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Abstract

In this Note we announce a structure result for non-symmetric Dirichlet forms and semi-Dirichlet forms. Our result is regarded
as an extension of the celebrated Beurling—Deny formula which is up to now available only for symmetric Dirichlet forms. The
result can also be regarded as an extension of Lévy—Khinchine formula or more generally, an extension of Courrége’s Theorern
in the semi-Dirichlet forms settingo citethisarticle: Z.-C. Hu, Z.-M. Ma, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
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Résumé

Formule de Beurling-Deny pour demi-forme de Dirichlet. Dans cette Note nous annongons un résultat de structure pour
formes de Dirichlet non-symétrique et demi-forme de Dirichlet. Notre résultat peut étre considéré comme une extension de
la célébre formule de Beurling—Deny qui est, jusqu’'a maintenant, valable pour formes de Dirichlet symétrique seulement. Le
résultat peut étre considéré aussi comme une extension de la formule de Lévy—Khinchine, ou plus généralement, une extensic

du Théoréme de Courrégeour citer cet article: Z.-C. Hu, Z.-M. Ma, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
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Version francaise abr égée

SoientE un espace de Lusin métrisable (ou plus généralement, un espace de co-Souslin métrisaide),
mesures -finie sur la tribu Borelienn® = B(E). Soit (£, D(£)) une demi-forme de Dirichlet quasi-réguliére sur
L2(E;m), au sens de [11] et [7]. Nous montrons qu'’il existe une mesure (positive) Borébefing uniqueJ
sur E x E \ d et une mesure (positive) Borélienne unigkiesur E, ne chargeant aucun sous-ensemble dont la
projection est-exceptionelle, telles qué(u, v) = ]ExE\d 2w(y) — u(x))v(y)J (dx, dy) + ]Eu(x)v(x)K(dx),
pourvu quex Soit une constanté-quasi-partout sur un ensemble quasi-ouvert contenant un quasi-support de
En outre, il existe une métrique quasi-compatible et un noyaﬁ;7 tels que pour tous, v € Dy ete > 0,
E(u,v) =EP4(u,v) —i—f{p>8} 2w (y) —u(x))v(y)J (dx, dy) +fE u(x)v(x)K (dx). Si (u(y) —u(x))v(y) estSP.V.
intégrable par rapport &, alors lim, 0 €% (u, v) = £°(u, v), ou £ (u, v) est indépendant de et a la property
locale forte de gauche.
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De fagon semblable au cas des processus de Lévy, nous avons quelques conditions suffisantes imposées sul
mesure de saut qui assurent quéu(y) — u(x))v(y) estSP.V. intégrable pour tous, v dans un noyau spécial
inclus dansDy,.

1. Semi-Dirichlet forms

Let E be a metrizable Lusin space (or more generally a metrizable co-Souslin spage)finite measure on
the Borelo-field B = B(E). Let (£, D(E)) be a quasi-regular semi-Dirichlet form drf(E; m) in the sense of
[11] and [7]. (Note that by the above quoted referenc&sD(€)) is quasi-regular if and only if it is associated
with a right process.) Recall [12,11] that an increasing sequéfighen of closed subsets of is called an
E-nestif Uk>1D(£)Fk is £&1-dense inD(E), whereD(E)f, :={u € D(): u=0m-a.e.on F :=E \ F} and
8~1(u, V) = %[E(M, v) + E, u)] + (4, v) L 2(p.m)- A SUbSetN C E is called&-exceptionalf N C ﬂ,@l F¢ for
some&-nest{ Fy }ren- A property is said to hold-q.e(£-quasi-everywhepeon E, if it holds on E \ N for some
E-exceptional setv. A function f £-q.e. defined onE is said to bef-quasi-continuousf there is anf-nest
{Fx}xen Such thatf € C({F¢}), i.e. f is well defined and continuous df for eachk € N. By the virtue of quasi-
regularity [12,11], every elemente D(£) admits anf-quasi-continuous:-version. We shall denote b§(£) all
the £-quasi-continuous versions of elementdi(¥).

