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Abstract

Let (RN,‖ · ‖) be the spaceRN equipped with a norm‖ · ‖ whose unit ball has a bounded volume ratio with respect to
Euclidean unit ball. LetΓ be any randomN × n matrix withN > n, whose entries are independent random variables satis
some moment assumptions. We show that with high probabilityΓ is a good isomorphism from then-dimensional Euclidean
space(Rn, | · |) onto its image in(RN,‖ · ‖): there existα,β > 0 such that for allx ∈ R

n, α
√

N |x| � ‖Γ x‖ � β
√

N |x|. This
solves a conjecture of Schechtman on random embeddings of�n

2 into �N
1 . To cite this article: A. Litvak et al., C. R. Acad. Sci.

Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Plongements aléatoires de l’espace euclidien dans un espace à volume ratio borné. Soit (RN,‖ · ‖) l’espaceR
N muni

d’une norme‖ · ‖ dont la boule unité est à volume ratio borné par rapport à la boule unité euclidienne. On montre
matrice aléatoireΓ , de tailleN ×n (N > n), dont les coefficients sont des variables aléatoires indépendantes, vérifiant ce
hypothèses de moments, réalise avec unegrande probabilité, un bon isomorphisme de l’espace euclidien de dimensionn, de
norme| · |, sur son image dans(RN,‖ · ‖) : il existeα,β > 0 tels que pour toutx ∈ R

n, α
√

N |x| � ‖Γ x‖ � β
√

N |x| ; ce qui
démontre une conjecture de Schechtman sur les plongements aléatoires de�n

2 dans�N
1 . Pour citer cet article : A. Litvak et al.,

C. R. Acad. Sci. Paris, Ser. I 339 (2004).

E-mail addresses:alexandr@math.ualberta.ca (A. Litvak), alain.pajor@univ-mlv.fr (A. Pajor), rudelson@math.missouri.edu
(M. Rudelson), nicole@ellpspace.math.ualberta.ca (N. Tomczak-Jaegermann), vershynin@math.ucdavis.edu (R. Vershynin).

1 This author is partially supported by the NSF Grant DMS-0245380.
2 This author holds the Canada Research Chair in Geometric Analysis.
3 This author is partially supported by a New Faculty Research Grant of the University of California, Davis and by the NSF grant DM

0401032.
1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.04.019



34 A. Litvak et al. / C. R. Acad. Sci. Paris, Ser. I 339 (2004) 33–38

des

ées

ose

nité

la
alisé

sus, pour
r
)
urs
ne

tat
s

e principal
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Soit N � n. Dans cette Note, nous nous intéressons à des sections « aléatoires » de dimensionn de corps
convexes deRN , dont l’espace est engendré par lesn colonnes de matricesΓ de tailleN × n, dont les coefficients
sont des variables aléatoires réelles sur un espace probabilisé(Ω,A,P). On considère ces matrices comme
opérateurs entre les espaces euclidiens�n

2 et �N
2 et l’on note‖Γ ‖2→2 leur norme dans L(�n

2, �
N
2 ).

Soientµ � 1 eta1, a2 > 0. On considère l’ensemble M(N,n,µ,a1, a2) des matricesN ×n dont les coefficients
sont des variables réelles symétriques indépendantes(ξij )1�i�N,1�j�n sur(Ω,A,P), vérifiant :

1� ‖ξij ‖L2 � ‖ξij ‖L3 � µ pour tout 1� i � N, 1 � j � n et P
(‖Γ ‖2→2 � a1

√
N

)
� e−a2N.

Parmi les exemples importants de matrices de M(N,n,µ,a1, a2), figurent les matrices aléatoires dont les entr
sont des gaussiennes standard ou des variables de Bernoulli±1.

On note| · | la norme euclidienne deRN , BN
2 sa boule unité etSN−1 sa sphère unité. On note aussi|L| le

volume d’une partie mesurableL ⊂ R
N . Soit K un corps convexe symétrique (par rapport à l’origine), on p

VK := (|K|/|BN
2 |)1/N .

LorsqueBN
2 ⊂ K et queVK est majoré par une constante indépendante de la dimension, on dit queK est à

volume ratio borné par rapport à la boule unité euclidienne. Soit�N
1 , l’espaceRN muni de la norme

∑
i�1 |xi | pour

x = (xi) ∈ R
N et BN

1 sa boule unité. La bouleK = √
NBN

1 est à volume ratio borné par rapport à la boule u
euclidienne.

