ) | Lyg| < 2, 13)
| <nt1

wherec = c/[|® | Wi |1 [11SUR, ;a1 <np (L + 1ED @D DEa(x, £)]. Using (12),

k—2 14 p k—2 p
DO ajute Dy | < | D02 Myug(x) (supZ KIS aja(x.29) | By )
k j=0 p k ok j=0

cef <Xk:2kd|uk(x)|>pdx. (14)
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Fork in finite sets, it now follows that the™ (x, D)u-series is fundamental ih, whenu e F;”l(R”) fori1<p<
o0, and (14) gives that® (x, D) is bounded. The surﬁj’};g may then be replaced by the one pertinent&t,

with a similar argument. To handié®, one may further invoke Taylor’s formula and [10, Lemma 3.8]. The case
Bg’o’l(R”) is analogous, and the counterexamples of [2] adapts easily to give the sharpness.
In the proof of Theorem 1.2, the key point is to obtain (wdth as in [10])

k=2 k—2

1
supp?(;a,,k(x, D)uk> USuppf(jZ_(:)ak,j(x, D)uj) C {gzk <|E1<5- 2k}, (15)
SUPFI7:< Z ax—j.k—i(x, D)Mk—l) c{lE1<4- Zk}- (16)

J1=01, j+I<1
If (3) holds, then (16) may be supplemented by the property that, famge enough,

1
suppF( Do a—jrelx, D)uk_z> - {s ‘ el <le<a 2 } (17)
JI=0,1, j+I<1
By Proposition 1.3, (15) and (16) are easy. (17) is gbes: given (3), Proposition 1.3 implies that any n in
SUPPF (ak—j k—i (x, D)ui—;) for largek fulfils

1 11 ., 11 N\ 1.
£+l > 2l — 1> 22 12(40C 2 )2>4C2. (18)
To complete the proof of Theorem 1.2 one can modify the estimates (14) ffLinte}) estimates; then conver-
gence criteria for series of distributions, e.g. Theorems 3.6 and 3.7 of [10], apply by (15) and (16) (similar to
arguments used in [6,10,5] etc.). The ball on the r.h.s. of (16) only yields estimafe$?tfc, D)u | F, Il for

s > 0, as is well known. But if (3) holds, one can, by (17), use the criteria for series with spectra in dyadic annuli,
like for a™ anda® (the finitely many other terms of® are in(\,_o F3 ).

Remark 2.2. The class OESf,l(IR{” x R")) was first treated inf;  -spaces by Runst [7], but unfortunately the
proofs are somewhat flawed, since in Lemma 1 there the spectral estimates require a support rule under rathe
weak assumptions, like in Proposition 1.3 above. This s@emingly overlooked in [7] and by Marschall [5].
Using thep-decomposition of Frazier and Jawerth [3], Torres [8] extended#heontinuity of [6] to theF -

scale. The borderline= 0 was treated by Bourdaud [1, Theorem 1]; his resulBﬁq is improved by Theorem 1.1
above. Theorem 1.2 is a novelty concerning (3).
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