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MONODROMY OF A FAMILY OF HYPERSURFACES
CONTAINING A GIVEN SUBVARIETY

BY ANIA OTWINOWSKA AND MORIHIKO SAITO

ABSTRACT. – For a subvariety of a smooth projective variety, consider the family of sm
hypersurfaces of sufficiently large degree containing it, and take the quotient of the middle cohomo
the hypersurfaces by the cohomology of the ambient variety and also by the cycle classes of the irr
components of the subvariety. Using Deligne’s semisimplicity theorem together with Steenbrink’s
for semistable degenerations, we give a simpler proof of the first author’s theorem (with a better bo
the degree of hypersurfaces) that this monodromy representation is irreducible.

 2005 Published by Elsevier SAS

RÉSUMÉ. – SoitZ une sous-variété d’une variété projective lisseY . Nous considérons la famille de
hypersurfaces lissesX deY contenantZ et de degré suffisamment grand. Nous étudions le quotient
cohomologie deX par l’image de la cohomologie deY et par les classes des composantes irréduct
de Z. Nous donnons alors une démonstration plus simple (et avec une meilleure borne sur le de
hypersurfaces) d’un théorème du premier auteur qui affirme que la représentation de monodro
le quotient est irréductible. Nous utilisons le théorème de semi-simplicité de Deligne et la théo
Steenbrink des dégénérescences semi-stables.

 2005 Published by Elsevier SAS

Introduction

It is well known after Noether and Lefschetz that, for ageneralsmooth hypersurfaceX in
P3

C, the subspace of Hodge cycles in the middle cohomologyH2(X,Q) is generated by tha
of P3

C (i.e. it is 1-dimensional) if the degree of the hypersurface is at least4. This follows
from the irreducibility of the monodromy representation on the primitive cohomology o
hypersurfaces. Sometimes we want to consider a family of hypersurfaces containing a
closed subvarietyZ, and ask if an analogue of the above assertion holds.

More generally, letY be an irreducible smooth complex projective variety embedded
projective space, andZ be a (possibly reducible) closed subvariety ofY . Let Z{j} = {x ∈
Z: dimTxZ = j}, whereTxZ denotes the Zariski tangent space. In this paper we assume

dimZ{j} + j � dimY − 1 for anyj � dimY.(0.1)

In particular,2dimZ � dimY − 1. Let IZ be the ideal sheaf ofZ, andδ be a positive intege
such thatIZ(δ)(:= IZ ⊗ OY (δ)) is generated by global sections, whereOY (i) denotes the
restriction ofO(i) on the ambient projective space. S. Kleiman and A. Altman [13] then pr
that condition (0.1) implies the existence of a smooth hypersurface sectionX of degreed of Y
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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containingZ for anyd > δ (where their condition forδ is slightly different from ours). Actually
condition (0.1) is also a necessary condition, see [19] (or 1.4 below).

Let m = dimX , andHm(X,Q)van denote the orthogonal complement of the injective im
of Hm(Y,Q) in Hm(X,Q), which is called the vanishing part or the vanishing cohomolo
because it is generated by the vanishing cycles of a Lefschetz pencil using the Picard–Le
formula. LetHm(X,Q)vanZ denote the subspace ofHm(X,Q)van generated by the cycle class
of the maximal dimensional irreducible components ofZ modulo the image ofHm(Y,Q)
(using the orthogonal decomposition) ifm = 2dimZ, andHm(X,Q)vanZ = 0 otherwise. Let
Hm(X,Q)van⊥Z be its orthogonal complement inHm(X,Q)van. The first author [19] made th
following.

0.2. CONJECTURE. – AssumedegX � δ + 1. Then the monodromy representation
Hm(X,Q)van⊥Z for the family of hypersurface sectionsX containingZ as above is irreducible.

In the caseZ is smooth, an easy proof was given by C. Voisin, see 1.6. In general, us
degeneration argument inspired by [10,16], the first author proved the following.

0.3. THEOREM [19]. – There exists a positive real numberC such that Conjecture0.2 holds
if degX � C(δ + 1).

This was used in an essential way for the proof of the main theorem in [20], which implie
Hodge conjecture for a hypersurface section of sufficiently large degree belonging to som
subset of an irreducible component of the Noether–Lefschetz locus of low codimensio
whose argument generalizes that of [18]. In the proof of Theorem 0.3, however, an asym
argument is used, andC can be quite large. In this paper, we give a simpler proof of the theo
below by using the theory of nearby cycles [5,24] together with Hodge theory [2,4,22,25,2
some cohomological properties of Lefschetz pencils [6,12,14,15,28].

0.4. THEOREM. – Letδ be as above, andd be a positive integer. Assume eitherd � 2+ δ or a
general hypersurface section of degreed−δ of Y has a nontrivial differential form of the highe
degree. Then Conjecture0.2holds with the assumption replaced bydegX = d.

The first assumptiond � δ + 2 may be replaced with a weaker condition that the2-jets at
each point are generated by the global sections ofOY (d − δ). The second assumption on
differential form is stable by hypersurface sections, and it is satisfied for anyd � δ + 1 if Y has
a nontrivial differential form of the highest degree. The proof of Theorem 0.4 uses Del
semisimplicity theorem [4] which implies that irreducibility is equivalent to indecomposab
We take a semistable degeneration as in [10], and calculate the graded pieces of the
filtration on the nearby cycles using [24]. Then we can proceed by induction onm showing the
nontriviality of certain extension classes by calculating the cohomology of a Lefschetz
or a non-Lefschetz fibration. In the non-Lefschetz case, we use a special kind of degen
generalizing a construction in the surface case in [19] (see 2.7 below) if the conditiond � δ + 2
is satisfied, and use Hodge theory (see 3.2, 3.3 below) if the second assumption on a diff
form is satisfied. In the Lefschetz case, the argument is rather easy, see 2.3, 2.5 below.
generalize Theorem 0.4 by replacingOY (δ), OY (d − δ) with two ample line bundlesL1, L2

satisfying appropriate conditions even if they are linearly independent in the Picard grouY
tensored withQ, see 4.8 below.)

By a standard argument, Theorem 0.4 implies

0.5. COROLLARY. – Under the assumption of Theorem0.4, assume further thatm = 2dimZ,
and the vanishing cohomology of a general hypersurface section of degreed does not have
a Hodge structure of type(m/2,m/2). Then the Hodge cycles in the middle cohomolog
4e SÉRIE– TOME 38 – 2005 –N◦ 3
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a general hypersurface sectionX of degreed of Y containingZ are generated by the image
the Hodge cycles onY together with the cycle classes of the irreducible components ofZ. In
particular, the Hodge conjecture forX is reduced to that forY .

In Section 1, we review the theory of hypersurface sections containing a subvariety (
mainly a reproduction from [19]). In Section 2, we prove the nonvanishing of some exte
classes using a topological method, and in Section 3, we do it using a Hodge-theoretic m
In Section 4, we study the graded pieces of the weight filtration on the nearby cycles, and
Theorem 0.4.

In this paper, a variety means a (not necessarily reduced nor irreducible) separated
of finite type overC, and a point of a variety means a closed point. We say that a membe
family parametrized by the points of a variety is general if the point corresponding to the m
belongs to some dense open subvariety of the variety.

1. Hypersurfaces containing a subvariety

In this section, we review some basic facts in the theory of hypersurface sections con
a subvariety, which will be needed in the proof of Theorem 0.4. We mainly repro
the arguments in [19, Section 1] see also [13]. Our argument works only in the ca
characteristic0.

1.1. Hypersurface sections

Let Y be an (m + 1)-dimensional irreducible smooth projective variety embedded
projective spaceP . For a positive integeri, let OY (i) be the restriction toY of OP(i) on the
projective spaceP , and define

Ai = Γ
(
Y,OY (i)

)
.

Note that the restriction morphism

Γ
(
P,OP(i)

)
→ Γ

(
Y,OY (i)

)
is not surjective in general (e.g. ifY is a hypersurface section of degreei of an Abelian variety
contained inP). ForP ∈ Ai, we denote byXP the associated hypersurface section of degri
(in a generalized sense unlessP belongs to the image of the above morphism). Let

Vi =
{
P ∈Ai \ {0}: XP is smooth

}
.

