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EXPANDING MAPS ON CANTOR SETS AND ANALYTIC
CONTINUATION OF ZETA FUNCTIONS

BY FRÉDÉRICNAUD

ABSTRACT. – In this paper, we study a class of Ruelle dynamical zeta functions related to unif
expanding maps on Cantor sets. We show that under a non-local integrability condition, the zeta f
enjoys a non-vanishing analytic continuation in a strip on the left of the line of absolute conver
Applying these results to Fuchsian Schottky groups and Julia sets yields precise asymptotics of the
of closed geodesics for convex co-compact surfaces and the distribution of periodic points for a fa
Cantor-like Julia sets.

 2005 Elsevier SAS

RÉSUMÉ. – Dans cet article, on s’intéresse à une classe de fonctions zêta de Ruelle assoc
applications markoviennes uniformément dilatantes générant des ensembles de Cantor. On mon
une hypothèse de non intégrabilité locale, que ces fonctions zêta admettent un prolongement an
sans zéros dans une bande à gauche de l’axe de convergence absolue. Appliqué aux ensembles
groupes de Schottky fuchsiens, ce résultat implique une asymptotique précise de la fonction de c
des géodésiques périodiques sur les surfaces convexes co-compactes. On donne également u
d’application à des résultats de comptage pour une famille d’ensembles de Julia quadratiques
Cantor.

 2005 Elsevier SAS

1. Introduction and statement of results

The first prime orbit theorem for the geodesic flow on compact Riemann surfaces date
to the work of Huber [18] and was later improved by Hejhal [17] and Randol [35]. Their r
is, in a nutshell, the following.

THEOREM 1.1. –Let M be a compact Riemann surface of constant curvature−1, and by
N(T ) we denote the number of primitive closed geodesicsγ with lengthl(γ) � T . Then there
exists0 < α < 1 such that asT →∞,

N(T ) = li(eT ) + O(eαT ),

whereli(x) =
∫ x

2
dt

log(t) .

We point out thatα is in fact explicit and is related to the low eigenvalues of the Lap
Beltrami operator onM . Similar asymptotics for non-compact Riemann surfaces of finite vol
were proved by Sarnak [39] (see also the book by Iwaniec [19]). The proofs of the above th
are based on the celebrated Selberg trace formula [40] or the Selberg zeta function defi
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EXPANDING MAPS ON CANTOR SETS 117

Re(s) > 1 by the infinite product

ZM (s) =
+∞∏
k=0

∏
γ∈P

(1− e−(s+k)l(γ)),
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where P denotes the set of primitive closed geodesics. The key argument is the p
knowledge of the non-trivial zeros ofZM (s) which are in one-to-one correspondence with
point spectrum of the Laplace–Beltrami operator (see [17,19]).

In the case of non-compact Riemann surfaces ofinfinite volumewith finite geometry, even i
an exact trace formula is still valid [14], much less is already known. Indeed, the point spe
of the Laplace operator can be empty, and the relevant spectral quantities are the resona
scattering spectrum). Resonances can be defined as poles of the meromorphic continua
[23]) to the half-plane{Re(s) � 1/2} of the resolvent of the Laplacian∆

R(s) :C∞
0 (M) → C∞(M),

whereR(s) = (∆−s(1−s))−1. The lack of symmetry and our poor knowledge of the scatte
spectrum are the main difficulties encountered when trying to extend the finite area result

If M is convex co-compact (i.e. of finite geometry with no cusps), then the following
proved conditionally by Guillopé [15] using estimates on heat kernels and later unconditi
by Lalley [21] using symbolic dynamics and renewal equations techniques.

THEOREM 1.2. – LetM be a convex co-compact surface of constant negative curvature−1,
and letδ be the topological entropy of the geodesic flow on the unit tangent bundleSM . Then
asT → +∞,

N(T ) ∼ eδT

δT
.

If we view M as a quotientΓ\H2 of the hyperbolic planeH2 by a Fuchsian groupΓ, 0 < δ < 1
is exactly the dimension of the limit set ofΓ. The proof of Lalley uses ergodic theory and trans
operator techniques and can also be derived from the work of Parry and Pollicott [28] o
functions.

In the case of convex co-compact surfaces, the Selberg zeta functionZM (s) is known to be
an entire function [16], whose non-trivial zeros are given by the resonances and the finit
spectrum. The Selberg zeta functionZM (s) is non-vanishing forRe(s) > δ and as a consequen
of the weak-mixing property of the geodesic flow and the theory in [28], does not vanish
line {Re(s) = δ} except fors = δ which is a simple zero. Our main result is the following.

THEOREM 1.3. – LetM be a convex co-compact surface of constant negative curvature−1.
There existsε > 0 such thatZM (s) is analytic and non-vanishing on the set{Re(s) > δ − ε},
except ats = δ which is a simple zero.

Notice that this result is obvious ifδ > 1
2 since by [29] the only possible zeros ofZM (s) in

the half-plane{Re(s) > 1
2} are real and related to the (finite) point spectrum of∆ in (0, 1

4 ). If
δ � 1

2 , then this result is non-trivial and has deep consequences on the resonances.
Using Theorem 1.3 and the upper bound on the growth ofZM (s) proved in [16] (or

alternatively the upper bound of Theorem 1.7) we get the following improvement of Theore

THEOREM 1.4. – LetM be a convex co-compact surface of constant negative curvature−1.
Let N(T ) be the number of primitive closed geodesics of length less thanT . Then there exist
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118 F. NAUD

0 < α < δ, such that asT →+∞,

N(T ) = li(eδT ) + O(eαT ).

A standard way to prove Theorem 1.4 is to follow the number theoretic arguments of Pollicott
and Sharp [34]. An alternative way to derive Theorem 1.4 from Theorem 1.3 is to use the wave

a sets.
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be stated

f
tood
trace formula, see [26] where we actually give an explicit expression forα.
Another example of zeta functions related to Cantor sets is provided by hyperbolic Juli

Consider the quadratic familyf(z) = z2 + c, with c < −2. The Julia setJ is hyperbolic and is
a Cantor set on the real line. We will denote byδ the Hausdorff dimension ofJ . Using suitable
spaces of analytic functions, the zeta function defined forRe(s) > δ by

Z(s) = exp

(
−

+∞∑
n=1

1
n

∑
fnz=z

|(fn)′(z)|−s

1− |(fn)′(z)|−1

)

can be extended (see the paper of Strain and Zworski [42]) to an entire function. We wil
the following.

THEOREM 1.5. – There existsε > 0 such that Z(s) has no zeros in the half-plan
{Re(s) > δ − ε}, except ats = δ which is a simple zero.

Let Per denote the set of primitive periodic orbits off :J → J . Given

x̂ = {x, fx, . . . , fn−1x} ∈ Per ,

with fnx = x, we define the multiplierλ(x̂) by λ(x̂) = |(fn)′(x)|. Following the arguments o
[34], Theorem 1.5 implies the next counting result.

THEOREM 1.6. – There exists0 < α < δ such that asX → +∞,

#
{
x̂ ∈ Per : λ(x̂) � X

}
= li(Xδ) + O(Xα).

We conjecture that this kind of growth law for the multipliers should hold for generic1 rational
hyperbolic Julia sets. In the spirit of Section 3, it would be especially interesting to lo
families of hyperbolic Blashke products, whose dynamics are very similar to Fuchsian gro

Theorems 1.3 and 1.5 are in fact consequences of a much more general result that can
in the set up of Ruelle dynamical zeta functions related to regular Cantor sets.

Let (Ii)1�i�k bek � 2 closed, disjoint and bounded intervals included inR. Let

T : I =
k⋃

i=1

Ii → R

be a map such thatTi := T |Ii is C2 on each2 Ii. We assume thatT has in addition the following
properties.

1 This asymptotic certainly does not hold forc = 0, whereZ(s) = 1 − 21−s but we think that the conclusion o
Theorem 1.5 is true forc �= 0 in the main cardioid of the Mandelbrot set. It is likely that “generic” should be unders
in the measure theoretic sense.

2 We assume this smoothness for simplicity but in fact,C1+ε is enough.
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EXPANDING MAPS ON CANTOR SETS 119

1. (Eventually expanding) There existγ > 1, D > 0 such that for allN � 1 and all
x ∈ T−N+1I , we have ∣∣(TN )′(x)

∣∣ � D−1γN .

2. (Markov property) For all i, j, T (Ij)∩ Int(Ii) �= ∅⇒ T (Ij)⊃ Ii.
We define ak × k transition matrixA in the usual way by setting

a

s,

n

ction
ogical

ic

nt
A(i, j) =
{

1 if T (Ii) ⊃ Ij ,
0 otherwise.

We assume in the following thatT is topologically mixing on the non-wandering set, that isA
is irreducible aperiodic i.e. there exists a powerp0 > 0 such thatAp0 > 0. We can associate
subshift of finite type to the transition matrixA

Σ+
A =

{
(xn)n∈N ∈ {1, . . . , k}N: ∀ i � 0, A(xi, xi+1) = 1

}
.

The shift map is defined as usual by(σx)n = xn+1 for all n � 0. Under the above assumption
the non-wandering setK =

⋂∞
i=0 T−i(I) is called aT -invariant regular Cantor set, and the

dynamical system(K,T ) is topologically conjugated to the subshift of finite type(Σ+
A, σ). This

conjugacy is done via the mapΠ:Σ+
A → K, where

Π(x) =
⋂
i�0

T−i(Ixi).

Because of the uniform hyperbolicity ofT , Π is Lipschitz onΣ+
A with respect to a well chose

standard ultrametric (see again [28]).
The functional space we will use throughout this paper is the Banach spaceC1(I) of complex-

valued,C1 functions onI =
⋃k

i=1 Ii, endowed with the norm‖f‖C1 = ‖f‖∞ + ‖f ′‖∞. In the
following τ ∈C1(I) is a real-valued, eventually positive function, that is there existsN � 1 such
that the sumτN (x) defined byτN (x) = τ(x) + τ(Tx) + · · ·+ τ(TN−1x) is strictly positive for
all x ∈ T−N (I).

Becauseτ is eventually positive, the variational principle implies that the pressure fun
(see the classical monographs [28,7,45] for different equivalent definitions of the topol
pressure)

P (−xτ) = sup
µ∈Minv

(
hµ(T )− x

∫
K

τ dµ

)
(Minv denotes the set ofT -invariant probability measures andhµ(T ) the measure-theoret
entropy) is strictly decreasing and has a unique positive zero denoted bys0.

Let ζ(s) be the dynamical zeta function defined by the generalized Fredholm determina

ζ(s) = exp

(
+∞∑
n=1

1
n

∑
T nx=x

e−sτn(x)

)
,

which is analytic (see [28]) forRe(s) > s0, whereP (−s0τ) = 0. Under a non-integrability
condition (NLI), to be defined precisely in the next section, we have the following.

THEOREM 1.7. – Assume thatτ ∈ C1(I) has the property(NLI). Then for allε > 0, there
existsε0 = ε0(ε) > 0 such thatζ(s) has an analytic extension without zeros toRe(s) > s0 − ε0

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



120 F. NAUD

except ats = s0 which is a simple pole with residue1. Moreover, we have for alls0 � Re(s) >
s0 − ε0 and | Im(s)| large, the estimate

exp
(
−Cε

∣∣Im(s)
∣∣2+ε) �

∣∣ζ(s)
∣∣ � exp

(
Cε

∣∣Im(s)
∣∣2+ε)

,

for a well chosen constantCε > 0.
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This paper is organized as follows. In the next section, we give a precise definition
non local integrability condition (NLI) and show how Theorem 1.7 can be deduced fr
spectral estimate (Theorem 2.3) of an analytic family of “twisted” transfer operators. In S
3, motivated by the paper of Strain and Zworski [42], we focus on the family of Julia
described above and give a proof of Theorem 1.5. In Section 4, we recall the struct
Fuchsian Schottky groups which are used to uniformize convex co-compact surfaces. Th
of Schottky groups on the boundary∂H2 of the hyperbolic plane induces an expanding map
the limit set (the Bowen–Series map) whose periodic points are related to the closed geod
the corresponding surface. The Ruelle zeta function of this map is therefore closely relate
Selberg zeta function. To apply Theorem 1.7 to convex co-compact surfaces, we need t
condition (NLI) and this is done in Section 4.2. The proof of the Theorem 2.3 occupies Sec
and is based on the techniques of Dolgopyat [11] which have to be significantly modified f
purpose. Indeed, the disconnected structure of the Cantor set adds some technical difficu
the existence of triadic partitions (see Section 7), or the Federer property of equilibrium me
(see Section 6) which are non-trivial in our case. We point out that since the original w
Dolgopyat on decay of correlations for Anosov flows [11], his techniques have been exten
cover a wide range of problems including billiard flows [41], counting problems on surfac
negative curvature [33,2] and more recently to the analysis of Euclidian algorithms [5].

Due to the generality of Theorem 1.7, it is likely that it could be applied to counting prob
on convex co-compact surfaces of variable negative curvature and various zeta functions
to Cantor sets. We also expect that these techniques can be extended to higher dim
Schottky manifolds and zeta functions related to more general Kleinian groups.

2. Non-integrability and contraction of transfer operators

We use the same notations as in Section 1. The complex transfer operatorLs is defined for all
s ∈ C by

Ls(f)(x) =
∑

Ty=x

e−sτ(y)f(y)

and acts as a bounded linear operator onC1(I).
We recall the definition of the so-called “temporal distance” function which is involve

recent results of ergodic theory [11,41], and plays a crucial role in the proof. Given an eve
positive functionτ ∈ C1(I), we define the function∆ξ(u, v) for all ξ ∈ Σ−

A andu, v ∈ Ij with
T (Iξ0)⊃ Ij by

∆ξ(u, v) =
+∞∑
j=0

τ
(
T−1

ξ−j
◦ · · · ◦ T−1

ξ0
u
)
− τ

(
T−1

ξ−j
◦ · · · ◦ T−1

ξ0
v
)
.