Soit δ > 0, Kashin [4] (voir aussi Szarek [9]) a montré que pour des sectionsE de dimensionn � N/(1+ δ) de
R

N qui sont aléatoires au sens de la mesure de Haar de la grassmanienne, on a

BN
2 ∩ E ⊂ √

NBN
1 ∩ E ⊂ a(δ)BN

2 ∩ E (1)

pour une certaine fonctiona(δ) ; ce qui conduit, quandN = 2n à un résultat bien connu de Kashin sur
décomposition orthogonale de l’espace�N

1 . En utilisant la méthode de ([9]), ces résultats ont été génér
dans [10] aux boules à volume ratio borné.

Notons que la mesure sur la grassmanienne est induite par une matriceΓ de tailleN × n dont les coefficients
sont des variables gaussiennes. Schechtman ([8]) a étudié une question similaire à la propriété (1) ci-des
des sous-espacesE de�N

1 qui sont engendrés par les colonnes d’une matrice de variables de Bernoulli et pouδ > 0
quelconque. Plus précisément, il montre ([8], Proposition 3) l’existence d’une section (non-aléatoire) vérifiant (1
et conjecture que le résultat reste vrai pour des matrices aléatoires de±1. Sur un autre plan, dans [6] les aute
ont montré que les noyaux d’une matrice aléatoire de±1 de taillen×N vérifiaient aussi les inclusions 1 (avec u
grande probabilité).

Dans cette Note on répond à la question de Schechtman, pour toutδ > 0 et d’une part, on montre ce résul
pour des espaces à volume ratio borné, d’autre part, pour des sections obtenues à partirdes colonnes de matrice
qui appartiennent à une très large classe, contenant le cas gaussien et le cas de variables de Bernoulli. L
résultat de cette Note est le suivant :

Théorème 0.1. Soientδ > 0, n > 1 etN = (1+ δ)n. SoitΓ une matriceN × n deM(N,n,µ,a1, a2), avecµ � 1,
a1, a2 > 0. SoitK ⊂ R

N un corps convexe symétrique tel queBN
2 ⊂ K. Il existeα = (2VK)−c′

3(1+1/δ) et c̃1, γ > 0

tels que pour toutn � c̃
1+1/δ

1 , on a

P
(‖Γ x‖K �

√
Nα |x| for all x ∈ R

n
)
� 1− e−γN ,

où c′
3 dépend deµ, a1, a2 et c̃1 dépend dea1,µ et enfinγ dépend deµ, a2.
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L’estimation deα est optimale quandδ tend vers 0 (aux constantes numériques près). Dans cette Note, on
une esquisse de démonstration avec une estimation en 1+ 1/δ2 au lieu de 1+ 1/δ. Les démonstrations complèt
ainsi que d’autres applications seront développées dans un article en préparation.

On en déduit le corollaire suivant :

Corollaire 0.2. Sous les hypothèses du Théorème0.1, l’espaceE engendré par les colonnes de la matriceΓ ,
vérifie, avec une probabilité� 1− e−γN ,(

1/a1
√

N
)
Γ

(
Bn

2

) ⊂ BN
2 ∩ E ⊂ K ∩ E ⊂ (

1/α
√

N
)
Γ

(
Bn

2

) ⊂ (a1/α)BN
2 ∩ E

et

α
√

N |x| � ‖Γ x‖K � a1
√

N |x| pour toutx ∈ R
n.

Dans le cas gaussien, on retrouve le résultat de Szarek [9,10]. Dans le cas de variables de Bernoulli±1, cela
démontre le résultat conjecturé par Schechtman [8] pour�N

1 .
La démonstration du Théorème 0.1 s’appuie sur laproposition suivante, qui est une modification

Théorème 3.1 de [5] sur la plus petite valeur singulière des matrices de M(N,n,µ,a1, a2) ainsi que sur un lemm
d’entropie métrique (Lemma 2.4 de la version anglaise).

Proposition 0.3. Soientδ > 0, n > 1 etN = (1+δ)n. SoitΓ une matriceN ×n deM(N,n,µ,a1, a2), avecµ � 1,
a1, a2 > 0. Il existec1 > 0 de la formec1 = c

1+1/δ

3 et c̃1, c2 tels que pour toutn � c̃
1+1/δ

1 et toutz ∈ R
N , on a

P
(∃x ∈ Sn−1 t.q.Γ x ∈ z + c1

√
NBN

2

)
� exp(−c2N)

où 0 < c3 < 1 et c̃1 dépendent deµ, a1 et c2 > 0 dépend deµ, a2.