Following [8], we say that a subsdtcC E is quasi-oper{resp.quasi-closellif there exists arf-nest{ Fj };en
such thatF; N A is relatively open (resp. relatively closed)#i for eachk € N. Letu be anm-a.e. defined function
on E, then there exists a smallest (up to&exceptional set) quasi-closed $&twhich is called the quasi-support
of u and is denoted by supp], such thath\F |u(x)|m(dx) =0.

In this Note we introduce the following concepts.

A metric p on E will be called aquasi-compatible metriif the Borel o -algebra induced by coincides with
B(E) and there exists afi-nest{ F; },cn such thatp is compatible with the original trace topology @ for each
k € N. Note that all the above quasi-notions are invariant under the change of topology with a quasi-compatible
metric.

A subsetD of 5(5) is called acoreof (£, D(&)) if the following conditions are fulfilled:

(C.1) Disalinear lattice and € D impliesu* Ale D;

(C.2) DisdenseinD(E) w.r.t. £1-norm;

(C.3) There exist a countable family, },cny C D and anf-exceptional seV such that{u,} separates the points
of E\ N and supu,(x) >0forallx € E\ N. D is said to be &pecial coraf in addition to (C.1)—(C.3), it
satisfies also;

(C.4) For allv € D there existst € DN I(v) such thatt =1 E-g.e. on supp|[vl, where

I(v) = {u € 5(8) :u is constant-¢.e. on a quasi-open set containing sypg}. Q)

Let J be ao-finite Borel measure o x E \ d (d: diagonal). A measurable functiofi is said to be
integrable with respect td in the sense ofymmetric principle valu¢abbreviated bys.P.V. integrablg if for
any increasing sequen¢g, },>1 of subsets of£ x E \ d with J((E x E\d)\ (U, A»)) =0, J(A,) < oo, and
Ia,(x,y)=14,(y,x)forall x,y € E, n €N, itholds thatf is integrable on eacl,, and the limit

SP.V. / f(x,y)J(dx,dy):= nli_)mOO/f(x,y)J(dx,dy)
Ay

ExE\d

exists and is independent of the sequeitg e .
We can now state our results.
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Theorem 1.1. There exist uniquépositive o -finite Borel measurd on E x E \ d and unique(positive o -finite
Borel measur&k on E satisfying the following two properties.

() JI(Nx E\d)=J(E x N\d)=0andK(N) =0 forany&-exceptional sen.
(i) Foranyv e D(&) andu € I(v), we have
Eu,v) = / 2(u(y) — u(x))v(y)J (dx, dy) + / u(x)v(x) K (dx), (2)
ExE\d E
wherel (v) is defined by1).

Remark 1. As in the situation of Beurling—Deny formuld,describes the jumps arid describes the killing inside
E of the sample paths of the associated Markov process. For details see [10].

Proposition 1.2. Denote byD* all the elements € D(&) such that

(1) — ) v + [ P0K @) < oo, 3
E x{u#0}\d E
ThenD* is dense inD(£). Moreover,D* contains a special cord (i.e.,D satisfiegC.1)—(C.4).

Proposition 1.3. There exists a quasi-compatible meti@and a special cord C D* satisfying the following two
properties

(p.1) fEX{u#O}\d p2(x, y)J (dx, dy) < oo, for Eill ueD.
(0.2) Let D, be all the bounded elementse D which are£-g.e. p-Lipschitz in the sense that
|u(y) — u(x)| <Cp(x,y), Vx,yeE\N
for some constant’ and some-exceptional sedv, thenD,, is again a special core.

In what follows we fix a metrip and a special cord satisfying Proposition 1.3. Denote tf% (resp.Dy) all
the bounded elements B (resp.D*).

