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CUBIC STRUCTURES AND IDEAL CLASS GROUPS✩

BY GEORGIOSPAPPAS1

ABSTRACT. – We establish a generalization of Breen’s theory of cubic structures on line bundle
group schemes. We study such “n-cubic structures” inductively using multiextensions. As a result
obtain information on the set of isomorphism classes of line bundles withn-cubic structures over finit
multiplicative group schemes overSpec(Z) by relating this set to certain corresponding eigenspace
ideal class groups of cyclotomic fields.

 2005 Elsevier SAS

RÉSUMÉ. – Nous établissons une géneralisation de la théorie de Breen sur les structures cub
fibrés en droites sur un schéma en groupes. Nous étudions de telles structures “n-cubiques” par récurrenc
à l’aide des multi-extensions. Par conséquent, nous obtenons des renseignements sur l’ensemble
d’isomorphisme de fibrés en droites munis d’une structuren-cubique sur un schéma en groupes fin
multiplicatif surSpec(Z), en reliant cet ensemble à certains espaces propres de groupes de classes
des corps cyclotomiques.

 2005 Elsevier SAS

1. Introduction

Let L be a line bundle over an Abelian varietyA. Consider the line bundleΘ3(L) over the
triple productA×A×A whose fiber over the point(x, y, z) is

Θ3(L)(x,y,z) :=Lx+y+z ⊗L−1
x+y ⊗L−1

y+z ⊗L−1
z+x ⊗Lx ⊗Ly ⊗Lz ⊗L−1

0 .

The classical theorem of the cube states that for any suchL, the line bundleΘ3(L) is trivial. Since
all regular functions onA are constants, any trivialization ofΘ3(L) satisfies certain additiona
compatibility conditions which were explained by Breen in [3]. Breen studied the resu
structure in great detail and generality. In particular, he considered line bundlesL over a genera
commutative group schemeH : A trivialization of Θ3(L) which satisfies certain condition
is called in [3] a “cubic structure” onL. (These conditions generalize the aforementio
compatibilities and so are satisfied automatically whenH is an Abelian variety.) This notion o
“cubic structure” is closely related to the notion of a biextension which was introduced prev
by Mumford and Grothendieck. Ifξ :OH×H×H

∼−→ Θ3(L) is a cubic structure onL, then the line
bundleΘ2(L) overH×H with fiber over(x, y) given byΘ2(L)(x,y) = Lx+y⊗L−1

x ⊗L−1
y ⊗L0

supports the structure of a (symmetric) biextension. Conversely, ifM is a line bundle overH×H
with a structure of a symmetric biextension, then the diagonal pull-back∆∗(M) is a line bundle
overH which supports a corresponding cubic structure.

✩ Supported by NSF Grants # DMS02-01140 and # DMS01-11298 (via the Institute for Advanced Study).
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In this paper, we study a generalization of the notion of cubic structure: For a line bunL
over a commutative group scheme overH and n � 2, we consider trivializationsξ of the
line bundleΘn(L) over Hn = H × · · · × H that satisfy appropriate “cubic” conditions (s
Definition 3.1). We call such trivializationsn-cubic structures onL (for n = 3, we essentially
recover the notion of [3]). Our main results concern line bundles withn-cubic structures
over finite multiplicative group schemes overZ. Roughly speaking, we show that the set
isomorphism classes of line bundles withn-cubic structure(L, ξ) over such group schemes
controlled by certain eigenspaces of ideal class groups of cyclotomic fields. As a coroll
classical results on the structure of these ideal class groups, we see that line bundles ov
multiplicative group schemes that support ann-cubic structure for somen are often trivial.

To state precisely some of our results we will need some additional notation. Recall th
kth Bernoulli numberBk is defined by

t

et − 1
=

∞∑
k=0

Bk
tk

k!
.

Also, recall that by work of Borel [2], the QuillenK-groupsKm(Z) are finite for even integer
m � 2. For a primep, anda = pk · a′ ∈ Z>0 with gcd(a′, p) = 1, we setordp(a) = pk. We set
h+

p = #Cl(Q(ζp + ζ−1
p )) and foru ∈Z>0

e(u) =


1, if u = 1,
numerator(Bu/u), if u is even,∏

p,p|h+
p

ordp(#K2u−2(Z)), if u > 1 is odd.

Let G be a finite Abelian group andn � 2. We setH = GD
Spec(Z) = Spec(Z[G]) for the Cartier

dual of the constant group schemeG.

THEOREM 1.1. – The group of isomorphism classes(see Section3.b(i)) of line bundles with
n-cubic structure(L, ξ) overH = GD

Spec(Z) is annihilated by

Mn−1 = Mn−1(G) =
n−1∏
k=1

∏
p,p|e(k)

ordp(#G).

In particular, if L is a line bundle overH which supports ann-cubic structure then we hav
L⊗Mn−1 �OH .

Notice that sinceB2 = 1/6, B4 = −1/30 andK4(Z) is trivial [18], we haveMn−1(G) = 1
for n � 5 and allG. We also show (see Theorem 8.4 in the text):

THEOREM 1.2. – SupposeL is a line bundle overH = GD
Spec(Z) which supports ann-cubic

structure. If the prime divisors of#G are bigger than or equal ton and satisfy Vandiver’s
conjecture, then the line bundleν∗(L) which is obtained as the pull-back ofL by the
normalization morphismν : H̃ → H is trivial.

Vandiver’s conjecture (sometimes also attributed to Kummer) for the primep is the statemen
that p does not divide the class numberh+

p . This has been verified numerically for allp <
12 × 106 [4]. However, there is doubt about its truth in general (see [22, p. 158]). By R
theorem [17] when#G = p, ν∗ gives an isomorphism between the Picard groupsPic(µp) and
Pic(µ̃p) � Cl(Q(ζp)). Hence, Theorem 1.2 implies the following: If the line bundleL overµp

supports ann-cubic structure withn � p andp satisfies Vandiver’s conjecture, thenL is trivial.
4e SÉRIE– TOME 38 – 2005 –N◦ 3
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The proofs of these results proceed via an inductive analysis ofn-cubic structures. Ou
approach uses “n-extensions”—this notion generalizes that of a biextension (n = 2) and already
appears in [21]. To ann-cubic structureξ :OHn

∼−→ Θn(L) we associate the structure
a “symmetric (n − 1)-extension” E(L, ξ) on the line bundleΘn−1(L) over Hn−1. This
generalizes the construction of the symmetric biextension onΘ2(L) associated to the cub
structure(L, ξ) which was described in the beginning of the introduction. We show th
E(L, ξ) is isomorphic to the trivial symmetric(n − 1)-extension, then then-cubic structureξ
onL is obtained by an(n− 1)-cubic structureξ′ onL via a standard functorial procedure. No
consider the pull-back∆∗(E(L, ξ)) via the diagonal∆:H → Hn−1. Another key technica
statement (Proposition 5.4) is that we can write

L⊗(n−1)! = ∆∗(E(L, ξ)
)
⊗L�(1.1)

whereL� has an(n − 1)-cubic structure. These results allow us to inductively studyn-cubic
structures via (symmetric)n-extensions. For example, an inductive argument using (1.1) s
that we can write the(n−1)!! := (n−1)!(n−2)! · · ·1!th power ofL as a product of line bundle

L⊗(n−1)!! =
n−2⊗
i=0

δ(L(i))⊗(n−i−2)!! ⊗ 0∗L⊗(n−1)!!(1.2)

whereδ(L(i)) is obtained via a diagonal pull-back from a line bundle overHn−i−1 that carries
a structure of a symmetric(n− 1− i)-extension.

WhenH = µr, with r = pm a prime power, the group of (symmetric)n-extensions overH can
now be determined as follows: First we see that we can consider multiextensions ofZ/rZ-torsors
overHn−1 instead. We then show that such multiextensions are given by families of unram
extensions of the fieldsQ(ζpk) for k � m, which satisfy certain properties. Using class fi
theory one can see that these are described by appropriate eigenspaces of thep-primary part of the
ideal class groupCl(Q(ζpk)). Theorem 1.1 then follows from results on the relation of the or
of these eigenspaces with Bernoulli numbers and the orders of the QuillenK-groupsKm(Z)
(Herbrand’s theorem, work of Soulé, Kurihara). To discuss Theorem 1.2 setC(pk) = Cl(Q(ζpk))
and use the superscript(j) to denote the eigenspace ofC(pk)/pk, pkC(pk) (the pk-torsion
in C(pk)) whereGal(Q(ζp)/Q) = (Z/pZ)∗ acts via thejth power of the Teichmüller charact
ω : (Z/pZ)∗ →Z∗

p. Recall the classical reflection homomorphism

R
(j)
k :Hom

((
C
(
pk
)
/pk
)(1−j)

, p−kZ/Z
)
→
(
pkC
(
pk
))(j)

.

We show that the map which associates to the pair(L, ξ) of a line bundle withn-cubic
structure overµr the isomorphism class ofν∗(L)⊗(n−1)!! can be written as a composition
homomorphisms in which one of the factors is the direct sum

⊕n−1
j=1

⊕m
k=1 R

(j)
k . Whenp satisfies

Vandiver’s conjecture, the reflection homomorphisms are all trivial. This leads to the pro
Theorem 1.2.

Our study of cubic structures is motivated by the observation [16] that they play an imp
role in the theory of geometric Galois modules. The key link is the fact that the functor o
bundles given by the square of the determinant of cohomology along a projective flat mo
of relative dimensiond is equipped with a(d + 2)-cubic structure (of functors between stric
commutative Picard categories; see [9]). This follows from [7] ford = 1 and was shown b
Ducrot [9] in general. Using this, Theorems 1.1 and 1.2 allow us to extend the results o
to higher dimensional varieties and are basic for understanding coherent fixed point fo
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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for finite Abelian group actions on varieties overZ (see [5]). These applications are treated
separate articles.

2. Picard categories and torsors

2.a. A (commutative)Picard categoryis a non-empty categoryP in which all morphisms
are isomorphisms and which is equipped with an “addition” functor+:P ×P →P , (p1, p2) �→
p1 +p2, associativity isomorphismsσp1,p2,p3 : (p1 +p2)+p3

∼−→ p1 +(p2 +p3), functorial inp1,
p2, p3, and commutativity isomorphismsτp1,p2 :p1 + p1

∼−→ p2 + p1 functorial inp1, p2 which
satisfy the axioms described in [20, XVIII, 1.4]. If we haveτp,p = Idp+p, for all objectsp of P
then we say that the Picard category is “strictly commutative” (s.c.).

A commutative group defines a “discrete” s.c. Picard category: The objects are the elem
the group, the only morphisms are the identity morphisms and the addition is given by the
law. For a schemeS the category of invertible sheaves ofOS-modules onS with morphisms
isomorphisms ofOS-modules and “addition” given by tensor product overOS is a s.c. Picard
category which we will denote byPIC(S) (see [7]).

2.b. Let H → S be a group schemeflat and affine overS. We refer to [6, III] for the notion
of an H-torsor. Under our assumptions, this is given by a schemep :T → S with right action
of H andp affine faithfully flat such that the mapT ×S H → T ×S T given by(t, h) �→ (t · h, t)
is an isomorphism. IfY is anS-scheme we will occasionally use the expression “X → Y is
an H-torsor” to mean thatX → Y is a torsor for the group schemeHY := H ×S Y → Y .
If π :X → Y is an H-torsor, thenπ is affine and flat and identifiesY with the (categorical
quotientX/H . In fact, this quotient isuniversalin the sense that for every base changeS′ → S,
the natural morphism

(X ×S S′)/H → (X/H)×S S′(2.1)

is an isomorphism. IfH → S is in addition of finite presentation then so isπ :X → Y .
For more details on the following the reader can refer to [6, III §4]. A morphism betwee

torsorsT1 → S, T2 → S, is anS-morphismf :T1 → T2 which commutes with theH-action; by
descent such a morphism is necessarily an isomorphism. Assume now in addition thatH → S
is commutative; letT1 → S, T2 → S be twoH-torsors. We let the group schemeH act on the
fiber productT1 ×S T2 by (t1, t2) · h = (t1 · h, t2 · h−1). The quotient(T1 ×S T2)/H then gives
anH-torsor overS (the action is via(t1, t2) · h = (t1 · h, t2)) which we will denote byT1 · T2.
We can see that there are canonical isomorphisms ofH-torsorsT1 · (T2 · T3) � (T1 · T2) · T3,
T1 · T2 � T2 · T1; these give to the category ofH-torsors overS the structure of a s.c Picar
category.