1. Introduction

Let N � n. In this paper we are interested in “random” sections of convex bodies inR
N given byn-dimensional

subspaces ofRN , spanned by the columns of rectangularN × n matricesΓ , whose entries are real-valued rand
variables on some probability space(Ω,A,P). We consider these matrices as operators acting from the Euclidea
space�n

2 to �N
2 and we denote by‖Γ ‖2→2 the norm ofΓ in L(�n

2, �
N
2 ).

Let µ � 1 anda1, a2 > 0. We define the set ofN × n matrices M(N,n,µ,a1, a2) to consist of matrices with
real-valued independent symmetric random variable entries(ξij )1�i�N,1�j�n on (Ω,A,P), satisfying:

1� ‖ξij ‖L2 � ‖ξij ‖L3 � µ for all 1� i � N, 1 � j � n and P
(‖Γ ‖2→2 � a1

√
N

)
� e−a2N .

Basic examples of matrices from M(N,n,µ,a1, a2) are random matrices with standard Gaussian or Bernoull±1
entries.

By | · | and 〈·, ·〉 we denote the canonical Euclidean norm and the canonical inner product onR
N ; the

corresponding unit ball and the unit sphere are denoted byBN
2 and SN−1, respectively. For any Lebesgu

measurable setL ⊂ R
N , by |L| we denote the volume ofL. By a symmetric convex bodyK ⊂ R

N we mean
a centrally symmetric convex compact set with the non-empty interior. For such aK we setVK := (|K|/|BN

2 |)1/N .
WheneverBN

2 ⊂ K andVK is bounded by a constant independent on the dimension, we say thatK has bounded
volume ratio with respect to the Euclidean unit ball. For example, denoting by�N

1 the spaceRN with the norm∑
i�1 |xi |, for x = (xi) ∈ R

N , and byBN
1 its unit ball, the bodyK = √

NBN
1 has bounded volume ratio wit

respect to the Euclidean unit ball.
Let δ > 0. It was shown by Kashin in [4] (see also Szarek [9] for a different argument) that “randomn-

dimensional subspacesE ⊂ R
N (in sense of the Haar measure on the Grassman manifold) withn � N/(1 + δ),
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satisfy condition (1), namelyBN
2 ∩ E ⊂ √

N BN
1 ∩ E ⊂ a(δ)BN

2 ∩ E for a certain functiona(δ). WhenN = 2n,
this implies a well-known result of Kashin on the orthogonal decomposition of�N

1 . Szarek’s proof worked in a
more general case of spaces with bounded volume ratio ([10], see also [7]).

Observe that the Haar measure on the Grassman manifold is induced by anN × n matrix Γ whose entries ar
independent Gaussian random variables. Recently Schechtman studied in [8] an analogue of (1) for subspace
�N

1 spanned by the columns of matrices build from Bernoulli±1 variables. More precisely, he has shown that
a 2n × n matrix A such thatA∗ = [√nIn B], whereIn is the identityn × n matrix, andB is ann × n matrix
whose entries are independent Bernoulli±1 variables, the subspace spanned by the columns ofA satisfies (1) with
probability exponentially close to 1. He further showed [8, Proposition 3] that for anyδ > 0 andN � (1+δ)n, there
exists anN × n (non-random) matrix consisting of±1 entries only, whose columns span a subspace satisfyi
and he conjectured that the result remains valid for “random”±1 matrices as well. On a related direction, it h
been recently shown in [6] that the kernels of a random±1 matrix of sizen × N also satisfy 1 with probability
exponentially close to 1.

2. Main result

In this Note we answer the question of Schechtman, for allδ. On one hand, we show the result for spa
with bounded volume ratio, and on the other hand, for sections spanned by the columns of matrices belo
M(N,n,µ,a1, a2), which, as mentioned earlier, contains matriceswith standard Gaussian and Bernoulli entri
The main result of this paper states

Theorem 2.1. Letδ > 0, let n > 1 andN = (1+ δ)n. LetΓ be anN × n matrix fromM(N,n,µ,a1, a2), for some
µ � 1, a1, a2 > 0. Let K ⊂ R

N be a symmetric convex body such thatBN
2 ⊂ K. There existα > 0 of the form

α = (2VK)−c′
3f (δ) and c̃1, γ > 0, such that whenevern � c̃

1+1/δ

1 then

P
(‖Γ x‖K �

√
Nα |x| for all x ∈ R

n
)
� 1− e−γN .

Heref (δ) is a function ofδ only,c′
3 > 0 depends onµ, a1, a2, while c̃1 depends onµ, a1, and finallyγ depends

onµ, a2 only.

