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Abstract

It is proved that the generatgr of a backward stochastic differential equation (BSDE) can be uniquely determined by
the initial values of the corresponding BSDEs with all terminal conditions. The main results also confirm and extend Peng’'s
conjectureTo citethisarticle: L. Jiang, C. R. Acad. Sci. Paris, Ser. | 338 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Quelquesrésultatssur I'unicitédesgénérateur sdes équationsdifférentiellesstochastiquesr étrogrades. L'auteur prouve
que le générateyr d’'une équation différentielle stochastique rétrograde peut étre déterminé uniquement par les valeurs initiales
d’équation différentielle stochastique rétrograde correspondante avec toutes les conditions terminales. Le résultat principa

confirme et étend le résultat de PeRgur citer cet article: L. Jiang, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Considérons un nombre ré€l> 0. Soitg un générateur d’équation différentielle stochastique rétrograde qui
satisfait les hypotheses (A1), (A2) et (A5) (voir Section 2 pour les détails). Pour chaque tempswd&@rféet

£ e L2, F., P), denotongy "%, z,(r’g’s)),e[o,f] la solution adaptée unique et de carré integrable de 'TEDSR

T T

)’t=$+/g(S,yS,Zs)dS—/stBs, te[0, 7]

t t

Théoreme0.1. Supposons que les deux générateurst g» vérifient(Al), (A2) et (A5). Alors, les deux conditions
suivantegi) et (ii) sont équivalentes
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(i) P-a.s., pour chaque tripletr, y,z) € [0, T] x R x R?, on a: g1(t, v, z) = g2(t, v, 2);
(i) Pour chaque temps d’arrét < T, on a: yé”gl’é) = yé”gz’s), VE € L2, F:, P).

Sion suppose qug et gy satisfont P-a.s.,Vr € [0, T, g1(¢,0,0) =0, g2(z, 0,0) = 0. Alors, (i) est equivalent
a la condition suivantdiii) :

(i) Pour chaque € [0, T1,0n a: yys+% = {29 ve e L2(2, F,, P).

1. Introduction

Itis by now well known (see [6]) that there exists a unique adapted and square integrable solution to a backward
stochastic differential equation (BSDE in short) of type
T T

yt:$+/‘g(saySsZS)ds_/ZSdBSs O<Z§T, (1)

t t
providing, for instance, that the functignis Lipschitz in both variableg andz, and thatt and(g(s, 0, 0))sc[o0,7]
are square integrable;is said to be the generator of BSDE (17, &) are called terminal conditions, aid, g, &)
are called standard parameters of BSDE (1). We denote the unique adapted and square integrable solution of BSD
(T.g.6) (T.8.6)

(1) by (y; s Lt )te[0,T]-

In 1997, Peng proposed a conjecture; roughly speaking, the conjecture is:

If a generatorg satisfiesg(¢, y,0) = 0, theng is uniquely determined by the initial valug%T’g’g) for
all square integrablg. In other words, if two generators, g» satisfy g1(z,y,0) =0, g2(¢,y,0) =0, and
yér’gl’@ = yéT’gz’g) for every square integrablg theng; = g».

Chen [2] confirmed Peng'’s conjecture, and it will be cited as a proposition.

However, the conditiorz (¢, y, 0) = 0 is too strong, most generatogsdo not satisfy it, especially when we
apply BSDE theory to European option pricing (see [5]) or recursive utility (see [3]); in these cases the generators
of BSDEs often do not satisfy(z, y, 0) = 0. Thus it yields a natural question:

Without the hypothesig(z, y, 0) = 0, can we prove thag is determined uniquely by the initial values of the
corresponding BSDEs with all terminal conditions?

The objective of this paper is to investigate this problem and in Section 3 the author will prove that, under some
natural and reasonable assumptions, the answer is ‘Yes’.

2. Preliminaries

Firstly let us introduce some notations and assumptions(®etF, P) be a probability space an@),>o be a
d-dimensional standard Brownian motion on this space suclBgatO; let (F;);>0 be the filtration generated by
this Brownian motionF; = o {By,s € [0,¢t]} VN, t € [0, T], where\ is the set of alP-null subsets.

Let T > O be a given real number. In this paper, we always work in the sp&cerT, P), only consider
processes indexed bye [0, T']. For any positive integer andz € R", |z| denotes its Euclidean norm.