Denote byGm the multiplicative group scheme overSpec(Z). For a schemeS, there is a
natural additive functor equivalence between the s.c Picard categoryPIC(S) of invertibleOS-
sheaves and the s.c Picard category ofGmS-torsors overS given byL→ IsomOS

(OS ,L). (In
what follows, for simplicity, we will denote theGmS-torsor associated to the invertible sheaL
again byL.)

2.c. In what follows we letG be a finite commutative group. For a schemeS we will denote
by GS the constant group scheme

⊔
g∈G S given byG. Denote byGD

S the Cartier dual group
scheme ofGS ; by definition, this represents the sheaf of charactersHom(GS ,GmS). When
S = Spec(Z) we will often abuse notation and simply writeG instead ofGS . Let us recall tha
if π :T → S is aG-torsor overS then the morphismπ is finite and étale [6, III, §2, n◦ 6].
4e SÉRIE– TOME 38 – 2005 –N◦ 3
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3. Hypercubic structures

3.a. Let H → S be a commutativeS-group scheme. Forn � 1, we will denote byHn :=
H ×· · ·×H then-fold fiber product overS (for simplicity, we will often omit the subscriptS in
the notation of the product). IfI is a subset of the index set{1, . . . , n}, we will denote bymI the
morphismHn →H given on points by(h1, . . . , hn) �→

∑
i∈I hi (if I = ∅, mI(h1, . . . , hn) = 0).

When I = {i}, thenmI is the ith projectionpi,H :Hn → H . Recall that we identify the s.c
Picard category of invertible sheaves over anS-schemeT with the s.c. Picard category ofGmT -
torsors onT (see 2.b). By [20, XVIII 1.4.3] the “tensor operations” we use in what follo
to define invertible sheaves orGm-torsors give results that are well-defined up to cohe
canonical isomorphism.

If L is an invertible sheaf onH , then we set

Θn(L) =
⊗

I⊂{1,...,n}
m∗

I(L)(−1)n−#I

(3.1)

(an invertible sheaf onHn). A permutationσ :{1, . . . , n}→ {1, . . . , n} induces a correspondin
S-isomorphismσ :Hn → Hn. SincemI · σ = mσ(I), permuting the factors of (3.1) gives
canonical isomorphism

Pσ :σ∗Θn(L) ∼−→Θn(L).(3.2)

Now suppose thatn � 2 and consider the morphismsA,B,C,D :Hn+1 → Hn given by

A(h0, h1, h2, . . . , hn) = (h0 + h1, h2, . . . , hn),(3.3)

B(h0, h1, h2, . . . , hn) = (h0, h1, h3, . . . , hn),(3.4)

C(h0, h1, h2, . . . , hn) = (h0, h1 + h2, h3, . . . , hn),(3.5)

D(h0, h1, h2, . . . , hn) = (h1, h2, h3, . . . , hn).(3.6)

We can observe that there is a canonical isomorphism

Q :A∗Θn(L)⊗B∗Θn(L) ∼−→ C∗Θn(L)⊗D∗Θn(L)(3.7)

which is obtained by contracting duals and permuting factors (cf. [3, §2] or [1, §2]). (The
in which these operations are performed in the s.c. Picard category is of no consequen
isomorphism remains the same. This can be viewed as a consequence of [20, XVIII 1.4.3

Finally observe that if(0, . . . ,0) :S → Hn is the zero section, there is a canonical isomorph

R : (0, . . . ,0)∗Θn(L) ∼−→OS .(3.8)

DEFINITION 3.1. – Letn � 2. An n-cubic structure on the invertible sheafL overH is an
isomorphism of invertible sheaves onHn

ξ :OHn
∼−→ Θn(L)(3.9)

(i.e a choice of a global generatorξ(1) of Θn(L)) which satisfies the following conditions:
(c0) It is “rigid”, i.e., if (0, . . . ,0) :S → Hn is the zero section, then

R
(
(0, . . . ,0)∗

(
ξ(1)
))

= 1.
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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(c1) It is “symmetric”, i.e for allσ ∈ Sn,

Pσ

(
σ∗(ξ(1)

))
= ξ(1).

(c2) It satisfies the “cocycle condition”

Q
(
A∗(ξ(1)

)
⊗B∗(ξ(1)

))
= C∗(ξ(1)

)
⊗D∗(ξ(1)

)
.

Remark3.2. – (a) This definition also appears in [1, 2.39]. Forn = 3 it is a slight variant of
Breen’s definition of a cubic structure ([3, §2]; see also Moret-Bailly [15]). To explain this s

Θ(L) :=
⊗

∅
=I⊂{1,2,3}
m∗

I(L)(−1)3−#I

= Θ3(L)⊗m∗
∅L.

(Recall thatm∅ :H3 → H is the zero homomorphism.) There are isomorphisms analo
to (3.2) and (3.7) forΘ(L). According to Breen, a cubic structure onL is a trivialization
t :OH3

∼−→ Θ(L) which respects these isomorphisms (i.e., satisfies conditions analogous
and (c2)). On the other hand, (3.8) induces a canonical isomorphism

0∗L ∼−→ (0,0,0)∗Θ(L).

Hence,t also induces a “rigidification” ofL, i.e., an isomorphismOS
∼−→ 0∗L which we will

denote byr(t). For any invertible sheafL on H now setLrig := L ⊗ p∗0∗L−1, p :H → S the
structure morphism. The invertible sheafLrig is equipped with a canonical rigidificationrcan

and so there is a canonical isomorphism

φcan :Θ3(L) ∼−→ Θ(Lrig).

One can now verify thatξ �→ t(ξ) := φcan · ξ gives a bijective correspondence between the
of 3-cubic structuresξ onL in the sense above and the set of Breen’s cubic structurest onLrig

which satisfyr(t) = rcan (cf. [3, §2.8] and [1, Remark 2.44]).
(b) In what follows, we will often denote various invertible sheaves by giving their fibers

a “general” point of the base. For example, we can denoteΘ3(L) as

Lx+y+z ⊗L−1
x+y ⊗L−1

y+z ⊗L−1
z+x ⊗Lx ⊗Ly ⊗Lz ⊗L−1

0 .

(This gives the fiber ofΘ3(L) over the point(x, y, z) of H3.)

3.b. (i) By definition, an isomorphism between the invertible sheaves withn-cubic structures
(L, ξ) and(L′, ξ′) is an isomorphismφ :L ∼−→L′ such that

Θn(φ) · ξ = ξ′,

whereΘn(φ) :Θn(L) ∼−→ Θn(L′) is functorially induced fromφ. If (L, ξ), (L′, ξ′) are invertible
sheaves withn-cubic structures we define their product

(L, ξ) · (L′, ξ′) = (L⊗L′, ξ ∗ ξ′)

whereξ ∗ ξ′ is the composition

OHn = OHn ⊗OHn OHn
ξ⊗ξ′
−−−→ Θn(L)⊗OHn Θn(L′) α−→ Θn(L⊗L′)
4e SÉRIE– TOME 38 – 2005 –N◦ 3
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with α the standard natural isomorphism. We can see that the pairs(L, ξ) give the objects of a s.c
Picard categoryn-CUB(H,Gm) with arrows given by isomorphisms as above and “additi
given by the above product. (This is similar to the corresponding statement for Breen’s
structures; see [3, §2].)

(ii) Suppose that the invertible sheafL on H is trivial via ψ :OH
∼−→L. This then induces

trivialization

Θn(ψ) :OHn = Θn(OH) ∼−→ Θn(L).(3.10)

A second trivializationξ :OHn
∼−→Θn(L) can now be given via the ratio of the generators

c = ξ(1)/Θn(ψ)(1) ∈ Γ
(
Hn,O∗

Hn

)
.(3.11)

In this case, we can see thatξ :OHn
∼−→ Θn(L) gives ann-cubic structure onL if and only if the

elementc satisfies:
(c0) c(0, . . . ,0) = 1,
(c1) c(hσ(1), . . . , hσ(n)) = c(h1, . . . , hn), for all σ ∈ Sn,
(c2) c(h0 + h1, h2, . . . , hn)c(h0, h1, h3, . . . , hn) = c(h0, h1 + h2, h3, . . . , hn)c(h1, h2, . . . ,

hn).
(Herehi, 0 � i � n, range over allT -valued points ofH , T anyS-scheme. Also, for example
c(h1, h2, . . . , hn) ∈ Γ(T,O∗

T ) is obtained fromc by pulling back along the morphismT → Hn

given by(h1, h2, . . . , hn).)
An inductive argument shows that ifc ∈ Γ(Hn,O∗

Hn) satisfies (c0)–(c2) above, then it al
satisfies

(c0′) c(h1, h2, . . . , hn) = 1, if at least one of thehi is 0.
(iii) Suppose thatS = Spec(R) andH = GD

S , the Cartier dual of a finite Abelianconstant
group schemeG. Then,H = Spec(R[G]), Hn = Spec(R[G× · · · ×G]). If T = Spec(R′), then
T -valued pointshi :T → H correspond toR′-valued charactersχi :G → R′∗. Suppose now
thatR is local; thenR[G] is semi-local and any invertible sheafL onH = Spec(R[G]) is trivial.
Hence, from (ii), we see thatn-cubic structures onL are given by unitsc ∈R[Gn]∗ which satisfy

(c0) (1⊗ · · · ⊗ 1)(c) = 1,
(c1) (χσ(1) ⊗ · · · ⊗ χσ(n))(c) = (χ1 ⊗ · · · ⊗ χn)(c),
(c2) (χ0χ1 ⊗ χ2 ⊗ · · · ⊗ χn)(c)(χ0 ⊗ χ1 ⊗ χ3 ⊗ · · · ⊗ χn)(c) = (χ0 ⊗ χ1χ2 ⊗ χ3 ⊗ · · ·

⊗ χn)(c)(χ1 ⊗ χ2 ⊗ · · · ⊗ χn)(c).
(In these relationsχ1⊗· · ·⊗χn etc. are characters ofGn which are evaluated on the elemenc

of R[Gn].)

As above ifc ∈R[Gn]∗ satisfies (c0)–(c2) above (for all characters ofG), then it also satisfie
(c0′) (χ1 ⊗ · · · ⊗ χn)(c) = 1, if at least one of the charactersχi is trivial.

DEFINITION 3.3. – An elementc of R[Gn] which satisfies (c0)–(c2) above (for all charact
of G) is calledn-cubic.

3.c. Suppose thatA is an Abelian group andn � 1. Denote byI[A] the augmentation idea
of the group ringZ[A]; by definition, this is the kernel of the ring homomorphismZ[A] → Z;∑

a na[a] �→
∑

a na. Set

Cn(A) := Symn
Z[A]I[A](3.12)
ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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(thenth symmetric power of theZ[A]-moduleI[A]; cf. [1, 2.3.1] where the reader is also referr
to for more details). The Abelian groupCn(A) is the quotient ofSymn

ZI[A] by all the relations
of the form (

[b + a1]− [b]
)
⊗
(
[a2]− [0]

)
⊗ · · · ⊗

(
[an]− [0]

)
=
(
[a1]− [0]

)
⊗
(
[b + a2]− [b]

)
⊗ · · · ⊗

(
[an]− [0]

)
with a1, . . . , an, b ∈ A. After rearranging and reindexing, this relation can be expressed in
of the generators[a1, . . . , an] := ([a1]− [0])⊗ · · · ⊗ ([an]− [0]) of Symn

ZI[A] as

[a1, a2, . . . , an] + [a0, a1 + a2, a3, . . . , an]

= [a0, a1, a3, . . . , an] + [a0 + a1, a2, . . . , an].

