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Abstract

We present a new, complete approach to the partial regularity of solutions to non-linear, second order parabolic s
the form

ut − divA(x, t, u,Du) = 0.

In the first part we introduce theA-caloric approximation lemma, a parabolic analogue of the harmonic approximation le
of De Giorgi [Sem. Scuola Normale Superiore Pisa (1960–1961); Lectures in Math., ETH Zürich, Birkhäuser, Basel,
the version of Simon. This allows to prove optimal partial regularity results for solutions in an elementary way, under m
and natural assumptions. In the second part we provide estimates for the parabolic Hausdorff dimension of the singu
solutions; the proof makes use of parabolic fractional Sobolev spaces.
 2005 Elsevier SAS. All rights reserved.

Résumé

Nous présentons une nouvelle approche complète auprès de la regularité partielle des solutions des systèmes pa
non-linéaires, de la deuxième ordre de la forme

ut − divA(x, t, u,Du) = 0.

Dans une première partie nous introduisons le lemme d’approximationA-calorique, un analogue parabolique du lemme d’
proximation harmonique de De Giorgi [Sem. Scuola Normale Superiore Pisa (1960–1961) ; Lectures in Math., ETH

* Corresponding author.
E-mail addresses:duzaar@mi.uni-erlangen.de (F. Duzaar), giuseppe.mingione@unipr.it (G. Mingione).
0294-1449/$ – see front matter 2005 Elsevier SAS. All rights reserved.
doi:10.1016/j.anihpc.2004.10.011



706 F. Duzaar, G. Mingione / Ann. I. H. Poincaré – AN 22 (2005) 705–751

tielle pour
onnons des
es espaces

d-order,

t will
olutions.
ities and

rmonic
stems

armonic

-linear
tary way.
ariant,
Theory
5] and
such a
hniques

and
lems by
Birkhäuser, Basel, 1996] d’après la version Simon. Cela permet de prouver des résultats optimales de la regularité par
des solutions d’une façon elementaire sous des hypothèses minimales et naturelles. Dans la deuxième partie nous d
estimations des ensembles singuliers des solutions pour la dimension parabolique de Hausdorff ; la preuve se sert d
paraboliques fractionnaires de Sobolev.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction and results

In this paper we are concerned with the study of regularity properties of solutions to non-linear, secon
parabolic systems of the type

ut − divA(x, t, u,Du) = 0, (x, t) ∈ Ω × (−T ,0) ≡ QT , (1.1)

whereΩ ⊂ R
n is a bounded domain andT > 0; for precise notation we refer to the next section.

Our aim is twofold. First we want to explain a new method to prove partial regularity of solutions, tha
avoid to assume additional structural assumptions on the system and a priori additional regularity on the s
With this new method it is no longer necessary to use various involved tools as Reverse-Hölder inequal
(parabolic) Gehring’s lemma. The method is based on an approximation result that we called the “A-caloric approx-
imation lemma”, which is explained in Section 3, below. This is the parabolic analogue of the classical ha
approximation lemma of De Giorgi [7,41] and allows to approximate functions with solutions to parabolic sy
with constant coefficients in the same way as the classical harmonic approximation lemma does with h
functions. More precisely, in the case of the classical heat system we have (withB ⊂ R

n denoting the unit ball and
Q := B × (−1,0))

Lemma 1.1 (caloric approximation lemma). For everyε > 0 there existsδ(n, ε) ∈ (0,1) with the following prop-
erty: if u ∈ L2(−1,0;W1,2(B,R

N)) with
∫
Q

(|u|2 + |Du|2)dz � 1 is approximatively caloric in the sense that∣∣∣∣∫
Q

(uϕt − Du · Dϕ)dz

∣∣∣∣ � δ sup
Q

|Dϕ| for all ϕ ∈ C∞
0 (Q,R

N)

then there exists a caloric functionh ∈ L2(−1,0;W1,2(B,R
N)), i.e.ht − �h = 0 in Q, such that∫

Q

(|h|2 + |Dh|2)dz � 1 and
∫
Q

|u − h|2 dz � ε.

This lemma and its variant in Section 3 allow to prove partial regularity properties of solutions to non
parabolic systems by linearization arguments (see Sections 6 and 7) in a particular efficient and elemen
In the elliptic setting the possibility of using the harmonic approximation lemma and its non-isotropic v
the A-harmonic approximation lemma, was already exploited both in the setting of Geometric Measure
to prove optimal regularity results for minimizing currents to elliptic integrands by Duzaar and Steffen [1
to prove regularity results for non-linear elliptic systems by Duzaar and Grotowski [11]. In the last case
method allowed to get an elementary proof of the known regularity results for elliptic systems. These tec
find their origins in Simon’s approach, via De Giorgi’s harmonic approximation, to Allard’s regularity theorem
to the regularity of harmonic maps [40,41]. Later this has been generalized to the degenerate elliptic prob
the authors [12,13].
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In the present paper the use of Lemma 1.1, combined with new ad hoc arguments, allow to prove
regularity results for solutions that was not possible to obtain before; it is actually our second aim to pr
complete study of regularity properties of weak solutions: optimal partial regularity exponents and estim
the dimension of the singular sets. Indeed, the first regularity result of the paper is the following:

Theorem 1.2. Let u ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution to the system(1.1) under the assumption

(2.1)–(2.3)and (2.5)and denote byQ0 the set of regular points ofu in QT :

Q0 := {
z ∈ QT : Du ∈ Cβ,β/2(A,R

nN), A(⊂ QT ) is a neighborhood ofz
}
.

ThenQ0 is an open subset with full measure and therefore

Du ∈ Cβ,β/2(Q0,R
nN), |QT \ Q0| = 0.

See Section 8 for the proof; of course by|S| we denote the usual Lebesgue measure of a setS ⊂ R
n+1; moreover,

Cβ,β/2(A) is the space of functions which are Hölder continuous with exponentβ with respect to space variablex
and with exponentβ/2 with respect to the time variablet ; in other words they are Hölder continuous with expon
β in the parabolic metric inRn+1 given by

distp
(
(x, t), (x0, t0)

) :=
√

|x − x0|2 + |t − t0|, x, x0 ∈ R
n, t, t0 ∈ R. (1.2)

As far as we are aware, Theorem 1.2 was not known under the general, minimal assumptions conside
Partial regularity of solutions has been proven for quasi-linear systems [44,17,18,2,25], for non-linear
with special structure [32] or in low dimensions [37,22,23,34,36], and for non-linear systems only assum
solutions were a priori more regular [47,29] i.e. bounded or even Hölder continuous; everywhere regu
possible only under very special (diagonal type) structures, as for instance in the case of thep-Laplacian system
[9,33], otherwise it fails in general, as shown by counterexamples [45,42,21] and already in the case o
systems [8,20,46]. On the other hand, recently, non-a-priori regular solutions have been considered, b
assuming more regularity ofA with respect to the “coefficients”(x, t) and, in particular, no dependence on
variableu [38,1]; the methods of this last paper are suited for systems with growth conditions more gene
the one treated here, but again, they are not suitable to treat the low regularity assumptions we conside
case, the optimal regularity stating that the Hölder exponent of the spatial gradient is exactly the same o
coefficients was never achieved, even under extra assumptions, due to the different techniques available b
paper. We stress here the fact that the use of the “A-caloric approximation lemma”, proved in Section 3, a
get a completely elementary proof of Theorem 1.2, without the use of Reverse–Hölder inequalities; this w
important point in a forthcoming paper [14], where together with K. Steffen we are going to treat system
super-linear growth. For such systems higher integrability of solutions has been recently proved by Kinnu
Lewis [24], and later refined by Misawa [32], but their proof does not yield a Reverse–Hölder inequality sin
scaling for parabolic systems of the type in (1.1) with non-linear growth is non-isotropic; therefore the app
to partial regularity seems to be not immediately possible, while a further variant of our method will allow t
with such systems too.

Theorem 1.2 immediately poses a natural problem. Let us call the set of non-regular points “the singula
the solutionu:

Σ := QT \ Q0.

The natural question is now: how large canΣ be? This question can be answered considering the so called par
Hausdorff measure inRn+1, that is the canonical Hausdorff measure constructed inR

n+1 with respect to the
parabolic metric from (1.2). Here we shall consider its cylindrical variant, that leads to slightly stronger est
To be precise, let us denote,x0 ∈ R

n andt0 ∈ R

B(x0,R) := {
x ∈ R

n: |x − x0| < R
}
, Q

(
(x0, t0),R

) := B(x0,R) × (t0 − R2, t0).
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Then we define fors ∈ [0, n + 2] andF ⊂ R
n+1

Pδ
s (F ) := inf

{ ∞∑
i=1

Rs
i : F ⊂

∞⋃
i=1

Q
(
(xi, ti),Ri

)
, Ri � δ

}
, Ps(F ) := sup

δ>0
Pδ

s (F ).

The parabolic Hausdorff dimension is then usually defined according to

dimP (F ) := inf
{
s > 0: Ps(F ) = 0

} = sup
{
s > 0: Ps(F ) = ∞}

.

Let us observe that due to the stretching in the time direction of the cubes, the limit dimension isn+2: dimP (F ) �
n + 2 for everyF ⊂ R

n+1, whilePn+2 is comparable to the Lebesgue measure inR
n+1.

Once again, estimates for the singular setΣ have been obtained in very particular situations and when the sy
in (1.1) shows a simpler structure:ut − divA(Du) = 0. In this case it is possible to prove that dimP (Σ) � n [5].
Actually the problem of proving Hausdorff dimension estimates for systems including Hölder coefficients rem
open for a long time already in the elliptic case: divA(x,u,Du) = 0 (see the open problems in [16], page 191)
has been finally settled in [31], where it is shown, among other things, that the Hausdorff dimension of solu
general non-linear elliptic systems inRn is always strictly less thann. Here we shall derive the parabolic analog
of this result, using a difference quotient technique in the setting of parabolic fractional Sobolev spaces; in a
we treat systems with uniformly continuous coefficients, which is a quite standard assumption for partial reg
Our first result in this direction is the following theorem, whose proof will be presented in Section 9:

Theorem 1.3. Let u ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution to the system(1.1) under the assumption

(2.1)–(2.3) and (2.9) and denote byΣ the singular set ofu. Then there exists a numberδ ≡ δ(β,L/λ) > 0 such
that

dimP (Σ) � n + 2− δ.

The dependence ofδ upon the regularity of the coefficientsβ and the ellipticity ratioL/λ is critical in the sense
that

lim
β→0

δ = 0 and lim
L/λ→∞ δ = 0. (1.3)

The presence of the small – but quantifiable – numberδ (see Remark 9.6 below), rather than a more consis
quantity, is due to the fact that the vector fieldA explicitly depends on the functionu(x, t), which is a priori only
measurable; this yields a strong lack of smoothness for the function

(x, t) �→ A
(
x, t, u(x, t), ·),

which prevents the singular set reduction. Indeed, when no dependence onu takes place, the previous result can
substantially improved in the following, which extends previous elliptic results [30]:

Theorem 1.4. Letu ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution to the system

ut − divA(x, t,Du) = 0, (x, t) ∈ Ω × (−T ,0) ≡ QT , (1.4)

under the assumptions(2.1)–(2.3) and (2.9) and denote byΣ the singular set ofu. Then there exists a numb
δ ≡ δ(β,L/λ) > 0 such that

dimP (Σ) � n + 2− 2β − δ. (1.5)

The last result, whose proof is in Section 10, shows that, independently of the ellipticity ratioL/λ, the singular
set dimension depends in a sensitive way on the regularity of the coefficients when considering systems o
in (1.4). Note that the bound (1.5) is in some sense natural: in thedifferentiable caseβ = 1, we find dimP (Σ) < n
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which agrees (and actually improves) some known estimates for the caseut − divA(Du) = 0 [5]. We remark that
Theorems 1.3 and 1.4 are the only results where we shall use in a crucial way the a priori higher integ
properties of solutions via the parabolic Gehring’s lemma [24].

Finally we point out that most of the previous results, and in particular Theorem 1.2, take place for more g
non-homogeneous systems of the type

ut − divA(x, t, u,Du) = B(x, t, u,Du), (x, t) ∈ Ω × (−T ,0) ≡ QT ,

where the vector fieldb exhibits critical growth conditions∣∣B(x, t, u,Du)
∣∣ � L̃

(
1+ |Du|2),

and the solution is assumed to be bounded with‖u‖∞ satisfying a suitable smallness assumption of the type

2L̃‖u‖∞ < L/ν.

We shall not carry out the proofs here, which in many points are even simpler since the solution is assum
bounded.

2. Assumptions and notations

In the followingΩ will denote a bounded domain inRn, andQT will denote the parabolic cylinderΩ × (−T ,0)

whereT > 0. Here we specify the exact assumptions we are going to consider on the parabolic syste
shall distinguish the assumptions for partial regularity, Theorem 1.2, from the ones for the singular set es
Theorems 1.3, 1.4.

Assumptions for Theorem 1.2. We shall consider a vector fieldA :QT ×R
N ×R

nN → R
nN . If z = (x, t), u ∈ R

N

andp ∈ R
nN we shall denote the coefficients byA(z,u,p) = A(x, t, u,p). We assume that the functions

(z, u,p) �→ A(z,u,p), (z, u,p) �→ ∂A

∂p
(z,u,p)

are continuous inQT × R
N × R

nN and that the following growth and ellipticity conditions are satisfied:∣∣A(z,u,p)
∣∣ � L

(
1+ |p|), (2.1)∣∣∣∣∂A

∂p
(z,u,p)

∣∣∣∣ � L, (2.2)

∂A

∂p
(z,u,p)p̃ · p̃ � λ|p̃|2, (2.3)

for all z ∈ QT , u ∈ R
n andp, p̃ ∈ R

nN whereλ > 0 and 1� L < ∞; actually, up to enlarging the constantL,
(2.1) is a consequence of (2.2); we reported both of them for future convenience. Now we shall specify the re
assumptions onA(x, t, u,p) with respect to the “coefficients”(z, u); we shall assume that the function

(z, u) �→ A(z,u,p)

1+ |p| (2.4)

is Hölder continuous with respect to the parabolic metric (1.2) with Hölder exponentβ ∈ (0,1), but not necessaril
uniformly Hölder continuous; namely we shall assume that∣∣A(z,u,p) − A(z0, u0,p)

∣∣ � Lθ
(|u| + |u0|, |x − x0| +

√|t − t0| + |u − u0|
)(

1+ |p|) (2.5)

for anyz = (x, t) andz0 = (x0, t0) in QT , u andu0 in R
n and for allp ∈ R

nN where

θ(y, s) := min
{
1, K̃(y)sβ

}
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andK̃ : [0,∞) �→ [1,∞) is a given non-decreasing function. Note thatθ is concave in the second argument. T
is the standard way to prescribe (non-uniform) Hölder continuity of the function in (2.4). We find it a bit di
to handle, therefore, in many points of the paper, we shall use∣∣A(z,u,p) − A(z0, u0,p)

∣∣ � K
(|u|)(|x − x0| +

√|t − t0| + |u − u0|
)β(1+ |p|) (2.6)

valid for any z = (x, t) and z0 = (x0, t0) in QT , u and u0 in R
n and for all p ∈ R

nN whereβ ∈ (0,1) and
K : [0,∞) �→ [L,∞) is a given non-decreasing function. We note that (2.6) is weaker than (2.5).