We define the following usual spaces of processes:

S%(O, T; R) := {y progressively measurablE[supbthmF] < 00};

H%(0,T; R") := {y progressively measurabl¢y |3 = E[]OT [y ]2df] < oo}

The generatog of a BSDE is a functiom(w, ¢, y,z): 2 x [0, T] x R x RY 1 R such that(g(t, y, 2))te[0,717 IS
progressively measurable for eagh z) in R x R?, andg also satisfies some of the following assumptions:

(Al) There exists a constaft > 0, such thatP-a.s., we have:
Vi, Vy1, y2, 21,220 9@, y1,20) — O, y2. 22)| < K (Iy1 — yal + |21 — z2l).
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(A2) The processg(z, 0,0));ej0,71 € H%(0, T; R).

(A3) P-a.s.Vt€[0,T],9(t,0,0)=0.

(A4) P-as.V¥(,y)e[0,T] xR, g(t,y,0)=0.

(A5) P-a.s.¥(y,z) e Rx RY t— g(t,y,z) is continuous.

(AB) P-a.s.¥(y,z) e RxRY t— g(t,y,z) is right continuous in € [0, T and left continuous ifT".

Remark 1. Assumption (A4) implies (A3), (A3) implies (A2); Assumption (A5) implies (A6).

For each givert e L2(2, Fr, P), let (y,(T’g’g),z,(T’g’g))ze[o,T] be the unique square integrable and adapted
solution of the BSDE (1), such that”-¢:¢) is in S2.(0, T; R) andz "¢ is in H2.(0, T; RY) (see [6] for details).

Please remember that, provided thadatisfies (A1) and (A2), there exists a unique pia)(IT’g’S), zfr’g’g))ze[o,r]
of adapted processesdi$-(0, T: R) x H2.(0, T; RY) solving the BSDE (1).

In the sequel, we always assume tgasatisfies (A1) and (A2), we often denote the initial vayg@g’é) of
BSDE (1) by&, r[£]; denotey,” ¢'%) by &, r[£| 7.

Now let us list some basic properties of BSDEs; the following Lemmas 2.1 and 2.2 come from [5,
Proposition 2.5, Theorem 2.2], Proposition 2.3 is Peng’s conjecture, which was confirmed by [2].
Lemma 2.1. Letg satisfy(Al) and(A2), lett < T be a stopping timé) <1 < s < T. Let¢ € L2(£2, Fr, P), then

(I) gg,s[£g,T[§|-7:s]|-7:t] = gg,T[éL;L—t];
(i) &gl rlE|F I F]=E 61 F], as., iftel0, 7]

Lemma 2.2 (Comparison theoreml.et g satisfy(A1) and (A2) and letX1, X» € L2(82, Fr, P).

(i) (Monotonicity: If X1 > X5, a.s., then&, 7[X1] 2> &, r[X2];
(i) (Strict Monotonicity: If X1 > X2,a.s., and P(X1 > X2) > 0, then&, 7[X1] > & r[X2].

Proposition 2.3. Let g1, g2 satisfy assumptionfAl), (A4) and (A5). We assume moreover that, go satisfy
hypothesis

(H1) &, 7[6]1=E,, 7[E], VE € L2(R2, Fr, P).

Then for¥(y, z) e R x RY, we have P-a.s., Vt € [0, T1, g1(t,y,z) = g2(t, y, 2).

3. Main results

Theorem 3.1. Let two generatorsgs, g2 satisfy assumptiongAl), (A2) and (A5). Then the following two
conditions are equivalent

(i) (H2) For each stopping time < T', we have&,, ([§] =&, [£], V& € L?(2, F;, P).
(i) P-a.s., for each tripletz, y,z) € [0, T]1 x R x RY, we haveg(z, y, z) = g2(t, y, 2).

Proof. It is obvious that (ii)= (i). So we only need to prove that &> (ii). The main approach of the following
proof derives from [4].
For eachs > 0 and(y, z) € R x R?, we define the following stopping time:

t5(y,2) :=inf{t > 0; g1(r,y,2) < g2(t, y,2) =8} A T.
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Suppose thag1, g2 satisfy (H2). If (ii) does not hold, then we may assume, without loss of generality, that there
existsso > 0 and(yo, zo) € R x R?, such thatP ({zs,(y0, zo) < T'}) > 0. For simplicity, we denotes,(yo, zo) by
70. For such a tripletdo, yo, zo), we study the following forward SDEs defined over the intefvgl T']:
—dv(r) = g1(t, Y1), 20) df — 20dB;,  Y1(0) = yo; 2
—dY?(1) = ga(r. Y2(t), 20) df — 200B,,  ¥?(10) = yo. (3)

Let Y1, Y2 denote, respectively, the solutions of forward SDE (2) and (3); cléatly? € S2. Now we define a
new stopping time:

00:= inf{t > 10; g1(1, Y (1), 20) > g2(1, Y2(1), 20) — %0} N

Then we have:

Proposition 3.2. () oo =T if 1o =T;
(i) {0 <00} ={t0 < T} and P({to < op}) > O;
(iii) Y1(00) > Y2(00) on{rg < 0p}.

