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Abstract

We construct twod-dimensional independent diffusionsXa
t = a + ∫ t

0 u(Xa
s , s)ds + νBa

t , Xb
t = b + ∫ t

0 u(Xb
s , s)ds + νBb

t ,

with the same viscosityν �= 0 and the same driftu(x, t) = (pρa
t (x)v1 + (1− p)ρb

t (x)v2)/(pρ
a
t (x) + (1− p)ρb

t (x)), where
ρa
t , ρb

t are respectively the density ofXa
t andXb

t . Herea, b, v1, v2 ∈ Rd andp ∈ (0,1) are given. We show that(ρt (x) =
pρa

t (x) + (1− p)ρb
t (x),u(x, t): t � 0, x ∈ Rd ) is the unique weak solution of the following pressureless gas system

S(d, ν)




∂t (ρ) + ∑d
j=1 ∂xj (uj ρ) = ν2

2 �(ρ),

∂t (uiρ) + ∑d
j=1 ∂xj (uiuj ρ) = ν2

2 �(uiρ), ∀1� i � d,

such thatρt (x)dx → pδa + (1−p)δb, u(x, t)ρt (x)dx → pv1δa + (1−p)v2δb ast → 0+. To cite this article: A. Dermoune,
S. Filali, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Diffusion avec interaction entre deux types de particules et système de gaz sans pression avec viscosité. Nous
construisons deux diffusions indépendantesXa

t = a + ∫ t
0 u(Xa

s , s)ds + νBa
t , Xb

t = b + ∫ t
0 u(Xb

s , s)ds + νBb
t , ayant la

même viscositéν �= 0 et la même dériveu(x, t) = (pρa
t (x)v1 + (1− p)ρb

t (x)v2)/(pρ
a
t (x) + (1− p)ρb

t (x)), où ρa
t , ρb

t sont
respectivement les densités deXa

t et Xb
t . Ici a, b, v1, v2 ∈ Rd , et p ∈ (0,1) sont donnés. Nous montrons que la fam

(ρt (x) = pρa
t (x) + (1− p)ρb

t (x),u(x, t): t � 0, x ∈ Rd) est l’unique solution faible du système de gaz sans pressionS(d, ν)

cité dans l’Abstract.Pour citer cet article : A. Dermoune, S. Filali, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Le systèmeS(d, ν) avec les conditions initialesρ(dx,0), v(x)ρ(dx,0), où ρ(dx,0) est une mesure d
probabilité surRd et v est une fonction continue, est appelé système de gaz sans pression avec viscoν2.

E-mail address:Azzouz.Dermoune@univ-lille1.fr (A. Dermoune).
1631-073X/$ – see front matter 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2003.10.018
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Le lien entreS(1,0) et les particules collantes a été largement étudié, voir par exemple [1,7]. Par co
lien entre le systèmeS(d,0) avecd > 1 et les particules collantes n’est pas encore bien établi (voir, e.g.,
Une première étape pour comprendre ce lien a été proposée dans [5,6,3,4]. Dans cette étape, ils ont
une unique solution au systèmeS(d, ν), avecν �= 0, via l’équation différentielle stochastiqueEDS(ν) : Xt =
X0 + ∫ t

0 E[v(X0) | Xs]ds + νBt . La variable aléatoireX0 est indépendante du mouvement brownienB et a pour
loi ρ(dx,0). Maintenant, la deuxième étape consiste à obtenirS(d,0) en faisant tendre la viscositéν → 0 dans le
systèmeS(d, ν) ou d’une façon équivalente dansEDS(ν). Malheureusement même dans le cas de deux parti
initialement situées ena, b ∈ Rd et ayant respectivement comme vitesses et masses initialesv1, v2 et p, 1 − p

(c’est-à-direρ(dx,0) = pδa + (1 − p)δb, v(x)ρ(dx,0) = pv1δa + (1 − p)v2δb), l’étude de la limite deEDS(ν)
lorsqueν → 0 s’avère difficile. On propose dans cette note une nouvelle solution probabiliste au systèmeS(d, ν).
Nous espérons que l’étude de la limite deS(d, ν) lorsqueν → 0 aboutira via ce nouveau processus. On ar
maintenant à la construction de cette solution. On se donne quatre vecteursa, b, v1, v2 ∈ Rd , et on considère un
système deN particules qui satisfait :

X
i,a,n,m
t = a + νB

i,a
t +

t∫
0

Di
s(a, b,n,m)ds, (1)

où

Di
s(a, b,n,m) =

∑n
j �=i ϕ(X

i,a,n,m
s − X

j,a,n,m
s )v1 + ∑m

j=1 ϕ(X
i,a,n,m
s − X

j,b,n,m
s )v2∑n

j �=i ϕ(X
i,a,n,m
s − X

j,a,n,m
s ) + ∑m

j=1 ϕ(X
i,a,n,m
s − X

j,b,n,m
s )