It is identified with a smooth variety, andVi/C∗ parametrizes the smooth hypersurface sect
of Y of degreei.

Let Z be a closed subvariety ofY , and put

Ai
Z =

{
P ∈Ai: Z ⊂ XP

}
, Vi

Z = Ai
Z ∩ Vi.

In this section we do not necessarily assume condition (0.1) in Introduction. Letδ be a positive
integer such thatIZ(δ) is generated byAδ

Z . It is shown by Kleiman and Altman [13] tha
condition (0.1) in Introduction implies the existence of a smooth hypersurface of degj
containingZ for any j > δ′, where the definition ofδ′ in loc. cit. uses the ideal ofZ in the
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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projective spaceP instead ofIZ (in particularδ � δ′, and we may have a strict inequality if th
degrees of the defining equations ofY in P are bigger than those forZ in Y ). More precisely,
they showed the following theorem fordi � δ′+1 andVi = Adi

Z , except possibly for the estima
of dimSingXP, which we need later. Concerning the connectedness, we will need it for the
of Theorem 0.4 only in the cases wherea � 0 and eitherr = 1 or 2. Note that the argument
simpler in these cases becauseXP1 is smooth.

In Theorem 1.2 below, we will take vector subspacesVi of Adi

Z , and consider the following
condition:

(Ci) di > δ and there exist a vector subspaceV ′
i of Aδ

Z generatingOY (δ) outsideZ and a
vector subspaceV ′′

i of Adi−δ giving an embedding ofY into a projective space suc
thatVi is the image ofV ′

i ⊗ V ′′
i .

1.2. THEOREM [13,19]. –Let a = dimY − 1 − max{dimZ{j} + j} so that condition(0.1)
is satisfied if and only ifa � 0. Letd1 � · · ·� dr be integers withr � cZ := codimY Z. Assume
di � δ, and let Vi be a vector subspace ofAdi

Z generatingIZ ⊗ OY (di). Take a genera
P = (P1, . . . , Pr) in V1 × · · · × Vr, and put XP =

⋂
1�i�r XPi . Then XP is a complete

intersection,dimSingXP � r − a− 2, andXP \Z is smooth.
Assume furthermore thatdimXP � 1, the above condition(Ci) is satisfied for any intege

i in [cZ , r] in the case wheredimY � 2dimZ + a + 2 or Z is reduced on the complement
a closed subvariety of dimension< dimZ, and(Ci) is satisfied for any integeri in [cZ − 1, r]
otherwise. ThenXP \Z is connected. Here[cZ , r] = ∅ if r < cZ .

Proof. –Let Πr = V1 × · · · × Vr, and

Σr =
{
(P, x) ∈ Πr ×Z: rank(dP1, . . . , dPr)x < r

}
,

where thedPi are defined by taking a local trivialization ofO(1), and the rank is independent
the trivialization because theXPi containZ. We have

T ∗
x Z = mY,x/

(
IZ,x + m2

Y,x

)
,

(wheremY,x denotes the maximal ideal), and theP ∈ Vi generate(IZ,x + m2
Y,x)/m2

Y,x for any
i by the definition ofVi (taking a local trivialization ofO(1)). Let

Σr,x = Σr ∩
(
Πr × {x}

)
.

By considering the fiber of the projectionΠr → Πr−1 and by induction onr we get for any
x ∈ Z{dimY −j},

codimΠr Σr,x = max(j − r + 1,0) � j − r + 1.

By definition ofa we havecodimY Z{dimY −j} � dimY − j + a + 1, hence

codimΠr×Y Σr � dimY − r + a + 2.

For a generalP ∈Πr, this implies

codimY Σr ∩
(
{P} ×Z

)
� dimY − r + a + 2.

So it remains to show the assertion on the smoothness and the connectedness.
For the smoothness, we see that a subvariety of(Y \Z)×Πr defined by the relationx ∈ XP

for (x,P) ∈ (Y \Z)×Πr is smooth. (Indeed, in the caser = 1, the variety is defined by
∑

i tiPi
4e SÉRIE– TOME 38 – 2005 –N◦ 3
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where(Pi) is a basis ofV1 as a vector space, and(ti) is the corresponding coordinate syst
of V1. Furthermore, for anyx ∈ Y \Z, somePi does not vanish on a neighborhood ofx, where
the above equation can be divided by thisPi. The argument is similar forr > 1.) Then the
smoothness follows from the Bertini theorem in characteristic0.

For the connectedness, we proceed by induction onr. Let Y ′ = XP′ for a generalP′ ∈Πr−1,
where Y ′ = Y if r = 1. Set b = 0 if dimY � 2dimZ + a + 2 or Z is reduced on the
complement of a closed subvariety of dimension< dimZ, andb = 1 otherwise. Assume firs
r < codimY Z − b. Since Y ′ \ XP is a smooth affine variety of dimension� 2, its first
cohomology with compact supports vanishes by the weak Lefschetz theorem togethe
Poincaré duality. SoXP is connected. By Hartshorne’s connectedness theorem (see 1.3 b
the connectedness ofXP \Z is then reduced to thatcodimXP SingXP > 1.

SinceSingXP ⊂ Z, the last condition is trivially satisfied in the caser < codimY Z − 1.
If r = codimY Z − 1 andZ is generically reduced as above so thatb = 0, thenXP is smooth
at a general point ofZ because eachVi generatesIZ ⊗OY (di). Thus the assertion is prove
Similarly, if r = codimY Z − 1 anddimY � 2dimZ + a +2, thendimSingXP � r− a− 2 <
dimZ and the assertion follows.

Assume nowr � codimY Z − b. Consider a rational map ofY ′ to a projective space define
by the restriction of the linear systemVr to Y ′. It induces an embedding ofY ′ \Z becauseV ′

r |Y ′

generatesOY ′(δ) outsideZ andV ′′
r |Y ′ induces an embedding. SoXP \ Z is isomorphic to a

general hyperplane section ofY ′ \ Z for this embedding. SinceY ′ \ Z is a smooth connecte
variety of dimension at least2, the Bertini theorem in characteristic0 implies thatXP \ Z is
connected. This completes the proof of Theorem 1.2.�
1.3. Complement to the proof of Theorem 1.2

A local complete intersection is irreducible if it is connected and the singular l
has codimension> 1. This follows from Hartshorne’s connectedness theorem (see, e.g
Theorem 18.12]), because a local complete intersection is Cohen–Macaulay. It also
from the theory of perverse sheaves [1], considering the long exact sequence of p
cohomology sheaves associated to the distinguished triangleQX0 → QX1 ⊕ QX2 → QX3 →
whereX0 = X1∪X2, X3 = X1∩X2. Indeed, ifX0 is a local complete intersection of dimensi
n andX3 has dimension� n− 2, thenQX0 [n] is a perverse sheaf (i.e.pHnQX0 = QX0 [n], see,
e.g., [7, Theorem 5.1.19]) andpHjQX3 = 0 for j � n− 1, see [1]. SoQX0 [n] is the direct sum
of pHnQXi for i = 1,2, and it is a contradiction ifX0 is connected.

The following gives a converse of [13] (and we reproduce the arguments here fo
convenience of the reader).

1.4. THEOREM [19]. – Assumed � δ + 1. If there exists a smooth hypersurface section
degreed containingZ, then condition(0.1) in Introduction is satisfied.

Proof. –Let U be a nonempty smooth open subvariety ofZ{dimY −j} such thatdimU =
dimZ{dimY −j} andO(1) is trivialized overU . Let

E = Ker
(

T ∗Y |U →
⋃

x∈U

T ∗
x Z

)
.

It is a vector bundle of rankj over U , and the associated coherent sheafOU (E) is generated
by dP for P ∈ Aδ

Z (where we fix a trivialization ofO(1) overU ). So we may assume thatE is
trivialized byP1, . . . , Pj ∈Aδ

Z .
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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Sinced � δ+1, we see that thedP for P ∈Ad
Z generate the1-jets ofOU (E), i.e. they generat

OU (E)x ⊗OU,x/m2
U,x overC for anyx ∈ U (because there are smooth hypersurface sectio

degreed− δ which give local coordinates ofU atx). �
If the assumption of 1.4 is satisfied, thendP for a generalP ∈ Vd

Z gives a nowhere
vanishing section ofE over U becauseXP is smooth. Since condition (0.1) is equivalent
dimZ{dimY −j} < j for anyj, the assertion is reduced to the following:

1.5. LEMMA. – LetX be a smooth variety of dimension� j, andE be a trivial vector bundle
of rankj overX . LetV be a finite dimensional vector subspace ofΓ(X,E) which generates th
1-jets at every point ofX . Then for a generalσ ∈ V , the zero locusσ−1(0) ⊂X is nonempty.