Theorem 1.4. (i) Letu, v € Dy If (u(y) —u(x))v(y) is S.P.V. integrable w.r.t/, then we have the following unique
decomposition

Eu,v)=E(u,v)+S.P.V. / 2(u(y)—u(x))v(y)J(dx,dy)+/u(x)v(x)K(dx), 4)
ExE\d E

where £¢ satisfies left strong local property in the sense that i I(v), then decompositioii4) holds and
Eu,v)=0.
(ii) For anyu, v € Dy ande > 0, we have the decomposition

Ew,v)=E(u,v) + / 2(u(y) —u(x))v(y)](dx,dy)—}—/u(x)v(x)K(dx). (5)
{(x,y)EEXE\d: p(x,y)>¢} E
If (u(y) —u(x))v(y)is S.P.V. integrable w.r.t, then
R 0, __ ec
Ié!%é’ (u,v)=E(u,v), (6)

where&€(u, v) is specified in4).
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The above theorem is an extension of Beurling—Deny formula [3,8,1,6]. It can also be regarded as an extensior
of Lévy—Khinchine formula [2,13], or more generally Courrége’s Theorem ([5]) in semi-Dirichlet forms setting.
As in the case of Lévy processes, we can find some sufficient conditions to ensure that the decomposition (4) hold:
for all u, v in a special core. To this end let us writédx, dy) := J (dy, dx). We say that/ is symmetridf J = J.
In general/ is not symmetric and — J is a generalized sighed measure which is well defined and finite on each
A, for some countable partitiof¥,,},,cy Of E x E \ d. Denote byJ1 := (J — J)T the positive part of the Jordan
decomposition ofJ — J). Let Jo:= J — J1. One can check thaty is the largest symmetrie -finite positive
measure dominated b¥. In particular if J itself is symmetric thery = Jo.

Theorem 1.5. (i) If J1(E x E \ d) < oo, then(u(y) — u(x))v(y) is S.P.V. integrable w.r.t/ and hencg4) holds
forall u,v € Dy.

(ii) If we can find a quasi-compatible metric satisfying(p.1) and (p.2) of Proposition 1.3 and satisfying
further

(0.3) fEX{v;éo}\dp(x, y) AlJi(dx,dy) < oo forall ve D,,

then (u(y) — u(x))v(y) is S.P.V. integrable w.r.t/ and hencg4) holds for allu, v € D,, whereD,, is specified
by (p.2).

Remark 2. Theorem 1.5(i) can be slightly weakened as follows:
Let Do C D; be a special core. If1(E x {v # 0} \ d) < oo for all v € Do, then(u(y) — u(x))v(y) is S.P.V.
integrable w.r.tJ and hence (4) holds for alle D; andv € Do.

Corollary 1.6. Suppose thatl specified in Theorerh.1 is symmetric, then the decompositi@h) holds for all
u,v e Dj.

2. (Non-symmetric) Dirichlet forms
Let L2(E; m) and €, D(E)) be as above. In this section we assume further that the dualfarm€)) (€ (u, v)
:= &(v, u)) satisfies also the semi-Dirichlet property, i€., D(£)) is a (hon-symmetric) Dirichlet form.

Proposition 2.1. (i) (3) holds for allu € D(€), i.e., D* = D(£). Moreover, for any: € D* we have

/ (u(y)—u(x))zJ(dx,dy)—i—/uz(x)K(dx) < 0.
ExE\d E

(ii) The metrico in Proposition1.3 can be constructed to satisfy.1’) below
(01) [xpaP?Cx, ¥)J (dx,dy) < oo.

Combining the decompositions obtained foandé respectively, we have the following results.

Theorem 2.2. (i) Let p be a quasi-compatible metric satisfyig.1’). Then for any, v € D} and anys > 0, we
have

Eu,v) = (u,v) + / (u(y) = u(@0)) (v() = v(x) J (dx. dy) + / uG@K )
EXE\d E
+ €0 (u,v) + / (1()v () = u(@)v())J (dr. dy), @

{(x.y)EEXENd: p(x.y)>¢}
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where&€(u, v) is a nonnegative definite symmetric form having strong local propeetyu € 1 (v) = £€(u, v) =
0), K = 1(k + K), whereK is specified by Theoreth1 with respect to the dual forié, D(£)), £7¢ is an
anti-symmetric form.

(ii) Letu, v € Dy be such that

(u(y)v(x) —u(x)v(y)) is S.P.V. integrable w.r.tz, (8)

then

S(u,v)zgc(u,v)—i— / (u(y)—u(x))(v(y)—v(x))J(dx,dy)—i—/u(x)v(x)l?(dx)

ExE\d E

+E°(u,v) + SP.V. / (u(y)v(x) — u(x)v(y))J (dx, dy), (9)
ExE\d

where&¢, K are the same as iV), £ is an anti-symmetric form having local property, igupp, [u]Nsupp [v] =
¢ implies&€ (u, v) = 0.

