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HEAT KERNEL REGULARITY

BY PASCAL AUSCHER1, THIERRY COULHON2,

XUAN THINH DUONG3 AND STEVE HOFMANN

ABSTRACT. – One considers the class of complete non-compact Riemannian manifolds whose hea
satisfies Gaussian estimates from above and below. One shows that the Riesz transform isLp bounded on
such a manifold, forp ranging in an open interval above2, if and only if the gradient of the heat kern
satisfies a certainLp estimate in the same interval ofp’s.
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RÉSUMÉ. – On considère la classe des variétés riemanniennes complètes non compactes dont
de la chaleur satisfait une estimation supérieure et inférieure gaussienne. On montre que la transf
Riesz y est bornée surLp, pour un intervalle ouvert dep au-dessus de2, si et seulement si le gradient d
noyau de la chaleur satisfait une certaine estimationLp pour le même intervalle d’exposantsp.
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1. Introduction

The aim of this article is to give a necessary and sufficient condition for the two na
definitions of homogeneous first orderLp Sobolev spaces to coincide on a large class
Riemannian manifolds, forp in an interval(q0, p0), where2 < p0 � ∞ andq0 is the conjugate
exponent top0. On closed manifolds, these definitions are well-known to coincide fo
1 < p < ∞. For non-compact manifolds, and againp0 = ∞, a sufficient condition has bee
asked for by Robert Strichartz in 1983 [92] and many partial answers have been given
We shall review them in Section 1.3 below. The condition we propose is in terms of regu
of the heat kernel, more precisely in terms of integral estimates of its gradient. We are
treat manifolds with the doubling property together with natural heat kernel bounds, as w
the ones with locally bounded geometry where the bottom of the spectrum of the Lapla
positive.

1.1. Background

Let M be a complete non-compact connected Riemannian manifold,µ the Riemannian
measure,∇ the Riemannian gradient. Denote by|.| the length in the tangent space, and
‖.‖p the norm inLp(M,µ), 1 � p � ∞. One defines∆, the Laplace–Beltrami operator, as
self-adjoint positive operator onL2(M,µ) by the formal integration by parts

(∆f, f) =
∥∥|∇f |

∥∥2

2

for all f ∈ C∞
0 (M), and its positive self-adjoint square root∆1/2 by

(∆f, f) = ‖∆1/2f‖2
2.

As a consequence, ∥∥|∇f |
∥∥2

2
= ‖∆1/2f‖2

2.(1.1)

To identify the spaces defined by (completion with respect to) the seminorms‖|∇f |‖p and
‖∆1/2f‖p onC∞

0 (M) for somep ∈ (1,∞), it is enough to prove that there exist0 < cp � Cp <
∞ such that for allf ∈ C∞

0 (M)

cp‖∆1/2f‖p �
∥∥|∇f |

∥∥
p

� Cp‖∆1/2f‖p.(1.2)

Note that the right-hand inequality may be reformulated by saying that the Riesz tran
∇∆−1/2 is bounded fromLp(M,µ) to the space ofLp vector fields,1 in other words∥∥|∇∆−1/2f |

∥∥
p

� Cp‖f‖p(Rp)

for some constantCp and allf ∈ C∞
0 (M). Note that(R2) is trivial from (1.1). It is well-known

(see [6, Section 4], or [20, Section 2.1]) that the right-hand inequality in (1.2) implies the re

1 In the case whereM has finite measure, instead ofLp(M), one has to consider the spaceLp
0(M) of functions in

Lp(M) with mean zero; this modification will be implicit in what follows.

4e SÉRIE– TOME 37 – 2004 –N◦ 6
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inequality

‖∆1/2f‖q � Cp

∥∥|∇f |
∥∥

q
,

bolev

g of the

the

ee

up

t

ircles,
r to

-

for all f ∈ C∞
0 (M), whereq is the conjugate exponent ofp. Hence, (1.2) for allp with 1 < p < ∞

follows from (Rp) for all p with 1 < p < ∞. More generally, if(Rp) holds for1 < p < p0 (with
2 < p0 � ∞), one obtains the equivalence (1.2) and the identification of first order So
spaces forq0 < p < p0, q0 being the conjugate exponent top0.

Under local assumptions on the manifold, one can hope for the inhomogeneous analo
equivalence (1.2), namely

cp

(
‖∆1/2f‖p + ‖f‖p

)
�

∥∥|∇f |
∥∥

p
+ ‖f‖p � Cp

(
‖∆1/2f‖p + ‖f‖p

)
,(1.3)

for all f ∈ C∞
0 (M). It suffices then to study the boundedness onLp of the local Riesz transform

∇(∆ + a)−1/2 for somea > 0 large enough. If, in addition, the bottom of the spectrum of
Laplace–Beltrami is positive, that is, if∥∥|∇f |

∥∥
2
� λ‖f‖2(1.4)

for some positive real numberλ and all f ∈ C∞
0 (M), one can recover (1.2) from (1.3) (s

[18, p. 1154]).

1.2. Main results

Let us first recall the result of [18] which deals with(Rp) for 1 < p < 2. Denote byB(x, r)
the open ball of radiusr > 0 and centerx ∈M , and byV (x, r) its measureµ(B(x, r)). One says
thatM satisfies the doubling property if for allx ∈ M andr > 0

V (x,2r) � C V (x, r).(D)

Denote bypt(x, y), t > 0, x, y ∈ M , the heat kernel ofM , that is the kernel of the heat semigro
e−t∆. One says thatM satisfies the on-diagonal heat kernel upper estimate if

pt(x,x) � C

V (x,
√

t)
,(DUE )

for all x ∈ M , t > 0 and some constantC > 0.

THEOREM 1.1. – LetM be a complete non-compact Riemannian manifold. Assume tha(D)
and(DUE ) hold. Then the Riesz transform is bounded onLp for 1 < p < 2.

It is also shown in [18] that the Riesz transform is unbounded onLp for everyp > 2 on the
manifold consisting of two copies of the Euclidean plane glued smoothly along their unit c
although it satisfies(D) and (DUE ). A stronger assumption is therefore required in orde
extend Theorem 1.1 to the rangep > 2.

It is well-known [46, Theorem 1.1] that, under(D), (DUE ) self-improves into the off
diagonal upper estimate:

pt(x, y) � C

V (y,
√

t)
exp

(
−c

d2(x, y)
t

)
,(UE )

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



914 P. AUSCHER, T. COULHON, X.T. DUONG AND S. HOFMANN

for all x, y ∈ M , t > 0 and some constantsC, c > 0. A natural way to strengthen the assumption
is to impose a lower bound of the same size, that is the full Li–Yau type estimates( ) ( )

es

re
c

V (y,
√

t)
exp −C

d2(x, y)
t

� pt(x, y) � C

V (y,
√

t)
exp −c

d2(x, y)
t

,(LY )

for all x, y ∈ M , t > 0 and some constantsC, c > 0. It is known since [63] that such estimat
hold on manifolds with non-negative Ricci curvature. Later, it has been proved in [84] that(LY )
is equivalent to the conjunction of(D) and the Poincaré inequalities(P ) which we introduce
next.

We say thatM satisfies the (scaled) Poincaré inequalities if there existsC > 0 such that, for
every ballB = B(x, r) and everyf with f,∇f locally square integrable,∫

B

|f − fB |2 dµ � Cr2

∫
B

|∇f |2 dµ,(P )

wherefE denotes the mean off onE.
However, it follows from the results in [58] and [22] that even(D) and(P ) do not suffice for

the Riesz transform to be bounded onLp for all p > 2.
In fact, there is also an easy necessary condition for(Rp) to hold. Indeed,(Rp) implies

∥∥|∇e−t∆f |
∥∥

p
� Cp‖∆1/2e−t∆f‖p �

C ′
p√
t
‖f‖p,

for all t > 0, f ∈ Lp(M,µ), since, according to [89], the heat semigroup is analytic onLp(M,µ).
And this estimate may not hold for allp > 2, even in presence of(D) and(P ).

Our main result is that, under(D) and(P ), this condition is sufficient for(Rq), 2 < q < p.
Denote by‖T‖p→p the norm of a bounded sublinear operatorT from Lp(M,µ) to itself.

THEOREM 1.2. – Let M be a complete non-compact Riemannian manifold satisfying(D)
and (P ) (or, equivalently,(LY )). If for somep0 ∈ (2,∞] there existsC > 0 such that, for all
t > 0, ∥∥|∇e−t∆|

∥∥
p0→p0

� C√
t
,(Gp0 )

then the Riesz transform is bounded onLp for 2 < p < p0.

We therefore obtain the announced necessary and sufficient condition as follows.

THEOREM 1.3. – Let M be a complete non-compact Riemannian manifold satisfying(D)
and(P ) (or, equivalently,(LY )). Letp0 ∈ (2,∞]. The following assertions are equivalent:

(1) For all p ∈ (2, p0), there existsCp such that

∥∥|∇e−t∆|
∥∥

p→p
� C√

t
,

for all t > 0 (in other words,(Gp) holds for allp ∈ (2, p0)).
(2) The Riesz transform∇∆−1/2 is bounded onLp for p ∈ (2, p0).

Notice that we do not draw a conclusion forp = p0. It has been shown in [58] that the
exist (singular) manifolds, namely conical manifolds with closed basis, such that(Rp) hold if

4e SÉRIE– TOME 37 – 2004 –N◦ 6
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1 < p < p0, but not forp � p0, for somep0 ∈ (2,∞), and it has been observed in [22] that these
manifolds do satisfy(D) and (P ); in that case,(Gp0) does not hold either. Strictly speaking,
these manifolds are not complete, since they have a point singularity. But one may observe

at is the

nt for

or
nd

l

e

that our proofs do not use completeness in itself, but rather stochastic completeness, th
property ∫

M

pt(x, y)dµ(y) = 1, ∀x ∈M, t > 0,(1.5)

which does hold for complete manifolds satisfying(D), or more generally condition(E) below
(see [43]), but also for conical manifolds with closed basis.

It follows from Theorems 1.3 and 1.1 that the assumptions of Theorem 1.3 are sufficie
(Rp) to hold for p ∈ (1, p0), and for the equivalence (1.2) to hold forp ∈ (q0, p0) whereq0 is
the conjugate exponent top0. In the casep0 = ∞, one can formulate a sufficient condition f
(Rp) and (1.2) in the full range1 < p < ∞ in terms of pointwise bounds of the heat kernel a
its gradient.

THEOREM 1.4. – Let M be a complete non-compact Riemannian manifold satisfying(D)
and(DUE ). If there existsC such that, for allx, y ∈M , t > 0,

∣∣∇xpt(x, y)
∣∣ � C√

t[V (y,
√

t)]
,(G)

then the Riesz transform is bounded onLp and the equivalence(1.2)holds for1 < p < ∞.

We have seen that under(D), (DUE ) implies (UE ), which, together with(G), implies the
full estimate(LY ) (see for instance [63]). We shall see in Section 3.3 that(G) implies(Gp) for
all p ∈ (2,∞). This is why Theorem 1.4 is a corollary of Theorems 1.3 and 1.1.

Our results admit local versions. We say thatM satisfies the exponential growth property(E)
if for all r0 > 0, for all x ∈M , θ > 1, r � r0,

V (x, θr) � m(θ)V (x, r),(E)

wherem(θ) = Cecθ for someC � 0 andc > 0 depending onr0. Note that this implies the loca
doubling property(Dloc): for all r0 > 0 there existsCr0 such that for allx ∈M , r ∈ (0, r0),

V (x,2r) � Cr0 V (x, r).(Dloc)

We write(DUE loc) for the property(DUE ) restricted to small times (say,t � 1).
We say thatM satisfies the local Poincaré property(Ploc) if for all r0 > 0 there existsCr0

such that for every ballB with radiusr � r0 and every functionf with f,∇f square integrabl
onB, ∫

B

|f − fB |2 dµ � Cr0r
2

∫
B

|∇f |2 dµ.(Ploc)

THEOREM 1.5. – Let M be a complete non-compact Riemannian manifold satisfying(E)
and(Ploc). If for somep0 ∈ (2,∞] andα � 0, and for all t > 0,

∥∥|∇e−t∆|
∥∥

p0→p0
� Ceαt

√
t

,(Gloc
p0

)

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



916 P. AUSCHER, T. COULHON, X.T. DUONG AND S. HOFMANN

then the local Riesz transform∇(∆ + a)−1/2 is bounded onLp for 2 < p < p0 anda > α.

As a consequence, we can state the

ir local
, on the

ith
ries:

roup

, plus
THEOREM 1.6. – Let M be a complete non-compact Riemannian manifold satisfying(E)
and(Ploc). Letp0 ∈ (2,∞]. Then the following assertions are equivalent:

(1) For all p ∈ (2, p0), all t > 0 and someα � 0

∥∥|∇e−t∆|
∥∥

p→p
� Cpe

αt

√
t

.

(2) The local Riesz transform∇(∆ + a)−1/2 is bounded onLp for 2 < p < p0 and some
a > 0.

Taking into account the local result in [18], and denoting by(Gloc) condition(G) restricted to
small times, the main corollary for the full range1 < p < ∞ is

THEOREM 1.7. – Let M be a complete non-compact Riemannian manifold satisfying(E),
(DUE loc) and(Gloc). Then, fora > 0 large enough, the local Riesz transform∇(∆+ a)−1/2 is
bounded onLp and the equivalence(1.3)holds for1 < p < ∞.

Finally, thanks to the argument in [18, p. 1154], one obtains

THEOREM 1.8. – Let M be a complete non-compact Riemannian manifold satisfying(E),
(Ploc) and (1.4). Assume that(Gloc

p0
) holds for somep0 ∈ (2,∞]. Then (Rp) holds for all

p ∈ (1, p0), and(1.2)holds for allp ∈ (q0, p0), whereq0 is the conjugate exponent top0.

and, in particular,

THEOREM 1.9. – Let M be a complete non-compact Riemannian manifold satisfying(E),
(DUE loc), (Gloc) and (1.4). Then(1.2)holds for allp, 1 < p <∞.