Proof. –SinceE is trivial, we may identifyσ ∈ Γ(X,E) with a morphism ofX to a vector
spaceE. We have a natural morphismθ :V × X → E which sends(σ,x) to σ(x). Let Y =
θ−1(0). Then it is enough to show thatY is dominant overV .

Since V generates the1-jets anddimX � j, there existsy = (σ,x) ∈ Y such that the
differentialdxσ :TxX → Tσ(x)E = E of σ :X → E (by the above identification) is surjectiv
Consider the commutative diagram

0 TxX

dxσ

Ty(V ×X)

dyθ

TσV 0

0 E E 0 0

where the top row is induced by the inclusion{σ}×X → V ×X and the projectionV ×X → V .
Then the surjectivity ofdxσ implies that ofKerdyθ → TσV by the snake lemma. So the assert
follows becauseKerdyθ = TyY . This completes the proof of Theorem 1.4.�
1.6. Voisin’s proof of Conjecture 0.2 in the smooth case

Consider a rational morphism ofY to a projective spaceP defined by the linear systemAδ+1
Z .

It induces an embedding ofY \ Z, in particular, it is birational to the image. Let̃Y be the
closure of the image. IfZ is smooth, we see that̃Y is the blow-up ofY alongZ. For a smooth
hyperplane sectioñYs of P and the corresponding smooth hypersurface sectionYs of Y , there
is a morphismHm(Ỹs)van → Hm(Ys)van by the functoriality of the Gysin morphisms, and
is injective by the irreducibility of{Hm(Ỹs)van}. Calculating the cohomology of the blow-u
we see that the dimension of its cokernel coincides with the number of the(m/2)-dimensional
irreducible components ofZ. So Conjecture 0.2 is proved in this case.

2. Topological method

In this section, we prove the nonvanishing of certain extension classes when the co
d � δ + 2 in Theorem 0.4 is satisfied.

2.1. Exact sequences

Let Y be a connected smooth complex algebraic variety, andX be a divisor onY with the
inclusioni :X → Y . PutU = Y \ X with the inclusionj :U → Y . Let f :Y → S be a proper
morphism to a smooth varietyS, and letg = f ◦ i :X → S,h = f ◦ j :U → S be the restrictions
of f . Putm = dimY − dimS. We have a long exact sequence of constructible sheaves
4e SÉRIE– TOME 38 – 2005 –N◦ 3
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γm−1−→ Rm−1g∗QX(2.1.1)

→ Rmh!QU → Rmf∗QY
γm−→Rmg∗QX →,

using the distinguished trianglej!QU → QY → i∗QX
+1−→ together with the functorRf∗ = Rf!.

Sincef, g are proper, the base change holds so that the stalk of the direct image is isomor
the (relative) cohomology of the fiber. Let

F = Rmh!QU , F ′ = Cokerγm−1, F ′′ = Kerγm,

so that we have a short exact sequence of constructible sheaves

0 →F ′ →F →F ′′ → 0.(2.1.2)

Let Xs = g−1(s), etc. If f, g are smooth projective andXs is a hypersurface section ofYs for
s ∈ S, then we have

F ′
s = Hm−1(Xs,Q)van, Fs = Hm(Ys,Xs,Q), F ′′

s = Hm(Ys,Q)prim.(2.1.3)

We will assume that they are nonzero (because otherwise the extension class vanishes).
If f, g are smooth morphisms, then (2.1.1) and (2.1.2) are exact sequences of local s

which underlie naturally variation of mixed Hodge structures, see [4,25] (and also [22]).
application we will also consider the dual of (2.1.2)

0 →F ′′∗ →F∗ →F ′∗ → 0,

where∗ denotes the dual variation of mixed Hodge structure. Note that

F ′∗ = F ′(m− 1), F ′′∗ = F ′′(m), F∗
s = Hm(Ys \Xs,Q)(m),

where(m) denotes the Tate twist, see [4].

2.2. Lefschetz pencils

With the above notation, assumeS = P1 andg :X → S is a Lefschetz pencil of a smoo
projective varietyY0. Let Hm−1(Xs,Q)van be the subgroup ofHm−1(Xs,Q) generated by th
vanishing cycles, and assume it nonzero. Lets0 be any point in the discriminant of the Lefsche
pencil. Since the discriminant in the parameter space of hypersurfaces is irreducible, t
assumption is equivalent to the surjectivity of the restriction morphism

Hm−1(Xs,Q) → Hm−1(Bs,Q)(2.2.1)

for s sufficiently nears0, whereB is a small ball inX around the unique singular point
Xs0 , andBs := B ∩Xs is called a Milnor fiber, see [17]. This implies that the cospecializa
morphism

Hm(Xs0 ,Q) →Hm(Xs,Q)(2.2.2)

is an isomorphism, using a long exact sequence. So we get

Rjg∗QX is a constant sheaf onS for anyj 
= m− 1,(2.2.3)
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



372 A. OTWINOWSKA AND M. SAITO

easy.

n

chetz
cil and
simple

ns

al
s
f

hism
the
f

ation
see [12], where the casej = m follows from the above argument, and the other cases are
As a corollary, we get in this case

F ′′ in (2.1.2) is a constant sheaf.(2.2.4)

The above argument also implies forj = m − 1 that Rm−1g∗QX is a (shifted) intersectio
complex, i.e.

Rm−1g∗QX = j∗j
∗Rm−1g∗QX ,(2.2.5)

wherej :S′ → S is the inclusion of a dense open subvariety over whichg is smooth. (This also
follows from the local invariant cycle theorem [3] or the decomposition theorem [1].)

The following proposition was proved in [19] using a generalization of the Picard–Lefs
formula together with an assertion concerning the vanishing cycles of a Lefschetz pen
related to the classical work of Lefschetz and Poincaré (see [14,15,28]). We give here a
proof of the proposition using the above cohomological property of the Lefschetz pencil.

2.3. PROPOSITION (Lefschetz pencil case) [19]. –With the notation and the assumptio
of 2.1, assumeS = P1, Y = Y0 × S, f = pr2, andg :X → S is a Lefschetz pencil ofY0. Let
S′ be any nonempty open subvariety ofS over whichg is smooth. Then for any nonzero loc
subsystemG of F ′′|S′ , the composition of the inclusionG → F ′′|S′ with the extension clas
defined by the restriction of the short exact sequence(2.1.2)to S′ is nontrivial as an extension o
local systems.

Proof. –Since the local systemF ′′|S′ is constant, we may assume thatG has rank1, and is
generated byu ∈H0(S′,F ′′|S′) = Hm(Y0,Q)prim. Assumeu is the image ofv ∈H0(S′,F|S′).
Then it gives a section of (2.1.2) onG. So it is enough to show thatu = 0 in this case.

We see thatF is a (shifted) intersection complex by (2.1.2), becauseF ′ andF ′′ are (shifted)
intersection complexes with supportS. SoH0(S,F) = H0(S′,F|S′), and we may replaceS′

with S or any nonempty open subvariety ofS. Thus we may assume thatS′ = S \ {s0} andXs0

is smooth.
Let h′ :U ′ → S′ be the restriction ofh over S′, whereU ′ = Y ′ \ X ′. Consider the Leray

spectral sequence

Ep,q
2 = Hp

(
S′,Rqh′

!QU ′
)

=⇒ Hp+q(Y ′,X ′;Q).(2.3.1)

This degenerates atE2, becauseEp,q
2 = 0 unlessp = 0 or 1. Thus we getw ∈ Hm(Y ′,X ′;Q)

whose image inH0(S′,F|S′) is v. Its image inH0(S′,F ′′|S′) = Hm(Y ′,Q) = Hm(Y0,Q) is
u, where the last isomorphism follows fromY ′ = Y0 ×A1. Then the image ofu in Hm(X ′,Q)
vanishes. But this is induced by the restriction morphism under the birational morp
X ′ → Y0. So we can verify thatu belongs to the image of the Gysin morphism under
inclusion Xs0 → Y0, and we getu = 0 becauseu is primitive. This completes the proof o
Proposition 2.3. �

We also give an outline of the original proof of Proposition 2.3. We start with the explan
of a generalized Picard–Lefschetz formula.