We recall thatΣ−
A is the space of negative sequences(xi)i�0 with A(xi, xi+1) = 1 for all i � −1.

Because of the uniformly contracting properties of the inverse branchesT−1
ξi

, ∆ξ(u, v) is aC1

4e SÉRIE– TOME 38 – 2005 –N◦ 1



EXPANDING MAPS ON CANTOR SETS 121

function onIj × Ij . Given j ∈ {1, . . . , k}, η, ξ ∈ Σ−
A with T (Iξ0) ⊃ Ij andT (Iη0) ⊃ Ij , the

temporal distance functionϕξ,η(u, v) is well defined for allu, v ∈ Ij by

ϕξ,η(u, v) = ∆ξ(u, v)−∆η(u, v).

The definition we give here is the same as in [13], but in a smoother setup. Indeed, the definition
onding

y

non-
This
poral
stable

n

al
,

l

les of
eorem
lt to

e other
mainly
he
of the temporal distance function of [13] concerns a symbolic setup where the corresp
function is only Hölder.

DEFINITION 2.1. – An eventually positive functionτ ∈C1(I) has the non-local integrabilit
property (NLI) if there existj ∈ {1, . . . , k}, ξ, η ∈ Σ−

A with T (Iξ0) ∩ T (Iη0) ⊃ Ij andu0, v0 ∈
K ∩ Ij such that

∂ϕξ,η

∂u
(u0, v0) �= 0.

If T andτ are real analytic then it turns out that (NLI) is equivalent to the fact thatϕξ,η(u, v)
is non-identically vanishing (see our two examples) and this is exactly the definition of
local integrability given by Dolgopyat in a symbolic setting (see the appendix in [12]).
terminology “non-integrable” goes back to Anosov [3] where he showed that if the tem
distance function is identically vanishing on a section of an Anosov flow, then the strong
and the strong unstable distributions of the flow are jointly integrable.

We also need to recall the definition of a non-lattice suspension taken from [28].

DEFINITION 2.2. – The functionτ ∈ C1(I) is called non-lattice if there is no functio
L :K → mZ with m > 0 andf :K → R, f Lipschitz onK, such that for allx ∈K,

τ(x) = f(x)− f ◦ T (x) + L(x).

The relationτ(x) = f(x)−f ◦T (x)+L(x) is often called in ergodic theory a “cohomologic
equation”, and we will use this terminology in the next sections. Ifτ is non-lattice, then by [28]
p. 96, Theorem 6.3,ζ(s) has an non-vanishing analytic extension to the half-plane{Re(s) > s0}
except ats = s0 which is a simple pole with residue1. We recall thats0 > 0 is defined by
P (−s0τ) = 0. We can now state the central result of this paper.

THEOREM 2.3. – Assume that an eventually positive functionτ ∈ C1(I) has the property
(NLI). Then for allε > 0, there existCε > 0, ε0(ε) > 0, t0 > 0, 0 < ρε < 1 such that for all
s0 − ε0 < Res � s0 and | Ims|� t0,

‖Ln
s ‖C1 � Cε| Ims|1+ερn

ε ,

wheres0 is the unique real number such thatP (−s0τ) = 0 and P denotes the topologica
pressure onK.

The condition (NLI) implies the non-lattice (see the proof below). There exist examp
locally integrable flows which are non-lattice and cannot satisfy the conclusions of this th
[30,37]. The definition of the non-integrability given in [13] is stronger than ours and difficu
check in the examples because of the lack of differentiability on symbolic spaces. On th
hand, the proof of Theorem 2.3 becomes more complicated than its analogue in [13],
because the measure theoretic and metric structures ofK are not so naturally related as in t
symbolic setting.

The transfer operator estimate of Theorem 2.3 implies Theorem 1.7.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



122 F. NAUD

Proof. –For all s ∈ C andn � 1, let Zn(s) be the weighted sum on the periodic points

Zn(s) =
∑

T nx=x

e−sτn(x).

Let χi ∈C1(I) be the characteristic function of the intervalIi. Using some ideas of Ruelle [38],

,

ing

d
holm
one can show the following estimate (see [33]).

PROPOSITION 2.4. –There existx1, . . . , xk ∈ I1, . . . , Ik such that for allα > 0, there exists a
constantCα > 0 such that∣∣∣∣∣Zn(s)−

k∑
i=1

Ln
s (χi)(xi)

∣∣∣∣∣ � Cα

∣∣Im(s)
∣∣ n∑

m=2

‖Ln−m
s ‖C1

(
1
γ

eα+P (−Re(s)τ)

)m

,

for all | Im(s)| large enough and allRe(s) in a bounded set.

The detailed proof of this result is postponed to Appendix A of this paper. We now fixε > 0
andC = Cε > 0 as in Theorem 2.3. TakingRe(s) close enough tos0 and applying Theorem 2.3
we get for all| Im(s)| large enough

∣∣Zn(s)
∣∣ �

∣∣∣∣∣Zn(s)−
k∑

i=1

Ln
s (χi)(xi)

∣∣∣∣∣ + Ck
∣∣Im(s)

∣∣1+ε
ρn

ε

� Ck
∣∣Im(s)

∣∣1+ε
ρn

ε + CCα

∣∣Im(s)
∣∣2+ε

ρn
ε

n∑
m=2

(
1

ρεγ
eα+P (−Re(s)τ)

)m

.

We remark now that it is always possible to choose1 > ρε > 1
γ (we recall thatγ is the expanding

rate of the mapT ). SinceP (−s0τ) = 0, by continuity of the topological pressure and by tak
α small enough, for allRe(s) close tos0 we get

1
ρεγ

eα+P (−Re(s)τ) � η < 1.

Thus we have immediately that|Zn(s)| � C ′
ε| Im(s)|2+ερn

ε , for | Im(s)| large enough an
|Re(s)| close to s0, C ′

ε > 0 being a constant. We deduce that the generalized Fred
determinant

ζ(s) = exp

(
+∞∑
n=1

1
n

Zn(s)

)
,

which is defined forRe(s) > s0, can be continued analytically to a domain where|Re(s)−s0|�
ε0 and| Im(s)| > T0, for someT0, ε0 > 0. Moreover, we have the estimate

exp
(
−C ′

ε

∣∣Im(s)
∣∣2+ε log

(
1

1− ρε

))
�

∣∣ζ(s)
∣∣ � exp

(
C ′

ε

∣∣Im(s)
∣∣2+ε log

(
1

1− ρε

))
.

It remains to show thatζ(s) has no poles on the axisRe(s) = s0 other thans0. Assume thatτ is
a lattice, i.e. there existL :K → mZ with m > 0 and a Lipschitz functionf on K such that for
all x ∈K,

τ(x) = L(x) + f(x)− f ◦ T (x).

4e SÉRIE– TOME 38 – 2005 –N◦ 1



EXPANDING MAPS ON CANTOR SETS 123

Using the projectionΠ:Σ+
A → K we get the cohomological equation

τ(Πξ) = L(Πξ) + f(Πξ)− f(Πσξ),(1)

for all ξ ∈ F+
θ . There exists0 < θ < 1 such thatτ ◦ Π, f ◦ Π and thereforeL ◦ Π are Lipschitz

onΣ+
A with respect todθ (the standard ultrametic onΣ+

A, see [28], p. 12). We will denote byF+
θ

em

p. 84)

lated
ms is
et us

at

c

of
the Banach space of Lipschitz functions onΣ+
A. Applying the Ruelle–Perron–Frobenius theor

to the transfer operatorL−s0τ :F+
θ →F+

θ defined by

L−s0τ (g)(x) =
∑

σy=x

e−s0τ(Πy)g(y),

we denote byh a positive eigenfunctionh ∈ F+
θ such that

L−s0τ (h) = eP (−s0τ)h = h.

Set for allp ∈ Z, tp = 2pπ
m , gp = eitpf◦Πh. Using (1), we get for allp ∈ Z,

L−(s0+itp)τ (gp) = gp,

which implies by the classical results in [28] (see the example p. 85 and Theorem 5.6,
that ζ(s) has a lattice of poles on the lineRe(s) = s0, located atsp = s0 + itp, p ∈ Z. This
is obviously a contradiction with our previous result onζ(s) and thereforeτ is non-lattice.
Applying [28] again, we conclude the proof.�

3. Examples of zeta functions related to a quadratic Julia set

In this section, we give a simple application of Theorem 1.7 to a family of zeta functions re
to the celebrated quadratic family. The proof of property (NLI) for these dynamical syste
a good introduction to the (more technical) proof of (NLI) for Fuchsian Schottky groups. L
consider the quadratic mapf :C → C, wherec is a real parameter and

f(z) = z2 + c, c <−2.

Set βc = (1 +
√

1 + 4|c|)/2 (the largest fixed point off ) and αc =
√
|c| − βc. Let I1 =

[−βc,−αc] andI2 = [αc, βc]. The mapf : I1 ∪ I2 → R satisfiesf(I1) = f(I2) = [−βc, βc] and
thus has the Markov property. If we assume3 for simplicity that |c| is large enough such th
αc > 1

2 , thenf is strictly expanding onI1 ∪ I2.
If we takeβc < Rc < |c|, then the inverse imagef−1(D(0,Rc)) of the open (complex) dis

D(0,Rc) is an open set with two connected componentsD1 ⊃ I1 andD2 ⊃ I2 whereDj =
gj(D(0,Rc)) with gj(z) = (−1)j

√
z − c, j = 1,2, being the holomorphic inverse branches

f . It is easy to check that in addition, eachgj(D(0,Rc)) ⊂ D(0,Rc). If |z| > βc, fn(z) tends to
infinity asn→ +∞ and therefore the Julia set off is

J =
⋂
n�1

f−n
(
D(0,Rc)

)
=

⋂
n�1

f−n(I1 ∪ I2),

3 It actually works for allc < −2, one has to consider iterates off in order to get the expanding property.
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124 F. NAUD

and is a Cantor set on the real line. The Bowen formula [8] shows that the Hausdorff dimension
δ of J is given by the uniquet ∈ R such thatP (−tτ) = 0 whereP is the topological pressure
andτ = log |f ′| = log2|x|. Using the standard properties of the pressure, one can see that the
Hausdorff dimensionδ decays as|c| →+∞ and enjoys the asymptotic

log 2

lowing

se

half-

es
δ ∼ 2
log |c| .

Motivated by the quantum resonance theory of open chaotic systems, it is interesting, fol
M. Zworski [42], to introduce a zeta function related to the hyperbolic dynamics off on its Julia
set. LetH be the Hilbert space

H =
{

h holomorphic onD1 ∪D2:
∫ ∫

D1∪D2

∣∣h(z)
∣∣2 dm(z) < +∞

}
,

wherem is the Lebesgue measure. Givens ∈ C, consider the transfer operatorLs :H → H
defined by

Ls(h)(z) =
2∑

i=1

e−s log |f ′|◦gi(z)h
(
gi(z)

)
,

wherelog |f ′| denotes an holomorphic extension oflog(2|x|) to D1 ∪D2. Becausegi(Dj) ⊂ Di

for all i, j, it follows from the arguments of [16,42] thatLs is a trace class operator who
Fredholm determinantdet(I −Ls) is an entire function denoted byZ(s). A computation of the
trace shows that forRe(s) large,

Z(s) = exp

(
−

+∞∑
n=1

1
n

∑
fnz=z

|(fn)′(z)|−s

1− |(fn)′(z)|−1

)
.(2)

We can now give a

Proof of Theorem 1.5. –Consider the Ruelle zeta function

ζ(s) = exp

(
+∞∑
n=1

1
n

∑
fnz=z

∣∣(fn)′(z)
∣∣−s

)
.

Using the Bowen formula, it is clear following [28] that the series definingζ(s) converge
absolutely andζ(s) is analytic and has no zeros in the half-plane{Re(s) > δ}. Moreover, for all
Re(s) > δ, we have from the formula (2),

Z(s) =
+∞∏
k=0

ζ(s + k)−1 =
ψ(s)
ζ(s)

,

whereψ(s) =
∏+∞

k=1 ζ(s+k)−1 is (by direct estimates) convergent and non-vanishing in the
plane{Re(s) > δ − 1}. It is therefore enough to work withζ(s) and to show thatτ = log |f ′|
has the property (NLI) with respect tof :J → J , and the result will follow directly from
Theorem 1.7. LetΣ− be the space of left sequences{1,2}N− , and consider the sequenc
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ξ, η ∈ Σ− defined byξn = 2 for all n � 0, andη0 = 1, ηn = 2 for all n � −1. Let u, v ∈ I1

with u > v. According to our definition of the temporal distance function, we have

ϕξ,η(u, v) =
+∞∑
j=1

(
log

(
2|gj

2u|
)
− log

(
2|gj

2v|
))

−
+∞∑
j=0

(
log

(
2|gj

2 ◦ g1u|
)
− log

(
2|gj

2 ◦ g1v|
))

.

ches,
ve

owing,
of

are
Since we have|g1(x)| = |g2(x)| for all x ∈ I1 ∪ I2, we have in fact

ϕξ,η(u, v) =
+∞∑
j=2

(
log

(
2|gj

2u|
)
− log

(
2|gj

2v|
))

−
+∞∑
j=2

(
log

(
2|gj−1

2 ◦ g1u|
)
− log

(
2|gj−1

2 ◦ g1v|
))

.