The core of this paper is concerned with the proof of Theorems 1.2 and 1.4 and of the
versions Theorems 1.5 and 1.7. Before going into details, we comment on anterior results
nature of our assumptions, and on our method.

1.3. Anterior results

The state of the art consists so far of a list of (quite interesting and typical) examples wad
hocproofs rather than a general theory. These examples essentially fall into three catego

I. Global statements for manifolds with at most polynomial growth
1. manifolds with non-negative Ricci curvature [7,8];
2. Lie groups with polynomial volume growth endowed with a sublaplacian [1];
3. co-compact covering manifolds with polynomial growth deck transformation g

[32];
4. conical manifolds with compact basis without boundary [58].

II. A local statement
5. manifolds with Ricci curvature bounded below [7,8].

III. Global statements for manifolds where the bottom of the spectrum is positive
6. Cartan–Hadamard manifolds where the Laplace operator is strictly positive

bounds on the curvature tensor and its two first derivatives [65];
7. unimodular, non-amenable Lie groups [68].

4e SÉRIE– TOME 37 – 2004 –N◦ 6
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Note that, for results concerning Lie groups in the above list, one can consider not only the
case where they are endowed with a translation-invariant Riemannian metric, but also the case
where they are endowed with a sublaplacian, that is a sum of squares of invariant vector fields

id not
this

quares

ce the

.3) of
se (say,
adius
ounded

local
ctrum
a quite

n III by
mptions

[12,
n
tting)
ction 6.
] (but
radient

ucture

], but
[47,

f
irectly

from

mptions
e groups
er non-
itivity

al
anifold
8], and

[60],
s

satisfying the Hörmander condition. For more on this, see for instance [1]. Although we d
introduce this framework, for the sake of brevity, our proofs do work without modification in
setting also, as well as, more generally, on a manifold endowed with a subelliptic sum of s
of vector fields.

In cases I and III, the conclusion is the boundedness of the Riesz transform, hen
seminorms equivalence (1.2), for allp ∈ (1,∞).

In case II, the conclusion involves local Riesz transforms, or the equivalence (1
inhomogeneous Sobolev norms. Note that an important feature of Bakry’s result in this ca
[7, Theorem 4.1]) is the weakness of the assumption: neither positivity of the injectivity r
nor bounds on the derivatives of the curvature tensor are assumed. By contrast, for b
geometry manifolds, (1.3) follows easily from the Euclidean result by patching.

We feel that there is a logical order between I, II, III: the results in II are nothing but
versions of I, and III follows easily from II if one uses the additional assumption on the spe
of the Laplace operator. One may observe that the above results were in fact obtained in
different chronological order.

The results in I are covered by Theorem 1.4, the one in II by Theorem 1.7, and the ones i
Theorem 1.9. Let us explain now in each of the above situations where the required assu
come from.

In case 1, the doubling property follows from Bishop–Gromov volume comparison
Theorem 3.10], and the heat kernel bounds including(G) from [63]. Note however that a
important additional outcome of Bakry’s method in [7,8] (see also [6] for a more abstract se
is the independence of constants with respect to the dimension. See the comments in Se

In case 2, the doubling property is obvious, the heat kernel upper bound follows from [98
one has nowadays much simpler proofs, see for instance [21] for an exposition), and the g
bound from [83]. The proof in [1] is much more complicated than ours; it requires some str
theory of Lie groups as well as a substantial amount of homogeneization theory.

In case 3,(D) is again obvious since such a manifold has polynomial volume growth,(DUE )
is well known (it can be extracted from the work of Varopoulos, see for instance [99
nowadays one can write down a simpler proof by using [16] or [24]; see for instance
Theorem 7.12]) and(G) is proved in [32]. (Added after acceptation: another simpler proof o
(G) has been proposed recently in [34].) The boundedness of the Riesz transform is d
deduced in [32] by using further specific properties of this situation.

In case 4, the boundedness of the Riesz transform is obtained for a range(1, p0) of values ofp,
and is shown to be false outside this range. It follows from [59] that(Gp) holds for1 < p < p0,
hence yielding with our result a simple proof of the main results in [58]. By direct estimates
below on∇e−t∆ as in [59], one can also recover the negative results forp � p0 (see [22]).

Cases 6, 7 are covered by Theorem 1.9. In case 6, we get rid of specific regularity assu
on the curvature tensor. As far as case 7 is concerned, for more recent results related to Li
with exponential growth, see [69,70,42,52]. Note that the groups considered there are eith
unimodular or non-amenable, which allows reduction to a local problem by use of the pos
of the bottom of the spectrum.

Let us finally mention a few results which arenot covered by our methods: in [58], conic
manifolds with compact basis with boundary are considered; in that case, the conical m
is not complete. The case where the basis is non-compact has been considered in [5
studied further in [61]; here the volume of balls with finite radius may even be infinite. In
the Lp boundedness of the Riesz transform for allp ∈ (1,∞) is obtained for a specific clas

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



918 P. AUSCHER, T. COULHON, X.T. DUONG AND S. HOFMANN

of manifolds with exponential volume growth, namely cuspidal manifolds with compact basis
without boundary. In [64], Theorem 2.4, the boundedness of Riesz transform forp > 2 is proved
for a class of Riemannian manifolds with a certain amount of negative curvature; here doubling

Krahn

r

s; as a

bounds
for the

ition by
ean
ising
pical)
e [20]
in, see

me
here.
weak

rms of
ved in

old
is not assumed, and the main tool is Littlewood–Paley theory, as in [20].

1.4. About our assumptions

We discuss here the meaning and relevance of our assumptions.
Let us begin with the basic assumptions on the heat kernel. The two assumptions(D) and

(DUE ) in Theorem 1.1 are equivalent, according to [44], to the so-called relative Faber–
inequality

λ1(Ω) � c

r2

(
V (x, r)
µ(Ω)

)2/ν

,(FK )

for somec, ν > 0, all x ∈ M , r > 0, Ω smooth subset ofB(x, r). Here λ1(Ω) is the first
eigenvalue of the Laplace operator onΩ with Dirichlet boundary conditions:

λ1(Ω) = inf
{∫

Ω
|∇u|2∫
Ω

u2
, u ∈C∞

0 (Ω)
}

.

In the sequel, we shall sometimes denote by(FK ) the conjunction of(D) and(DUE ). Also,
we have recalled that the conjunction of(D) and(P ) is equivalent to(LY ). It is worthwhile to
note that, contrary to the non-negativity of the Ricci curvature,(D) and(P ) are invariant unde
quasi-isometry, which is not obvious to check directly on(LY ).

We may question the relevance of this group of assumptions to Riesz transform bound
matter of fact,(Gp) is needed but neither(FK ) for p < 2 in [18] nor (D) and(P ) for p > 2
are known to be necessary. However, it seems out of reach as of today to prove such
without some minimal information on the heat kernel. These assumptions are reasonable
moment but we think they can be weakened. One direction is to replace the doubling cond
exponential volume growth (without positivity of the bottom of the spectrum). This would m
extending the Calderón–Zygmund theory to the exponential growth realm. A very prom
tentative in this direction is in [52], although the method has been so far only applied to a (ty
class of Lie groups having a positive bottom of the spectrum. Another direction is to pursu
by using Littlewood–Paley–Stein functionals and prove the conjecture stated there. Aga
the comments in Section 6.

Concerning(P ), a minor improvement of our assumptions is that, under(FK ) and(Gp0), it
may certainly be relaxed toLr Poincaré inequalities forr large enough so as to guarantee so
control on the oscillation of the heat kernel. We have not tried to go into this direction
On the other hand, if the manifold has polynomial volume growth, then as soon as such
Poincaré inequalities hold,(P ) is necessary for the Riesz transform to be bounded onLp for p
larger than the volume growth exponent (see [17, Section 5]).

We continue with estimates on the gradient of the heat kernel.
First, we can reformulate the necessary and sufficient condition in Theorem 1.3 in te

integral bounds on the gradient of the heat kernel, thanks to the following proposition pro
Section 3.3.

PROPOSITION 1.10. – Assume thatM is a complete non-compact Riemannian manif
satisfying(FK ). Let2 < p0 � ∞. The following assertions are equivalent:

(1) (Gp) holds for all2 < p < p0.
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(2) For all 2 < p < p0, for all y ∈ M andt > 0

∥ ∥ Cp

ns on

e
f
lic

that
le, is
tz

i-
d

∥|∇x pt(., y)|∥
p

� √
t[V (y,

√
t)]1−

1
p

.(1.6)

As one can see, the casep = ∞ is excluded from this statement. Whenp = ∞, (1.6) is
precisely(G) in Theorem 1.4 on which we concentrate now. Consider two other conditio
∇x pt(x, y):

sup
t>0, x∈M

√
t

∫
M

∣∣∇xpt(x, y)
∣∣dµ(y) < ∞.(1.7)

∣∣∇x pt(x, y)
∣∣ � C√

tV (y,
√

t)
exp

(
−c

d2(x, y)
t

)
,(1.8)

for all t > 0, x, y ∈M .
It is easy to show that, under(FK ), (1.8)⇒ (1.7)⇒ (G). Indeed (1.8)⇒ (1.7) is immediate

by integration using(D). Let us note that (1.7) is equivalent to

∥∥|∇e−t∆|
∥∥
∞→∞ � C√

t
.(G∞)

Note in passing that, by interpolation with(G2), (G∞) implies (Gp) for all p ∈ (2,∞). Then,
(1.7)⇒ (G) follows by writing

∇xpt(x, y) =
∫
M

∇xpt/2(x, z)pt/2(z, y)dµ(z)

and by direct estimates using(UE ). One can see that in fact, under(D), (1.7) is equivalent to
(1.8), but this is another story (see [25]).

Next, it is interesting to observe that the size estimates(LY ) do include already som
regularity estimates for the heat kernel, and that(G) is nothing but a slightly stronger form o
this regularity. More precisely, the estimates(LY ) are equivalent to a so-called uniform parabo
Harnack principle (see [85]) and, by the same token, they imply

∣∣pt(x, y)− pt(z, y)
∣∣ �

(
d(x, z)√

t

)α
C

V (y,
√

t)
,(1.9)

for someC, c > 0, α ∈ (0,1), and all x, y, z ∈ M, t > 0. The additional assumption(G) is
nothing but the limit caseα = 1 of (1.9). One can therefore summarize the situation by saying
the Hölder regularity of the heat kernel, yielded by the uniform parabolic Harnack princip
not enough in general for the Riesz transform to be bounded on allLp spaces, whereas Lipschi
regularity does suffice.

Unfortunately,(G) does not have such a nice geometric characterization as(D) and(P ). In
fact, it is unlikely one can find a geometric description of(G) that is invariant under quas
isometry. It may however be the case that(G), and even more(Gp), are stable under some kin
of perturbation of the manifold, and this certainly deserves investigation.
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Let us make a digression. We already observed that(G) and (FK ) imply the full (LY )
estimates, hence, under(FK ), (1.8) is equivalent to

ature

], see
ee for
te the
rences
ited so

tivity of
A nice

3.3
te

results

ility of
erty
the
tions,
s been
ns

s
s

for

ivalent

s
0]. In a

ld setting
∣∣∇xpt(x, y)
∣∣ � C√

t
pC′t(x, y)(1.10)

for some constantsC,C ′ > 0. Note that, in the case whereC ′ = 1, this can be reformulated as

∣∣∇x logpt(x, y)
∣∣ � C√

t
,(1.11)

which is one of the fundamental bounds for manifolds with non-negative Ricci curv
(see [63]).

Known methods to prove pointwise gradient estimates include the Li–Yau method ([63
also [79] for generalizations), as well as coupling [26], and other probabilistic methods (s
instance [76]) including the derivation of Bismut type formulae which enable one to estima
logarithmic derivative of the heat kernel as in (1.11) (see for instance [39,95,96] and refe
therein). Unless one assumes non-negativity of the curvature, all these methods are lim
far to small time, more precisely they yield the crucial factor1√

t
only for small time. One may

wonder which large scale geometric features, more stable and less specific than non-nega
the Ricci curvature, would be sufficient to ensure a large time version of such estimates.
statement is that ifM satisfies(FK ) and if for all t > 0, x, y ∈ M ,∣∣∇x pt(x, y)

∣∣ � C
∣∣∇ypt(x, y)

∣∣
then (1.8) (therefore(G)) holds ([45, Theorem 1.3], see also the first remark after Lemma
in Section 3.2). Another interesting approach is in [32], where(G) is deduced from a discre
regularity estimate, but here a group invariance is used in a crucial way; see also related
in [54]. The question of finding weaker sufficient conditions for the integrated estimates(Gp) is
so far completely open.

We note that our work is not the first example of the phenomenon that higher integrab
gradients of solutions is related to theLp boundedness of singular integrals. Indeed, the prop
that the gradient of the heat kernel satisfies anLp bound can be thought of as analogous to
estimate of Norman Meyers [75] concerning the higher integrability of gradients of solu
which in turn is connected to Caccioppoli inequalities and reverse Hölder inequalities. It ha
pointed out by T. Iwaniec in [56] thatLp reverse Hölder/Caccioppoli inequalities for solutio
to a divergence form elliptic equationLu = f are equivalent (at least up to endpoints) to theLp

boundedness of the Hodge projector∇L−1 div. 2 Our result, which says that theLp boundednes
of the gradient of the heat semigroup is equivalent (again up to endpoints), to theLp boundednes
of the Riesz transform, is thus in the same spirit.

Let us finally connect (1.8) with properties of the heat kernel on1-forms. In [19,20], the
boundedness of the Riesz transform onLp is proved for2 < p < ∞ under (FK ) and the
assumption that the heat kernel on1-forms is dominated by the heat kernel on functions:

2 Added after acceptation: in fact, a recent work by Z. Shen [87] shows that reverse Hölder inequalities are equ
to Lp boundedness of the Hodge projector and also to theLp boundedness of the Riesz transform∇L−1/2 when
p > 2 andL is a real symmetric uniformly elliptic operator−div(A∇) on Lipschitz domains ofRn. For this, he state
a general theorem akin to our Theorem 2.1 and attributes the method of proof to ideas of Caffarelli–Peral [1
subsequent paper [5], the two first-named authors of the present article will extend these ideas to the manifo
and prove actually that there always is somep0 > 2 for which our Theorem 1.3 applies.
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all t > 0, ω ∈ C∞T ∗M ,

|e−t�∆ω|� Ce−ct∆|ω|
ould
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lderón–
s this is
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thod
uld

1.4; this
[20]).