Finally we remark a trivial consequence of the continuity of∂A/∂p; this implies the existence of a functio
ω : [0,∞) × [0,∞) → [0,∞) with ω(t,0) = 0 for all t such thatt �→ ω(t, s) is nondecreasing for fixeds, s �→
ω(t, s)2 is concave and nondecreasing for fixedt , and such that∣∣∣∣∂A

∂p
(x, t, u,p) − ∂A

∂p
(x0, t0, u0,p0)

∣∣∣∣ � ω
(
M, |x − x0|2 + |t − t0| + |u − u0|2 + |p − p0|2

)
(2.7)

for any z = (x, t) andz0 = (x0, t0) in QT , anyu, u0 in R
n andp, p0 ∈ R

nN whenever|u| + |p| + |u − u0| +
|p − p0| � M .

Remark 2.1. In the case of systems of the type (1.4) both (2.5) and (2.6) must be replaced by∣∣A(z,p) − A(z0,p)
∣∣ � L

(|x − x0| +
√|t − t0|

)β(1+ |p|), (2.8)

while, in order to apply (2.7), we just need to require that|p| + |p − p0| � M .

Additional assumptions for Theorems 1.3 and 1.4. In order to prove Theorems 1.3 and 1.4 we shall be for
to consider systems with uniformly Hölder continuous coefficients: we shall consider the following reinforc
of (2.6):∣∣A(z,u,p) − A(z0, u0,p)

∣∣ � Lω
(|x − x0| +

√|t − t0| + |u − u0|
)(

1+ |p|) (2.9)

whereω : [0,∞) �→ [0,1] is a continuous concave function such that

ω(s) � sβ, s > 0.

Finally we recall that a weak solution to the system (1.1) is a functionu ∈ L2(−T ,0;W1,2(Ω,R
N)) such that∫

QT

(
uϕt − A(z,u,Du)Dϕ

)
dz = 0, for all ϕ ∈ C∞

0 (QT ,R
N). (2.10)

3. Preliminaries

If v is an integrable function inQ(z0, ) ≡ Q(z0) = B(x0) × (t0 − 2, t0), z0 = (x0, t0), we will denote its
average by

(v)z0, := −
∫

Q(z0)

v dz := 1

αnn+2

∫
Q(z0)

v dz,

whereαn denotes the volume of the unit ball inRn. We remark that in the following, when not crucial, the “cent
of the cylinder will be often unspecified e.g.Q(z0) ≡ Q; the same convention will be adopted for balls inR

n

thereby denotingB(x0, ) ≡ B(x0). Finally in the rest of the paper the symbolc will denote a positive, finite
constant that may vary from line to line; the relevant dependencies will be specified.
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Foru ∈ L2(Q(z0),R
N) we denote by�z0, the unique affine function (in space)�(z) = �(x) minimizing

� �→ −
∫

Q(z0)

|u − �|2 dz

amongst all affine functionsa(z) = a(x) which are independent oft . To get an explicit formula for�z0, we note
that such a unique minimum point exists and takes the form

�z0,(x) = ξz0, + νz0,(x − x0),

whereνz0, ∈ R
nN . A straightforward computation yields that

−
∫

Q(z0)

u · a(x)dz = −
∫

Q(z0)

�z0,(x) · a(x)dz

for any affine functiona(x) = ξ + ν(x − x0) with ξ ∈ R
N andν ∈ R

nN . This implies in particular that

ξz0, = −
∫

Q(z0)

udz = (u)z0, and νz0, = n + 2

2
−
∫

Q(z0)

u ⊗ (x − x0)dz.

For convenience of the reader we recall from [26] the following:

Lemma 3.1. Let u ∈ L2(Q(z0),R
N), 0 < ϑ < 1, and�z0, respectively�z0,ϑ the unique affine functions min

mizing� �→ −
∫

Q(z0)
|u − �|2 dz respectively� �→ −

∫
Qϑ(z0)

|u − �|2 dz. Then there holds

|νz0,ϑ − νz0,|2 � n(n + 2)

(ϑ)2
−
∫

Qϑ(z0)

∣∣u − (u)z0, − νz0,(x − x0)
∣∣2 dz.

Moreover, ifDu ∈ L2(Q(z0),R
nN) we have∣∣νz0, − (Du)z0,

∣∣2 � n(n + 2)

2
−
∫

Q(z0)

∣∣u − (u)z0, − (Du)z0,(x − x0)
∣∣2 dz.

The following lemma is a (parabolic variant) of a well known measure theoretical result; the proof c
obtained along the lines of [19], Chapter 3 and [30], Section 4.

Lemma 3.2. Letµ :B1 ×Bn → R
+ be a bounded, increasing set-function(hereB1, Bn denote the families of Bore

subsets of(−T ,0) andΩ , respectively), which also satisfies∑
i∈N

µ
(
QRi

(zi)
)
� µ

(
Ω × (−T ,0)

)
,

whenever{QRi
(zi)}i∈N is a family of pairwise disjoint parabolic cylinders inΩ × (−T ,0). If we let

A :=
{
z0 ∈ Ω × (−T ,0): lim inf

↓0
−sµ

(
Q(z0)

)
> 0

}
, 0< s � n + 2,

then

dimP (A) � s.
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Now we recall the definition of the parabolic fractional Sobolev spaces for which we refer to [27]. We
say that a functionu ∈ L2(QT ,R

k) belongs to the fractional Sobolev spaceWα,θ;2(QT ,R
k), α, θ ∈ (0,1), k ∈ N,

provided

0∫
−T

∫
Ω

∫
Ω

|u(x, t) − u(y, t)|2
|x − y|n+2α

dx dy dt +
∫
Ω

0∫
−T

0∫
−T

|u(x, t) − u(x, s)|2
|t − s|1+2θ

dt ds dx =: [u]α,θ;QT
< ∞.

The local variantWα,θ;2
loc (QT ,R

k) can be defined in the usual way; it is also possible to define sp
Wα,θ;2(QT ,R

k) for higher values ofα andθ ; for this we refer to [27]. The following Poincaré type inequal
can then be obtained in a standard way (for instance imitating the proof of Proposition 3.1 from [10]):∫

Q(z0)

∣∣u(z) − (u)z0,

∣∣2 dz � c(n)2β [u]β,β/2;Q(z0), β ∈ (0,1), (3.1)

for any functionu ∈ Wβ,β/2;2(Q,R
k).

Proposition 3.3. Letu ∈ W
β,β/2;2
loc (QT ,R

k) for β > 0 and let

A :=
{
z0 ∈ QT : lim inf

↓0
−
∫

Q(z0)

∣∣u − (u)z0,

∣∣2 dz > 0

}
,

B :=
{
z0 ∈ QT : lim sup

↓0

∣∣(u)z0,

∣∣ = ∞
}
.

Then

dimP (A) � n + 2− 2β, dimP (B) � n + 2− 2β.

The proof can be obtained along the lines of the analogue, classical results for standard fractional Sobo
tions (see for instance [10,30] for elementary proofs). We briefly sketch the main arguments, confining ou
to the estimate forA. By a standard localization argument [30] we may suppose without loss of generalit
u ∈ Wβ,β/2;2(QT ,R

k); then by (3.1) we have thatA ⊂ S where

S :=
{
z0 ∈ QT : lim inf

↓0
−(n+2)+2β [u]β,β/2;Q(z0) > 0

}
.

Therefore, applying Lemma 3.2 we have dimP (A) � dimP (S) � n + 2 − 2β; we observe that the application
Lemma 3.2 is possible since the set function

µ : I × ω →
∫
I

∫
ω

∫
ω

|u(x, t) − u(y, t)|2
|x − y|n+2β

dx dy dt +
∫
ω

∫
I

∫
I

|u(x, t) − u(x, s)|2
|t − s|1+β

dt ds dx,

with I ⊂ (−T ,0) andω ⊂ Ω , Borel sets, clearly meets all the requirements of Lemma 3.2.
Finally we conclude with the parabolic version of the well known relation between Nikolski spaces and

tional Sobolev spaces; the proof can be obtained by a straightforward adaptation of the standard ellipt
[30,10].

Proposition 3.4. Letu ∈ L2(QT ,R
k). Suppose that∫

˜
∣∣u(x, t + h) − u(x, t)

∣∣2 dx dt � c1|h|2θ , θ ∈ (0,1),
Q
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whereQ̃ := Ω̃ × (−T +d,−d) andΩ̃ � Ω , for everyh ∈ R such that|h| � min{d,A}, whered ∈ (0, T /8), A > 0
are positive constants. Then there exists a constantc̃1 ≡ c̃1(θ, γ, d,A, c1,‖u‖L2(QT )) > 0 such that∫

Ω̃

−d∫
−T +d

−d∫
−T +d

|u(x, t) − u(x, s)|2
|t − s|1+2γ

dt ds dx � c̃1, ∀γ ∈ (0, θ).

Suppose that∫
Q̃

∣∣u(x + hes, t) − u(x, t)
∣∣2 dx dt � c2|h|2θ , θ ∈ (0,1),

for every|h| � min{dist(Ω̃, ∂Ω),A}, ∀s ∈ {1, . . . , n}, where{es}1�s�n is the standard basis ofRn. Then for every
O � Ω̃ there exists a constantc̃2 ≡ c̃2(n, θ, γ,A, c2,dist(Ω̃, ∂Ω),dist(O, ∂Ω̃),‖u‖L2(QT )) > 0 such that

−d∫
−T +d

∫
O

∫
O

|u(x, t) − u(y, t)|2
|x − y|n+2γ

dx dy dt � c̃2, ∀γ ∈ (0, θ).

4. A-caloric approximation

We recall that a strongly elliptic bilinear formA onR
nN with ellipticity constantλ > 0 and upper boundΛ > 0

means that

λ|p̃|2 � A(p̃, p̃), A(p, p̃) � Λ|p| |p̃| ∀p, p̃ ∈ R
nN .

We shall say that a functionh ∈ L2(−1,0;W1,2(B,R
N)) is A-caloric on Q if it satisfies∫

Q

(
hϕt − A(Dh,Dϕ)

)
dz = 0 for all ϕ ∈ C∞

0 (Q,R
N).

Obviously, whenA(p̃, p̃) ≡ |p̃|2 for everyp̃ ∈ R
nN , then anA-caloric function is just a caloric function

ht − �h = 0,

and therefore Lemma 1.1 is just a particular case of the following:

Lemma 4.1 (A-caloric approximation lemma). There exists a positive functionδ(n,N,λ,Λ, ε) � 1 with the fol-
lowing property: WheneverA is a bilinear form onR

nN which is strongly elliptic with ellipticity constantλ > 0
and upper boundΛ, ε is a positive number, andu ∈ L2(−1,0;W1,2(B,R

N)) with∫
Q

(|u|2 + |Du|2)dz � 1

is approximativelyA-caloric in the sense that∣∣∣∣ ∫
Q

(
uϕt − A(Du,Dϕ)

)
dz

∣∣∣∣ � δ sup
Q

|Dϕ| for all ϕ ∈ C∞
0 (Q,R

N)

then there exists anA-caloric functionh such that∫
Q

(|h|2 + |Dh|2)dz � 1 and
∫
Q

|u − h|2 dz � ε.
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same
of
Proof. Were the assertion false, we could findε > 0, a sequence(Ak) of bilinear forms onR
nN , with uni-

form ellipticity bound λ > 0 and uniform upper boundΛ, and a sequence of functions(vk)k∈N with vk ∈
L2(−1,0;W1,2(B,R

N)), such that∫
Q

(|vk|2 + |Dvk|2
)
dz � 1 (4.1)

and ∣∣∣∣ ∫
Q

(
vkϕt − Ak(Dvk,Dϕ)

)
dz

∣∣∣∣ � 1

k
sup
Q

|Dϕ| (4.2)

for all ϕ ∈ C1
0(B,R

N) andk ∈ N, but∫
Q

|vk − h|2 dz > ε for all h ∈Hk, (4.3)

where here

Hk =
{
f ∈ L2(−1,0;W1,2(B,R

N)
)
: f is anAk-caloric function onQ,

∫
Q

(|f |2 + |Df |2)dz � 1

}
.

Passing to a subsequence (also labeled withk) we obtain the existence ofv ∈ L2(−1,0;W1,2(B,R
N)) andA such

that there holdsvk ⇀ v weakly inL2(Q,R
N),

Dvk ⇀ Dv weakly inL2(Q,R
nN),

Ak → A as bilinear forms onRnN .
(4.4)

Using the lower semicontinuity ofv �→ ∫
Q

(|v|2 + |Dv|2)dz with respect to weak convergence inL2(−1,0;
W1,2(B,R

N)) we obtain∫
Q

(|v|2 + |Dv|2 dz
)
� 1. (4.5)

Moreover, forϕ ∈ C∞
0 (Q,R

N) we have∫
Q

(
vϕt − A(Dv,Dϕ)

)
dz

=
∫
Q

(
(v − vk)ϕt − A(Dv − Dvk,Dϕ)

)
dz −

∫
Q

(A − Ak)(Dvk,Dϕ)dz +
∫
Q

(
vkϕt − Ak(Dvk,Dϕ)

)
dz.

