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Abstract

LetX = (XD,Pµ) be a superdiffusion in a domainE ⊂ R
d . We introduce a germσ -algebraFE− at the boundary ofE and

we prove that, on thisσ -algebra,Pµ1 is absolutely continuous with respect toPµ2 if µ1 andµ2 are concentrated on compa
subsets ofE. In combination with previous results of Dynkin, Kuznetsov and Mselati, this leads to a complete classifi
of positive solutions of equation�u = uα in a bounded domainE of classC4 for the case 1< α � 2. To cite this article:
E.B. Dynkin, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Résultats d’absolue continuité pour les superdiffusions et applications aux équations différentielles. On établit un
résultat qui, combiné à des travaux antérieurs de Dynkin, Kuznetsov et Mselati, conduit à une classification c
des solutions positives de l’équation�u = uα dans un domaine borné régulierE, pour 1< α � 2. Pour citer cet
article : E.B. Dynkin, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

SoitX = (XD,Pµ) une superdiffusion dans un domaineE ⊂ R
d . On écritµ ∈ Mc(E) siµ est une mesure fini

portée par un compact deE.
Pour tout domaineD d’adhérence contenue dansE, on noteF⊃D la tribu engendrée par les variablesXD′ avec

D′ ⊃D. On écritC ∈F⊂E− si C ∈ F⊃D pour tous les domainesD d’adhérence contenue dansE.

Théorème 0.1. Si C ∈ F⊃D , alors ou bien Pµ(C) = 0 pour tout µ ∈ Mc(D), ou bien Pµ(C) > 0 pour tout
µ ∈ Mc(D). Si C ∈ F⊂E−, alors ou bien Pµ(C) = 0 pour tout µ ∈ Mc(E), ou bien Pµ(C) > 0 pour tout
µ ∈Mc(E).

E-mail address: ebd1@cornell.edu (E.B. Dynkin).
1 Partially supported by National Science Foundation Grant DMS-0204237.
1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.01.028
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En combinant ce théorème avec les résultats précédents de Dynkin, Kuznetzov et Mselati, on obt
classification complète des solutions positives de l’équation�u = uα dans un domaine bornéE de classeC4,
dans le cas 1< α � 2.

1. Introduction

1.1. In the early 1990s the author initiated a program to describe the setU of all positive solutions of a semilinea
partial differential equation

Lu(x)=ψ
(
x,u(x)

)
in E, (1)

whereE is a domain inRd, L is an elliptic differential operator of second order inE andψ is a positive function
onE × R+.

The progress until the beginning of 2002 has been described in the monograph [3]. Under mild conditionψ ,
a fine trace on the boundary was associated with everyu ∈ U . All possible values of the trace were described a
a 1-1 correspondence was established between these values and a class of solutions calledσ -moderate.2

Are all the solutionsσ -moderate?3 In the case of the equation�u = u2 in a bounded domain of classC4, a
positive answer to this question was given by Mselati in [10]. Now we are able to extend this result to
general equation

�u= uα with 1< α � 2. (2)

To this end, new tools were developed in [4,5,8,7,9]. The remaining gap is closed by the main theo
the present paper. As a result, we get a complete classification of positive solutions of (2). A synthesis o
ingredients will be given in a forthcoming book – a natural continuation of [3].

1.2. Notation

For two domainsD, E, we writeD � E if E contains the closure ofD. For every Borel subsetS of R
d , we

denote byM = M(S) the set of all finite measures onS. Writing f ∈ B(S) means thatf is a positive Borel
function onS. Theσ -algebraBM in M is generated by functionsFB(µ)= µ(B) whereB is a Borel subset ofS.
If E is open, then we writeµ ∈ Mc(E) if µ ∈ M(E) is supported by a compact subset ofE. We use notation
〈u,µ〉 for the integral ofu with respect to a measureµ.

2. Main result

2.1. L-diffusions and (L,ψ)-superdiffusions

SupposeE is an arbitrary domain inRd . Under mild assumptions on the coefficients ofL, there exists a
continuous Markov processξ = (ξt ,Πx) in R

d whose transition density is a fundamental solution of the parab
equation∂u/∂t = Lu. We call this process anL-diffusion. For every open setD we denote byτD the first exit time
of ξ fromD.

Let ψ be a function fromE × R+ to R+. Suppose that to every open setD � E and everyµ ∈ Mc(D) there
corresponds a random measure(XD,Pµ) on ∂D such that, for all boundedf ∈ B(∂D),

2 An elementu of U is moderate ifu� h for someh such thatLh= 0 in E andU is σ -moderate if it is the limit of an increasing sequen
of moderate solutions.

