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Abstract

We study the elastic behaviour of incompatibly prestrained thin plates of thickness # whose internal energy E his governed by
an imposed three-dimensional smooth Riemann metric G only depending on the variable in the midsurface w. It is already known
that h~2inf E" converges to a finite value ¢ when the metric G restricted to the midsurface has a sufficiently regular immersion,
namely W2*2(w, R3 ). The obtained limit model generalizes the bending (Kirhchoff) model of Euclidean elasticity. In the present
paper, we deal with the case when ¢ equals 0. Then, equivalently, three independent entries of the three-dimensional Riemann
curvature tensor associated with G are null. We prove that, in such regime, necessarily inf £ h < ch We identify the I'-limit of
the scaled energies h~*E™" and show that it consists of a von Kdrmén-like energy. The unknowns in this energy are the first order
incremental displacements with respect to the deformation defined by the bending model and the second order tangential strains.
In addition, we prove that when infh~*E h — 0, then G is realizable and hence min E" = 0 for every h.
© 2017 Elsevier Masson SAS. All rights reserved.

Résumé

On s’intéresse au comportement de structures minces d’épaisseur /4 dont I’énergie interne E h est régie par une métrique rieman-
nienne tridimensionnelle G imposée, constante dans 1’épaisseur, n’admettant pas nécessairement d’immersion isométrique. On sait
que lorsque la restriction de G a la surface moyenne w possede une immersion isométrique suffisamment réguliere, c’est-a-dire
appartenant a W22 (w,R3), alors =2 inf E" admet une limite finie ¢ quand /4 tend vers 0. Le modele limite correspondant géné-
ralise le modele de flexion non linéaire, classique pour la métrique euclidienne. Nous nous plagons ici dans le cas ou ¢ vaut 0, ce
qui équivaut a la nullité de trois des six coeffiecients du tenseur de courbure associé a G. Nous montrons qu’alors inf E h < cpt.
Nous identifions la T'-limite de #~*E”* et montrons qu’elle généralise 1’énergie de von Kdrman. Elle s’exprime en fonction des
déplacements incrémentaux par rapport a la surface définie par le modele de flexion et de déformations tangentielles généralisées.
De plus, nous montrons que I’'infimum de ce modele limite a I’ordre 4 n’est nul que si G admet une immersion isométrique, auquel
casmin E" =0 pour tout 4.
© 2017 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The purpose of this paper is to study the elastic behaviour of pre-stressed thin plates ", characterized by non-
immersable Riemannian metrics G on their reference configurations. To such metrics (and the prestrain they generate),
we refer as “incompatible”; the incompatibility is measured by infimizing the energy E" given below, sometimes
called the “non-Euclidean” elastic energy. We will be concerned with the regimes of curvatures of G resulting in the
incompatibility of “high order”. By this we mean that inf E” ~ h# as the plate’s thickness / goes to 0, and that the
scaling exponent S satisfies: 8 > 2.

In paper [5] we analyzed the scaling inf E” ~ h? and proved that it only occurs when the metric G2 on the
mid-plate has an isometric immersion in R? with the regularity W22 and when, at the same time, the three tangential
Riemann curvatures of G do not vanish identically. The two-dimensional limiting energy, obtained from the sequence
h—2E" via I'-convergence, as i — 0, was an extension of the classical nonlinear bending energy.

In the present paper we assume that:

h=2infE" — 0 (1.1)

and prove that the only nontrivial two-dimensional limiting theory in this regime is a von Kdrman-like energy, valid
when inf E# ~ h*. It further turns out that this scaling is automatically implied by (1.1) and inf E” # 0. Indeed,
we show that (1.1) implies h~*inf E" < C, and that h~*inf E” — 0 if and only if G is immersable, in which case
min E" =0 for all .

Let us observe that this scale separation is different from the findings of [29] valid in the Euclidean case of G = 1d3,
where the possible limiting energies are distinguished by the scaling of the applied forces f* ~ h%. In that context,
three distinct limiting theories have been obtained for inf E# ~ h# with B > 2 (corresponding to o > 2). Namely:
B € (2,4) yielded the linearized bending model subject to a nonlinear constraint on the limiting displacements; g = 4
yielded the classical von Kdérman model; and 8 > 4 corresponded to the linear elasticity.

The present results differ as well from the higher order hierarchy of scalings and the elastic theories of shells, as
derived through an asymptotic expansion in [46]. These differences are due to the fact that while the magnitude of
external forces is adjustable at will, it is not so for the six sectional curvatures (together with their covariant derivatives)
of a given metric G. As we show, the six curvatures of G = G (x”) depending only on the mid-plate variables fall into
two categories: including or excluding the thin direction variable. Then, the simultaneous vanishing of curvatures in
the first category or in both categories correspond to the two scenarios at hand in terms of the scaling of inf E”.

1.1. Some background in dimension reduction for thin structures

Early attempts for replacing the three-dimensional model of a thin elastic structure with planar mid-surface at
rest, by a two-dimensional model, were based on a priori simplifying assumptions on the deformations and on the
stresses. Later, the natural idea of using the thickness as a small parameter and of establishing a limit model was
largely explored; we refer in particular to the works by Ciarlet and Destuynder who set the method in the appropriate
framework of the weak formulation of boundary value problems [11,12], proved convergence to the linear plate model
[22] in the context of linearized elasticity, and obtained formally the von Karman plate model from finite elasticity
[8]. See also [55,56] for the time-dependent case and [9] for a comprehensive list of references.

The issue of deriving two-dimensional models valid for large deformations, by means of an asymptotic formal-
ism, was subsequently tackled by Fox, Simo and the second author in [26]. They showed, in the context of the Saint
Venant—Kirchhoff materials subject to appropriate boundary conditions, how to recover a hierarchy of four models.
This hierarchy, driven by the order of magnitude of the applied loads, consisted of: the nonlinear membrane model,
the inextensional bending model, the von Kdrméan model and the linear plate model. The models thus obtained still
required a justification through rigorous convergence results. In [35], Le Dret and the second author used the varia-
tional point of view and proved I"-convergence of the 3-dimensional elastic energies to a nonlinear membrane energy,
valid for loads of magnitude of order 1. We remark that the expression of the limiting stored energy therein consisted
of quasiconvexification of the 3d energy, first minimized with respect to normal stretches. This allowed to recover the
degeneracy under compression; a feature that is otherwise missed by formal expansions. We further mention that for
3d — 1d reduction, a similar point of view had been introduced by Acerbi, Buttazzo and Percivale in [1].
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A key-point for deriving rigorously the above mentioned nonlinear bending model has been the geometric rigidity
result due to Friesecke, James and Miiller [28]. In a similar spirit, the same authors justified the von Kdrman model,
the linear model [29] and also they introduced novel intermediate models, in particular in the range of energies — or
equivalently of loadings — between the scaling responsible for bending (8 = 2) and the von Karman scaling (8 = 4).
In this range of models, the three-dimensional stored energy appears in the limit stored energy through its second
derivative at rest. Scaling the energy with exponents 8 other than integers had been explored for the membrane to
bending range in [18] leading to convergence results for 0 < § < 5/3 while the regime 5/3 < B8 < 2 remains open
and is conjectured to be relevant for crumpling of elastic sheets. Other significant extensions concern derivation
of limit theories for incompressible materials [16,17,64,47], for heterogeneous materials [61], through establishing
convergence of equilibria rather than strict minimizers [51,53,37,52,38], and finally for shallow shells [40].

Extension of the above variational method valid in the framework of the large deformation model was conducted
in parallel for slender structures whose midsurface at rest is non-planar. The first result by the second author and Le
Dret [36] relates to scaling 8 = 0 and models membrane shells: the limit stored energy depends then only on the
stretching and shearing produced by the deformation on the midsurface. Another study is due to Friesecke, James,
Mora and Miiller [27] who analyzed the case 8 = 2. This scaling corresponds to a flexural shell model, where the only
admissible deformations are those preserving the midsurface metric. The limit energy depends then on the change of
curvature produced by the deformation. Further, the first author, Mora and Pakzad derived the relevant linear theories
(B > 4) and the von Kédrman-like theories (8 = 4) in [42], and subsequently proceeded to finalize the analysis for
elliptic shells in the full regime 8 > 2 in [43]. A similar analysis has been performed in the case of developable shells
in [31] leading to the proof of the collapse of all two-dimensional limiting theories to the linear theory when 8 > 2.
Following these findings, a conjecture was made in [46] about the infinite hierarchy of shell models and the various
possible limiting scenarios differentiated by rigidity properties of shells. Let us recall that a comprehensive body of
work had been previously devoted to the asymptotic derivation of shell models in the small displacement regime under
clear hypotheses on the model taken for granted, three-dimensional or already two-dimensional and containing the
thickness as a parameter. Several models were recovered by Ciarlet and coauthors [13—15], by Destuynder [21,23] and
by Sanchez-Palencia and coauthors [59,60,7,6,50]. Sanchez-Palencia, in particular, theorized the role and interplay
of the midsurface geometry and of the boundary conditions [58], as well as underlined the singular perturbation
behaviour. We refer to [10] for additional references.

Most recently, there has been a sustained interest in studying similar problems where the shape formation is not
driven by exterior forces but rather by the internal prestrain caused by e.g. growth, swelling, shrinkage or plasticity [33,
25,63]. Variants of a thin plate theory can be used in the self-similar structures which form due to variations in an in-
trinsic metric that is asymptotically flat at infinity [2], and also in the case of a circular disk with edge-localized growth
[25], or in the shape of a long leaf [48]. Ben Amar and coauthors formally derived a variant of the Foppl-von Karman
equilibrium equations from finite incompressible elasticity [19,20]: they use the multiplicative decomposition of the
gradient proposed in [57] similar to ours, and study cockling of paper, grass blades and sympetalous flowers [20,4].