Passing to the limitk → ∞ we see that the first term of the right-hand side converges to 0 due to (4.4); the
holds for the second term in view of the uniform bound ofDvk in L2(Q,R

nN) (see (4.1)) and the convergence
the Ak ’s; the third term vanishes in the limitk → ∞ via (4.2). This shows that the weak limitv is anA-caloric
function onQ, i.e.∫ (

vϕt − A(Dv,Dϕ)
)
dz = 0, ∀ϕ ∈ C∞

0 (Q,R
N).
Q
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Now, in order to get compactness inL2(Q,R
N), i.e.vk → v in L2(Q,R

N), we estimate the time derivatives ofvk .
For this we letϕ ∈ C∞

0 (Q,R
N) and compute (z = (x, t) andQ = B × (−1,0)):

∣∣∣∣ ∫
Q

vkϕt dz

∣∣∣∣ �
∣∣∣∣∣

0∫
−1

∫
B

Ak(Dvk,Dϕ)dx dt

∣∣∣∣∣ + 1

k
sup

−1�t�0

∥∥Dϕ(·, t)∥∥
L∞(B)

� |Ak|
0∫

−1

∥∥Dvk(·, t)
∥∥

L2(B)

∥∥Dϕ(·, t)∥∥
L2(B)

dt + 1

k
sup

−1�t�0

∥∥Dϕ(·, t)∥∥
L∞(B)

� |Ak|
( 0∫

−1

∥∥Dvk(·, t)
∥∥2

L2(B)
dt

)1/2( 0∫
−1

∥∥Dϕ(·, t)∥∥2
L2(B)

dt

)1/2

+ 1

k
sup

−1�t�0

∥∥Dϕ(·, t)∥∥
L∞(B)

� |Ak|
0∫

−1

∥∥Dϕ(·, t)∥∥2
L2(B)

dt + 1

k
sup

−1�t�0
‖Dϕ‖L∞(B). (4.6)

Here we have used in turn (4.2), the Cauchy–Schwartz inequality and (4.1). Now, for−1 < s1 < s2 < 0 andε > 0
small enough we choose

ζε(t) =



0, for −1� t � s1 − ε,
1
ε
(t − s1 + ε) for s1 − ε � t � s1,

1 for s1 � t � s2,

−1
ε
(t − s2 − ε) for s2 � t � s2 + ε,

0 for s2 + ε � t � 1,

and letϕ(x, t) = ζε(t)ψ(x) for ψ ∈ C∞
0 (B,R

N). Testing (4.6) withϕ we obtain∣∣∣∣∣
∫
B

(
1

ε

s1∫
s1−ε

vk(x, t)dt − 1

ε

s2+ε∫
s2

vk(x, t)dt

)
· ψ(x)dx

∣∣∣∣∣
� |Ak|

( 0∫
−1

ζε(t)
2 dt

)1/2

‖Dψ‖L2(B) + 1

k
‖Dψ‖L∞(B) sup

−1�t�0
ζε(t)

�
(

|Ak|
√

s2 − s1 + 2ε + 1

k

)
‖Dψ‖L∞(B).

By Sobolev-embedding

‖Dψ‖L∞(B) � c(n, �)‖ψ‖
W

�,2
0 (B)

, � >
n + 2

2
,

we see that∣∣∣∣∣
∫
B

(
1

ε

s1∫
s1−ε

vk(x, t)dt − 1

ε

s2+ε∫
s2

vk(x, t)dt

)
· ψ(x)dx

∣∣∣∣∣
� c(n, �)

(
|Ak|

√
s2 − s1 + 2ε + 1

)
‖ψ‖

W
�,2

(B)
.

k 0
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y

Passing to the limitε ↓ 0 we obtain for a.e.−1< s1 < s2 < 0∣∣∣∣ ∫
B

(
vk(·, s2) − vk(·, s1)

) · ψ dx

∣∣∣∣ � c(n, �)

(
|Ak|√s2 − s1 + 1

k

)
‖ψ‖

W
�,2
0 (B)

for any ψ ∈ C∞
0 (B,R

N). By density ofC∞
0 (B,R

N) in W
�,2
0 (B,R

N) the last inequality is also valid for an

ψ ∈ W
�,2
0 (B,R

N). Taking the supremum over allψ ∈ W
�,2
0 (B,R

N) with ‖ψ‖
W

�,2
0 (B)

� 1 we infer

∥∥vk(·, s2) − vk(·, s1)
∥∥

W−�,2(B,RN)
� c(�,n)

(
|Ak|√s2 − s1 + 1

k

)
. (4.7)

InterpolatingL2(B,R
N) betweenW1,2(B,R

N) andW−�,2(B,R
N) it follows for µ > 0 that

−h∫
−1

∥∥vk(·, t + h) − vk(·, t)
∥∥2

L2(B)
dt

� µ

−h∫
−1

∥∥vk(·, t + h) − vk(·, t)
∥∥2

W1,2(B)
dt + c(µ)

−h∫
−1

∥∥vk(·, t + h) − vk(·, t)
∥∥2

W−�,2(B)
dt

� 4µ

0∫
−1

∥∥vk(·, t)
∥∥2

W1,2(B)
dt + c(µ)c2

(
|Ak|

√
h + 1

k

)2

� 4µ + 2c(µ)c2
(

|Ak|2h + 1

k2

)
. (4.8)

Here, we have used in the first line the interpolation inequality

‖w‖2
L2(B)

� µ‖w‖2
W1,2(B)

+ c(µ)‖w‖2
W−�,2(B)

valid for w ∈ W1,2(B,R
N). Moreover, in the second-last line we have used the bound (4.7) for‖vk(·, t + h) −

vk(·, t)‖W−�,2(B) from above and the bound (4.1), i.e.
∫
Q

(|vk|2 + |Dvk|2)dz � 1.
We are now in the position to show that

lim
h↓0

−h∫
−1

∥∥vk(·, t + h) − vk(·, t)
∥∥2

L2(B)
dt = 0 uniformly ink. (4.9)

In order to do this we recall thatAk → A ask → ∞ so that supk�1 |Ak| � a < ∞. Using this in (4.8) we obtain

−h∫
−1

∥∥vk(·, t + h) − vk(·, t)
∥∥2

L2(B)
dt � 4µ + 2c(µ)c2

(
a2h + 1

k2

)
.

For givenθ > 0 we chooseµ = θ
12. This fixesµ and alsoc(µ) = c( 1

12θ). Next we choosek0 ∈ N such that
2c(µ)c2

k2 < θ
3 for anyk � k0. Then, fork = 1, . . . , k0 − 1 we chooseh1 > 0 such that

−h∫ ∥∥vk(·, t + h) − vk(·, t)
∥∥2

L2(B)
dt < θ ∀0< h < h1, k = 1, . . . , k0 − 1.
−1



F. Duzaar, G. Mingione / Ann. I. H. Poincaré – AN 22 (2005) 705–751 717

9]

7,28].

nded
e of
Finally, we chooseh2 > 0 such that 2c(µ)c2a2h < θ
3 for any 0< h < h2. Then, for anyk ∈ N and 0< h < h0 :=

min(h1, h2) we have

−h∫
−1

∥∥vk(·, t + h) − vk(·, t)
∥∥2

L2(B)
dt < θ

which proves (4.9).
Since the sequence(vk)k∈N is also bounded inL2(−1,0;W1,2(B,R

N)) we are able to apply Theorem 3 of [3
with the choiceX = W1,2(B,R

N), B = L2(B,R
N), F = (vk)k∈N to obtain a subsequence(vk)k∈N (again labeled

by k) such that

vk → v strongly inL2(Q,R
N) = L2

(−1,0;L2(B,R
N)

)
.

To obtain the desired contradiction we denote bywk :Q → R
N a solution to the following initial-Dirichlet problem

and possessing the properties below; its existence can be deduced from standard existence arguments [2wk ∈ C
([−1,0];L2(B,R

N)
) ∩ L2

(−1,0;W1,2
0 (B,R

N)
)
,

∂twk ∈ L2
(−1,0;W−1,2(B,R

N)
)
,

wk(·,−1) = 0;∫
Q

(
wkϕt − Ak(Dwk,Dϕ)

)
dz =

∫
Q

(A − Ak)(Dv,Dϕ)dz ∀ϕ ∈ C∞
0 (Q,R

N); (4.10)



1

2

∥∥wk(·, t)
∥∥2

L2(B)
+

∫
B×(−1,t)

Ak(Dwk,Dwk)dz

=
∫

B×(−1,t)

(Ak − A)(Dv,Dwk)dz for a.e.t ∈ (−1,0).

Using the ellipticity of the bilinear formsAk we see that the second term of the left-hand side of (4.10) is bou
from below byλ

∫
B×(−1,t)

|Dwk|2 dz. Moreover the right-hand side of (4.10) is estimated easily by the us

Cauchy–Schwarz inequality, the bound
∫
Q

|Dv|2 dz � 1 from (4.5), and Young’s inequality

∫
B×(−1,t)

(Ak − A)(Dv,Dwk)dz � |A − Ak|
(∫

Q

|Dv|2 dz

)1/2( ∫
B×(−1,t)

|Dwk|2 dz

)1/2

� 2

λ
|A − Ak|2 + λ

2

∫
B×(−1,t)

|Dwk|2 dz.

This implies in particular

1

2

∫
B

∣∣wk(·, t)
∣∣2 dx + λ

2

∫
B×(−1,t)

|Dwk|2 dz � 2

λ
|Ak − A|2 for a.e.t ∈ [−1,0] andk ∈ N.

Taking the supremum overt ∈ (−1,0) we arrive at

sup
t∈(−1,0)

1

2

∫ ∣∣wk(·, t)
∣∣2 dx + λ

2

∫
|Dwk|2 dz → 0 ask → ∞. (4.11)
B Q
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y
Letting gk := v − wk ∈ L2(−1,0,W1,2(B,R
N)) we easily see thatgk agrees withv on the parabolic boundar

∂pQ of Q and satisfies∫
Q

gkϕt − Ak(Dgk,Dϕ)dz = 0, ∀ϕ ∈ C∞
0 (Q,R

N).

From (4.11) and the definition ofgk we see that∫
Q

(|gk − v|2 + |Dgk − Dv|2)dz → 0 ask → ∞,

which implies in particular that∫
Q

(|gk|2 + |Dgk|2
)
dz →

∫
Q

(|v|2 + |Dv|2)dz � 1 ask → ∞.

Letting

bk := max

{
1,

∫
Q

(|gk|2 + |Dgk|2
)
dz

}
, g̃k := gk

bk

we see thatbk → 1 and
∫
Q

(|g̃k|2 + |Dg̃k|2)dz � 1 for anyk ∈ N. Note thatg̃k ∈Hk . Furthermore,(∫
Q

|g̃k − v|2 dz

)1/2

�
(∫

Q

|gk − v|2 dz

)1/2

+
(

1− 1

bk

)(∫
Q

|gk|2 dz

)1/2

→ 0 ask → ∞,

which yields the desired contradiction to (4.3).�
Remark 4.2. From (4.7) we infer

−h∫
−1

∥∥vk(·, t + h) − vk(·, t)
∥∥

W−�,2(B)
dt � c

(
a
√

h + 1

k

)
which yields, reasoning as above

−h∫
−1

∥∥vk(·, t + h) − vk(·, t)
∥∥

W−�,2(B)
dt → 0 uniformly ink ∈ N ash ↓ 0.

Therefore we could have had directly applied Theorem 5 of [39] with the choiceX = W1,2(B,R
N), B =

L2(B,R
N), Y = W−�,2(B,R

N), F = (vk)k∈N, p = 2 to conclude that(vk)k∈N is relatively compact inL2(Q,R
N)

= L2(−1,0;L2(B,R
N)).

Lemma 4.3. There exists a positive functionδ(n,N,λ,Λ, ε) � 1 with the following property: WheneverA is a
bilinear form onR

nN which is strongly elliptic with ellipticity constantλ > 0 and upper boundΛ, ε is a positive
number, andu ∈ L2(t0 − 2, t0;W1,2(B(x0),R

N)) with

−2 −
∫

Q (z )

|u|2 dz + −
∫

Q (z )

|Du|2 dz � 1
 0  0
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le
e

n that

othing
andard

h
h

is approximativelyA-caloric in the sense that∣∣∣∣ −
∫

Q(z0)

(
uϕt − A(Du,Dϕ)

)
dz

∣∣∣∣ � δ sup
Q(z0)

|Dϕ| for all ϕ ∈ C∞
0

(
Q(z0),R

N
)

then there existsh ∈ L2(t0 − 2, t0;W1,2(B(x0),R
N)) A-caloric onQ(z0) such that

−2 −
∫

Q(z0)

|h|2 dz + −
∫

Q(z0)

|Dh|2 dz � 1 and −2 −
∫

Q(z0)

|u − h|2 dz � ε. (4.12)

Proof. For a general parabolic cylinderQ(z0, ) = B(x0) × (t0 − 2, t0) we can apply Lemma 4.1 (in a suitab
averaged version) to the rescaled functionv(x, t) := −1u(x0 + x, t0 + 2t) defined onQ to obtain the existenc
of anA-caloricH :Q → R

N satisfying (4.12) onQ ≡ Q. Rescaling viah(z) := H(−1(x − x0), 
−2(t − t0))

yields the desired result.�

5. The Caccioppoli inequality

From the definitions given in Section 2 we set

H(s) = K(s)(1+ s). (5.1)

Now we are ready to derive the following Caccioppoli inequality which slightly differs from the usual ones i
it shows the correct dependence onH(M), a fact that will be needed later.

Lemma 5.1. Let u ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution to(1.1) under the assumptions(2.1)–(2.3).

Then, for anyM > 0, any affine function�(z) ≡ �(x) independent oft and satisfying|�(z0)| + |D�| � M , and any
Q(z0) � QT with  � 1 we have

−
∫

Q/2(z0)

|Du − D�|2 dz � cCacc

(
−
∫

Q(z0)

∣∣∣∣u − �



∣∣∣∣2 dz + 2β

)
, (5.2)

where the constantcCaccdepends only onλ, L andH(M).

Proof. The following calculations will be a bit sloppy. To proceed in a rigorous way, one should use a smo
procedure in time via a family of non-negative mollifying functions or via Steklov averages. Since this is a st
argument and yields only technical minor changes we shall proceed formally.

In (2.10) we take the test-functionϕ = η2ζ 2(u − �), whereη ∈ C1
0(B(x0)) is a cut-off function in space suc

that 0� η � 1, η ≡ 1 in B/2(x0) and|Dη| � 4−1 while ζ ∈ C1(R) is a cut-off function in time such that, wit
0< ε < 2/4 being arbitrary

ζ ≡ 1, on

(
t0 − 2

4
, t0 − ε2

)
,

ζ ≡ 0, on (−∞, t0 − 2) ∪ (t0,∞),
0� ζ � 1, onR,

ζt � 0, on

(
t0 − 2

4
,∞

)
,

|ζt | � 3
2
, on

(
t0 − 2, t0 − 2)

.

 4
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f

formal
Insertingϕ in (2.10) we obtain∫
Q(z0)

A(z,u,Du)D(u − �)ζ 2η2 dz

= −2
∫

Q(z0)

A(z,u,Du)ζ 2η∇η ⊗ (u − �)dz +
∫

Q(z0)

u∂tϕ dz. (5.3)

We further have

−
∫

Q(z0)

A(z,u,D�)D(u − �)ζ 2η2 dz = 2
∫

Q(z0)

A(z,u,D�)ζ 2η∇η ⊗ (u − �)dz −
∫

Q(z0)

A(z,u,D�)Dϕ dz

and

0=
∫

Q(z0)

A(z0, �(z0),D�)Dϕ dz = 0.