We can now observe that the inverse branchg2 is strictly increasing whileg1 is strictly
decreasing. In additiong2(I1 ∪ I2) ⊂ I2 wherex �→ τ(x) = log(2|x|) is strictly increasing. It
follows that for allj � 2,

log
(
2|gj

2u|
)

> log
(
2|gj

2v|
)

and log
(
2|gj−1

2 ◦ g1u|
)

< log
(
2|gj−1

2 ◦ g1v|
)
,

and thusϕξ,η(u, v) > 0 wheneveru > v.
Choosev0 ∈ J ∩ I1. Because of the uniformly contracting properties of the inverse bran

u �→ ϕξ,η(u, v0) has an holomorphic extension toD1 on which it is non-constant by the abo
remarks. It is now clear that there existsu0 ∈ J ∩D1 such that

∂ϕξ,η

∂u
(u0, v0) �= 0,

otherwiseu �→ ∂ϕξ,η

∂u (u, v0) would be vanishing on a perfect set andu �→ ϕξ,η(u, v0) would be
constant onD1 by analyticity. The theorem is proved.�

We refer the reader to [42] for many examples of numerical computations of zeros ofZ(s)
from which the sizeε of the zero-free strip can be numerically estimated.

4. Zeta functions and dynamics on limit sets

4.1. Uniformization by Schottky groups and Bowen–Series map

We describe here how to apply the preceding results to prove Theorem 1.3. In the foll
we will view the hyperbolic planeH2 as the unit disc, endowed with the Poincaré metric
constant curvature−1 defined by

ds2 =
4

(1− |z|2)2 dz dz.

The boundary of the hyperbolic plane is∂H2 = S1. We will denote byĈ = C ∪ {∞} the
Riemann sphere.

Let C1, . . . ,C2p, p � 2, be 2p circles orthogonal to the boundaryS1 of H2 (so that each
Ci ∩H2 is a geodesic). Denote byD1, . . . ,D2p the (Euclidian) open discs whose boundaries
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respectivelyC1, . . . ,C2p, and assume thatDi∩Dj = ∅ for all i �= j. Leth1, . . . , hp be orientation
preserving isometries ofH2 such that for alli, hi(Di) = Ĉ \ D2p−i+1, and seth2p−i+1 = h−1

i

for all 1 � i � p. The Fuchsian group generated byh1, . . . , hp is called aClassical Fuchsian
Schottky group. For more general definitions, see [36].

If we add the extra condition, which is assumed in the following, thatDi∩Dj = ∅ for all i �= j,
thenΓ has no parabolic elements and the quotientM = Γ\H2 is a convex co-compact Riemann

such a

ics and
ly by

ans

nt
ctrum of

of

usdorff
sic

8])
f

surface. The converse is true (see [10]): any convex co-compact surface is isometric to
quotientΓ\H2, whereΓ is a classical Fuchsian Schottky group.

The topology of a convex co-compact surface is uniquely determined by its genusg and the
number of funnelsf , and such a surface is homeomorphic to a sphere withg handles andf
points removed. The Nielsen region of the surface is the convex hull of trapped geodes
is a compact surface bounded byf closed geodesics. The funnels are determined unique
the length of their geodesic boundary. A funnel with a boundary of lengthl is isometric to
R+

λ × (R/lZ)t with the metricds2 = dλ2 + cosh2(λ)dt2.
Every elementg ∈ Γ (different from the identity map) is an hyperbolic isometry which me

that viewed as an isometry of the Poincaré half-plane,g = h−1eTgh, whereh ∈ PSL2(R) is
an isometry andTg > 0 is called the magnification factor or the translation length ofg. Each
hyperbolic isometry has two fixed points lying onS1, one attracting and one repelling.

The axisAg of an hyperbolic isometryg is the unique geodesic invariant byg and Ag is
precisely the geodesic joining the two fixed points ofg. The translation length is an invaria
of conjugacy classes and there is a one to one correspondence between the length spe
Γ\H2 and the translation lengths of conjugacy classes inΓ.

A typical limit set of a Fuchsian Schottky group.

SetR = H2 \
⋃2p

i=1Di. The infinite area domainR is a fundamental domain for the action
Γ on H2. Every point ofH2 accumulates on the boundaryS1 under the action ofΓ, and we will
denote byΛ the limit set ofΓ, i.e. the set of its accumulation points onS1. The limit setΛ has
a structure of Cantor set (it is a perfect and totally disconnected compact set) and its Ha
dimensionδ verifies0 < δ < 1. Moreover, it is exactly the topological entropy of the geode
flow on the unit tangent bundle ofΓ\H2 (see Sullivan [44,43]). In addition (see for example [
the limit set is of pure dimension which means that ifHδ denotes theδ-dimensional Hausdorf
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measure, then0 < Hδ(Λ) < +∞. For all questions related to Fuchsian groups of the second kind
and the dimension of their limit set, we refer to the book [27].

Let Γ be a Fuchsian Schottky group with the notations introduced above. To apply the
formalism of Section 2.1, we need to build an appropriate dynamical system related to the group
Γ. SetJi = S1 ∩Di for i = 1, . . . ,2p, J =

⋃2p
i=1 Ji. The boundary mapB :J → S1, also called

the Nielsen map or the Bowen–Series map (see [8,9]) is defined byB(x) = hi(x) for x ∈ Ji.

ood of

ly

ple the

the
l zero
rff
.

ne to

]. This
gent
The cylinder sets of lengthn generated byB are the sets of the form

Ci1�i2�...�in = Ji1 ∩B−1(Ji2)∩ · · · ∩B−n+1(Jin),

where the indexij ∈ {1, . . . ,2p} and the wordi1 � i2 � . . . � in is admissible, i.e.ij+1 + ij �= 2p+1
for all 1 � j � n− 1.

In general, the mapB with respect to the euclidean metric onS1 is not expanding onJ , but
one can prove (see [8,16,21]) that up to a change of metric it is expanding on a neighborh
Λ. More precisely, the following result holds and is enough for our purpose.

PROPOSITION 4.1. – There existC > 0 andD > 1 such that for allN � 1 and for all z in a
cylinder set of lengthN , ∣∣(BN )′(z)

∣∣ � CDN .

The mapB has a Markov property: for all intervalJi andJj such thatInt(B(Ji)) ∩ Jj �= ∅,
we haveJj ⊂ B(Ji). The dynamics ofB and hence the action ofΓ can be described very simp
using symbolic dynamics. LetΣ+ denote the set of sequences(xn)n�0 ∈ {1, . . . ,2p}N with the
transition rulexi + xi+1 �= 2p + 1 for all i � 0. Let p :Σ+ →Λ be defined by

p(x) =
+∞⋂
n=0

B−n(Jxn).

Because of the Markov property and the uniformly expanding behaviour ofB, the projection
mapp is a homeomorphism between the symbolic space and the limit set, see for exam
paper of Bowen [8] for a proof.

The distortion function is by definition τ(x) = log |B′(x)| and τ is analytic onJ . The
Proposition 4.1 implies that there existsN � 1 such that

τN (z) = τ(z) + τ(Bz) + · · ·+ τ(BN−1z) = log
∣∣(BN )′(z)

∣∣ > 0

for all z in B−N (J). The distortion function is related to the Hausdorff dimension of
limit set by the remarkable Bowen formula (see [8]): the dimension is the unique rea
of the topological pressure functionals �→ P (−sτ). For algorithms computing the Hausdo
dimension of many conformal dynamical systems including Schottky groups, see [20,24]

The most important feature of the mapB for our approach is the following.

PROPOSITION 4.2. –Let Γ be a Schottky group as defined above. Then there is a o
one correspondence between the primitive closed geodesicsγ on Γ\H2 of length l(γ) and
the primitive periodic orbitsx,Bx, . . . ,Bn−1x in Λ of B with l(γ) = τ(x) + τ(Bx) + · · · +
τ(Bn−1x).

For a proof of this kind of correspondence for various Fuchsian groups, see [25,31,32
implies (see [28]) that for allRe(s) > δ, the Selberg zeta function can be written as a conver
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infinite product

ZM (s) =
+∞∏
k=0

1
ζM (s + k)

,

where we have

,

operator
f view
nction.
ory and

of

tion
ζM (s) = exp

(
+∞∑
n=1

1
n

∑
Bnx=x

e−sτn(x)

)
,

with τn(x) = τ(x) + τ(Bx) + · · · + τ(Bn−1x). In view of the uniformization result of [10]
this formula holds for any convex co-compact surface. We point out that in that caseZM (s) can
also be viewed as a classical Fredholm determinant (see [16]) related to a trace class
acting on a well chosen sum of Bergman spaces of holomorphic functions. This point o
has already proved to be useful for the estimates of the growth of the Selberg zeta fu
However this is useless for our approach which is based on real analysis and ergodic the
does not need much regularity.

4.2. Proof of non-local integrability for Fuchsian Schottky groups

Let us show how to obtain Theorem 1.3 from Theorem 1.7. Consider

U =
2p⋃

i=1

B−1(Ji)

the union of cylinder sets of length two. Clearly, we haveB(U) =
⋃2p

i=1 Ji. BecauseS1 is not
included inB(U), the mapB :U → S1 can be conjugated to an analytic map

T :
k⋃

i=1

Ii → [−π,π]

whereIi denotes a closed interval of[−π,π] corresponding to a length two cylinder set onS1,
andk = 2p(2p− 1).

The conjugacy mapφ can be chosen conformal, andφ maps a connected neighborhood
B(U) to a connected neighborhood of

⋃k
i=1 T (Ii), andφ satisfiesφ(U) =

⋃k
i=1 Ii and for all

x ∈ U ,

B(x) = φ−1 ◦ T ◦ φ(x).

Thus the mapT inherits the properties ofB and it is in the class described above. The transi
matrix of T can be written and one can check directly that it is aperiodic since the mapB has
also this property.

Clearly T generates a Cantor setK of same Hausdorff dimensionδ, and φ(Λ) = K. In
addition, the distortion functionτ of B is cohomologousmoduloφ to the distortion function
of T : for all x ∈ U we have

τ(x) = log
∣∣T ′(φ(x)

)∣∣ + log
∣∣φ′(x)

∣∣− log
∣∣φ′(Bx)

∣∣.
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This implies that the Ruelle zeta functionζM (s) can be written for allRe(s) > δ as

ζM (s) = exp

(
+∞∑
n=1

1
n

∑
T nx=x

e−sτ̃n(x)

)
,

that
aps

ill need

1.7.
-
p

l
same

et
al

is
ré

lex
on
es
hood

e

whereτ̃ = log |T ′| is the distortion function ofT . Therefore, the considerations above show
the zeta functionζM (s) is a particular case of zeta function related to the class of Markov m
on Cantor sets described above, and it is a purely dynamical problem. Nevertheless, we w
to keep track of the geometric meaning ofB as we will discuss this in the next section.

To prove Theorem 1.3 it remains to prove (NLI) in order to apply the general Theorem
In the following, we prove that the suspension of the mapT by the distortion function is non
integrable ifT comes from a boundary mapB defined by a classical Fuchsian Schottky grouΓ
generated by2p isometries. We use the notations introduced in Section 2.1 and denote byτ the
distortion function ofT .

First we remark that it is enough to prove the non-integrability for the suspension ofB by
its distortion function. Indeed, the conjugacy relationB = φ−1 ◦ T ◦ φ and the cohomologica
equation relatingτ andτ̃ show that the corresponding temporal distance functions are the
modulo the diffeomorphismφ. The existence of a non-vanishing derivative onK is equivalent to
the existence of a non-vanishing derivative of the temporal distance function on the limit sΛ.

Given u, v ∈ Ji and ξ, η ∈ Σ+ with B(Jξ0) ∩ B(Jη0) ⊃ Ji, the expression of the tempor
distanceϕξ,η(u, v) is, according to the previous section,4

ϕξ,η(u, v) =
+∞∑
j=0

τ(h−1
ξj

◦ · · · ◦ h−1
ξ0

u)− τ(h−1
ξj

◦ · · · ◦ h−1
ξ0

v)

−
+∞∑
j=0

(
τ(h−1

ηj
◦ · · · ◦ h−1

η0
u)− τ(h−1

ηj
◦ · · · ◦ h−1

η0
v)

)
,

where we recall thath1, . . . , h2p are the generators ofΓ. The temporal distance function
analytic onJi × Ji. To prove this, remember thatB|Ji = hi, and as an isometry of the Poinca
disc we can write

hi(z) =
aiz + bi

biz + ai

,

whereai, bi ∈ C with |ai|2 − |bi|2 = 1. This implies that

∣∣B′(z)
∣∣ =

1
|biz + ai|2

=
1

(biz + ai)(bi
1
z + ai)

,

for all z ∈ Ji. Hence |B′(z)| has a non-vanishing holomorphic continuation to a comp
neighborhood ofJi for all 1 � i � 2p. Using a holomorphic determination of the logarithm
eachJi, we get an analytic extension ofτ to a neighborhoodΩ of J . Because the inverse branch
h−1

ξj
◦ · · · ◦h−1

ξ0
are uniformly contracting (Proposition 4.1), there exists a complex neighbor

Ω′ of Ji such that for allj � 0, h−1
ξj

◦ · · · ◦ h−1
ξ0

(Ω′) ⊂ Ω andh−1
ηj

◦ · · · ◦ h−1
η0

(Ω′)⊂ Ω. Then the

4 Here we use the fact that the transition rules inΣ+ are symmetric, hence any sequence inΣ+ may become a negativ
sequence by reversing it, therefore we can takeξ, η ∈ Σ+ contrary to the general definition in Section 2 whereΣ+

A may
not be symmetric.
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series definingϕξ,η are uniformly convergent on every compact subset ofΩ′ andϕξ,η is indeed
analytic onΩ′.