Experimentalists, working in close connection with mathematicians, are presently building devices that produce
thin deformable structures with target metrics exhibiting a high level of inhomogeneities. One of the first efforts to
reproduce the effect of the prestrain on the shape of thin films in an artificial setting was reported in [33]. The authors
manufactured thin gel films that underwent nonuniform lateral radially symmetric shrinkage when activated in a hot
bath. Large-scale buckling, multi-scale wrinkling structures and symmetry-breaking patterns appeared in the sheets,
depending on the nature of the “programmed in” metric and of the thickness. Another approach to controlling of
shape through prestrain was suggested in [32]: by photopatterning polymer films, the authors produce temperature-
responsive flat gel sheets that can transform into prescribed curved surfaces when the in-built metric is activated.
Finally, an experimental setup for shape control of thin films of liquid crystal elastomers is described in [65]. For
other experimental results, see [62,63,34,30,2,54].

A systematic study of the possible limits when a target metric is prescribed was undertaken by the first author
and collaborators: a generalized version of the nonlinear bending model was rigorously derived in [45] under the
assumption that the target metric is independent of thickness and block-diagonal. This analysis was completed in [5]
by removing the block-diagonal assumption and by giving a necessary and sufficient condition for E” to scale as 4.
The objective of the present paper is to study higher order prestrains.

Let us also mention that in [40,41,44] similar derivations were carried out under a different assumption on the
asymptotic behaviour of the prescribed metric, which also implied energy scaling ## in different regimes of 8 > 2.
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In [40] it was shown that the resulting equations are identical to those postulated to account for the effects of growth
in elastic plates [48] and used to describe the shape of a long leaf. In [44] a model with a Monge—Ampere constraint
was derived and analyzed from various aspects. Other results concerning the energy scaling for the materials with
prescribed metric are derived in [3], where by imposing suitable boundary data, conditions of [45,5] are not satisfied
and hence the energy scales larger than h? (see also [63]).

1.2. The set-up and notation

Let w be an open, bounded, connected and simply connected subset of R?, with Lipschitz continuous boundary.’
For 0 < h < 1 we consider thin films Q" with midsurface w:

Q' ={x=("x3); ¥ €w, x3e(=h/2,h/2)}. (1.2)
Let G : Q" — R3*3 be a given smooth Riemann metric on ©”, uniform through the thickness:
G(x',x3) =G () forevery (x', x3) € Q",

and let A = /G denote the unique positive definite symmetric square root of G. Consider the energy functional
E": wh2(Q" R3) — R, defined as:

Eh(uh)=%/W(whA—l)dx. (1.3)
le

The nonlinear elastic energy density W : R3*3 — R is a Borel measurable function, assumed to be C? in a neigh-
bourhood of SO(3) and to satisfy, for every F € R3x3, every R € SO(3) and with a uniform constant ¢ > 0, the
conditions:

W(R)=0, W(RF)=W(F), W(F)>cdist (F,SO3)). (1.4)

The first condition states that the energy of a rigid motion is 0, while the second is the frame invariance. They imply
that DW (Id3) = 0 and that D>W (Id3)(T, -) = O for all skew symmetric matrices 7 € so(3). The third assumption
above reflects the quadratic growth of the density W away from the energy well SO(3). Note that these assumptions
are not contradictory with the physical condition W (F) = oo for det F < 0.

Throughout the paper, we use the following notation. Given a matrix F € R3*3, we denote its transpose by F’, its
symmetric part by symF = %(F + F"), and its skew part by skewF = F — symF. By SO(n) = {R € R"*"; R' =
R~ ! and det R = 1} we denote the group of special rotations, while so(n) = {F € R"*"; symF = 0} is the space
of skew-symmetric matrices. We use the matrix norm | F| = (trace(F’ F))!/ 2 which is induced by the inner product
(F1: F) = trace(F{ F>). The 2 x 2 principal minor of a matrix F € R3*3 is denoted by F>x2. All limits are taken
as the thickness parameter 4 vanishes, i.e. when 7 — 0. Finally, by C we denote any universal constant, independent
of h.

1.3. Some previous directly related results

Recall that, according to a classical theorem of Riemannian geometry, the given metric G on " admits an (auto-
matically smooth) isometric immersion if and only if the Riemann curvature tensor of G vanishes identically. In other
words, condition: min, e y1.2(h r3) E"(u"y=0is equivalent to: Riem(G) = 0.

In [45], it has been proved that already the vanishing of the infimum:

inf E"u") =0
uheW1~2(Q’l,R3)
is sufficient for (and thus equivalent to): Riem(G) = 0. But, even when Riem(G) # 0, the non-zero sequence
{inf E" (u™)} still converges to 0 with & — 0. Even more, it can be checked that the generalized membrane energy

1 In most intermediary results of this paper, the simple connectedness of w is not needed. However, it is so in order that the vanishing of the
Riemann tensor of a metric G implies existence of an equidimensional isometric immersion of G.
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obtained as the I'-limit of E”, vanishes on W2 immersions of @ in R?, isometric with respect to G2>. The Nash
and Kuiper’s famous results assert then that such immersions (even with regularity C'** where o < 1/5, see [24]) exist
for every G. In particular, it follows that: lim,_ o inf E” = 0.

Investigating a higher order level of the energy, it has been proved in [5] that the I"-limit of the rescaled energies
h—2E" is given by:

1 N
L) = 57 [ Qe (V3)'VE) o

on the set of all y € W22(w, R3) such that (Vy)!Vy = Gax2; when no W22(w, R3) isometric immersion of Gy
exists, then the I'-limit is +o0. The quadratic forms Q 4 (x’, ) are given in terms of the second order derivative of
the energy density W at Id3, as in (3.4). The Cosserat vector be W2 N L®)(w,R?) is uniquely determined from
the isometric immersion y by:

0'0=G where Qe =031y, Qer=10dy, Qes =l;, with det Q > 0. (1.5)

The functional 75 is a fully nonlinear bending energy. In case of Ge3 = e3, it reduces to the classical bending content
quantifying the second fundamental form (V y)!Vb = (Vy)! VN on the deformed surface y(w) with the unit normal
vector N; this classical bending energy is also known as the nonlinear Kirchhoff energy. It has also been proved that

lim inf h2E" "y =0 (1.6)
h—)OuhEW1~2(Qh,R3)

if and only if three specific Riemann curvatures of G vanish, namely:
R =Ripi3=Ri3=0 in Q" (1.7)

Finally, it has been shown that (1.7) (or equivalently (1.6)) is satisfied if and only if there exists a mapping yg : @ — R3
such that:

(Vy0)' Vyo = Gaxoa,

. (1.8)
sym((Vyo)' Vbg) =0,

where the vector field l;o is defined in terms of yg as in (1.5):

0(00=G, Qoei =01y0, Qoer=0dyo and Qpez = by with det Qg > 0. (1.9)

The isometric immersion yy is smooth, the vector field bg is smooth and yy is unique up to overall rigid motions. This
is a consequence of the observation that under (1.8), the second fundamental form of the surface yp(w) is uniquely
given in terms of G. The second equation in (1.8) follows from the fact that the kernel of each quadratic form Q5
coincides with so(2).

For future use, let us remark that, denoting the inverse matrix G =[GV i,j:1.3, we have:

1
VG33

-

bo=—

G310 + GPry0) + N. (1.10)

G33 (
1.4. New results of this work

In this paper we investigate the higher energy scalings and the limiting behaviour of the minimizing configurations
to E” under condition (1.7). We first prove (in Lemma 2.1) that (1.7), which as we recall is equivalent to (1.1), implies:

infE" < Ch*.

We then derive (in Theorem 3.1 and Theorem 4.1) the I'-limit Z4 of the rescaled energies h~*E", together with
their compactness properties. Namely, let yo be the unique immersion satisfying (1.8), where bo is as in (1.9). Let
do w — R3 be the smooth vector field given in terms of yg by:

(Qf)do, e1) = —(d1bo, bo), (Qf)do, e2) = —(d2bo, bo), (Q(tﬂo, e3) =0. (1.11)
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The limit Z4 is then given by the following energy functional:

1 1 1 - o
(v, e)=§/Qz,A (x/,e+§(VV)’VV+ﬁ(Vbo)tVbo) ax’ +—/QZA ¥ (V30 VG4 (VV)' V) dv

1 / Qs 4 x (Vo) Vdo + (Vo) Vbo) dx’, (1.12)

acting on the space of extended strains’:

e eclpa{sym((Vyo)' Vw); w e W'3(w,R?)} (1.13)
and the space of first order infinitesimal isometries:
VeW?*(w,R*) suchthat: sym((Vyo)'VV)=0. (1.14)

In (1.13), the notation cl; > stands for the closure of the indicated set of 2 x 2 tensors on w, in the space Lz(a), Rfyx,,%).

In (1.12), the vector field p € W!2(w, R?) depends linearly on the gradient of V and is uniquely associated with it
by:
(Vyo)' p=—(VV)'by and (5, bo) =0. (1.15)

The spaces consisting of e and V contain the information about the admissible error displacements, relative to the
leading order immersion y, under the energy scaling E" ~ h*. We discuss their geometrical significance, together
with the bending and stretching tensors in the first two terms of Z4(V, e), in section 5. We further prove in Theorem 6.2
that the last term in (1.12), which is constant and as such does not play a role in the minimization process, is precisely
given by the only potentially nonzero (in view of (1.7)) curvatures of G, namely:

- P R R
GO RLACS e |

We may thus write, informally:

1
Z4(V,e) = 3 / Q7.4 (x’, stretching of order h2) dx’ + — / Q7. 4(x’, bending of order h) dx’

l 240 / Q7. 4(x’, Riemann curvature of G) dx’.