;

nd can
(the caseC = c = 1 of this estimate corresponds to non-negative Ricci curvature). It w
certainly be interesting to investigate the class of manifolds where this domination con
holds; unfortunately, this is in general too strong a requirement, since for instance it does n
for nilpotent Lie groups, as is shown in [80,81], whereas on such groups the Riesz transfo
known to be bounded onLp for all p ∈ (1,∞) [1].

It is conjectured in [20] that the same result is true under a weak commutation be
the gradient and the semigroup (since commutation is too much to ask, of course) tha
restriction of the above domination condition toexactforms: for allt > 0, f ∈ C∞

0 (M),

|∇e−t∆f |� Ce−ct∆|∇f |,

and even its weaker, but more natural,L2 version:

|∇e−t∆f |2 � Ce−ct∆
(
|∇f |2

)
.(1.12)

(Added after acceptation: we mention a paper by Driver and Melcher [31] where theLp versions
of such inequalities (withc = 1) are proved on the Heisenberg groupH

1 for all p > 1 by
probabilistic methods.) This is what we prove here, in the class of manifolds with(FK ), as a
consequence of Theorem 1.4, since then (1.12) is equivalent to (1.8) as we show in Lem
Section 3.2, when we give a simpler argument for proving Theorem 1.4 with (1.8) instead o(G).

1.5. About our method

Let us emphasize several features of our method.
First, we develop an appropriate machinery to treat operators beyond the classical Ca

Zygmund operators. Indeed, our operators no longer have Hölder continuous kernels, a
often too demanding in applications: the kernel of the Riesz transform is formally given by

∞∫
0

∇x pt(x, y)
dt√

t
,

and condition(G) is just an upper bound which does not require Hölder regularity on∇x pt(x, y)
in a spatial variable. Geometrically, this makes a big difference since pointwise upper bou
the oscillation inx of ∇x pt(x, y) seem fairly unrealistic for large time (see [62]). The loss
Hölder continuity is compensated by a built-in regularity property from the semigroupe−t∆.
Such an idea, which originates from [51], has been formalised in [35] for boundedness re
the range1 < p < 2 and is actually used in [18] to derive Theorem 1.1. However, this me
does not apply to our situation asp > 2; a duality argument would not help us either as we wo
have to make assumptions on the semigroup acting on 1-forms as explained in Section
would bring us back to the state of the art in [20] (see [88] for this approach to the results in
But recently, it was shown in [72] that this regularity property can be used forLp results in the
rangep > 2 by employing good-λ inequalities as in [41] for anad hocsharp maximal function
this may be seen as the basis to anL∞ to BMO version of theL1 to weakL1 theory in [35].
Note that, in this connection, the usual BMO theory requires too strong assumptions a
only work in very special situations (see [13]).
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Second, our method works for the usual full range2 < p < ∞ of values ofp and also for a
limited range2 < p < p0. This is important as in applications (to Riesz transforms on manifolds
or to other situations, see [2]) the operators may no longer have kernels with pointwise bounds!

h
valid

o not
ite

, the

form
oot
se (as

Markov
ection 6.

.
ar

e

ent

aximal
ion,
g on the
This is akin to results recently obtained in [9] forp < 2 and non-integral operators, whic
generalize [35]; in this circle of ideas, see also [53]. Here, we state a general theorem
in arbitrary range ofp’s above2, and its local version (Theorems 2.1 and 2.4, Section 2).

Third, we use very little of the differential structure on manifolds, and in particular we d
use the heat kernel on1-forms as in [7], [8], or [20]. As a matter of fact, our method is qu
general, and enables one to prove theLp boundedness of a Riesz transform of the form∇L−1/2

as soon as the following ingredients are available:
1. doubling measure,
2. scaled Poincaré inequalities,
3. e−tL1 = 1,
4. ellipticity, a divergence form structure, and “integration by parts” (in other words

ingredients necessary to prove Caccioppoli type inequalities),
5. Lp boundedness of

√
t∇e−tL,

6. L2 bound for the Riesz transform.
In particular, the method applies equally well to accretive (i.e. elliptic) divergence

operators onRn, in which case theL2 bound is equivalent to the solution of the square r
problem of Kato [3]. One of the present authors (Auscher) will present the details of this ca
well as related results) in a forthcoming article [2].

The method is also subject to further extensions to other settings such as general
diffusion semigroups on metric measure spaces, or discrete Laplacians on graphs. See S

2. Singular integrals and a variant of the sharp maximal function

In this section,(M,d,µ) is a measured metric space. We denote as above byB(x, r) the open
ball of radiusr > 0 and centerx ∈ M , which we assume to be always of finiteµ-measure
We state and prove a criterion forLp boundedness, withp > 2, for operators such as singul
integrals or quadratic expressions. We also give a local analog of this criterion.

2.1. The global criterion

We say thatM satisfies the doubling property (that is(M,d,µ) is of homogeneous type in th
terminology of [15]) if there exists a constantC such that, for allx ∈M, r > 0,

µ
(
B(x,2r)

)
� Cµ

(
B(x, r)

)
.(D)

Consider a sublinear operator acting onL2(M,µ). We are going to prove a general statem
that allows one to obtain a bound for its operator norm onLp(M,µ) for a fixedp > 2. Such
techniques originate, in a Euclidean setting, in [41] (see also [94]) by use of the sharp m
function and good-λ inequalities. It is proved in [72] that, in the definition of the sharp funct
the average over balls can be replaced by more general averaging operators dependin
context, and that the ideas of [41] can be adapted. Our method is based on that of [72].

Denote byM the Hardy–Littlewood maximal operator

Mf(x) = sup
B�x

1
µ(B)

∫
B

|f |dµ,
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whereB ranges over all open balls containingx.

THEOREM 2.1. – Let (M,d,µ) satisfy (D) and let T be a sublinear operator which is
g

emum

ove.

d
uitable
ce

) and

nt at
ne is
nts
bounded onL2(M,µ). Let p0 ∈ (2,∞]. Let Ar, r > 0, be a family of linear operators actin
onL2(M,µ). Assume

(
1

µ(B)

∫
B

∣∣T (I −Ar(B))f
∣∣2 dµ

)1/2

� C
(
M

(
|f |2

))1/2(x),(2.1)

and (
1

µ(B)

∫
B

|TAr(B)f |p0 dµ

)1/p0

� C
(
M

(
|Tf |2

))1/2(x),(2.2)

for all f ∈ L2(M,µ), all x ∈ M and all ballsB � x, r(B) being the radius ofB. If 2 < p < p0

andTf ∈ Lp(M,µ) whenf ∈ Lp(M,µ), thenT is of strong type(p, p) and its operator norm
is bounded by a constant depending only on its(2,2) norm, on the constant in(D), onp andp0,
and on the constants in(2.1)and (2.2).

Remarks. –
– If p0 = ∞, the left-hand side of (2.2) should be understood as the essential supr

supy∈B |TAr(B)f(y)|.
– The operatorsAr play the role of approximate identities (asr → 0). Notice that the

regularized versionTAr of T is controlled by the maximal function of|Tf |2 which may be
surprising at first sight sinceT is the object under study. The improvement from2 to p0 in
the exponents expresses a regularizing effect ofAr.

– Define, forf ∈ L2(M,µ),

M#
T,Af(x) = sup

B�x

(
1

µ(B)

∫
B

∣∣T (I −Ar(B))f
∣∣2 dµ

)1/2

,

where the supremum is taken over all ballsB in M containing x, and r(B) is the
radius ofB. This is (a variant of) the substitute to the sharp function alluded to ab
Assumption (2.1) means thatM#

T,Af is controlled pointwise by(M(|f |2))1/2. In fact,

rather than the exact form of the control, what matters is thatM#
T,A is of strong type(p, p)

for the desired values ofp.
– Note that we assumed thatT was already acting onLp(M,µ) and then we obtaine

boundedness and a bound of its norm. In practice, this theorem is applied to s
approximations ofT , the uniformity of the bound allowing a limiting argument to dedu
Lp boundedness ofT itself.

– A careful reader will notice that in the proof below, theL2 bound forT is explicitely used
only if M has finite volume; but in practice, the verification of the assumptions (2.1
(2.2) requires theL2 boundedness ofT (andAr) anyway.

Let us now prove two lemmas inspired from [72] but with modifications to allow a treatme
a given exponentp and for a right regularization (see the remark after the proof). The first o
a so-called good-λ inequality. For simplicity, we normalize in the following proof the consta
in assumptions (2.1) and (2.2) to one.
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LEMMA 2.2. – Let (M,d,µ,Ar, p0) andT be as above. Assume that(2.2)holds. There exist
K0 > 1 and C > 0 only depending onp0 and the constant in(D), such that, for everyλ > 0,
everyK > K0 andγ > 0, for every ballB0 in M and every functionf ∈ L2(M,µ) such that

n

there existsx0 ∈B0 with M(|Tf |2)(x0) � λ2, then

µ
({

x ∈B0; M
(
|Tf |2

)
(x) > K2λ2, M#

T,Af(x) � γλ
})

� C(γ2 + K−p0)µ(B0).(2.3)

Proof. –Let us assume first thatp0 < ∞. Set

E =
{
x ∈B0; M

(
|Tf |2

)
(x) > K2λ2, M#

T,Af(x) � γλ
}
.

From (2.2) and the hypothesis thatM(|Tf |2)(x0) � λ2, one has∫
3B0

|TAr0f |p0 dµ � λp0µ(3B0),

wherer0 = r(3B0). Denote

Ω =
{
x ∈M ; M

(
|TAr0f |2χ3B0

)
(x) > J2λ2

}
,

whereJ is a positive constant to be chosen. By the weak type(p0/2, p0/2) of the maximal
operator, we have

µ(Ω) � C

Jp0λp0

∫
3B0

|TAr0f |p0 dµ � CJ−p0µ(3B0).

Now, we want to estimateµ(E \Ω). We remark that by definition, ifx ∈E \Ω, then

M
(
|TAr0f |2χ3B0

)
(x) � J2λ2.(2.4)

We first prove that there existsc0 only depending on(D) such that, ifc0K
2 > 1, then for every

x ∈ E,

M
(
|Tf |2χ3B0

)
(x) > K2λ2.(2.5)

Indeed, letx ∈ E. SinceM(|Tf |2)(x) > K2λ2, there is a ballB containingx such that∫
B

|Tf |2 dµ > K2λ2µ(B).(2.6)

If r = 2r(B), one hasB ⊂ B(x, r) ⊂ 3B, hence forc0 only depending on the doubling conditio
(D) one hasµ(B) � c0µ(B(x, r)). Therefore,∫

B(x,r)

|Tf |2 dµ > c0K
2λ2µ

(
B(x, r)

)
.(2.7)

SinceM(|Tf |2)(x0) � λ2 and c0K
2 > 1, one can infer thatx0 does not belong toB(x, r).

Thereforer < 2r(B0) and one concludes thatB ⊂ 3B0. Together with (2.6), this yields (2.5).
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Next, chooseJ such that2(J2 + 1) = K2. Then we have, forx ∈E \Ω,

2(J2 + 1)λ2 <M
(
|Tf |2χ3B0

)
(x)

d

� 2M
(∣∣T (f −Ar0f)

∣∣2χ3B0

)
(x) + 2M

(
|TAr0f |2χ3B0

)
(x)

� 2M
(∣∣T (I −Ar0)f

∣∣2χ3B0

)
(x) + 2J2λ2,

and so

M
(∣∣T (I −Ar0)f

∣∣2χ3B0

)
(x) > λ2.

Therefore

E \Ω ⊂
{
x ∈M ; M

(∣∣T (I −Ar0)f
∣∣2χ3B0

)
(x) > λ2

}
.

The weak type(1,1) inequality for the Hardy–Littlewood maximal function yields

µ(E \Ω) � µ
({

x ∈M ; M
(∣∣T (I −Ar0)f

∣∣2χ3B0

)
(x) > λ2

})
� C

λ2

∫
M

∣∣T (I −Ar0)f
∣∣2χ3B0 dµ =

C

λ2

∫
3B0

∣∣T (I −Ar0)f
∣∣2 dµ

� C

λ2
µ(3B0)

(
M#

T,Af(x)
)2 � Cγ2µ(3B0).

In the last two inequalities, we have used that3B0 containsx, and thatx ∈ E. Note thatC is the
weak type(1,1) bound of the maximal operator and, therefore, only depends on(D).

Altogether, we have obtained that

µ(E) � C(J−p0 + γ2)µ(3B0)

providedK > 1, c0K
2 > 1 andK2 = 2(J2 + 1). This proves the lemma whenp0 <∞.

If p0 = ∞, one deduces from (2.2) that∣∣TAr0f(x)
∣∣ � M

(
|Tf |2

)1/2(x0) � λ

for µ-a.e.x ∈ 3B0. Hence

M
(
|TAr0f |2χ3B0

)
(x) � λ2

for all x ∈ M , and the setΩ is empty ifJ � 1. The rest of the proof proceeds as before.�
As in [91, Lemma 2, p. 152], the good-λ inequality yields comparisons ofLp norms as use

in [72, Theorem 4.2].

LEMMA 2.3. – Let (M,d,µ,Ar) and T be as above. Assume that(2.2) holds. Then, for
0 < p < p0, there existsCp such that∥∥(

M
(
|Tf |2

))1/2∥∥
p

� Cp

(
‖M#

T,Af‖p + ‖f‖p

)
,(2.8)

for everyf ∈ L2(M,µ) for which the left-hand side is finite(if µ(M) = ∞, the termCp‖f‖p

can be dispensed with in the right-hand side of(2.8)).