The proof of the non-integrability follows from two lemmas.

LEMMA 4.3. – The temporal distance functionϕξ,η(u, v) is equal to zero for alli, all
u, v ∈ Ji and all ξ, η ∈ Σ+ with B(Jξ0) ∩ B(Jη0) ⊃ Ji if and only if τ is cohomologous on

hy

f in
opyat
ishes

l
es
Λ to a function constant on length-two cylinders.

LEMMA 4.4. – For a convex co-compact groupΓ, the distortion functionτ cannot be
cohomologous to a locally constant function onΛ.

Assume that (NLI) does not hold. According to the definition, for allj ∈ {1, . . . ,2p},
u, v ∈ Ji ∩Λ and allξ, η ∈ Σ+ with B(Jξ0)∩B(Jη0) ⊃ Ji, we have

∂ϕξ,η

∂u
(u, v) = 0.

Since∂ϕξ,η

∂u is vanishing onJi ∩Λ×Ji ∩Λ andJi ∩Λ has accumulation points, the holomorp
in u, v implies that

∂ϕξ,η

∂u
(u, v) = 0

for all u, v ∈ Ji. Sinceϕξ,η(v, v) = 0, we have immediatelyϕξ,η(u, v) = 0 for all u, v ∈ Ji.
Applying Lemma 4.3, we get a contradiction with Lemma 4.4.�

Proof of Lemma 4.3. –This kind of result dates back to Anosov [3], here we give a proo
our setup which is reminiscent of the Sinai Lemma in Symbolic dynamics. See also Dolg
[12] for a symbolic version of our proof. Assume that the temporal distance function van
identically i.e.ϕξ,η(u, v) = 0 for all u, v ∈ Ji, and allξ, η ∈Σ+ with B(Jξ0)∩B(Jη0) ⊃ Ji. Let
us introduce some simplified notations. Givenξ ∈ Σ+, andj � 0, we denote byh−j

ξ the inverse
branch ofBj defined by

h−j
ξ = h−1

ξj
◦ · · · ◦ h−1

ξ0
.

We choosez1, . . . , z2p such thatzi ∈ Ji ∩ Λ and for allx ∈ J , we definez(x) by z(x) = zi

if x ∈ Ji. Let ξ :J → Σ+ be defined byξ(x) = p−1(z(x)). We recall thatp is the natura
homeomorphismp :Σ+ → Λ. Then for allx ∈ J defineg(x) by the absolutely convergent seri

g(x) =
+∞∑
j=0

τ
(
h−j

ξ(x)x
)
− τ

(
h−j

ξ(x)z(x)
)
.

Notice that ifx ∈ Ji, B(Ji) ⊃ Ji andh−1
ξ0(x)x = h−1

i x is well defined. Forx ∈Λ, we have

g(Bx) =
+∞∑
j=0

τ
(
h−j

ξ(Bx)Bx
)
− τ

(
h−j

ξ(Bx)z(Bx)
)
.

Sinceϕξ,η(Bx,z(Bx)) = 0 for all ξ, η with B(Jξ0)∩B(Jη0)⊃ Jξ0(Bx), we have in fact

g(Bx) =
+∞∑
j=0

τ
(
h−j

ξ̂(x)
Bx

)
− τ

(
h−j

ξ̂(x)
z(Bx)

)
,
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whereξ̂(x) denotes the word̂ξ(x) = ξ0(x) � ξ0(x) � ξ1(x) . . . . We remark also that

h−j

ξ̂(x)
(Bx) = h−1

ξj−1(x) ◦ · · · ◦ h−1
ξ0(x)

(
h−1

ξ0(x)Bx
)

= h−j+1
ξ(x) (x).

As a consequence, after cancellation, we write
+∞∑ +∞∑

s.

gh for

en

xed

ting
pply
g(x)− g(Bx) =
j=0

τ
(
h−j

ξ(x)x
)
− τ

(
h−j+1

ξ(x) x
)
−

j=0

(
τ
(
h−j

ξ(x)z(x)
)
− τ

(
h−j

ξ̂(x)
z(Bx)

))
=−τ(x)− f(x),

wheref(x) =
∑+∞

j=0 τ(h−j
ξ(x)z(x))− τ(h−j

ξ̂(x)
z(Bx)) depends only on(p−1x)0 and(p−1x)1. We

have thus proved thatτ is cohomologous onΛ to a locally constant functionf , moreoverf is
constant on the cylinders of length two i.e.f ◦p :Σ+ → R depends only on the first two variable
The converse is obvious.�

Proof of Lemma 4.4. –To simplify the notations, we give a proof of this fact only whenτ is
cohomologous to a function which is constant on the cylinders of length two. This is enou
our purpose and the proof works exactly in the same way in the general case.

Assume thatτ is cohomologous to a functionf constant on every cylinder of the typeCi�j ,
wherei � j is an admissible word of length two. We will use the two first generatorsh1, h2 of
the Schottky groupΓ. Let x1 ∈ J1 be the unique repelling fixed point ofh1. We haveτ2(x1) =
f2(x1) = 2f(x1). We also know thatτ2(x1) = Th2

1
= 2Th1 by the correspondence betwe

closed geodesics and periodic points ofB, and becausef is constant onC1�1, f(x) = Th1 for all
x ∈ C1�1. Considerg = h2h1 and lety be the unique repelling fixed point ofg. We haveτ2(y) =
Tg = f(y)+ f(By), wherey ∈C1�2 andBy ∈C2�1. Becausef is constant onC1�2 andC2�1, we
getf2(x) = Tg for all x ∈C1�2�1. Let z be the unique repelling fixed point ofgh1. We have again

τ3(z) = Tgh1 = f(z) + f2(Bz).

Sincez ∈ C1�1 andBz ∈ C1�2�1, we deduce

Tgh1 = Tg + Th1 .(3)

Here we use some elementary hyperbolic geometry (see Beardon [6]). The two axes ofg andh1

cannot be parallel (i.e. with a common point at infinity): this would imply that the repelling fi
points ofg,h1 or the attracting ones are equal. Therefore two cases can occur.

1. The axesAg and Ah1 intersect in an angle0 < θ < π and according to [6] Theorem
7.38.6, we have

cosh
(

1
2
Tgh1

)
= cosh

(
1
2
Tg

)
cosh

(
1
2
Th1

)
+ sinh

(
1
2
Tg

)
sinh

(
1
2
Th1

)
cosθ

< cosh
1
2
(Tg + Th1).

2. The axesAg andAh1 do not cross. Directed from the repelling fixed point to the attrac
one, the two axesAg andAh1 clearly have the same orientation. We can therefore a
[6], Theorem 7.38.3 to get

cosh
(

1
2
Tgh1

)
= coshρ(Ag,Ah1) sinh

(
1
2
Tg

)
sinh

(
1
2
Th1

)
+ cosh

(
1
2
Tg

)
cosh

(
1
2
Th1

)
> cosh

1
2
(Tg + Th1),
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whereρ(Ag,Ah1) is the hyperbolic distance between the two axes. In both cases, we have a
contradiction with (3). The proof is complete.�

5. Proof of the main estimate

educed
results
n 2. The
pactness
itz

d

k
al
ps.

f

nd
5.1. Reduction to the main estimate

In this subsection, we recall how the transfer operator estimate of Theorem 2.3 can be r
to anL2 estimate. The proof is taken from [11], we have included it because some of the
and notations used here are needed in the next section. We use the notations of Sectio
main tools we use here are the Ruelle–Perron–Frobenius Theorem and the quasi-com
of the transfer operator. In the following,L(K) ⊃ C1(I) denotes the Banach space of Lipsch
functions onK endowed with its standard norm. We recall that givenf ∈ L(K), P (f) denotes
the topological pressure.

THEOREM 5.1 (Ruelle–Perron–Frobenius). –Let f ∈ L(K) be a real-valued function, an
let Lf be the transfer operator defined onL(K) by the usual formula

Lf (g)(x) =
∑

Ty=x

ef(y)g(y).

Then the following holds.
• There exists a unique probability measureνf on I supported byK such thatL∗

f (νf ) =
eP (f)νf .

• The transfer operatorLf onL(K) is quasi-compact with spectral radiuseP (f).
• In addition, eP (f) is a simple eigenvalue and has a unique positive eigenfunctionhf ∈

L(K) with νf (hf ) = 1.
• There are no other eigenvalues of moduluseP (f).

This result can be derived from [28,7] directly. TheT -invariant measurehfνf is the
equilibrium measureµf of f on the non-wandering setK. If f is in C1(I), then one can chec
by working directly onC1(I) 5 thathf ∈ C1(I) andLf :C1(I) → C1(I) has the same spectr
properties. See also [4] for a review of this type of results for more general expanding ma

The first step of the reduction is to normalizeLs (we recall thatLs is just a simplified notation
for L−sτ ) with s = a + ib by setting

Ls = Lτa−ibτ = e−P (−aτ)M−1
ha

LsMha ,

whereτa = −aτ − P (−aτ) − log(ha ◦ T ) + log(ha), ha is the normalized eigenfunction o
L−aτ related to the maximal eigenvaluee−P (−aτ), andMha denotes the multiplication byha.
The operatorLa is now Markov for alla ∈ R, i.e. La(1) = 1. From the preceding remarks a
standard perturbation theory [28] (the transfer operatorLs depends analytically ons, hence the
eigenfunctionha and the eigenvalueeP (−aτ) depend continuously ona for a close tos0) we see
that to obtain the estimates of Theorem 2.3, it is enough to prove them for the operatorLs.

In the following it is useful to take a different (but equivalent) norm onC1(I), defined by
‖f‖(b) = ‖f‖∞ + 1

|b|‖f ′‖∞ for |b|> 0. Let us recall some standarda priori estimates.

LEMMA 5.2. – There exist some positive constantsC2, C1 and0 < ρ1 < 1, such that for all
|a− s0| small enough and|b| large enough, we have for allf ∈C1(I),

5 For example, by using the technique of Birkhoff cones as in the paper of Liverani [22].
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(i) ‖(Ln
s f)′‖∞ � C1|b|‖Ln

af‖∞ + ρn
1‖Ln

a(|f ′|)‖∞.
(ii) ‖Ln

s0
(f)‖∞ �

∫
K
|f |dν0 + C2ρ

n
1‖f‖L(K),

where the measureν0 is the equilibrium measure ofτs0 .

We point out that (ii) works actually for allf ∈ L(K). Notice that becauseLs0 is normalized
andP (−s0τ) = 0, Theorem 5.1 applied toLτs0

= Ls0 impliesL∗
s0

(ν0) = ν0. The estimate (i) is
bolic

sult.

e take
often called the key inequality for complex transfer operators, see [28] for a proof in a sym
setting. The estimate (ii) comes directly from the quasi-compactness ofLs acting onC1(I).
From (i) we can see that‖Ln

s ‖(b) is uniformly bounded for alln � 0, |a− s0| small enough and
|b| large enough. The main estimate of Theorem 2.3 is a consequence of the following re

PROPOSITION 5.3. – Under the hypothesis of Theorem2.3, there exist an integerN > 0 and
0 < ρ < 1 such that for all|a− s0| small enough and|b| large enough,∫

K

|LnN
s W |2 dν0 � ρn,

for all W ∈ C1(I) with ‖W‖(b) � 1.

Let us show how to recover the statement of Theorem 2.3 from this proposition. W
s = a + ib andN > 0 as in the previous proposition. Setn = 2[ C

N log |b|] and ñ = [ C
N log |b|],

with C being a positive constant to be chosen later. For alls ∈ C andf ∈ C1(I) with ‖f‖(b) � 1
andx ∈ I , we have∣∣LnN

s (f)(x)
∣∣ =

∣∣L(n−ñ)N
s (LñN

s f)(x)
∣∣ � L(n−ñ)N

a

(
|LñN

s f |
)
(x).

In the following, we setm = (n− ñ)N to simplify the notations. We remark that

Lm
a

(
|LñN

s f |
)
(x) =

∑
T mz=x

eτm
a (z)|LñN

s f |(z)

=
∑

T mz=x

e
1
2 τm

a (z)+ 1
2 (τm

a (z)−τm
s0

(z))
(
e

1
2 τm

s0
(z)|LñN

s f |(z)
)
.

In addition, we have

(τm
a − τm

s0
)(z) = (−a + s0)τm(z)− P (−aτ) + P (−s0τ)

− logha(x) + loghs0(x) + logha(z)− loghs0(z),

hence we roughly have the bound∣∣(τm
a − τm

s0
)(z)

∣∣ � mA(a, s0),

whereA(a, s0) = ‖τ‖∞|a − s0| + |P (−aτ) − P (−s0τ)| + 2‖ logha − loghs0‖∞. Using the
Cauchy–Schwartz inequality, we get(

Lm
a

(
|LñN

s f |
)
(x)

)2 � emA(a,s0)Lm
s0

(
|LñN

s f |2
)
(x).