Remark 3. If both (u(y) — u(x))v(y) and(v(y) — v(x))u(y) areS.P.Vintegrable w.r.t.J, then (8) is fulfilled.

Theorem 2.3. LetJ = Jp + J1 be as in Theorer.5.

(i) If J1(E x E\ d) < oo then(8) is fulfilled and hence decompositi¢®) holds for allu, v € Dj. In particular,
if J is symmetric, thex9) holds for allu, v € D};.

(i) If we can find a quasi-compatible metricsatisfying(p.1"), (0.2) and (p.3), then the decompositiof®)
holds for allu, v € D,,, whereD, is specified byp.2).

Remark 4. If (€, D(£)) is regular (i.e., the symmetric part éf is regular in the sense of [8]), then we can
take D = Co(E) N D(E) (Co(E): continuous functions with compact support 8). Moreover, we can improve
Proposition 1.3 to find a compatible (rather than quasi-compatible) megatisfying(p.1") and(p.2') below.

(p.2)) Let D, be all the elementa € Co(E) N D(E) which are p-Lipschitz (rather thar€-g.e. p-Lipschitz),
thenD, is again a special core.

Remark 5. Theorems 2.2 and 2.3 extend the classical Beurling—Deny formula to non-symmtric case. In [4, (9.2)]
the author gave a representation which is essentially the same as in (9) but without the notion of S.P.V. integral
and without the restriction of condition (8). We remark that condition (8) can not be dropped. See [9] for a counter
example.

References

[1] S. Albeverio, Z.M. Ma, M. Réckner, A Beurling—Deny type structure theorem for Dirichlet forms on general state space, in: S. Albeverio,
J.E. Fenstad, H. Holden, T. Lindstrgm (Eds.), Memorial Volume for R. Hgegh-Krohn, Ideals and Methods in Math. Anal. Stochastics and
Appl., vol. I, Cambridge University Press, Cambridge, 1992.

[2] J. Bertoin, Lévy Processes, Cambridge University Press, 1996.

[3] A. Beurling, J. Deny, Dirichlet spaces, Proc. Natl. Acad. Sci. USA 45 (1959) 208-215.

[4] J. Bliedtner, Dirichlet forms on regular functional spaces, in: Seminar on Potential Theorey II, in: Lecture Notes in Math., vol. 226,
Springer-Verlag, Berlin, 1971, pp. 15-62.

[5] Ph. Courrége, Sur la forme intégro-différentielle des opérateuHedansC satisfaisant au principe du maximum, Sém. Théorie du
Potentiel, Exposé 2 38 (1965/1966).



526 Z.-C. Hu, Z.-M. Ma/ C. R. Acad. Sci. Paris, Ser. | 338 (2004) 521-526

[6] Z. Dong, Z.M. Ma, W. Sun, A note on Beurling—Deny formulae in infinite dimensional spaces, Acta Math. Appl. Sinica 13 (4) (1997)
353-361.
[7] P.J. Fitzsimmons, On the quasi-regularity of semi-Dirichlet forms, Potential Anal. 15 (3) (2001) 151-182.
[8] M. Fukusima, Y. Oshima, M. Takeda, Dirichlet Forms and Symmetric Markov Processes, de Gruyter, 1994.
[9] Z.C. Hu, Z.M. Ma, Beurling—Deny formula of non-symmetric Dirichlet forms, Preprint.
[10] Z.C. Hu, Z.M. Ma, Extension of Lévy—Khinchine formula in semi-Dirichlet forms setting, in preparation.
[11] Z.M. Ma, L. Overbeck, M. Réckner, Markov processes associated with semi-Dirichlet forms, Osaka J. Math. 32 (1995) 97-119.
[12] Z.M. Ma, M. Rockner, Introduction to the Theory of (Non-Symmetric) Dirichlet Forms, Springer-Verlag, Berlin, 1992.
[13] K. Sato, Lévy Processes and Infinitely Divisible Distributions, Cambridge University Press, 1999.



