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Abstract

In this Note, we consider a Lagrange—Galerkin scheme to approximate a two dimensional fluid—rigid body problem. The
system is modelled by the incompressible Navier—Stokes equations in the fluid part, coupled with ordinary differential equations
for the dynamics of the rigid body. In thisgblem, the equations of the fluid areitten in a domain whose variation is one of
the unknowns. We introduce a numerical method based on the use of characteristics and on finite elements with a fixed mesh
Our main result asserts the convergence of this sch&mgte thisarticle: J. San Martin et al., C. R. Acad. Sci. Paris, Ser. |
339 (2004).
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Résumé

Convergence de la méthode de Lagrange—Galerkin pour un systeme fluide—rigideans cette Note, nous considérons un
schéma de Lagrange—Galerkin pour approcher un probléme fluide—rigide. Le systéme est modélisé par les équations de Naviel
Stokes incompressible, pour la partie fluide, couplées avec des équations différentielles ordinaires pour la dynamique du corp:
rigide. Dans ce probléme, les équations du fluide sont écrites sur un domaine dont la variation est une des inconnues. Nou
introduisons une méthode nénigque basée sur I'utilisation des caractégsés et des éléments finis associés a un maillage
fixe. Notre résultat principal est la convergence de ce schPma. citer cet article: J. San Martin et al., C. R. Acad. Sci.

Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

Soit © un domaine borné di? de frontiére réguliére contenant un solide rigide qui occupe le doniine
et un fluide visqueux remplissant le domai¢r) = O \ B(r). Nous supposons que le mouvement du systeme est
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modélisé par les Egs. (1)—(7) ci-dessous. Pour simplifier, nous supposons de plus que le solide est un disque d
rayon 1.

Nous résolvons ce probléme d’interaction fluide—dtites par une méthode de type Lagrange—Galerkin : la
dérivée particulaire est traitée en utilisant la méthodecdeactéristiques et nous discrétisons la variable spatiale
en utilisant les élémas finis. Plus précisément, nousilisons une formulation mixtglobaledans le sens ou les
formes bilinéaires: et b utilisées ((12) et (13)) sont définies sur I'ensem®lentier. Le champ des vitesses du
fluide est prolongé par celui du solide dans le domaine du solide, et la contrainte de rigidité de ce champ de vitesse
est prise en compte a travers les espaces utilisés ((2Ppt Plus précisément, le schéma proposé est donné par
(18)—(21). Dans cet algorithme, les composantes du tnip[;etp’;l, ;’;l) représentent les approximations du champ
de vitesses global, de la pression et de la position du centre de masse du soliderrigigieldne des particularités
importantes de cette discrétisation, par rapport a désutnéthodes existantes, est que les éléments finis utilisés
correspondent a un maillage fixe. Les espaces des éléments finis utilisés pour la vitesse et la pression sont défin
par (15) et (16) et correspondent & I'intersection d’espddéments finis classiques pour un fluide seul avec nos
espaces fonctionnels ou I'on tient compgela contrainte de rigidité du solide.

Le résultat principal de ce travail est le suivant.

Théoréme 0.1.S0it Co > 0 une constante fixée. On suppose quest l'intérieur d’'un polygone convexe et que
(u, p, ¢, w) satisfait(1)—(7), (23)et(24). De plus, on suppose qiieug satisfont(22) et que (8) est vérifiée. Soient
c’,;, u’;l et p’,; les approximations introduites dans la Sect®gi-dessous. Alors il existe des constantest t*
indépendantes die et deAr telles que pour toud < Ar < 7* eth < Co(Ar)? on a

sup ([¢ @) = &3] + ut) — U | z2(e)) < CAL.

A

A notre connaissance le seul autre résultat d'erise de convergence pour un schéma numérique pour un
probléme fluide—structure est donné dans [7] pour un probléme 1D voisin de celui que nous traitons ici. Notre
méthode est inspirée de I'approximation utilisée posrdguations de Navier—Stokes (cf. [1,14] et [17]).

1. Introduction.

The aim of this Note is to analyze a Lagrange—Galerkin approximation of the equations modelling the motion of
a two-dimensional rigid body immersed in a fluid. We assume that the system fluid—rigid body occupies a bounded
domain® in R2. The solid is supposed to occupy at each instamtlosed connected subsetr) c @ which is
surrounded by a viscous homogens fluid filling the domain2 (1) = O\ B(z).