In particular, since all three terms above are nonnegative, this directly implies that the condition limy,_.¢ hL“ infE" =0,
which is equivalent to minZ4 = 0, is further equivalent to the immersability G, i.e. the vanishing of all its Riemann
curvatures Riem(G) = 0 in Q".
1.5. An asymptotic expansion argument

We now sketch a heuristic derivation of the energy Z4(V, e), by matching the asymptotic expansion of the metric

(Vu")'Vu" generated by the deformation u” : Q" — R3 below, with the prescribed target metric G.
Given the fields V, w, p asin (1.13), (1.14) and (1.15), we make an ansatz:

2
- X5 -
W (', x3) = yo(x') + hV (x") + R2w(x") + x3bo(x") + 73610()6/)

and compute the tangential minor of the pull-back metric:

2 We call e an extended strain because it is a limit of the usual strains.
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1
((Vuh)tVuh)2X2 = (Vy0)' Vyo + 2h sym ((Vyo)' VV) + 2h2(sym((Vy0)’Vw) + E(VV)’VV)
B, 1 .
+ 2x3sym ((Vy0)' Vbo) + 2hx3(sym((Vyo)' Vp) + E(V V) Vby)

2 1 v 7 1 ZNITT 3
+ 23 (5 sym((Vyo) Vdo) + E(Vb()) Vbo) + O(h°).

Note that the first term on the right hand side above equals G,x»>, while the second and fourth terms are 0, in view
of (1.8) and (1.14), so that:

(V"Y' Vu" —G), o (x' x3) = 202 [1(x") + 2hx3 [3(x") + 2x3 L (x") + O (hY),
where: I} = sym((Vyo)' Vw) + %(VV)’VV, L= %sym((Vyo)thio) + 5(Vl?o)fw;o,
and: Iy = sym((Vy0)' V) + (VV)' Vby.
Writing:
dis®(Vu" A1, 80(3)) = [(A~' (vuly v A=) * —1d)?
~ |%(A*‘(VM”)’W"A*‘ —1d)|* ~ %|(Vuh)’Vuh -GJ,

and recalling the minimization over the normal portion of the strain in the two-dimensional energy density (3.4), we
arrive at:

_Eh( )~ 4h4h/} (V") Vu )2><2 G2><2|

h/2
h4/|1| +h2][x3/|lz| +][x3/|12| +2h° ][xg/ul
—h/2  ®

N, ) )

= [ (1h+-—=I I — I
/|1+ 2|+|3|~|—180|2|)
w

The three integral terms above correspond, in order of appearance, to the three terms in Z4(V, e), after setting:

1 _-
e =sym ((Vyo)’(Vw + ﬁVdo)).

The same calculation, with all details regarding the error terms, is carried out in the construction of the recovery
sequence in the proof of Theorem 4.1.

2. The scaling and approximation lemmas

Let By(x") be the matrix field defined by:
Boer = 8150, Bper = 825() and Bgez = (70, 2.1

where c?() isasin (1.11). Observe that Qf)Bo is skew symmetric and that it has the form:

01 By = |:(Vy0)' vBo|<Vyo>fJo] | 22)

0 = = = = =3
0 (b0)' Vb | (bo, do)
Indeed, (Vyo)' Vbo € so(2) by (1.8), while by (1.11): (Vo) do = —(Vbo)'bo and (bg, do) = 0.

Lemma 2.1. Condition (1.7) implies: ~ inf  E" < Ch*.
W1~2(Q”,R3)
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Proof. Let us construct a sequence u” € W12(Q" R3) that has low energy. Define:

hyot _ ’ P x32* /
u'(x’, x3) = yo(x') + x3bo(x") + 7do(x ), (2.3)

in fact each u” is the restriction to Q" of the same deformation. We have:

ho t l l x32 /
Vu'(x', x3) = Qo(x') +x3Bo(x') + ?DO(X )s
where the matrix field Do(x") € R3*3 is given through:

Do(x")e; = d1dy, Do(x")ez = dady, Do(x')ez =0,

so that:
X2
Vu" A7 = QoA + x3BpAT + 73D0A—1.
For brevity, denote F h — vuh A=! and further:

F'(x', x3) = QoA N (x)(Id3 + 3Ty (X)) + 3 T2 (x)) = (Qo A (") G" (¢, x3) (2.4)

with Tj = A1 QL ByA™!, Th = JA~1 QI DoA™" and G" =1d3 + x3T + x3T5. Since QoA~! € SO(3), frame indif-
ference implies that W (F hy = W (G™). Thanks to the boundedness and smoothness of T} and T», we have det G" > 0
in Q" for h < 1, and thus polar factorization of G" further yields: W (F") = W (((G")' G")!/2). Note that Ty is skew

symmetric, by the same property of Q6 By. Consequently, (G")! G" and the expansion of its square root do not contain
terms linear in x3. Indeed, letting K =T> + T — le:

2
(GM' 6" (', x3) =1d3 + 3K (x)) + O(x3)  and ((Gh>’Gh>‘/2<xcx3>=Ids+%K(x%@(x%).

As a consequence, by W (Id3) = 0 and DW (Id3) = 0, we obtain:

4
WFEDH=w (((Gh)th)l/z) = %DZW(Idg)(K, K)+ 0.

Using (1.3), we get:

1
E"u" = A / W(F") dx < Ch*,
Qh

which concludes the proof. O

In Lemma 2.1 we constructed deformations whose gradient was close enough to Q¢ + x3 By to result in the energy
order h*. Conversely, in Corollary 2.4, we establish that the gradients of deformations u” whose energy scales like 4*
are close to Qg + x3 By modulo local multiplications by R”(x") € SO(3). Corollary 2.4 makes this statement precise
and also gives an estimate of VR". We first give local estimates in Lemma 2.3. To this end, recall the geometric
rigidity estimate [29]:

Theorem 2.2. (/29]) Let Q2 C R3 be a bounded, connected, Lipschitz domain. Then:

vue WH2(Q,R* 3R €SO@3) /|w —RP=<cC /distz(Vu, SO(3)).
Q Q

The constant C is uniform for all bi-Lipschitz equivalent domains Q2 with controlled Lipschitz constants.
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Lemma 2.3. Assume (1.7). For all sufficiently small h < 1 and all open sets U C w, there exists a constant C =
CU x (=h/2,h/2)) with the following property. Calling U" =U x (—=h/2, h/2), for any u" € W'2U" ,R3) there
exists R" € SO(3) such that:
1 — 1
. / Vi (x) — R"(Qo(x) + x3Bo(x))| dx < C(E /distz(VuhA_l, SO(3)) dx + h3|u”|). (2.5)
uh uh
The constant C is uniform for all bi-Lipschitz equivalent UM with controlled Lipschitz constants.

Proof. In order to use the geometric rigidity estimate, we perform a change of variables. For any u" € WH2@", R3),
welet v =u" oY~ with Y : " — Y (U") = V" c R3 given as in (2.3):

/ / 7 / x% 37 /
Y (x', x3) = yo(x') + x3b0(x") + ?do(x ).
We note that v € W12(V" R3) and:

Vu A7V (X, x3) = Vo () (VY A (Y, x3), 2:=Y (X', x3). (2.6)

Let T/ = BoQ,, ! and T, = 1Dy Qo ! From Q(Bo € 50(3), it is immediate that T} is skew symmetric as well, since
T = Qa’(Qf)Bo)le. Computations as in Lemma 2.1 now give:

2
VY (', x3) = Qo(x') + x3Bo(x') + %Dax’), @.7)

and:

VYA~ = (Id3 3T () + ngz’(x’)) (0oA™ D).
We see that det(VY A~!) > 0 for < 1. Further, V¥ A~! = (VY A=1(v¥ A=1))"/* R by the lefi polar decomposi-
tion, and hence for some symmetric matrix field M = O(1) and a rotation R € SO(3), we get:

VYA™! = (Id3 + xI M (x', x3))R(x', x3).
Therefore:

dist (whwfr1 , 30(3)) — dist (wh(ld3 +x2M)R, 50(3)) — dist (Vvh(ld3 +22M), 30(3))

> ¢ dist (wh, SO(3)(1d3 +x§M)—1) > ¢ dist (Wh, 50(3)) +O@x3).

Here and in the remainder of the proof, ¢ denotes a constant that only depends on w and G. Let J = | (detVY)oY~! |_1 .
By (2.6) and the above computation, we obtain:

/ dist? (VuhA—l, 50(3)) dx > ¢ / dist? (th, 50(3)) Jdz—¢ / x4 dx.
uh Vh uh
In other words, since J > ¢ > 0, we get:

1
- / dist? (whA*, 30(3)) dx + 13Ut > % / dist? (wh, 30(3)) dz.
Uuh Vh
By Theorem 2.2, there exists C > 0 such that for any v e WhZ(Vh R3), there is R" € SO(3) with:
_ 2
C/dist2 (Vvh,SO(3)) dz > / ‘Wh — Rh‘ dz.
Vh Vh

By the reverse change of variables which satisfies J “l>¢>0and |VY| < C, we obtain, again with a uniform
constant C:
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1 1 _ 2
C(E/distz <VuhA—1,SO(3)) dx+h3|uh|) > E/)wh — R'vy| dx.
uh Uuh

This accomplishes the proof of the lemma in view of (2.7). O
Using the third assumption in (1.4), we now pass to global estimates.