2.4. Generalized Picard–Lefschetz formula

Let F be a constructible sheaf on a curveS with a local coordinatet. Let ψtF ,ϕtF denote
the nearby and vanishing cycles, see [5]. Then we have natural morphisms

can :ψtF → ϕtF , var :ϕtF → ψtF ,
4e SÉRIE– TOME 38 – 2005 –N◦ 3
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T − id = var◦ can :ψtF → ψtF ,(2.4.1)

whereT is the monodromy. It is well known that the functorsψt,ϕt commute with the functo
assigning the dual, and duality exchangescan andvar up to a sign, see e.g. [11,21]. In the ca
of a Lefschetz pencil, we can identify the morphismcan with the restriction to the Milnor fibe
(2.2.1).

Assume thatϕtF � Q, andcan, var are nonzero. Letγ0 be a generator ofϕtF , andγ be its
image inψtF by var. LetF∗ be the (shifted) dual ofF which is defined byRHom(F ,QS). Let
γ∗
0 be the generator ofϕtF∗ such that〈γ∗

0 , γ0〉 = 1. Let γ∗ be its image inψtF∗ by var. Then
we have a generalized Picard–Lefschetz formula

T (u)− u =±〈γ∗, u〉γ for u ∈ ψtF ,(2.4.1)

because〈γ∗
0 , can(u)〉 = ±〈var(γ∗

0), u〉, see also [6]. This was proved in [19] for the cohomolo
of the complement of a hypersurface section.

2.5. Outline of the original proof of Proposition 2.3 (see [19])

It is enough to show thatF|S′ has no global sections. In this case, the stalk ofF∗|S′ is
Hm(Ys,Xs), andγ∗ can be constructed explicitly using the ball and the Milnor fiber around
critical point (and this coincides with the construction in [14,15,28]), because we can id
the morphismcan with the restriction to the complement of the Milnor fiber in the ball, see [
Furthermore, consideringγ∗ at any points of the discriminant of the Lefschetz pencil, t
generateHm(Ys,Xs). (This is closely related to the classical work of Lefschetz and Poin
and seems to have been known to some people, see [14] and also [15,28].) So the loca
F|S′ has no global section, and the assertion follows.

2.6. Non-Lefschetz fibration case

Let Y be a connected smooth projective variety embedded in a projective spaceP , andX
be a hypersurface section ofY with at most isolated singularities. We assumem := dimX =
dimY − 1 � 1. Let Z be an irreducible component ofX (henceZ = X if m > 1). Let d be an
integer� 2, andS be the parameter space of hypersurfaces of degreed of P whose intersection
Zs, Ys with Z,Y are smooth divisors onZ \ SingX and Y respectively (in particular, th
hypersurfaces parametrized byS do not meetSingX).

Let {Hm−1(Zs)vanZ }s∈S be the local subsystem of{Hm−1(Zs)}s∈S generated by th
vanishing cycles at general points of the discriminant of the morphism

⊔
s∈S̄ Zs → S̄, where

S is the parameter space of all the hypersurfaces of degreed of P , and
⊔

s∈S Zs denotes the tota
space of the associated family of hypersurfaces. Ifm > 1 andX = Z, let {Hm−1(Zs)van}s∈S

be the local subsystem generated by the vanishing cycles for the inclusionZs → Ys. By the
Picard–Lefschetz formula, the latter is the orthogonal complement of the injective image
cohomology ofYs (or Y using the weak Lefschetz theorem), and hence contains the form
X = Z is smooth, they coincide because they are the orthogonal complement of the in
image ofHm−1(Y ). If m = 1, let Hm−1(Zs)van = Hm−1(Zs)vanZ (= H̃m−1(Zs)).

Let S′ be a dense open subvariety ofS, andL̃ be any local system onS′ such that

{
Hm−1(Zs)vanZ

}
′ ⊂ L̃⊂

{
Hm−1(Zs)van

}
′ ,
s∈S s∈S
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and the restriction of the intersection pairing toL̃ is nondegenerate. Let̃L⊥ be the orthogona
complement of̃L in {Hm−1(Zs)}. Note that the restrictions of the intersection pairing to
injective image ofHm−1(Y ) and toHm−1(Zs)van are nondegenerate using Hodge theory (or
because it is essentially equivalent to the hard Lefschetz theorem).

Consider the kernel of the composition

Hm(Ys,Zs)→ Hm(Ys)→ Hm+2(Y )(1),

where the last morphism is the Gysin morphism. LetHm(Ys,Zs)van
L̃

be the quotient of the kerne

by the image of̃L⊥.
The following is a generalization of a construction in the surface case in [19], and g

topological proof of variants of Propositions 3.2 in the non-Lefschetz case and 3.3 in the s
case.

2.7. PROPOSITION(Non-Lefschetz fibration case). –With the above notation and assum
tions, we have a short exact sequence of local systems onS′

0 → L̃→
{
Hm(Ys,Zs)van

L̃

}
→

{
Hm(Ys)van

}
→ 0,(2.7.1)

and it does not split if the first and last terms are nonzero.

Proof. –The exactness of (2.7.1) is clear by definition. To show the nonsplitting of (2.7.1
may assumeS′ = S using the direct image byS′ → S. We take a smooth pointO of X contained
in Z, and consider a hypersurfaceH0 in the ambient projective space which intersectsX,Y
transversely at smooth points outsideO and whose intersections withZ, Y have an ordinary
double point atO. (Such a hypersurface exists because the degree of the hypersurfac
least2.) Then we consider a generic deformation{Hλ} of H0, parametrized byΛ := ∆m+2

where∆ is a sufficiently small open disk. Using the embedding byOY (d) (which changes
hypersurfaces into hyperplanes) and an appropriate projection between projective spa
may assume locally

Y =
{

xm+2 =
∑

1�i�m+1

x2
i + Ψ(x1, . . . , xm+1)

}
,

Z = {xm+1 = 0} ⊂ Y,

Hλ =
{

xm+2 =
∑

1�i�m+1

2aixi + am+2

}
for λ = (ai) ∈∆m+2,

in a (m + 2)-dimensional projective space, where(xi) is an affine coordinate system a
Ψ(x1, . . . , xm+1) ∈ (x1, . . . , xm+1)3.

Let Zλ = Z ∩Hλ, Yλ = Y ∩Hλ. The discriminant of{Zλ}λ∈Λ and{Yλ}λ∈Λ in Λ are defined
respectively by

DZ =
{

am+2 +
∑

1�i�m

a2
i + ΦZ(a1, . . . , am) = 0

}
,

DY =
{

am+2 +
∑

1�i�m+1

a2
i + ΦY (a1, . . . , am+1) = 0

}
,

whereΦZ(a1, . . . , am) ∈ (a1, . . . , am)3, ΦY (a1, . . . , am+1) ∈ (a1, . . . , am+1)3.
Takec ∈ ∆ \ {0}, and put0′ = (0) ∈∆m. Define
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Λc = {0′} × {c} ×∆, {α}= Λc ∩DZ , {β} = Λc ∩DY ,

Λ′
c = Λc \ {α,β}.

Let B be a sufficiently small open ball aroundO in the ambient space, and assume∆ is much
smaller. Let

ZB = Z ∩B, ZB,λ = Zλ ∩B (similarly for Y ).