Proof. –Let f ∈ L2(M,µ) be such that‖(M(|Tf |2))1/2‖p < ∞. Forλ > 0, set

Eλ =
{
x ∈M ; M

(
|Tf |2

)
(x) > λ2

}
.
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Setλ0 = 0 if µ(M) = ∞, λ0 = 1
µ(M)

∫
M

M(|Tf |2)dµ if µ(M) < ∞. In the latter case, by the
Kolmogorov inequality (see [74, p. 250]),(D), and the weak type(1,1) of M,
∫

M

M
(
|Tf |2

)1/2
dµ � Cµ(M)1/2

∥∥|Tf |2
∥∥1/2

1
= Cµ(M)1/2‖Tf‖2.

Using then theL2 boundedness ofT , we obtain

λ0 � C

µ(M)1/2
‖f‖2 � C ′

µ(M)1/p
‖f‖p.

Now fix K > 0 to be chosen later, and write∥∥(
M

(
|Tf |2

))1/2∥∥p

p
= I1 + I2,

with

I1 =
∫

M(|Tf |2)�K2λ2
0

(
M

(
|Tf |2

))p/2
dµ,

I2 =
∫

M(|Tf |2)>K2λ2
0

(
M

(
|Tf |2

))p/2
dµ.

Clearly,I1 is bounded above by

Kpλp
0µ(M) � KpCp‖f‖p

p

with C depending only on the constant in(D) and theL2 norm ofT . One can treatI2 as follows.
The Whitney decomposition [15, Chapter III, Theorem 1.3] forEλ yields, forλ > λ0, a family
of boundedly overlapping ballsBi such thatEλ =

⋃
i Bi. There existsc > 1 such that, for alli,

cBi contains at least one pointxi outsideEλ, that is

M
(
|Tf |2

)
(xi) � λ2.

Therefore, according to Lemma 2.2 for the ballscBi, for everyγ > 0 andK > K0

µ(Uλ,i) � C(γ2 + K−p0)µ(Bi),(2.9)

whereUλ,i = {x ∈ cBi; M(|Tf |2)(x) > K2λ2, M#
T,Af(x) � γλ}.

Let

Uλ =
{
x ∈M ; M

(
|Tf |2

)
(x) > K2λ2, M#

T,Af(x) � γλ
}
.

Then, sinceK > 1,

Uλ ⊂ Eλ ⊂
⋃
i

(cBi),

thus, for allλ > λ0,

µ(Uλ) =
∑

i

µ(Uλ,i) � C(γ2 + K−p0)
∑

i

µ(Bi) � C ′(γ2 + K−p0)µ(Eλ).
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Now

I = Kp

∞∫
pλp−1µ

{
M

(
|Tf |2

)
> K2λ2

}
dλ

ion

st did

ms on
-
s in
he

tage of
ere the
2

λ0

� Kp

∞∫
λ0

pλp−1
(
µ(Uλ) + µ

(
{M#

T,Af > γλ}
))

dλ

� Kp

∞∫
λ0

pλp−1
(
C ′(γ2 + K−p0)µ(Eλ) + µ

(
{M#

T,Af > γλ
}))

dλ

= C ′(Kp−p0 + Kpγ2)
∥∥(

M
(
|Tf |2

))1/2∥∥p

p
+ Kpγ−p‖M#

T,Af‖p
p.

Since p < p0, one obtains the lemma by choosing firstK large enough and thenγ small
enough. �

Now we are ready to prove Theorem 2.1. Letf ∈ L2(M,µ)∩Lp(M,µ). ThenTf ∈ Lp(M,µ)
and by Lemma 2.3

‖Tf‖p �
∥∥(

M
(
|Tf |2

))1/2∥∥
p

� C
(
‖M#

T,Af‖p + ‖f‖p

)
.

Using (2.1) and the strong type(p/2, p/2) of the maximal function yields

‖Tf‖p � C‖f‖p

and the conclusion follows by density.

Remark. – We implemented an algorithm with a right regularization of the operatorT by
looking atTAr andT (I − Ar). It is also possible to obtain a result with a left regularizat
by making assumptions onAr and(I −Ar)T .

If one can use duality (that is, ifT is linear), one can try to proveLp boundedness ofT ∗ for
somep < 2. Then one can invoke a result in [35] if one wants a result for the full range1 < p < 2
or its generalization to a limited rangep0 < p < 2 in [9].

Another way (which covers the sublinear case as well), would be to mimic what we ju
using instead the sharp function introduced in [72]. Define forf ∈ L2(M,µ),

M#
Af(x) = sup

B�x

1
µ(B)

∫
B

|f −Ar(B)f |dµ,

where the supremum is taken over all ballsB in M containingx, andr(B) is the radius ofB.
RegularizingT from the left means consideringM#

A(Tf).
However, if we were to apply left regularization to the boundedness of Riesz transfor

manifolds, sinceT takes functions to vector fields (or to1-forms),Ar would have to be vector
valued, say, the heat semigroup on1-forms instead of the heat semigroup on functions a
Section 3 below. Since only the action ofAr on the image ofT comes into play, one sees that t
needed assumptions on the heat semigroup on1-forms would only concern its action onexact
forms; this fits with our purpose, see the discussion at the end of Section 1.4. The advan
the right regularization is that it is susceptible to be applied to more general situations, wh
notion of differential forms is not available.
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For more on the applications of the above sharp function, the associated space, and its potential
uses in harmonic analysis, see [37].

perty.

only

n
some
2.2. The local criterion

The theorem above admits variations towards localization.
Denote byME the Hardy–Littlewood maximal operator relative to a measurable subsetE of

M , that is, forx ∈E andf a locally integrable function onM ,

MEf(x) = sup
B�x

1
µ(B ∩E)

∫
B∩E

|f |dµ,

whereB ranges over all open balls ofM containingx and centered inE. If in particular,E is a
ball with radiusr, it is enough to consider ballsB with radii not exceeding2r.

We say that a subsetE of M has the relative doubling property if there exists a constantCE

such that for allx ∈E andr > 0 we have

µ
(
B(x,2r)∩E

)
� CEµ

(
B(x, r)∩E

)
.

In other words,E endowed with the induced distance and measure has the doubling pro
The constantCE is called the relative doubling constant ofE. On such a set,ME is weak type
(1,1) and bounded onLp(E,µ), 1 < p �∞.

THEOREM 2.4. – Let (M,d,µ) be a measured metric space. Letp0 ∈ (2,∞]. Suppose thatT
is a bounded sublinear operator which is bounded onL2(M,µ), and letAr, r > 0, be a family of
linear operators acting onL2(M,µ). LetE1 andE2 be two subsets ofM such thatE2 has the
relative doubling property,µ(E2) < ∞ andE1 ⊂ E2. Assume thatf �→M#

E2,T,Af is bounded
fromLp(E1, µ) into Lp(E2, µ) for all p ∈ (2, p0), where

(M#
E2,T,Af)2(x)(2.10)

= sup
B ball in M, B�x

1
µ(B ∩E2)

∫
B∩E2

∣∣T (I −Ar(B))f
∣∣2 dµ, x ∈E2,

and, for some sublinear operatorS bounded fromLp(E1, µ) into Lp(E2, µ) for all p ∈ (2, p0),(
1

µ(B ∩E2)

∫
B∩E2

|TAr(B)f |p0 dµ

)1/p0

� C
(
ME2

(
|Tf |2

)
+ (Sf)2

)1/2(x),(2.11)

for all f ∈ L2(M,µ) supported inE1, all balls B in M and all x ∈ B ∩E2, wherer(B) is the
radius ofB. If 2 < p < p0 and Tf ∈ Lp(E2, µ) wheneverf ∈ Lp(E1, µ), thenT is bounded
from Lp(E1, µ) into Lp(E2, µ) and its operator norm is bounded by a constant depending
on the operator norm ofT on L2(M,µ), CE2 , p, p0, the operator norms ofM#

E2,T,A andS on
Lp, and the constant in(2.11).

Again, if p0 = ∞ the left-hand side of (2.11) is understood as the essential supremum oB.
The proof of this result is almost identical to that of Theorem 4 once we make

adjustments. The first one is to forget aboutM and to work directly in the relative spaceE2

by replacing systematicallyT andTAr by truncationsχE2TχE1 andχE2TArχE1 . Thus the
maximal operator relative toE2 becomes the maximal operator onE2.

The second one is that Lemma 2.2 becomes
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LEMMA 2.5. – Let (M,d,µ,Ar, p0,E2,E1) and T be as above. Assume that(2.11)holds.
There existK0 > 1 andC > 0 only depending onCE2 andp0, such that, for everyλ > 0, every
K > K0 andγ > 0, for every ballB0 in M and every functionf ∈ L2(E1, µ) such that there

,

med
e
e

e

d above
existsx0 ∈ B0 ∩E2 with ME2(|Tf |2)(x0) + (Sf)2(x0) � λ2, then

µ
({

x ∈B0 ∩E2; ME2

(
|Tf |2

)
(x) > K2λ2, M#

E2,T,Af(x) � γλ
})

� C(γ2 + K−p0)µ(B0 ∩E2).

The proof is the same sinceSf � 0 impliesME2(|Tf |2)(x0) � λ2.
The third one is that the termSf brings a modification in Lemma 2.3 which becomes

LEMMA 2.6. – Let (M,d,µ,Ar,E2,E1) andT be as above. Assume that(2.11)holds. Then
for 0 < p < p0,

∥∥(
ME2

(
|Tf |2

))1/2∥∥
Lp(E2)

� C
(
‖M#

E2,T,Af‖Lp(E2) + ‖Sf‖Lp(E2) + ‖f‖Lp(E2)

)
,

for everyf ∈ L2(E1, µ) for which the left-hand side is finite, whereC depends only onp, p0 and
the doubling constant ofE2 (but not onµ(E2)).

Sinceµ(E2) < ∞, the Whitney decomposition in the proof of Lemma 2.3 can be perfor
for λ > λ0 with λ0 = 1

µ(E2)

∫
E2

ME2(|Tf |2)1/2 dµ. Again, by Kolmogorov inequality, th
doubling property ofE2, and the weak type(1,1) of ME2 (with constant independent of th
size ofµ(E2)),∫

E2

ME2

(
|Tf |2

)1/2
dµ � Cµ(E2)1/2

∥∥|Tf |2
∥∥1/2

L1(E2)
= Cµ(E2)1/2‖Tf‖L2(E2).

Using then theL2 boundedness ofT and the support condition off (this is where we us
E1 ⊂ E2), we obtain

λ0 � C

µ(E2)1/2
‖f‖L2(E2) � C

µ(E2)1/p
‖f‖Lp(E2).

Now write with the notation of the proof in Lemma 2.3∥∥(
ME2

(
|Tf |2

))1/2∥∥p

Lp(E2)
=

∫
ME2 (|Tf |2)�K2λ2

0

(
ME2

(
|Tf |2

))p/2
dµ

+
∫

ME2 (|Tf |2)>K2λ2
0

(
ME2

(
|Tf |2

))p/2
dµ.

The last integral can be treated as before, using Lemma 2.5. The first integral is bounde
by

Kpλp
0µ(E2) � KpCp‖f‖p

Lp(E2)

with C depending only on theL2 norm ofT and the doubling constant ofE2. Further details are
left to the reader.
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3. Application to the Riesz transform

In this section,M is a complete non-compact Riemannian manifold,∆ denotes the Laplace–
.

tions

our

ifold:

f
s from
could

e

ired
Beltrami operator,e−t∆, t > 0, the heat semigroup andpt(x, y), t > 0, x, y ∈M , the heat kernel
The measureµ is the induced Riemannian volume. The measure of the ballB(x, r), x ∈ M ,
r > 0 is also writtenV (x, r).

We prove the statements corresponding to the (global) Riesz transform∇∆−1/2. We set
Tf = |∇∆−1/2f | (remember that, in the finite volume case, we restrict ourselves to func
with mean zero; in other words, in order to apply verbatim Theorem 2.1, we define∇∆−1/2 by
zero on constants). The boundedness ofT onL2 has been already observed.

3.1. Proof of the main result

We now show Theorem 1.2, namely the fact that, under(D) and(P ), (Gp0) implies theLp

boundedness of the Riesz transform for2 < p < p0, as a consequence of Theorem 2.1.
Recall that Theorem 2.1 applies ifT is assumed to act onLp(M). However, we have

∇∆−1/2 = c

∞∫
0

∇e−t∆ dt√
t
.

If we setTεf = |c
∫ 1/ε

ε
∇e−t∆f dt√

t
| for 0 < ε < 1, then forf ∈ L2(M) we have‖Tεf‖2 � ‖f‖2

(this follows from (1.1) and spectral theory) andTεf → Tf in L2(M) as ε → 0, while
‖Tεf‖p � Cε‖f‖p for f ∈ Lp(M). As the application of Theorem 2.1 toTε gives us a
uniform bound with respect toε, a limiting argument yields theLp boundedness ofT on
L2(M) ∩ Lp(M), hence onLp(M). Henceforth, we ignore this approximation step and
goal is now to establish (2.1) and (2.2) forT .

The first ingredient is Gaffney off-diagonal estimates valid in a general Riemannian man
There exist two constantsC � 0 andα > 0 such that, for everyt > 0, every closed subsetsE
andF of M , and every functionf supported inE, one has

‖e−t∆f‖L2(F ) + ‖t∆e−t∆f‖L2(F ) +
∥∥√t|∇e−t∆f |

∥∥
L2(F )

(3.1)

� Ce−αd(E,F )2/t‖f‖L2(E).

Here,d(E,F ) is the distance between the setsE andF . The inequality for the first term o
the left-hand side is classical (see, e.g., [27]). The estimate for the second one follow
essentially the same proof (see [28, Lemma 7]). We give a proof for the third one as we
not find it in the literature in this situation (it is proved in [4] for elliptic operators onR

n).
We assumed(E,F ) >

√
t as otherwise there is nothing to prove. LetF̃ be the set of thos

x ∈ M for which d(x,F ) � d(E,F )/3. Let ϕ be a smooth function onM such that0 � ϕ � 1,
ϕ is supported inF̃ , ϕ ≡ 1 on F , and |∇ϕ| � 6/d(E,F ). Set A = ‖

√
tϕ|∇e−t∆f |‖2 �

‖
√

t|∇e−t∆f |‖L2(F ). Integrating by parts,

A2 = t〈ϕ2∇e−t∆f,∇e−t∆f〉
=−2t

〈
(e−t∆f)∇ϕ,ϕ∇e−t∆f

〉
+ t〈ϕ2e−t∆f,∆e−t∆f〉

� 2
√

t
∥∥|∇ϕ|e−t∆f

∥∥
2
A + ‖ϕe−t∆f‖2‖tϕ∆e−t∆f‖2.

