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Abstract

We introduce a new representation for maximal monotone operators. We relate it to previous representations given by Krauss
Fitzpatrick and Martinez-Legaz and Théra. We show its usefulness for the study of compositions and sums of maximal monotone
operatorsTo citethisarticle: J.-P. Penot, C. R. Acad. Sci. Paris, Ser. | 338 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Une représentation des opérateurs maximaux monotones par des fonctions convexes et son impact sur lesregles de
calcul. Nous introduisons une représentation nouvelle pour les opérateurs maximaux monotones a I'aide de fonctions convexes
Nous la relions a des représentations dues a Krauss, fitipdartinez-Legaz et Thia. Nous montins son tilité pour

obtenir des régles de composition et de somPoer citer cet article: J.-P. Penot, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Etant donné un espace de Banach réfléxifde dualX*, les analogies entre les propriétés des éléments de
I'ensembleM (X) (resp.Mmax(X)) des opérateurs monotones (resp. maximaux monotones)d#sX™* avec
les propriétés de I'ensemblé(Z) des fonctions convexes s.c.i. propres sur un espace de Bananhconduit
plusieurs chercheurs & proposer des représentationggig(X) par un sous-ensemble d& Z). Le but de cette
note est de montrer qu'’il existe une telle représentation dvee X x X*, qui est simple et qui permet d’obtenir
des résultats cruciaux concernaviinax(X) a partir de régles classiques de I'analyse convexe.

La représentation et ses propriétés
Etant donné un opérate : X = X* (identifié avec son graph® C Z := X x X*), nous lui associons sa
fonction indicatrice s, donnée pary (z) =0 pourz € M, 1j(z) = +oo for z € Z\M et les fonctions

cmi=c+tum, gm ==Cco(cy), PM =Chy,
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ol c:Z — R est le couplage donne pafx, x*) := (x*, x) et gy est 'enveloppe convexe dg,. Ici, pour des
fonctionsf : Z* — R, g: Z — R, nous définissons les transposées et les conjuguées par

T, x™) = f(x™,x), gT(x", x) = g(x,x"),

frax = sup {(w*x) 4+ (xF, w) — fw*, w)},
(w,w*)eX x X*
gf (", x) = sup  {(w*,x) 4+ (x*, w) — g(w, w)}.

(w,w*)eX x X*

La représentationM — pys jouit de propriétés plaisantes commg,-1 = (pm)T, ps = pr pour S C T,
pam (x, x*) = Apyr(x, A~ 1x®) pour (x, x*) € X x X*. Elle est liée & la représentation de Fitzpatridk— fy
par les relationgy, = p},, pm = f;;- Comme on peut souvent passercgea py par une convexification et une
fermeture, elle s’avere plus directe. Elle earactérisée par la propriété suivante.

Lemme 0.1. Pour toute multiapplicatiolM: X = X* et toute fonction convexe s.c.i. progranajorée parc sur
(le graphe de M onag < py.

De plus, elle fournit une caractérisation des opérateurs monotones et maximaux monotones.
Proposition 0.2. Pour toute multiapplicatiord : X = X* les assertions suivantes sont équivalentes

(8) M est monotoneM € M(X);
b) la fonctionpy, := ¢ satisfaitpy > p%, (avec égalité sunM);

. M M YRy
(c) lafonctionpy := cj; prend ses valeurs daSU {+oo} et verifie

P, x) +py (v, ¥y = xF )+ (% x) YV, x), (v, y) € X x X, 1)

(d) lafonctioniy, sur X x X donnée parhy (x, y) := —(py(x, -))*(y) Vérifiehy > —hL ;
(e) lafonctionpy :=cj; verifiepy > cetpy |M=c| M.

On prolonge ainsi un résultat de Fitzpatrick [6] :
Théoréme 0.3. SiM € Mmax(X) alors pl, > pi, > cT etlonaM = (py — ¢)~1(0) = (pi)T — ) ~L(0).
Une réciproque est donnée dans [5] ; nous la complétons quelque peu :

Théoréme 0.4. Soitg: X x X* — R U {+o0} une fonction convexe propre telle gge> ¢ et soitk donnée par
k(-,y) :=h(-, y)* avech(x, ) := —g(x, -)*. Alors les assertions suivantes sont équivalentes

(@) g*=cT;
(b) k(x,x) <Opourtoutx € X ;
() M :={zeZ: g**(z) = c(z)} est un opérateur maximal monotone.