Forλ ∈Λc \ {β}, it is well known that

H̃j(YB,λ) = Q for j = m, and0 otherwise,

H̃j(YB,β) = 0 for anyj

(2.7.2)

and similarly forZB,λ with β replaced byα, andm by m− 1.
The local monodromy ofHm−1(ZB,λ) (respectivelyHm(YB,λ)) aroundα (respectivelyβ) is

(−1)m (respectively(−1)m+1). By (2.7.2) we have the short exact sequences

0 →Hm−1(ZB,λ) → Hm(YB,λ,ZB,λ) →Hm(YB,λ) → 0,(2.7.3)

0 →Hm−1
c (ZB,λ) → Hm

c (YB,λ \ZB,λ)→ Hm
c (YB,λ)→ 0.(2.7.4)

By definition, we have an injective morphism of (2.7.4) to (2.7.1). Taking the dual, we
surjective morphism of (2.7.1) to (2.7.3) because the intersection form is nondegenerate oL̃. Let
e, e′ denote the extension classes defined by (2.7.3) and (2.7.4) respectively. Then the a
is reduced to Lemma 2.8 below. Indeed, ifm is odd and the composition ofe with the surjection{

Hm(Yλ)van
}

λ∈Λ′
c
→

{
Hm(YB,λ)

}
λ∈Λ′

c

vanishes, then{Hm(YB,λ,ZB,λ)} is isomorphic to a subquotient of{Hm(Yλ)van} (by the
nontriviality of e) and there is a surjection from the kernel of the above morphism
{Hm−1(ZB,λ)}, but this contradicts the nontriviality of the monodromy of{Hm−1(ZB,λ)}
aroundα. The argument is similar form even. �

2.8. LEMMA. – The extension classese, e′ defined by(2.7.3), (2.7.4)do not vanish ifm is odd
or even respectively.

Proof. –We first show the nonsplitting of (2.7.3) form odd. In this case, the monodrom
of {Hm(YB,λ,ZB,λ)} aroundβ is unipotent, and we have to show that it is not the iden
Let D ⊂ ∆c be a sufficiently small open disk with centerβ, and restrict the local systems
D∗ := D \ {β}. The short exact sequence of local systems (2.7.3) onD∗ is naturally extended t
D as constructible sheaves, by using the higher direct images as in 2.1 instead of cohom

More precisely, letZB,D, YB,D be the restriction ofZB , YB overD. Let U = YB,D \ ZB,D

with the inclusionjU :U → YB,D Then the short exact sequence of local systems onD∗ defined
by (2.7.3) is naturally extended to a short exact sequence of constructible sheaves onD

0 →G′ →G →G′′ → 0.(2.8.1)

This is also defined by the higher direct images of(jU )!QU , etc. underYB,D →D. Here the base
change holds, because(Yλ,Zλ) is transversal to the boundary ofB. In particular, the stalk atβ
is given by (2.7.3).

Using (2.7.2), we see thatG′ = QD , G′′ = (jD)!QD∗ , wherejD :D∗ → D is the inclusion
morphism. Lett be a local coordinate aroundβ. ThenϕtG′ = 0 andψtG′ = ψtG′′ = ϕtG′′ = Q
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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using the bijectivity ofcan (see 2.4) forG′′. The last assertion follows from the distinguish
triangle of functors

i∗0 → ψt
can−→ ϕt →,(2.8.2)

where i0 :{β} → D denotes an inclusion, see [5]. Sinceψt,ϕt are exact functors, we ge
rankψtG = 2, rankϕtG = 1 together with the surjectivity ofcan :ψtG → ϕtG.

By (2.4.1) the assertion is thus reduced to the injectivity ofvar :ϕtG → ψtG. By duality (see
2.4) it is equivalent to the surjectivity ofcan :ψtG∗ → ϕtG∗, whereG∗ is the (shifted) dual ofG
which is defined byRHom(G,QD).

By duality [27] G∗ is isomorphic to the derived direct image with compact support
R(jU )∗QU . The stalk atβ of the higher direct image sheaves is

Hj
c

(
YB,β ,R(jβ)∗QYβ\Zβ

)
,(2.8.3)

(wherejβ :Yβ \ Zβ → Yβ denotes a natural inclusion), becauseZβ and Yβ are smooth on a
neighborhood ofZβ . So the assertion is reduced to the vanishing of (2.8.3) forj = m + 1 by the
distinguished triangle (2.8.2) because it gives the cokernel ofcan.

Using a one-parameter deformationtΨ(t ∈ C), we can reduce the assertion to the caseΨ = 0.
So we may assume thatYB,β is the intersection ofB with an affine coneYβ of a nonsingular
conic, andZB,β is its intersection with a linear space passing near the origin. Then we
omit the subscriptB by replacingB with arbitrary large open balls and taking the limit.
the assertion follows from Artin’s generalization of the weak Lefschetz theorem [1]. Indee
closureZβ of Zβ in the projective space intersects transversely the divisor at infinityY β \ Yβ of
Yβ so that we can first take the direct image with compact supports byYβ \Zβ → Y β \Zβ , and
then the usual direct image byj̄β :Y β \Zβ → Y β . Thus the assertion is proved form odd.

In the casem is even, letD be a sufficiently small neighborhood ofα in ∆c. For a variety
V of pure dimensionr, let H̃j

c (V ) = Hj
c (V ) for j 
= 2r, and defineH̃2r

c (V ) to be the kerne
of Tr :H2r

c (V ) → Q(−r) which is induced by the canonical morphism ofQV (r)[2r] to the
dualizing complexDV . ThenH̃j

c (ZB,α) = Q for j = m − 1,m by calculating the cohomolog
of ∂ZB,α and using the long exact sequence→ Hj−1(∂ZB,α) → Hj

c (ZB,α) → Hj(ZB,α) →.
In particular, (2.7.4) forλ = α is not exact, and is extended to a long exact sequence. So we
to consider a distinguished triangle in the derived category of sheaves onD, which is defined by
using the direct images with compact supports under the morphisms ofZB,D, YB,D \ZB,D, YB,D

to D (in particular, the base change holds). They contain some shifted constant sheave
are annihilated by taking the reduced cohomology in (2.7.2). So deleting them, we get
exact sequence of shifted perverse sheaves as in (2.8.1) such that the stalk of the0th cohomology
sheaf is given by (2.7.4). By the above calculation, we haveG′ = R(jD)∗QD∗ andG′′ = QD in
this case.

Using an argument similar to the casem odd, we see thatvar :ϕtG → ψtG is injective
(reducing to the assertion forG′ in this case) wheret is a coordinate aroundα. So it is
enough to show the nontriviality ofcan :ψtG → ϕtG. By the triangle (2.8.2) this is equivalent
Hm

c (YB,α \ZB,α) = Q, because it gives the kernel ofcan. By duality it is further equivalent to

Hm(YB,α \ZB,α) = Q.(2.8.4)

By the same argument as above, we may omit the subscriptB by assuming thatYα is the
restriction of a nonsingular conicY α in Pm+1 to the affine spaceAm+1, Zα is its intersection
with a hyperplaneH , which is an affine cone of a nonsingular conic inPm−1 = H ∩ Pm, and
the divisor at infinity∂Yα = Y α \ Yα of Yα is smooth. Then, using a projection from the ver
4e SÉRIE– TOME 38 – 2005 –N◦ 3
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of the affine coneZα, we see thatYα \Zα is isomorphic to the complement of the union of∂Yα

andH ∩ Pm in Pm = Pm+1 \ Am+1. So (2.8.4) follows considering the long exact seque
containing the Gysin morphism by∂Yα \ H → Am = Pm \ H . This completes the proofs o
Lemma 2.8 and Proposition 2.7.�

3. Hodge-theoretic method

In this section, we prove the nonvanishing of certain extension classes when the assumpt
differential form in Theorem 0.4 is satisfied.

3.1. Extension groups

With the notation and the assumptions of 2.1, we assume in this section thatf, g are smooth
(by restrictingS), andF ′,F ′′ are nonzero. We will consider whether (2.1.2) splits in the cate
of local systems. Let

H = Hom
(
F ′′,F ′).

Then there is a canonical isomorphism

Ext1(QS ,H) = Ext1
(
F ′′,F ′),(3.1.1)

where the extension group is taken in the category of admissible variations of mixed
structures [25] (or equivalently, in that of mixed Hodge modules [22]). These group
identified (using [2]) with the scalar extension of the group of admissible normal func
which are sections of the family of Jacobians{J(Hs)}s∈S satisfying some good conditions [23
(HereH also denotes a variation of mixedZ-variation of Hodge structure whose scalar extens
is H.) We have furthermore a short exact sequence

0 → Ext1
(
Q,H0(S,H)

)
→ Ext1(QS ,H) r→ Hom

(
Q,H1(S,H)

)
→ 0,(3.1.2)

see [22,29], whereExt andHom are taken in the category of mixed Hodge structures or
of admissible variations of mixed Hodge structures. (Using [22], this follows from the ad
relation between the direct image and the pull-back of mixed Hodge modules byS → pt.
Using [29], we get the above short exact sequence with the cohomology in the last term re
by the intersection cohomology, which is a subgroup of the cohomology in this case. But
enough for our purpose, although we can show that these two give the same by takingHom, see
also [8].)