The motion of the fluid is described by the classical Navier—Stokes equations, whereas the motion of the rigid
body is governed by the balance equations for linear and angular momentum (Newton’s laws). More precisely, we
consider the following system coupling partial differential and ordinary differential equations.

pf?)—t;—vAu—l—,Of(u-V)u—i—Vp:,off, xe(),te[0,T], Q)
divu=0, xe8£(),tel[0,T], (2)
u=0, xe00,tel0,T], 3)
Uu=¢'()+w@)(x—2@)", xedB@), t€[0,TI, (4)

ML () =— / andF+pS/f(X,t)dX, te[0,T], (5)
3B(1) B(t)
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Jo'(t) = — / (x—C(t))L ~ondl + ps /(X—C(t))L-f(X, Hdx, tel[0,T], (6)
dB(t) B(t)
ux,0)=uo(x), ¢ =¢p ¢©0)=¢;, (0 =wo. (7

In the above equations the unknownsage, ¢) (the Eulerian velocity field of the fluidy(x, ¢) (the pressure of
the fluid),¢ (¢) (the position of the mass center of the rigid body) arid) (the angular velocity of the rigid body).
Moreover, we have denoted ByB(¢) the boundary of the rigid body at instanand byn(x, ¢) the unit normal to
0 B(t) at the poinix directed to the interior of the rigid body.

The constantg; and p; are respectively the density of the fluid and of the rigid body. In the following, we
assume that the densities of the fluid and of the solid are equal, that is

pf = pPs = 1, (8)

and that the rigid body is a ball iR?. Assumption (8) is clearly restrictive but it is important for the forthcoming
analysis, so that it is not clear that it can be removed. On the contrary, the assumption that the rigid body is a ball
is not essential but it avoids some technicalities.

The constantd/ andJ are the mass and the moment of inertia of the rigid body and the positive conssant
the viscosity of the fluid. Moreovef(x, ) is the applied force (per unit mass).

Finally, the stress tensor is defined by

1/du;x 8
o, 1) = —px,0)1d +2vD(U), whereD(u); = —<ﬂ n ﬂ)
2\ ox; 0Xk

The main difficulties of this problem are:

— the equations of the structure are coupled with those of the fluid,
— the domain of the fluid is variable and it is one of the unknowns of the problem (we thus have a free boundary
problem).

The wellposedness of this type of system has been recgntlied in a large number of papers (see, for instance,
[3,4,9,16,8,19,18] and the references therein).

The literature on the numerical approximation of the solution of (1)—(7) also contains a large number of recent
papers. A part of these papers is based on an Arbitrarydragian Eulerian (ALE) formulation: see, for example,
[7,13,12,10,11]. In the ALE method, at each time step, thehniseemoved with an arbitrary velocity in the fluid in
order to follow the motion of the rigid body.

Another approach, developedin [5,6] is based on a ficttidomain formulation: the rigid bodies are fictitiously
filled by the surrounding fluid and the constraint of rigid body motion is relaxed by introducing a distributed
Lagrange multiplier.

As far as we know, the only proof of the convergence of one of these methods is given in [7] for a simplified
problem in one space dimension. The main novelty brought in by our paper consists in the fact that we construct a
new approximation method using a fixed mesh and that we prove a convergence result. This method is inspired by
the Galerkin—Lagrange approximation which is commonly used for Navier—Stokes equations (see [1,14] and [17]).

2. Notations and preliminaries

For 2 c R? andm € N we define the spaces

2@ =L@, H'@=[H"@], Lj) = {q) eL¥(®)| / <p=0},
22
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K(&) ={u e H§(O) | D(u) =0in B(Z)}, (9)

K@) ={ueH3(©) |divu=0in O, D(u)=0in B(¢)}, (10)
where¢ e RZ andB(¢) = {x € R?, |x — ¢| < 1}. If the solutionu of (1)—(7) is extended by

U, 1) =¢' O+ o) (x—m)" ¥xe B(LD),

then, we easily see thatr) 75(; (1)). In the sequel, the solutioamwill be extended as above.
We also define:

ME&)={peLi©)|p=0inB(©&)}. (11)

a(u,v) = Zv/D(u) :D(v)dx Yu, yv e HX(0O), (12)
O

b(u, p) = — / diviuypdx VueHY(O) Vp e LE(0). (13)
O

3. Full discretization and statement of the main result

In order to discretize the problem (1)—(7) with respiecthe space variable wetmoduce two families of finite
element spaces. We first define a family of firdstement spaces which approximate the sgagg defined in (9).
Let i denote a discretization parametek & < 1 and letP; be the space of all affine functionsIi?.