Using the properties ofϕ and the bounds for the first two terms in (3.1) we obtain the des
conclusion.
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We now introduce the regularizing operatorAr, r > 0, by setting

I −Ar = (I − e−r2∆)n

ly

timates
for some integern to be chosen. Observe thatAr is bounded onL2(M) with norm1. We prove
(2.1) in the following lemma.

LEMMA 3.1. – Assume that(D) holds. Then, for somen large enough depending on
on (D), for every ballB with radiusr > 0 and allx ∈ B,

∥∥∣∣∇∆−1/2(I − e−r2∆)nf
∣∣∥∥

L2(B)
� Cµ(B)1/2

(
M

(
|f |2

)
(x)

)1/2
.(3.2)

Proof. –Let f ∈ L2(M). Take a ballB with radiusr = r(B) andx a point inB. Denote by
Ci the ring2i+1B \ 2iB if i � 2 and letC1 = 4B. Decomposef asf1 + f2 + f3 + · · · with
fi = fχCi . By the Minkowski inequality we have that∥∥∣∣∇∆−1/2(I − e−r2∆)nf

∣∣∥∥
L2(B)

�
∑
i�1

∥∥∣∣∇∆−1/2(I − e−r2∆)nfi

∣∣∥∥
L2(B)

.

For i = 1 we use theL2 boundedness of∇∆−1/2(I − e−r2∆)n:

∥∥∣∣∇∆−1/2(I − e−r2∆)nf1

∣∣∥∥
L2(B)

� ‖f‖L2(4B) � µ(4B)1/2
(
M

(
|f |2

)
(x)

)1/2
.

For i � 2 we use the integral representation of∆−1/2:

∇∆−1/2(I − e−r2∆)n = c

∞∫
0

∇e−t∆(I − e−r2∆)n dt√
t

= c

∞∫
0

gr(t)∇e−t∆ dt,

where using the usual notation for the binomial coefficient,

gr(t) =
n∑

k=0

(
n

k

)
(−1)k χ{t>kr2}√

t− kr2
.

By the Minkowski integral inequality and Gaffney estimates (3.1), using the support offi, we
have that

∥∥∣∣∇∆−1/2(I − e−r2∆)nfi

∣∣∥∥
L2(B)

� C

( ∞∫
0

∣∣gr(t)
∣∣e−α′4ir2

t
dt√

t

)
‖f‖L2(Ci).

The latter integral can be estimated as follows. Elementary analysis yields the following es
for gr: ∣∣gr(t)

∣∣ � Cn√
t− 
r2

if 0 � 
r2 < t � (
 + 1)r2 � (n + 1)r2

and ∣∣gr(t)
∣∣ � Cnr2nt−n− 1

2 if t > (n + 1)r2.
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The latter estimate comes from the inequality∣∣∣ n∑(
n
) ∣∣∣ ∣ ∣

is

s

∣∣
k=0

k
(−1)kϕ(t− kr2)∣∣ � Cn sup

u� t
n+1

∣ϕ(n)(u)∣r2n,

which can be obtained by expandingϕ(t − ks) using Taylor’s formula aboutt and using the
classical relations

∑n
k=0

(
n
k

)
(−1)kk� = 0 for 
 = 0, . . . , n−1 (see [40, Problem 16, p. 65]). Th

yields the following estimates, uniformly with respect tor:

∞∫
0

∣∣gr(t)
∣∣e−α′4ir2

t
dt√

t
� Cn4−in.

Now, an easy consequence of(D) is that for ally ∈M,r > 0, andθ � 1

V (y, θr) � CθνV (y, r),(3.3)

for some constantsC andν > 0. Therefore, sinceCi ⊂ 2i+1B,

‖f‖L2(Ci) � µ(2i+1B)1/2
(
M

(
|f |2

)
(x)

)1/2 �
√

C2(i+1)ν/2µ(B)1/2
(
M

(
|f |2

)
(x)

)1/2
.

Choosing2n > ν/2, we have

∥∥∣∣∇∆−1/2(I − e−r2∆)nf
∣∣∥∥

L2(B)
� C ′

(∑
i�1

2i(ν/2−2n)

)
µ(B)1/2

(
M

(
|f |2

)
(x)

)1/2
,

which proves Lemma 3.1.�
We now show that (2.2) holds. We begin with a lemma.

LEMMA 3.2. – Assume(D), (P ) and(Gp0). Then the following estimates hold: for everyp ∈
(2, p0), for every ballB with radiusr and everyL2 functionf supported inCi = 2i+1B \ 2iB,
i � 2, or C1 = 4B, and everyk ∈ {1, . . . , n}, wheren is chosen as above, one has(

1
µ(B)

∫
B

|∇e−kr2∆f |p dµ

)1/p

� Ce−α4i

r

(
1

µ(2i+1B)

∫
Ci

|f |2 dµ

)1/2

(3.4)

for some constantsC andα depending only on(D), (P ), p andp0.

Proof. –By interpolating (Gp0) with the L2 Gaffney estimates, we obtainLp Gaffney
estimates for anyp ∈ (2, p0): for everyt > 0, for every closed setsE andF and every function
f supported inE, one has∥∥√t|∇e−t∆f |

∥∥
Lp(F )

� Ce−αd(E,F )2/t‖f‖Lp(E),(3.5)

with C > 0 andα > 0 depending onp, p0, and the constantCp0 in (Gp0). Now let B be a ball
with radiusr and letf be supported inCi.

In the following proof, many constants will implicitely depend onn, which itself only depend
on (D).
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Let us begin with the casei = 1. The above estimate (or, directly,(Gp)) yields(∫
−kr2∆ p

)1/p
C

(∫
−(k/2)r2∆ p

)1/p
B

|∇e f | dµ �
r

M

|e f | dµ .(3.6)

Let t = (k/2)r2. Since(UE ) follows from (D) and(P ), one has the upper estimate

pt(x, y) � C

V (y,
√

t)
exp

(
−c

d2(x, y)
t

)
,

for all x, y ∈ M . Because of the doubling property,

V (y,
√

t) � V (xB ,
√

t)� µ(B)

wherexB is the center ofB andy ∈ 4B. It follows that

∣∣e−(k/2)r2∆f(x)
∣∣ �

(
C

µ(B)

∫
4B

|f |2 dµ

)1/2

,(3.7)

for all x ∈ M . On the other hand, by Gaffney (orL2 contractivity of the heat semigroup),∫
M

|e−(k/2)r2∆f |2 dµ � C

∫
4B

|f |2 dµ.(3.8)

Thus, by Hölder,(∫
M

|e−(k/2)r2∆f |p dµ

)1/p

� Cµ(B)
1
p− 1

2

(∫
4B

|f |2 dµ

)1/2

,

which, together with (3.6), yields (3.4) in this case.
Next assume thati � 2. Denote byχC� the characteristic function ofC� and write

∇e−kr2∆f =
∑
��1

h�, h� = ∇e−(k/2)r2∆(χC�)e−(k/2)r2∆f.

From (3.5) we have(
1

µ(B)

∫
B

|h�|p dµ

)1/p

�
(

µ(2�+1B)
µ(B)

)1/p
Ce−α4�

r

(
1

µ(2�+1B)

∫
C�

|e−(k/2)r2∆f |p dµ

)1/p

and, using (3.3),(
1

µ(B)

∫
B

|h�|p dµ

)1/p

� C ′2(�+1)ν/p e−α4�

r
(3.9)

×
(

1
µ(2�+1B)

∫
C�

|e−(k/2)r2∆f |p dµ

)1/p

.
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From theL2 Gaffney estimates for the semigroup, one has∫
−(k/2)r2∆ 2

∫
2

C�

|e f | dµ � Ki�

Ci

|f | dµ

with

Ki� �

Ce−c4i

if 
 � i− 2,
C if i− 1 � 
 � i + 1,
Ce−c4�

if 
 � i + 2.

Since, by (3.3),Ki�
µ(2i+1B)
µ(2�+1B)

� Ki� sup(1,C2(i−�)ν), and if we still denote byKi� a sequence
of the same form with different constants, we may also write

1
µ(2�+1B)

∫
C�

|e−(k/2)r2∆f |2 dµ � Ki�
1

µ(2i+1B)

∫
Ci

|f |2 dµ.(3.10)

Next, it easily follows from(UE ) and(D) that for allx ∈C�,∣∣e−(k/2)r2∆f(x)
∣∣ � C

∫
Ci

V (y, r)−1 exp
(
−c

d2(x, y)
r2

)∣∣f(y)
∣∣dµ(y)

� Ki�

∫
Ci

V (y, r)−1∣∣f(y)
∣∣dµ(y).

If y ∈Ci, 2i+1B ⊂ B(y,2i+2r), so that

1
V (y, r)

� C2(i+2)ν

V (y,2i+2r)
� C2(i+2)ν

µ(2i+1B)
,

and it follows that

∣∣e−(k/2)r2∆f(x)
∣∣ � Ki�2(i+2)ν

(
1

µ(2i+1B)

∫
Ci

|f |2 dµ

)1/2

.(3.11)

By applying Hölder and using (3.10) and (3.11), one obtains

(
1

µ(2�+1B)

∫
C�

|e−(k/2)r2∆f |p dµ

)1/p

� Ki�2(i+2)ν(1− 2
p )

(
1

µ(2i+1B)

∫
Ci

|f |2 dµ

)1/2

.

Together with (3.9) and summing in
, this yields(
1

µ(B)

∫
B

|∇e−kr2∆f |p dµ

)1/p

� C
∑
��1

2(�+1)ν/p e−c4�

r
Ki�2(i+2)ν(1− 2

p )

(
1

µ(2i+1B)

∫
Ci

|f |2 dµ

)1/2
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� C
e−c′4i

r

(
1

µ(2i+1B)

∫
Ci

|f |2 dµ

)1/2

.

d

This ends the proof of Lemma 3.2.�
Equipped with this lemma, we can prove (2.2) for anyp ∈ (2, p0). Fix such ap. By expanding

I − (I − e−r2∆)n it suffices to show(
1

µ(B)

∫
B

|∇e−kr2∆f |p dµ

)1/p

� C
(
M

(
|∇f |2

))1/2(y)(3.12)

for f with f,∇f locally square integrable,B any ball withr = r(B), y ∈B andk = 1,2, . . . , n.
Recall thatn is chosen larger thanν/4 whereν is given in (3.3).

Recall that our assumptions ensure thatM satisfies (1.5). In other words,

e−t∆1 ≡ 1, ∀ t > 0.

We may therefore write

∇e−kr2∆f = ∇e−kr2∆(f − f4B).

Write f − f4B = f1 + f2 + f3 + · · · wherefi = (f − f4B)χCi . For i = 1, we use the lemma an
(P ) to obtain(

1
µ(B)

∫
B

|∇e−kr2∆f1|p dµ

)1/p

� C

(
1

µ(4B)

∫
4B

|∇f |2 dµ

)1/2

� C
(
M

(
|∇f |2

))1/2(y).

For i � 2, we have similarly(
1

µ(B)

∫
B

|∇e−kr2∆fi|p dµ

)1/p

� Ce−α4i

r

(
1

µ(2i+1B)

∫
Ci

|fi|2 dµ

)1/2

.

But ∫
Ci

|fi|2 dµ �
∫

2i+1B

|f − f4B|2 dµ,

|f − f4B |� |f − f2i+1B |+
i∑

�=2

|f2�B − f2�+1B|

and observe that

|f2�B − f2�+1B |2 � 1
µ(2�+1B)

∫
2�+1B

|f − f2�+1B |2 dµ � (2�r)2M
(
|∇f |2

)
(y).

Hence, by the Minkowski inequality, we easily obtain(
1

µ(2i+1B)

∫
Ci

|fi|2 dµ

)1/2

� C(2ir)
(
M

(
|∇f |2

))1/2(y).(3.13)
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It remains to sum fori � 2∑ Ce−α4i (
1

∫
|fi|2 dµ

)1/2

�
∑ Ce−α4i

(2ir)
(
M

(
|∇f |2

))1/2(y)

me

can be
f

ed
holds

our

ination

e

i�2
r µ(2i+1B)

Ci
i�2

r

� C
∑
i�2

e−α4i

2i
(
M

(
|∇f |2

))1/2(y).

This yields (3.12), and the proof of Theorem 1.2 is finished.

Remark. –
A slight modification of the proof allows the following improvement of (3.12): for so

constantsc,C > 0(
1

µ(B)

∫
B

|∇e−kr2∆f |p dµ

)1/p

� C inf
x∈B

(
e−cr2∆

(
|∇f |2

))1/2(x)(3.14)

for f with f,∇f locally square integrable,B any ball withr = r(B) andk = 1,2, . . . , n, where
n is chosen as above. See Lemma 3.3 in Section 3.2 for the casep =∞ of this inequality.

The techniques of proof of Theorem 2.1 extend easily to the vector-valued setting. It
checked that it applies as well to obtain the square function estimate (seen asLp boundedness o
a vector-valued operator) ∥∥∥∥∥

( ∞∫
0

|∇e−t∆f |2 dt

)1/2∥∥∥∥∥
p

� C‖f‖p(3.15)

from (D), (P ), and(Gp0), for 2 < p < p0. Compare with [20], Section 3, where it is observ
that a related inequality (with the Poisson semigroup instead of the heat semigroup)
under (1.12) only. In particular,(D) and (P ) are not used there. This explains further
discussion in Section 1.4 where we question the relevance of(D) and(P ) for the Riesz transform
boundedness.

3.2. A simpler situation

In this section, we show a slightly weaker version of Theorem 1.4 by replacing(G) with the
stronger inequality (1.8), that is

∣∣∇xpt(x, y)
∣∣ � C√

tV (y,
√

t)
exp

(
−c

d2(x, y)
t

)
, ∀x, y ∈ M, t > 0,

as this is a simpler application of Theorem 2.1 and this hypothesis is related to the dom
condition (1.12), therefore to the conjecture in [20] explained in Section 1.4.