Corollary 2.4. Assume (1.7) and let u" be a sequence of deformations such that:
E"u"y < ch*.
Then, there exist matrix fields R" e Wl-2(w, SO(3)) such that:

1 2
A / \Vu"(x) — R"(x) (Qo(x)) +x330<x/>)\ dx < Ch* 2.8)
Qh
and:
2
/‘VRh(x/) dx’ < Ch2. (2.9)

The proof follows the lines of [29,45,39], with necessary modifications. For completeness, we present the details
in the Appendix.

3. The lower bound

In the theorem below, we prove that the deformations u” with energy of order h* converge, together with their
properly defined increments of order 1 or 2.

Theorem 3.1. Let u" € WH2(Q" R?) be a sequence of deformations satisfying E"(u") < Ch*. Then there exists a
sequence of translations c" € R? and rotations R" € SO(3) such that the associated renormalizations:
VI x3) = (R U () — ¢ e W@ RY) (3.1)

have the properties below. Recall that yo and Eo are the unique solutions to (1.8), (1.9). All convergences hold up to
a subsequence.

() y* — yo in WH2(Q1,R%) and La3y" — by in L*(Q', R?);
(i) the scaled average displacements:

1

1 -
viah = f (5" x3) = (y0) + hxsbo(x)) ) ds (32)

D —

converge in W2 (w, R3) to a limiting field V € W>?(w, R?), satisfying the constraint:
sym ((Vy0)'VV) =0; (3.3)
(iii) the scaled tangential strains:
1 t h
;A sym ((Vyo) vV )

converge weakly in L*(w, R**?) to some e € L*(w, R%;,%).
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(iv) Further, defining the quadratic forms Q3 and Qj 4 by:
Q3(F) = D*W(Id3)(F, F),
Q2.4(x", F2x2) =min {93 (ACHTTFAG)™): F eRYS with Fru = szz} ;

we have:

1 1 1 1 - .
liminf — E" (") > Z4(V,e) = —/ e+ =(VV)'VV + —(Vby)' Vbg | dx’
imint 7 ") =14(V,e) 5 Doalx e+2( ) +24( 0) Vbo

w

1 / t 7 o7, /
+ g [ Qaa (- (V0 V54 (VW) Vo)
w
+ g | Q2 (¥ (930! Vo + (VB0 Vo) 4’
1440 '
w

where the vector field p € Wh2(w, R3) is uniquely associated with V by:

(Vyo)' p=—(VV)by and  (p, bo)=0.

1893

(3.4)

(3.5)

(3.6)

Proof. We split the proof into several steps. In the first four steps, we establish the existence of convergent subse-
quences for the quantities under consideration and obtain properties of their limits. In the final step, we prove the

lower bound in (3.5).

Step 1. To prove the claimed convergence properties for (3.1), we first set:

R" = Psos, ][ Vi (1) Qo (x') " dx.
Qh

Note that the projection above is well defined, because for every x’ € w we have, in view of (2.8):

2
dist2<][Vuh 0, dx, 30(3)> < ][W”le dx — R"(x')
Qh Qh
2
<C ][(thal —RMdx| +cC ][thx — R'"(x)
Qh

Qh

<C ][(Vuh — R"(Qo +x3Bo)> o, dx+cC
Qh w
SC][IVMh—Rh(Q0+X3Bo)|2dX+C|Rh(x/)—][Rh|2
Qh w
§Ch4+C|Rh(x’)—][Rh|2,

w

so that, taking the average on w, by the Poincaré-Wirtinger inequality and (2.9), we get:

dist2<][th(;1 dx, so<3>> <Cch*+ c/|v1eh|2 < Ch?.
Qh %)

In particular, we observe that:

RM(x'y — ][Rh

2
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|][th51 dx — R"* < cn?. (3.7)
Qh
Moreover, by (2.8), (2.9) and (3.7):

][|Rh —Rh|2dx=][|Rh — R"?dx
w Qh

< c][(mh - ][R"F + |<][ RY) - ][thO‘F) + ][ R ][w” 0;'P (3.8)
w Qh Qh

Qh w Qh
< Cf|VRh|2dx + C][|Vuh — R"(Q¢ + x3By)|? dx + Ch® < Ch?.
Qh Qh

Let now ¢ € R3 be such that f © V" =0 where V" is defined as in (3.2). Denote by V,y" the matrix whose
columns are given by 81yh, Bzyh and 83yh/h, so that:

Viy" (¥, x3) = (R Vu (X', hxs). (3.9)
Observe that by (2.8) and (3.8):

/Why” — Qoldx < c][m/’ _ R"QoPdx
Ql Qh

< C(][ |Vu — R"(Q¢ + x3B0)|* dx + ][ Ix3R" Bo|? dx + ][ [R" — R">dx) < Ch?.
Qh Qh Qh

Therefore, Vj,y" converges in L2(22Y) to Qp. Observe that the sequence {y"} is bounded in W12(Q"), by the choice
of c”. Passing to a subsequence, if necessary, we get that y converges weakly in W!-2(Q!) and so, in fact:

1 .
y' >y in WR2QUL R} and Ea3yh—>b0 in L%2(Q',RY).

Step 2. Note that, for every x’ € w:

1/2
A 1 h /
Ve = ][ Vit () — Qo) dxs
c1/2 3x2
1/2
1 _ 1 _
=i | f v - @R Qo B an | (YR - 1an00), =1l
1/2 3x2
(3.10)
The first term above converges to 0. Indeed:
C _ _
11220 = 32 ][ [(RMY' V" (&', hxs) = (R") R" (Qo(x) + hx3 Bo) > dx
c @ 3.11)
< ][ Vi (', x3) — R*(Qo + x3B) 2 dx < Ch?.
Qh

Towards estimating the second term in (3.10), denote:

1.
sh = Z((Rh)tRh — 1ds).
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By (3.8) and (2.9), it follows that:

c _ c
h2 h h2 h h2
IS ||L2(w)5h2/|R —R"?’<C and |VS ||L2(w) 2/ VR <.
w

w

Passing to a subsequence, we can assume that:

sh~§  weakly in W2 (w), (3.12)
which implies:

I} = (5Q0)3x2 in L} (@, RV?). (3.13)
Consequently, by (3.10):

VVE > (8Q0)3x2 in L% (w, R¥*?). (3.14)
As before, we conclude that V" converges in Wl*z(a)) and that its limit V belongs to W2'2(a), R3), since VV =
(S00)3x2 € W2(w). We now prove (3.3). By definition of sh:

sym §" = —%(S")’Sh, (3.15)
so in view of the boundedness of {S”} in W!2:

I sym S™[| 2 < ChIS™|I34 < Ch||S" <Ch.

(w)— ”W' Z(a))

Consequently, S is a skew symmetric field. But (Vyo)'VV = (QBSQo)zxz, hence (3.3) follows.
For future use, let us define p € W2 (w, R?) by:

[VV | pl1=SQo. (3.16)
Since Q[VV | p] € s0(3), it is easily checked that p is given solely in terms of V' by:

(Vy0)'p = —(VV)'by

IS (3.17)
(p, bo) =
Step 3. We now want to establish convergence in (iii). In view of (3.10) we write:
1 1 1 n n h
sym (QhV V), () = 3 sym (Qh o + 1 sym (048" Qo) =+ 4. (3.18)
We first deal with the sequence th. By (3.12), S" — Sin L4(S2) and so (3.15) implies:
1 1 1
7 symSh — —ES’SZ ESZ in L2(w).
Therefore:
1 1 .
I = (055'SQ0),,,= —E(VV)’VV in L*(w). (3.19)
We now prove that th converges. Recall that by (3.18), (3.10) and (3.9):
1/2
h _ l trh _ t  phyt hy
Ji = A sym(Qglj)2x2 =sym| Qy(R") Z7(x", x3)dx3 (3.20)
71/2 2x2
where the rescaled strains Z" are defined by:
ho. ./ 1 ho t ho,’ 1 l
2 x3) = o (V" hes) = R GON(Qo) + has Bo))) (3.21)
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By (2.8), the sequence {Z"} is bounded in L?(Q', R3). Therefore, up to a subsequence:

Z" ~ 7 weaklyin L*(Q', RY). (3.22)
The following convergence yields (iii) by (3.18) and (3.19):
1/2
JI— Jy :=sym (Qg(lé)’ ][ Z(x', x3)dx3> weakly in L*(w). (3.23)
“ip 2x2

Step 4. We now aim at giving the structure of the weak limit e of % sym (QLV Vh)2X2 in terms of the limiting fields V
and Z. We have just seen that:

1
e=J| — 5(VV)’VV, (3.24)
where Jj is given by (3.23). As a tool, consider the difference quotients f*-/:
1 - -
FH xn) = (yh(x’, x3+s) — y" (¥ x3) — hs (bo +h(xs + %)d())) :
s

We will show that fs’h — p weakly in Wl’Z(Q1 , R3), as h — 0, for any s. Write:
1 N
) = ][ By (', x3 +1) — h(bo + h(x3 + 1)do) dt,
0

and observe that:

1 - - 1 —
5 (235" = 1By + hxsdo) ) = - (R"Y VU (& hos) = (Qo + hxs Bo) ) es

1 -
= (R (Vi @ ) = R (Qo + hasBo) ) €3 + 5" (Qo + hxa Boe
=h(R")' 2", x3)e3 + 8" (Qo + has Bo)es.