Adding the last and second-last equation to (5.3) and using also that�t ≡ 0 we deduce∫
Q(z0)

(
A(z,u,Du) − A(z,u,D�)

)
D(u − �)ζ 2η2 dz

= −2
∫

Q(z0)

(
A(z,u,Du) − A(z,u,D�)

)
ζ 2η∇η ⊗ (u − �)dz

−
∫

Q(z0)

(
A(z,u,D�) − A

(
z, �(z),D�

))
Dϕ dz

−
∫

Q(z0)

(
A
(
z, �(z),D�

) − A
(
z0, �(z0),D�

))
Dϕ dz +

∫
Q(z0)

(u − �)∂tϕ dz

=: I + II + III + IV. (5.4)

Estimate forI : The Lipschitz bound|A(z,u,p) − A(z,u, p̃)| � L|p − p̃| for p, p̃ ∈ R
nN and an application o

Young’s inequality yield (for 0< µ � 1 to be chosen later)

|I | � 2L

∫
Q(z0)

|Du − D�|ζ 2η|∇η|∣∣(u − �)
∣∣dz

� µ

∫
Q(z0)

|Du − D�|2ζ 2η2 dz + c(L)

µ

∫
Q(z0)

ζ 2|∇η|2|u − �|2 dz

� µ

∫
Q(z0)

|Du − D�|2ζ 2η2 dz + c(L)

µ

∫
Q(z0)

∣∣∣∣u − �



∣∣∣∣2 dz. (5.5)

Estimate for IV: Using the fact thatζ ≡ 0 on(−∞, t0 − 2
)∪ (t0,∞), the integralIV can formally be rewritten

in the form (we note that the smoothing procedure mentioned at the beginning of the proof justifies this
computation)
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IV =
∫

Q(z0)

(u − �)∂tϕ dz =
∫

Q(z0)

|u − �|2η2∂t ζ
2 dz + 1

2

∫
Q(z0)

ζ 2η2∂t |u − �|2 dz

= 1

2

∫
Q(z0)

|u − �|2η2∂t ζ
2 dz =

∫
Q(z0)

|u − �|2η2ζ ζt dz.

Taking into account thatζ ζt � 0 for t > t0 − 2/4 and that|ζt | � 3−2 we infer

IV � 3
∫

Q(z0)

∣∣∣∣u − �



∣∣∣∣2 dz. (5.6)

Estimate for II: Using the assumption imposed for the modulus of continuity of(z, u) �→ A(z,u,p), i.e. (2.6),
we see that

|II | � H(M)

∫
Q(z0)

|u − �|β |Dϕ|dz � II 1 + II 2

where

II 1 := H(M)

∫
Q(z0)

|u − �|βζ 2η2
∣∣D(u − �)

∣∣dz,

II 2 := 2H(M)

∫
Q(z0)

|u − �|βζ 2η|∇η||u − �|dz.

To estimateII 1 we use Young’s inequality twice

II 1 � µ

∫
Q(z0)

η2ζ 2
∣∣D(u − �)

∣∣2 dz + 1

µ
H(M)22β

∫
Q(z0)

∣∣∣∣u − �



∣∣∣∣2β

dz

� µ

∫
Q(z0)

η2
∣∣D(u − �)

∣∣2 dz + 1

µ
H(M)2

(∣∣Q(z0)
∣∣2β/(1−β) +

∫
Q(z0)

∣∣∣∣u − �



∣∣∣∣2 dz

)
. (5.7)

Arguing similarly we obtain

II 2 � 8H(M)

(∣∣Q(z0)
∣∣2β/(1−β) +

∫
Q(z0)

∣∣∣∣u − �



∣∣∣∣2 dz

)
. (5.8)

Estimate for III: To estimateIII we proceed as follows: Using (2.6) again we see that

III � 2H(M)1+ββ

∫
Q(z0)

|Dϕ|dz � III 1 + III 2

where

III 1 := 2H(M)1+ββ

∫
Q(z0)

ζ 2η2
∣∣D(u − �)

∣∣dz,

III 2 := 4H(M)1+ββ

∫
Q (z )

ζ 2η|∇η||u − �|dz.
 0
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for the

s of the
ke

f

Now, using Young’s inequality twice again, we have

III 1 + III 2 � µ

∫
Q(z0)

η2ζ 2
∣∣D(u − �)

∣∣2 dz + c

µ
H(M)2(1+β)

(∣∣Q(z0)
∣∣2β +

∫
Q(z0)

∣∣∣∣u − �



∣∣∣∣2 dz

)
. (5.9)

Combining (5.5), (5.7)–(5.9), (5.6) with (5.4) and using the fact that2β/(1−β) � 2β for 0<  � 1 we arrive at∫
Q(z0)

(
A(z,u,Du) − A(z,u,D�)

)
D(u − �)ζ 2η2 dz

� 3µ

∫
Q(z0)

|Du − D�|2ζ 2η2 dz + c(L,H(M))

µ

( ∫
Q(z0)

∣∣∣∣u − �



∣∣∣∣2 dz + ∣∣Q(z0)
∣∣2β

)
.

We next estimate the integral on the left-hand side of the previous inequality using the ellipticity condition
coefficientsA, which in turns implies strict monotonicity, i.e.(A(z,u,p) − A(z,u, p̃))(p − p̃) � λ|p − p̃|2 for
anyp, p̃ ∈ R

nN . We therefore obtain

(λ − 3µ)

∫
Q(z0)

|Du − D�|2η2ζ 2 dz � c(L,H(M))

µ

( ∫
Q(z0)

∣∣∣∣u − �



∣∣∣∣2 dz + ∣∣Q(z0)
∣∣2β

)
.

Choosingµ small enough, i.e.µ = min(1, λ/6), and taking into account thatζ ≡ 1 for t ∈ [t0 −2/4, t0 − ε2], that
η ≡ 1 onB

2
(x0) we infer that

t0−ε2∫
t0−2/4

∫
B/2(x0)

|Du − D�|2 dz � c
(
λ,L,H(M)

)( ∫
Q(z0)

∣∣∣∣u − �



∣∣∣∣2 dz + ∣∣Q(z0)
∣∣2β

)
.

Now, the desired Caccioppoli inequality follows by taking the limitε → 0. �
Remark 5.2. Remark 2.1 and a careful inspection of the previous proof, reveal that in the case of system
type (1.4) the termII drops out while the estimate forIII simplifies. Therefore the only condition we have to ta
on �(z) is that|D�| � M .

6. Linearization

The next inequality will later allow us to apply theA-caloric approximation lemma.

Lemma 6.1. Let u ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution to(1.1) under the assumptions(2.1)–(2.3)

and (2.9). Then for anyM > 0 we have∣∣∣∣ −
∫

Q(z0)

(
(u − �)ϕt − ∂A

∂p

(
z0, �(z0),D�

)
(Du − D�)Dϕ

)
dz

∣∣∣∣
� cEu

(
ω(M + 1,Φ2)

√
Φ2 + Φ2 + Ψ2 + β

)
sup

Q(z0)

|Dϕ|,

for anyQ(z0) � QT andϕ ∈ C∞
0 (Q(z0),R

N) with  � 1 and any affine function�(z) = �(x) independent o
time, satisfying|�(z0)| + |D�| � M . HerecEu ≡ c(H(M),L) (the functionH is defined in(5.1)). We write
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Φ2 ≡ Φ2(z0, ,D�) := −
∫

Q(z0)

|Du − D�|2 dz,

Ψ2 ≡ Ψ2(z0, , �) := −
∫

Q(z0)

∣∣∣∣u − �



∣∣∣∣2 dz.

Proof. Without loss of generality we can assume that supQ(z0)
|Dϕ| � 1. Using (2.10), the fact that

−
∫

Q(z0)

A
(
z0, �(z0),D�

)
Dϕ dz = 0,

and−
∫

Q(z0)
�ϕt dz = 0 we deduce

−
∫

Q(z0)

(
(u − �)ϕt − ∂A

∂p

(
z0, �(z0),D�

)
(Du − D�)Dϕ

)
dz = I + II + III ,

where we have abbreviated

I := −
∫

Q(z0)

(
A
(
z0, �(z0),Du

) − ∂A

∂p

(
z0, �(z0),D�

)
(Du−D�)Dϕ

)
dτ dz,

II := −
∫

Q(z0)

(
A(z,u,Du) − A(z, �,Du)

)
Dϕ dz,

III := −
∫

Q(z0)

(
A(z, �,Du) − A

(
z0, �(z0),Du

))
Dϕ dz.

In turn we split the first integral as follows

I = 1

|Q(z0)|
∫
S1

(· · ·)dz + 1

|Q(z0)|
∫
S2

(· · ·)dz =: IV + V

and

S1 := Q(z0) ∩ {
z: |Du − D�| � 1

}
, S2 := Q(z0) ∩ {

z: |Du − D�| > 1
}
.

We proceed estimating the two resulting pieces. As forIV we write

IV = 1

|Q(z0)|
∫
S1

[ 1∫
0

[
∂A

∂p

(
z0, �(z0),D�+τ(Du − D�)

) − ∂A

∂p

(
z0, �(z0),D�

)]
(Du − D�)Dϕ

]
dτ dz.

We estimateIV using the modulus of continuityω(·, ·) for (z, u,p) �→ ∂A
∂p

(z,u,p) from (2.7), the fact thats �→
ω2(t, s) is concave, and Jensen’s inequality (note that, by assumption, onS1 we have|�(z0)|+ |D�|+ |Du−D�| �
M + 1):

|IV| � −
∫

Q (z )

ω
(
M + 1, |Du − D�|2)|Du − D�|dz
 0
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-

�
(

−
∫

Q(z0)

ω2(M + 1, |Du − D�|2)dz

)1/2(
−
∫

Q(z0)

|Du − D�|2 dz

)1/2

� ω

(
M + 1, −

∫
Q(z0)

|Du − D�|2 dz

)(
−
∫

Q(z0)

|Du − D�|2 dz

)1/2

.

To estimateV we preliminarily observe that, using Hölder’s inequality

|S2| �
∫
S2

|Du − D�|dz �
√|S2|

√∣∣Q(z0)
∣∣( −

∫
Q(z0)

|Du − D�|2 dz

)1/2

,

and therefore
√|S2|√|Q(z0)|

�
(

−
∫

Q(z0)

|Du − D�|2 dz

)1/2

.

Using (2.1), (2.2) and the previous inequality we then conclude the estimate ofV as follows

|V | � 2L

|Q(z0)|
∫
S2

1+ |D�| + |Du − D�|dz � 2L

|Q(z0)|
∫
S2

1+ M + |Du − D�|dz

� 2L(M + 1)
|S2|

|Q(z0)| + 2L

√|S2|√|Q(z0)|
(

−
∫

Q(z0)

|Du − D�|2 dz

)1/2

� 4L(M + 1) −
∫

Q(z0)

|Du − D�|2 dz.

Combining the estimates found forIV andV we have

|I | � ω(M + 1,Φ2)
√

Φ2 + 4L(M + 1)Φ2.

For the remaining pieces, using the modulus of continuity(z, u) �→ A(z,u,p) from (2.6), we deduce

|II | � K
(∣∣�(z0)

∣∣ + |D�|) −
∫

Q(z0)

|u − �|β(1+ |D�| + |Du − D�|)dz

� H(M)β −
∫

Q(z0)

∣∣∣∣u − �



∣∣∣∣β dz + H(M)β −
∫

Q(z0)

∣∣∣∣u − �



∣∣∣∣β |Du − D�|dz

� 2H(M)

[
−
∫

Q(z0)

|Du − D�|2 dz + −
∫

Q(z0)

∣∣∣∣u − �



∣∣∣∣2 dz + β

]
.

Here we have used that 1� K(M) � H(M) and the assumption that � 1. Using again (2.6) and Young’s in
equality we estimate

|III | � 2βK
(∣∣�(z0)

∣∣)(1+ |D�|)ββ −
∫

Q (z )

(
1+ |D�| + |Du − D�|)dz
 0
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re-

t coeffi-

der
� 2H(M)2β + 2H(M)

(
2β + −

∫
Q(z0)

|Du − D�|2 dz

)

� 3H(M)2
(

β + −
∫

Q(z0)

|Du − D�|2 dz

)
.

Combining the estimates just found forI , II andIII , we obtain∣∣∣∣ −
∫

Q(z0)

(
(u − �)ϕt − ∂A

∂p

(
z0, �(z0),D�

)
(Du − D�)Dϕ

)
dz

∣∣∣∣
� c

(
H(M),L

)[
ω(M + 1,Φ2)

√
Φ2 + Φ2 + Ψ2 + β

]
.

A simple scaling argument yields the result for generalϕ. �
Remark 6.2. The same observations on the affine function�(z) in Remark 5.2 apply to the previous proof; the
fore, in the case of systems (1.4), once again we may assume only that|D�| � M .

The next lemma is a standard estimate for weak solutions to linear parabolic systems with constan
cients [4], Lemma 5.1.

Lemma 6.3. Let h ∈ L2(t0 − 2, t0;W1,2(B(x0),R
N)) be a weak solution inQ(z0) = B(x0) × (t0 − 2, t0) of

the following linear parabolic system with constant coefficients:

−
∫

Q(z0)

(
hϕt − A(Dh,Dϕ)

)
dz = 0, ∀ϕ ∈ C∞

0

(
Q(z0),R

N
)
,

where the coefficientsA satisfy

A(p,p) � λ|p|2, A(p, p̃) � L|p||p̃|,
for anyp , p̃ ∈ R

nN . Thenh is smooth inQ(z0) and there exists a constantcpa = cpa(n,N,L/λ) � 1, such that

Ψ (z0, θ) � cPa θ2Ψ (z0, ) ∀0< θ < 1.

Here we write for0< σ � 

Ψ (z0, σ ) = 1

σ 2
−
∫

Qσ (z0)

∣∣h − (h)z0,σ − (Dh)z0,σ (x − x0)
∣∣2 dz.

7. Regular points

In this section we consider a weak solutionu of the nonlinear parabolic system (1.1) on a fixed sub-cylin
Q(z0) � QT , under the assumptions described in Section 2. In the following we shall always consider � 1.

Let M > 1 be given. We first want to apply Lemma 6.1 onQ/2(z0) to

v := u − �,

where�(z) = �(x) is an affine function independent oft satisfying|�(z0)| + |D�| � M . We observe thatΨ2 has
the following property:

Ψ2(z0, /2, �) = −
∫

Q (z )

∣∣∣∣u − �

/2

∣∣∣∣2 dz � 2n+4 −
∫

Q (z )

∣∣∣∣u − �



∣∣∣∣2 dz = 2n+4Ψ2(z0, , �). (7.1)
/2 0  0
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e

pply
From Caccioppoli’s inequality (5.2), we infer

Φ2(z0, /2,D�) � cCacc

(
−
∫

Q(z0)

∣∣∣∣u − �



∣∣∣∣2 dz + 2β

)
= cCacc

(
Ψ2(z0, , �) + 2β

) = cCacc̃Ψ2(z0, , �), (7.2)

where we have abbreviated

Ψ̃2 ≡ Ψ̃2(z0, , �) := Ψ2(z0, , �) + 2β.