Notice that by perturbation theory, for allη > 0, we know that for alla close enough tos0 we
haveA(a, s0) � η. Using the estimate (ii) from Lemma 5.2, we have

‖LnN
s f‖2

∞ � |b|Cη

(∫
K

|LñN
s f |2 dν0 + C3ρ

m
1 |b|

)
.
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Applying Proposition 5.3, this yields

‖LnN
s f‖2

∞ � |b|Cη

(
C4

|b| C
N | log ρ| +

C5

|b|C| log ρ1|−1

)
,

C4 andC5 being positive constants. ChoosingC such thatC| logρ1|> 1 and then takingη close

main
ected

n

enough to0, we get for all|a− s0| small enough and|b| large,

‖LnN
s f‖∞ � 1

|b|β ,

with β > 0. Applying the estimate (i) from Lemma 5.2, we have in addition,

1
|b|

∥∥(LnN
s f)′

∥∥
∞ � C1

∥∥Lm
a (LñN

s f)
∥∥
∞ + ρm

1 ‖LNñ
s f‖(b).

Hence, using similar ideas, we get for all|a− s0| small and|b| large

‖LNn
s ‖(b) � 1

|b|β′ ,

for someβ′ > 0 andn = [ C
N log |b|]. Given m ∈ N, we can writem = dN [C/N log |b|] + r,

whered, r ∈ N and0 � r � N [C/N log |b|]. Because the iterations ofLs with respect to‖.‖|b|
are uniformly bounded by a constantM > 0, we get

‖Lm
s ‖(b) � M

(
1

|b|β′

)d

� M |b|β′
ρm

β′ ,

where0 < ρβ′ < 1. Since the previous estimates are valid for allβ′ > 0, with β′ small, by using
the fact that‖.‖C1 � |b|‖.‖(b), we get the conclusions of Theorem 2.3.

5.2. The key lemma

The rest of this section is devoted to the proof of Proposition 5.3. The proof follows the
ideas of [11], however we will encounter some additional difficulties due to the disconn
structure ofK.

Given a constantA > 0, consider the convex coneCA of functions inC1(I) defined by

CA =
{
f ∈ C1(I): f > 0, and

∣∣f ′(x)
∣∣ � Af(x), ∀x ∈ I

}
.

Notice that for allf ∈ CA, for all u, v belonging to the same connected component ofI , we have

e−A|u−v| � f(u)
f(v)

� eA|u−v|.

In this section we will prove the following key result.

LEMMA 5.4. – There existN > 0, A > 1 and a constant0 < ρ < 1 such that for alls = a+ ib
with |a − s0| small and|b| large, there exists a finite set(N J

s )J∈Es of bounded operators o
C1(I) satisfying the conditions below.
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(I) The coneCA|b| is stable byN J
s for all J ∈ Es.

(II) For all H ∈ CA|b| and allJ ∈ Es,∫
K

|N J
s H|2 dν0 � ρ

∫
K

|H|2 dν0.

e

t

paper
(III) GivenH ∈ CA|b| andf ∈C1(I) such that|f |� H and|f ′|� A|b|H , there existsJ ∈ Es

such that we have

|LN
s f |� N J

s H and
∣∣(LN

s f)′
∣∣ � A|b|N J

s H.

Lemma 5.4 implies Proposition 5.3. Indeed, letf ∈ C1(I), f �= 0 with ‖f‖(b) � 1. Set
H = ‖f‖(b)1. Clearly, H ∈ CA|b| and |f | � H , |f ′| � |b|‖f‖(b) � A|b|H . By an imme-

diate induction, we get for alln � 1, |LnN
s f | � N Jn

s N Jn−1
s . . .N J1

s H and |(LnN
s f)′| �

A|b|N jn
s N jn−1

s . . .N j1
s H , for someJ1, . . . , Jn ∈ Es. Hence we have∫

K

|LnN
s f |2 dν0 �

∫
K

|N Jn
s N Jn−1

s . . .N J1
s H|2 dν0 � ρn

∫
K

|H|2 dν0 � ρn,

which is the desired estimate.
Before the construction of the Dolgopyat contraction operatorsN J

s , we need to prove th
following.

PROPOSITION 5.5. – Assume thatτ ∈ C1(I) satisfies the condition(NLI). Then there exis
m′, m > 0, N0 � 0 such that for allN � N0, there existαN

1 , αN
2 two inverse branches ofTN

such that

m′ �
∣∣∣∣ d

du
(τN ◦ αN

1 − τN ◦ αN
2 )(u)

∣∣∣∣ � m,

for all u ∈ I .

Proof. –The upper bound is a standard fact in hyperbolic dynamics, see Section 4 of this
for the proof of similar estimates. There existIj0 , ξ, η ∈ Σ−

A with T (Iξ0) ∩ T (Iη0) ⊃ Ij0 , and
u0, v0 ∈ K ∩ Ij0 such that∂ϕξ,η

∂u (u0, v0) �= 0. For allu ∈ Ij0 , setΦ(u) = ϕξ,η(u, v0).
Clearly, the non-vanishing derivative implies that there existε > 0 and an open intervalU with

Ij0 ⊃U � u0,

such that|Φ′(u)| � ε for all u ∈ U . For all N � 1 set βN
1 = T−1

ξ−N+1
◦ · · · ◦ T−1

ξ0
and βN

2 =
T−1

η−N+1
◦ · · · ◦T−1

η0
. These maps are two inverse branches ofTN defined onIj0 and by definition

of Φ for all u ∈ U , we have

Φ′(u) =
d

du
(τN ◦ βN

1 − τN ◦ βN
2 )(u) +

∑
p�N

τ ′(T−1
ξ−p

◦ · · · ◦ T−1
ξ0

u)

T ′(T−1
ξ−p

◦ · · · ◦ T−1
ξ0

u) . . . T ′(T−1
ξ0

u)

−
∑
p�N

τ ′(T−1
η−p

◦ · · · ◦ T−1
η0

u)

T ′(T−1
η−p ◦ · · · ◦ T−1

η0 u) . . . T ′(T−1
η0 u)

.
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Hence for allu ∈ U , we can write

ε �
∣∣Φ′(u)

∣∣ �
∣∣∣∣ d

du
(τN ◦ βN

1 − τN ◦ βN
2 )(u)

∣∣∣∣ +
D

γN

2‖τ ′‖∞
γ − 1

,

whereγ is the expanding rate ofT . As a consequence, for allN large enough (sayN � N1), we

et

e
an

pecial
rty”.

but

g

have ∣∣∣∣ d

du
(τN ◦ βN

1 − τN ◦ βN
2 )(u)

∣∣∣∣ � ε

2
,

for all u ∈ U . To complete the proof, setx = Π−1(u0) ∈ Σ+
A, and setϕN2 = T−1

x0
◦ · · · ◦ T−1

xN2
.

We have for allv ∈ T (IxN2
), |u0 − ϕN2(v)| � D

γN2+1 , thus forN2 taken large enough, we g

ϕN2(T (IxN2
)) ⊂ U . Because of the mixing property ofT , for all 1 � j � k, there exists6 an

inverse branchϕj of T p0 such thatϕj(Ij) ⊂ T (IxN2
). Now we setN = Ñ + N2 + p0, with

Ñ � N1, αN
1 = βÑ

1 ◦ ϕN2 ◦ ϕj andαN
2 = βÑ

2 ◦ ϕN2 ◦ ϕj . Therefore we have for allu ∈ Ij and
Ñ � N1,∣∣∣∣ d

du
(τN ◦ αN

1 − τN ◦ αN
2 )(u)

∣∣∣∣ =
∣∣∣∣ d

du
(τ Ñ ◦ αN

1 − τ Ñ ◦ αN
2 )(u)

∣∣∣∣
=

∣∣∣∣ d

du
(τ Ñ ◦ βÑ

1 − τ Ñ ◦ βÑ
2 )

(
ϕN2 ◦ϕj(u)

)∣∣∣∣∣∣(ϕN2 ◦ϕj)′(u)
∣∣ � ε

2
1

‖T ′‖N2+p0∞
,

and the proof is complete.�
In the following, we setp̂ = N2 + p0 and for all u ∈ Ij , ψ(u) = ϕN2 ◦ ϕj(u). Setting

U0 = ψ(I), by construction we haveU0 ⊂U andT p̂ :U0 → I is a diffeomorphism whose invers
is ψ. The setU0 is a disjoint union ofk closed intervals, each of them being diffeomorphic to

Ij by ψ. We will keep the representationN = Ñ + p̂ with Ñ � N1, such thatαN
i = βÑ

i ◦ ψ are
inverse branches ofTN .

5.3. The Dolgopyat operators N J
s

As noticed by Stoyanov in [41], the construction of the Dolgopyat operators requires a s
partition ofU0 by arbitrarily small intervals having the so-called “triple intersection prope
This additional technical difficulty comes from the fact that the measureν0 is supported byK.
In the case of Anosov flows, it is enough to divideU0 into closed segments of equal lengths,
in our case we need in addition a partition “well ordered” with respect to the Cantor set.

PROPOSITION 5.6. – There exist some constantsA′
1, A1 > 0 and A2 > 0 such that for all

ε > 0 small enough, there exists a finite collection(Vi)1�i�q of closed intervals ordered alon
U0 such that:

1. U ⊃
⋃q

i=1 Vi ⊃ U0, Vi ∩ IntU0 �= ∅ for all i andIntVi ∩ IntVj = ∅ for i �= j.
2. For all 1 � i � q, εA′

1 � |Vi|� εA1.
3. For all 1 � j � q, such thatVj ∩ K �= ∅, either Vj−1 ∩ K �= ∅ and Vj+1 ∩ K �= ∅ or

Vj−2 ∩K �= ∅ andVj−1 ∩K �= ∅ or Vj+1 ∩K �= ∅ andVj+2 ∩K �= ∅.
4. For all 1 � i � q such thatVi ∩K �= ∅, Vi ∩K ⊂ U0 anddist(∂Vi,K) � A2|Vi|.

6 We recall to the reader thatp0 is the least power such that the transition matrixAp0 > 0.
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The third property simply means that intervals with a non-empty intersection with the Cantor
set come at least by triads. We will call such a collection a triadic partition of modulusε. The
proof of the existence of triadic partitions of arbitrarily small modulus is given in Section 7.

In the following, we consider a triadic partition(Vi)1�i�q of U0 of modulusε = ε′

|b| with ε′

and 1
|b| both small enough. For alli = 1,2, and1 � j � q, we setZi

j = βÑ
i (Vj ∩U0). We denote

n
set

al
by Xj = {x ∈ I: ψ(x) ∈ Vj}, for all 1 � j � q, and we keep in mind thatN = Ñ + p̂, Ñ being
large enough.

For all j, the property 4 impliesdist(K ∩ Vj , ∂Vj) � A2A
′
1

ε′

|b| wheneverK ∩ Vj �= ∅. Hence,

for all j such thatK ∩ Vj �= ∅, there exists a smooth (sayC1) cut off functionχj on I such that
1 � χj � 0 on I, χj ≡ 1 on the convex hull ofK ∩ Vj andχj ≡ 0 elsewhere. In addition, we ca
assume that|χ′

j |� A3
|b|
ε′ with a constantA3 depending only on the preceding constants. The

Js is defined by

Js =
{
(i, j): i = 1,2 and1 � j � q with Vj ∩K �= ∅

}
.

In the following we take0 < θ < 1. Given a non-empty subsetJ ⊂ Js, we define a function
χJ ∈ C1(I) by

χJ(x) =
{

1− θχj(ψ(TNx)) if x ∈ Zj
i for (i, j) ∈ J ,

1 elsewhere.

The Dolgopyat operatorN J
s is simply defined onC1(I) by

N J
s (f) = La(χJf),

wheres = a + ib andLa is the normalized positive transfer operator ats = a. We takeA > 1.
Let us show that for suitable constantsA,N andθ, the coneCA|b| is stable by the operatorsN J

s .
GivenH ∈ CA|b|, for all x ∈ I , we have∣∣N J

s (H)′(x)
∣∣ =

∣∣LN
a (χJH)′(x)

∣∣
�

∑
αN

eτN
a (αN x)

∣∣(τN
a ◦ αN )′(x)

∣∣(χJH)(αNx) + eτN
a (αN x)

∣∣((χJH) ◦ αN
)′(x)

∣∣,
where the sum is taken over all inverse branches ofTN . We have|(χJ ◦αN )′| � θA3

|b|
ε′ ‖ψ′‖∞,

and we can of course assume that‖ψ′‖∞ � 1 to simplify the further estimates. By a classic
bound (see the next section for a proof of a similar result), there exist a constantC̃ uniform in
N , anda such that fora close enough tos0, |(τN

a ◦ αN )′(x)| � C̃. Therefore we have

∣∣N J
s (H)′(x)

∣∣ � C̃N J
s (H)(x) + A3θ

|b|
ε′

LN
a (H)(x) + DA|b|γ−NN J

s (H)(x).

Writing H = (χJH)/χJ � 1
1−θχJH , we get

∣∣N J
s (H)′(x)

∣∣ �
(

C̃

|b| + A3
θ

(1− θ)ε′
+ DAγ−N

)
|b|N J

s (H)(x) � A|b|N J
s (H)(x),

for all |b| large enough,a close tos0 andθ, N satisfyingθ � min(1
2 , ε′ A−1

4A3
) andγ−N � A−1

2DA .
Let f ∈C1(I) andH ∈ CA|b| be such that|f |� H and|f ′|� A|b|H . We obtain
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s (f)′(x)

∣∣ �
∑
αN

eτN
a (αN x)

∣∣((τN
a + ibτN ) ◦ αN

)′(x)
∣∣H(αNx) + eτN

a (αN x)
∣∣(f ◦ αN )′(x)

∣∣
� DA|b|γ−NLN

a (H)(x) + Ĉ|b|LN
a (H)(x),

whereĈ is again independent ofN and|b| large enough. Using the fact thatχ−1
J � 2 if θ � 1

2 ,
we get

h

n

so
∣∣LN
s (f)′(x)

∣∣ � A|b|N J
s (H)(x),(4)

if A � Ĉ
4 and γ−N � D

4 . In the following, we fix A � max(2, Ĉ
4 ), take N such that

γ−N � min( A−1
2DA , D

4 ), and fix0 < θ � min(1
2 , ε′ A−1

4A3
).