We set againTf = |∇∆−1/2f | but choose hereAr = e−r2∆, and apply Theorem 2.1 in th
casep0 = ∞.

We begin with the verification of (2.1). LetB be a ball of radiusr. Let f ∈ L2(M). Write
f = f1 +f2 wheref1 = f on2B and 0 elsewhere. First, theL2 boundedness ofT (I −Ar) gives
us ∫

B

∣∣T (I −Ar)f1

∣∣2 dµ �
∫
M

|f1|2 dµ � µ(2B)M
(
|f |2

)
(z)
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wheneverz ∈B. To conclude the proof of (2.1), it remains to obtain the same bound forf2. One
has ∣ −1/2 −r2∆

∣

if

ate

a case,
T (I −Ar)f2(x) = ∣∇∆ (I − e )f2(x)∣
=

∣∣∣∣∫
M

k̃r(x, y)f2(y)dµ(y)
∣∣∣∣

�
∫
M

∣∣k̃r(x, y)
∣∣∣∣f2(y)

∣∣dµ(y),

where

k̃r(x, y) =

∞∫
0

gr(s)∇x ps(x, y)ds

and

gr(t) =
1√
t
−

χ{t>r2}√
t− r2

.

Using (1.8) and following the casen = 1 in the proof of Lemma 3.1, one obtains that
d(x, y) � r then ∣∣k̃r(x, y)

∣∣ � C

V (x, r)
exp

(
−c

d2(x, y)
r2

)
.

This estimate and the support property off2 ensure∫
M

∣∣k̃r(x, y)
∣∣∣∣f2(y)

∣∣dµ(y) � CM
(
|f2|

)
(z) � CM

(
|f |

)
(z)

(see for instance [36, Proposition 2.4]), therefore the pointwise bound∣∣T (I −Ar)f2(x)
∣∣ � CM

(
|f |

)
(z)

wheneverx andz belong toB, hence the bound inL2 average.
The next step is the verification of (2.2), which in this case becomes the maximal estim

sup
y∈B

∣∣∇e−r2(B)∆f(y)
∣∣2 � C ′ inf

x∈B
M

(
|∇f |2

)
(x),(3.16)

for all ballsB and functionsf with f,∇f square integrable. But, under(D) and(DUE ), this
follows from (1.8).

Indeed, assume (1.8). Recall from the discussion in Sections 1.2 and 1.4 that in such
the full (LY ) estimates hold and that (1.8) is equivalent to (1.10), that is

∣∣∇xpt(x, y)
∣∣ � C√

t
pC′t(x, y)

for some constantsC,C ′ > 0. Also, by Cauchy–Schwarz,(P ) implies∫
B

|f − fB |dµ � Cr(B)
√

µ(B)
(∫

B

|∇f |2 dµ

)1/2

(3.17)
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for any ballB in (M,d) with radiusr(B) and anyf with f,∇f square integrable onB (in fact
(P ) and (3.17) are equivalent, see [49]).

Fix B a ball inM , x, y ∈B, and sett = r2(B). Using (1.5) again, write

, [50],

dable

.16).
s the

ination
t more
∣∣∇e−t∆f(y)
∣∣ =

∣∣∇e−t∆
(
f − f(x)

)
(y)

∣∣ �
∫
M

∣∣∇pt(y, z)
∣∣∣∣f(z)− f(x)

∣∣dµ(z).(3.18)

Then recall that (3.17) admits a reformulation in terms of a pointwise estimate (see [48]
Theorem 3.2), in particular it implies:∣∣f(x)− f(z)

∣∣ � Cd(x, z)
(
h(x) + h(z)

)
,(3.19)

with

h(x) =
(
M

(
|∇f |2

)
(x)

)1/2

for all f with f,∇f locally square integrable andx, z ∈M .
Then, plugging (3.19) and (1.8) into (3.18),

∣∣∇e−t∆f(y)
∣∣ � C

V (x,
√

t)

∫
M

d(x, z)√
t

exp
(
−d2(y, z)

Ct

)(
h(x) + h(z)

)
dµ(z),

and sincex, y ∈B, d(x,z)√
t

is comparable up to an additive constant withd(y,z)√
t

, therefore

∣∣∇e−t∆f(y)
∣∣ � C

V (x,
√

t)

∫
M

exp
(
−d2(y, z)

C ′t

)(
h(x) + h(z)

)
dµ(z)

� Ch(x) +
C

V (x,
√

t)

∫
M

exp
(
−d2(y, z)

C ′t

)
h(z)dµ(z)

� Ch(x) + C(Mh)(x),

again by [36, Proposition 2.4]. Now, a result of Coifman and Rochberg [14], which is exten
to spaces of homogeneous type, states that for anyg for which Mg < ∞ a.e. and for any
positiveγ < 1, the weightw ≡ (Mg)γ belongs to the Muckenhoupt classA1, with A1 constant
depending onγ (but not ong). Thus,Mw � Cγw a.e., so that, in particular,

M
[
(Mg)1/2

]
� C1/2(Mg)1/2,

almost everywhere.
Applying this withg = |∇f |2 in the right-hand side of the above inequality, one obtains (3
For the sake of completeness, we are now going to give a lemma which clarifie

relationship between the pointwise gradient bound (1.8), an integral version of it, the dom
condition (1.12), and the maximal estimate (3.16). This lemma also offers a less direct, bu
elementary approach to the implication from (1.8) to (3.16).

LEMMA 3.3. – In presence of(FK ), the following three properties are equivalent:
(i) The pointwise heat kernel gradient bound(1.8).
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(ii) The weightedL2 heat kernel gradient bound∫ ∣∣ ∣∣2 α
d2(x,y)

t
C

t (i)
M

∇xpt(x, y) e dµ(y) �
tV (x,

√
t)

,(3.20)

for α > 0 small enough, allt > 0, x ∈M .
(iii) The domination condition(1.12)

|∇e−t∆f |2 � Ce−C′t∆
(
|∇f |2

)
,

for someC,C ′ > 0 andf with f,∇f square integrable and allt > 0.
Any of these conditions implies the maximal estimate(3.16).

Proof. –It is easy to see by integrating (1.8) and using the doubling property tha
implies (ii). The converse follows from an argument somewhat similar to [20, p. 14]. Write

∇xp2t(x, y) =
∫
M

∇xpt(x, z)pt(z, y)dµ(z).

Using (ii) and the Cauchy–Schwarz inequality,

∣∣∇xp2t(x, y)
∣∣2 � C

tV (x,
√

t)

∫
M

∣∣pt(z, y)
∣∣2e−α

d2(x,z)
t dµ(z)

for all α > 0 small enough. According to(DUE ),

∣∣pt(z, y)
∣∣2 � C

V 2(y,
√

t)
e−c

d2(z,y)
t

for somec > 0. Forβ small enough we have

e−α
d2(x,z)

t e−c
d2(z,y)

t � e−β
d2(x,y)

t e−c
d2(z,y)

2t ,

thus ∣∣∇xp2t(x, y)
∣∣2 � C

tV (x,
√

t)V 2(y,
√

t)
e−β

d2(x,y)
t

∫
M

e−c
d2(z,y)

2t dµ(z).

Using(D), it is easy to check that the quantity

1
V (y,

√
t)

∫
M

e−c
d2(z,y)

2t dµ(z)

is uniformly bounded, and (i) follows readily.
Assume next that (i) holds and let us prove (iii). Recall that we may use freely(LY ) and (3.17).
Fix x ∈ M andB ≡ B(x,

√
t). SetC1 = 4B andCj = 2j+1B \ 2jB for j � 2. Using again

(1.5), write
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∣∣ =

∣∣∇e−t∆(f − f4B)(x)
∣∣

=
∣∣∣∣∫ ∇xpt(x, y)

(
f(y)− f4B

)
dµ(y)

∣∣∣∣

f

M

�
∑
j�1

∫
Cj

∣∣∇xpt(x, y)
∣∣∣∣f(y)− f4B

∣∣dµ(y).

It follows from the lower bound in(LY ) that, for allε > 0, there existcε,Cε > 0 independent o
x ∈ M andt > 0 such that

cε

V (x,
√

t)
exp(−ε4j) � pCεt(x, y)(3.21)

for all y ∈ 2jB, t > 0.
Let us treat the first term in the above sum, that is whenj = 1. According to (1.8),∫

4B

∣∣∇xpt(x, y)
∣∣∣∣f(y)− f4B

∣∣dµ(y) � C√
tV (x,

√
t)

∫
4B

∣∣f(y)− f4B

∣∣dµ(y).

By (3.17),

∫
4B

∣∣f(y)− f4B

∣∣dµ(y) � C
√

t

√
V (x,

√
t)

(∫
4B

∣∣∇f(y)
∣∣2 dµ(y)

)1/2

,

hence ∫
4B

∣∣∇xpt(x, y)
∣∣∣∣f(y)− f4B

∣∣dµ(y) � C

(
1

V (x,
√

t)

∫
4B

∣∣∇f(y)
∣∣2 dµ(y)

)1/2

,

and by (3.21),

∫
4B

∣∣∇xpt(x, y)
∣∣∣∣f(y)− f4B

∣∣dµ(y) � C ′
ε

(∫
M

pCεt(x, y)
∣∣∇f(y)

∣∣2 dµ(y)
)1/2

.

Now for the other terms in the sum. By (1.8) again,∫
Cj

∣∣∇xpt(x, y)
∣∣∣∣f(y)− f4B

∣∣dµ(y)

� C√
tV (x,

√
t)

∫
Cj

exp
(
−d2(x, y)

Ct

)∣∣f(y)− f4B

∣∣dµ(y)

� C exp(−c4j)√
tV (x,

√
t)

∫
Cj

∣∣f(y)− f4B

∣∣dµ(y).

Then
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∫
Cj

∣∣f(y)− f4B

∣∣dµ(y) �
∫

2j+1B

(∣∣f(y)− f2jB

∣∣ +
j∑

�=2

|f2�B − f2�+1B |
)

dµ(y)
=
∫

2j+1B

∣∣f(y)− f2jB

∣∣dµ(y) +
j∑

�=2

V (x,2j
√

t)|f2�B − f2�+1B |.

Again by (3.17),

∫
2j+1B

∣∣f(y)− f2jB

∣∣dµ(y) � C2j
√

t

√
V (x,2j

√
t)

( ∫
2j+1B

∣∣∇f(y)
∣∣2 dµ(y)

)1/2

,

and by (3.21)∫
2j+1B

∣∣∇f(y)
∣∣2 dµ(y) � CεV (x,

√
t) exp(ε4j)

∫
M

pCεt(x, y)
∣∣∇f(y)

∣∣2 dµ(y),

thus ∫
2j+1B

∣∣f(y)− f2jB

∣∣dµ(y)

� Cε2j
√

tV (x,2j
√

t) exp(ε4j)
(∫

M

pCεt(x, y)
∣∣∇f(y)

∣∣2 dµ(y)
)1/2

.

Similarly,

|f2�B − f2�+1B |� 1
V (x,2�

√
t)

∫
2�+1B

∣∣f(y)− f2�+1B

∣∣dµ(y)

� C2�
√

t

(
1

V (x,2�
√

t)

∫
2�+1B

∣∣∇f(y)
∣∣2 dµ(y)

)1/2

,

thus by (3.21) again,

|f2�B − f2�+1B |� Cε2�
√

t exp(ε4�+1)
(∫

M

pCεt(x, y)
∣∣∇f(y)

∣∣2 dµ(y)
)1/2

.

Hence∫
Cj

∣∣f(y)− f4B

∣∣dµ(y)

� Cε

√
tV (x,2j

√
t)

(
2j +

j∑
�=2

2�

)
exp(ε4j)

(∫
M

pCεt(x, y)
∣∣∇f(y)

∣∣2 dµ(y)
)1/2

� C ′
ε2

j
√

tV (x,2j
√

t) exp(ε4j)
(∫

M

pCεt(x, y)
∣∣∇f(y)

∣∣2 dµ(y)
)1/2

.
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Gathering the above estimates and using the doubling property, one obtains∫ ∣∣∇xpt(x, y)
∣∣∣∣f(y)− f4B

∣∣dµ(y)

the

lid

is
Cj

� C2j exp
(
−(c− ε)4j

)V (x,2j
√

t)
V (x,

√
t)

(∫
M

pCεt(x, y)
∣∣∇f(y)

∣∣2 dµ(y)
)1/2

� C ′2j exp
(
−(c− ε)4j

)
2νj

(∫
M

pCεt(x, y)
∣∣∇f(y)

∣∣2 dµ(y)
)1/2

.

Choosingε < c, since then
∑

j�2 2j exp(−(c− ε)4j)2νj < ∞,

∣∣∇e−t∆f(x)
∣∣ � C

(∫
M

pCεt(x, y)
∣∣∇f(y)

∣∣2 dµ(y)
)1/2

,

and (iii) is proved.
The converse, that is the implication from (iii) to (i), again follows from a variant of

argument in [20, p. 14]. Using again

∇xp2t(x, y) =
∫
M

∇xpt(x, z)pt(z, y)dµ(z)

and (iii), we have

∣∣∇xp2t(x, y)
∣∣2 � C

∫
M

pC′t(x, z)
∣∣∇zpt(z, y)

∣∣2 dµ(z).

Invoke a weightedL2 estimate for∇xpt(., y) proved in [45] (see also [18, Lemma 2.4]) and va
under(D) and(DUE ): for someγ > 0 and ally ∈M,t > 0,∫

M

∣∣∇xpt(x, y)
∣∣2eγ

d2(x,y)
t dµ(x) � C

tV (y,
√

t)
(3.22)

(note that contrary to (ii), the integration here is with respect tox, see the remark below). Th
yields ∣∣∇xp2t(x, y)

∣∣2 � C

tV (y,
√

t)

(
sup
z∈M

pC′t(x, z)e−γ
d2(z,y)

t

)
.