(2)

et

X
j,b,n,m
t = b + νB

j,b
t +

t∫
0

D
j
s (b, a,n,m)ds, (3)

où

D
j
s (b, a,n,m) =

∑n
i=1 ϕ(X

j,b,n,m
s − X

i,a,n,m
s )v1 + ∑m

k �=j ϕ(X
j,b,n,m
s − X

k,b,n,m
s )v2∑n

i=1 ϕ(X
j,b,n,m
s − X

i,a,n,m
s ) + ∑m

k �=j ϕ(X
j,b,n,m
s − X

k,b,n,m
s )

. (4)

Ici (Bi,a,Bj,b, 1 � i � n, 1 � j � m) sontN = n + m-mouvement browniens standards indépendants,ϕ est
une densité de probabilité régulière, positive et paire. On montre que lorsquem,n → +∞, n

n+m
→ p, ϕ → δ0,

pour chaque couple(i, j), (Xi,a,n,m,Xj,b,n,m) convergent en loi vers la diffusion(Xa,Xb) décrite dans le résum
On montre que la famille(ρt (x) := pρa

t (x)+(1−p)ρb
t (x), u(x, t): t � 0) est la solution faible du systèmeS(d, ν).

1. Introduction and main results

The systemS(d, ν) with initial conditionsρ(dx,0), v(x)ρ(dx,0), whereρ(dx,0) is a probability measur
on Rd and v a continuous function, is called pressureless gas equations with viscosityν2. The link between
the systemS(1,0) and sticky particles has been extensively studied, see, e.g., [1,7]. In multidimension
d > 1, the existence problem forS(d,0) is believed to be ill-posed see, e.g., [8]. A first step to unders
this problem has been made in [5,6,3,4]. They constructed a unique weak solution forS(d, ν), with ν �= 0, via
the following stochastic differential equationEDS(ν) : Xt = X0 + ∫ t

0 E[v(X0) |Xs]ds + νBt . Here the random
variableX0 is independent ofB, and it has the lawρ(dx,0). Now, the second step is to getS(d,0) as a
limit of S(d, ν) or equivalently a limit ofEDS(ν) when ν → 0. Unfortunately, even the case of two partic
initially located ata, b ∈ Rd with initial velocities and massesv1 := v(a), v2 := v(b) andp, 1 − p, namely
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[4],
ρ(dx,0) = pδa + (1 − p)δb, v(x)ρ(dx,0) = pv1δa + (1 − p)v2δb, the study of the limit ofEDS(ν) asν → 0 is
very hard. In this Note we construct a new probabilistic solution for the systemS(d, ν). We hope this approach wi
be useful for understanding the limit ofS(d, ν) asν → 0. Now we arrive at the construction of our new solutio
Let us consider the following nonlinear stochastic differential equations

Xa
t = a + νBa

t +
t∫

0

pρa
s (X

a
s )v1 + (1− p)ρb

s (X
a
s )v2

pρa
s (X

a
s ) + (1− p)ρb

s (X
a
s )

ds, (5)

and

Xb
t = b + νBb

t +
t∫

0

pρa
s (X

b
s )v1 + (1− p)ρb

s (X
b
s )v2

pρa
s (X

b
s ) + (1− p)ρb

s (X
b
s )

ds, (6)

whereρa
t (x), ρb

t (x) are respectively the probability densities ofXa
t andXb

t , andBa, Bb are two independen
Brownian motions. Now we can announce our main result.

Theorem 1.1. Let ψ be a fixed positive symmetric probability density onRd , bounded continuous and havin
bounded continuous derivatives of order up to and including2. We set, for each fixedr > 0, ϕ(x) = rdψ(rx) for
all x ∈ Rd . Let us first taken,m → +∞, n

n+m
→ p in (1)–(4), and thenr → +∞. The following convergenc

(Xi,a,n,m,Xj,b,n,m) → (Xa,Xb) holds in law for alli, j .

Corollary 1.2. There exist two independentd-dimensional Brownian motionsBa, Bb, and a processZ solution of
the nonlinear stochastic differential equation

Zt = Z0 + νB
Z0
t +

t∫
0

E
[
v(Z0) | Zs

]
ds, t � 0, (7)

whereZ0 is independent ofBa, Bb and such thatP(Z0 = a) = p = 1 − P(Z0 = b). The family(ρ(dx, t) :=
P(Zt ∈ dx) = (pρa

t (x) + (1 − p)ρb
t (x))dx,u(x, t) = E[v(Z0) | Zt = x]: t � 0, x ∈ Rd) is the unique weak

solution of the systemS(d, ν).