Let FQ,HQ, etc. denote the underlying local systems. Then we have

Ext1
(
F ′′

Q,F ′
Q

)
= H1(S,HQ).(3.1.3)

This is compatible with the last morphismr in (3.1.2). Lete be the extension class defined
the short exact sequence (2.1.2). Then (2.1.2) splits in the category of local systems if a
if r(e) = 0.

3.2. PROPOSITION(Non-Lefschetz pencil case). –With the notation and the assumptions
2.1, assumeY = Y0×S, f = pr2, S is an affine rational curve, andpr1 ◦i :X → Y0 is birational,
wherepri is theith projection. Assume furthermore thatY0 has a nontrivial differential form o
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the highest order. Then(2.1.2)does not split in the category of local systems. Furthermor
there is a direct sum decomposition of variations of Hodge structuresF ′ = F ′

1 ⊕ F ′
2 such that

F ′
1 is a constant variation, then the extension class betweenF ′′ andF ′

2 does not vanish in th
category of local systems.

Proof. –Consider the short exact sequence

GrW
m Hm(Y,X;Q) α−→ GrW

m Hm(Y,Q)
β−→ GrW

m Hm(X,Q),(3.2.1)

whereW is the weight filtration of mixed Hodge structure [4]. SinceS is a smooth affine rationa
curve,H1(S,Q) has weights> 1, and we have by the Künneth decomposition

GrW
m Hm(Y,Q) = Hm(Y0,Q).

Then the last morphismβ in (3.2.1) is identified with the restriction morphism

Hm(Y0,Q)→ GrW
m Hm(X,Q)

by X → Y0, and its kernel is annihilated by the restriction morphism to a nonempty
subvariety ofY0, becauseX → Y0 is birational.

Thus the kernel ofβ has level< m (where the level of a Hodge structure is the differe
between the maximal and minimal numbersp such that thepth graded piece of the Hodg
filtration does not vanish, see [4]). This implies thatImβ 
= 0, becauseHm(Y0,Q) has level
m by the hypothesis on the highest form. So we have a nonzero element

u ∈GrW
m Hm(Y,Q) = H0

(
S,Rmf∗QY

)
such thatβ(u) 
= 0. Using the semisimplicity of polarizable Hodge structures [4], we m
assume thatγm(u) = 0 in H0(S,Rmg∗QX) (or equivalently, inHm(Xs,Q) for s ∈ S), because
Hm(Xs,Q) has level< m. Thusu belongs toH0(S,F ′′).

For the first morphismα in (3.2.1), consider the Leray spectral sequence in the catego
mixed Hodge structures

Ep,q
2 = Hp

(
S,Rqh!QU

)
=⇒ Hp+q(Y,X;Q).(3.2.2)

This degenerates atE2, becauseEp,q
2 = 0 unlessp = 0 or 1. So we get the surjection

GrW
m Hm(Y,X;Q)→ GrW

m H0(S,F) (see 2.1 forF).(3.2.3)

Now assume that (2.1.2) splits in the category of local systems. Then there existsv ∈H0(S,F)
whose image inH0(S,F ′′) is u. Here we may assumev ∈ GrW

m H0(S,F), becauseH0(S,F ′′)
is pure of weightm, and the image commutes withGrW

m . But this contradicts the nonvanishin
of β(u) using the surjectivity of (3.2.3). So the first assertion follows.

For the last assertion, it is enough to show the vanishing of the extension class betweF ′′

andF ′
1 as local systems. But this follows from (3.1.2) and (3.1.3) because the first cohom

of a constant variation of Hodge structures of weight−1 on a rational curve has weight> 0 (if it
is nonzero). This completes the proof of Proposition 3.2.�
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3.3. PROPOSITION(Surface case). –With the notation and the assumptions of2.1, assume
m = 1 (i.e. Y is a surface andX is a curve), S is an affine rational curve, and the fiberYs of
f is not a rational curve. Assume further thatf :Y → S can be extended to a proper smoo
morphismf ′ :Y ′ → S′ so thatY , S are open subvarieties ofY ′, S′ respectively, and the closu
X ′ of X in Y ′ is nonsingular, but it is not smooth overS′. Then(2.1.2)does not split in the
category of local systems.

Proof. –In this case we have

F ′
s = H̃0(Xs,Q), F ′′

s = H1(Ys,Q).

Then in the notation of (3.1.3) we have

H0(S,H) = Hom
(
F ′′

Q,F ′
Q

)
= 0,

considering the monodromy ofF ′
s aroundS′ \ S. So by (3.1.2) it is enough to show that t

corresponding normal function in (3.1.1) is nontorsion, and the assertion is local onS in the
classical topology.

Let s0 ∈ S′ \ S, and∆ be an open disk arounds0 in S′ such that∆ ∩ S = ∆∗(:= ∆ \ {s0}).
Then the assumption onS′ implies that there exist continuouslyΛs = {xs, ys} ⊂ Xs for s ∈∆∗

such that the action of the monodromy arounds0 onΛs is nontrivial (replacings0 if necessary)
Locally on∆∗, the difference[xs]− [ys] defines an elementus ∈ H̃0(Xs) and also a pointξs of
the JacobianJ(Ys) of Ys. Note thatξs corresponds to the pull-back of the dual of the short e
sequence of mixed Hodge structures(2.1.2)s by us (using [2]), where(2.1.2)s is the stalk ats
of the exact sequence (2.1.2).

We haveξs 
= 0 in J(Ys), becauseYs is nonrational. If a nonzero multiple ofξs vanishes
locally on∆∗, it defines a locally constant section of the division points of the family of Jacob
over ∆ (becausef is proper smooth over∆), and we get a contradiction by considering
monodromy arounds0. So the assertion follows.�
3.4. Complement on the assumption of 3.3

The last assumption of Proposition 3.3 is satisfied in the case of a generic Lefschetz
as follows. LetY be a smooth surface embedded in a projective spaceP := Pr

C (r > 2). Let X
be a (locally closed) smooth curve onY . Then there is a hyperplane ofP which intersectsY
transversely, but is tangent toX .

Indeed, letP∗ denote the dual projective space ofP consisting of hyperplanesH of P , and
DY , DX be the set of hyperplanes tangent toY , X respectively. By definition,DY is the image
of a Pr−3-bundlesPY overY (wherePY,y consists of the hyperplanes tangent toY at y), and
similarly for X with Pr−3 replaced byPr−2. Let x ∈ X , and assumePX,x ⊂ DY . Then there
exist a pencil of hyperplanes{Ht}t∈P1 contained inPX,x and a smooth analytic curveC locally
defined onY together with a nonconstant holomorphic mapρ :C → P1 such thatHρ(c) is tangent
to Y (and hence toC) at anyc ∈ C. But this implies the constancy ofρ, which is a contradiction

4. Degeneration and nearby cycles

In this section, we calculate the weight filtration of Steenbrink, and prove Theorem 0.4 usi
results in Sections 2 and 3.
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4.1. Family of hypersurfaces

With the notation of 1.1, assume condition 0.1 in Introduction. LetV1, V2, V3 be vector
subspaces ofAδ

Z ,Ad−δ,Ad
Z such thatV1, V3 generateIZ ⊗OY (δ), IZ ⊗OY (d) respectively

andV2 gives an embedding ofY into a projective space. We assumeV3 is the image ofV ′
3 ⊗ V ′′

3

whereV ′
3 is a vector subspace ofAδ

Z generatingOY (δ) outsideZ andV ′′
3 is a vector subspac

of Ad−δ giving an embedding ofY into a projective space. In the proof of Theorem 0.4,V1, V
′
3

and V2, V
′′
3 will be respectively the restrictions ofAδ

Z′ and Ad−δ defined for some smoot
projective varietyY ′ containingY whereZ ′ ⊂ Y ′ is a subvariety whose intersection withY
is Z. (Actually, it is possible thatZ is empty, butZ ′ is not.) These are necessary to carry ou
inductive argument in 4.7.