Theorem 2.1 holds withf (δ) = 1 + 1/δ, which is an optimal order asδ → 0. In this Note we shall outline
simplified proof which only givesf (δ) � 1+ 1/δ2. The complete proof of the optimal estimate, related results
non-symmetric and shifted bodies, as well as some further applications, will appear elsewhere.

We have an immediate corollary

Corollary 2.2. Under the assumptions of Theorem2.1, the subspaceE spanned by then columns of the matrixΓ
satisfies, with probability� 1− e−γN ,(

1/a1
√

N
)
Γ

(
Bn

2

) ⊂ BN
2 ∩ E ⊂ K ∩ E ⊂ (

1/α
√

N
)
Γ

(
Bn

2

) ⊂ (a1/α)BN
2 ∩ E and

√
Nα|x| � ‖Γ x‖K � a1

√
N |x| for all x ∈ R

n.

The proof of Theorem 2.1 relies on the following result which is a modification of Theorem 3.1 from [5] o
smallest singular value of matrices from M(N,n,µ,a1, a2). We have

Proposition 2.3. Let δ > 0, let n > 1 andN = (1 + δ)n. Let Γ be anN × n matrix fromM(N,n,µ,a1, a2), for
someµ � 1, a1, a2 > 0. There existc1 > 0 of the formc1 = c

1+1/δ
3 , and c̃1, c2 > 0 such that whenevern � c̃

1+1/δ
1

then, for every fixedz ∈ R
N , we haveP(∃x ∈ Sn−1 s.t.Γ x ∈ z + c1

√
NBN

2 ) � exp(−c2N).
Here0< c3 < 1 and c̃1 depend onµ, a1, whilec2 > 0 depends onµ, a2 only.
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Another key fact provides a control, for a symmetric convex bodyK ⊂ R
N , of the covering number of a certa

body L of the formL = αK ∩ āBN
2 by c̄BN

2 , whereā and c̄ are fixed andα depends onVK . Recall that for
any subsetsL andL′ of R

N , the covering numberN(L,L′) is the smallest number of translates ofL′ needed to
coverL.

Lemma 2.4. There exists an absolute constantc > 0 such that for everȳa � ec̄ > 0, every symmetric convex bo
K ⊂ R

N satisfyingBN
2 ⊂ K, and every0 < η � ln(4πVK)/ ln(ā/c̄) one has

N
(
αK ∩ āBN

2 , c̄BN
2

)
� 2ηN for α = ā(4πVK)−(c/η) ln(ā/c̄).

Sketch of the proof. SetL := αK ∩ āBN
2 , andA = 4πVK . By Szarek’s volume ratio theorem, for every 1� k � n

there exists a subspaceE ⊂ R
N with codimE = k such thatL∩E ⊂ min(ā, αAN/k)BN

2 ∩E. It is now convenien
to use some terminology of so-calleds-numbers of operators. For an operatoru : (RN,K) → �N

2 and anyj , the
j ’th Gelfand number is defined bycj (u) = inf{‖u|E‖: E ⊂ R

N,codimE < j }, and thej ’th entropy number is
defined byej (u) = inf{ε: N(u(K), εBN

2 ) � 2j−1}. In particular, lettingu to be the formal identity operator from
(RN,K) to �N

2 , we haveck+1(u) � min(ā, αAn/k).
Set r̄ = ā/c̄, β = ln r̄ � 1, andm = [ηN]. By Carl’s theorem ([1], cf., [7, Theorem 5.2]) we getmβem(u) �

ρβ supk�m kβck+1(u) � (cβ)β sup0<t�m(tβ min(ā, αAN/t )), wherec > 0 is an absolute constant. Since the fu
tion f (t) = tβAN/t is decreasing on the interval(0,N(lnA)/β] andm � N(lnA)/β , the supremum above is a
tained fort = N(lnA)/ ln(ā/α). Thusem(u) � (m−1cβN(lnA)/ ln(ā/α))β ā � (2c (ln r̄) (lnA)/(η ln(ā/α)))ln r̄ ā �
c̄ for α � āA−(2ec/η) ln r̄ . That proves the result.�

Assuming Proposition 2.3, Theorem 2.1 now easily follows.

Proof of Theorem 2.1. Note that by the definition of M(N,n,µ,a1, a2), for anyα > 0, we have

P
(∃x ∈ Sn−1 s.t.Γ x ∈ α

√
NK

)
� e−a2N + P

(∃x ∈ Sn−1 s.t.Γ x ∈ √
NL

)
, (2)

where we letL := αK ∩ a1B
N
2 .

