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Abstract

Let (RN, | - |) be the spac&" equipped with a nornj - | whose unit ball has a bounded volume ratio with respect to the
Euclidean unit ball. Lef” be any randon¥ x n matrix with N > n, whose entries are independent random variables satisfying
some moment assumptions. We show that with high probalilitg a good isomorphism from the-dimensional Euclidean
space(R”, | - |) onto its image iNRY, || - |): there exist, 8 > 0 such that for alk € R”, a~/N|x| < | I'x| < BN |x|. This
solves a conjecture of Schechtman on random embeddingsinfo E’l\’. To citethisarticle: A. Litvak et al., C. R. Acad. Sci.

Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Plongements aléatoires de I espace euclidien dans un espace & volume ratio borné. Soit (RY, | - ||) 'espaceRY muni
d’'une norme| - || dont la boule unité est a volume ratio borné par rapport a la boule unité euclidienne. On montre qu'une
matrice aléatoird™, de tailleN x n (N > n), dont les coefficients sont des variables aléatoires indépendantes, vérifiant certaines
hypothéses de moments, réalise avec gnamde probabté, un bon isomorphisme de Bpace euclidien de dimensian de
norme| - |, sur son image dan@®", || - ||) : il existe«, 8 > O tels que pour tout € R, a+/N|x| < || I'x| < B+/N |x|; ce qui
démontre une conjecture de Schechtman sur les plongements aléat(ﬂged;aaiszllv. Pour citer cet article: A. Litvak et al.,

C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Version francaise abr égée

Soit N > n. Dans cette Note, nous nous intéressons a des sections «aléatoires» de dimatesioorps
convexes d®”, dont I'espace est engendré paresolonnes de matrices de taille N x n, dont les coefficients
sont des variables aléatoires réelles sur un espace probalilljs€¢, I?). On considére ces matrices comme des
opérateurs entre les espaces euclid'@rstﬁ’z\’ et I'on note|| I"||2—2 leur norme dans (%, 612").

Soientu > 1 etay, a» > 0. On considére I'ensembleW, n, 1, a1, a2) des matrice®V x n dont les coefficients
sont des variables réelles symétriques indépendanes<; < v 1< < SUr(§2, A, P), vérifiant :

1< & ll2 < ll&jlls<p pourtout 1<i <N, 1<j<n et P(Ilzw2 > a1v/N) <e V.

Parmi les exemples importants de matrices d&Vlvk, u, a1, a2), figurent les matrices aléatoires dont les entrées
sont des gaussiennes standard ou des variables de Berabulli

On note| - | la norme euclidienne dB”, Bé\’ sa boule unité es¥—1 sa sphére unité. On note augki le
volume d’une partie mesurable c RY. Soit K un corps convexe symétrique (par rapport a l'origine), on pose
Vi := (IK|/1BY DYV,

LorsqueBéV C K et queVg est majoré par une constante indépendante de la dimension, on dit ggea
volume ratio borné par rapport a la boule unité euclidienne.@’oil’espacdRN muni de lanorme_; -, |x;| pour

x = (x;) e RN et B{V sa boule unité. La boul& = «/NB{V est a volume ratio borné par rapport a la boule unité
euclidienne.

Soit§ > 0, Kashin [4] (voir aussi Szarek [9]) a montré que pour des secfiods dimensiom < N/(1+§) de
R¥ qui sont aléatoires au sens de la mesure de Haar de la grassmanienne, on a

BYNECVNBYNEca@®)BYNE 1)

pour une certaine fonction(§); ce qui conduit, quandv = 2rn & un résultat bien connu de Kashin sur la
décomposition orthogonale de I’espadfz. En utilisant la méthode de ([9]), ces résultats ont été généralisé
dans [10] aux boules a volume ratio borné.

Notons que la mesure sur la grassmanienne est induite par une nfatlie¢aille N x n dont les coefficients
sont des variables gaussiennes. Schechtman ([8]) a étudié une question similaire & la propriété (1) ci-dessus, po
des sous-espace’sdeﬁll" gui sont engendrés par les colonnes d’'une matrice de variables de Bernoulli &tp6ur
quelconque. Plus précisément, il montre ([8], PropositioreXjdtence d’'une sectiompn-aléatoire) vérifiant (1)
et conjecture que le résultat reste vrai pour des matrices aléatoite$.dgur un autre plan, dans [6] les auteurs
ont montré que les noyaux d’'une matrice aléatoire-dede taillen x N vérifiaient aussi les inclusions 1 (avec une
grande probabilité).