We will identify V1, V2, V3 with the corresponding affine spaces. LetṼ1, Ṽ2, Ṽ3 be their
intersections withVδ

Z ,Vd−δ,Vd
Z . PutXP,Q = XP ∩XQ, XP,Q,R = XP ∩XQ ∩XR for P ∈Ai,

etc. Let

S0 =
{
(P,Q,R) ∈ Ṽ1 × Ṽ2 × Ṽ3: XP,Q,XQ,R,XP,Q,R areSCI

}
,

where SCI means smooth complete intersection. By [19] (or 1.2),S0 is nonempty, andXP,R has
at most isolated singularities, see also [13]. Here we can replaceS0 with a nonempty subvariet
because of 4.2 below. Let

S′ =
{
(P,Q,R, t) ∈ S0 ×C∗: XPQ+tR is smooth

}
,

andS′′ = Vd
Z/C∗. We have a local systemL on S′′ whose stalks are given byHm(X,Q)van⊥Z in

Conjecture 0.2. Consider a morphismρ :S′ → S′′ which associatesPQ+ tR to (P,Q,R, t). We
apply the reduction argument in 4.2 below to this so that the proof of Theorem 0.4 is redu
the pull-back of the local system toS′. Here it is enough to show theindecomposabilityof L,
becauseL is semisimple by Deligne [4].

4.2. Reduction argument

Let L be a local system on a connected analytic spaceS′′. Then it is simple (respectivel
indecomposable) if there exists a morphismρ :S′ → S′′ such thatρ∗L is simple (respectively
indecomposable). This follows from the fact that the functorρ∗ is exact and faithful (or using th
corresponding representation of the fundamental group). A similar assertion also holds
nearby cycle functorψ.

4.3. Semistable degeneration

With the notation of 4.1, there is a smooth projective morphismf ′ :X ′ → S′ whose fiber
Xs := f ′−1(s) is XPQ+tR for s = (P,Q,R, t) ∈ S′. Let L′ be a subsheaf ofRmf ′

∗QX ′ whose
stalk is the orthogonal complement of the subspace generated byHm(Y,Q) together with the
cycle classes of the irreducible components of the closed subvarietyZ. ThenL′ = ρ∗L. Let

S =
{
(P,Q,R, t) ∈ S0 ×C: XPQ+tR is smooth witht 
= 0 or t = 0

}
,

i.e. S is the disjoint union ofS′ andS0. Thenf ′ is naturally extended tof :X → S. However,
X has certain singularities.

Let C be the closed subvariety ofX whose fiber over(P,Q,R, t) ∈ S is XQ,R. Note that
its restriction overS′ is a locally principal divisor. Letπ : X̃ → X be the blow-up alongC.
Let f̃ : X̃ → S denote the composition withf . We also denote byt the function defined by
4e SÉRIE– TOME 38 – 2005 –N◦ 3
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the last component of(P,Q,R, t). Let X̃0,X0, S0 be the subvarieties of̃X ,X , S defined by
t = 0 (this is compatible with the previous definition ofS0). We have the induced morphis
f̃0 : X̃0 → S0.

Let XP be the closed subvariety ofX whose fiber over(P,Q,R) ∈ S0 is XP (using the
projectionX → S0), and similarly forXP,Q, XP,Q,R, etc. (Note thatXP , XQ are contained in
X0.) LetX∼

P be the blow-up ofXP alongXP,Q,R. ThenX̃0 is a divisor with normal crossings o
a smooth varietyX̃ , and its irreducible components areX∼

P andXQ, see [10].
Let ψ denotes the nearby cycle functor, see [5]. Then

Rmf̃∗ψtQX̃ = ψtR
mf̃∗QX̃

(
= ψtR

mf ′
∗QX ′

)
,(4.3.1)

because the nearby cycle functor commutes with the direct image under a proper morphi
Let W be the weight filtration onψtQX̃ . By Steenbrink [24], we have

GrW
m−1 ψtQX̃ = QXP,Q

[−1],(4.3.2)

GrW
m ψtQX̃ = QXQ

⊕QX∼
P

,

GrW
m+1 ψtQX̃ = QXP,Q

(−1)[−1],

andGrW
k ψtQX̃ = 0 for |k −m|> 1.

4.4. Weight spectral sequence

Consider the weight spectral sequence in the category of local systems

E−k,j+k
1 = Rj f̃∗ GrW

k ψtQX̃ =⇒ ψtR
jf ′

∗QX ′ .(4.4.1)

This degenerates atE2 by [24]. (In this case, it also follows from an easy calculation.) The lo
system{Hj(XP )} on S0 can be identified withRj f̃∗QXP

, and similarly for{Hj(X∼
P )}, etc.,

where the cohomology groups are with rational coefficients unless otherwise stated ex
We have

Hj(X∼
P ) = Hj(XP )⊕Hj−2(XP,Q,R)(−1),

because

Rπ∗QX∼
P

= QXP
⊕QXP,Q,R

(−1)[−2],(4.4.2)

by the decomposition theorem [1]. LetZ∼
P = π−1(XP,Q,R). Then a canonical morphism

QXP,Q,R
(−1)[−2] → Rπ∗QX∼

P
and its right inverse (up to a sign) are given by the comp

tions

QXP,Q,R
(−1)[−2]→Rπ∗QZ∼

P
(−1)[−2] →Rπ∗QX∼

P
,(4.4.3)

Rπ∗QX∼
P
→Rπ∗QZ∼

P
→ QXP,Q,R

(−1)[−2].

The differentiald1 of the spectral sequence is induced by the extension classes be
the GrW

k which are given by the restriction and Gysin morphisms. Indeed, the exte
class betweenGrW

m−1 and GrW
m corresponds to a morphismGrW

m → GrW
m−1 [1] in the

derived category ofQ-modules onX̃ (see [26]) and it is given by the restriction mo
phisms
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in
QXQ
→QXP,Q

,

QX∼
P
→QXP,Q

.

The direct image byπ of the last morphism is given by the restriction and Gysin m
phisms

QXP
→QXP,Q

,

QXP,Q,R
(−1)[−2]→QXP,Q

(up to signs), using (4.4.2). We have a similar assertion betweenGrW
m andGrW

m+1.
Let Hm−1(XP,Q)van denote the orthogonal complement of the image of the (injec

restriction morphismHm−1(Y ) → Hm−1(XP,Q) where Hm−1(Y ) can be replaced wit
Hm−1(XP ) by the weak Lefschetz theorem, and similarly forHm−2(XP,Q,R)van and also for
Hm(XP )van. Then we have the direct sum decompositions

Hm(XP ) = Hm(XP )van ⊕Hm(Y )prim ⊕Hm−2(Y )(−1),(4.4.4)

Hm(XQ) = Hm(XQ)van ⊕Hm(Y )prim ⊕Hm−2(Y )(−1),

Hm−2(XP,Q,R) = Hm−2(XP,Q,R)van ⊕Hm−2(Y ),

together with the isomorphisms

Hm−2(XP,Q)(−1) = Hm(XP,Q) = Hm−2(Y )(−1).

Here Hm(Y )prim denotes the primitive cohomology, andHm−2(Y )(−1) in the first two
decompositions of (4.4.4) is actually the image ofHm−2(Y )(−1) by the action of the
cohomology class of the hyperplane section.

We see that the stalk ofGrW
m ψtR

mf ′
∗QX ′ is the cohomology of the complex

Hm−2(XP,Q)(−1) →Hm(XP )⊕Hm(XQ)⊕Hm−2(XP,Q,R)(−1) → Hm(XP,Q)(4.4.5)

where the morphisms are induced by the restriction and Gysin morphisms up to signs.
(4.4.4), the first morphism of (4.4.5) is given by the identity onHm−2(Y )(−1) up to signs, and
the last morphism is given by the multiplications onHm−2(Y )(−1) by d − δ, δ, d up to signs.
Indeed, the composition of the Gysin and restriction morphisms

Hm−2(XP,Q)(−1) → Hm(XP ) →Hm(XP,Q)

coincides with the action of the restriction of the cycle class ofXP,Q in XP .
Similarly we can verify

GrW
m−1 ψtR

mf ′
∗QX ′ =

{
Hm−1(XP,Q)van

}
,

GrW
m+1 ψtR

mf ′
∗QX ′ =

{
Hm−1(XP,Q)van(−1)

}
.