Now suppose thatA = H(Spec(R′)), the group of characters of the finite Abelian groupG
with values in theR-algebraR′. We can see by the above that ann-cubic elementc ∈ R[Gn]∗

gives a group homomorphism

α(c) :Cn(A) →R′∗; [χ1, . . . , χn] �→ (χ1 ⊗ · · · ⊗ χn)(c).(3.13)

In fact, every elementc ∈ R[Gn]∗ which satisfies (c0′) gives a group homomorphism

n⊗
Z

I[A]→ R′∗;
(
[χ1]− [1]

)
⊗ · · · ⊗

(
[χn]− [1]

)
�→ (χ1 ⊗ · · · ⊗ χn)(c).

By the above, if this homomorphism factors throughCn(A) (for all R-algebrasR′) then c is
n-cubic.

4. Multiextensions

4.a. Suppose thatJ and H are two flat commutative group schemes over the schemS.
We will assume thatJ → S is affine. By [21, VII §1] giving a commutative group schem
extensionE of H by J is equivalent to giving, for everyS-schemeU → S and eachU -point
a :U → H overS, aJU -torsorEa with the following additional structure: These torsors sho
come together with isomorphisms

ca,a′ :Ea ·Ea′
∼−→ Ea+a′(4.1)

which satisfy the commutativity and associativity conditions described by loc. cit. (1.1.4.1
(1.2.1). Both the torsors and the above isomorphisms should be functorial in theS-schemeU .

4.b. We again refer the reader to [21, VII] for the definition ofJ -biextensions of commutativ
group schemes. There is an obvious generalization of both the notions of extensio
biextension: the notion of ann-extension of(H, . . . ,H) by J . (Often, for simplicity, we will
just say “n-extension ofH by J ”; for n = 1 this is an extension of commutative group schem
as above and forn = 2 a J -biextension of(H,H).) By definition (see loc. cit., Definition 2.
for n = 2 and 2.10.2 in general) such ann-extension is aJ -torsorE over Hn equipped with
“compatible partial composition laws”. Giving ann-extension of(H, . . . ,H) by J is equivalent
to giving, for eachS-schemeU → S and U -valued point(a1, . . . , an) of Hn over S, a J -
torsor E(a1,...,an) over U with additional structure: These torsors should come together
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isomorphisms (i = 1, . . . , n)

ci
a1,...,ai;a′

i
,...,an

:E(a1,...,ai,...,an) ·E(a1,...,a′
i
,...,an)

∼−→E(a1,...,ai+a′
i
,...,an)(4.2)

which satisfy commutativity and associativity conditions. In addition, we require the com
ibility between the isomorphisms for a pairi �= j described by the obvious generalization
[21, VII (2.1.1)]. Once again both the torsors and the isomorphisms should be functorial
S-schemeU .

There is an obvious notion of isomorphism betweenn-extensions ofH by J (it is given
by an isomorphism of the corresponding torsors that respects the composition laws (4.2
n-extensions ofH by J give the objects of a strictly commutative Picard categoryn-EXT(H,J)
with morphisms given by isomorphisms ofn-extensions and a natural product which correspo
to the product ofJ -torsors. These facts are explained in detail in [21, Exp. VII §1 and §2] w
n = 1,2. The same constructions apply to the general case (see loc. cit., Remark 3.6.7). W
denote byn-Ext1(H,J) the commutative group of isomorphism classes ofn-extensions ofH
by J and byn-Ext0(H,J) the commutative group of the endomorphisms of the identity ob

Note that sending the class of ann-extension to the class of the underlyingJ -torsor overHn

defines a group homomorphism

t :n-Ext1(H,J) →H1
(
Hn, J
)
.(4.3)

WhenJ = Gm, we can view this as a homomorphism

t :n-Ext1(H,Gm) → Pic
(
Hn
)
.(4.4)

4.c. Suppose thatE is ann-extension ofH by J . If σ ∈ Sn is a permutation, then we als
denote byσ :Hn →Hn the corresponding automorphism. We can see that the pull-backJ -torsor
σ∗E also supports a canonical structure of ann-extension ofH by J . Denote by∆n the diagona
homomorphismH → Hn.

We will say that then-extensionE of H by J is symmetricif it comes together with
isomorphisms ofn-extensions

Ψσ :σ∗E ∼−→E, for eachσ ∈ Sn,

which satisfy the following properties:
(i) ∆∗

nΨσ = iσ whereiσ :∆∗
nσ∗E ∼−→∆∗

nE is the natural isomorphism ofJ -torsors obtained
by σ ·∆n = ∆n.

(ii) For every pairσ, τ ∈ Sn, the following diagram is commutative

σ∗(τ∗E)
σ∗Ψτ

�

σ∗E

Ψσ

(τσ)∗E
Ψτσ

E

where the left vertical arrow is the natural isomorphism ofJ -torsors.
Notice that the trivialn-extension is naturally symmetric. Whenn = 1 every extension is

symmetric withΨid = id. By definition, an isomorphism between two symmetricn-extensions
(E,{Ψσ}) and (E′,{Ψ′

σ}) is an isomorphismf :E ∼−→ E′ of n-extensions such that for an
σ ∈ Sn, we havef ·Ψσ = Ψ′

σ · σ∗f .
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5. Differences and polynomial expansions

In this section we assume thatS = Spec(R) and H = GD
S , the Cartier dual of the finite

constantgroup scheme given by the Abelian groupG. The constructions which we will describ
below are certainly valid under less restrictive hypotheses. However, we are only going t
them under these assumptions and so we choose to explain them only in this case since
presentation simplifies considerably. We consider the “(n−1)th symmetric difference”Θn−1(L)
of the invertible sheaf with ann-cubic structure(L, ξ) on H . We first show thatΘn−1(L) is
naturally equipped with the structure of an(n − 1)-extension and then explain how we c
recover a power of(L, ξ) from such symmetric differences using a “polynomial expansion”.

5.a. Let n � 2. For1 � i � n− 1 consider the morphismsAi,Bi,Ci :Hn → Hn−1 given on
points by

Ai(h1, h2, . . . , hn) = (h1, . . . , ĥi, . . . , hn),

Bi(h1, h2, . . . , hn) = (h1, . . . , ĥi+1, . . . , hn),

Ci(h1, h2, . . . , hn) = (h1, . . . , hi + hi+1, . . . , hn),

where ĥj means “omithj ” and where in the last expressionhi + hi+1 is placed in theith
position. IfL is an invertible sheaf onH , we can see from the definitions that there is a canon
isomorphism

Θn(L) ∼−→ C∗
i Θn−1(L)⊗A∗

i Θn−1(L)−1 ⊗B∗
i Θn−1(L)−1.(5.1)

Let now(L, ξ) be an invertible sheaf with ann-cubic structure overH . We will show how we
can associate to the pair(L, ξ) an (n − 1)-extensionE(L, ξ) of H by Gm. The corresponding
Gm-torsor onHn−1 is given byΘn−1(L). For n = 3 a similar construction is described
[3, §2]; the general cases follow along the same lines. We sketch the argument belo
composing (5.1) withξ we obtain an isomorphism

ci :A∗
i Θn−1(L)⊗B∗

i Θn−1(L) ∼−→ C∗
i Θn−1(L)(5.2)

of invertible sheaves onHn. We can verify that these isomorphisms provide the pa
composition laws (4.2) of an(n−1)-extension: To check that theci are commutative, associativ
and compatible with each other we can reduce to the case thatR is local andL is the trivial
invertible sheaf onH (3.b(ii), (iii)). Then then-cubic structureξ on L is given by ann-cubic
elementc ∈R[Gn]∗ and, by the above, the “composition law”ci is given via multiplication by the
elementc. Hence, we are reduced to checking certain identities forc. These follow directly from
properties (c1) and (c2) of 3.b(ii). More specifically, the commutativity, respectively associa
property forci follows directly from property (c1), respectively (c2), forc. The compatibility
between the partial composition lawsci for various i also follows immediately from (c1
and (c2). As a result, the isomorphismsci, 1 � i � n − 1, provideΘn−1(L) with the structure
of an (n − 1)-extensionE(L, ξ). In fact, we can see that the construction(L, ξ) �→ E(L, ξ) is
functorial and gives an additive functor

n-CUB(H,Gm) → (n− 1)-EXT(H,Gm).

Actually, we can see that the(n − 1)-extensionE(L, ξ) is symmetric (in the sense of th
previous paragraph) with the symmetry isomorphismsΨσ given by the isomorphismsPσ of (3.2)
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CUBIC STRUCTURES AND IDEAL CLASS GROUPS 481

s of

atisfies
ay

)

).

n

(σ ∈ Sn−1). Indeed, it is easy to see that the isomorphismsPσ of Gm-torsors satisfy the
conditions (i) and (ii) of 4.c and it remains to show that they actually give (iso)morphism
(n − 1)-extensions. An argument as above now shows (by reducing to the caseR local andL
trivial) that this follows from the definitions and property (c1).

5.b. In this paragraph, we assume thatn � 3. Let L be an invertible sheaf overH equipped
with an isomorphism

ξ′ :OHn−1
∼−→ Θn−1(L).

For simplicity, we setA′ = A1, B′ = B1, C ′ = C1 for the morphismsHn → Hn−1 of 5.a. Recall
the canonical isomorphism (5.1)

Θn(L) ∼−→ C ′∗Θn−1(L)⊗A′∗Θn−1(L)−1 ⊗B′∗Θn−1(L)−1.

Define an isomorphism

ξ :OHn
∼−→ Θn(L)(5.3)

by composing the inverse of (5.1) with the trivialization of

C ′∗Θn−1(L)⊗A′∗Θn−1(L)−1 ⊗B′∗Θn−1(L)−1

induced byξ′ :OHn−1
∼−→ Θn−1(L).

LEMMA 5.1. – If (L, ξ′) is a line bundle with an(n− 1)-cubic structure onH , thenξ given
by (5.3) gives ann-cubic structure onL. In fact, the construction(L, ξ′) �→ (L, ξ) gives an
additive functor

(n− 1)-CUB(H,Gm)→ n-CUB(H,Gm).

Proof. –To show the first statement we have to show that the isomorphism (5.3) above s
the conditions (c0)–(c2) of Definition 3.1 for ann-cubic structure. For this purpose, we m
assume thatR is local and thatL is the trivial invertible sheaf onH (see 3.b(ii)). Then the(n−1)-
cubic structureξ′ is given by an(n− 1)-cubic elementc′ ∈ R[Gn−1]∗ = Γ(Hn−1,O∗

Hn−1) and
we can see thatξ is given byc ∈ R[Gn]∗ = Γ(Hn,O∗

Hn) which is defined by

c = C ′∗(c′)A′∗(c′)−1B′∗(c′)−1.(5.4)

In other words, we have

c(h1, h2, . . . , hn) = c′(h1 + h2, h3, . . . , hn)c′(h1, h3, . . . , hn)−1c′(h2, h3, . . . , hn)−1(5.5)

for all pointshi, 1 � i � n, of H . We now have to show that ifc′ satisfies (c0)–(c2) of 3.b(ii
with n replaced byn− 1, thenc satisfies (c0)–(c2) forn: It is clear thatc satisfies (c0) and thatc
is symmetric in the “variables”h1, h2 and inh3, . . . , hn separately. To show thatc satisfies (c1)
in general, it is enough to show that, in addition, we have

c(h1, h2, h3, . . . , hn) = c(h1, h3, h2, . . . , hn).(5.6)

To explain this we may assume thatn = 3 (the argument forn > 3 is essentially the same
By the cocycle condition (c2) forc′ we obtain: c′(h2 + h1, h3)c′(h1, h3)−1 = c′(h2, h1 +
h3)c′(h2, h1)−1. By multiplying both sides withc′(h2, h3)−1 and using the symmetry conditio
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for c′ we obtain (5.6) and this shows condition (c1) forc. The cocycle condition (c2) forc now
follows directly from (5.5). This proves the first statement of the Lemma. To show the se
statement we first observe that our construction is functorial. The rest follows from the defi
of the product of multiextensions.�

LEMMA 5.2. – Suppose that(L, ξ) is an invertible sheaf with ann-cubic structure overH
which is such that the corresponding(n − 1)-extensionE(L, ξ) of 5.a is trivial as a symmetric
multiextension. Then there is an(n − 1)-cubic structureξ′ on L which induces then-cubic
structureξ by the procedure of Lemma5.1. Conversely, if then-cubic structureξ is induced
from an(n − 1)-cubic structureξ′ by the procedure of Lemma5.1 thenE(L, ξ) is trivial as a
symmetric multiextension.