We finish this section by proving Corollary 1.2. Let(Xa,Xb) given by (5), (6) andZ0 a random variable
independent of(Xa,Xb) and such thatP(Z0 = a) = p = 1− P(Z0 = b). If we set

Zt = Xa
t 1[Z0=a] + Xb

t 1[Z0=b], t � 0,

then we show easily thatZ satisfies (7). In order to check that(P (Zt ∈ dx),u(x, t): t � 0, x ∈ Rd) is a weak
solution of the systemS(d, ν), we use Itô’s formula. We have, for all smooth functionf , andt1 < t2,

f (Zt2) − f (Zt1) −
t2∫

t1

[
u(Zt , t)∇f (Zt) + ν2

2
�f (Zt)

]
dt = martingale. (8)

By operating the expectation on the latter equality, we get the first equation ofS(d, ν). Let (v1(Z0), . . . , v
d(Z0))

be the components of the vectorv(Z0). By multiplying the equality (8) byvi (Z0), 1 � i � d , and operating the
expectation on each member we get a weak solution ofS(d, ν). The proof of the uniqueness is the same as in (
Section 4).
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2. Proof of Theorem 1.1

We denote by(Xi,a,n,m,Xj,b,n,m: 1 � i � n,1 � j � m) the solution of (1)–(4) , In the first stage we keepr

fixed and we letn,m → +∞, n
n+m

→ p.
Step1. Any limit is a weak solution of

(dXt,dYt ) = ν
(
dBa

t ,dBb
t

) + (
Dt(Xt)dt,Dt(Yt )dt

)
, (X0, Y0) = (a, b),

where, for ally ∈ Rd ,

Dt(y) = p
∫

ϕ(y − x)ρa(x, t, r)dxv1 + (1− p)
∫

ϕ(y − x)ρb(x, t, r)dxv2

p
∫

ϕ(y − x)ρa(x, t, r)dx + (1− p)
∫

ϕ(y − x)ρb(x, t, r)dx
.

Herex → ρa(x, t, r), x → ρb(x, t, r) are respectively the probability densities ofXt andYt .

Proof. We see that((Xi,a,n,m,Bi,a,Xj,b,n,m,Bj,b, 1 � i � n, 1 � j � m) : n,m) is tight in C([0, T ], (R4d)N),
N is the set of positive integers. We can also show, thanks to the smoothness ofϕ, that the tightness criteria work
also for the sequences

T
i,a,n,m
t = 1

n − 1

n∑
j �=i

ϕ
(
X

i,a,n,m
t − X

j,a,n,m
t

)
, T

i,a,b,n,m
t = 1

m

m∑
j=1

ϕ
(
X

i,a,n,m
t − X

j,b,n,m
t

)
,

and

T
i,b,n,m
t = 1

m − 1

m∑
j �=i

ϕ
(
X

i,b,n,m
t − X

j,b,n,m
t

)
, T

i,b,a,n,m
t = 1

n

n∑
j=1

ϕ
(
X

i,b,n,m
t − X

j,a,n,m
t

)
.

Let us take, for each fixed(i, j), a weakly convergent subsequence, still denoted as(
Xi,a,n,m,Bi,a,Xj,b,n,m,Bj,b, T i,a,n,m,T j,b,n,m,T i,a,b,n,m,T j,b,a,n,m

)
and denote its limit, in law whenn,m → +∞, as(

Xi,a,Bi,a,Xj,b,Bj,b, T i,a, T j,b, T i,a,b, T j,b,a
)
.

Using Skorohod’s theorem representation, we may realize the convergent subsequence and its limit on
probability space such that with probability 1 the convergence happens uniformly int ∈ [0, T ]. So we pass to th
weak limit through the integral with respect to time and we get by using the fact thatn

n+m
→ p,

X
i,a
t = a + νB

i,a
t +

t∫
0

pT
i,a
s v1 + (1− p)T

i,a,b
s v2

pT
i,a
s + (1− p)T

i,a,b
s

ds, (9)

and

X
j,b
t = b + νB

j,b
t +

t∫
0

pT
j,b,a
s v1 + (1− p)T

j,b
s v2

pT
j,b,a
s + (1− p)T

j,b
s

ds. (10)

Step2. We have

T i,a
s =

∫
ϕ
(
Xi,a

s − z
)
ρa
i (dz, s, r), T i,a,b

s =
∫

ϕ
(
Xi,a

s − z
)
ρb
j (dz, s, r), (11)

and

T
j,b
s =

∫
ϕ
(
X

j,b
s − z

)
ρb
j (dz, s, r), T

j,b,a
s =

∫
ϕ
(
X

j,b
s − z

)
ρa
i (dz, s, r), (12)
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2 (2001)

systems

092.
whereρa
i (dz, s, r), ρb

j (dz, s, r) are the probability distributions respectively ofX
i,a
s andX

j,b
s .

The proof is based on the conditional law of large numbers, and it is the same as in [4], pages 9–1
technique has firstly used by Zheng [9], see also [2].

Step3. For each(i, j) and asr → +∞ in (9)–(12),(Xi,a,Xj,b) converges in law to(Xa,Xb) given by (5), (6).
The proof is the same as in ([4], Section 3.2).
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