From Lemma 6.1 we therefore get for anyϕ ∈ C∞
0 (Q/2(z0),R

N) (note also thatω(M + 1, cs) � cω(M + 1, s)

for c � 1, sinces �→ ω(M + 1, s) is concave)∣∣∣∣ −
∫

Q/2(z0)

(
vϕt − ∂A

∂p

(
z0, �(z0),D�

)
DvDϕ

)
dz

∣∣∣∣
� c1

[
ω
(
M + 1, Ψ̃2(z0, , �)

)√
Ψ̃2(z0, , �) + Ψ̃2(z0, , �) + β

]
sup

Q/2(z0)

|Dϕ|, (7.3)

wherec1 = c1(λ,L,β,H(M)).
For givenε > 0 (to be specified later) we letδ = δ(n,N,λ,L, ε) ∈ (0,1] be the constant from Lemma 4.3. W

define

γ := 4c1

√
Ψ2(z0, , �) + δ−22β and w := γ −1v = γ −1(u − �).

Then, from (7.3) we deduce that for allϕ ∈ C∞
0 (Q/2(z0),R

N) there holds

−
∫

Q/2(z0)

(
wϕt − ∂A

∂p

(
z0, �(z0),D�

)
DwDϕ

)
dz

� 1

4

[
ω
(
M + 1, Ψ̃2(z0, , �)

) +
√

Ψ̃2(z0, , �) + δ
]

sup
Q/2(z0)

|Dϕ|

�
[
ω2(M + 1, Ψ̃2(z0, , �)

) + Ψ̃2(z0, , �) + 1

2
δ2

]1/2

sup
Q/2(z0)

|Dϕ|. (7.4)

Moreover, we estimate using Caccioppoli’s inequality (7.2) and (7.1)(


2

)−2

−
∫

Q/2(z0)

|w|2 dz + −
∫

Q/2(z0)

|Dw|2 dz � 2n+4 + cCacc

16c2
1

� 1, (7.5)

provided we have chosenc1 � 1 large enough. We further set

A(p, p̃) := ∂A

∂p

(
z0, �(z0),D�

)
(p, p̃) ∀p, p̃ ∈ R

nN .

From (2.2) and (2.3) we see that the bilinear formA satisfies the following conditions:

λ|p̃|2 � A(p̃, p̃), A(p, p̃) � L|p||p̃| ∀p, p̃ ∈ R
nN ,

i.e. the bilinear formA fulfills the assumptions of Lemma 4.3. Therefore (7.4) and (7.5) allow us to a
Lemma 4.3 tow, A onQ/2(z0). Assuming thesmallness condition

ω2(M + 1, Ψ̃2(z0, , �)
) + Ψ̃2(z0, , �) � 1

δ2
2
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the application of Lemma 4.3 yields the existence ofh ∈ L2(t0 − 2/4, t0;W1,2(B/2(x0),R
N) solving theA-heat

equation onQ/2(z0) and satisfying(


2

)−2

−
∫

Q/2(z0)

|h|2 dz + −
∫

Q/2(z0)

|Dh|2 dz � 1 (7.6)

and (


2

)−2

−
∫

Q/2(z0)

|w − h|2 dz � ε. (7.7)

From Lemma 6.3 we recall thath satisfies for any 0<θ �1 the a priori estimate (note thatcpa = cpa(n,N,λ,L)

� 1) (
θ

2

)−2

−
∫

Qθ/2(z0)

∣∣h − (h)z0,θ/2 − (Dh)z0,θ/2(x − x0)
∣∣2 dz

� cpaθ
2
(



2

)−2

−
∫

Q/2(z0)

∣∣h − (h)z0,/2 − (Dh)z0,/2(x − x0)
∣∣2 dz

� 3cpaθ
2
[(



2

)−2(
−
∫

Q/2(z0)

|h|2 dz + ∣∣(h)z0,/2
∣∣2) + ∣∣(Dh)z0,/2

∣∣2]

� 6cpaθ
2
[(



2

)−2

−
∫

Q/2(z0)

|h|2 dz + −
∫

Q/2(z0)

|Dh|2 dz

]
� 6cpaθ

2.

Here we have used that|(h)z0,/2|2 � −
∫

Q/2(z0)
|h|2 dz that|(Dh)z0,/2|2 � −

∫
Q/2(z0)

|Dh|2 dz and (7.6). Combining
previous estimate with (7.7) we deduce(

θ

2

)−2

−
∫

Qθ/2(z0)

∣∣w − (h)z0,θ/2 − (Dh)z0,θ/2(x − x0)
∣∣2 dz

� 2

(
θ

2

)−2[
−
∫

Qθ/2(z0)

|w − h|2 dz + −
∫

Qθ/2(z0)

∣∣h − (h)z0,θ/2 − (Dh)z0,θ/2(x − x0)
∣∣2 dz

]

� 2

[
θ−n−4

(


2

)−2

−
∫

Q/2(z0)

|w − h|2 dz + 6cpaθ
2
]

� 12cpa(θ
−n−4ε + θ2).

Rescaling back tov via w = γ −1v = γ −1(u − �) we arrive at(
θ

2

)−2

−
∫

Qθ/(z0)

∣∣u − � − γ
(
(h)z0,θ/2 + (Dh)z0,θ/2(x − x0)

)∣∣2 dz � 12cpa(θ
−n−4ε + θ2)γ 2.

Next we use the minimizing property of�z0,θ/2 and recall the definition ofγ . Thereby we find(
θ

2

)−2

−
∫

Qθ/2(z0)

|u − �z0,θ/2|2 dz � c2(θ
−n−4ε + θ2)

(
Ψ (z0, , �) + δ−22β

)
, (7.8)

wherec2 = 192cpac
2 � 1 depends only onn,N,λ,L,β,H(M).
1
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s of the

an
Now, we chooseε = θn+6. Then (7.8) yields

Ψ (z0, θ/2, �z0,θ/2) � 2c2 θ2(Ψ (z0, , �) + δ−22β
)
.

Givenβ < α < 1 we choose 0< θ < 1 such that

21+2αc2 θ2 � θ2α,

i.e.θ = θ(n,N,λ,L,α,β,H(M)). This also fixes the constantsε = ε(n,N,λ,L,α,β,H(M)) andδ = δ(n,N,λ,

L,α,β,H(M)) ∈ (0,1]. Thus we have shown

Lemma 7.1. GivenM > 0 andβ < α < 1 there existϑ ∈ (0, 1
2) andδ ∈ (0,1] depending only onn, N , λ, L, α, β

andH(M) such that if

ω2(M + 1, Ψ̃2(z0, , �z0,)
) + Ψ̃2(z0, , �z0,) � 1

2
δ2

onQ(z0) � QT for some0 <  � 1 and such if∣∣�z0,(z0)
∣∣ + |D�z0,| � M, (7.9)

then

Ψ̃2(z0, ϑ, �z0,ϑ) � ϑ2αΨ̃2(z0, , �z0,) + c3
2β,

wherec3 := 1+ δ−2.

Remark 7.2. Keeping into account the content of Remarks 5.2 and 6.2 we have that in the case of system
type (1.4) the condition in (7.9) can be relaxed to|D�z0,| � M .

We now want to iterate Lemma 7.1; in the following, for fixedz0 we shall denote�z0, ≡ �. For givenM > 1
(andβ < α < 1) we determineδ = δ(2M), ϑ = ϑ(2M) andc3 = c3(2M) according to Lemma 7.1. Then we c
find Ψ̃0(M) > 0 sufficiently small, such that

ω2(2M,2Ψ̃0(M)
) + 2Ψ̃0(M) � 1

2
δ2 (7.10)

and

Ψ̃0(M) � 1

4(n + 2)2
M2ϑn+4(1− ϑα)2. (7.11)

Given this we can also find0(M) ∈ (0,1] so small that, writing

c4(M) := c3(2M)

ϑ2β − ϑ2α
,

we have

c4(M)0(M)2β � min

{
δ2, Ψ̃0(M),

1

4(n + 2)2
M2ϑn+4(1− ϑβ)2

}
. (7.12)

Now, suppose that the conditions

(i) |�(z0)| + |D�| � M ,
(ii)  � 0(M),

(iii) Ψ̃2() � Ψ̃0(M)
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de
are satisfied onQ(z0) � QT . Then, forj = 1,2,3, . . . we shall show

(I)j Ψ̃2(ϑ
j) � ϑ2αj Ψ̃2() + c4(M)(ϑj)2β ,

(II)j |�ϑj (z0)| + |D�ϑj | � 2M .

Note first that(I)j combined with (ii), (iii) and (7.12) yields

(I′)j Ψ̃2(ϑ
j) � 2Ψ̃0(M).

We now proceed by induction. We first consider the casej = 1. From (iii), (7.10) and the monotonicity ofω we
infer

ω2(M,Ψ̃2()
) + Ψ̃2() � ω2(2M,Ψ̃0(M)

) + 2Ψ̃0(M) � 1

2
δ2.

Moreover, we have � 0(M) � 1 and|�(z0)| + |D�| � M . Therefore we can apply Lemma 7.1 to conclu
that (I)1 holds. Furthermore, using Lemma 3.1, (iii) and (7.11) we deduce∣∣�ϑ(z0)

∣∣ + |D�ϑ| � ∣∣�(z0)
∣∣ + |D�| + ∣∣�ϑ(z0) − �(z0)

∣∣ + |D�ϑ − D�|

� M +
∣∣∣∣ −

∫
Qϑ(z0)

(
u − (u)

)
dz

∣∣∣∣ +
[
n(n + 2)

(ϑ)2
−
∫

Qϑ(z0)

|u − �|2 dz

]1/2

� M +
[

−
∫

Qϑ(z0)

|u − �|2 dz

]1/2

+
[
n(n + 2)

(ϑ)2
−
∫

Qϑ(z0)

|u − �|2 dz

]1/2

� M +
[

ϑ22

ϑn+4
Ψ̃2()

]1/2

+
[
n(n + 2)

ϑn+4
Ψ̃2()

]1/2

� M + 1+ √
n(n + 2)√
ϑn+4

Ψ̃0(M)1/2

� M + n + 2√
ϑn+4

Ψ̃0(M)1/2 � 2M,

i.e. (II)1 holds. We now assume (I)m and (II)m (and therefore (I′)m) for m = 1, . . . , j − 1. Then, (I′)m, (II)m
and (7.10) imply that we can apply Lemma 7.1 form = 1, . . . , j −1. Recalling the definition ofc4(M) we calculate

Ψ̃2(ϑ
j) � ϑ2jαΨ̃2() + c3(2M)(ϑj)2βϑ−2β

j−1∑
m=0

ϑ2(α−β)m � ϑ2jαΨ̃2() + c3(2M)

ϑ2β − ϑ2α
(ϑj)2β

= ϑ2jαΨ̃2() + c4(M)(ϑj)2β,

showing (I)j . To show (II)j we estimate∣∣�ϑj (z0)
∣∣ + |D�ϑj |

�
∣∣�(z0)

∣∣ + |D�| +
j∑

m=1

∣∣�ϑm(z0) − �ϑm−1(z0)
∣∣ +

j∑
m=1

|D�ϑm − D�ϑm−1|

� M +
j∑

m=1

[
−
∫

Qϑm(z0)

|u − �ϑm−1|2 dz

]1/2

+
j∑

m=1

[
n(n + 2)

(ϑm)2
−
∫

Qϑm(z0)

|u − �ϑm−1|2 dz

]1/2

� M + 1+ √
n(n + 2)√
ϑn+4

j∑
Ψ2(ϑ

m−1)1/2 � M + n + 2√
ϑn+4

j−1∑ √
ϑ2mαΨ̃2() + c4(M)(ϑm)2β
m=1 m=0
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es
� M + (n + 2)√
ϑn+4

(√
Ψ̃2()

1− ϑα
+

√
c4(M)2β

1− ϑβ

)
� M + M

2
+ M

2
= 2M.

Here we have used in turn Lemma 3.1, the definition ofΨ2(ϑ
m−1), (I)m for m = 1, . . . , j − 1, (7.11) and (7.12).

The above reasoning proves the first assertion of the following

Lemma 7.3. For M > 1 andQ(z0) � QT , suppose that the conditions

(i) |�(z0)| + |D�| � M ,
(ii)  � 0(M),

(iii) Ψ̃2() � Ψ̃0(M),

are satisfied. Then for everyj ∈ N we have

Ψ̃2(ϑ
j) � ϑ2αj Ψ̃2() + c4(M)(ϑj)2β and

∣∣�ϑj (z0)
∣∣ + |D�ϑj | � 2M.

Moreover, the limit

Γz0 := lim
j→∞(Du)z0,ϑ

j /2

exists, and the estimate

−
∫

Qr(z0)

|Du − Γz0|2 dz � c

[(
r

/2

)2α

Ψ2() + r2β

]

is valid for 0< r � /2 for a constantc = c(n,N,λ,α,L,β,M).

Proof. Since|D�ϑj | � 2M we are in a position to apply Lemma 5.1. We obtain

Φ2
(
ϑj/2, (Du)ϑj /2

)
� Φ2

(
ϑj/2, (D�)ϑj 

)
� cCacc(2M)Ψ̃2(ϑ

j)

� cCacc(2M)
(
ϑ2αj Ψ̃2() + c4(M)(ϑj)2β

)
. (7.13)

We now consider 0< r � /2. We fixk ∈ N ∪ {0} with ϑk+1/2< r � ϑk/2. Then the previous estimate impli

Φ2
(
r, (Du)r

) = −
∫

Qr(z0)

∣∣Du − (Du)r
∣∣2 dz � ϑ−n−2 −

∫
Q

ϑk/2(z0)

∣∣Du − (Du)ϑk/2

∣∣2 dz

� ϑ−n−2cCacc(2M)
[
ϑ2αkΨ̃2() + c4(M)(ϑk)2β

]
� ϑ−n−2cCacc(2M)

[
ϑ−2α

(
r

/2

)2α

Ψ̃2() + c4(M)22βϑ−2βr2β

]
� 4ϑ−n−2−2αcCacc(2M)

[(
r

/2

)2α

Ψ2() + (
c4(M) + 1

)
r2β

]
� cdec(M)

[(
r

/2

)2α

Ψ2() + r2β

]
.

Next, we show that((Du)ϑj /2)j∈N is a Cauchy sequence inRnN . Fork > j we deduce
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te

can be

Prato [6]

m

∣∣(Du)ϑj /2 − (Du)ϑk/2

∣∣ �
k∑

m=j+1

∣∣(Du)ϑm/2 − (Du)ϑm−1/2

∣∣
�

√
ϑ−n−2

k−1∑
m=j

[
−
∫

Qϑm/2(z0)

∣∣Du − (Du)ϑm/2
∣∣2 dz

]1/2

=
√

ϑ−n−2
k−1∑
m=j

√
Φ2(ϑm/2)

�
√

ϑ−n−2cCacc(2M)

k−1∑
m=j

√
ϑ2αmΨ̃2() + c4(M)(ϑm)2β

�
√

ϑ−n−2cCacc(2M)

(√
Ψ̃2()

1− ϑα
ϑαj +

√
c4(M)2β

1− ϑβ
ϑβj

)
.