Proof. –(For n = 3 and generalH this is essentially [3, Proposition 2.11].) Suppose t
E(L, ξ) is trivial as a symmetric(n − 1)-extension. By definition, this means that there is
isomorphism

ξ′ :OHn−1
∼−→E(L, ξ) := Θn−1(L)

which is compatible with the partial composition laws (4.2) and the symmetry isomorphism

Pτ : τ∗Θn−1(L) ∼−→ Θn−1(L)

for all τ ∈ Sn−1. Recall that the composition laws onE(L, ξ) are given by (5.2). We can no
see that the isomorphismξ′ is compatible with the composition law fori = 1 if and only if
ξ :OHn

∼−→ Θn(L) is obtained from the isomorphismξ′ by the procedure described in t
beginning of 5.b. We just have to show that the isomorphismξ′ defines an(n−1)-cubic structure
For this purpose, we may assume thatR is local and thatL is the trivial invertible sheaf onH
(see 3.b(ii)). As in the proof of the previous lemma, we see that the isomorphismsξ, ξ′ are given
by elementsc ∈ R[Gn]∗, c′ ∈ R[Gn−1]∗ respectively which are related by (5.5). Sinceξ is an
n-cubic structure,c satisfies (c0)–(c2) of 3.b(ii). We would like to show thatc′ satisfies (c0)–(c2
with n replaced byn− 1. Property (c0) follows immediately from (5.5). Sinceξ′ is compatible
with the symmetry isomorphismsc′ satisfies (c1). It remains to show property (c2); the relev
equation can be written

c′(h1 + h2, h3, . . . , hn)c′(h2, h3, . . . , hn)−1(5.7)

= c′(h1, h2 + h3, . . . , hn)c′(h1, h2, . . . , hn)−1.

This now follows from Property (c1) forc and (5.5). We will leave the converse to the reader.�
Remark5.3. – Note that in the paragraph above we assumed thatn � 3. Suppose now tha

n = 2. Then we haveΘn−1(L) = Θ1(L) = L⊗0∗L−1. Hence, ifE(L, ξ) is a trivial 1-extension
and0∗L a trivial invertibleOH -sheaf thenL is also a trivial invertibleOH -sheaf.

5.c. Let n � 1. Suppose that(L, ξ) is an invertible sheaf with an(n + 1)-cubic structure
over H . If ∆n :H → Hn is the diagonal morphism, then we can consider the invertible s
δ(L, ξ) := ∆∗

nΘn(L) = ∆∗
nE(L, ξ) onH and set

L� :=L⊗n! ⊗ δ(L, ξ)−1.(5.8)

PROPOSITION 5.4. – Suppose thatn � 2. Then the invertible sheafL� defined above i
equipped with a canonicaln-cubic structureξ�.
4e SÉRIE– TOME 38 – 2005 –N◦ 3



CUBIC STRUCTURES AND IDEAL CLASS GROUPS 483

, gives

s

f

l

e

et is
Remark5.5. – Notice that the invertible sheafδ(L, ξ) is always “rigid”, i.e., equipped with
an isomorphism0∗δ(L, ξ) �OH . Hence, there is an isomorphism

0∗L� � 0∗L⊗n!.

Also notice that whenn = 1, we haveL� = L⊗ δ(L, ξ)−1 = L⊗Θ1(L)−1 = 0∗L.

Notice that successive application of Proposition 5.4, combined with the above remark
the following.

COROLLARY 5.6 (Polynomial expansion). –There is an isomorphism of invertible sheave

L⊗n!! �
n−1⊗
i=0

δ
(
L(i), ξ(i)

)⊗(n−i−1)!! ⊗ (0∗L)⊗n!!(5.9)

where(L(0), ξ(0)) := (L, ξ), (L(i), ξ(i)) := ((L(i−1))�, (ξ(i−1))�) and m!! = m!(m − 1)! · · ·2!,
1!! = 0!! = 1. In this tensor product, the sheafδ(L(i), ξ(i)), 0 � i � n − 1, is a pull-back
∆∗

n−i(E
(n−i)) where ∆n−i :H → Hn−i is the diagonal andE(n−i) on Hn−i supports a

(symmetric) (n− i)-extension structure. In particular, for anym ∈Z we have

m∗(δ(L(i), ξ(i)
))

� δ
(
L(i), ξ(i)

)⊗mn−i

,(5.10)

wherem∗ denotes the pull-back via multiplication bym :H → H .

Remark5.7. – Supposen = 2 and setLrig = L ⊗ 0∗L−1. Let us consider the pull-back o
ξ :OH3

∼−→ Θ3(L) alongH →H3; x �→ (x,−x,x). This gives an isomorphism

δ(L, ξ) �Lrig ⊗ (−1)∗Lrig.(5.11)

This in turn induces an isomorphism

L� �
[
L⊗ (−1)∗L−1

]
⊗ 0∗L⊗2.(5.12)

The statement of Proposition 5.4 then amounts to the fact thatL ⊗ (−1)∗L−1 has a canonica
2-cubic (“square”) structure. This is classical for line bundles on Abelian varieties. Forn = 2,
the expansion of Corollary 5.6 is

L⊗2 �
[
Lrig ⊗ (−1)∗Lrig

]
⊗
[
L⊗ (−1)∗L−1

]
⊗ (0∗L)⊗2.

Notice that the identity (5.10) can be interpreted as saying that the termδ(L(i), ξ(i)) in the
expansion of Corollary 5.6 is of “degreen − i”. This somewhat justifies our use of th
terminology “Polynomial expansion”.

Proof of Proposition 5.4. –For simplicity, we setE = E(L, ξ), δ = δ(L, ξ). If R′ is an
R-algebra we considerH(R′) = H(Spec(R′)); this is the group of characters ofG with values
in R′. Let χ0, χ1, . . . , χn be R′-valued characters ofG. If S is a subset of{0, . . . , n}, we set
χS =
∏

i∈S χi (here and below a product, respectively a tensor product, over the empty s1,
respectively the trivial invertible sheaf). By the definition, we have

Θn(δ)(χ1,...,χn) =
⊗

S⊂{1,...,n}
E(χS ,...,χS)

(−1)n−#S

.(5.13)
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Repeated application of the composition laws (4.2) now provides functorial isomorphisms⊗
p : {1,...,n}→S

E(χp(1),...,χp(n))
∼−→E(χS ,...,χS)(5.14)

(the tensor product runs over all mapsp :{1, . . . , n} → S). Observe that ifS �= {1, . . . , n} we
have ∑

S′;S⊂S′⊂{1,...,n}
(−1)n−#S′

= 0.(5.15)

This shows that in the tensor product⊗
S⊂{1,...,n}

⊗
p : {1,...,n}→S

E(χp(1),...,χp(n))
(−1)n−#S

(5.16)

the terms for which eitherS �= {1, . . . , n} or S = {1, . . . , n} and p is not surjective contrac
(canonically). Therefore, we are left with⊗

p : {1,...,n} ∼−→{1,...,n}

E(χp(1),...,χp(n)).(5.17)

Hence, using the symmetry isomorphisms and (5.13) we can see that there is a ca
isomorphism

(E(χ1,...,χn))⊗n! ∼−→ Θn(δ)(χ1,...,χn).(5.18)

Since by definitionE = Θn(L) we obtain from (5.18) a canonical isomorphism

ξ� :OHn
∼−→Θn

(
L�
)

= Θn

(
δ−1 ⊗L⊗n!

)
� Θn(δ)−1 ⊗Θn(L)⊗n!.(5.19)

We will now show that the isomorphism (5.19) above satisfies the conditions (c0)–(c2)
n-cubic structure. For this purpose, we may assume thatR is local and thatL is the trivial
invertible sheaf onH (see 3.b(ii), (iii)). Then all the invertible sheaves in the construction ab
are also trivial and the hypercubic structureξ is given by an(n+1)-cubic elementc ∈R[Gn+1]∗.
By unraveling the definition above we can now see that the isomorphism (5.19) is giv
multiplication by ∏

S⊂{1,...,n}
(χ1 ⊗ · · · ⊗ χn)

(
d−1

S

)(−1)n−#S

(5.20)

wheredS ∈ R[Gn]∗ and the term(χ1 ⊗ · · · ⊗ χn)(dS) gives the isomorphism (5.14). (Th
elementdS gives the isomorphism (5.14) forχi, i = 1, . . . , n, the “universal”R[Gn]-valued
charactersG → Gn ⊂ R[Gn], given byχi(g) = (gj)j , with gj = g if j = i, gj = 1 if j �= i.
Notice that if #S � 1, then dS = 1.) In fact, it is more convenient to consider the inve
of (5.14) and view that as the composition of several isomorphisms in which the argumeχS

are unraveled one by one. Suppose thatS = {i1 < i2 < · · · < im} �= ∅. Then the first of thes
isomorphisms is

E(χS ,...,χS)
∼−→

m⊗
E(χik

,χS ,...,χS).(5.21)

k=1
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By the definition of the composition law of then-extensionE = E(L, ξ) (see 5.a), this is
described by the inverse of the element:(

χi1 ⊗
∏
k>1

χik
⊗ χS ⊗ · · · ⊗χS

)
(c)

·
(

χi2 ⊗
∏
k>2

χik
⊗ χS ⊗ · · · ⊗χS

)
(c)

...

· (χim−1 ⊗ χim ⊗ χS ⊗ · · · ⊗χS)(c).

Using 3.c we see that we can write this as the value of the element(
m−1∑
p=1

{(
[χip ]− [1]

)
⊗
([∏

k>p

χik

]
− [1]
)})

⊗
(
[χS ]− [1]

)
⊗ · · · ⊗

(
[χS ]− [1]

)
of Cn+1(H(R′)) at c−1. For simplicity, we set

AS =
m∑

k=1

(
[χik

]− [1]
)
, BS =

m−1∑
p=1

{(
[χip ]− [1]

)
⊗
([∏

k>p

χik

]
− [1]
)}

.(5.22)

Similarly, we can now see that the isomorphisms

E(χik
,χS ,...,χS)

∼−→
m⊗

p=1

E(χik
,χip ,χS ,...,χS)(5.23)

which give the next step in unraveling the inverse of (5.14) are described by evaluatingc−1

the element (
[χik

]− [1]
)
⊗BS ⊗

(
[χS ]− [1]

)
⊗ · · · ⊗

(
[χS ]− [1]

)
.(5.24)

The combined effect (fork = 1, . . . ,m) of all of these on the tensor product of (5.21) is given
evaluating atc−1 the element

AS ⊗BS ⊗
((

[χS ]− [1]
))⊗(n−2)

.(5.25)

The next step is unraveling the first remainingχS in E(χik
,χip ,χS ,...,χS). As above, we can se

that this is given by the elements(
[χik

]− [1]
)
⊗
(
[χip ]− [1]

)
⊗BS ⊗

(
[χS ]− [1]

)⊗(n−3)
(5.26)

with combined effect

A⊗2
S ⊗BS ⊗

(
[χS ]− [1]

)⊗(n−3)
(5.27)

and so on. Putting everything together we see that(χ1 ⊗ · · · ⊗ χn)(dS) is given by evaluating
the element

ΨS(χ1, . . . , χn) =
n−1∑
j=0

A⊗j
S ⊗BS ⊗

(
[χS ]− [1]

)⊗(n−j−1)
(5.28)
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of Cn+1(H(R′)) at c. Hence, the isomorphism (5.19) is given by an elementd ∈ R[Gn]∗ which
is such that

(χ1 ⊗ · · · ⊗ χn)(d) =
( ∑

S⊂{1,...,n}
S 
=∅

(−1)n−#SΨS(χ1, . . . , χn)
)(

c−1
)
.(5.29)

For simplicity, set

Φ(χ1, . . . , χn) =
∑

S⊂{1,...,n}
(−1)n−#SΨS(χ1, . . . , χn)(5.30)

in Cn+1(H(R′)) (here by definitionΨ∅ = 0). The proof of the proposition will follow if we
show the following properties:

(f0) Φ(1, . . . ,1) = 0,
(f1) Φ(χσ(1), . . . , χσ(n)) = Φ(χ1, . . . , χn), for all σ ∈ Sn,
(f2) Φ(χ0χ1, χ2, . . . , χn) + Φ(χ0, χ1, χ3, . . . , χn) = Φ(χ0, χ1χ2, χ3, . . . , χn) + Φ(χ1, χ2,

. . . , χn).
Property (f0) is obvious and it is enough to concentrate on (f1) and (f2). LetF = {

∏n
i=0 xki

i |
ki ∈ Z} be the free Abelian group generated by the symbolsx0, x1, . . . , xn and let us conside
Ck(F ) := Symk

Z[F ]I[F ], for k � 1. Recall that we denote byI[F ]k the kth power of the
augmentation idealI[F ] of the group ringZ[F ].