The first term on the right-hand side above converges to 0 in L2(Q2") because {Z"} is bounded in L2(Q2!, R?), while
the second term converges to S Qgez = Shy in L*(2!) by (3.12). Note that SQge3 = p by (3.16). Therefore, f*" — p
in L2(Qh).

We now deal with the derivatives of the studied sequence. Firstly:

i1 h S L
030 x) = (73 (039" 0 33 +9) = hBo+ ks +9)d0) = 7 (939" (o x3) = hiBo + hsd) ) )

converges to 0 in LZ(QI). Fori =1, 2, the in-plane derivatives read as:
1 _ - - -
£ x3) = o (R 0 O s ) = (RY) 3" (' es) = s (@b + (3 + 3 ) ) o
s
1 B _
== (RN 2" x5 +5) = (R 21 xa) ) e
K
1 phnt ph pht ph 1 S\a. 3
+ ((R Y RM(Qo + h(x3 +5)Bo) — (RMY R"(Qy +hx3Bo)> o= (Boei +h(x+ E)a,-do) .
The last two terms above can be written as: S Bye; — (x3 + %) 8,-070, hence by (3.22):
s,ho s e t / / S 7 . 2 1 3
1 x3) = (R (20 3 +9) = 20 x3) Jer + SBoer — (3 + 5 ) 8y weakly in L', ),
S

where R € SO(3) is an accumulation point of the rotations R”.
Consequently, fs’h — p weakly in W1'2(S21,R3) and, fori =1, 2:

> -~ s -
50 = (R)’(Z(x’, 348)— Z(, X3))ei + sSBoe; — s (x3 n 5) 3:d, (3.25)
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which proves that Z(x’, -)e; has polynomial form and that:

pt ’ pt / = x% 7
(R'ZG' x3))5,00 = (R'ZG.0) 5 + 33 (V5 — (SBo)3wa) + 5 Vdo. (3.26)

By (3.22), it follows that:

_ 1 N
D =sym(QH(R)' Z(x',00),,. + 57 sym (Q Veo)2c2.

With (3.24), we finally arrive at the following identity that links e, V and Z:

_ 1 - 1
e(x') =sym (QH(R)' Z(x",0)), , + 27 Sym (04 Vdo)ax2 — E(VV)’VV. (3.27)

% We now prove the lower bound in (iv). Recall that by (3.21):
Vi (x', hx3) = R"(x")(Qo(x) + hx3Bo(x")) + 2 Z" (x| x3).
Since QpA~! € SO(3) we have:
WVu" AT = W((QoA Y (RMY' Vu" A7) = W (1d3 + hT + h*G"),
where:
T x3) =x3A7(Q)Bo)A™ (') €50(3),  G"(x',x3) = AT Q{(R" Z" (v, x3) A7
Note that by (3.22):
G"(x' x3) =~ G=AT"OL(RYZ(x', x3)A™"  weakly in L*(Q!, R¥?).
Define the “good sets”:
Q={xeQ; ng" <1}.

By the above, the characteristic functions 1, converge to 1 in L'(2"). Further, by frame invariance and Taylor
expanding W on Q:

1
W (Ids +hJ +h*G") = W (e ™" (1d3 + hT + h*G")) = W(d3 + h*(G" — 532) +o(h%)
1 1
=03 (hA(G" — ZT%) ) +oh™),
2 2
where the remainder 0(h4) is uniform in the set €2j,. Therefore:
1 1
li}?iigfhth(uh) > liminf / 1q, W(ld3 + hJ + h*G") dx
Q!

=li}rlrl)i(1)1f% / Q3<]1§2h sym (Qh - %Jz)) dx > %/Qs(sym (Q - %j2>) dx,
Ql

Ql

(3.28)

by the weak sequential lower semi-continuity of the quadratic form Q3 in L? and in view of:
1 1
1o sym (gh — §j2> —symG - 277 weakly in L*(").

Note that by (3.16) we have: (Q}SBy) —(VV)! Vb and that:

2x2
Jr=-J'J=—-x3A"'B\ByA"".
Thus, using (3.26), the right-hand side of (3.28) is bounded below by:
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1 _ R - x2 S - N
3 [ Q2 (¥ sym(QhRY 2. 0) +x2( Q45 + (VY V) + 5 (04¥do + (VE0) V), )
Q!
1 / ’ l 2 1
= Qz,A(x,I(x)+x3111(x)+x311(x))dx
Ql

Above we used (3.27) and we denoted:
1 5 1
Ix)=e— 7 sym ((Vyo)' Vdp) + E(VV)’VV

1 g 1 - -
11(x") = 5 sym ((Vyo)' Vdo) + E(Vbo)’Vbo (3.29)
111 (x") = sym((Vy0)' V) 4+ sym((VV)' Vby).

Let £ 4(x") be the symmetric bilinear form generating the quadratic form Q, 4(x’). Since the odd powers of x3
integrate to O on the symmetric interval (—1/2, 1/2), we get:

/Qz 4 x’, T + 3 T1(x') + x211(x’)) dx
12

/QZA(x 1(x')) dx’ +(/ 2 dx%)/QzA(X 111(x')) dx’
® qp -172 & 1/2
+(/ . dXS)/QZA(X 1)) dx' +2(/ 2 dx3>/£“<x 1), T1(x')) dx’

—1/2 —1/2

=/QZ,A(X/,I)+E/QZ,A()C/,III)+ /QzA(x 1N+ — /ﬁzA(x 1,11)dx’'

w

/QzA(x I1) dx" =274(V,e),

12

1 1
- I —II)d ' —/ 'IIT) dx
/Qz,A<x + X'+ B 02.4(x ) dx’ + — 180
w w

by a direct calculation. This completes the proof of Theorem 3.1 in view of (3.28). O
4. The upper bound

We now complete the proof of Z, being the I'-limit of #~*E”, by showing the optimality of (3.5).
Theorem 4.1. Let V € W2%(w,R3) and e € L*(w, R?;n%) satisfy:

sym ((Vyo)'VV) =0,

4.1
eeS:=cl2{sym((Vyp)' Vw); we Wl’z(a),R3)}. @D

Then there exists a sequence u" € WH2(Q" R3) such that assertions (i), (ii) and (iii) of Theorem 3.1 are satisfied with
R" =1d and " =0, and:

1
lim sup —Eh (uh) <Z4(V,e). 4.2)
h—0 h4

Proof. In the construction below, we will use the following notation. Let F;' , denote the R3*3 matrix whose principal
2 x 2 minor equals F>2 and other entries are 0. By (3.4), for every Fax7 € R2%2 ope can write:

Qs AW, Faua) = min { Q5 (A7 (5, + symic @ es)a™) . (43)
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We will denote by c(x’, Frx2) the unique minimizer in (4.3). Note that c¢(x’, -) is a linear function of F>x7 and it
depends only on its symmetric part (sym F>2). We divide the proof into several steps.

Step 1. Since e € S, there exists a sequence wh e W1’2(a), R3) such that:

1 -

sym ((Vyo)'V(w" + ﬂdo)) —e inL*(w,R¥?) (4.4)
and without loss of generality we can assume that each w” is smooth up to dw, together with:

lim v/A || w"|| 2.0 = 0. (4.5)

h—0
Fix a small ¢ € (0, 1) and let v € W?*°(w, R?) be a sequence of Lipschitz deformations satisfying:

1

V" >V in WH2(w, RY), RI[v" || 2.0 < €0, Jim ﬁ|{x/ cew; V()£ V)| =0. (4.6)
We refer to [49] and [29] for the construction of such truncated sequence v". Define 13” e Wl'oo(w, ]R3):

- [ =voh)b

7' = (0} 1[ e 0] @)

and also define the fields E[h IS Wl*oo(a), R3), I_éo smooth and 7 € L*®(w, R3) such that:

_ Vuwh)'b vy ph
003" = Se(x', 2(Vy0) V" + (Vo) V') — [( ) 0} — [( |Jl|§ :

0
> R 5 o Vbo)'d
Obko = c(x', (Vy0)' Vdo + (Vbo)' Vo) — [( | &9)'2 0]
0
=} ~h Mo (Yol dy
0L = c(x', (Vyo)' V" + (V") V) — [ (5" do)
Finally, let 7" € W1*°(w, R?) be such that:
]}i_r)r})n?h — 2 =0, hﬁ%\/ﬁ 17" )l 100 = 0. (4.8)

It follows from the definition of the minimizing map c, that:
Q3 (A™ 204V w" 1§+ Vo™ | B [VW" | F1)AT") = Qa.a (¥, 2(V30) Vo + (VoF)' Vo),
Qs (A7 ()1 Vdo | Kol + [Vho | doI'[Vo | dol)A™") = Q.4 (¥, (V30)' Vo + (Vo) Vo), (49)
Q3 (A™ 204V 5" |71+ 290" | BV [Vho | doT') A™") = Qa.a (¥, (V) V5" + (Vo) Vo).
Moreover, we have the following pointwise bounds:
P =CIvt, IVt = cvu |+ VR,
g" < CUVw |+ V" 2 + |V 5" | + 15" 7) < (V| + V"), (4.10)
IVg"| < C(Vw"| + V2w |+ V2" ||[Vo" | + Vo' 2).
Step 2. Consider the sequence ul e whoo(Qh R3) defined as:
- x2 -
' (x', x3) = yo(x) + ho" (x') + B2w" (x) + x3bo (x) + 73610()6/)
3 2
X5 = o N hx N
+ gkou’) + hxsp () + h2x3g" () + 73rh<x’>.

