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Abstract

In this Note, we model an industrial system by a semi-Markov process where failure and repair phenomena are in mutual
competition. A non-parametric estimatiorethod for system component lifetime and riefiane distributions and for associ-
ated hazard rate functions is proposed. The lifetime and repair time empirical distributions are reduced to two Kaplan—Meier
estimators. A numerical example from an industrial system with three components and one repair man modeled by a birth anc
death process is provided to illustrate the previous residtsite thisarticle: A.-L. Afchain, C. R. Acad. Sci. Paris, Ser. | 339
(2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Estimation non paramétrique des indicateurs de survie et de réparation pour un processus semi-markovie@ette
note modélise, par un processus semi-markovien, un systeme industriel ou les phénoménes de panne et de réparation sont
compétition mutuelle. be méthode d’estimation non paramétrique pour Issidutions de durée de survie et de réparation
d’'un composant du systeme et pour les fonctions taux de hasard associées est proposée. Les distributions empiriques de dur
de survie et de réparation sont réduites a deux estimateurs de Kaplan—Meier. Un exemple numérique tiré d'un systéme industrie
a trois composants et un réparateur modélisé par un processus de naissance et de mort, est fourni a titre d'ifPoatraitien.
cet article: A.-L. Afchain, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Let assume a situation where two phenomena, the failure and the repair of an industrial system are in mutual
competition, but independent. On a censoredqukrve observe this industrial system composegimpmponents
and one repair man [1]. The components are independeéritiantical with respect to failure and complete repair
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Fig. 1. Example of semi-Markov graph with = 3 and one repair man

treatments. The system withh components is modelled by a semi-Markov process [7], whose states correspond to
the number of breakdown state components (see Fig. 1).

In this report, we consider a random censure model as described in Fleming and Harrington [5] (p. 90) and a non-
parametric estimation approach for the system component lifetime and repairtime distributions and the associatec
instantaneous hazard rate functions is proposed.

Definition 1. A random censure model is defined by the pa#fs §;)o<i<m Where

e Z; =min(U;, V;), Z; is apositive random variable corresponding to the sojourn time inistath distribution
K;, U; being the repair time in statewith distributionG; andV; = min(S;+1, Si+2, ..., Su), Si+1 being the
onset of the first failure for the: — i components which are not in breakdown order with distribufipry .
The positive random variabldg andV; are independent.

e §; defines the dummy variable, taking values in the{8el}:

5 —1 1, i—»i+1, 01
;= Sy = 1=0,1,...,m
FTHE T o, -1,
withi — i — 1 (i — i + 1, respectively) meaning that one outmfcomponents is under repair (i.e. fails,
respectively).

Definition 2. From the random censure model, tt#, §;)-distribution is defined, fof =0, ...,m, by K;;(¢) =
P(Z; <t,6; 2]) with j =0,1.

From (Z;, §;)-distribution (see Definition (2)), we construct the estimatornBf 1(¢), G; (t))1<i<m—1,1erR+
defined by(ﬁ+1(t), G, (1) 1<i<m—1,1er+. From definition ofZ; = min(U;, V;), we can write the Efron mecha-
nism [2], written as - K; (1) = [1 — F;11(t)]" ' [1 — G, (¢)]. Thus, am-differential equation systeis provided
with respect to unknowng; 1 andG; written as:

dKio(r) = [1 - Fip1()]" ™ dGi(1) = [%} dG; (1),
- Gi(1) (1)
m—i— A 1-K;
dKi1() = m — H)[1= Fipa0]" " 1= Gi®)] dFiya(t) = (m — z)[i(”} dFia(0),
1-Fit1(0)

Differential equation system (1) must undergo ¢#istimation proceduren observation periofD; 7] of R* [5]
(p. 26, Eq. (3.1)) [4]. The lifetime and repair time empirical distributions can be reduced to two Kaplan—Meier
estimators [6] from random sampl&; k), 8; k) o<i <m,1<k<n With sizen defined byn = Y7 yn; = >/ o (nio +
n;1) wherei(k) means that, at the-th jump, the semi-Markov process stays in stat@esides,Z; k) (i),
respectively) is defined as tlketh realization of random variablg; (indicators;, respectively) when the process
visits n; times the staté (and when it makes a transition towards the previous;intimes or the following
state inn;1 times, respectively). Thdiscretizationstage consists of splitting Uj®; 7'] into m + 1 irregular sub-
intervals[0; Z;(,,)[ with i varying from O tom. Then, each sub-intervgd; Z;,,)[= U’,Zle[z,»(k_l); Ziwl is split
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into N constant steps with length = Z;(,;)/N, N being arbitrarily fied. In each intervelZ; —_1y; Z; [ for all
k=1,...,n;, beginning at the failure time and ending before the true one which follows, the lifetime distribution
is piecewise constant.