LEMMA 5.8. – The multiplication morphisma1 ⊗ · · · ⊗ ak �→ a1 · · ·ak induces an isomor
phism

Ck(F ) = Symk
Z[F ]I[F ] ∼−→ I[F ]k ⊂Z[F ].

Proof. –In this case,Z[F ]�Z[u0, u
−1
0 , . . . , un, u−1

n ] (the ring of Laurent polynomials inn+1
indeterminants) withI[F ] corresponding to the ideal(u0 − 1, . . . , un − 1). Consider the idea
I = (v0, . . . , vn) in the polynomial ringZ[v] := Z[v0, . . . , vn]. Multiplication Symk

Z[v ]I → Ik

gives an isomorphism and the desired statement follows from this fact by settingvi = ui − 1 and
localizing. �

Suppose thatyi, 1 � i � n, are elements ofF . The identities (5.28), (5.30) withχi replaced by
yi can be used to define elementsΨS(y1, . . . , yn), Φ(y1, . . . , yn) ∈ Cn+1(F ). The group homo
morphismF → H(R′) given byxi �→ χi induces a homomorphismCn+1(F )→ Cn+1(H(R′))
which sends the elementsΦ(x1, . . . , xn), Φ(x0x1, . . . , xn), to Φ(χ1, . . . , χn), Φ(χ0χ1, . . . , χn)
etc. Hence, it is enough to show

(g1) Φ(xσ(1), . . . , xσ(n)) = Φ(x1, . . . , xn), for all σ ∈ Sn,
(g2) Φ(x0x1, x2, . . . , xn)+Φ(x0, x1, x3, . . . , xn) = Φ(x0, x1x2, x3, . . . , xn)+Φ(x1, x2, . . . ,

xn).
In what follows, we will identifyCk(F ) with I[F ]k using the multiplication morphism o

Lemma 5.8. Furthermore, we will eliminate the brackets from the notation of elements
group ringZ[F ].

As above, ifS = {i1 < · · ·< im} ⊂ {1, . . . , n}, we set

AS = AS(y1, . . . , yn) =
m∑

k=1

yik
−m,(5.31)

BS = BS(y1, . . . , yn) =
m−1∑
p=1

{
(yip − 1)

(∏
k>p

yik
− 1
)}

,
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and also

PS = PS(y1, . . . , yn) =
m∏

k=1

yik
− 1.(5.32)

LEMMA 5.9. – ΨS(y1, . . . , yn) = Pn
S −An

S .

Proof. –By the definition ofΨS(y1, . . . , yn) we have

ΨS(χ1, . . . , χn) =
n−1∑
j=0

Aj
SBSPn−j−1

S = BS ·
(

n−1∑
j=0

Aj
SPn−j−1

S

)
.(5.33)

However, observe that by telescoping we find

BS(y1, . . . , yn) =
m−1∑
p=1

{
(yip − 1)

(∏
k>p

yik
− 1
)}

(5.34)

=

(
m∏

k=1

yik
− 1

)
−
(

m∑
k=1

yik
−m

)
= PS −AS .

The result now follows from the standard identity.�
Lemma 5.9 and the definition ofΦ(y1, . . . , yn) (cf. (5.30)) now imply

Φ(y1, . . . , yn) =
∑

S⊂{1,...,n}
(−1)n−#S

((∏
i∈S

yi − 1
)n

−
(∑

i∈S

yi −#S

)n)
.(5.35)

Notice that (g1) now follows immediately. It remains to show (g2). To do that we will com
terms between the two sides of Eq. (g2). Let us consider the left-hand side of the eq
Using (5.35) above we can see that it is a sum:

Z + Y (x0x1, x2, . . . , xn) + Y (x0, x1, x3, . . . , xn),

where we set

Y (y1, . . . , yn) = −
∑

S⊂{1,...,n}
(−1)n−#S

(∑
i∈S

(yi − 1)
)n

,

and whereZ is a sum of terms which are either of the form(−1)n−(#T−1)(
∏

i∈T xi − 1)n or
of the form(−1)n−#T (

∏
i∈T xi − 1)n, for certainT ⊂ {0,1, . . . , n}. More specifically, we can

write

Z = 2Σ1 + Σ2 + Σ3,

where

Σ1 =
∑

{0,1,2}∩T=∅
(−1)n−#T

(∏
i∈T

xi − 1
)n

,

Σ2 =
∑

{0,1,2}⊂T

(−1)n−(#T−1)

(∏
i∈T

xi − 1
)n

,

Σ3 =
∑

#(T∩{0,1,2})=1

(−1)n−#T

(∏
i∈T

xi − 1
)n

.
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(In these sums,T ranges over subsets of{0,1, . . . , n}.) The rest of the terms cancel out sin
they appear twice but with different signs inΦ(x0x1, x2, . . . , xn) andΦ(x0, x1, . . . , xn).

Similarly, a careful look at the right-hand side of (g2) reveals that it is equal to the sum

Z + Y (x0, x1x2, x3, . . . , xn) + Y (x1, x2, . . . , xn).

Now observe that the identity

∑
S⊂{1,...,n}

(−1)n−#S

(∑
i∈S

zi

)n

= n!z1z2 · · ·zn

gives

Y (y1, . . . , yn) = −n!
n∏

k=1

(yi − 1).

Hence, by the above, we can now conclude that (g2) is equivalent to the identity

(x0x1 − 1)(x2 − 1) · · · (xn − 1) + (x0 − 1)(x1 − 1) · · · (xn − 1)(5.36)

= (x0 − 1)(x1x2 − 1) · · · (xn − 1) + (x1 − 1)(x2 − 1) · · · (xn − 1),

which is easily seen to be true. This concludes the proof of the identity (g2) an
Proposition 5.4. �

6. Multiextensions and Abelian sheaves

In the next few paragraphs, we will not distinguish in our notation between a commu
group schemeA over a schemeT and the sheaf of Abelian groups on the siteTfppf which is given
by the sections ofA. We will use the derived category of the homotopy category of complex
sheaves of Abelian groups onTfppf (recall thatTfppf is the site ofT -schemes which are local
of finite presentation with the fppf topology). Otherwise, we continue with the notations
general set-up of Section 4. IfY → S is an object ofSfppf , we will denote byZ[Y ] the Abelian
sheaf on the fppf site ofS which is freely generated by the points ofY (see [20, IV 11]). IfY
andY ′ are two objects ofSfppf then there is a canonical isomorphism:

Z[Y ]
L
⊗Z[Y ′] = Z[Y ]⊗Z[Y ′]�Z[Y ×S Y ′].(6.1)

The natural morphism of sheavesY →Z[Y ] induces a canonical isomorphism [21, VII 1.4]:

Ext1
(
Z[Y ], J

) ∼−→ H1(Y,JY ).(6.2)

Now suppose thatH → S is a commutative group scheme which is finite locally free oveS.
We will denote byεH :Z[H] → H the augmentation homomorphism. Then, under (6.2),
homomorphismExt1(εH , J) is identified with the natural homomorphism

Ext1(H,J) → H1(H,J).(6.3)

SupposeF , F ′ are Abelian sheaves (onSfppf ) andE a complex of Abelian sheaves which
bounded above. Then there is a canonical spectral sequence

Extp
(
E,Extq(F,F ′)

)
=⇒ Extp+q

(
E,RHom(F,F ′)

)
(6.4)
4e SÉRIE– TOME 38 – 2005 –N◦ 3



CUBIC STRUCTURES AND IDEAL CLASS GROUPS 489

VIII

plying

by
.
an
which induces an exact sequence:

0 → Ext1
(
E,Hom(F,F ′)

)
→ Ext1

(
E,RHom(F,F ′)

)
→ Ext1

(
E,Ext1(F,F ′)

)
.(6.5)

There is also a canonical isomorphism:

Extp
(
E,RHom(F,F ′)

) ∼−→ Extp
(
E

L
⊗ F,F ′).(6.6)

6.a. By [21, VII (2.5.4.1) and 3.6.7] (see also loc. cit. 3.6.4, 3.6.5 and the remarks in
§0.2) there are canonical isomorphisms

n-Ext0(H,J) ∼−→Hom(H ⊗ · · · ⊗H︸ ︷︷ ︸
n

, J),(6.7)

n-Ext1(H,J) ∼−→Ext1
(
H

L
⊗ · · ·

L
⊗ H︸ ︷︷ ︸

n

, J
)
.(6.8)

In the source of the second morphismH
L
⊗ · · ·

L
⊗ H = ((H

L
⊗ · · ·

L
⊗ H)

L
⊗ H)

L
⊗ H is the

complex, well-defined up to canonical isomorphism in the derived category, obtained by ap
successively the derived tensor product functor.

WhenJ = Gm, the discussion in loc. cit. shows that the diagram

n-Ext1(H,Gm)
∼

t

Ext1(H
L
⊗ · · ·

L
⊗ H,Gm)

Pic(H ×S · · · ×S H) ∼
Ext1(Z[H]⊗ · · · ⊗Z[H],Gm)

(6.9)

commutes. Here the second vertical isomorphism isExt1(εH

L
⊗ · · ·

L
⊗ εH ,Gm), and the lower

horizontal isomorphism is given by (6.2) and (6.1).

6.b. We continue to assume thatH → S is finite locally free. Once again, we denote
HD = Hom(H,Gm) the Cartier dual ofH ; let { , } :HD × H → Gm be the natural pairing
By [21, VIII Proposition 3.3.1],Ext1(HD,Gm) = (0). Then, the exact sequence (6.5) gives
isomorphism

Ext1
(
E,HD
) ∼−→ Ext1

(
E,RHom(H,Gm)

)
.(6.10)

By composing (6.8) with (6.10) and (6.6) we obtain a canonical isomorphism

Ext1
(
H ⊗L · · · ⊗L H︸ ︷︷ ︸

n−1

,HD
) ∼−→ n-Ext1(H,Gm),(6.11)

hence also

(n− 1)-Ext1
(
H,HD

) ∼−→ n-Ext1(H,Gm).(6.12)

Forn = 1, (6.11) amounts to an isomorphism

H1
(
S,HD
)
� Ext1

(
Z,HD
) ∼−→ Ext1(H,Gm).(6.13)
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To describe the isomorphism (6.13), suppose we start with anHD-torsor Q → S which,
under (6.2), corresponds to the extension

0 →HD → Q′ →Z→ 0.

Tensoring withH gives an extension

0 →HD ⊗H → Q′ ⊗H →H → 0

which we can push out byHD ⊗H →Gm;a⊗h �→ {a,h} to obtain an extension ofH by Gm.
We can see that this push-out extension is isomorphic to

1 →Gm → (Q×S H ×S Gm)/HD → H → 0.(6.14)

Here the (representable) fppf sheaf in the middle is the quotient sheaf for the action oHD

on Q ×S H ×S Gm given by(q,h,u) · a = (q · a,h,{a,h}−1u) and has group structure give
via descent by(q,h,u) · (q′, h′, u′) = (q,hh′,{q−1q′, h′}uu′). The isomorphism (6.13) and th
explicit extension (6.14) are discussed in detail in [23]; see Theorems 2 and 3.

(Notice that the fact thatH1(S,HD) is isomorphic toExt1(H,Gm) can also be obtaine
directly from the local-global spectral sequenceHp(S,Extq(H,Gm)) =⇒ Extp+q(H,Gm) by
usingExt1(H,Gm) = (0).)