Using(UE ), the above supremum can easily be controlled by

Ce−β
d2(x,y)

t

V (x,
√

t)

for β > 0 small enough, and (i) follows. �
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It remains to deduce the maximal estimate (3.16) from one of the other equivalent conditions.
Assume (iii), that is ∣ −t∆

∣2 −C′t∆
(

2
)

.

corded

timate
to the
e heat
pect

ll this
than in

o-
-

e

folds
deck
the
∣∇e f(y)∣ � Ce |∇f | (y),

then, since by(LY ),

e−ct∆
(
|∇f |2

)
(y) � Ce−C′t∆

(
|∇f |2

)
(x)

as soon asd(x, y) �
√

t, one obtains∣∣∇e−t∆f(y)
∣∣2 � Ce−C′t∆

(
|∇f |2

)
(x).

On the other hand,e−C′t∆(|∇f |2)(x) � CM(|∇f |2)(x) by (UE ) and [36, Proposition 2.4]
This readily yields (3.16).

Remarks. –
– Although not necessary for the main argument developed in this section, we have re

the equivalence between (i) and (ii) to point out a difference with the case1 < p < 2
(see [18]). In that case, the crucial ingredient in the proof was the weighted es
of the gradient (3.22), where integration and differentiation are taken with respect
same variable. As we already said, (3.22) follows from the pointwise estimate of th
kernel only. In contrast, the estimate (ii), with integration and differentiation with res
to different variables, requires in addition the pointwise estimate (i) of the gradient. A
also explains at a technical level why more assumptions are needed in Theorem 1.4
Theorem 1.1, and also why (1.8) holds on manifolds satisfying(FK ) and∣∣∇xpt(x, y)

∣∣ � C
∣∣∇ypt(x, y)

∣∣
for all t > 0, x, y ∈ M ([45, Theorem 1.3]).

– A sufficient condition for (iii) in terms of Ricci curvature follows from [64, The
rem 3.2, (3.7)]. According to the above,(Rp) holds for allp ∈ (1,∞) on manifolds sat
isfying this condition plus(FK ).

– TheL2 version of Poincaré inequalities(P ), which follows from the assumptions of th
lemma and (i), is used in the above proof. If instead one has the strongerL1 version∫

B

|f − fB |dµ � Cr

∫
B

|∇f |dµ,

for any ball B in (M,d) with radius r and anyf with f,∇f locally integrable onB
(which is the case for instance on Lie groups of polynomial volume growth, mani
with non-negative Ricci curvature and co-compact coverings with polynomial growth
transformation group), together(D), (DUE ), then one can show in the same way
equivalence of (1.8) with the estimates

sup
y∈B

∣∣∇e−r2(B)∆f(y)
∣∣ � C ′ inf

x∈B
M

(
|∇f |

)
(x),

and

|∇e−t∆f |� Ce−t∆
(
|∇f |

)
,

which are stronger than theirL2 counterparts.
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3.3. Proofs of some other results

In this section,M satisfies(D) and(DUE ).

ted

rmly
Proof of Proposition 1.10. –First assume(Gp). Write

∥∥∣∣∇x p2t(., y)
∣∣∥∥

p
=

∥∥∣∣∇e−t∆
(
pt(., y)

)∣∣∥∥
p

� Cp√
t

∥∥pt(., y)
∥∥

p
.

The estimate(UE ) easily yields

∥∥pt(., y)
∥∥

p
� C

[V (y,
√

t)]1−
1
p

.

This implies ∥∥∣∣∇x p2t(., y)
∣∣∥∥

p
� Cp√

t[V (y,
√

t)]1−
1
p

.

Conversely, assume for ap ∈ (2, p0) for all y ∈M andt > 0.

∥∥∣∣∇xpt(., y)
∣∣∥∥

p
� Cp√

t[V (y,
√

t)]1−
1
p

.

We shall prove(Gq) for any2 < q < p. Using (3.22) and interpolating with the above unweigh
Lp estimate, we have∫

M

∣∣∇x pt(x, y)
∣∣qeγ′ d2(x,y)

t dµ(x) � C

tq/2[V (y,
√

t)]q−1
.

Now let f ∈ Lq(M,µ). Estimate|∇e−t∆f(x)| by

∫
M

∣∣∇xpt(x, y)
∣∣e γ′d2(x,y)

qt
[
V (y,

√
t)

]1/q′∣∣f(y)
∣∣ e−

γ′d2(x,y)
qt

[V (y,
√

t)]1/q′ dµ(y)

which, by Hölder inequality, is controlled by

(∫
M

∣∣∇xpt(x, y)
∣∣qeγ′ d2(x,y)

t

[
V (y,

√
t)

]q/q′∣∣f(y)
∣∣q dµ(y)

)1/q(∫
M

e−
q′γ′d2(x,y)

qt

V (y,
√

t)
dµ(y)

)1/q′

.

Now, it follows easily from the doubling property that the second integral is bounded unifo
in t, x. Integrating with respect tox, by Fubini’s theorem and the weightedLq-estimate, we
obtain ∫

M

∣∣∇e−t∆f(x)
∣∣q dµ(x) � C

tq/2

∫
M

∣∣f(y)
∣∣q dµ(y)

as desired. �
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Proof of Theorem 1.4. –We have already observed that the hypotheses in the statement imply
(D) and(P ). It remains to obtain(Gp) for all p ∈ (1,∞). In view of the previous result, it is
enough to prove (1.6). But this follows by interpolating(G) with theL2 bound

d as in

n

l

∥∥∣∣∇xpt(., y)
∣∣∥∥

2
� C2√

t[V (y,
√

t)]1/2
.

The latter follows from(DUE ):∥∥∣∣∇xpt(., y)
∣∣∥∥2

2
=

(
∆pt(., y), pt(., y)

)
�

∥∥∆pt(., y)
∥∥

2

∥∥pt(., y)
∥∥

2
.

Now ∥∥∆pt(., y)
∥∥

2
=

∥∥∆e−(t/2)∆pt/2(., y)
∥∥

2
� C

t

∥∥pt/2(., y)
∥∥

2
,

by analyticity of the heat semigroup onL2, and‖pt/2(., y)‖2
2 = pt(y, y) � C

V (y,
√

t)
by (DUE ).

The claim is proved. �

4. Localization

This section is devoted to the proof of Theorem 1.5. Theorem 1.7 can then be deduce
the global case and we leave details to the reader.

Fora > 0, we have

∇(∆ + a)−1/2 = c

∞∫
0

e−at∇e−t∆ dt√
t
.

Let v be aC∞ function on[0,∞) with 0 � v � 1, which equals1 on [0,3/4] and vanishes o
t � 1.

If a > α, Minkowski’s integral inequality implies that∥∥∥∥∥
∞∫
0

(
1− v(t)

)
e−at∇e−t∆f

dt√
t

∥∥∥∥∥
p

� C

∞∫
3/4

e(α−a)t dt√
t
‖f‖p � C ′‖f‖p.

It is enough to prove theLp boundedness of the sublinear operatorT̃ defined by

T̃ f =

∣∣∣∣∣
∞∫
0

v(t)∇e−t(∆+a)f
dt√

t

∣∣∣∣∣.
Without loss of generality, we may and do replace in what follows∆ + a by ∆ as the value ofa
plays no further role.

For this purpose, we begin with the localization technique of [36] as in [18].
Before we start, observe that, as a consequence of(E) and (Ploc), pt(x, y) satisfies the

estimates(LY ) for small times.
Let (xj)j∈J be a maximal1-separated subset ofM : the collection of ballsBj = B(xj ,1),

j ∈ J , coversM , whereas the ballsB(xj ,1/2) are pairwise disjoint. It follows from the loca
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doubling property that there existsN ∈ N
∗ such that everyx ∈ M is contained in at mostN

balls4Bj = B(xj ,4).
Consider aC∞ partition of unityϕj , j ∈ J , such thatϕj � 0 and is supported inBj . Let χj

of the

ing the
e

der

t to
be the characteristic function of the ball4Bj . Forf ∈ C∞
0 (M) andx ∈M , write

T̃ f(x) �
∑

j

χj T̃ (fϕj)(x) +
∑

j

(1− χj)T̃ (fϕj)(x) = I + II .

Let us first treat the term II. The first observation is that, from the finite overlap property
ballsBj , we have ∑

j

∣∣(1− χj)(x)ϕj(y)
∣∣ � Nχd(x,y)�3.

Hence

II �
1∫

0

∫
M

∣∣∇xpt(x, y)
∣∣∑

j

∣∣(1− χj)(x)ϕj(y)
∣∣∣∣f(y)

∣∣dµ(y)
dt√

t

� N

1∫
0

∫
d(x,y)�3

∣∣∇xpt(x, y)
∣∣∣∣f(y)

∣∣dµ(y)
dt√

t
.

From there, we follow the argument in Section 3.3 by inserting the Gaussian terms and us
Hölder inequality to estimate the integral ond(x, y) � 3. Since(LY ) for small times applies, w
have ∫

d(x,y)�3

e−
p′γd2(x,y)

pt

V (y,
√

t)
dµ(y) � Ce−

c
t

for some constantsC, c > 0 independent oft andx. Therefore,

II � C

1∫
0

(∫
M

∣∣√t∇xpt(x, y)
∣∣peγ

d2(x,y)
t

[
V (y,

√
t)

]p/p′∣∣f(y)
∣∣p dµ(y)

)1/p
e−

c
t

t
dt.

It follows from (Gloc
p0

) and the argument in Section 3.3 for small times (which is valid un
the exponential growth assumption and the Gaussian upper bound forpt(x, y) for small times,
see [18]) that for someγ > 0 and allt ∈ (0,1) andy ∈M ,∫

M

∣∣∇xpt(x, y)
∣∣peγ′ d2(x,y)

t dµ(x) � C

tp/2[V (y,
√

t)]p−1
.

Since the measuree−c/t/tdt has finite mass, one can use Jensen’s inequality with respect,
Fubini’s theorem and the weightedLp estimate above to conclude that

∫
M

|II |p dµ(x) is bounded
by C‖f‖p

p.
We now turn to I which is the main term. The uniform overlap of the balls4Bj implies∑

j

‖gχj‖r
r � C‖g‖r

r
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for all g and1 � r � ∞. Hence∫ ∣∣ ∣∣∣∣∣∑ ˜ ∣∣∣ ∑
′

until

y the
M

g(x) ∣
j

χjT (fϕj)(x)∣dµ(x) � C
j

‖fϕj‖p‖gχj‖p � C‖f‖p‖g‖q,

provided we show that ∥∥χj

∣∣T̃ (fϕj)
∣∣∥∥

p
� C‖fϕj‖p

with a bound uniform inj. In other words, we want to show thatT̃ mapsLp(Bj) into Lp(4Bj).
To this end we apply Theorem 2.4 withE1 = Bj andE2 = 4Bj since4Bj has the doubling
property by the following lemma, which is implicit in [58], and whose proof we postpone
the end of this section.

LEMMA 4.1. – The balls4Bj equipped with the induced distance and measure satisf
doubling property(D) and the doubling constant may be chosen independently ofj. More
precisely, there is a constantC � 0 such that for allj ∈ J ,

µ
(
B(x,2r)∩ 4Bj

)
� Cµ

(
B(x, r)∩ 4Bj

)
, ∀x ∈ 4Bj , r > 0,(4.1)

and also

µ
(
B(x, r)

)
� Cµ

(
B(x, r)∩ 4Bj

)
, ∀x ∈ 4Bj , 0 < r � 8.(4.2)

Define the local maximal function onM by

Mlocf(x) = sup
B�x,r(B)�32

1
µ(B)

∫
B

|f |dµ,

for x ∈ M andf locally integrable onM . By local doubling,Mloc is bounded on allLp(M),
1 < p � ∞. We have the following estimates for ballsB of M centered in4Bj and with radii
less than 8,x ∈ B ∩ 4Bj and functionsf in L2(M) with support inBj :

1) There is an integern depending only on the condition(E) such that

1
µ(B ∩ 4Bj)

∫
B∩4Bj

∣∣T̃ (I − e−r2∆)nf
∣∣2 dµ � CMloc

(
|f |2

)
(x).(4.3)

2) If 2 < p < p0, then forI −Ar = (I − e−r2∆)n

(
1

µ(B ∩ 4Bj)

∫
B∩4Bj

|T̃Arf |p dµ

)1/p

� C
(
M4Bj

(
|T̃ f |2

)
+ (Sf)2

)1/2(x)(4.4)

with

(Sf)2 = Mloc
(
|T̃ f |2χ(M\4Bj)

)
+Mloc

(
|h|

)2 +M4Bj

(
|f |2

)
(4.5)

andh =
∫ ∞
0

v(t)e−t∆f dt√
t
.

Admitting these inequalities, it remains to see that‖Sf‖Lp(4Bj) � C‖f‖Lp(Bj). By the study
of II, we have that∥∥(

Mloc
(
|T̃ f |2χ(M\4Bj)

))1/2∥∥
Lp(4Bj)

� C
∥∥|T̃ f |χ(M\4Bj)

∥∥
Lp(M)

� C‖f‖Lp(Bj).
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Next, by definition ofh and the contraction property of the heat semigroup,

‖h‖ p � c‖f‖ p j ,
L (M) L (B )

hence ∥∥Mloc
(
|h|

)∥∥
Lp(4Bj)

� C‖f‖Lp(Bj).

Finally, we conclude the argument by invoking the boundedness ofM4Bj on Lp/2(4Bj) to
bound‖(M4Bj (|f |2))1/2‖p.

Proof of (4.3). –Take a ballB centered in4Bj with r = r(B) < 8 and letx be any point in
B ∩ 4Bj . By Lemma 4.1 we haveµ(B) � Cµ(B ∩ 4Bj) for someC independent ofB andj.
Hence,

1
µ(B ∩ 4Bj)

∫
B∩4Bj

∣∣T̃ (I − e−r2∆)nf
∣∣2 dµ

� C

µ(B)

∫
B

∣∣T̃ (I − e−r2∆)nf
∣∣2 dµ

and we follow the calculations of Section 3 with̃T replacing∇∆−1/2. Introduceir the integer
defined by2irr < 8 � 2ir+1r. Denote byCi the ring 2i+1B \ 2iB if i � 2 and C1 = 4B.
Decomposef asf1 + f2 + f3 + · · · + fir with fi = fχCi . The decomposition stops sincef
is supported inBj and4Bj ⊂ 2iB wheni > ir. By Minkowski’s inequality we have that

∥∥∣∣T̃ (I − e−r2∆)nf
∣∣∥∥

L2(B)
�

ir∑
i=1

∥∥∣∣T̃ (I − e−r2∆)nfi

∣∣∥∥
L2(B)

.