Here the first assertion is easy, and the second follows from it using duality.
Note that the extension classes between theGrW

k are induced by the restriction and Gys
morphisms in the derived category of sheaves onX̃ as above.
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4.5. Limit of the invariant part

Taking the nearby cycle functor (i.e. passing to the limit byt → 0), the restriction morphism
Hm(Y ) → Hm(XPQ+tR) induces a morphism ofHm(Y ) to the middle term of the comple
(4.4.5), which is defined (up to signs) by using the isomorphism

Hm(Y ) = Hm(Y )prim ⊕Hm−2(Y )(−1)(4.5.1)

together with (4.4.4). SoGrW
m of the limit of Hm(XPQ+tR)/Hm(Y ) is given by

(
Hm(XP )prim ⊕Hm(XQ)prim ⊕Hm−2(XP,Q,R)van(−1)

)
/Hm(Y )prim.(4.5.2)

Note that

Hm(XP )prim = Hm−2(XP )van ⊕Hm(Y )prim(4.5.3)

(similarly for Hm(XQ)prim), and the division byHm(Y )prim is defined by using the diagon
morphism. In particular, the quotient (4.5.2) is isomorphic to

Hm(XP )prim ⊕Hm(XQ)van ⊕Hm−2(XP,Q,R)van(−1).(4.5.4)

Here{Hm(XQ)van} is an irreducible local system onS0. Assuming an appropriate inductiv
hypothesis (see 4.7 below), this also holds for the quotient ofHm−2(XP,Q,R)van by the subspac
generated by the cycle classes of the intersection withXQ of the(m/2)-dimensional irreducible
components ofZ if m > 2.

4.6. Cycle classes of the irreducible components

The cycle classes of the irreducible components ofZ in the limit of Hm(XPQ+tR) are given
by using

Hm−2
BM (XP,R)(−1) → Hm(XP )⊕Hm−2(XP,Q,R)(−1),(4.6.1)

which is induced by the Gysin and restriction morphisms up to signs. (This can be verifi
using (4.4.3).) HereHj

BM(V ) denotes Borel–Moore cohomology for an equidimensional va
V in general, and is defined byHj(V,DV (−n)[−2n]), whereDV is the dualizing complex an
n = dimV . If V is compact, it is isomorphic toH2n−j(V )(−n). The restriction of the dualizin
complex to the smooth partVreg is isomorphic toQVreg(n)[2n], and we get the restrictio
morphismHj

BM(V )→ Hj(V ′) for any subvarietyV ′ of Vreg.
The morphism to the second factor of (4.6.1) is injective, i.e. the Gysin morp

Hm−2(XP,Q,R)(−1) → Hm(XP,R) is surjective. This follows from Artin’s theorem (see [1
which asserts the vanishing ofHm(XP,R \ XP,Q,R) becauseXP,R \ XP,Q,R is affine and the
constant sheaf on it is semi-perverse up to a shift of complex bym− 1.

We can verify that the limit of the cycle class ofZ is then defined by using the cycle class
the cycle inXP and the cycle class inXP,Q,R of the intersection of the cycle withXQ.

4.7. Proof of Theorem 0.4

Assume firstm = 2 (and Y ′ in (4.1) is Y ). In this case,XP,Q,R has dimension0 and is
not connected. We first fixP,R and consider{XP,Q}Q and{XP,Q,R}Q. Let Zi(i > 0) be the 1-
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dimensional irreducible components ofZ. ThenXP,R is the union of
⋃

i>0 Zi and an irreducible
curveZ0, becauseXP,R \ Z is smooth and connected by 1.2 (whereb = 0 if dimZ = 1), see
also [13,19].

We apply the dual of Proposition 2.7 or 3.3 to{XP,Q}Q and {Zi,Q}Q for i � 0,
where Zi,Q = Zi ∩ XQ. Then we get the nontriviality of the extension class betw
GrW

m−1 = {Hm−1(XP,Q)van} and{H̃m−2(Zi,Q)(−1)} for i � 0, using 4.2. Similarly we apply
Proposition 2.7 or 3.2 to show the nontriviality of the extension class betweenGrW

m−1 and
{Hm(XQ)van}, where we fixQ,R or P,R to apply the propositions. We use Proposition
for the extension betweenGrW

m−1 and any simple factor of{Hm(XP )prim}. (Note that
{Hm(XP )prim} is semisimple by [4].)

Thus we get the nontriviality of the extension class betweenGrW
m−1 ψtL

′ and each simple
factor of GrW

m ψtL
′ in the notation of 4.3, becauseGrW

m ψtL
′ is isomorphic to the quotient o

(4.5.4) by the image of the cycle classes of theZi(i > 0) (where the last term vanishes unle
dimZ = 1), see 4.6. We have the dual argument for the extension betweenGrW

m andGrW
m+1.

Note that the{H̃m−2(Zi,Q)} are not isomorphic to each other (considering the monodr
aroundQ such thatXQ is tangents toZj at a smooth point for onej, but intersectsZi transversely
at smooth points fori 
= j). We also see that any simple factor of{Hm(XP )prim} is not
isomorphic to{H̃m−2(Zi,Q)}, nor to{Hm(XQ)van} (fixing P ), and similarly between the la
two.

Assume that there is a decompositionψtL
′ = L1 ⊕ L2 in the notation of 4.3. We ma

assume that theLi are stable by the action of the monodromyT , because the decompositio
is induced by that ofL′. In our case the weight filtrationW is defined byWm−1 = ImN and
Wm = KerN . HereN = T − id becauseN2 = 0. If, for example,L1 is not contained inWm,
thenNL1 = Wm−1, becauseNL1 ⊂ Wm−1 is nonzero andWm−1 = GrW

m−1 is simple. In this
caseL2 is contained inWm, because otherwise it also containsWm−1. So the decompositio
induces that ofGrW

m , and the nontriviality of the above extension classes implies the trivi
of the decomposition. Thus, using Deligne’s semisimplicity theorem, Theorem 0.4 is prov
m = 2.

If m = 1, thenXP is smooth and connected by Theorem 1.2 withr = 1, andXP,Q,R is empty.
So the argument is essentially same as above.

Assume nowm > 2. We apply an inductive hypothesis toXP,Q and Z ∩ XQ to show
the irreducibility of {Hm−2(XP,Q,R)van}R divided by the image of the cycle classes of
irreducible components ofZ, see 4.6. To carry out this induction we take generalPi,Qi,Ri

such thatRi = Pi+1Qi+1 + Ri+1 andZ is contained inXPi , XRi . Note that the singular locu
of

⋂
1�j�i XPj has dimension� i − 2, see [19] (or 1.2). We apply the above argumen

the restriction of(Pi.Qi,Ri) to Y ′′ :=
⋂

1�j<i XPj ,Qj for eachi, and proceed by decreasin
induction oni. This is allowed by the definition ofS0 in 4.1 (whereY ′, Y in 4.1 is Y,Y ′′

here). Here we use Proposition 2.7 or 3.2 (instead of 3.3) to show the nontriviality o
extension betweenGrm−1

W and{Hm−2(XP,Q,R)van(−1)} divided by the cycle classes as abo
Note that even ifY ′′ ∩ Z is empty, we still have some restriction to(Pi.Qi,Ri) coming
from Z. At the first step of the induction, we havem = 2 or 1. This completes the proof o
Theorem 0.4.

4.8. Generalization of Theorem 0.4

The assertion also holds for smooth zero loci of sections ofL1⊗L2 containingZ whereL1,L2

are line bundles such thatL1 ⊗IZ is generated by its global sections, andL2 is very ample and
satisfies one of the following two conditions: either a general smooth hyperplane sectionL2
4e SÉRIE– TOME 38 – 2005 –N◦ 3
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has a nontrivial differential form of the highest degree, or the2-jets at each point is generat
by the global sections ofL2 (e.g. it is the(d − δ)-ple tensor of a very ample line bundle wi
d � δ + 2).
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