For every (x', x3) € Q! we write:
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Vu" (X', hxz) = Qo(x') + Z1H(x', x3) + ZA (X', x3),

where:

. . I R = I
ZM(x', x3) = h[V" | p"1+ B2 Vw" | G+ hxs[Vbo | do) + T3[Vdo | kol + h2x3[V " | 7M1,

a3 . Wxs
73 x3) = == [Vko |01+ *x3[Vg" |01+ = [VF" | 0].

Since QpA~! € SO(3), we get:
Vi A~V (x' hxy) = QpA~! (Id3 +ATI QN Zh AT 4 4! ng’;A—l)
and, in view of (4.6), (4.8) and (4.10), there follows for % sufficiently small:
1A QL Zh AT + AT QL ZE AT 1
= C(BIVV i + b e + B2 IV 1w + B3 e + Bl Vboll s + hlldoll o

+ 12| Vol + W2 ([Koll oo + B2V BP | oo + B2IIF" || oo + B3| VKo | oo
+ VG | + BV ) < Ceo.

By the left polar decomposition, there exists a further rotation R € SO(3) such that:
RVU"A™ = ((1d3 +ATQUZIAT + AT QU ZEATY (13 + AT QpZT AT + AT nggA—l))]/2
= <Id3 +2A ' sym(QpzH AT + ATz Zzh AT + (’)(|Z’;|))l/2
=1d3 + A~ 'sym(Q)ZHAT + %A_I(Z’f)tZ{’A_l
+0(Isym(@)Zh) + () ZI P) + 0 Z4).
Step 3. Consider the set:
={(' x3) e Q' V() =V()}.

Note that on €2, we have: p" = p and QB[Vvh | p"1 € s0(3). By Taylor’s expansion, it follows that:

o W(Vu(x', hx3)A™! dx—w/Q3 Nzt + = (zh) ZhA ’])dx—i-é’h,
Qp

where the error term £ f’ can be estimated by:

1= 37 [ 1299m(@bZ1) + 202U} +1Z4P + [25ym Q)21 + (2 21| 241 .

Q2

=3
Now on 2, we also have, by (4.10):
2sym(Q}Z1) + (21 2| < C(h2|th| FR2IVV R 4 12 4 2V | + B2V + h2|7h|),
1Z4| < CH* (1 +|Vg"| + Vi)
< Ch3(1 + V| 4 V2w | + V2" [V + |V )2 + |v7h|),

and therefore, in view of (4.5), (4.8), (4.6) and V € w2,
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1 3
h—4/|2sym(ng’f)+(z?)’z’f| dx
Q2
C .
<o [ MOV 4ROV 4 RO+ OV 4 RO VR 4 R dx
Q)

c
=5

- (hzuwh||L»o(h2||Vw"||Lz)2+h6||vvu26+h6|w|+h6||vvn23
+ BNV 1 V2V I + I 1)) - 0 as h 0.
In a similar manner:
,11—4/|Z§|2dx < %/h5 T (V" | o) R V2 2+ ROVl dx — 0 ash — 0,
Q, Q,
%4/|25ym(Q6)Z{’+(Z§‘)’Z{‘||Z§|dx
Qp

C .
<— (h5|th|2 + |V + B IV P+ B+ B IVV| + B VPV + B

+|IVVPIVEV]+ h5|VV||V2V|2> dx < Ce.
We therefore conclude that:

limsup [E] < Cep. (4.11)
h—0

Step 4. Consider now the error due to integrating on the residual subdomain:

ht -t
Qh\Qy, QI\Q;,

1 c
gh=— / W(whAfl(x/,hx3))dx<_ / [2sym(Q}Z1) + (Z0y 2! |* + 1 2%)% dx.

Observe that, since the matrix field [Vvh | ﬁh] is Lipschitz, we have:

. ) Cep .. )
‘ sym(Qh[VV" | P"D(N)| < CIIVV" |l y1eo dist (x', (0" = V}) < %dm (', (" =V}) =0 in L®w).

The last inequality above follows by a standard argument by contradiction. If there were a sequence x’” € w such that
dist(x'", {v" = V}) > ch, this would imply that: |{x; v"(x") # V(x")}| = |20 B(x", ch)| > ch?, contradicting (4.6).
Consequently, by (4.5), (4.8), (4.6):
C -
=gy [ W sym@pvet | 5 ax
QhQ,
C -
+ o3 / Vw2 + k4 Vol |t + h VR P+ 4 RO VO dx
Qh\Q;

C C
< ﬁo(hz)m‘ \ @il + ﬁﬁnw”nmhwzm‘ \ U2Vl
1 1 .
+ i\ UMV + Chuv%hupoEnvzvhanml \ U4 E(x/%ur"nmo)%szl \u"|

+ RV )2Vt TN UM 2 50 ash— 0,
Thus:
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1 1 1
lim sup —Eh(uh) < hm sup / —Q3( (sym(QOZh) + - (Zh) Zh) ) dx + Ce.
h—o h* h* ] 2
Q2

Now on 2;, we have:

2sym(QZ1) + (Z)' Z{
2
= 2h2(sym(Q6[th 1" + )%3 sym(Q4[Vdy | kol) + x3sym(Q5[Vp | ;;h]))

+h(IVV | BIIVV | Bl +3[Vbo | dol'[Vbo | dol +2x3 sym([VV | BY'[Vbo | doD)) + E",
where the present error £” is estimated by:
&M < C(h3|VV||th| +3IVV |+ B VV |V p| + BV V[P
+ V' 2 + B3V + k4 Ve |V p + Y V! P + k3
+ IV B+ B 4 B+ RSB+ R 4 BV P+ ) 12
< Ch2(o(1)ﬂ|VV| + V2V |+ oWV + 0(1)60~/E).

Consequently:

1
lim sup —E" (uh)
h—o h*

1 - - NN
<1u;1sgp / Q3 Y(sym(Qh[Vw" | G ])+Exisym(Qg[Vdo|ko])+X3sym<Qg[Vp|th>

1
—[VV | pI'IVV | pl+ 7% 2[Vbo | dol'[Vbo | do] + x3sym(IVV | 51'[Vbo | do])) A~ ) dx + Ceo

= limsup 2/@3 sym(QO[Vw 1G") + E[VV | pI'[VV | p]
h—0

+ %x% sym(Q4[Vdo | kol) + %x%[w?o |dol'[Vo | do1) A™")
+ Q3 (A" (x3sym(Q4IV 5 | 1) + x5 sym(IVV | pY [Vo | 51'01>)A—1) dx + Ceo.
Denoting:
L(x") = sym((Vyo)' Vw") + %(VWW”, LK) = % sym((Vyo)' Vdo) + %(V%)’w?o,
we have:
Qs (A (IF () + sym(e(, (&) @ e3) + 33 () 4+ sym(e(', (x) @ e3)) A"
= Qs (A7 () + B +sym(e's 1) +x3h(x) @ ) A~
= Q.a(h() +30w)),

where we have used the definition and linearity of the minimizing map c. Recalling the definitions of the curvature
forms I(x’), I1(x") and I11(x") in (3.29), observe that I;(x") = II(x') and that I; converges to I in L> by (4.4).
Hence:

lim sup - Eh(uh)< /QM I(x)+ X211 (x ))dx+ /QM I (x ))dx+C60
h—0 o
= I4(V, e) + Ceo.

Since €p > 0 was arbitrary, the proof is completed by a diagonal argument. O
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5. Discussion of the von Karman-like functional (3.5)
Theorems 3.1 and 4.1 imply, as usual in this setting, convergence of almost-minimizers:
Corollary 5.1. If u" € W2(Q", R3) is a minimizing sequence to h=*E", that is:
lim iEh(uh) _inf— £ ) =0
h—0 \ h4 h* ’

then the appropriate renormalizations y" = (R")'u" (x', hx3) — c" € WH2(Q', R3) obey the convergence statements
of Theorem 3.1 (i), (ii), (iii). The convergence ofhflsym((Vyo)tVVh) to e in (iii) is strong in L*(w). Moreover, any
limit (V, e) minimizes the functional Z4 on the product of spaces in (1.14) and (1.13).

Proof. The proof is standard. The only possibly nontrivial part is the strong convergence of the scaled tangential
strains in (iii), which can be deduced as in Theorem 2.5 in [42]. O

Let us now compare the functional (3.5) with the von-Kdrman energy of thin shells that has been derived in [42]. We
will see that the arguments and the stretching and bending terms in both energies are related via the parametrization yg
of the surface yo(w) in (1.8).

Recall that when S is a smooth 2d surface in R3, the ['-limit of the scaled elastic energies h’4(% f h W(Vuh)) on
thin shells S with mid-surface S , 18:

~ ~ 1
Z45(V,8) = §/Q2 e— —(A Jian)dy + —/Qz (V(AN) — ATl)qn)dy (5.1
S

Above, IT stands for the shape operator of S and N is the unit normal vector to S. The subscript fan means taking the
restriction of a quadratic form (or an operator) to the tangent space 7. The arguments of l~'4,5 are:

(i) First order infinitesimal isometries V on S. These are vector fields V € W22(S, R3) with skew symmetric
covariant derivative, so that one may define:

AeW'(8,50(3)) with A(y)t=08,V(y) VYyeS Vrel,S; (5.2)
(i) Finite strains & on S. These are tensor fields & € L%(S, R2%2) such that:

sym

e=L%— Jim sym(Vidy)san ~ for some i, € wh2(s, RY). (5.3)

In the present setting, denote S = yo(w) and observe that the 1-1 correspondence between Vin(5.2)and V in (3.3)
is given by the change of variables V =V o yq. The skew symmetric tensor field A on T, S is then uniquely given by:

A(o()deyo=3.V(x) and Aby=p  VeeR? (5.4)
and the extended strains in (5.3) are related to (4.1) by:

@(yo(x")3ey0, deyo) = (e(x)e,e) Ve e R2.