For i = 1 we use theL2 boundedness of̃T (I − e−r2∆)n:

∥∥∣∣T̃ (I − e−r2∆)nf1

∣∣∥∥
L2(B)

� ‖f‖L2(4B) � µ(4B)1/2
(
Mloc

(
|f |2

)
(x)

)1/2
,

For i � 2 we use the definition of̃T :

T̃ (I − e−r2∆)nf =

∣∣∣∣∣
∞∫
0

v(t)∇e−t∆f(I − e−r2∆)n dt√
t

∣∣∣∣∣
=

∣∣∣∣∣
∞∫
0

g̃r(t)∇e−t∆f dt

∣∣∣∣∣,
where using the usual notation for the binomial coefficient,

g̃r(t) =
n∑

k=0

(
n

k

)
(−1)k v(t− kr2)√

t− kr2
χ{t>kr2}.

4e SÉRIE– TOME 37 – 2004 –N◦ 6



RIESZ TRANSFORM AND HEAT KERNEL REGULARITY 949

By Minkowski’s integral inequality and the Gaffney estimates (3.1) using the support offi, we
have that

∞∫
timates

st,

ume
∥∥∣∣T̃ (I − e−r2∆)nfi

∣∣∥∥
L2(B)

� C

0

∣∣g̃r(t)
∣∣e−α′4ir2

t
dt√

t
‖f‖L2(Ci).

The latter integral can be estimated as follows. Elementary analysis yields the following es
for g̃r(t): ∣∣g̃r(t)

∣∣ � C√
t− kr2

if kr2 < t � (k + 1)r2 � (n + 1)r2,∣∣g̃r(t)
∣∣ � Cr2n if (n + 1)r2 < t,

andg̃r(t) = 0 for t � 1 + nr2. Hence

∞∫
0

∣∣g̃r(t)
∣∣e−α′4ir2

t
dt√

t
� C min{4−in, r2n} = C8−2nr2n.

Now, an easy consequence of local doubling andr(2iB) � 8 when1 � i � ir, is that

µ(2i+1B) � m(2i+1)µ(B)

with m(θ) = C(1 + θ)ν , C andν independent ofB andj. Therefore, asCi ⊂ 2i+1B,

‖f‖L2(Ci) � µ(2i+1B)1/2
(
Mloc

(
|f |2

)
(x)

)1/2 �
√

m(2i+1)µ(B)1/2
(
Mloc

(
|f |2

)
(x)

)1/2
.

Choosing2n > ν/2 and using the definition ofir andr � 8, we obtain

∥∥∣∣T̃ (I − e−r2∆)nf
∣∣∥∥

L2(B)
� C

ir∑
i=1

2iν/2r2nµ(B)1/2
(
Mloc

(
|f |2

)
(x)

)1/2

� Cµ(B)1/2
(
Mloc

(
|f |2

)
(x)

)1/2
.

Proof of (4.4). –We first establish the analog of Lemma 3.2: for everyp ∈ (2, p0), for every
ball B centered in4Bj with radiusr < 8 and everyL2 functiong supported inCi = 2i+1B \2iB
if i � 2 or C1 = 4B and everyk ∈ {1, . . . , n}, wheren is chosen as above, one has(

1
µ(B ∩ 4Bj)

∫
B∩4Bj

|∇e−kr2∆g|p dµ

)1/p

� Ce−α4i

r

(
1

µ(2i+1B)

∫
Ci

|g|2 dµ

)1/2

(4.6)

for some constantsC andα depending only on(E), (Ploc), p andp0.
The proof given in Section 3 can be copiedin extensoprovided we make three remarks. Fir

as in the previous argument sinceµ(B) � Cµ(B ∩ 4Bj) we may replaceB ∩ 4Bj by B in
the left-hand side of (4.6). Second, as we already said,pt(x, y) satisfies the estimates(LY ) for,
say,t = kr2 � 64n. Third, the polynomial volume growth is replaced by an exponential vol
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growth but the estimates still carry out in this case thanks to the Gaussian terms in the sums.
Further details are left to the reader.

Next, assume thatf ∈ L2(Bj) and takeh =
∫ ∞
0

v(t)e−t∆f dt√ . Since T̃ f = |∇h| and

ls with

not
t
according to the first remark above, it is enough to control(

1
µ(B)

∫
B

|∇e−kr2∆h|p dµ

)1/p

.

Write ∇e−kr2∆h = ∇e−kr2∆(h − h4B) =
∑

i�1∇e−kr2∆gi where gi = (h − h4B)χCi .

Applying (4.6) to eachgi, we are reduced to estimating( 1
µ(2i+1B)

∫
Ci

|gi|2 dµ)1/2. We

distinguish the two regimesi � ir andi > ir whereir is the largest integer satisfying2ir < 8.
In the first regime, the argument in Section 3 using the local Poincaré inequalities for bal
radii not exceeding16 can be repeated and (3.13) becomes(

1
µ(2i+1B)

∫
Ci

|gi|2 dµ

)1/2

� C

i∑
�=1

(2�r)
(

1
µ(2�+1B)

∫
2�+1B

|∇h|2 dµ

)1/2

.(4.7)

Write then
1

µ(2�+1B)

∫
2�+1B

|∇h|2 dµ � 1
µ(2�+1B ∩ 4Bj)

∫
2�+1B∩4Bj

|∇h|2 dµ

+
1

µ(2�+1B)

∫
2�+1B

χ(M\4Bj)|∇h|2 dµ

�M4Bj

(
|∇h|2

)
(x) +Mloc

(
|∇h|2χ(M\4Bj)

)
(x)

wherex is any point inB ∩ 4Bj . Hence the contribution of the terms in the first regime does
exceed

∑
1���i�ir

Ce−α4i

r
(2�r)

(
M4Bj

(
|∇h|2

)
(x) +Mloc

(
|∇h|2χ(M\4Bj)

)
(x)

)1/2
.

For the second regime, we proceed directly by(
1

µ(2i+1B)

∫
Ci

|gi|2 dµ

)1/2

�
(

1
µ(2i+1B)

∫
Ci

|h|2 dµ

)1/2

+ |h4B |.

First |h4B|� Mloc(|h|)(x) sinceB has radius less than8. Next,∫
Ci

|h|2 dµ �
∫
M

|h|2 dµ � C

∫
M

|f |2 dµ = C

∫
4Bj

|f |2 dµ

sincef is supported inBj ⊂ 4Bj . Also sincei > ir we have2i+1B ⊃ 4Bj and(
1

µ(2i+1B)

∫
Ci

|h|2 dµ

)1/2

� C

(
1

µ(4Bj)

∫
4Bj

|f |2 dµ

)1/2

� C
(
M4Bj

(
|f |2

)
(x)

)1/2
.
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The contribution of the terms in the second regime is bounded above by

∑ Ce−α4i (
loc

( ) ( (
2
) )1/2)

.
.

t.

c parts,
[29,
n
n non-
ase of
ults for
o [67].
1.8. We

ither

ying
i>ir
r

M |h| (x) + M4Bj |f | (x)

and it remains to recall that1/r � 2i/8 wheni > ir to conclude the proof of (4.4).

The proof of Theorem 1.5 is complete provided we prove Lemma 4.1 which we do now
We begin with the first inequality. Fixj ∈ J , x ∈ 4Bj , r > 0. If r � 8, there is nothing to prove

We assumer < 8. There is a pointx∗ such thatB(x∗, r/8)⊂ 4Bj andd(x,x∗) � 3r/8. Indeed,
if d(x,xj) � 3r/8 thenB(x, r/8) ⊂ 4Bj , so that one can takex∗ = x. Otherwise, sinceM is
connected, there is a curve joiningx andxj whose length is smaller than, say,d(x,xj) + 2r/8.
On this curve, one can choosex∗ such thatd(x,x∗) = 3r/8, thusd(x∗, xj) � d(x,xj) − r/8.
The pointx∗ satisfies the required properties. Then one may write

µ
(
B(x,2r)∩ 4Bj

)
� V (x,2r) � V (x∗,19r/8)

� CV (x∗, r/8) � Cµ
(
B(x, r)∩ 4Bj

)
,

where one uses the local doubling property for balls with radii not exceeding19. This proves the
first inequality of the lemma and the proof of the second one is contained in the argumen

5. Lp Hodge decomposition for non-compact manifolds

The Hodge decomposition, which associates to a form its exact, co-exact and harmoni
is well-known to be bounded onL2 on any complete Riemannian manifold (see for instance
Theorem 24, p. 165], and the recent survey [11]). The question of theLp Hodge decompositio
has been mainly examined on closed manifolds (see [86]) and domains therein [57]. O
compact manifolds, the connection with the Riesz transform was established in the c
1-forms and an example was treated in [92]. The unpublished manuscript [66] contains res
forms of all degrees in the case of manifolds with positive bottom of the spectrum; see als
In the case of degree one, one can deduce more general results from Theorems 1.2 and
denote byLpT ∗M the usualLp space of1-forms.

THEOREM 5.1. – Let M be a complete non-compact Riemannian manifold satisfying e
(D), (P ) and(Gp0) for somep0 ∈ (2,∞], or the assumptions of Theorem1.8. Then the Hodge
projector from1-forms onto exact forms is bounded onLpT ∗M , for all p ∈ (q0, p0) whereq0 is
the conjugate exponent top0.

Proof. –The projector on exact forms is

d∆−1δ = d∆−1/2(d∆−1/2)∗.

Now d∆−1/2 is bounded fromLp(M,µ) to LpT ∗M for all p ∈ (q0, p0) by the results in [18] and
Theorem 1.2 or Theorem 1.8, depending on the assumptions. By duality,(d∆−1/2)∗ is bounded
from LpT ∗M to Lp(M,µ), for p in the same range, and the claim follows.

COROLLARY 5.2. – Let M be a complete non-compact Riemannian manifold satisf
either (D), (P ) and (Gp0) for somep0 ∈ (2,∞], or the assumptions of Theorem1.8. Let
p ∈ (q0, p0). Then the Hodge decomposition on1-forms extends toLpT ∗M if one of the following
additional assumptions holds:
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(a) M is a surface.
(b) There are noLp harmonic1-forms.
(c) The heat semigroup on1-forms,e−t�∆, is bounded onLpT ∗M uniformly int > 0.
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Proof. –Let p ∈ (q0, p0). The projector on exact forms is bounded onLpT ∗M by Theo-
rem 5.1. In case (a), we use an argument from [92]: in dimension2, the projector on co
exact forms is nothing butd∆−1δ conjugated by the Hodge star operator, therefore it is
bounded onLpT ∗M . In cases (b) and (c), the projection on harmonic forms extends boun
to LpT ∗M : In case (b), this projector is trivial by assumption, and in case (c), it is bou
because it is the limit ofe−t�∆ as t → ∞. In all three cases, two out of the three projectors
the Hodge decomposition extend boundedly toLpT ∗M , therefore the whole decomposition
anLp decomposition.

Since, on manifolds with non-negative Ricci curvature, the Riesz transform is boundedLp

for all p ∈ (1,∞), and for allt > 0 andω ∈ C∞T ∗M ,

|e−t�∆ω|� e−t∆|ω|,

the proofs of Theorem 5.1 and Corollary 5.2 show in particular that the Hodge decompo
extends toLp on such manifolds. This fact seems known to experts, although we could no
it stated in the literature.

More generally, if the heat semigroup on forms onM is dominated by the heat semigroup
functions in the way discussed in Section 1.4:

|e−t�∆ω|� Ce−ct∆|ω|,(5.1)

for someC, c > 0 and allt > 0 andω ∈ C∞T ∗M , then both assumptions (b) (because there
no Lp harmonic functions on a complete non-compact Riemannian manifold, see [100]) a
are satisfied for allp ∈ (1,∞). It was proved in [20] (and it also follows from Theorem 1
that (D), (DUE ) and (5.1) imply the boundedness of the Riesz transform for allp ∈ (1,∞).
Therefore, we can state the following.

COROLLARY 5.3. – Let M be a complete non-compact Riemannian manifold satisf
(D), (DUE ) and (5.1). Then the Hodge decomposition on1-forms extends toLpT ∗M for all
1 < p < ∞.

A similar statement could be formulated, with suitable assumptions, for manifolds whe
bottom of the spectrum is positive, by using Theorem 1.9.

Finally, recall that theLp boundedness of the Hodge decomposition may be useful, tog
with other ingredients, to show that, in certains situations,e−t�∆ cannot be contractive onLpT ∗M
for all p (see [92, p. 77]; this problem was also considered in [93]). We will not pursue this

6. Final remarks

Our method should apply without major difficulties to some settings which had alr
been treated in the range1 < p < 2 by the use of the method in [18]: graphs [82] and vec
bundles [97]. In the first direction, some results already exist in the range1 < p < ∞ in the
group case, see [33,55]. It should also be possible to cover the general setting of [88].

Other directions are left open by the present work. Since we work in the framework of sin
integrals theory (and, in particular, use a volume growth assumption), the estimates we ob
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depend on the dimension, contrary to the ones in [6,7]. To obtain dimension-free estimates, or to
work in an infinite dimensional setting, is a subject in itself, and was achieved so far only in rather
specific situations: see [90,73,78,23,30,77], and the references therein. Let us point out that this
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hzhou
is an advantage of the approach to Riesz transform boundedness via the Littlewood–Paley
as in [6,7]. See also [20]. We do not see for the time being how to cumulate the advanta
both methods, which would yield a proof of the conjecture in [20].

We do not touch either the question of higher order Riesz transforms, whose bound
would require much more regularity; recall that already for Lie groups with polynomial gro
even theL2 boundedness of second order Riesz transforms only takes place on nilpotent
and their compact extensions (see [1,38]).
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