We need to prove the property (II) i.e. the operatorsN J
s are contracting the cone inL2 norm.

For this purpose, and following [11,41], we will say that a subsetJ ⊂ Js is denseif for all
1 � j � q such thatVj ∩K �= ∅, there exists1 � j′ � q with (i, j′) ∈ J for somei ∈ {1,2} such
that |j′ − j|� 2. Let J be a dense subset, we denote byWJ the subset ofK defined by

WJ =
{
x ∈K: ∃(i, j) ∈ J : x ∈Xj

}
.

The setsWJ have the following remarkable property.

LEMMA 5.7. – Let J be a dense subset, andH ∈ CA|b|. Then there exists a constantε̃ > 0
independent ofH , |b| andJ such that∫

WJ

H dν0 � ε̃

∫
K

H dν0.

The proof is based on the Federer property of the equilibrium measureν0.

PROPOSITION 5.8. – LetB(x, r) denote the closed ball of centerx and radiusr. Letµ be an
equilibrium measure onK with respect to a Hölder potentialf . Let D be a real number suc
thatD > 1. Then there existsCD > 0 such that for allx ∈K andr > 0,

µ
(
B(x,Dr)

)
� CDµ

(
B(x, r)

)
.

The proof of this Federer property is given in Section 6.

Proof of Lemma 5.7. –We denote byG the set of indexes in{1, . . . , q} such thatVi ∩ K �= ∅
for all i ∈ G. We remark thatK ⊂

⋃
i∈G Xi.

Given i ∈ G, by density ofJ , there exists at least an indexj(i) with (i′, j(i)) ∈ J for some
i′ ∈ {1,2} such that|j(i) − i| � 2. By choosing such aj(i) for all i ∈ G, we get an applicatio
j :G →G. Notice that for allj′ ∈ G, j−1({j′}) contains at most5 elements.

For all i ∈ G, we choose an arbitraryui ∈ K ∩ Xi. We haveXj(i) ⊂ B(ui, r) and Xi ⊂
B(ui, r), whereB(ui, r) denotes the closed ball of centerui and radiusr = 3A1‖(ψ−1)′‖∞ ε′

|b| ,

simply becauseXi = ψ−1(Vi ∩ U0). Moreover, by property 4 of triadic partitions, we al
have Xj(i) ⊃ B(vi, r

′), where r′ = 1
2A2A

′
1

ε′

|b| infU0 |(ψ−1)′|, and vi ∈ K ∩ Xj(i) such that
dist(vi, ∂Xj(i)) = dist(K ∩Xj(i), ∂Xj(i)).

Let H ∈ CA|b|. We have∫
K

H dν0 =
∑
i∈G

∫
Xi

H dν0 �
∑
i∈G

∫
B(ui,r)

H dν0 �
∑
i∈G

( max
B(ui,r)

H)ν0

(
B(ui, r)

)
.
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Moreover, we get also

B(vi,2r)⊃ B(ui, r)⊃ B(vi, r
′),

hence by theFederer propertyof the measureν0 we get( ) ( ) ( ′ )

e

rz

ry.
ν0 B(ui, r) � ν0 B(vi,2r) � C2r/r′ν0 B(vi, r ) � C2r/r′ν0(Xj(i)).

Hence for|b| large, we deduce∫
K

H dν0 � C ′
∑
i∈G

e2A|b|r(min
Xj(i)

H)ν0(Xj(i))

� C ′eC′′ ∑
i∈G

∫
Xj(i)

H dν0

� 5C ′eC′′ ∑
j: ∃i with (i,j)∈J

∫
Xj

H dν0 = 5C ′eC′′
∫

WJ

H dν0,

where the constantsC ′ andC ′′ do not depend on|b|. The proof is complete. �
We define the setEs as the set of subsetsJ ⊂ Js such thatJ is dense. We can prove th

following.

PROPOSITION 5.9. –There exists0 < ρ < 1 such that for alls = a + ib with |a − s0| small
and |b| large, for all H ∈ CA|b| and for allJ ∈ Es, we have∫

K

∣∣N J
s (H)

∣∣2 dν0 � ρ

∫
K

H2 dν0.

Proof. –Let H ∈ CA|b|. First, we remark that for allx ∈ I , we have by the Cauchy–Schwa
inequality,

(
N J

s (H)
)2(x) =

( ∑
T N y=x

eτN
a (y)χJ (y)H(y)

)2

�
( ∑

T N y=x

eτN
a (y)χ2

J (y)
)( ∑

T N y=x

eτN
a (y)H2(y)

)
= LN

a (χ2
J)(x)LN

a (H2)(x) � LN
a (χJ )(x)LN

a (H2)(x).

For all x ∈ WJ and a well choseni ∈ {1,2}, we haveχJ(βÑ
i ◦ ψ(x)) = 1 − θ. Notice in

addition that ifTNz = x, then we have roughly|τN
a (z)| � NBa, where we can takeBa =

a‖τ‖∞ + |P (−aτ)|+ 2‖ logha‖∞ which is a locally bounded function by perturbation theo
This remark shows that

LN
a (χJ )(x) �

∑
αN �=βÑ

i
◦ψ

eτN
a ◦αN (x) + (1− θ)eτN

a ◦βÑ
i ◦ψ(x) � 1− θe−NBa ,
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becauseLN
a (1) = 1. Writing∫

K

(
N J

s (H)
)2

dν0 =
∫

WJ

(
N J

s (H)
)2

dν0 +
∫

K\WJ

(
N J

s (H)
)2

dν0,

tes
nts,

how

ased
we get by the previous estimate onWJ the inequality∫
K

(
N J

s (H)
)2

dν0 � (1− θe−NBa)
∫

WJ

LN
a (H2)dν0 +

∫
K\WJ

LN
a (H2)dν0

=
∫
K

LN
a (H2)dν0 − θe−NBa

∫
WJ

LN
a (H2)dν0.

Now we can apply the preceding lemma toLN
a (H2). Indeed, if we repeat the previous estima

on the stability of the coneCA|b| by N J
s , we find that under the preceding choice of consta

LN
a (H2) ∈ C 3

4 A|b| for all H ∈ CA|b|. Thus we have∫
K

(
N J

s (H)
)2

dν0 � (1− ε̃θe−NBa)
∫
K

LN
a (H2)dν0.

Since we haveLN
a (H2) � eNA(a,s0)LN

s0
(H2), we can use perturbation theory once more to s

that there exists0 < ρ < 1 such that for alla close enough tos0 we have

(1− ε̃θe−NBa)eNA(a,s0) � ρ < 1.

On the other hand, ∫
K

LN
s0

(H2)dν0 =
∫
K

H2 dν0,

and the proof is complete.�
It remains to show property (III) in order to complete the proof of the key lemma. It is b

on the following.

LEMMA 5.10. – Let H ∈ CA|b|, f ∈ C1(I) be such that|f | � H and |f ′| � A|b|H . Define
the functionsΘj : I → R+ for j = 1,2 by

Θ1(x) =
|e(τN

a +ibτN )(αN
1 x)f(αN

1 x) + e(τN
a +ibτN )(αN

2 x)f(αN
2 x)|

(1− 2θ)eτN
a (αN

1 x)H(αN
1 x) + eτN

a (αN
2 x)H(αN

2 x)
,

Θ2(x) =
|e(τN

a +ibτN )(αN
1 x)f(αN

1 x) + e(τN
a +ibτN )(αN

2 x)f(αN
2 x)|

eτN
a (αN

1 x)H(αN
1 x) + (1− 2θ)eτn

a (αN
2 x)H(αN

2 x)
.

Then forθ and ε′ chosen small enough, for allj such thatXj ∩ K �= ∅, there existj′ with
|j′ − j|� 2, Xj′ ∩K �= ∅ andi ∈ {1,2} such that for allx ∈ Xj′ , we have

Θi(x) � 1.

To prove Lemma 5.10, we will use the following lemmas.
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LEMMA 5.11. – Let Z ⊂ I be an interval with|Z| � c
|b| . LetH ∈ CA|b| andf ∈ C1(I) with

|f | � H and |f ′| � A|b|H . Then forc small enough, we have either|f(u)| � 3
4H(u) for all

u ∈ Z, or |f(u)|� 1
4H(u) for all u ∈ Z.

Proof. –Assume that there existsu0 ∈ Z such that|f(u0)| � 1
4H(u0). Then for allu ∈ Z we

obtain

er

ma

ction

a

∣∣f(u)
∣∣ �

∣∣f(u)− f(u0)
∣∣ +

1
4
H(u0) � A|b||Z| sup

Z
H +

1
4
H(u0)

�
(

cA +
1
4

)
eAcH(u) � 3

4
H(u),

for all c small enough. �
In the following of the proof, for allz ∈ C, z �= 0, arg(z) will denote the unique real numb

arg(z) ∈ (−π,π] such that|z|eiarg(z) = z.

LEMMA 5.12 (Triangle lemma). –Letz1, z2 �= 0 be two complex numbers such that| z1
z2
|� L

and2π − ε � |arg(z1)− arg(z2)|� ε > 0. Then there exists0 < δ(L,ε) < 1 such that

|z1 + z2|� (1− δ)|z1|+ |z2|.

Proof. –Apply some elementary trigonometry of euclidean triangles.�
Proof of Lemma 5.10. –First, we chooseε′ small enough such that the conclusion of Lem

5.11 is valid for allZ = Zi
j . It is easy to check that this does not changeA andN . We assume

also that0 < θ � 1
8 so that1− 2θ � 3

4 . SinceZi
j = βÑ

i (Vj), we have|Zj
i |� (D/γÑ )|Vj |, hence

it is always possible to assume that|Zj
i | � |Vj | if Ñ (and thusN ) is taken large enough.

Let Vj , Vj+1, Vj+2 be a triad of intervals such that each of them has a non-empty interse
with the Cantor set. We can assume that̂Xj = Xj ∪ Xj+1 ∪ Xj+2 is included in a single
connected component ofI .

Two cases occur. If there existsj′ ∈ {j, j +1, j +2} such that|f(u)|� 3
4H(u) for all u ∈ Zi

j′

for somei ∈ {1,2}, then clearlyΘi(u) � 1 for all u ∈ Zi
j′ . If this is not the case, then by Lemm

5.11 we have for allj′ ∈ {j, j + 1, j + 2}, for all i ∈ {1,2} and for allu ∈ Zi
j′ ,

∣∣f(u)
∣∣ � 1

4
H(u).

Our goal is to apply Lemma 5.12 to conclude. For allx ∈ X̂j , we set

z1(x) = e(τN
a +ibτN )(αN

1 x)f(αN
1 x); z2(x) = e(τN

a +ibτN )(αN
2 x)f(αN

2 x).

We claim that givenj′ ∈ {j, j + 1, j + 2}, we have either| z1(x)
z2(x) | � M for all x ∈ Xj′ or

| z2(x)
z1(x) |� M for all x ∈ Xj′ , whereM = 4e2NBae2Aε′A1 . Indeed, for allx ∈Xj′ , we can write

1
4
e−2NBa

H(αN
1 x)

H(αN
2 x)

�
∣∣∣∣z1(x)
z2(x)

∣∣∣∣ � 4e2NBa
H(αN

1 x)
H(αN

2 x)
.
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If there existsx0 ∈Xj′ such thatH(αN
1 x0)

H(αN
2 x0)

� 1, then for allx ∈Xj′ , one gets

H(αN
1 x)

H(αN
2 x)

� eAA1ε′
H(αN

1 x0)
e−AA1ε′H(αN

2 x0)
� e2AA1ε′

,

N

and we deduce| z1(x)
z2(x) |� M . If H(α1 x)

H(αN
2 x)

� 1 for all x ∈Xj′ , then| z2(x)
z1(x) |� 4e2NBa � M .

We need in addition to control the relative variations of theargumentsof z1 andz2. Since
|zi(x)| � e−NBa 1

4H(αN
i x) > 0 for all x ∈ X̂j and i = 1,2, there exist twoC1 functions

Li : X̂j → C such that fori = 1,2 we haveL′
i(x) = z′

i(x)
zi(x) and eLi(x) = zi(x) for all x ∈ X̂j .

Indeed, consider for example an arbitrary pointx0 ∈ X̂j and set

Li(x) =

x∫
x0

z′i(t)
zi(t)

dt + z0,

where z0 is chosen such thatez0 = zi(x0). For all x ∈ X̂j , we setΦ(x) = Im(L1(x)) −
Im(L2(x)). Taking the derivatives for allx ∈ X̂j , we get

Φ′(x) = Im
(

z′1(x)
z1(x)

− z′2(x)
z2(x)

)
= b

d

dx
(τN ◦ αN

1 − τN ◦ αN
2 )(x) + Im

(
(f ◦ αN

1 )′(x)
f(αN

1 x)
− (f ◦ αN

2 )′(x)
f(αN

2 x)

)
.

A direct estimate shows that∣∣∣∣ (f ◦ αN
1 )′(x)

f(αN
1 x)

− (f ◦ αN
2 )′(x)

f(αN
2 x)

∣∣∣∣ � 8A|b| D

γN
,

hence using Proposition 5.5, for allx ∈ X̂j we have

m− 8A
D

γN
� |Φ′(x)|

|b| � m′ + 8A
D

γN
.