Dans cette Note on répond a la question de Schechtman, pow toQtet d'une part, on montre ce résultat
pour des espaces a volume ratio borfiautte part, pour des stons obtenues a partites colonnes de matrices
qui appartiennent a une trés large classe, contenant le cas gaussien et le cas de variables de Bernoulli. Le princip
résultat de cette Note est le suivant :

Théoréme0.1. Soients > 0,n > 1 etN = (1+ §)n. SoitI” une matriceN x n deM(N, n, u, a1, a2), avecu > 1,

a1, az > 0. SoitK € RY un corps convexe symétrique tel ga¥ C K. Il existea = (2Vx) "9 etéy, y > 0

tels que pour tout > &%, ona

P(IFx]|x > vNa|x|forall x e R") > 1—e 7V,

ol cy dépend deu, a1, az et¢y dépend dex, u et enfiny dépend dex, ax.
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L'estimation dex est optimale quanéltend vers 0 (aux constantes numériques pres). Dans cette Note, on donne
une esquisse de démonstration avec une estimationretyd? au lieu de 1 1/3. Les démonstrations complétes
ainsi que d’autres applications seront développées dans un article en préparation.

On en déduit le corollaire suivant :

Corollaire 0.2. Sous les hypothéses du Théoréirk I'espaceE engendré par les colonnes de la matrife
vérifie, avec une probabilité 1 — e 7V,

(1/a1v/N)I'(B3) C BY NE C KNE C (1/av/N)I'(B}) C (a1/a)BY NE
et
av/N|x| < |ITx|lxk <aiv/N|x| pour toutx € R™.

Dans le cas gaussien, on retrouve le résultatziaek [9,10]. Dans le cas de variables de Bernatllj cela
démontre le résultat conjecturé par Schechtman [8] pfur

La démonstration du Théoréme 0.1 s’appuie surptaposition suivante, qui est une maodification du
Théoreme 3.1 de [5] sur la plus petite valeur singuliére des matriceg Ne/Mu, a1, ap) ainsi que sur un lemme
d’entropie métriqgue (Lemma 2.4 de la version anglaise).

Proposition 0.3. Soients > 0,n > 1 etN = (1+§)n. SoitI" une matriceN x n deM(N, n, u, a1, az), avecu > 1,

a1, az > 0. Il existec; > 0 de la formec; = cé”/‘s etéy, co tels que pour tout > Ei“/‘s ettoutz e R, on a

P(3x € "M t.g. I'x €2+ c1v/NB) ) < exp(—c2N)

ou0 < c3 < 1eter dépendent dg, ag etez > 0 dépend de, ap.

1. Introduction

Let N > n. In this paper we are interested in “random” sections of convex bodie¥ igiven byr-dimensional
subspaces @&", spanned by the columns of rectangulax » matricesl”, whose entries are real-valued random
variables on some probability spa@, A, P). We consider these matrices as kgters acting from the Euclidean
spacet’ to £ and we denote byI"[|2—.2 the norm ofI" in L(¢3, £).

Let u > 1 andai, a2 > 0. We define the set a¥ x n matrices MN, n, u, a1, a2) to consist of matrices with
real-valued independent symmetric random variable eniigls < <n,1<j<n 0N (2, A, P), satisfying:

1< &l 2 <&l s<p forall 1<i<N, 1<j<n and P(|[2—2>a1v/N)<e V.

Basic examples of matrices from(, n, u, a1, az) are random matrices with standard Gaussian or Berngxdlli
entries.

By | - | and (-,-) we denote the canonical Euclidean norm and the canonical inner produit’orihe
corresponding unit ball and the unit sphere are denotecB@Syand SN-1  respectively. For any Lebesgue
measurable set ¢ RY, by |L| we denote the volume af. By a symmetric convex bod¥ c RY we mean
a centrally symmetric convex compact set with the non-empty interior. For skchvasetVg := (|K |/|B§v DN,

WheneveBQ’ C K andVy is bounded by a constantindependent on the dimension, we sa¥ tieg bounded
volume ratio with respect to the Euclidean unit ball. For example, denotingbihe spaceR™ with the norm
Y is1lxil, for x = (x;) € R, and by By its unit ball, the bodyk = +/NB{ has bounded volume ratio with
respect to the Euclidean unit ball.

Let § > 0. It was shown by Kashin in [4] (see also Szarek [9] for a different argument) that “randem”
dimensional subspacésc R" (in sense of the Haar measure on the Grassman manifoldymatv /(1 + 8),
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satisfy condition (1), namelg) N E ¢ v/N BY N E C a(8)B) N E for a certain function:(§). WhenN = 2n,
this implies a well-known result of K&nin on the orthogonal decomposition@f. Szarek’s proof worked in a
more general case of spaces with bounded volume ratio ([10], see also [7]).