Proof. (i) is obvious. Thanks to assumption (A5), from the continuitygaef g in ¢, we can conclude that
{ro < o0} = {10 < T}, hence we also have({tg < op}) > 0. To prove (iii), we notice that ofrg < op}, from
SDE (2) and (3), we have:

a0

a0
3 8
Y(00) — Y?(00) = /[gz(t, Y2(1), zO) — gl(t, Y1), zO)] dr > / EO dr = EO(UO —10) > 0.
70 70

The proof of Proposition 3.2 is completer

We come back to the proof of Theorem 3.1. Studying the solutions of the following two BSDEs which are
corresponding to the above two forward SDE (2) and (3):

T T
?l(t)zyl(T)+/gl(s, ?l(s),fl(s))ds—/fl(s) dB,, 1€[0,T],

t t
T T

?Z(I)zYZ(T)—i—/gz(s, ?2(s),72(s))ds—/72(s) dB,, 1€[0,T],

t t

obviously we have:
Eqrt[YHD)F] =V ) =y, Egpr[YA(T)I1Fr] = Y 2(10) = yo.

By Lemma 2.1, we understand that

Ear 0130l = Egr 0 [Eer, T [YHI) 1 Fro]] = Egu. 7 [YHT)] = Egrooe[ Y H(00)],
Ega.rolyol = Egprg [582] [YZ(T)|.7-}0]] = 582,T[Y2(T)] = 582,00[)/2(00)]'

Combining with the hypothesis (H2) of Theorem 3.1, we have

Ega00[ Y H00)] = Egr.o0[ Y H(00)] = Egu, 10101 = Egg. 16[¥0] = Egg0[ Y 2(00) . (4)
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We definega(t, y, z) = ga(t, y, 2)1j0,00)(t), for eachr € [0, T1, (v,2) € R x RY, wherelg ,, denotes the
indicator function of{0, op]. Then, obviouslye,, 4,[Y'(00)] = €z, 7[Y'(00)], i = 1,2 (see [5], Proposition 2.5
and its proof for details). Since by Proposition 3.2 we have:

Y1(00) > Y?(00) and P({Y*(00) > Y?(00)}) = P({r0 < 00}) > O,
it follows from the strict comparison theorem (see Lemma 2.2(ii)) that

Ega.00(Y1(00)) = E,, 7 (V1 (00)) > Egy. 7 (Y?(00)) = Egg.00(Y*(00))- (5)
Clearly (5) is a contradiction to (4). Here we complete the proof of Theorem 311.

Remark 2. Theorem 3.1 also holds if we replace (A5) by (A6).

Remark 3. Proposition 2.3 is a consequence of Theorem 3.1; let us sketch the proof:

For each stopping time < T, let & € L%($2, F;, P), then& € L?($2, Fr, P). Thanks to assumption (A4), we
haveg; (¢, y, 0) = 0 and hence we can verify thél, [£] = &, r[£], i =1, 2. Thus under the assumption (A4),
hypothesis (H1}= (H2), so the proof is complete.

If we assume thag;, g» satisfy assumptions (A1) and (A3), we can get another interesting result.

Theorem 3.3. Let two generatorgs, g2 satisfy assumptior(®1), (A3) and(A6). We assume moreover that g2
satisfy hypothesi@H3):

(H3) &, /1] =Eg, /€], Vr €[0, T, £ € L2(2, Fr, P).