Let us take for example the casel’é,fl (the case of?,»o is treated in the same way to obtafﬁ@, the repair time
empirical distribution). After the discretization stage and the estimation procedures\ﬁjt,hl(k) = I?,-+1(k+ 1) -

Fiy1(k) = Fiya(k) — Fiya(k + 1) andFi41(k) = 1 — F;1a(k), we deduce that:

AKi1(k)
m —i)[1— K; (k)

Firitk+1) = {1—( ]}%i+l(k)~

By simplification member to member of the previous equation/ ferQ, ...,k — 1 (with %,»H(O) =1), we
obtain the following expressions:

k-1 = ~

N AKi1(l) } - { AKii(s,T) }
1-Fi1(k)= 1- ~ = Fi@, T)y=1- 1- = 2
@ ,11{ (m — D1~ K; ()] el 1:[ -l @

with Kii(t, T)= Zk ll{Zz(k)gf Sity=1}> AK,]_(Z T)— andK t, T)= _Zk 1{Zz(k)§f}

Let take for example the case of;; called functlonal of component lifetime densny [9] (p 147). The case of
the repairtime densityy; is treated in the same way. From system (1) whose squnonEa[eandG,, the failure
rate function and its estimator verify, for all intervi&; Z;,,)] defined above, the following relation, such as, for
alli=0,...,m —1, we have:

dF;11(0) dK;1(7) . AKi(t,T)
i = = ; i »T)hi = F2
) = O T =Ko D= R 3)

where term &;; (¢) is estimated by;l— Y k=1 L Ziw 1y <1<Zigo 8100 =4} - The termdt is replaced by constant stép.
Under Definition 1, the failure rate functlon wanted is estimated by the following expression:

1{Zi(k—1)gtgzi(k)ﬁi(k)zl} (4)

Aig1(t,T) = , o :
al ni(m — il = Ki(Zie—1)]

Proposition 3. The lifetime and repairtime empirical distributions defined by (2) are almost sure consistent esti-
mators, when tends towards infinity, in the sense that:

{ Fis1(t,T) — Fi1(t) - 0 (@s),
G,'(t, T)—G;(t)—0 (as.).

Proof of Proposition 3. Let us take for example the caseI’étH (the case oG, is treated in the same way). By
combining Eq. (2) with Eq. (3) and by using the limited development oflegx) for all x on the neighbourhood
of zero, we obtain the following result:

n

o~ A 6[ A

1-Fua(@, T)= 1_[ {1—hirisa(Zigp )" ~ EXD{— Z(Si(k)hi)\i—i-l(zi(k))
lgkgn,-:zi(k)gt k=1

with 1 — I?,» (t,T) # 0 andh; being finite. Let consider an intervid; t], = < T with Z;0) =0, ..., Zju;) =1,
., Zi;) =T, such as:
nj1 ! !
> hidiaZia) ~ [fa s with Agae. 1) = [Luaends viefonl
k=1 0 0
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Fig. 2. Curves of failure rate functioh, and of repair rate functiofi; versus sojourn time sampl& 1)) 1<k<ny With n =10 000 and
(A, n) = (0.1,0.01) for an industrial system witi = 3 components and one repairman.

Thus, we obtain the relatioﬁ“,url(t,z) ~1— e 41D Given that serie$A;1)o<i<m—1 iS in probability
convergent [S] (pp. 92-94), then seri@$.+1)o<i <m—1 IS consistent by exponential continuity for langéor more
details, see [8]). By analogy, we deduce that se(i&91<; <» admits a consistent estimator for large O

In order to validate the non-parametric estimation approach with a numerical viewpoisimnukatea birth
and death process (Markov process) which models an industrial system with three components and one repai
man. The component lifetime and repairtime disitibns are computed from a sample constituted lsyccessive
sojourn times in the different states of the Markov process. They are exponential with constant pavaaretgars
respectively and are well-numerically compared to the ones from formulae (2) (see [1], p. 171, Fig. 2.3). The failure
and repair rate functions andu1 deduced from formulae (3) are represented on Fig. 2 (see [3] for the simulation
method).
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