Forx ∈Xj andx′ ∈Xj+2, we can write by the mean value theorem(
m− 8A

D

γN

)
A′

1ε
′ inf

U0

∣∣(ψ−1)′
∣∣ �

∣∣Φ(x)−Φ(x′)
∣∣ �

(
m′ + 8A

D

γN

)
3A1ε

′∥∥(ψ−1)′
∥∥
∞.

By choosingN large enough, we see that independently ofx,x′, we get

B1ε
′ �

∣∣Φ(x)−Φ(x′)
∣∣ � B2ε

′,

for some constantsB1,B2 > 0, independent of|b|. We now adjustε′ such that(B2 + B1
2 )ε′ � π,

and we setε = B1
ε′

4 . Suppose now that there existx ∈Xj andx′ ∈Xj+2 such that both

Φ(x),Φ(x′) ∈
⋃
k∈Z

[2kπ − ε,2kπ + ε].
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Since|Φ(x)−Φ(x′)|� B2ε
′, we cannot have

Φ(x) ∈ [2k1π − ε,2k1π + ε] and Φ(x′) ∈ [2k2π − ε,2k2π + ε],

with k1 �= k2. Indeed it would imply that

re

t

at
B2ε
′ �

∣∣Φ(x)−Φ(x′)
∣∣ � 2π − 2ε = 2π −B1ε

′/2,

which is not possible. Therefore we haveB1ε
′ � |Φ(x) − Φ(x′)| � 2ε = B1ε

′/2, which is
again a contradiction. As a consequence, there existsj′ ∈ {j, j + 2} such that for allx ∈ Xj′ ,
dist(Φ(x),2πZ) > ε. BecauseeiΦ(x) = ei(arg(z1)−arg(z2)), the hypotheses of Lemma 5.12 a
satisfied. We get either for allx ∈Xj′ ,∣∣z1(x)− z2(x)

∣∣ �
(
1− δ(M,ε)

)∣∣z1(x)
∣∣ +

∣∣z2(x)
∣∣

or for all x ∈Xj′ , ∣∣z1(x)− z2(x)
∣∣ �

(
1− δ(M,ε)

)∣∣z2(x)
∣∣ +

∣∣z1(x)
∣∣,

depending on whether| z1(x)
z2(x) | � M or | z2(x)

z1(x) | � M . By choosing0 < θ < 1
2δ(M,ε), we have

Θi(x) � 1 for all x ∈Xj′ and somei ∈ {1,2}. �
Now we are ready to prove the property (III). We assume that the constantsN,A, ε′, θ are

chosen so that (I) and (II) are satisfied and Lemma 5.10 holds. Letf ∈ C1(I) andH ∈ CA|b|
with |f |� H and|f ′|� A|b|H . We must show that there exists a dense subsetJ ∈ Es such that∣∣LN

s (f)
∣∣ � N J

s (H).

Let J be the set of indexes(i, j) such thatΘi(x) � 1 for all x ∈ Xj . Lemma 5.10 tells us tha
J is dense. Letx ∈ I . If x �∈ IntXj , then for ally ∈ I such thatTNy = x, we haveχJ(y) = 1
becausey ∈ Zi

j if and only if y = αN
i (z) with z ∈Xj . Consequently, we deduce

∣∣LN
s (f)(x)

∣∣ �
∑

T N y=x

eτN
a (y)H(y) =

∑
T N y=x

eτN
a (y)χJ(y)H(y) = N J

s (H)(x).

If x ∈ IntXj , then we apply the following argument.
1. If (1, j) ∈ J and (2, j) /∈ J , then for ally ∈ I with TNy = x different from αN

1 (x),
χJ(y) = 1 (different inverse branches ofTN have disjoint images). Using the fact th
Θ1(x) � 1, we get∣∣LN

s (f)(x)
∣∣ �

∑
T N y=x

y �=αN
1 x,αN

2 x

eτN
a (y)H(y) + (1− 2θ)eτN

a (αN
1 x)H(αN

1 x)

+ eτN
a (αN

2 x)H(αN
2 x)

�
∑

T N y=x

eτN
a (y)χJ(y)H(y) = N J

s (H)(x).

The case(2, j) ∈ J and(1, j) /∈ J is symmetric.
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2. If (1, j) ∈ J and (2, j) ∈ J , then for all y ∈ I with TNy = x different from
αN

1 (x), αN
2 (x), we haveχJ(y) = 1. In addition,Θ1(x) � 1 andΘ2(x) � 1. By taking

half of the sum of these inequalities we deduce∣∣e(τN
a +ibτN )(αN

1 x)f(αN
1 x) + e(τN

a +ibτN )(αN
2 x)f(αN

2 x)
∣∣

� (1− θ)eτN
a (αN

1 x)H(αNx) + (1− θ)eτN
a (αN

2 x)H(αNx)

.4 is

y

of an
ölder

d

rty for

.

uld fail.
1 2

� eτN
a (αN

1 x)χJ (αN
1 x)H(αN

1 x) + eτN
a (αN

2 x)χJ (αN
2 x)H(αN

2 x).

This implies that|LN
s (f)(x)| � N J

s (H)(x).
In view of what we showed at the beginning of this section (formula (4)) Lemma 5
proved. �

6. On the Federer property of equilibrium measures on K

This section is devoted to the proof of the Federer property for an arbitraryT -invariant
equilibrium measureµf on the Cantor setK, where the potentialf is Hölder onK. We assume
for simplicity that the topological pressureP (f) = 0. We recall thatµf can be defined on an
Borel setA by µf (A) = µ̃(Π−1A), whereµ̃ is the equilibrium state off ◦Π which is a Lipschitz
observable onΣ+

A with respect to a well chosen metricdθ .
Because of the ultrametric property ofdθ and the distortion bounds of Gibbs measures,µ̃ is

obviously a Federer measure onΣ+
A. It is also clear that SRB measures for expanding maps

interval still have this property and more generally for any equilibrium state related to an H
potential7 on the interval (see the first chapter of N. Anantharaman’s Phd thesis [1]).

In our setting this property is non-trivial for the pull-backµf with respect to the induce
distance onK because it is not (in general) Lipschitz equivalent to(Σ+

A, dθ). However, the
quasi-self-similar structure of regular Cantor sets allows us to show the Federer prope
an arbitrary equilibrium measure. In the following,B(x, r) denotes the closed ball of centerx
and radiusr on the real line.

Let us recall some notations. Ifα = α0 � α1 � . . . � αn−1 with αi ∈ {1, . . . , k} is a finite
admissible word (i.e.A(αi, αi+1) = 1 for all i), we denote byCα the cylinder setIα0 ∩T−1Iα1 ∩
· · · ∩ T−n+1Iα. Every cylinder setCα is a closed interval. The length ofα is by definition
|α|= n, and the diameter ofCα is denoted by|Cα|. The main tools we need are the following

LEMMA 6.1. – There exist constantsC > 0, 0 < δ1 < 1 and 0 < δ2 < 1 such that for all
cylindersCα ⊂ Cβ ,

C−1δ
|α|−|β|
1 � |Cα|

|Cβ |
� Cδ

|α|−|β|
2 .

LEMMA 6.2. – For each cylinder setCβ , we have

Cβ ∩K ⊂
⋃

Cα⊂Cβ

Cα,

7 If the potential has some discontinuities at the boundary of the Markov partition, then the Federer property co
Consider for exampleTx = 2xmod1 on [0,1], then the equilibrium state of

φ(x) =

{
1 if x ∈ [0,1/2),
2 if x ∈ [1/2,1]

is NOT a Federer measure (work near1/2 and use the Gibbs estimates).
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where|α|= |β|+1. Moreover there exists a constantλ > 0 such that, given two distinct cylinders
Cα1 ,Cα2 ⊂Cβ with |αi|= |β|+ 1 for i = 1,2, we have

dist(Cα1 ,Cα2) � λ|Cβ |.

Let us show how these two properties imply the Federer property (Proposition 5.8).

der

et for

f
ed
t

er
Proof of Proposition 5.8. –The basic idea of the proof is to show the existence of two cylin
setsCα, Cβ such thatCα ⊂ B(x, r), Cβ ⊃ B(x,Dr) ∩K, Cα ⊂ Cβ , with |α| − |β| depending
only onD.

Indeed, by definition ofµ and the Gibbs property we have

µ(B(x,Dr))
µ(B(x, r))

� µ(Cβ)
µ(Cα)

� Aef |β|(x)−f |α|(x),

wherex ∈ Π−1Cα, andA is a constant depending only onf . Since we can write

f |β|(x)− f |α|(x) = −f(σ|α|−1x)− · · · − f(σ|β|x) = −f |α|−|β|(σ|β|x) �
(
|α| − |β|

)
‖f‖∞,

the fact that|α| − |β| depends only onD implies that

µ(B(x,Dr))
µ(B(x, r))

� CD,

whereCD = Ae(|α|−|β|)‖f‖∞ depends also only onD.
In the following, our goal is to show the existence of such cylinders in any case. S

simplicity J = B(x, r) and J ′ = B(x,Dr). First, we assume thatJ ′ ∩ K � Ii for some
i ∈ {1, . . . , k}. Let n = min{j � 1: ∃ Cα ⊂ J ′, |α|= j}. Clearlyn makes sense and8 n � 2.

Let Cα ⊂ J ′ be a cylinder with|α| = n. Consider an arbitraryCα′ ⊃ Cα with |α′| = n − 1.
By definition ofn, Cα′ �⊂ J ′, so the following alternative holds.

1. If Cα′ ⊃ J ′ ∩K, by Lemma 6.2 we have

C−1δ1|Cα′ |� |Cα|� |J ′|.

2. If Cα′ �⊃ J ′ ∩ K, there exists a cylinderCβ′ with |β′| = n − 1 such thatCα′ , Cβ′ are
consecutive andJ ′ ∩ K ⊂ Cα′ ∪ Cβ′ . Indeed,J ′ ∩ K is covered by a finite union o
cylinders related to words of lengthn − 1 and none of these cylinders can be includ
in J ′. Consider now a bigger cylinderCα′′ such thatCα′ ∪Cβ′ ⊂Cα′′ , and assume tha

|α′′|= max
{
j � 0: ∃ Cβ ⊃Cα′ ∪Cβ′ , |β|= j

}
.

The maximality of|α′′| implies thatCα′ and Cβ′ are respectively included in bigg
cylindersCα̂′ andCβ̂′ with |α̂′|= |β̂′|= |α′′|+ 1. Since the “gap” betweenCα′ andCβ′

is included inJ ′, using Lemma 6.2, we deduce that

|J ′|� dist(Cα′ ,Cβ′) � dist(Cα̂′ ,Cβ̂′) � λ|Cα′′ |.

8 Indeed, sinceCα ⊂ J ′ � Ii = Cα0 , we must have at least|α| � 2.
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In both cases we have shown that there exists a cylinderCβ such thatCβ ⊃ J ′ ∩ K and
|Cβ |� C ′|J ′|, whereC ′ does not depend onr, x andD.

Finally, there exists a decreasing sequence(Cγi)i�0 of cylinders such that for alli,

x ∈ Cγi � · · · � Cγ1 � Cγ0 � Cβ .

at
Using Lemma 6.1 and the preceding estimate of|Cβ |, we have

|Cγi |� CC ′δ
|γi|−|β|
2 Dr.

Thus whenever we haveCC ′δ
|γi|−|β|
2 D < 1 i.e. |γi| − |β| > log(DCC′)

log δ2
, we deduceCγi ⊂ J .

Hence there exists a cylinderCα = Cγi for some|γi| large enough such thatCα ⊂ J and|α|−|β|
depends only onD and the proof is complete. It remains to deal with the case whenJ ′ ∩ K is
not included in one of the intervalsIi. Clearly there existsIi � x. If Ii ⊂ J ′, then|Ii|� |J ′| and
following the same ideas as in the preceding case, one can easily constructCα ⊂ J andCα ⊂ Ii

with |α| depending only onD. We complete the proof by noticing that

µ(J ′)
µ(J)

� 1
µ(Cα)

� C ′
D,

where as usualC ′
D depends only onD. If Ii �⊂ J ′, then by a similar “gap” argument to th

previously used, we have

|Ii|�
maxj |Ij |

minj �=l dist(Ij , Il)
|J ′|,

and we conclude the proof in the same way.�
Proof of Lemma 6.1. –Let x, y ∈ Cα be such that|x − y| = |Cα| and letx′, y′ ∈ Cβ be such

that |x′ − y′| = |Cβ |. Setn = |α| andm = |β|. We have|Tnx − Tny| = |(Tn)′(z)||Cα| and
|Tmx′ − Tmy′|= |(Tm)′(z′)||Cβ | for somez ∈Cα andz′ ∈ Cβ . The chain rule implies that

|Cα|
|Cβ |

=
|Tnx− Tny|
|Tmx′ − Tmy′| ×

|T ′(Tm−1z′)T ′(Tm−2z′) . . . T ′(z′)|
|T ′(Tm−1z)T ′(Tm−2z) . . . T ′(z)| × 1

|T ′(Tn−1z) . . . T ′(Tmz)| .

In addition, we have|Tnx − Tny| = |Tn(Cα)| = |T (Iαn−1)| � |Iαn−1 | becauseTn|Cα is a
diffeomorphism mapping the boundary ofCα to the boundary ofTn(Cα) = T (Iαn−1) by
definition ofCα. For the same reasons, we can also write

|Tmx′ − Tmy′|=
∣∣Tm(Cβ)

∣∣ � |Iβm−1 |.