In fact, we can obtain a similar description for the map (6.12) (cf. [21, VIII (1.1.6)] wh
the details of this construction forn = 2 are left to the reader): Suppose thatQ → Hn−1

is the HD
Hn−1 -torsor supporting the structure of an(n − 1)-extension ofH by HD. The

construction (6.14) applied toS = Hn−1 provides us with an extension ofHHn−1 by GmHn−1 .
The underlyingGmHn -torsor over HHn−1 = Hn then supports a canonical structure
n-extension whose isomorphism class is the image of the class ofQ under the map (6.12).

6.c. We continue to assume thatH → S is finite locally free. For future use we observe th
the following diagram is commutative:

n-Ext1(H,Gm)
t Pic(Hn)

∆∗
n Pic(H)

(n− 1)-Ext1(H,HD)

(6.12) �

t(4.3)

Pic(H ×H)

∆∗
2

H1(Hn−1,HD)
∆∗

n−1
H1(H,HD)

(6.13)
∼

Ext1(HH ,GmH)

t

(6.15)

This follows from the description of the maps (6.12), (6.13) in the previous paragraph.

6.d. Suppose now thatS = Spec(R) andH = GD
S = Spec(R[G]) is the Cartier dual of the

finite constant Abelian group schemeGS . Let T → S be anS-scheme; Supposeq :Q → T is a
G-torsor; the construction (6.14) gives a corresponding extension ofGD

T by GmT . Suppose tha
S′ = Spec(R′)→ S is anotherS-scheme and consider a characterχ :G→ R′∗; this correspond
to a pointS′ → GD

S which we will still denote byχ. Now suppose thatT ′ is an (S′ ×S T )-
scheme and consider the morphismf :T ′ → S′ ×S T

(χ,id)−−−−→ GD
T = GD

S ×S T . By pulling back
the GmT -torsor underlying the extension (6.14) alongf :T ′ → GD

T we obtain aGmT ′ -torsor
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(i.e., an invertible sheaf)LQ
f overT ′. By definition, the class ofLQ

f is the image of the class ofQ
under the composition

H1(T,G) (6.13)−−−−→ Ext1
(
GD

T ,GmT

)
→ Pic
(
GD

T

) f∗
−−→ Pic(T ′).(6.16)

Now notice thatq∗(OQ) is actually a coherent sheaf ofOT [G] = OT ⊗R R[G]-modules; we
may think of it as a coherentOGD

T
-module which, as we can see using descent, is invertible

LEMMA 6.1. – Let G act onq∗(OQ)⊗OT
OT ′ via g · (b ⊗ t′) = g · b⊗ χ(g)t′. The sheaf o

invariants(q∗(OQ)⊗OT
OT ′)G is an invertible sheaf ofOT ′ -modules and we have

LQ
f �
(
q∗(OQ)⊗OT

OT ′
)G

.

Proof. –This is a special case of [23, Theorem 3]. It also follows directly from the exp
description of the middle sheaf in the extension (6.14) as a quotient and the fact that in th
of freeG-action taking quotient commutes with base change (see (2.1)).�

Remark6.2. – Suppose that we takeT ′ = S′ ×S T andf = (χ, id). For simplicity, we se
LQ

χ :=LQ
(χ,id). Then the fact thatLQ

(χ,id) is obtained from an extension (see (4.1)) implies tha

LQ
χa �
(
LQ

χ

)⊗a
(6.17)

for anya ∈Z.

7. Multiextensions of finite multiplicative group schemes

Suppose thatS = Spec(Z) andH = GD, the Cartier dual of a finite Abelianconstantgroup
schemeG. If G �Z/n1Z× · · · ×Z/nrZ, then

H � µn1 × · · · × µnr(7.1)

whereµk = Spec(Z[x]/(xk − 1)) denotes the group scheme ofkth roots of unity overZ. Our
goal in this section is to understand the category ofn-extensions ofH by Gm. The main resul
is Theorem 7.7.

7.a. Let us suppose thatn � 2.

LEMMA 7.1. – With the above notations and assumptions

n-Ext0(H,Gm) = (id).

Proof. –We have (n � 2)

Hom(H ⊗ · · · ⊗H︸ ︷︷ ︸
n

,Gm) � Hom
(
H ⊗ · · · ⊗H︸ ︷︷ ︸

n−1

,HD
)
.

Each element of this last group is given by a morphismHn−1 = H ×S · · · ×S H → HD. Since
Hn−1 is connected andHD � G is constant any such morphism factors through the ide
section; hence this group is trivial. The result now follows from (6.7).�

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



492 G. PAPPAS

if
ric

cter

-

Remark7.2. – (a) Lemma 7.1 shows that forn � 2 the Picard category ofn-extensions ofH
by Gm is “discrete”, i.e., there is at most one isomorphism between any two objects.

(b) As a consequence of (a), any two symmetricn-extensions ofH by Gm which are
isomorphic asn-extensions are also isomorphic assymmetricn-extensions. In particular,
an n-extension ofH by Gm is trivial as ann-extension then it is also trivial as a symmet
n-extension.

7.b. In what follows we will study the groupn-Ext1(H,Gm) of isomorphism classes ofn-
extensions ofH = GD by Gm. We begin by introducing some notations.

If C is an Abelian group andm � 1 an integer, we will denote byC/m, respectivelymC, the
cokernel, respectively kernel, of the mapC → C given by multiplication bym. Setζr = e2πi/r

and for simplicity denote byC(r) the ideal class groupCl(Q(ζr)) of the cyclotomic fieldQ(ζr).
We will identify (Z/rZ)∗ with the Galois groupGal(Q(ζr)/Q) by sendinga ∈ (Z/rZ)∗ to σa

defined byσa(ζr) = ζa
r . Now let p be a prime number; we will denote byvp, respectively| |p

the usualp-adic valuation, respectivelyp-adic absolute value. Consider the Teichmüller chara
ω : (Z/pZ)∗ →Z∗

p characterized bya = ω(a) mod pZp. For simplicity, set∆ = Gal(Q(ζp)/Q).
We will view ∆ as a direct factor ofGal(Q(ζpk)/Q) for anyk � 1. SupposeD is aZ[∆]-module
which is annihilated by a power ofp. For i ∈Z we set

D(i) =
{
d ∈ D | σa(d) = ωi(a)d, for all a ∈ (Z/pZ)∗

}
.

We have

D =
⊕

0�i�p−2

D(i).

We will consider the groupsHom(C(pk), p−kZ/Z), k � 1; these are naturallyGal(Q(ζpk)/Q)-
modules via (

σa(φ)
)
(c) = φ

(
σ−1

a (c)
)

for φ :C
(
pk
)
→ p−kZ/Z.(7.2)

Note that the normC(pk) → C(pk−1) for the extensionQ(ζpk)/Q(ζpk−1) induces a homomor
phism

Nk−1 :Hom
(
C
(
pk−1
)
, p−(k−1)Z/Z

)
→ Hom

(
C
(
pk
)
, p−kZ/Z

)
.

DEFINITION 7.3. – Forn � 1, m � 1, let C(n;pm) be the group ofm-tuples

(fk)1�k�m; fk ∈ Hom
(
C
(
pk
)
, p−kZ/Z

)
which satisfy

(i) σa(fk) = an−1fk, for all a ∈ (Z/pk)∗,
(ii) Nk−1(fk−1) = pn−1fk.

Remark7.4. – Property (i) implies that

C
(
n;pm
)
⊂
⊕

1�k�m

Hom
(
C
(
pk
)
, p−kZ/Z

)(n−1)

=
⊕

1�k�m

Hom
((

C
(
pk
)
/pk
)(1−n)

, p−kZ/Z
)
.

In particular, since(C(pk)/pk)(0) = (0) we obtainC(1;pm) = (0).

One of the main results in this section is:
4e SÉRIE– TOME 38 – 2005 –N◦ 3



CUBIC STRUCTURES AND IDEAL CLASS GROUPS 493

rve that

e,

of

ng

ss
ume that
22,
e case
PROPOSITION 7.5. – There is a natural injective homomorphism

ψn :n-Ext1(µpm ,Gm)→
⊕

1�k�m

Hom
((

C
(
pk
)
/pk
)(1−n)

, p−kZ/Z
)

with image the subgroupC(n;pm).

Before we consider the proof we will discuss some consequences of this result. Obse
C(n;p) � Hom(C(p),Z/p)(n−1). Hence, form = 1 the result amounts to:

COROLLARY 7.6. – There are natural isomorphisms

n-Ext1(µp,Gm) ∼−→Hom
(
C(p),Z/p

)(n−1) � Hom
((

C(p)/p
)(1−n)

,Z/p
)
.

Recall the definition of the integere(n) from the Introduction. As we shall now se
Corollary 7.6 can now be used to obtain:

THEOREM 7.7. – For every finite Abelian groupG, the group of isomorphism classes
n-extensionsn-Ext1(GD,Gm) is annihilated by∏

p|e(n)

ordp(#G).

In particular, if (#G,e(n)) = 1, thenn-Ext1(GD,Gm) = (0).

Proof. –Using (6.8) we can see that the groupn-Ext1(GD,Gm) is annihilated by the
order#G and that it can be written as direct sum⊕

p|#G

n-Ext1
(
GD

p ,Gm

)
where Gp is the p-Sylow subgroup ofG. The desired result will now follow if we show
that p � e(n) implies n-Ext1(GD

p ,Gm) = (0). Using (6.8) again and employing the lo
exact cohomology sequence which is obtained by unravelingGD

p into its “simple pieces”
(each isomorphic toµp) we see that it is enough to show thatp � e(n) implies that
n-Ext1(µp,Gm) = (0). Corollary 7.6 then implies that it suffices to show that whenp � e(n), we
have(C(p)/p)(1−n) = (0). This now follows from well-known results on cyclotomic ideal cla
groups [22,10,19]. For the convenience of the reader we sketch the argument (we can ass
p is odd). First of all, whenn � 2 is even the result follows directly from Herbrand’s theorem [
Theorem 6.17] and Kummer’s congruences [22, Corollaries 5.14 and 5.15]. To deal with th
thatn is odd, we will use the cohomology groupsHi(Z[1/p],Zp(n)) := lim←−m

H2
et(Z[1/p], µ⊗n

pm ).

By [10, Lemma 1.2] we have

H2
(
Z[1/p], µ⊗n

p

)
�
(
C(p)/p

)(1−n)
,

while sinceH3(Z[1/p],Zp(n)) = (0) we can see that

H2
(
Z[1/p],Zp(n)

)
⊗Zp Z/p� H2

(
Z[1/p], µ⊗n

p

)
.

(See [19,10] for more details.) Forn � 2, there is a surjective Chern character ([8]; see [19])

ch :K2n−2(Z) → H2
(
Z[1/p],Zp(n)

)
.
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Since(C(p)/p)(0) = (0) andp � h+
p implies that(C(p)/p)(1−n) = (0) for n > 1 odd, these fact

imply the result. �
Remark7.8. – (a) We haveB2 = 1/6, B4 = −1/30 andK4(Z) is trivial (see [18]; in fact,

for our purposes it suffices to know thatK4(Z) has at most6-power torsion. This is somewh
simpler and is shown in Soulé’s addendum to [12]). Hence, we see that Theorem 7.7 impl
for all finite Abelian groupsG

n-Ext1
(
GD,Gm

)
= (0), for n = 1,2,3,4.

(b) Note that [19] gives a doubly exponential bound on the order ofK2n−2(Z) for n > 1 odd.
However, according to the Kummer–Vandiver conjecture,p � h+

p . Assuming this we could replac
in the statement of Theorem 7.7e(n) by e′(n) given bye′(n) = e(n) if n is even,e′(n) = 1 if n
is odd. Actually when the prime divisors of#G satisfy the Kummer–Vandiver conjecture (whi
is true for all primes< 12× 106 by the computations of [4]) we have

n-Ext1
(
GD,Gm

)
= (0), for 1 � n � 11.