Liens avec d'autres représentations
Comparons notre représentation avec celle de Kradiss> Ky, donnée parKy (-, y) = Hy (-, y)™*, ou
Hy (-, y) estl'enveloppe convexe de— —cp (x, -)*(y).

Proposition 0.5. Soit M € M(X) et soienthy, et ky données parny (x,y) == —(py(x, N*Y), kpy(x,y) =
(har (-, )™ (x). Alors Hyy > hay, kyr = K. De plus,par(x, x™) = (= Ky (x, ))*(x*) = (—kpr(x, -))*(x™*).
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Etant donnéVf € M(X) on peut se demander s'il exisgec I"(X) vérifiantg* = ¢T et f}}, < g < py. Une
réponse positive est apportée par le théoréme qui suit. L'unicité d'une telle fonction n’est pas assurée.

Théoréme 0.6. Pour tout M € Mmax(X) il existe ¢ € I'(X) vérifiant g* = ¢T et f,& < g < pu- De plus,
M= (g - 0.

Des régles de calcul pour les opérateurs monotones
Les deux régles de calcul pour les opérateurs maximaux monotones qui suivent peuvent étre déduites de |
généralisation suivante de régles d’analyse convexe qui a un intérét propre.

Proposition 0.7. SoientA: X — Y, B:U — V des applications linéaires continues entre des espaces de Banach
et soitG € I'(Y x U). SiR4 py(domG) — R(A) =Y, alors pourF : X x V — R U {+00} donné parF (x, v) :=
inf{G(Ax,u): ue U, Bu=v}ona

F*(x*,v*) = min{G*(y*, BTv*): y* e Y*, AT(y") = x*}.

Corollaire0.8. SoitA : X — Y une application linéaire continue entre des espaces de Banach &Y s#it= Y*
maximal monotone. $i, (co(domN) — R(A)) =Y alors M := ATNA € Mmax(X).

Corollaire0.9. SoientS, T € Mmax(X) tels queR_ (co(domsS) — co(domT)) = X. Alors S + T € Mmax(X).

1. Introduction

The links and analogies between closed proper convex functions and maximal monotone operators are numerou
(see [1-3,11,14]) and striking. Among them are: (a) almost convexity of the domains of maximal monotone
operators, (b) local boundedness on the interiors of thheimains, (c) the Brgndsted—Rockafellar theorem, (d)
gualification conditions for calculus rules of sums and compositions, (e) single-valuedness results, (f) regularization
processes. They prompted several researchers [4-11,13] to look for a precise connection. Here we give a
representation which enables one to deduce resoitiataoperations such as sums of operators and composition
with a linear map from the classical rules of convex analysis.

The works of Simons and his co-authors (see [11,12) the recent book [14] by Zalinescu exploit that vein
in a thorough way. However, they use a “big convexification” of the grayghX x X* of the operator. Here we
remain in the product spacé:= X x X* which is the natural framework but we avoid the rather sophisticated
theory of saddle functions used by Krauss in several papers [7-9].

2. A representation of operatorsby convex functions

Given a reflexive Banach spade for Z := X x X*, Z* = X* x X, f: Z* > R, g: Z — R, we set

[T, x") = f (™, x), gT(x", x) =g(x,x"),

frfax = sup {{(w*x) + (xF, w) — fw*, w)},
(w,w*)eX x X*
g (x*, x):= sup  {(w*, x)+ (x*, w) — g(w, wh)}.

(w,w*)eX x X*

Given an operatoM : X = X* (identified with its graphM C Z := X x X*), we associate to it its indicator
functionyy, given by (z) =0 forz € M, 1y (z) = +o0o for z € Z\M and the functions

ey i=c+ iy, gM =C0cy, pM=Clf,
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wherec: Z — R is the coupling function angly is the convex hull ot,,. We note that the functiopy, is directly
related to the Fitzpatrick’s functiofy, associated witld/ which is given byfy := c},, so that one hagy = pj},,

pm = fy;- Thuspy, is also related to the representation of [10] through conjugacy. The following examples show
that it may be simpler to compujey than fy = pj,.