Then for each tripletz, y, z) € [0, T] x R x R4, we have

P-a.s., gi(t,y,z2)=g2(t,y,2).
Before we give the proof of the Theorem 3.3, we first prove the following proposition:

Proposition 3.4. Let two generatorg1, g2 satisfy assumption@1) and (A3) and hypothesi§H3). Let0 < r <
s <T.Then forve € L2(82, s, P), P-a.s., we have

ggl,s[éﬂ}—r] = ggz,s[slfr]-

Proof. ForVe e L?(2, F;, P), A € F,, let1, denote the indicator function of A. Thanks to assumption (A3):
gi(t,0,0) =0, we can see clearly thai g(z, y, z) = g(t, 14y, 1az). Therefore we can prove that

P_a'ss ggi,s[lAéfLFr] = 1A£ ,«,s[%‘lj‘—r], i = 17 2. (6)
Now we setAg := {&,, s[E|F-] > &, s[E|F-1}, then obviouslyAp € . Thanks to(6), Lemma 21 and (H3), we
can get that
ggl,r[leggl,s[éfLFr]] = ggl,r[ggl,s[leglfr]] = ggl,s[leé] = ggz,s[leg]
= ggz,r[ggz,s[lA()E'fr]] = ggl,r[ggz,s[leﬂfr]] = ggl,r[leggz,s [Sl}—r]]

From the definition ofAg, we havels &, s[6|F:] = 14,E,.s[£1F-]. Therefore from the strict comparison
theorem (see Lemma 2.2) we hav(Ag) = P({14,Eq..s[E1Fr] > 14yEgy,s[€1F-1}) = 0. Similarly we can prove
that P({Eg, s[E1F] > Egy s[EIF1}) = 0. Thus P-a.s.,Eg, s[E]1F] = Eg, s[£|F]. Here we complete the proof of
Proposition 3.4. O
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Proof of Theorem 3.3. For each triplet(r, y, z) € [0, T[xR x R?, thanks to Briand, Coquet, Hu, Mémin and
Peng [1, Proposition 2.3], we understand th&tlim, o+ 2[Eg, 14e[y + 2 - (Bi4e — B)IF] — y1 = gi(t, v, 2),

i =1, 2. Thus there exists a subsequefeg}?> ; of {n}°>° ;, such thatP-a.s, g;(t,y,2) = iMoo nk[Eg; r+1/m,

[y +z - (Biy1/m, — B)IF:] — y1, i =1,2. Thanks to Proposition 3.4, we understand that for large enaugh
P-a.s, &g r41m |y + 2 Bryryng — BOIFil = Egpi+1/m[y + 2 - (Bis1/n, — Br)|F:]. Thus for the given triplet
(t,y,2) € [0, T[xR x R?, we have:P-a.s, gi(t,y,z) = go(t, y, z). For the triplet(T, y,z) € {T} x R x R?,
thanks to(A6), we know that for pair(y,z), gi(¢,y,z) is left continuous in7T and thus we also have:
P-a.s, gi(T,y,2) =limy00g2(T —1/n,y,2) =liM, 00 g2(T — 1/n,y,2) = g2(T, y,2). Thus we complete
the proof of Theorem 3.3. 0

Remark 4. Proposition 2.3 can also be seen as a consequence of Theorem 3.3. Indeed, under the assumptions (A:
and (A4), we can verify thaf, ,[£] = &,, r[&], for Vr € [0, T, & € L2(2, Fr, P). Thus under the assumptions
(Al) and (A4), hypothesis (H1}> (H3).

In Theorem 3.3 or in Proposition 2.3, if we assugeg» only satisfy assumptions (Al), (A3) and (A5) and
hypothesis (H1), can we prove that= g>? Generally the answer is negative.

Counterexample 3.1. Let us define two functions1(t) :=¢, ho(t) :=T —t, Vt € [0, T]. Definegi(¢, y, z) :=
yhi(t), g2(t,y,z) := yha(t), V(t,v,z) € [0, T]1 x R x R?. Then generators;, g» satisfy assumptions (A1), (A3)
and (A5), butgs, g2 do not satisfy (A4).

Leté € L2(2, Fr, P). Applying Itd’s formula to&g; 7|71 exp(fo’ hi(s)ds), i = 1,2, we can get that

T

1
Eq.rlEIF] = [exp</hi(8)d8>]E[c§lft], 1[0, Tl &g rlé] :exp<§T2>E[$] =Eq.rlél

t

For eachr €10, T[, n € L%(£2, F,, P), similarly we can obtain that

Eqr ] = [exp( / hl(S)dS>]E[n], Eqpr ] = [exp( / ha(s) dS)}E[n].

0 0
Henceg, g2 satisfy (H1), butg1, g2 do not satisfy (H3). Obviously1 # g».
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