Indeed, the firste′(n) which is not equal to1 is e′(12) = 691.
(c) Note that the Quillen–Lichtenbaum conjecture, coupled with the argument in the pr

Theorem 7.7 above, implies that forn > 1 odd we havee(n) = 2a ·#K2n−2(Z) (a ∈Z).

Before we continue, we observe that Theorem 7.7 together with the results of the pr
section imply Theorem 1.1 of the Introduction:

Proof of Theorem 1.1. –It follows by successive applications of Theorem 7.7, Lemmas
5.2 and Remark 5.3 (in view of Remark 7.2(b) and the fact thatPic(Z) = (0)). �

This combined with Remark 7.8(a) gives

COROLLARY 7.9. – LetG be a finite Abelian group and1 � n � 4. If L is an invertible shea
onH = GD

Spec(Z) = Spec(Z[G]) which supports an(n + 1)-cubic structure thenL�OH .

Proof of Proposition 7.5. –Recall that we setS = Spec(Z). When n = 1 the Proposition
follows from (6.13), Remark 7.4 and the fact thatH1(S,Z/pm) = (0). Now assume thatn � 2
and letr � 1. Consider the homomorphisms

δi :H1
(
µn−1

r ,Z/r
)
→ H1
(
µn

r ,Z/r
)
, 1 � i � n− 1,

obtained asm∗
i − p∗i − q∗i where

mi :µn
r → µn−1

r ; (x1, . . . , xn) �→ (x1, . . . , xixi+1, . . . , xn),

pi :µn
r → µn−1

r ; (x1, . . . , xn) �→ (x1, . . . , xi, xi+2, . . . , xn),

qi :µn
r → µn−1

r ; (x1, . . . , xn) �→ (x1, . . . , xi−1, xi+1, . . . , xn).

LEMMA 7.10. – There is an exact sequence

0 → (n− 1)-Ext1(µr,Z/r) t−→ H1(µn−1
r ,Z/r)

⊕
i
δi−−−−→
⊕

1�i�n−1

H1
(
µn

r ,Z/r
)
,

wheret is the forgetful map.
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Proof. –(Following a suggestion by the referee.) LetL• := L•(µr) be the canonical truncate
flat resolution of the Abelian sheafµr described in [21, VII (3.5.1)]:

L2 := Z
[
µ2

r

]
⊕Z
[
µ3

r

] d1−−→ L1 := Z
[
µ2

r

] d0−−→ L0 := Z[µr].

The augmentationε : L0 = Z[µr] → µr is given byε(
∑

i ni[ai]) = ani
i . We can also replaceL•

by a “normalized” truncated flat resolution̄L• in which each summandZ[µk
r ] = (Z[µr])⊗k

in eachLi is replaced by its direct summand(Z[µr]/Z[1])⊗k (here1 is the identity section
and Z[µr]/Z[1] � Z[µr − 1]); in particular L̄0 = Z[µr]/Z[1]. By (6.8) we can now use th
total (n − 1)-fold tensor productsT• := L• ⊗ · · · ⊗ L• andT • := L̄• ⊗ · · · ⊗ L̄• to compute
(n− 1)-Ext1(µr,Z/r). Since the schemeµk

r is connected, we haveHom(T i,Z/r) = (0)
for all i. By using Hom(T 2,Z/r) = (0) in particular, we obtain(n− 1)-Ext1(µr,Z/r) �
Ext1([T 1 → T 0],Z/r). Using this, together withHom(T 1,Z/r) = (0), we obtain a short exac
sequence:

0 → (n− 1)-Ext1(µr,Z/r)→ Ext1(T 0,Z/r) δ−→ Ext1(T 1,Z/r).(7.3)

Recall that by (6.2)H1(µn−1
r ,Z/r) = Ext1(T0,Z/r) and

⊕n−1
i=1 H1(µn

r ,Z/r) = Ext1(T1,Z/r).
Now observe that the groupsExt1(T 0,Z/r) and Ext1(T 1,Z/r) are direct summands o
H1(µn−1

r ,Z/r) and
⊕n−1

i=1 H1(µn
r ,Z/r) respectively; the complements are generated by

classes ofZ/rZ-torsors which are obtained by pull-back from projectionsp′i :µk
r → µk−1

r ,
1 � i � k. It follows from the definition thatδ is a direct summand of the homomorphism

⊕
i δi

in the statement of the Lemma. It is not hard to see thatker(δ) = ker(
⊕

i δi) and the result now
follows. �

We now continue with the proof of Proposition 7.5. Lemma 7.10 applied tor = pm and (6.12)
implies that, forn � 2, it is enough to show there is a natural isomorphism

C
(
n;pm
) ∼−→ ker

(
H1
(
µn−1

pm ,Z/pm
) ⊕

i
δi−−−−→
⊕

1�i�n−1

H1
(
µn

pm ,Z/pm
))

.

To identify the kernel above, we will follow a technique used by Mazur in [13, §2]. For
convenience of the reader we repeat some of Mazur’s arguments. Suppose thatX andY are any
two schemes equipped withFp-valued points

X ← Spec(Fp)→ Y.(7.4)

We will use the symbolX ∨ Y to refer to any scheme theoretic union ofX and Y along a
subscheme which is a nilpotent extension ofSpec(Fp). ForY = S = Spec(Z) we set

H̃1
(
X,Z/pm

)
= H1
(
X ∨ S,Z/pm

)
(fppf or étale cohomology). There is an exact sequence

0 → H̃1
(
X,Z/pm

)
→ H1
(
X,Z/pm

)
→H1
(
Spec(Fp),Z/pm

)
(7.5)

obtained using the Mayer–Vietoris exact sequence for étale cohomology, the fact thatSpec(Fp)
is connected and thatH1(S,Z/pm) = (0). Hence,H̃1(X,Z/pm) is independent of the exa
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scheme theoretic union ofX andS used in the definition. A similar calculation shows that
any diagram as in (7.4), we have

H̃1
(
X ∨ Y,Z/pm

)
= H̃1
(
X,Z/pm

)
⊕ H̃1
(
Y,Z/pm

)
.(7.6)

Now setTpk = Spec(Z[ζpk ]), 1 � k � m; this is a closed subscheme ofµpk . Class-field theory
gives a natural isomorphism

H1
(
Tpk ,Z/pm

) ∼−→ Hom
(
C
(
pk
)
,Z/pm
)
.

Since the unique prime ideal ofZ[ζpk ] that lies above(p) is principal, by the exact sequence (7
and the definition of the Artin map, we have

H̃1
(
Tpk ,Z/pm

)
= H1
(
Tpk ,Z/pm

) ∼−→ Hom
(
C
(
pk
)
,Z/pm
)
.(7.7)

Now observe that we have canonical identifications(
Z/pk
)∗ = Aut(µpk) = Aut(Tpk)

where a ∈ (Z/pk)∗ acts via the operation “raising to theath power” on µpk . The isomor-
phism (7.7) is compatible with the action of(Z/pk)∗ by functoriality of cohomology on th
one side and by (7.2) on the other. Ifπk :Tpk → Tpk−1 is the natural projection, there is a com
mutative diagram

H̃1(Tpk−1 ,Z/pm)

π∗
k

H1(Tpk−1 ,Z/pm) ∼

π∗
k

Hom(C(pk−1),Z/pm)

Nk−1

H̃1(Tpk ,Z/pm) H1(Tpk ,Z/pm) ∼ Hom(C(pk),Z/pm)

(7.8)

with Nk−1 induced by the norm. Now notice thatµs
pm for anys � 1, can be obtained as a wed

(in the sense of∨ defined above) of several copies ofTpk , 1 � k � m, with S. More precisely,
µs

pm is the wedge ofS with

∨
1�k�m

[ ∨
(a1;···;as)∈Ps−1(Z/pk)

Tpk

]
.

(HerePs−1 denotes the projective space overZ.) Using (7.6) we can deduce that

H1
(
µs

pm ,Z/pm
)

=
⊕

1�k�m

⊕
(a1;...;as)∈Ps−1(Z/pk)

H̃1
(
Tpk ,Z/pm

)
.(7.9)

Notice that an element(ai) = (a1, . . . , as) ∈ (p−kZ/Z)s defines a group scheme homomorphi

(ai) :µpk → µs
pm ; x �→

(
xpka1 , . . . , xpkat

)
and a scheme morphism

(ai) :Tpk ⊂ µpk → µs
pm .
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Sinceπk(x) = xp we have a commutative diagram

Tpk

(pai)

πk

µs
pm

Tpk−1
(pai)

µs
pm

(7.10)

where in the first, respectively second line,(pai) is considered as an element of(p−kZ/Z)s,
respectively of(p−(k−1)Z/Z)s.

SetUs
pk = (p−kZ/Z)s − (p−k+1Z/Z)s; if (ai) is in Us

pk then the corresponding morphism
a closed immersion. Now consider the group of maps

Maps(Z/pk)∗
(
Us

pk , H̃1
(
Tpk ,Z/pm

))
which are compatible with the natural action of(Z/pk)∗ on domain and range. Note th
Ps−1(Z/pk) � (Z/pk)∗\Us

pk . We can define a homomorphism

H1
(
µs

pm ,Z/pm
)
→
⊕

1�k�m

Maps(Z/pk)∗
(
Us

pk , H̃1
(
Tpk ,Z/pm

))
(7.11)

by sendingh ∈ H1(µs
pm ,Z/pm) to (ai) �→ (ai)∗h. Using (7.9) we see that (7.11) is a

isomorphism. We can also consider the map

H1
(
µs

pm ,Z/pm
)
→
⊕

1�k�m

Maps(Z/pk)∗
((

p−kZ/Z
)s

, H̃1
(
Tpk ,Z/pm

))
(7.12)

given by the same rule as the one above. The map (7.12) is injective and using (7.10)
see that its image is the subgroup of all elements(φk)1�k�m which are such thatφk((pai)) =
π∗

kφk−1((pai)). Let us denote this subgroup byF (s;pm). By applying the above tos = n − 1,
n we can conclude that there are commutative diagrams

H1(µn−1
pm ,Z/pm)

δi

(7.12)n−1

H1(µn
pm ,Z/pm)

(7.12)n

F (n− 1;pm)
δ′

i
F (n;pm)

(7.13)

where thekth component ofδ′i((φk)1�k�m) is the map given by

(. . . , ai, ai+1, . . .) �→ φk(. . . , ai + ai+1, . . .)− φk(. . . , ai, . . .)− φk(. . . , ai+1, . . .).

It now follows that the kernel of
⊕

i δi is isomorphic to the group ofm-tuples(φk)1�k�m of
multilinear maps

φk :
(
p−kZ/Z

)n−1 → H̃1
(
Tpk ,Z/pm

)
= Hom

(
C
(
pk
)
,Z/pm
)

which satisfy
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(i) φk(ax1, . . . , axn−1) = σa(φk(x1, . . . , xn−1)), for all a ∈ (Z/pk)∗,
(ii) φk(px1, . . . , pxn−1) = π∗

k(φk−1(px1, . . . , pxn−1)).
Note that a multilinear mapφk : (p−kZ/Z)n−1 → Hom(C(pk),Z/pm) has image which is

contained inpkHom(C(pk),Z/pm) � Hom(C(pk), p−kZ/Z); such a map is uniquely dete
mined byfk := φk(p−k, . . . , p−k) ∈ Hom(C(pk), p−kZ/Z). Using (7.8) and the multilinearit
we see that conditions (i) and (ii) above translate to

(i)′ σa(fk) = an−1fk, for all a ∈ (Z/pk)∗,
(ii) ′ Nk−1(fk−1) = pn−1fk.
The proof of Proposition 7.5 now follows.�
Remark7.11. – We can see from the proof that the injective homomorphism

ψn :n-Ext1(µpm ,Gm) ↪→
⊕

1�k�m

Hom
((

C
(
pk
)
/pk
)(1−n)

, p−kZ/Z
)

(7.14)

is obtained as follows: Consider the homomorphism

ψ′
n :n-Ext1(µpm ,Gm) → H1

(
µpm ,Z/pm

)
,(7.15)

defined as the composition

n-Ext1(µpm ,Gm) → (n− 1)-Ext1
(
µpm ,Z/pm

)
t−→H1
(
µn−1

pm ,Z/pm
) ∆∗

n−1−−−−→ H1
(
µpm ,Z/pm

)
where the first arrow is the inverse of (6.12),t is the forgetful map and∆∗

n−1 is the pull-back
along the diagonal∆n−1 :µpm → µn−1

pm . Thenψn is given by the composition ofψ′
n with the

isomorphism

H1
(
µpm ,Z/pm

) ∼−→
⊕

1�k�m

Hom
(
C
(
pk
)
, p−mZ/Z

)
obtained by (7.7) and (7.9). Indeed, the mapsφk in the proof of the Proposition are determin
by their image on the “diagonal” elements(p−k, . . . , p−k).