Example 1. Let M be a linear subspace of x X* such that(x*, x) > 0 for each(x, x*) € M. Thenpy = cj;
whereM is the closure oM; when M is the graphe of an invertible symmetric operator the conjuggtef py

is given bypy, (y*, y) = (1/4)(M~L(y* + My), y* + My). In particular, if/ is the identity mapping on a Hilbert
spaceX, thenp; (x, x*) = [|x]|? if x = x* andp; (x, x*) = +oc if x # x* while pi(y*, y) = (1/4) |ly* + ¥ 1.

Example 2. Let M :R? — R? be the rotation given b/ (x, y) = (—y, x). Thenpy = cy.
Example 3. Let M := ds, wheres is a l.s.c. sublinear function. Then, (x, x*) = s(x) + s*(x*).

Nice properties follow from the simplicity of the representation: among them we pgta:= (pa)7, ps = pr
for S C T, pam(x, x*) = Apy(x, A~1x*) for (x, x*) € X x X*.
The predominantrole gb,, is illuminated by the following simple statement.

Lemma 2.1. For any multimappingV : X = X* and any closed convex functigmmajorized bye on the graph of
M one hayy < py.

In the caseM is a monotone operator, the following proposition shows ghé proper and satisfies another
domination property. It gathers useful cham@ations of monotonicity. The equivalence<g(h) follows from
[6, Proposition 2.2, Theorem 2.4] (see also [IBeorem 2], [11, Lemma 9.1], [14, Lemma 3.11.1]).

Proposition 2.2. For a nonempty subseéf of Z := X x X* the following assertions are equivalent

(a) M is monotong

(b) the functioncy, satisfiescy, (x, x*) > ¢, (x*, x) forany (x, x*) € X x X*;
(c) the functionpy, := c}; satisfiespy > pj, (with equality onM);

(d) the functionp, := ¢} takes its values iR U {+oo} and satisfies

pu e, x*) + pu(y, y5) = (X%, y) + (05 x) Y, x™), (v, y") € X x X, (2)
(e) the functiomzy, on X x X given byhy (x, y) := —(pm(x, )*(y) satisfieshy > —h},;
(f) the functionpy, := ¢} satisfiespy > candpy | M =c | M,

(9) there exists a closed convex functipion X x X* suchthatp > candp | M =c | M,
(h) there exists a convex functignon X x X* suchthatg >candg | M =c| M.

Part of the following result is due to Fitzpatrick [6].

Theorem 2.3. If M is maximal monotone, them,L > py, = cT. Moreover one has

M={zeZ: pu@@=c@}={z€Z: (pjpT () =c()}.

A converse of Theorem 2.3 is given in [5]; we slightly complete it.
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Theorem 2.4. Letg: X x X* — R U {400} be a proper convex function such that: ¢ and letk be given by
k(-,y) :=h(, y)y* with h(x, -) := —g(x, -)*. Then the following assertions are equivalent

(@ g*>cT;
(b) k(x,x) < Oforeachx € X;
(¢) M :={zeZ: g**(z) = c(z)} is a maximal monotone operator.

Example 4. Let g(x, x™) := ¢(x) + ¢*(x™), whereg is a closed proper convex function éh Then, as easily
seeng is closed proper convex aXi x X*, g > c andg* = g7 > ¢T. Thusg™* = g anddp = {(x, x*): g(x,x*) =
(x*, x)} is a maximal monotone operator.

3. Other representations
The links with the Krauss’ representation are more subtle than the links with the Fitzpatrick’s function.

Lemma 3.1. Given a functionz: X x X — R U {400} such thath > —hT and —h(x, -) is closed convex for
eachx € X, the functiork given byk(-, y) = (h(-, y))** satisfiekT > —h. If moreover the functiog : (x, x*) —
(—=h(x,-))*(x*) is such thatg = ¢g**, then one ha&(x, -) = —(—k(x, -))**.