Consider a quasi-uniform triangulatidfj of O, as defined, for instance, in [2, p. 106] (this assumption will
be accepted in the remaining part of this Note). We as$edd this triangulationno classical approximation
spaces used in the mixed finite element methods for the Stokes system. The first space, classically used for th
approximation of the velocity field in the mixesatement of the Stokes system, is denote#hlyand it is defined
as the subspace @té(@) formed by theP;-bubble finite elements associatedfn The second space, classically
used for the approximation of the pressure in the mixed statement of the Stokes system, is defAgtaddit is
defined by

Ep={qeC(O)|qre PUT)forall T € T,}. (14)

For our problem we use two spaces which are related to the presence of the rigid body. The first one, which is
used for the approximation of the velocity field is denotedby¢) and it is defined by

Kn)=WrnKE) V¢eO. (15)
The second one, which is used for the approximation of the pressure, is dendgddyyand it is defined by
Mp()=EyNM() V¢eO. (16)

We also define the finite element space (see [14])
Ri = {rot e, | gu € En, gn =00nd0}.

We denote byP the orthogonal projection fromi? ontoR;,.
Let N be a positive integer. We denoter = T/N and f, = kAr. Assume that the approximate solution
(u’,‘l, pé‘l, ;’,‘1) of (1)—(7) atr =t is known. We describe below the numerical scheme allowing to determinate the

approximate solutiou’ ™, p&™ eX1) atr — 5 4. First, we computg™ e R? by

¢it = gh 4+ uf(¢h) Ar. (17
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We denote b)Pu’;l the projection ofu’; ontoRy,. Then, we define the characteristic functiﬁﬁ associated to
the fully discretized velocity field as the solution of

d - i,
[ @:/f,’: (t: try1. X) = PUL (¥f (11 1542 X)), as)
Vi (kg 1: g1, ) =X
We also define
X0 = 9K i1, %) ¥xe O (19)
and one can check that (0) = 0.
Then, we defingut ™2, p&™) € K0, (g5t x M, (£5+Y) as the solution of the problem:
U];z+l — U, o Xy k1 1 1 1
( At —h"/’)+“(“h+ @) +b(e o) + (1 0) Yo e Ku(g), (20)
b(UsT g) =0 Vg e My (¢E), (21)

wheref! ™ is the £2-projection off“+1 = f(1+1) on (Ex)2. We takez 9 = ¢© and the initial approximate velocity
u? is theH3-projection ofug onto K4 (£9).
In the sequel, we suppose that
feC([0, T]; HX(0)), ugeH?(£2), div(up) =0 ins2, 22)
uo=0 0nd0, up(y)=¢;+wo(y—2¢o)t onaB.

The corresponding solutiofu, p, ¢, w) of problem (1)—(7) will be assumed to satisfy the following regularity
hypotheses

ueC([0, T1; H3(22())) N HY(0, T; £L2(2(1))),

D?ue L?(0,T; L3(2(n)), uecC(0,T1;¢c%10)), (23)

peC(I0, TI; HY(22(n)), ¢eH3O0,T), e H?O,T).

Moreover, we assume that
dist(B(r),00) >0 Vre[0,T]. (24)

Our main result is the following.
Theorem 3.1.Let Co > 0 be a fixed constant. Suppose tl@tis the interior of a convex polygon and that
(u, p, &, w) is a solution of (1)—(7) satisfying(23) and (24). Moreover, assume thdf ug satisfy(22) and that

(8) holds. Consider the functiorﬁ;, u’,‘l and p’}j defined in this section. Then there exist two positive const@ants
andt* not depending oh and onA¢ such that for all0 < Az < t* and for allh < Co (A1)? we have

sup ([0 = gh|+ Jut) = vl 2)) < CAL

AU

Remark 1. For the Navier—Stokes system, the same type of result is obtained in [Y4Kf@ToA¢ and in [17] for
h? < CoAr < C1h° ando > 1/2 (for h and Ar small enough).

The proof of the above result is given in [15].
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