Recall that the first term in the functional (5.1) measures the difference of order A2, between the (Euclidean) metric
on § and the metric of the deformed surface. Indeed, the amount of stretching of § in the direction T € 7}, S, induced

by the deformation u;, = id + hV + h2W, has the expansion:
- 1 -
19, up|? — |72 = h2<2<a,w, )+ |8fV|2> + oM = 2h2<((symVﬁ))r, 7) -5 (A%, r)) +OH.
The leading order quantity on the right hand side above coincides with:

((symVw)e, ¢) + %<aev, 3, V) = <(syme n %(VV)’VV)e, e>,
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where we write 7 = .o, for any e € R2. This is precisely the argument of the first term in Z4(V, e), modulo the
correction (Vbo) Vbo (equal to the third fundamental form on S in case bo =N ), due to the incompatibility of the
ambient Euclidean metric of S” with the given prestrain G on Q.

The second term in (5.1) measures the difference of order &, between the shape operator IT on § and the shape
operator 1" on the deformed surface (id + hV)(S) whose unit normal we denote by N”. N, The amount of bending
of §, in the direction t € 7}, S, induced by the deformation u, =id + hV can be estimated by [42]:

(Id+rA) "' 1d + hA)r — Tt = 1d + hA) " (3 N" + O(h?))7 — e
= (Id+hA)™! ((Id +hA)Tt + h(3; AN + (’)(hz)) Mt
— (Id — hA)Yh(3; AYN + O(h?)
=h(@ DN + O =h(VAN) - A1) + O(h?),

The leading order term in this expansion coincides with (Vyo)'Vp + (VV)! Vl;() when I;O =N , as:

(0 A)bo, T) = ((3e(Abo), e y0) — ((Adebo, Deyo) = (B Pr Do) + ((Bebo, Adeyo)
=((Vy0)'Vp e, e) = ((VV)' Vby e, e),

in view of (5.4), where again t = 9, y0 € Ty, (xS, forany e € R2. This is the argument in the second term in Z4(V, e).
In the section 6 we identify geometric significance of the last term in (3.5).

6. Scaling optimality and examples

In this section, we prove the following result, asserting in particular that under conditions (1.7) and Riem(G) # 0,
the scaling /% is optimal, i.e.:
3¢,C >0 ch* < inf  E"u"y<ch* ash—o.
uheWwl.2(Qh R3)

In addition, we complete the study of two examples already mentioned in [5], where computations illustrate the
content of Theorem 6.1.

Theorem 6.1. Assume (1.7), together with:
sym ((Vyo)' Vdo) + (Vbo)' Vo =0, ©.1)

where yo, 50 and Jo are defined in (1.8), (1.9), (1.11). Then the metric G is flat, i.e. Riem(G) =0 in Qh, Equivalently:
min E" =0 for all h.

Observe that when l;o =N , then by (1.11) there must be 30 = 0, and hence condition (6.1) means that N is
constant. This is consistent with our previous observation that when Ges = e3, then already condition (1.8) is enough
to conclude immersability of G in R3. Equivalently, G is immersible in R?, so that indeed yo(w) must be planar
in this case.

Towards a proof of Theorem 6.1, recall that Riem(G) is the covariant Riemann curvature tensor, whose components
Ririm and their relation to the contravariant—covariant curvatures in Rb g Are:

1
Ritim = 5 (9 Gim + 9im Grt = 0 Git = 9t Giom) + Gup (T4 T, = T T)
Rikim = Gis R]ilma
where we used the Einstein summation convention and the Christoffel symbols:
1
ry =
kl 2
In view of the symmetries in Riem(G) of a 3-dimensional metric G, its flatness is equivalent to the vanishing of the
following curvatures:

~G" (kG + 0 Gsr — 05Gra). (6.2)
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Ri212, Ri213, Ri223, Rizi3, Riz3, Rosos.

The proof of Theorem 6.1 is a consequence of the following observation.
Theorem 6.2. Assume (1.7) and let yy, 50 and c?o be defined as in (1.8), (1.11). Then:

- -, - [R R
sym (V30 Vi) + (VB Vo = | g% F0 . ©3)

Proof. Step 1. We have:
1
Rizi3 = —5311G33 + G (T3] = T TS,
1
Rozzs = —5322(;33 + Gup (T35 = T5,T53).
1
Rz = —5312(333 + Gup (T13055 = TLTS;).
Besides, in view of (1.11):
.. 1 3 3 1 3 2 =
ij=1.2 (0. 9;do) + 030, 0:do) ) = 5 (8 @r30. do) + 01 (330, d0) ) = (01 0. o)
1 -
= —531'st3 — {0ij 0, do)
since: 9;(9; yo, 30) +9;(9; yo, Jo) = —0;j |l;0|2 = —0;;G33. Consequently, (6.3) will follow provided that:

Vi,j=12  (dy0.do)=Gnpl}iThy and  (;bo,d;bo) = GuplsT'Ls. (6.4)

Step 2. Before proving (6.4) we gather some useful formulas. Note that 9;G = 2sym ((9; Q)" Q) for i = 1, 2. There-
fore, by direct inspection:

1
Vi, j,k=1,2 (9ijy0, dkyo) = 5(31'ij +9;Gri — 0 Gyj). (6.5)
Also, recall that condition (1.8) is equivalent to (see [5], proof of Theorem 5.3, formula (5.8)):
> 1
Vi,j=1,2 (3ijyo,b0)=5(3iGj3+8jGi3). (6.6)
Therefore, for all i, j =1, 2:

. . . 1
(0jy0, 0ibo) = 8;{djy0, bo) — (9ij Yo, bo) = 5(35G,/3 —0;Gi3),
| 6.7)
(9ibo, bo) = EaiG33~
We now express 9;; Yo, 0; l;o and c?o in the basis {91 yo, 320, 130}, writing:

3ijyo=a,-lj31yo+0li2jazyo+a,-3jl;o, dibo = B 1y0+ B 0230+ B bo. do=y"d1y0+ 0250+ bo.
(6.8)
By (6.5), (6.6), (6.7) and (1.11), it follows that:

t
G(a,-lj, Otl»zj, Ot,-3j> = GQo_laijyo = 049 Y0
1
= E(aiGlj +0;G1i — 01Gij,0;Goj +0;Goi — 302Gy, 0;G3j + 8jG3i)»
t P . - 1 t
G(ﬂil,ﬂiz, ,Bf) =GO, 18ibo = Qb = Q}d;by = 5(31‘613 —01G;3,0;G23 — 0Gi3, 8iG33) ,

- - 1 t
G(y'.v2v) =G0y 'do = Qydo = —5(31G33, 32G33,0) .
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In view of (6.2) we then obtain, for all i, j =1, 2:
(alj’ ij’ l])_(rll‘]yr‘lzjar?’) (ﬁ[’ﬂlvﬁ )_(Fl3arlz3vrl33)’ (V17 J/zv )/3)[:(1—‘%3’1—‘%371—‘;3)’
so that (6.8) becomes:
dijyo=T}01y0+ 0050+ T bo, dibo =T }0150 + T 30230 + Tsbo,  do = T3301y0 + 330230 + T33b0.
(6.9)
Step 3. We now prove (6.4). Recalling Qg Qo = G, the scalar products of expressions in (6.9) are:

(9ij Y0, JO) :( 8nyO + F bO» Fggapyo + l—133b0) anF F%,
(3ibo, 8bo) = (T3dny0 + Tsbo. T30, 30 + Tsbo) = Gp DT,

exactly as claimed in (6.4). This ends the proof of Theorem 6.2 and also of Theorem 6.1. O

We now compute the energy Z4(V, e) in two particular cases:
G(x', x3) = diag(1, 1, A(x")) and G(x', x3) = A(x")1d3,

corresponding to the prestrain with differential shrinking factor only in the normal direction (in the first case), and to
the 1s0tr0plc prestrain (in the second case).
Let p be as in the definition (3.6). Writing: p = alalyo + a282y0 + otgbo, we obtain:

G(a' a2 a®) =—((31V, bo), (82, by),0)".
Consequently:

p=—G"(3:V, bo)dryo — G¥(3;V, bo)dayo — G (8; V', bo)bo. (6.10)

Lemma 6.3. Let A : @ — R be smooth and strictly positive. Consider the metric of the form: G(x',x3) =
diag(1, 1, A(x")). Then:

() G is immersible in R? if and only if:

1
MA:VZ/\—ZVA@V)\EO inw,

while the condition M) # 0 is equivalent to: ch* <infE" < Ch*.
(ii) The I'-limit energy functional Iy in (3.5) becomes:

vw e W' (w,R?) Vve W22 (w,R)

1 1 1
Zsw,w) =35 / Qs (symVw + FVVO VUt o VA® Vi) dx'

2
/sz/_v +5760/QZMA

where Qy is independent of x' and it is defined by Qy 14 in (3.4).

Proof. Part (i) of the assertion has been shown in [5]. For (ii), note first that:
yox)=x" and Qo= A =diag(l, 1,V1).

Consequently, directly from (3.4) we see that Q> 4 = Q5 14, which we denote simply by O».