This proves the claim. Therefore the limitΓz0 = limj→∞(Du)ϑj /2 ∈ R
nN exists and from the previous estima

we infer (taking the limitk → ∞)∣∣(Du)ϑj /2 − Γz0

∣∣ � c5(M)

√
ϑ2αj Ψ̃2() + (ϑj)2β.

Combining this with (7.13) we arrive at

−
∫

Q
ϑj /2(z0)

|Du − Γz0|2 dz � 2Φ2(ϑ
j/2) + 2

∣∣(Du)ϑj /2 − Γz0

∣∣2 � c(M)
(
ϑ2αj Ψ̃2() + (ϑj)2β

)
.

For 0< r � /2 we findk ∈ N ∪ {0} with ϑk+1/2< r � ϑk/2. Then the previous estimate implies

−
∫

Qr(z0)

|Du − Γz0|2 dz � ϑ−n−2 −
∫

Q
ϑk/2(z0)

|Du − Γz0|2 dz � ϑ−n−2c(M)
[
ϑ2αkΨ̃2() + (ϑk)2β

]

� c(M)

[(
r

/2

)2α

Ψ2() + r2β

]
.

This proves the assertion of the lemma.�
Remark 7.4. Using Remark 7.2, a careful reading of the proof above yields that condition (i) in Lemma 7.3
relaxed to|D�| � M .

An immediate consequence of the previous lemma and of the isomorphism theorem of Campanato–Da
is the first regularity result of the paper:

Theorem 7.5 (Description of regular points). Let u ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution to the syste

(1.1)under the assumptions(2.1)–(2.3)and(2.6)and denote byΣ the singular set ofu (as explained in Section1).
Then

Σ ⊂ Σ0 ∪ Σ2,

where
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ediately
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wing
ormally.
Σ0 :=
{
z0 ∈ QT : lim inf

↓0
−2 −

∫
Q(z0)

∣∣u − (u)z0, − (Du)z0,(x − x0)
∣∣2 dz > 0

}
,

Σ2 :=
{
z0 ∈ QT : lim sup

↓0

(∣∣(u)z0,

∣∣ + ∣∣(Du)z0,

∣∣) = ∞
}
.

Remark 7.6. Remark 7.4 gives that for systems of the type (1.4) the setΣ2 above can be replaced by the smalle

Σ̃2 :=
{
z0 ∈ QT : lim sup

↓0

∣∣(Du)z0,

∣∣ = ∞
}
.

Now it happens that while|Σ2| = 0 and |Σ̃2| = 0 by Lebesgue theory, we cannot a-priori assert the s
aboutΣ0, since the functionu is not assumed to be differentiable with respect to time. Therefore the previous r
only characterize the regular points but is not a partial regularity result in the sense that it does not imm
imply that |Σ | = 0. For this, we still need another section.

8. Partial regularity

In this section we finally prove Theorem 1.2; this is a consequence of the following:

Theorem 8.1 (Almost everywhere regularity). Letu ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution to the syste

(1.1)under the assumptions(2.1)–(2.3)and (2.5)and denote byΣ the singular set ofu; then

Σ ⊂ Σ1 ∪ Σ2,

whereΣ2 is as in Theorem7.5and

Σ1 :=
{
z0 ∈ QT : lim inf

↓0
−
∫

Q(z0)

∣∣Du − (Du)z0,

∣∣2 dz > 0

}
∪

{
z0 ∈ QT : lim inf

↓0
−
∫

Q(z0)

∣∣u − (u)z0,

∣∣2 dz > 0

}
.

Proof. We start taking a pointz0 ≡ (x0, t0) ∈ QT such that

lim inf
↓0

−
∫

Q(z0)

∣∣Du − (Du)z0,

∣∣2 dz = 0, lim inf
↓0

−
∫

Q(z0)

∣∣u − (u)z0,

∣∣2 dz = 0 (8.1)

and

sup
>0

∣∣(u)z0,

∣∣ + sup
>0

∣∣(Du)z0,

∣∣ � M < ∞. (8.2)

The proof is complete if we show that such points are a regular points.

Step 1: a comparison estimate.The main goal here is to achieve the estimates (8.5), (8.6) below. The follo
argument can be justified by the use of Steklov-averages; we shall omit all the details, only proceeding f
Consider the unique weak solutionv ∈ L2(t0 − 42, t0;W1,2(B2(x0),R

N)) of the initial boundary value problem
∫

Q2(z0)

(
vϕt − A

(
z0, (u)z0,2,Dv

)
Dϕ

)
dz = 0 ∀ϕ ∈ C∞

0

(
Q2(z0),R

N
)
,

v = u onB (x ) × {t − 42} ∩ ∂B (x ) × (t − 42, t ).
2 0 0 2 0 0 0
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icity, i.e.
Then the differenceu − v satisfies∫
Q2(z0)

(
(u − v)ϕt − (

A(z,u,Du) − A
(
z0, (u)z0,2,Dv

))
Dϕ

)
dz = 0,

for everyϕ ∈ C∞
0 (Q2(z0),R

N). We now chooseϕ := χ(t)(u − v) with χ ≡ 1 for (−∞, s), χ ≡ 0 on(s + ε,∞),
andχ(t) = (s + ε − t)/ε for s � t � s + ε, where[s, s + ε] ∈ (t0 − 42, t0). Then we have

1

2

∫
Q2(z0)

∂t

(|u − v|2χ)
dz + 1

2

∫
Q2(z0)

|u − v|2∂tχ dz

−
∫

Q2(z0)

(
A(z,u,Du) − A

(
z0, (u)z0,2,Dv

))
(Du − Dv)χ dz = 0.

Letting ε ↓ 0 we easily obtain that for a.e.s ∈ (t0 − 42, t0)

1

2

∥∥u(·, s) − v(·, s)∥∥2
L2(B2(x0))

+
∫

B2(x0)×(t0−42,s)

(
A
(
z0, (u)z0,2,Du

) − A
(
z0, (u)z0,2,Dv

))
D(u − v)dz

=
∫

B2(x0)×(t0−42,s)

(
A
(
z0, (u)z0,2,Du

) − A(z,u,Du)
)
D(u − v)dz.

The second term of the left-hand side of the previous equation can be estimated by the use of monoton
(A(z0, (u)z0,2,Du) − A(z0, (u)z0,2,Dv))D(u − v) � λ|Du − Dv|2. We therefore obtain

1

2

∥∥u(·, t) − v(·, t)∥∥2
L2(B2(x0))

+ λ

∫
B2(x0)×(t0−42,t)

|Du − Dv|2 dz

�
∫

B2(x0)×(t0−42,s)

(
A
(
z0, (u)z0,2,Du

) − A(z,u,Du)
)
D(u − v)dz = I.

To estimate the right-hand side we use (2.5) which easily yields∣∣A(
z0, (u)z0,2,Du

) − A(z,u,Du)
∣∣ � Lθ

(
2
∣∣(u)z0,2

∣∣ + ∣∣u − (u)z0,2

∣∣,4 + ∣∣u − (u)z0,2

∣∣)(1+ |Du|).
Using the previous estimate, Young’s inequality and the fact thatθ � 1, we have

|I | � λ

2

∫
B2(x0)×(t0−42,s)

|Du − Dv|2 dz

+ 2L2

λ

∫
Q2(z0)

θ
(∣∣2(u)z0,2

∣∣ + ∣∣u − (u)z0,2

∣∣,4 + ∣∣u − (u)z0,2

∣∣)(1+ |Du|2)dz.

Absorbing the termλ
2

∫
B2(x0)×(t0−42,s)

|Du − Dv|2 dz on the left-hand side we arrive at

1

2

∥∥u(·, t) − v(·, t)∥∥2
L2(B2(x0))

+ λ

2

∫
B2(x0)×(t0−42,t)

|Du − Dv|2 dz

� 4L2

λ

∫
Q (z )

θ
(∣∣2(u)z0,2

∣∣ + ∣∣u − (u)z0,2

∣∣,4 + ∣∣u − (u)z0,2

∣∣)(1+ |Du|2)dz =: 4L2

λ
II . (8.3)
2 0
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that
We shall provide an estimate forII . We denote

εσ := −
∫

Qσ (z0)

∣∣u − (u)z0,σ

∣∣dz, σ > 0.

If we let A
t ≡ At := {z ∈ Q2(z0): |u − (u)z0,2| � t} then

|At | � 1

t

∫
Q2(z0)

∣∣u − (u)z0,2

∣∣dz � |Q2|
t

ε2. (8.4)

We now splitII

II =
∫
At

(. . .)dz +
∫

Q2(z0)\At

(. . .)dz =: III + IV,

and estimateIII andIV . We have, using thatθ � 1, (8.4) and (8.2)

III �
∫
At

(
1+ |Du|2)dz � 2

∫
Q2(z0)

∣∣Du − (Du)z0,2

∣∣2 dz + (
1+ 2

∣∣(Du)z0,2

∣∣2)|At |

� 2
∫

Q2(z0)

∣∣Du − (Du)z0,2

∣∣2 dz + 2
(
1+ 2

∣∣(Du)z0,2

∣∣2) |Q2|
t

ε2

� 2
∫

Q2(z0)

∣∣Du − (Du)z0,2

∣∣2 dz + 2(1+ 2M2)
|Q2|

t
ε2.

From the definition ofθ (Section 2) we have

IV � 4K(2M + t)( + t)β
∫

Q2(z0)

(
1+ |Du|2)dz.

We now choose the parametert carefully, i.e.

t := √
ε2.

Connecting the previous estimates forII , III andIV to (8.3), we easily have the estimate we were interested in;
is

−
∫

Q2(z0)

|Du − Dv|2 dz + sup
t0−42�t�t0

−2 −
∫

B2(z0)

∣∣u(x, t) − v(x, t)
∣∣2 dx

� c(λ,L)K
(
2M + √

ε2

)(
 + √

ε2

)β −
∫

Q2(z0)

(
1+ |Du|2)dz

+ −
∫

Q2(z0)

∣∣Du − (Du)z0,2

∣∣2 dz + √
ε2(1+ M2)

� c
[
K

(
2M + √

ε2

)(
 + √

ε2

)β + 1
] −

∫
Q2(z0)

∣∣Du − (Du)z0,2

∣∣2 dz

+ c
[
K

(
2M + √

ε2

)(
 + √

ε2

)β + √
ε2

]
(1+ M2) =: S(). (8.5)
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e type

s

In particular, we see that

−2 −
∫

Q2(z0)

∣∣u(z) − v(z)
∣∣2 dz � sup

t0−42�t�t0

−2 −
∫

B2(z0)

∣∣u(x, t) − v(x, t)
∣∣2 dx � S(). (8.6)

We observe that as a consequence of (8.1) and (8.2) we have that

lim inf
↓0

S() = 0. (8.7)

Step 2: A Poincaré type inequality.Our aim is to derive (8.8). Let us define

ṽ := v − (Dv)z0,2(x − x0).

Thereforeṽ solves∫
Q2(z0)

(
ṽϕt − Ã(Dṽ)Dϕ

)
dz = 0 ∀ϕ ∈ C∞

0

(
Q2(z0),R

N
)
,

whereÃ(p) := A(z0, (u)z0,2, (Dv)z0,2 + p) for everyp ∈ R
nN . By (2.2) and (2.3) we have∣∣∣∣∂Ã

∂p
(p)

∣∣∣∣ � L,
∂Ã

∂p
(p)(p̃, p̃) � λ|p̃|2, ∀p, p̃ ∈ R

nN .

The last properties allow us to apply the relevant regularity theory for systems without coefficients of th
ut − div Ã(Du) = 0: from [5], Theorem 3.1 we conclude thatṽ ∈ W1,2(t0 − 2, t0;W1,2(B(x0), R

N)) and that

2 −
∫

Q(z0)

|∂tv|2 dz = 2 −
∫

Q(z0)

|∂t ṽ|2 dz � c(λ,L) −
∫

Q2(z0)

|Dṽ|2 dz = c(λ,L) −
∫

Q2(z0)

∣∣Dv − (Dv)z0,2

∣∣2 dz

� c(λ,L)

[
−
∫

Q2(z0)

|Du − Dv|2 dz + −
∫

Q2(z0)

∣∣Du − (Du)z0,2

∣∣2 dz

]
.

In view of the previous estimate, using Poincaré’s inequality forv and (8.5) we find

−2 −
∫

Q(z0)

∣∣v − (v)z0, − (Dv)z0,(x − x0)
∣∣2 dz � c

[
−
∫

Q(z0)

∣∣Dv − (Dv)z0,

∣∣2 dz + 2 −
∫

Q(z0)

|∂tv|2 dz

]

� c

[
−
∫

Q2(z0)

|Du − Dv|2 dz + −
∫

Q2(z0)

∣∣Du − (Du)z0,2

∣∣2 dz

]
� c

[
S() + −

∫
Q2(z0)

∣∣Du − (Du)z0,2

∣∣2 dz

]
,

wherec = c(n,λ,L). Finally, by comparison, we get the Poincaré inequality foru via (8.5) and the previou
estimate

−2 −
∫

Q(0)

∣∣u − (u)z0, − (Du)z0,(x − x0)
∣∣2 dz

� c

[
−2 −

∫
Q(z0)

|u − v|2 dz + −
∫

Q(z0)

|Du − Dv|2 dz + −2 −
∫

Q(z0)

∣∣v − (v)z0, − (Dv)z0,(x − x0)
∣∣2 dz

]

� c

[
S() + −

∫
Q2(z0)

∣∣Du − (Du)z0,2

∣∣2 dz

]
(8.8)

for a constantc = c(n,λ,L).
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t

eed any

l

cularly
Step 3: Conclusion.From the previous estimate and (8.7) the assertion readily follows. Indeed ifz0 ∈ QT

satisfies (8.1) and (8.2) then we have

lim inf
↓0

−2 −
∫

Q(0)

∣∣u − (u)z0, − (Du)z0(x − x0)
∣∣2 dz = 0

thereforez0 is a regular point in view of Theorem 7.5.�
Theorem 8.2 (Almost everywhere regularity for simpler systems). Let u ∈ L2(−T ,0;W1,2(Ω,R

N)) be a weak
solution to the system(1.4)under the assumptions(2.1)–(2.3)and(2.8)and denote byΣ the singular set ofu; then

Σ ⊂ Σ̃1 ∪ Σ̃2,

whereΣ̃2 is as in Remark7.6and

Σ̃1 :=
{
z0 ∈ QT : lim inf

↓0
−
∫

Q(z0)

∣∣Du − (Du)z0,

∣∣2 dz > 0

}
.