On the other hand, we have

|T ′(Tm−1z′)T ′(Tm−2z′) . . . T ′(z′)|
|T ′(Tm−1z)T ′(Tm−2z) . . . T ′(z)| = exp

(
m−1∑
i=0

logT ′(T iz)− logT ′(T iz′)

)
.

Moreover we can writez = ϕβ ẑ, z′ = ϕβ ẑ′, whereϕβ = T−1
β0

◦ · · · ◦ T−1
βm−1

is the local inverse
branch ofTm related toCβ , and we deduce

∣∣logT ′(T iz)− logT ′(T iz′)
∣∣ �

∥∥∥∥T ′′

T ′

∥∥∥∥
∞
|T i ◦ϕβz − T i ◦ϕβz′|�

∥∥∥∥T ′′

T ′

∥∥∥∥
∞

D|z − z′|
γm−i

,
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whereγ > 1 is the expanding rate ofT . Consequently,∣∣∣∣∣
m−1∑
i=0

logT ′(T iz)− logT ′(T iz′)

∣∣∣∣∣ �
∥∥∥∥T ′′

T ′

∥∥∥∥
∞

D|I| 1
γ − 1

.

n of

et

imilar
ber of

ards in
as 6.1,
ue

st
Finally, we get the estimates

exp
(
−

∥∥∥∥T ′′

T ′

∥∥∥∥
∞

D|I|
γ − 1

)
A−1|I|−1

‖T ′‖n−m
∞

� |Cα|
|Cβ |

� exp
(∥∥∥∥T ′′

T ′

∥∥∥∥
∞

D|I|
γ − 1

)
AD|I|
γn−m

,

whereA = 1
min1�j�k |Ij | . The proof is complete. �

Proof of Lemma 6.2. –The first statement is an obvious consequence of the definitio
K. Denote byn the length ofβ. Let Cα, Cα′ be two distinct subcylinders ofCβ with
|α| = |α′| = n + 1. Let (x, y) ∈ Cα ×Cα′ be such that|x− y| = dist(Cα,Cα′) andx′, y′ ∈ Cβ

with |x′ − y′|= |Cβ |. Using a similar argument than that used in the preceding proof, we g

|x− y|
|x′ − y′| =

dist(Cα,Cα′)
|Cβ |

� C ′|Tnx− Tny|,

whereC ′ is a constant depending only onT . SinceTnx ∈ Iαn andTny ∈ Iα′
n

with αn �= α′
n,

we have

|Tnx− Tny| � min
i �=j

dist(Ii, Ij),

independently ofn, and the proof is complete.�

7. Existence of triadic partitions

This section is devoted to a proof of the existence of triadic partitions. The ideas are s
to [41], but we have to deal here with a more general family of Cantor sets where the num
subcylinders of a given cylinder may not be constant, in contrast to the case of open billi
[41]. We use the same notations as in Section 4. The proof is based on the distortion Lemm
6.2 and the following additional results. We recall that|.| denotes the diameter (or the Lebesg
measure) when applied to an interval.

LEMMA 7.1. – There exists a constantB1 > 0 such that for allx ∈ K and all r > 0, there
exists a cylinder setCα such thatCα ⊂B(x, r) and |Cα|� B1r.

Proof. –ConsiderCα with x ∈ Cα ⊂ B(x, r), with α of minimal length. Forx ∈ K, such a
cylinder clearly exists. LetCβ ⊃ Cα with |β|= |α| − 1. By minimality of |α|, Cβ �⊂ B(x, r) and
thus|Cβ |� r. By applying Lemma 6.1, we get|Cα|� C−1δ1|Cβ |� C−1δ1r. �

LEMMA 7.2. – Let Cβ be an arbitrary cylinder set. Then there exists a finite set of at lea3
wordsAβ such that

Cβ ∩K ⊂
⋃

γ∈Aβ

Cγ ,

whereCγ ⊂Cβ and |γ|= |β|+ p0 + 1.
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Proof. –Given a finite admissible wordα, we denote byβ ∨α the concatenation of the words
β andα whenever it makes sense i.eβ ∨ α is admissible. LetAβ be the set of admissible words
of the typeβ ∨ α with |α|= p0 + 1. We have immediately

Cβ ∩K ⊂
⋃

γ∈A
Cγ ,

e

ll

cted
d

st

4.

operty
β

and by definition,Cγ ⊂ Cβ for all γ ∈ Aβ . Setn + 1 = |β| to simplify the notations. Since th
number of admissible words of lengthp0 + 2 starting byi and ending byj is given by the entry
Ap0+1(i, j) of the matrixAp0+1, and becauseAp0 > 0 (we recall thatA is aperiodic), we can
write

�Aβ =
k∑

j=1

Ap0+1(βn, j) =
∑

1�j, l�k

Ap0(βn, l)A(l, j)

�
∑

1�j, l�k

A(l, j).

Using the irreducibility ofA, we have∑
1�j, l�k

A(l, j) � k + 1,

and the proof is complete sincek � 2. �
Remark. – By Lemma 6.1, we haveB2|Cβ | � |Cγ | � B3|Cβ| for all γ ∈ Aβ and some

constantsB2,B3 > 0 independent ofβ,γ. Applying inductively Lemma 6.2, we have for a
γ1, γ2 ∈ Aβ with γ1 �= γ2, dist(Cγ1 ,Cγ2) � B4|Cβ|, for a suitably chosen constantB4 > 0
independent ofβ,γ.

Proof of Proposition 5.6. –It is enough to prove the statement for a given conne
component ofU0. Let U denote such a component. Letε > 0 be fixed,ε being small compare
to |U |. Setp = [|U |/ε]. We can divideU into p closed intervalsJi with disjoint interiors such
thatε � |Ji|� 2ε, and

⋃p
i=1 Ji = U .

For all1 � i � p, we writeJi = [xi, xi+1]. The first step is to move slightly the pointsxi so that
the property 4 is fulfilled. For2 � i � p, we apply the following choice. IfB(xi,

ε
8 ) ∩ K = ∅,

then we set̃xi = xi. If B(xi,
ε
8 ) ∩ K �= ∅, then we pickx′

i ∈ B(xi,
ε
8 ) ∩ K. By Lemma 7.1,

there exists a cylinderCα ⊂ B(x′
i,

ε
8 ) with |Cα| � B1

ε
8 . Using Lemma 7.2, there exist at lea

two consecutive cylindersCγ1 , Cγ2 , included inCα, satisfying the estimatedist(Cγ1 ,Cγ2) �
B4|Cα|. Setx̃i = 1

2 (maxCγ1 + minCγ2).
In both cases, we have|x̃i − xi| � ε

4 anddist(x̃i,K) � min( ε
8 ,B1B4

ε
16 ). For the boundary

pointsx1 andxp+1, we can apply the same argument to arrange in addition thatx̃1 � x1 and
x̃p+1 � xp+1. For all1 � i � p, setJ̃i = [x̃i, x̃i+1]. For all1 � i � p, we haveε

2 � |J̃i|� 5
2ε and

dist(∂J̃i,K) � B5|J̃i| with B5 = 2
5 min(B1B4

16 , 1
8 ) andU ⊂

⋃p
i=1 J̃i, the intervalsJ̃i are still

with disjoint interiors. Now this new collection of intervals̃Ji satisfies the properties 1, 2 and
To simplify the notations we will still denote byJi these intervals.

The next step is to apply a subdivision procedure so that the triple intersection pr
is verified. Consider an intervalJi such thatJi ∩ K �= ∅. Taking x ∈ Ji ∩ K �= ∅, we have
B(x,B5

ε
2 ) ⊂ Ji. Using Lemma 7.1 combined with Lemma 7.2, there exist at least3 consecutive
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cylindersCγ1 , Cγ2 andCγ3 with

Cγ1 ∪Cγ2 ∪Cγ3 ⊂B

(
x,B5

ε

2

)
⊂ Ji.

In addition, we have fori = 1,2, dist(Cγi ,Cγi+1) � B4B1B5
ε
2 . We set

rsion
sions
pointed
rogram

ts and

e

yi =
1
2
(maxCγ1 + minCγ2) and zi =

1
2
(maxCγ2 + minCγ3).

Writing J1
i = [xi, yi], J2

i = [yi, zi], J3
i = [zi, xi+1], we haveJj

i ∩ K �= ∅ for j = 1,2,3.
Moreover, for allj = 1,2,3,

B1B2B5
ε

2
� |Jj

i |�
5
2
ε and dist(∂Jj

i ,K) � min
(

B5B4B1
ε

4
,B5

ε

2

)
.

It is now clear that the set of intervals

{Ji: Ji ∩K = ∅} ∪
3⋃

j=1

{Jj
i : Ji ∩K �= ∅}

has all the properties listed in Proposition 5.6.�
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Appendix A

We prove in this appendix the estimate relating the weighted sum on periodic orbi
transfer operators. In the following we assume thata = Re(s) is in a compact intervalJ .
Let us introduce some additional notations. For all admissible wordα of length n, χα will
denote aC1 cut-off function such thatχα ≡ 1 on the cylinder setCα andχα ≡ 0 on the other
cylinders of lengthn. Such a cut-off function clearly exists since|α|= |β| andα �= β imply that
dist(Cα,Cβ) > 0.

Given two finite admissible wordsα = α0 � . . . � αp and β = β0 � . . . � βq , we denote the
concatenationof these words byα ∨ β = α0 � . . . � αp � β0 � . . . � βq , whenever it makes sens
i.e.A(αp, β0) = 1.

For all admissible wordα (of length n), we denote byxα the unique fixed point ofTn

in Cα if it exists, otherwise we choosexα ∈ Cα ∩ K such thatxα /∈ T (Iαn−1). Indeed, if
Cα ∩ K ⊂ T (Iαn−1), then by the Markov property we haveA(αn−1, α0) = 1 andCα would
contain a periodic point of periodn which isΠ(α∨ α∨ · · ·).

This particular choice of pointsxα implies that we have

Ln
s (χα)(xα) =

{
e−sτn(xα) if xα is a periodic point,
0 otherwise.
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Therefore we can write

Zn(s) =
∑

T nx=x

e−sτn(x) =
∑
|α|=n

Ln
s (χα)(xα),

and this implies that

this
∣∣∣∣∣Zn(s)−
k∑

i=1

Ln
s (χi)(xi)

∣∣∣∣∣ =

∣∣∣∣∣ ∑
|α|=n

Ln
s (χα)(xα)−

k∑
i=1

Ln
s (χi)(xi)

∣∣∣∣∣
�

n∑
m=2

∣∣∣∣ ∑
|β|=m

Ln
s (χβ)(xβ)−

∑
|α|=m−1

Ln
s (χα)(xα)

∣∣∣∣.
We remark now that for allx ∈K,

χα(x) =
∑

A(αm−2,i)=1

χα∨i(x),

hence we get ∑
|α|=m−1

Ln
s (χα)(xα) =

∑
|α|=m−1

∑
A(αm−2,i)=1

Ln
s (χα∨i)(xα)

=
∑

|β|=m

Ln
s (χβ)(xβ),

where we have used the notationβ = β0 � β1 � . . . � βm−1. Therefore, we get∣∣∣∣∣Zn(s)−
k∑

i=1

Ln
s (χi)(xi)

∣∣∣∣∣ �
n∑

m=2

∑
|β|=m

∥∥Ln
s (χβ)

∥∥
C1 |xβ − xβ |

� |I|D
n∑

m=2

γ1−m‖Ln−m
s ‖C1

( ∑
|β|=m

∥∥Lm
s (χβ)

∥∥
C1

)
.

For all m � 2 and all admissible wordsβ with |β| = m, we chooseyβ ∈ K such thatyβ ∈
T (Iβm−1). For allx ∈ I , we deduce

Lm
s (χβ)(x) =

{
e−sτm(T−1

β
x) if x ∈ T (Iβm−1),

0 otherwise,

whereT−1
β = T−1

β0
◦ · · · ◦ T−1

βm−1
. For allx ∈ I ∩ T (Iβm−1), we have

∣∣Lm
s (χβ)(x)

∣∣ � ea|I|B1e−aτm(T−1
β

yβ),

where|(τm ◦ T−1
β )′(x)| � B1 andB1 is a uniform constant (we have already encountered

type of estimates in Section 3 and Section 4). Similarly, for allx ∈ I ∩ T (Iβm−1), we have

∣∣(Lm
s (χβ)

)′(x)
∣∣ � B1|s|ea|I|B1e−aτm(T−1

β
yβ).
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Sincea is in a compact set, there exists a uniform constantB2 such that for| Im(s)| large enough,
we have ∑

|β|=m

∥∥Lm
s (χβ)

∥∥
C1 � B2

∣∣Im(s)
∣∣ ∑
|β|=m

e−aτm(zβ),

where we setzβ = T−1yβ . It is well known (see [28,7]) that if we denote

d
nce is

èse de

linear

r

otes

l.

25

.
-

.

β

φm(a) =
( ∑

|β|=m

e−aτm(zβ)

)1/m

,

then we havelimm→+∞ φm(a) = eP (−aτ). Since the functiona �→ φm(a) is decreasing an
converges to a continuous function, a classical theorem of Dini implies that the converge
in fact uniform on every compact interval. Therefore for allε > 0, there existsBε > 0 such that
for all a ∈ J , for all m � 0 and| Im(s)| large,∑

|β|=m

∥∥Lm
s (χβ)

∥∥
C1 � Bε

∣∣Im(s)
∣∣em(ε+P (−aτ)).

The proof is complete. �
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