Observe that the Haar measure on the Grassman manifold is induced\by anmatrix I whose entries are
independent Gaussian random variables. Recently Stthaatstudied in [8] an analogue of (1) for subspaces of
¢4 spanned by the columns of matrices build from Bernatilli variables. More precisely, he has shown that for
a 21 x n matrix A such thatdA* = [\/nl, B], wherel, is the identityn x n matrix, andB is ann x n matrix
whose entries are independent Bernottilli variables, the subspace spanned by the columAssatisfies (1) with
probability exponentially close to 1. He further showed [8, Proposition 3] that fod an§ andN > (14 8)n, there
exists anN x n (non-random) matrix consisting @1 entries only, whose columns span a subspace satisfying 1,
and he conjectured that the result remains valid for “randarh’matrices as well. On a related direction, it has
been recently shown in [6] that the kernels of a randbinmatrix of sizen x N also satisfy 1 with probability
exponentially close to 1.

2. Main result

In this Note we answer the question of Schechtman, fos.alDn one hand, we show the result for spaces
with bounded volume ratio, and on the other hand, for sections spanned by the columns of matrices belonging to
M(N, n, 1, a1, a2), which, as mentioned earlier, contains matrieéth standard Gaussian and Bernoulli entries.

The main result of this paper states

Theorem 2.1. Lets > 0, letn > 1andN = (14 8)n. LetI" be anN x n matrix fromM (N, n, 1, a1, a2), for some

w =1, a1,a2> 0. Let K c RN be a symmetric convex body such tlﬂéY C K. There existx > 0 of the form

a = (2Vk)~/® andéy, y > 0, such that whenever > éi“/‘s then

P(IFx]|x > v Na|x| forall x e R") >1—e 7V,

Here f(8) is a function ofs only, ¢; > 0 depends om, a1, az, while &1 depends om, a1, and finallyy depends
on w, az only.

Theorem 2.1 holds withf () = 1+ 1/8, which is an optimal order as— 0. In this Note we shall outline a
simplified proof which only giveg (§) < 1+ 1/82. The complete proof of the optimal estimate, related results for
non-symmetric and shifted bodies, as well as some further applications, will appear elsewhere.

We have an immediate corollary

Corollary 2.2. Under the assumptions of Theor@n, the subspac& spanned by the columns of the matrix’
satisfies, with probability> 1 — e 7V,

(1/a1v/'N)I(B3) C By NEC KNE C (1/av/N)I'(B}) C (a1/a)BY NE and
VNa|x| < |Txllgk <a1v/Nlx| forall x e R".

The proof of Theorem 2.1 relies on the following result which is a modification of Theorem 3.1 from [5] on the
smallest singular value of matrices fromM, n, i, a1, a2). We have

Proposition 2.3. Let§ > 0, letn > 1and N = (1+ §)n. Let I be anN x n matrix fromM(N, n, u, a1, az), for
someu > 1, a1, a2 > 0. There existy > 0 of the formcy = céH/‘s, andcy, c2 > 0 such that whenever > Efrl/‘s
then, for every fixed € RV, we haveP(3x € "1 s.t. I'x € z+ c1v/NBY) < exp(—c2N).

Here0 < ¢3 < 1 andc¢1 depend onu, az, while c2 > 0 depends om, az only.
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Another key fact provides a control, for a symmetric convex b&dy R", of the covering number of a certain
body L of the formL =aK N &Bé" by ¢BY, wherea and¢ are fixed andx depends orVx. Recall that for
any subsetg, and L’ of RV, the covering numbeN (L, L') is the smallest number of translates/dfneeded to
coverL.

Lemma 2.4. There exists an absolute constant 0 such that for every > ec > 0, every symmetric convex body
K c RY satisfyingB)' C K, and evenp < 1 < In(4x Vk)/In(a/¢) one has

N(aK NaB),eBY) <2 fora = a(4n V)~ ¢/mna@/e,

Sketch of theproof. SetL :=«K NaBY, andA = 4r V. By Szarek’s volume ratio theorem, for everyck < n
there exists a subspagec R with codimE = k such that. N E C min(a, ¢ AN/*)B) N E. Itis now convenient
to use some terminology of so-calleehumbers of operators. For an operaio(R"Y, K) — 612" and anyj, the
j'th Gelfand number is defined hy; (1) = inf{|lu|g]l: E C RV, codimE < j}, and thej’th entropy number is
defined bye; (1) = inf{s: N(u(K), eBQ’) < 2/~1. In particular, letting: to be the formal identity operator from
(RN, K) to £, we havecy1(u) < min(a, a A™%).