Further, in view of (4.1), every admissible limiting strain e € S has the form e = symVw for some w €
W12(w, R?). Also, without loss of generality, every admissible limiting displacement V is of the form: V = (0, 0, v)
for some v € W22 (w, R). We now compute, using (1.10), (6.9), (6.10):
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- - 1 .
by = v/Aes, do = =5 (D2, 21, 0), p=—~A(dv,3v,0).
Therefore:

| - 1
(Vbo)'Vby = 5 Vre Vi, (Vyo)'Vdy = —Ev%\,

. 1 - 1
(Vy0)'Vp=———Vv® VA —+vAV?y, (VV)'Vby = —)LVv®Vk.

2% 2%

This ends the proof of Lemma 6.3 in view of (3.5). O

Lemma 6.4. Let 1 : @ — R be smooth and strictly positive. Consider the metric G(x', x3) = A(x")Id3. Denote f =
1log . Then:
5 logA. Then:

(i) Condition (1.8) is equivalent to Af =0, which is also equivalent to the immersability of the metric Gax2 in R2.
(i) Under condition (1.8), condition (6.1) can be directly seen as equivalent to Ric(G) = 0 and therefore to the
immersability of G.
(iii) The I'-limit energy functional in (3.5) has the following form:

1 1 1
Iu(V,e) = E/e_zfgz(e+§(VV)’VV+ ﬁeszf@)Vf) dx’

w

1 1
+ 5 / Q2VV3®Vf — ViV — (VV3, VId) dx' + ——
w

IR '
1440/92(6 Ric(G)2x2) dx’,

where Qp is as in Lemma 6.3, and where Ric(G)ax2 denotes the tangential part of the Ricci curvature tensor
of G, i.e.:

. R R
Ric(G)ax2 = |: 2 ] .

Ri2 R

Proof. The part (i) has been deduced in [5], together with the expression:
Ric(G)=—(V*f =V f V)" — (Af + |V f*)]ds. (6.11)

We now consider the case when (1.8) holds. By (i) the metric G2 is immersible in R? and in particular N = e3.
Writing V = (V1, V2, V3), from (1.10), (6.9) and (6.10) we obtain:

B, - . 1
by = v/res, do = —(91 f01y0 + 32 f2y0), P=—ﬁ(31V331y0+32V332y0)-

(Vb)'Vbo=e V@V,  (VV)'Vbhy=e/VV3RV/.

Further, observe that: 8,-670 = —(01; f 010 + 02i f02y0 + 01 f31: Yo + 92 f 92i yo), and so:
1 - 1 1 1
(0130, dido) = =~ (A1 f + 50100 [ + S Ada ) = =@ f + VST,

In the same manner, we arrive at:

%(32yo, ddo) = — (@ f + |V f1), %(32y0, d1do) = —d2 f. %(31yo, dado) = —dn1 f.
Consequently, (Vyg)" VJO is already a symmetric matrix, and:

(Vy0)' Vdo = —e* (V2 f + |V f1dy).
In particular, under condition Af = 0, the formula (6.11) yields:

sym (Vyo)' Vo + (Vbo)' Vo = ¢/ Ric(G)as2,
which we see to be equivalent with V f = 0 and hence with Ric(G) = 0. This establishes (ii).
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We now compute the remaining quantities appearing in the expression of Z. Firstly:

1 1 1
Vp=-—Vyo(VV3 @ VA) — —V VZV——<8V8 .9 9> V3 (81270, )
P=73p Vi@V 7 YVVs 7\ 3(911y0, 912)0) + 32V3(3120, 9220)

Using the relations between (9;; o, dxyo) and 9;G in (6.5), we obtain:

R 1
(Vy0)'Vp=-=5G22VV3Q VA —

Grx2 V2V — ——
22372 SR —(VV3, Vah)| (vvs, W)

1 (VVs, VA) [(VV3, Vat)
2V '

and therefore:
sym(Vyo)' Vp =+ sym(VV3 @ Vf) — VAVZV3 — VA(VV3, VA)lds.
In a similar manner, it follows that:
sym(Vyo)! Vdy = —A(Vz f+IV f|21d2).
Since Q5. 4(x") =21 Q;,, the formula in (3.5) becomes:

1 1 1
L(V.e) =3 /e*2fgz(e+ SV + ﬁeszf ®Vf)dx

O]

1 . X X X
+ /e 202/ VV3R Vf — e/ V23 — e/ (VV3, V f)Idy) dx’ 6.12)

24

w

1 -2 2 :
*om / ¢~/ 0y (2 Ric(G)axa) d',

0]

which implies the result. 0O
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Appendix A. A proof of Corollary 2.4

Let us show that for any sequence of deformations u” such that limj_,q A =2 E" (u") = 0, there exist matrix fields
R" € W2(w, SO(3)) such that:

1 2
- / |Vu' (1) = RM () (Qo ) + x3Bo(x) | dx = € (E* ™) + 1) (A1)

Qh
and:

/‘VRh(x’)

w

2, C
dx' <5 (Eh(uh) +h4) . (A2)

This will prove Corollary 2.4. For " as in Lemma 2.3, we let:

1
Eh(uh,uh)=E/W(VuhA_l)dx
uh
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and we obtain:
1 _ 2
- / |Vu' (1) = RM(Qo(x') + 3By )| dx = € (E" @, uMydx + ). (A3)
uh

Step 1. For every x’ € w, denote D,/ 5 = B(x',8) Nw and By 5., = Dy s X (—h/2, h/2). For short, we write By o5 =
By onn and By, = By j.n. Apply (A.3) to the set Uh = B, op, to get a rotation R,/ 2, € SO(3) such that, with a
universal constant C:

2
b ][ @ = Roa (0 + 2aB0@)[[ dz = € (B B+ Byl (A4)

By o,

Consider a family of mollifiers n,» € C*(w, R), parametrized by x’ € w:

1 C C
/ ne=pe Dellise < 350 IVenvlie < g and (uppne) N C Dy,

w

Define R" € W1-2(w, R3*3) as:

15'1()6’)=/nx/(z’)Vuh(z)(Qo(z’)erBo(z’))_1 dz. (A.5)
Qh

‘We then have:

/|Vuh(z) R"(Z) (Qo(z) + z3Bo(2)) I dz

2 C -
<— / |V ) = Ru i (Qo(&) + 23B0()| dz+ - / R"() = Rv.an Q@) +23Bo(@)I? dz
B’Zh By g
he h 3 ¢ ph .,/ 2
= C(E"w" Boan) + 1 |Bes|) + [ IR = Rolaz, (A6)
Bx’,h

where we have used (A.4) and || 00(z") + z3Bo(Z) ||Loo < C. Now, for every z’ € B,s , we have:

2
IR"(Z) = Ry anl* = / 2 )V () (Qo(y) + y3Bo(3")) " dy — Ry
Qh
2
= /ﬁz'(y/) (Vuh(y)—Rx',zh (Qo(y’)+y3Bo(y’)))(Qo(z’)+y3Bo(z’))7] d
Qh
2
SC(/nz ¢ >2dy>(/ Vi () = Ro 21 (Q03") + 33Bo(r)| dy)
B,
2 C
<35 [ |90~ Rean (@) + mBo)[| dy = 5 (E"G" B +17 |y ).
B’Zh

(A7)

In a similar way, in view of th V0 (y") dy =0, it follows that:
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2

VR ()> = / Voo (Y)Vil () (Qo(Y) + y3Bo(y)) ™ dy

3%

2
/ h / Ny~
= / Ve (y) (Vu ) (Qo(¥) + y3Bo(y)) ™ — Rx’,Zh) dy
\J;x/.Zh
|2 h / / 2
<C [ |Vonz )| dy ‘Vu () — Ry 20 (Qo(Y) + y3Bo(y ))‘ dy
Qh B/ op
< £<Eh(uh By on) + | By D
= h4 s Dx’ 2h x'2h| ) -
From (A.7) we obtain:
- C
[ 1R = ReaPaz = [ (B Bea + 1180
Bx’.h Bx’,h
< Ch (E" ", By o) +11By i)
and therefore by (A.6) we further see that:
1 ~
. / Vi @) = R'() (Qo(@) + 23 B0(2)) Pdz = € (E"w", Buoy) + 121 Byr ) (A8)
Bx’,h

Step 2. Covering Q" by a finite family of sets {By.n}, such that the intersection number of the doubled covering
{By 21} is independent of /4, applying (A.8) and summing over the covering, it follows that:

% / IVu"(z) — R"(2) (Qo(z) + z3Bo(2)) IPdz < C (Eh(uh) +h4).
Qh

In a similar fashion we obtain:

~ C
/ VRMPdz < o5 / (E"", B o) + 1B anl) dz <
Dx’.h Dx’.h

C

5 (E" " By +171By ).

and by the same covering argument:
~ C
/IVR”(z’)lzdz =3 (Eh(uh) + h“) :
Qh

Step 3. Note that, in the above two estimates, we can replace R" by R = PSO(3)Rh e W'2(w, SO(3)). Firstly, the
projection in question is well defined in view of (A.7), since:

dist? (Iéh, 50(3)) <|R" = Ry < % (Eh(uh) + h“) :

which is small because of the hypothesis o < 2. Moreover:

1
. / Vi (2) — RM2) (Qo(2)) + 23Bo(2)) |2 dz

B)r’,h
¢ 5 2 C _
=5 / ’VMh(z) - R"Z) (Qo(z) + Z3BO(Z/))‘ dz+ — / IR"(z) — R"(2)*1Q0(z') + 23Bo(z))* dz
By By,

<C (Eh(uh, Byon) + h3|Bx’,2h|)
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because of (A.8) and (A.7). Finally, the previous covering argument clearly implies (A.1), and [ © IVR"2dz <
C [, IVR">dz yields (A.2).
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