Proof. The proof is based on a simple re-reading of Theorem 8.1; indeed it suffices to start with a poinz0 ≡
(x0, t0) ∈ QT such that

lim inf
↓0

−
∫

Q(z0)

∣∣Du − (Du)z0,

∣∣2 dz = 0 and sup
>0

∣∣(Du)z0,

∣∣ � M < ∞. (8.9)

Since the vector fieldA does not depend onu the estimates in Step 1 simplify, especially those forII . In par-
ticular, in the definition ofS() in (8.5) we can takeε ≡ 0, therefore (8.9) suffices to haveS() → 0, which is
the fundamental information to use the estimates (8.5) and (8.6). The remaining Steps 2 and 3 do not n
adjustment. �

9. Proof of Theorem 1.3

For f ∈ L1(QT ) and 0< h < T we recall the definition ofSteklov averages: fh of f are defined for al
−T < t < 0 by

fh(x, t) :=


1

h

t+h∫
t

f (x, s)ds, t ∈ (−T ,−h),

0, t > −h,

respectively

fh(x, t) :=


1

h

t∫
t−h

f (x, s)ds, t ∈ (−T + h,0),

0, t < −T + h.

For the properties of the Steklov averages we refer for instance to [9,27]. The following relations will be parti
useful in the sequel: For a.e.(x, t) ∈ Ω × (−T ,−h) and for a.e.(x, t) ∈ Ω × (−T + h,0), we have

∂fh = 1(
f (x, t + h) − f (x, t)

)
,

∂fh = 1(
f (x, t) − f (x, t − h)

)
.

∂t h ∂t h
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Finally, for |h| > 0 andt ∈ (−T − |h|,−|h|) we define

τh(f ) ≡ τhf ≡ (τhf )(x, t) := f (x, t + h) − f (x, t).

The following lemma asserts a well-known property of the time derivative that we restate in the way it is re
later.

Lemma 9.1 (Fractional time derivative ofu). Letu ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution of the nonlinea

parabolic system(1.1)under the only assumption(2.1), (t0, t1) � (−T ,0), andη ∈ C∞
0 (Ω) a cut-off function with

sptη � Ω . Then, whenever0< |h| < 1/2 min{|t1|, T − |t0|,1} the following estimate holds:

t1∫
t0

∫
Ω

η2
∣∣u(x, t + h) − u(x, t)

∣∣2 dx dt � c
(‖η‖2

L∞ + ‖∇η‖2
L∞

)|h|
∫

QT

(
1+ |Du|2)dz,

wherec = c(L).

Proof. For brevity we shall only give the proof for the caseh > 0, the other one being the same, usinguh instead
of uh. Using Steklov averages to formulate (1.1) we have that for a.e.t ∈ (t0, t1) andh as above∫

Ω

(
∂t (uh)ϕ + [

A(x, t, u,Du)
]
h
Dϕ

)
dz = 0, ∀ϕ ∈ W

1,2
0 (Ω,R

N).

Using the fact thath∂t (uh) = τhu we get∫
Ω

(
τhu

h
ϕ + [

A(x, t, u,Du)
]
h
Dϕ

)
dz = 0.

We use the test functionϕ = η2τhu and integrate with respect tot over the interval(t0, t1), obtaining

t1∫
t0

∫
Ω

|τhu|2
h

η2 dx dt = −
t1∫

t0

∫
Ω

[
A(x, t, u,Du)

]
h

[
2η∇η ⊗ τhu + η2Dτhu

]
dx dt =: I + II . (9.1)

The first term is estimated using (2.1) and Young’s inequality

|I | � 1

2

t1∫
t0

∫
Ω

|τhu|2
h

η2 dx dt + h

t1∫
t0

∫
Ω

∣∣[A(x, t, u,Du)
]
h

∣∣2|∇η|2 dx dt

� 1

2

t1∫
t0

∫
Ω

|τhu|2
h

η2 dx dt + L2‖∇η‖2
L∞h

t1∫
t0

∫
Ω

[(
1+ |Du|)2]

h
dx dt

� 1

2

t1∫
t0

∫
Ω

|τhu|2
h

η2 dx dt + L2‖∇η‖2
L∞h

t1+h∫
t0

∫
Ω

(
1+ |Du|)2 dx dt

� 1

2

t1∫
t

∫ |τhu|2
h

η2 dx dt + L2‖∇η‖2
L∞h

∫ (
1+ |Du|)2 dz.
0 Ω QT
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estimate
Here we have used in the second-last line the elementary estimate

t1∫
t0

∫
Ω

|fh|2 dx dt �
t1+h∫
t0

∫
Ω

|f |2 dx dt

wheref ∈ L2(QT ), (t0, t1) � (−T ,0) and 0< h < −t1. The second term is estimated similarly

|II | �
( t1∫

t0

∫
Ω

η2
∣∣[a(x, t, u,Du)

]
h

∣∣2 dx dt

)1/2( t1∫
t0

∫
Ω

η2|Dτhu|2 dx dt

)1/2

� 2L

( t1∫
t0

∫
Ω

η2[(1+ |Du|)2]
h

dx dt

)1/2( t1+h∫
t0

∫
Ω

η2|Du|2 dx dt

)1/2

� 2L‖η‖2
L∞

t1+h∫
t0

∫
Ω

(
1+ |Du|)2 dx dt � 2L‖η‖2

L∞

∫
QT

(
1+ |Du|)2 dz,

while in the second line we have used the elementary estimate

t1∫
t0

∫
Ω

|τhf |2 dx dt � 2

t1+h∫
t0

∫
Ω

|f |2 dx dt.

Combining the estimates forI andII with (9.1) we finally conclude with
t1∫

t0

∫
Ω

|τhu|2
h

η2 dx dt � c(L)
(‖η‖2

L∞ + ‖∇η‖2
L∞

)
h

∫
QT

(
1+ |Du|)2 dz. �

As a consequence of the previous lemma we have

Corollary 9.2. Letu ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution of the nonlinear parabolic system(1.1)under

the only assumption(2.1), (t0, t1) � (−T ,0), andΩ̃ � Ω . Then, whenever0 < |h| < 1/2 min(|t1|, T − |t0|,1) the
following estimate holds:

t1∫
t0

∫
Ω̃

∣∣u(x, t + h) − u(x, t)
∣∣2 dx dt � c|h|

∫
QT

(
1+ |Du|2)dz, (9.2)

wherec = c(L,dist(Ω̃, ∂Ω)).

In the following we state a preliminary estimate for the space time derivative of a weak solutionu of the
nonlinear parabolic system (1.1) which we are going to use as a starting point; to be more precise we will
|τhDu|. Let us fix−T < t̃ < t1 < 0, arbitrarily. In the following we shall always take

|h| � 1

1000
min

{|t1|, T + t0
}
, |λ| � 1

1000
min

{|t1|, T + t0
}

(9.3)

andt ∈ (t0, t1) wheret0 := (−T + t̃ )/2< t̃ . We shall fix a cut-off function in timeζ ∈ C∞((−T ,0)) such that

ζ(t) = 0 on(−T , t0), ζ(t) = 1 for t > t̃, ζ ′ � 0, |ζ ′| � 4
. (9.4)
T + t0
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e

lowing
Moreover we choose a cut-off function in spaceη ∈ C∞
0 (Ω) such that|sptη| > 0. We start once again from th

Steklov-average formulation of (1.1)∫
Ω

(
∂t (uλ)ϕ + [

A(x, t, u,Du)
]
λ
Dϕ

)
dz = 0, ∀ϕ ∈ W

1,2
0 (Ω,R

N). (9.5)

Writing the previous equation at levelst , t + h we get∫
Ω

(
∂t (τhuλ)ϕ + τh

[
A(x, t, u,Du)

]
λ
Dϕ

)
dz = 0. (9.6)

Here we have used the identityτh(∂tuλ) = ∂t (τhuλ). In (9.6) we choose the test function

ϕ(x, t) := ζ 2(t)η2(x)(τhuλ)(x, t).

It is easy to see thatϕ is admissible in (9.6) for a.e.t ∈ (t0, t1), i.e. thatϕ(·, t) ∈ W
1,2
0 (Ω,R

N). Therefore taking
ϕ(·, t) at each levelt and integrating over(t0, t1) with respect tot we obtain

t1∫
t0

∫
Ω

ζ 2η2∂t (τhuλ)(τhuλ)dx dt = −
t1∫

t0

∫
Ω

ζ 2τh

[
A(x, t, u,Du)

]
λ

[
2η∇η ⊗ (τhuλ) + η2D(τhuλ)

]
dx dt.

We are now in a position to treat the left-hand side in a standard way. Recalling thatζ(t) = 0 for −T < t � t0 we
can rewrite the left-hand side of the previous identity in the form

t1∫
t0

∫
Ω

ζ 2η2∂t (τhuλ)(τhuλ)dx dt =
t1∫

−T

∫
Ω

ζ 2η2∂t (τhuλ)(τhuλ)dx dt

= 1

2

∫
Ω

ζ 2(t1)η
2|τhuλ|2(·, t1)dx −

t1∫
−T

∫
Ω

ζζ ′η2|τhuλ|2 dx dt.

Substituting this above and lettingλ → 0 we obtain for a.e.t1 as above

1

2

∫
Ω

ζ 2(t1)η
2|τhu|2(·, t1)dx −

t1∫
−T

∫
Ω

ζζ ′η2|τhu|2 dx dt

+
t1∫

t0

∫
Ω

ζ 2τh

[
A(x, t, u,Du)

][
2η∇η ⊗ (τhu) + η2D(τhu)

]
dx dt = 0. (9.7)

In the sequel the contribution of the first integral appearing in (9.7) will be ignored. We shall use the fol
decomposition ofτh(A):

τh

[
A
(·, ·, u(·, ·),Du(·, ·))](x, t)

= A
(
x, t + h,u(x, t + h),Du(x, t + h)

) − A
(
x, t, u(x, t),Du(x, t)

)
= A

(
x, t + h,u(x, t + h),Du(x, t + h)

) − A
(
x, t + h,u(x, t + h),Du(x, t)

)
+ A

(
x, t + h,u(x, t + h),Du(x, t)

) − A
(
x, t + h,u(x, t),Du(x, t)

)
+ A

(
x, t + h,u(x, t),Du(x, t)

) − A
(
x, t, u(x, t),Du(x, t)

)
=: A(h) +B(h) + C(h).
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With such a notation (9.7) turns to

t1∫
t0

∫
Ω

ζ 2η2[A(h) +B(h) + C(h)
]
D(τhu)dx dt

� −2

t1∫
t0

∫
Ω

ζ 2[A(h) +B(h) + C(h)
]
η∇η ⊗ (τhu)dx dt +

t1∫
−T

∫
Ω

ζζ ′η2|τhu|2 dx dt. (9.8)

We proceed estimating the various pieces arising in (9.8).

Estimates for integrals involvingA(h). We write

A(h)(x, t) =
1∫

0

∂A

∂p

(
x, t + h,u(x, t + h),Du(x, t) + sτh(Du)(x, t)

)
dsτh(Du)(x, t) =: Ã(h)τh(Du)(x, t).

Using the ellipticity ofA, i.e. (2.3) we see that〈
A(h), τh(Du)

〉 = Ã(h)τh(Du) · τh(Du) � λ|τhDu|2.
Therefore we obtain

t1∫
t0

∫
Ω

ζ 2η2A(h)D(τhu)dx dt � λ

t1∫
t0

∫
Ω

ζ 2η2|τhDu|2 dx dt.

From (2.2) we find that|Ã(h)| � L so that

2

t1∫
t0

∫
Ω

ζ 2η
∣∣A(h)

∣∣|∇η‖τhu|dx dt � 2L

t1∫
t0

∫
Ω

ζ 2η|∇η||τhDu||τhu|dx dt

� ε

t1∫
t0

∫
Ω

ζ 2η2|τhDu|2 dx dt + L2

ε

t1∫
t0

∫
sptη

ζ 2|∇η|2|τhu|2 dx dt

� ε

t1∫
t0

∫
Ω

ζ 2η2|τhDu|2 dx dt + L2

ε
‖∇η‖2

L∞

t1∫
t0

∫
sptη

ζ 2|τhu|2 dx dt

� ε

t1∫
t0

∫
Ω

ζ 2η2|τhDu|2 dx dt + cε‖∇η‖2
L∞|h|

∫
QT

(
1+ |Du|)2 dz,

wherecε = c(1
ε
,L,dist(sptη, ∂Ω)). In the last line we used Corollary 9.2.

Estimates for integrals involvingC(h). Using (2.9), we have|C(h)| � L|h|β/2(1+ |Du|) and so

t1∫ ∫
ζ 2η2

∣∣C(h)
∣∣∣∣D(τhu)

∣∣dx dt � L|h|β/2

t1∫ ∫
ζ 2η2(1+ |Du|)|τhDu|dx dt
t0 Ω t0 Ω
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e higher
deriv-
� ε

t1∫
t0

∫
Ω

ζ 2η2|τhDu|2 dx dt + L2

ε
|h|β

t1∫
t0

∫
Ω

ζ 2η2(1+ |Du|)2 dx dt

� ε

t1∫
t0

∫
Ω

ζ 2η2|τhDu|2 dx dt + cε|h|β
∫

QT

(
1+ |Du|)2 dz,

wherecε = c(1
ε
,L). Using again Corollary 9.2 we gain

2

t1∫
t0

∫
Ω

ζ 2η
∣∣C(h)

∣∣|∇η||τhu|dx dt � 2

( t1∫
t0

∫
Ω

ζ 2
∣∣C(h)

∣∣2 dx dt

)1/2( t1∫
t0

∫
Ω

ζ 2η2|τhu|2 dx dt

)1/2

� L|h|β/2
( ∫

QT

(
1+ |Du|)2 dz

)1/2
( t1∫

t0

∫
sptη

|τhu|2 dx dt

)1/2

� c|h|(1+β)/2
∫

QT

(
1+ |Du|)2 dz,

where nowc = c(L,dist(sptη, ∂Ω)).