Let c1, c2 be as in Proposition 2.3. Apply Lemma 2.4 forη = min(c2/2, ln(4πVK)/ ln(a1/c1)), ā = a1

and c̄ = c1. Let α be an appropriate function ofVK , which can be taken of the formα = (2VK)−c′
3f (δ) with

f (δ) � 1 + 1/δ2. ThenM := N(L, c1B
N
2 ) = N(αK ∩ a1B

N
2 , c1B

N
2 ) � ec2N/2. Pick M in R

N with |M| = M

such thatL ⊂ ⋃
z∈M(z+ c1B

N
2 ). Then the latter probability in (2) is less than or equal toM P(∃x ∈ Sn−1 s.t.Γ x ∈

z + c1
√

NBN
2 ) � Me−c2N � e−c2N/2. By (2), this completes the proof.�

We shall now comment on the proof of Proposition 2.3. It is based on two key estimates, the proofs o
are based on similar ideas as Proposition 3.2 and 3.4 in [5].

Lemma 2.5. Let (ξi)
n
i=1 be a sequence of independent symmetric random variables with1 � ‖ξi‖L2 � ‖ξi‖L3 � µ

for all i = 1, . . . , n. For any subsetσ ⊂ {1, . . . , n} let Pσ denote the coordinate projection inRn. Then for any
x = (xi) ∈ R

n, σ ⊂ {1, . . . , n}, we have, for alls ∈ R andt > 0,

P

(∣∣∣∣∣
n∑

i=1

ξixi − s

∣∣∣∣∣ < t

)
�

√
2/π

t

|Pσ x| + c

(‖Pσ x‖3

|Pσ x| µ

)3

,

wherec > 0 is a universal constant.
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The proof of this lemma depends on the Berry–Esséen theorem (see [5]). The second lemma is a genera
for the norm|Γ x − z| of an arbitrary shift (byz ∈ R

N ) of Γ x, for a fixedx ∈ R
n.

Lemma 2.6. Let 1 � n < N . Let Γ be anN × n random matrix fromM(N,n,µ,a1, a2), for someµ � 1 and
a1, a2 > 0. Then for everyx ∈ R

n and z ∈ R
N we haveP(|Γ x − z| � c′µ−3

√
N |x|) � exp(−c′′N/µ6), where

0 < c′, c′′ < 1 are absolute constants.

Let K ⊂ R
N be a symmetric convex body. Recall the important definition of theM∗-functional,M∗(K) :=∫

SN−1 supy∈K 〈x, y〉dx. Now, consider the functionM∗
K(·) : (0,∞) → [0,1] defined byM∗

K(r) = M∗(L), where

L := (K/r) ∩ BN
2 . In [2,3] many properties ofK were investigated using the functionM∗

K(r). The following
proposition provides estimates for this function in terms ofVK .

Proposition 2.7. LetK ⊂ R
N be a symmetric convex body such thatBN

2 ⊂ K. There exists an absolute constantC

such thatM∗
K(r) � C

√
ln(2VK)

ln(r2 ln(2VK))
for everyr > 1√

ln(2VK)
. In particular, if r � 2(2VK)1/η thenM∗

K(r) � C
√

η.

Remark 1. By Sudakov’s inequality this proposition implies Lemma 2.4 withα = ā(2VK)−c(ā/c̄)2/η.

Sketch of the proof. DenoteM∗
K(r) = M∗(L) by M∗. SinceL ⊂ BN

2 , by the dual version of Dvoretzky theorem
there exist an absolute constant 0< c′ < 1/4 and a subspaceE ⊂ R

N of dimensionk � c′(M∗)2N such that
PEK ⊃ rPEL ⊃ (rM∗/2)PEBN

2 . HerePE denotes the orthogonal projection ontoE. SinceK ⊃ BN
2 , Rogers–

Shephard inequality (see [7, Lemma 8.8]) implies

VK =
( |K|

|BN
2 |

)1/N

�
(

N

k

)−1/N( |(rM∗/2)Bk
2||BN−k

2 |
|BN

2 |
)1/N

� 1

2

(
rM∗

2

)k/N

.

Thus if M∗ � 2/r then 2VK � (rM∗/2)c
′M∗2

, which impliesM∗2 � 4 ln(2VK)/(c′ ln(r2 ln(2VK))). Finally, if
M∗ � 2/r, then the conclusion follows from the fact thatr > 1/

√
ln(2Vk). �
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