8. Reflection homomorphisms

In the next few paragraphs, we elaborate on the constructions of the previous s
We continue with the same assumptions and notations. In particular, we again writeTpk =
Spec(Z[ζpk ]) which we think of as a closed subscheme ofµpk . We will denote byµ̃pm =⊔

0�k�m Tpk the normalization of the schemeµpm and byν : µ̃pm → µpm the natural projection
map. Our main goal is to express the composition

n-Ext1(µpm ,Gm) t−→ Pic
(
µn

pm

) ∆∗
n−−→ Pic(µpm) ν∗−−→ Pic(µ̃pm)(8.1)

in terms of the classical “reflection homomorphisms” (see below). We do this in Corollar
We can then deduce some additional results on the pull-backν∗L of an invertible sheafL onµpm

with hypercubic structure.
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8.a. Consider the homomorphism (6.16) described in 6.d

Rk :H1
(
Tpk ,Z/pk

)
→ pkPic(Tpk); Q �→ LQ

f(χ0)

for G = Z/pk, S′ = T ′ = T = Tpk , χ0 :T ↪→ µpk the natural closed immersion whic
corresponds to the characterχ0 :Z/pk → Z[ζpk ]∗, χ0(1) = ζpk , andf(χ0) :T ′ = T → µpk

T
the morphism

f(χ0) :T ∆−→ T ×S T
(χ0,id)−−−−→ µpk

T
= µpk × T.

Using (7.7) (class field theory) andC(pk) = Pic(Tpk) we see that this amounts to a hom
morphism

Rk :Hom
(
C
(
pk
)
, p−kZ/Z

)
→ pkC

(
pk
)
.

If Q → Tpk is aZ/pk-torsor there is an unramified Galois extensionN of Q(ζpk) with Galois
groupZ/pk and ring of integersON such that theZ/pk-torsorQ is Q = Spec(ON ). Lemma 6.1
implies thatLQ

f(χ0)
is isomorphic to the invertible sheaf which corresponds to the locally

rank1 Z[ζpk ]-module

LQ
χ0

:=
{
ξ ∈ON | σa(ξ) = χ−1

0 (a)ξ = ζ−a
pk ξ, for all a ∈Z/pk

}
.(8.2)

Notice thatN/Q(ζpk) is a Kummer extension. Therefore, it can be obtained by adjoining

pkth root of an elementb ∈ Q(ζpk)∗: N = Q(ζpk)( pk√
b). We can arrange so that the elem

pk√
b gives a generic section ofLQ

f(χ0)
; the corresponding divisor ofLQ

f(χ0)
is given by a fractiona

ideal I of Q(ζpk) such thatIpk

= (b). The class ofLQ
f(χ0)

corresponds to the class(I) under

the isomorphismPic(Tpk) � C(pk). Using this we can see thatRk coincides with the classica
“reflection homomorphism”

Hom
(
C
(
pk
)
, p−kZ/Z

)
→ pkC

(
pk
)

(see for example [22, §10.2] for the casek = 1; actually the reflection homomorphism defin
there is the negative of the one above):

Now observe that the definition ofLQ
f(χ0)

implies

a∗(LQ
f(χ0)

)
�La∗Q

f(χa
0 ), a ∈

(
Z/pk
)∗

,

wherea∗ denotes the pull-back by the Galois automorphisma :Tpk → Tpk . Using Lemma 6.1
and (6.17) we see that this gives

a∗(LQ
f(χ0)

)
�La∗Q

f(χa
0 ) �
(
La∗Q

f(χ0)

)⊗a
.(8.3)

The isomorphism (8.3) now implies thatRk “reflects” between odd and even eigenspaces
fact it decomposes into a direct sum of

R
(n)
k :Hom

((
C
(
pk
)
/pk
)(1−n)

, p−kZ/Z
)

= Hom
(
C
(
pk
)
, p−kZ/Z

)(n−1) →
(
pkC
(
pk
))(n)

(8.4)

for 0 � n � p− 2 (cf. [22, §10.2]).
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8.b. For notational simplicity, we setr = pm. Recall ν : µ̃r → µr is the normalization
morphism. Let us consider the homomorphism

H1(µr,Z/r)→ Pic(µr) ν∗−−→ Pic(µ̃r) =
⊕

1�k�m

C
(
pk
)

(8.5)

where the first arrow is the composition

H1(µr,Z/r) (6.13)−−−−→ Ext1(µrµr
,Gmµr

) t−→ Pic(µr × µr)
∆∗

2−−→ Pic(µr).(8.6)

Recall that (7.7) and (7.9) give an isomorphism

H1(µr,Z/r) ∼−→
⊕

1�k�m

Hom
(
C
(
pk
)
, p−mZ/Z

)
.(8.7)

Now let us restrict the map (8.5) to the subgroup ofH1(µr,Z/r) that corresponds to⊕
1�k�m

Hom
(
C
(
pk
)
, p−kZ/Z

)
under (8.7). We obtain a homomorphism

R :
⊕

1�k�m

Hom
(
C
(
pk
)
, p−kZ/Z

)
→
⊕

1�k�m

C
(
pk
)
.(8.8)

By unraveling the definition ofR we see that the description of “reflection homomorphisms
the above paragraph implies that

PROPOSITION 8.1. – The homomorphismR is a direct sumR =
⊕

1�k�m Rk with

Rk :Hom
(
C
(
pk
)
, p−kZ/Z

)
→ pkC

(
pk
)

the “reflection homomorphism” as defined above.

We now obtain:

COROLLARY 8.2. – There is a commutative diagram

n-Ext1(µpm ,Gm)
t

ψn

Pic(µn
pm )

∆∗
n

Pic(µpm )
ν∗

Pic(µ̃pm )

∪⊕
1�k�m

Hom((C(pk)/pk)(1−n), p−kZ/Z)

⊕
1�k�m

R
(n)
k ⊕

1�k�m
(pk C(pk))(n)

Proof. –Recall that by Remark 7.11, the homomorphismψn is given by the composition o
ψ′

n :n-Ext1(µpm ,Gm) → H1(µpm ,Z/pm) with the isomorphism (8.7). The result follows no
from the definitions of the homomorphismsR andψ′

n, Proposition 8.1, and the commutati
diagram (6.15) forH = µpm : Indeed, we can observe that the composite homomorphism
essentially gives a half of the commutative diagram (6.15) forH = µpm . �
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Remark8.3. – If the primep satisfies the Kummer–Vandiver conjecture, then the reflec
mapsR

(n)
k are all trivial; indeed, eithern or 1 − n is even and so either(pkC(pk))(n) or

(C(pk)/pk)(1−n) is trivial [22, Corollary 10.6]. Then the compositionν∗ ·∆∗
n · t along the first

row of the above diagram is also the trivial homomorphism.

8.c. We now combine the above to obtain an additional result about invertible sheave
hypercubic structures overH = Spec(Z[G]), for G any finite Abelian group. For an integeru � 1
set

e′(u) =
{

1, if u is odd,
numerator (Bu/u), if u is even

(cf. Remark 7.8 (b)). Set

M ′
n(G) =

n∏
u=1

∏
p|e′(u)

ordp(#G).

THEOREM 8.4. – Assume that all the prime divisors of#G satisfy the Kummer–Vandive
conjecture. We denote byν : H̃ → H the normalization morphism. Suppose thatL is an invertible
sheaf onH which supports an(n + 1)-cubic structureξ and setC = GCD(M ′

n(G), n!!). Then
ν∗L⊗C � O

H̃
. In particular, if in addition all the prime divisors of#G are � n + 1, then

ν∗L�O
H̃

.

Proof. –Suppose thatG = Gp1 × · · · × Gpk
is the decomposition ofG into its p-Sylow

subgroups. SetHpj = (Gpj )
D = Spec(Z[Gpj ]) and letprj :H → Hpj be the natural projection

If all the prime divisorspj , 1 � j � k, of #G satisfy the Kummer–Vandiver conjecture we ha
L⊗M ′

n(G) �OH by Theorem 1.1 (cf. Remark 7.8(b)). On the other hand, Corollary 5.6 give
“polynomial expansion”

ν∗L⊗n!! �
n−1⊗
i=0

(
ν∗∆∗

n−iE
(
L(i), ξ(i)

))⊗(n−i−1)!! ⊗ ν∗0∗L⊗n!!.

Here, the invertible sheafE(L(i), ξ(i)) carries the structure of an(n − i)-extension ofH
by Gm. Notice that, sincePic(Z) = (0), 0∗L is trivial. Our goal is to show that the invertib
sheavesν∗∆∗

n−iE(L(i), ξ(i)), 0 � i � n − 1, are also trivial. This would imply that we hav
ν∗L⊗n!! � O

H̃
from which, given the above discussion, the result follows. Observe that

implies that there is an isomorphism of multiextensions

E
(
L(i), ξ(i)

)
�

k⊗
j=1

(prj × · · · × prj)
∗(Ei

j

)
,(8.9)

whereEi
j is an(n − i)-extension ofHpj by Gm. Using (8.9) we see that it is enough to pro

that the invertible sheavesν∗∆∗
n−i(E

i
j) are trivial, where nowν and∆n−i are the normalization

and diagonal morphisms for the group schemeHpj . In fact, since the normalizatioñHpj is the
disjoint union of components corresponding to characters ofGpj and these factor through prim
power order cyclic quotients we can see that we can reduce to the case of a prime pow
cyclic group. More precisely, it is enough to show the following statement: IfE is an(n − i)-
extension ofµpm by Gm, then the invertible sheafν∗∆∗

n−i(E) is trivial. Corollary 8.2 applied
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r
rtible

te

ck
lass

for

of
to n− i implies that the composition

(n− i)-Ext1(µpm ,Gm) t−→ Pic(µn−i
pm )

ν∗∆∗
n−i−−−−−→ Pic(µ̃pm)(8.10)

factors through the reflection homomorphisms. Hence, ifp satisfies the Kummer–Vandive
conjecture then the homomorphism (8.10) is trivial (Remark 8.3). Therefore, the inve
sheavesν∗∆∗

n−i(E) are trivial. The result now follows. �
8.d. Suppose thatG = Z/p and thatL is an invertible sheaf onµp which supports an(n+1)-

cubic structureξ with p � n + 1. As above, Corollary 5.6 gives

ν∗L⊗n!! �
n−1⊗
i=0

ν∗(∆∗
n−iE
(
L(i), ξ(i)

))⊗(n−i−1)!!
.

Since, by Theorem 1.1, the invertible sheafL is p-power torsion andGCD(p,n!!) = 1, we can
write

ν∗L�
n−1⊗
i=0

ν∗∆∗
n−iE

′
n−i,

whereE′
n−i is an invertible sheaf onµn−i

p with an (n − i)-extension structure. Let us deno
by tj(L, ξ) the image ofE′

j under the homomorphism

ψj : j-Ext1(µp,Gm) →Hom
((

C(p)/p
)(1−j)

, p−1Z/Z
)

of Proposition 7.5. (In this case,ψj is an isomorphism; cf. Corollary 7.6.) By [17], the pull-ba
ν∗ :Pic(µp) → Pic(µ̃p) = Cl(Q(ζp)) is an isomorphism and we can use it to identify these c
groups. Therefore, Corollary 8.2 and the above equality now imply that we can write

[L] =
n∑

j=1

R(j)
(
tj(L, ξ)

)
(8.11)

in Pic(µp) = Cl(Q(ζp)) with R(j) = R
(j)
1 :Hom((C(p)/p)(1−j), p−1Z/Z) → (pC(p))(j) the

reflection homomorphism.
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