3 This question was asked as a key open problem in the Epilogue to the monograph [3].
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Pµ e−〈f,XD〉 = e−〈u,µ〉, (3)

whereu satisfies the equation

u(x)+Πx

τD∫
0

ψ
[
ξt , u(ξt )

]
dt =Πxf (ξτD ). (4)

We call the familyX = (XD,Pµ) an(L,ψ)-superdiffusion.
We assume that

ψ(x;u)= 1

2
b(x)u2 +

∞∫
0

(
e−tu − 1+ tu

)
N(x;dt), (5)

where a positive Borel functionb(x) and a kernelN fromE to R+ satisfy the condition

b(x),

∞∫
1

tN(x;dt) and

1∫
0

t2N(x;dt) are bounded. (6)

(An existence of a superdiffusion with suchψ is proved, for instance, in [3], Theorem 4.2.1.) Note that, if 1< α � 2
andc(x) is bounded, thenψ(x,u) = c(x)uα can be represented by (5) withb = 0 andN(x,dt) = c̃(x)t−1−αdt
that satisfy (6).

2.2. Main theorem

For everyD �E, we denote byF⊃D theσ -algebra generated byX′
D with D′ ⊃D. PutC ∈ F⊂E− if C ∈F⊃D

for all D �E.

Theorem 2.1. If C ∈ F⊃D , then either Pµ(C) = 0 for all µ ∈ Mc(D) or Pµ(C) > 0 for all µ ∈ Mc(D). If
C ∈F⊂E−, then either Pµ(C)= 0 for all µ ∈ Mc(E) or Pµ(C) > 0 for all µ ∈ Mc(E).

To prove this theorem we need some preparations.

3. Moment measures

3.1. We call

mD{µ;dν1, . . . ,dνn} = Pµ e−〈1,XD〉XD(dν1) · · ·XD(dνn)

the moment measures of the superdiffusion(XD,Pµ). Put'0(x)= − logPx e−〈1,XD〉 and'=ψ ′('0).
In this section we express∫

mD(µ;dν1, . . . ,dνn)f1(ν1) · · ·fn(νn)= Pµ e−〈1,XD〉〈f1,XD〉 · · · 〈fn,XD〉

through the operatorsG'
D,K

'
D and theq-sequence ofX defined by the formulae

G'
Df (x)=Πx

τD∫
exp

{
−

t∫
'(ξs)ds

}
f (ξt )dt,
0 0
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K'
Df (x)=Πx exp

{
−

τD∫
0

'(ξs)ds

}
f (ξτD )1τD<∞,

q1(x)= 1, q2(x)= b +
∞∫

0

t2 e−t'(x)N(x,dt),

qr(x)=
∞∫

0

tre−t'(x)N(x,dt) for r > 2. (7)

The functionψ(x,u) is infinitely differentiable with respect tou and

qr(x)= (−1)r
∂rψ(x, '(x))

∂ur
for r � 2.

3.2. Moment formula

Put{ϕ1} = ϕ1 and

{ϕ1, . . . , ϕr} =G'
D(qrϕ1, . . . , ϕr) for r > 1.

We consider monomials like{{ϕ3ϕ2}ϕ1{ϕ4ϕ5}}. We do not distinguish monomials obtained from each othe
permutations of terms inside any group{· · ·} or by permutation such groups. There exist one monomial{ϕ1ϕ2} of
degree 2 and four distinguishable monomials of degree 3:

{ϕ1ϕ2ϕ3},
{{ϕ1ϕ2}ϕ3

}
,
{{ϕ2ϕ3}ϕ1

}
,
{{ϕ3ϕ1}ϕ2

}
. (8)

Denote byW(f1; . . . ;fn) the sum of all monomials of degreen of ϕ1, . . . , ϕn whereϕi =K'
Dfi . (For instance,

W(f1;f2;f3)= {ϕ1ϕ2ϕ3} + {{ϕ1ϕ2}ϕ3
} + {{ϕ2ϕ3}ϕ1

} + {{ϕ3ϕ1}ϕ2
}
.)

To every subsetsΛ= {i1, . . . , ir} of {1, . . . , n} there corresponds a functionW(fΛ)=W(fi1, . . . , fir ).

Theorem 3.1. If {qr} is the q-sequence of X, then, for an arbitrary µ ∈ Mc(D),

Pµ e−〈1,XD〉〈f1,XD〉 · · · 〈fn,XD〉 = e−〈'0,µ〉 ∑
Λ1,...,Λk

k∏
i=1

〈
W(fΛi ),µ

〉
, (9)

where the sum is taken over all partitions of the set {1, . . . , n} into disjoint nonempty subsets Λ1, . . . ,Λk, k =
1, . . . , n.