In particular, if M is monotone, then, foky, and ky; given byhy (x,y) := —(py(x, ))*(y), kpy(x,y) =
(hp (-, y))**(x) one has for anyx, y) € X x X, ky(y,x) = —hy(x,y) = (—kp (x, )™ (¥).

Let us compare the representation we gave with the one of Krauss. The Krauss’ saddle fkipctsogiven by
Ky (-, y) = Hy (-, y)** whereHy (-, y) is the convexification of — —cps(x, )*(y).

Proposition 3.2. Lethy; andky, be as in the preceding lemma. Th&R, > hj, and for any(y, y*) € X x X* one
has fayr 0%, y) = Hy (-, ) %) = Ky G ) (%) = by G, )¥ ") =k (-, ) * (%), ks = Ky The functionpy,
is related to the Krauss’ functioR y; via pas(x, x*) = (= Ky (x, ) *(x*) = (—kp (x, -))*(x™*).

Given a monotone operatd?, one may wonder whether it is possible to get a closed convex fungtsuth
thatg* =¢T andp,L < g < pu. A positive answer is provided in the next statement.

Theorem 3.3. For any maximal monotone operatdf there exists a closed convex functipsuch thatg* = g7
andfﬂ} < g < py-MoreoverM = {(x, x™): q(x,x*) = (x*, x)}.

This result is a consequence of the following proposititspired by [8], Theorem 4. Let us note that here too
unigueness of is not ensured. However, as claimed by the second assertion, the coincidence setdaf is
independent of the choice gfwhenM is maximal monotone; this assertion stems from the fact that this set is also
the coincidence set gfy, with ¢ and of(p},)T with ¢ (see Theorem 2.4).

Proposition 3.4. Let p: X x X* — R U {400} be a closed proper convex function such that fT for f := p*.
Then there exists a closed proper convex funcjioR x X* — R U {+o00} such thay* =¢gT andp > ¢ > fT.

In order to point out the links of what precesiwith the main result of [8] let us sitx, y) := —qg(x, )*(y),
k(x,y) = (h(-, y))*™(x), so that(—h(y, ))* = q(y,) =q*(-, y) =k(-, y)*, hence
kCy) = (=h(y.))" = ~h(y. ), (3)
a useful skew symmetry property. It is simpler than the ones obtained in Lemma 3.1.
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Although the preceding result is nonconstructive, treeeimportant examples in which a natural choice of
does exist, as the following examples show. Moreover, we will see in the next section that, under some qualification
conditions, calculus rules provide means to find such functions.

Example 5. As noted above, given a closed proper convex fungti@m X, the functiong defined byg (x, x*) :=
©(x) + ¢*(x*) satisfiegg™ =¢T andpL <g<pyforM:=adgp.

Example 6. SupposeX := U x V and{ is a saddle function o/ x V such that for eaclx € U and each
v € V the functiong (-, v) and—£(u, -) are closed proper convex. Then, the functjoon (U x V) x (U* x V*)
given byq (u, v, u*, v*) :=£(-, v)*(u™*) + (—L(u, -))*(v*) satisfiegg* = ¢ T andf,& < g < py for M .= 9¢, where
(u, v, u*,v*) € 9L iff u* €dl(-,v)(u) and—v* € 3(—~€(u, -))(v).

4. Calculusrulesfor monotone operators

The following two known calculus rules for monotone operators can be deduced from a generalization of a
classical rule of convex analysis.

Proposition 4.1. Let A:X — Y, B:U — V be continuous linear maps between Banach spaces and let
G:Y xU — R U {400} be al.s.c. proper convex functionRf, py (domG) — R(A) =Y, then,forF: X x V —
R U {400} given byF (x, v) :=inf{G(Ax,u): u € U, Bu = v} one has

F*(x*,v*) =min{G*(y*, BTU*): y e Y AT(y%) =x*}.

Corollary 4.2. Let A: X — Y be a continuous linear map between two Banach spaces arM:I8t= Y* be a
maximal monotone operator. Suppose tRatco(domN) — R(A)) = Y. ThenM := ATN A is maximal monotone.

Corollary 4.3. Let S, T: X = X* be maximal monotone operators such tiRat(co(domsS) — co(domT)) = X.
ThenS + T is maximal monotone.
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