Setr =a/¢, B =Ini > 1, andm = [nN]. By Carl's theorem ([1], cf., [7, Theorem 5.2]) we gefe,, (1) <
Pp SUR <, kP i1 (u) < (cB)P supy_, <, (1P min(a, « AN/")), wherec > 0 is an absolute constant. Since the func-
tion f(r) =P AN/" is decreasing on the intervéd, N (In A)/B] andm < N(In A)/B, the supremum above is at-
tained forr = N(In A)/In(a/a). Thuse,, (1) < (m~LcBN(n A)/In(a/a))fa < 2¢ (In7) (InA)/(nIn(a/a)))"a <
¢ fora <aA—@&/mIn7 That proves the result.0o

Assuming Proposition 2.3, Theorem 2.1 now easily follows.

Proof of Theorem 2.1. Note that by the definition of NIV, n, i, a1, a2), for anya > 0, we have
P(AIxeS" tstIxeaV/NK)<e " +P(Ixes" tst.I'xe/NL), @)

where we letL := K Na1BY .

Let ¢1, c2 be as in Proposition 2.3. Apply Lemma 2.4 fgr= min(c2/2, In(4n Vk)/In(a1/c1)), a = a1
and¢ = c1. Let o be an appropriate function dfx, which can be taken of the form = (2Vk) /@ with
f(8) <1+1/82 ThenM := N(L,c1BY) = N(@K Nai1BY,c1BY) < &2V/2 Pick M in RN with |IM| =M
such thatl C UzeM(ZJFClBéV)- Then the latter probability in (2) is less than or equal®(3x € S"1s.t.I'x €
z+ 1/ NBY) < Me=2N L e=2N/2_ By (2), this completes the proof.

We shall now comment on the proof of Proposition 2.3. It is based on two key estimates, the proofs of which
are based on similar ideas as Proposition 3.2 and 3.4 in [5].

Lemma2.5. Let (§);_, be a sequence of independent symmetric random variabled witht; ||, < [1&illL; < u
forall i =1,...,n. For any subset C {1,...,n} let P, denote the coordinate projection IR*. Then for any
x=(x;)eR" o C{l,...,n}, we have, foralk e R andr > 0,

P Xn:é‘;-x-—s <t) < Z/nL—f—c [P xlls ’
o SV x| Poxl )

i=1
wherec > 0 is a universal constant.
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The proof of this lemma depends on the Berry—Esséen theorem (see [5]). The second lemma is a general estima
for the norm|I"x — z| of an arbitrary shift (by, € R") of I'x, for a fixedx € R".

Lemma 2.6. Let1 <n < N. LetI" be anN x n random matrix fromM(N, n, , a1, a2), for somen > 1 and
a1,az > 0. Then for everyc € R* andz € RY we haveP(|I'x — z| < ¢/u=3V/N|x|) < exp(—c”N/u®), where
0 < ¢, " <1 are absolute constants.

Let K c RY be a symmetric convex body. Recall the important definition ofdefunctional, M*(K) :=
fSN_l SUB,ck (X, ¥) dx. Now, consider the functioM (-): (0, co) — [0, 1] defined byM3} (r) = M*(L), where
L:=(K/r)nN Bé". In [2,3] many properties oK were investigated using the functiddy (r). The following
proposition provides estimates for this function in term¥/pf

Proposition 2.7. Let K ¢ R" be a symmetric convex body such tBdt c K. There exists an absolute constaht
In(2Vk) 1 i ; 1
such thatM} (r) < C /m(rgmﬁ for everyr > W In particular, if r > 2(2Vg)Y/" thenM (r) < C /1.

Remark 1. By Sudakov’s inequality this proposition implies Lemma 2.4 witk: a(2V)~¢@/d?/1,

Sketch of the proof. DenoteMy (r) = M*(L) by M*. SinceL C BY, by the dual version of Dvoretzky theorem,
there exist an absolute constankQ’ < 1/4 and a subspacé c RV of dimensionk > ¢/(M*)?N such that
PEK DrPgL D (rM*/Z)PEBQ’. Here Pg denotes the orthogonal projection orfio SinceK O Bé\’, Rogers—
Shephard inequality (see [7, Lemma 8.8]) implies

v _( K| )”N - (N)‘”N<|<rM*/2>B§||B£V‘k|>1/N N 1<rM*)k/N
SNV VRN 1BY| “2\"2 )

Thus if M* > 2/r then 2 > (rM*/2)°M"*, which implies M*2 < 4In(2Vk)/(c'In(r2In(2Vk))). Finally, if
M* < 2/r, then the conclusion follows from the fact that 1//In(2Vy). O
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