Formula (9) is a modification of formula (4.3) in [6]. It can be proved by the same arguments as Theor
in [6]. (Cf. proof of Theorem 1.7 in [2].)

3.3. Absolute continuity of moment measures

Theorem 3.2. Let D be a bounded domain of classC2,λ and let γ be the surface area on ∂D. For every µ ∈Mc(D)

and every Borel subset C of (∂D)n,

Pµ e−〈1,XD〉
∫

XD(dz1) · · ·XD(dzn)1C(z1, . . . , zn)=
∫
C

ρ(z1, . . . , zn)γ (dz1) · · ·γ (dzn) (10)

with a strictly positive ρ.

This follows from Theorem 3.1 becauseK'
Df (x)= ∫

k'D(x, y)f (y)γ (dy) with strictly positivek'D(x, y).
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4. Proof of main theorem

The proof is based on the Poisson representation and on the Markov property of a superdiffusionX.

4.1. Poisson representation

Let D � E. For everyµ ∈ M(D), the random measure(XD,Pµ) is infinitely divisible andPµ{XD = 0}> 0.
Therefore there exists a finite measureRµ onM =M(∂D) such that:

(a)Rµ{0} = 0;
(b) for everyf ∈ B,

Pµ e−〈f,XD〉 = exp

[
−

∫
M

(
1− e−〈f,ν〉)Rµ(dν)

]
. (11)

(See, e.g., [1].) It follows from (3) that

Rµ(B)=
∫
D

Rx(B)µ(dx), (12)

whereRx(·)=Rδx (·).
This implies (see, e.g., [6]): for everyF ∈ BM,

Pµ e−〈1,XD〉F(XD)=
∞∑
0

1

n!ZD(µ)

∫
R∗
µ(dν1) · · ·R∗

µ(dνn)F (ν1 + · · · + νn), (13)

where

ZD(µ)= e−Rµ[M(D)], and R∗
µ(dν)= e−〈1,ν〉Rµ(dν). (14)

4.2. Markov property

If Y � 0 is measurable with respect to theσ -algebraF⊂D generated byXD′ , D′ ⊂D, andZ � 0 is measurable
with respect to theσ -algebraF⊃D generated byXD′′ , D′′ ⊃D, then

Pµ(YZ)= Pµ(YPXDZ). (15)

(See, e.g. [3], 1.3.D in Chapter 3.)

4.3. Proof of Theorem 2.1

(i) Let F be a positive measurable function onM(∂D) and let

f n(x1, . . . , xn)=
∫

F(ν1 + · · · + νn)R
∗
D(dν1) · · ·R∗

D(dνn).

We prove that, if̃D �D andµ ∈ Mc(D̃), thenF(XD)= 0 Pµ-a.s. if and only if∫
f n(x1, . . . , xn)γD̃(dx1) · · ·γD̃(dxn)= 0 for all n. (16)

Indeed, by the Markov property ofX,

Pµ e−〈1,XD〉F(XD)= PµPXD̃
e−〈1,XD〉F(XD). (17)
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By (13) and (17),

Pµ e−〈1,XD〉F(XD)=
∞∑
n=0

1

n!PµZD(XD̃)

∫
XD̃(dx1) · · ·XD̃(dxn)f

n(x1, . . . , xn). (18)

SinceZD(XD̃) > 0, the conditionF(XD)= 0 Pµ-a.s. is equivalent to the condition: for everyn,∫
XD̃(dx1) · · ·XD̃(dxn)f

n(x1, . . . , xn)= 0 Pµ-a.s. (19)

By Theorem 3.2, the condition (19) holds if and only if (16) is satisfied.
(ii) Supposeµ1 andµ2 belong toMc(D). There existsD � E which contains supports ofµ1 andµ2. By (i),

F(XD)= 0 Pµ1-a.s. if and only ifF(XD)= 0 Pµ2-a.s. IfC ∈ F⊃D , then by the Markov property ofX,

Pµi (C)= PµiF (XD),

whereF(ν)= Pν(C). This implies the first statement of Theorem 2.1.
If µ1,µ2 ∈ Mc(E), thenµ1,µ2 ∈ Mc(D) for some bounded domain of classC2,λ such thatD � E. If

C ∈FE−, thenC ∈F⊃D and the second part of Theorem 2.1 follows from the first .✷
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