Estimates for integrals involvingB(h). Here we shall use the fact that there existsσ ≡ σ(L/λ) > 0 such that

|Du| ∈ L
2(1+σ)
loc (QT ). (9.9)

More precisely, see also Theorem 10.1 below: For every open subsetO � QT there exists a constantc ≡
c(dist(O, ∂QT )) such that∫

O

|Du|2(1+σ) dz � c

( ∫
QT

(|Du|2 + 1
)
dz

)1+σ

. (9.10)

This is a Gehring’s type higher integrability result [17,35,24] and we note that in general

lim
L/λ↑∞σ = 0. (9.11)

Using that|B(h)| � Lω(|τhu|)(1+ |Du|), Young’s inequality once again and keeping into account thatω � 1 we
have

t1∫
t0

∫
Ω

ζ 2η2
∣∣B(h)

∣∣|τhDu|dx dt � ε

t1∫
t0

∫
Ω

ζ 2η2|τhDu|2 dx dt + 1

ε

t1∫
t0

∫
Ω

ζ 2η2
∣∣B(h)

∣∣2 dx dt

� ε

t1∫
t0

∫
Ω

ζ 2η2|τhDu|2 dx dt + L2

ε

t1∫
t0

∫
sptη

ω
(|τhu|)(1+ |Du|)2 dx dt. (9.12)

It remains to estimate the second integral appearing on the right-hand side. Using Hölder’s inequality, th
integrability ofDu twice with (9.10), Jensen’s inequality and once again the estimate for the fractional time
ative ofu we obtain
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integral
t1∫
t0

∫
sptη

ω
(|τhu|)(1+ |Du|)2 dx dt

� |sptη|(t1 − t0)

(
−
∫

sptη×(t0,t1)

ω
(|τhu|) 1+σ

σ dz

) σ
1+σ

(
−
∫

sptη×(t0,t1)

(
1+ |Du|)2(1+σ)

dz

) 1
1+σ

� |sptη|(t1 − t0)ω

(
−
∫

sptη×(t0,t1)

|τhu|dz

) σ
1+σ

(
−
∫

sptη×(t0,t1)

(
1+ |Du|)2(1+σ) dz

) 1
1+σ

� |sptη|(t1 − t0)

(
−
∫

sptη×(t0,t1)

|τhu|2 dz

) βσ
2(1+σ)

(
−
∫

sptη×(t0,t1)

(
1+ |Du|)2(1+σ) dz

) 1
1+σ

� c

( ∫
QT

(
1+ |Du|)2 dz

) βσ
2(1+σ)

( ∫
QT

(
1+ |Du|)2 dz

)
|h| βσ

2(1+σ)

� c
(
β,σ, |QT |,dist(sptη, ∂Ω),‖Du‖L2(QT )

)|h| βσ
2(1+σ) .

In the second last line we also used (9.10). For the remaining term we have

t1∫
t0

∫
Ω

ζ 2η
∣∣B(h)

∣∣|∇η||τhu|dx dt

� ‖∇η‖L∞

( t1∫
t0

∫
sptη

η2
∣∣B(h)

∣∣2dx dt

)1/2( t1∫
t0

∫
sptη

|τhu|2 dx dt

)1/2

.

Now, the first integral appearing in the right-hand side of the previous estimate can be treated as the third
in (9.12), while the second integral can be estimated via the estimate of the fractional time derivative foru from
Corollary 9.2. We finally arrive at

t1∫
t0

∫
Ω

ζ 2η
∣∣B(h)

∣∣|∇η||τhu|dx dt � c|h| 1
2+ βσ

4(1+σ) � c|h| βσ
2(1+σ) ,

wherec = c(L,β,σ, |QT |,dist(sptη, ∂Ω),‖Du‖L2(QT ),‖∇η‖L∞).

We now turn our attention to the remaining term from the left-hand side of (9.8). Recalling that 0� ζ ′ � 4
T +t0

this last term is estimated again via Corollary 9.2. We obtain

t̃∫
t0

∫
sptη

ζ ζ ′η2|τhu|2 dx dt � 4

T + t0

t1∫
t0

∫
Ω

|τhu|2 dx dt � c|h|
∫

QT

(
1+ |Du|)2 dz,

wherec = c(L,dist(sptη, ∂Ω), t0).
Connecting the previous estimates and takingε in terms ofλ suitably small we finally arrive at

t1∫ ∫
ζ 2η2|τhDu|2 dx dt � c1

(|h| + |h|β + |h| 1+β
2

) + c2|h| βσ
2(1+σ) � c1|h|β + c2|h| βσ

2(1+σ) , (9.13)
t0 Ω
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n

on 3.4

of

ar

le
ree:

ng

tain the
where

c1 = c
(
λ,L, |QT |,dist(sptη, ∂Ω), t0,‖∇η‖L∞,‖Du‖L2(QT )

)
(9.14)

and

c2 = c
(
λ,L,β,σ, |QT |,dist(sptη, ∂Ω),‖∇η‖L∞,‖Du‖L2(QT )

)
. (9.15)

Remark 9.3. In the case of systems of the type (1.4), the above estimate holds withc2 = 0. Indeed the last term i
(9.13) is due to the presence ofB(h).

Letting

δ := βσ

1+ σ
(9.16)

and using the fact that̃Ω,η, ζ, t0, t1 considered above were arbitrary, we can therefore conclude, by Propositi

Lemma 9.4. Let u ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution of the nonlinear parabolic system(1.1) under

the assumptions(2.1)–(2.3) and (2.9). Then for anyΩ̃ � Ω , (t0, t1) � (−T ,0) we have in the special case
coefficientsA ≡ A(x, t,Du) that∫

Ω̃

t1∫
t0

t1∫
t0

|Du(x, t) − Du(x, s)|2
|t − s|1+2γ

dt ds dx < ∞, ∀γ <
β

2
,

while in the general caseA ≡ A(x, t, u,Du) we have that∫
Ω̃

t1∫
t0

t1∫
t0

|Du(x, t) − Du(x, s)|2
|t − s|1+2γ

dt ds dx < ∞, ∀γ <
δ

4
.

Now we pass to the fractional space derivatives ofDu. In many points, the following estimates will be simil
to the ones for fractional time derivatives; therefore many arguments will only be sketched. Denoting by{es}1�s�n

the standard basis forRn we shall set, as for the time derivative case

τ s
hu ≡ (τ s

hu)(x, t) := u(x + hes, t) − u(x, t)

whenever(x + hes, t), (x, t) ∈ QT . Let us observe that since the solutionu is assumed to be weakly differentiab
with respect to space i.e.u ∈ L2(−T ,0;W1,2(Ω,R

N)), then the space analogue of estimate (9.2) comes for f

0∫
−T

∫
Ω̃

∣∣u(x + hes, t) − u(x, t)
∣∣2 dx dt � c|h|2

∫
QT

(
1+ |Du|2)dz, (9.17)

wheneverΩ̃ � Ω and|h| � 1
2 min{dist(Ω̃, ∂Ω),1}; c ≡ c(n). The previous estimate will be used in the followi

to replace (9.2). Once again we start from the formulation via Steklov averages in (9.5) and we selectΩ̃ andh as
specified above. Replacingϕ by τ s

−hϕ, whereϕ ∈ W
1,2
0 (Ω̃,R

N), and using “integration by parts” we have∫
Ω̃

(
∂t (τ

s
huλ)ϕ + τ s

h

[
A(x, t, u,Du)

]
λ
Dϕ

)
dz = 0.

In the previous relation we use the test functionϕ(x, t) := ζ 2(t)η2(x)(τ s
huλ)(x, t) whereζ(t) is from (9.4) and

η ∈ C∞
0 (Ω̃) is a cut-off in space. We repeat the manipulations done for the time derivative case and ob

following analogue of (9.7)
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the time
1

2

∫
Ω̃

ζ 2(t1)η
2|τ s

hu|2(·, t1)dx −
t1∫

−T

∫
Ω̃

ζ ζ ′η2|τ s
hu|2 dx dt

+
t1∫

t0

∫
Ω̃

ζ 2τ s
h

[
A(x, t, u,Du)

][
2η∇η ⊗ (τ s

hu) + η2D(τs
hu)

]
dx dt = 0. (9.18)

Now we decomposeτ s
h(A) as follows:

τ s
h

[
A
(·, ·, u(·, ·),Du(·, ·))](x, t)

= A
(
x + hes, t, u(x + hes, t),Du(x + hes, t)

) − A
(
x, t, u(x, t),Du(x, t)

)
= A

(
x + hes, t, u(x + hes, t),Du(x + hes, t)

) − A
(
x + hes, t, u(x + hes, t),Du(x, t)

)
+ A

(
x + hes, t, u(x + hes, t),Du(x, t)

) − A
(
x + hes, t, u(x, t),Du(x, t)

)
+ A

(
x + hes, t, u(x, t),Du(x, t)

) − A
(
x, t, u(x, t),Du(x, t)

)
=: A(h) +B(h) + C(h).

As for the time derivative case we discard the first integral in (9.18) and estimate the remaining terms as in
derivatives case, with suitable variants. By ellipticity (2.3) we infer

t1∫
t0

∫
Ω̃

ζ 2η2A(h)D(τ s
hu)dx dt � λ

t1∫
t0

∫
Ω̃

ζ 2η2|τ s
hDu|2 dx dt,

while using (9.17) and Young’s inequality, for anyε ∈ (0,1), we see that

t1∫
t0

∫
Ω̃

ζ 2η
∣∣A(h)

∣∣|∇η||τ s
hu|dx dt � ε

t1∫
t0

∫
Ω̃

ζ 2η2|τ s
hDu|2 dx dt + cε(L)‖∇η‖2

L∞|h|2
∫

QT

(
1+ |Du|)2 dz.

Again, using (2.9)

t1∫
t0

∫
Ω̃

ζ 2η2
∣∣C(h)

∣∣|τ s
hDu|dx dt � ε

t1∫
t0

∫
Ω̃

ζ 2η2|τ s
hDu|2 dx dt + cε(L)|h|2β

∫
QT

(
1+ |Du|)2 dx dt,

and, using (9.17) and Hölder’s inequality

t1∫
t0

∫
Ω̃

ζ 2η2
∣∣C(h)

∣∣|Dη||τ s
hu|dx dt � c

(
n,L,‖Dη‖L∞

)|h|1+β

∫
QT

(
1+ |Du|)2

dx dt.

Concerning the estimates for the integrals involvingB(h) we have, as in the case of time derivatives

t1∫
t0

∫
sptη

ω
(|τ s

hu|)(1+ |Du|)2 dx dt � c

( ∫
QT

(
1+ |Du|)2 dx dt

) βσ
2(1+σ)

( ∫
QT

(
1+ |Du|)2 dx dt

)
|h| βσ

1+σ

� c3
(
β,σ, |QT |,dist(sptη, ∂Ω),‖∇η‖L∞ ,‖Du‖L2(Q )

)|h| βσ
1+σ .
T
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Therefore, withε ∈ (0,1) we have
t1∫

t0

∫
Ω̃

ζ 2η2
∣∣B(h)

∣∣|Dτs
hu|dx dt � ε

t1∫
t0

∫
Ω̃

ζ 2η2|τ s
hDu|2 dx dt + cεc3|h| βσ

1+σ .

Again we have

t1∫
t0

∫
Ω̃

ζ 2η2
∣∣B(h)

∣∣|Dη||τ s
hu|dx dt

� c4
(
L,β,σ, |QT |dist(sptη, ∂Ω),‖∇η‖L∞,‖Du‖L2(QT )

)|h|1+ βσ
2(1+σ) ,

and, by (9.17)
t1∫

t0

∫
Ω̃

ζ ζ ′η2|τ s
hu|2 dx dt � c(t0)|h|2

∫
QT

(
1+ |Du|)2

dx dt.

Connecting all the previous estimates we finally have

t1∫
t0

∫
Ω̃

ζ 2η2|τ s
hDu|2 dx dt � c̃1

(|h|2 + |h|2β + |h|1+β
) + c̃2|h| βσ

1+σ � c̃1|h|2β + c̃2|h| βσ
1+σ , (9.19)

where the constants̃c1 andc̃2 enjoy the same dependencies as the constantsc1 andc2 in (9.14) and (9.15), respec
tively. Arguing as for Lemma 9.4, the last estimate and Proposition 3.4 allow us to conclude with

Lemma 9.5. Let u ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution of the nonlinear parabolic system(1.1) under

the assumptions(2.1)–(2.3) and (2.9). Then for anyΩ̃ � Ω , (t0, t1) � (−T ,0) we have in the special case
coefficientsA ≡ A(x, t,Du) that

t1∫
t0

∫
Ω̃

∫
Ω̃

|Du(x, t) − Du(y, t)|2
|x − y|n+2γ

dx dy dt < ∞, ∀γ < β,

while in the general caseA ≡ A(x, t, u,Du) we have that
t1∫

t0

∫
Ω̃

∫
Ω̃

|Du(x, t) − Du(y, t)|2
|x − y|n+2γ

dx dy dt < ∞, ∀γ <
δ

2
.

Proof of Theorem 1.3. The proof is a consequence of Lemma 9.4, Lemma 9.5 and Proposition 3.3. Inde
have that

Du ∈ W
γ,

γ
2 ;2

loc (QT ,R
nN), ∀γ <

δ

2
.

On the other hand, Corollary 9.2, (9.17) and Proposition 3.4 give

u ∈ W
γ,

γ
2 ;2

loc (QT ,R
N), ∀γ < 1,

actually a better result holds, see Proposition 10.5 below. Therefore, applying Proposition 3.3 simultane
bothDu andu we conclude that

dimP (Σ1) � n + 2− δ, dimP (Σ2) � n + 2− δ.
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The dependence of theδ described in (1.3) comes directly from the definition ofδ in (9.16) and the propert
in (9.11). Let us observe that the same reasoning applied to the case of systems of the type (1.4) would g

dimP (Σ1) � n + 2− 2β, dimP (Σ2) � n + 2− 2β;
the aim of the next section is to improve the last inequalities coming to the full proof of Theorem 1.4.�
Remark 9.6. As mentioned in Section 1, the constantδ appearing in Theorem 1.3 and (9.16), can be quanti
Indeed it directly depends onσ , defined in (9.9) and coming from the proof of Gehring’s lemma in the parab
case [24,17]. The exponentσ essentially depends on the parameterL/λ as in (9.11) and can be in turn quantifie
This can be done, for instance, following the lines of the proofs in [24] and seeing that in turn the exp
involved in Gehring’s lemma can be quantified as well; for such issues we refer for instance to [3,43]. Th
argumentation applies to Theorem 1.4.

10. Proof of Theorem 1.4

In this section we specialize to systems of the type in (1.4), under the assumptions already considere
tion 2, when obviously restated for such a case. Once again we shall use higher integrability properties of s
but this time we shall also need the fact that gradients satisfy certain Reverse–Hölder inequalities; this
strictly needed before. To this aim we recall the following result, which in a more complete form can be
in [35], see also [17]:

Theorem 10.1. Let v ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution to the system

vt − divA(x, t, v,Dv) = divC(x, t),

under the assumptions(2.1)–(2.3), where C ∈ L
2(1+σ)
loc (QT ,R

nN) and σ ∈ (0,1). Then there existsσ0 ≡
σ0(n,L/λ) ∈ (0, σ ) such that|Du| ∈ L

2(1+σ0)
loc (QT ). Moreover there existsc ≡ c(n,L/λ) such that for every

Q2 � QT the following Reverse–Hölder inequality holds:(
−
∫
Q

|Du|2(1+σ0) dz

)1/(1+σ0)

� c −
∫
Q2

(
1+ |Du|)2 dz + c

(
−
∫
Q2

∣∣C(z)
∣∣2(1+σ) dz

)1/(1+σ)

. (10.1)

Remark 10.2. Inequalities similar to (10.1) can also be obtained for systems withp-growth following the tech-
niques in [24,32]. The proof is of course much more involved than the one in the casep = 2. We emphasize her
that, the possibility to have a pure Reverse–Hölder inequality as in (10.1), that is an inequality which is h
neous, is restricted to the casep = 2.

We start deriving other fractional estimates, that in turn build up on (9.13)–(9.19). In the weak formulatio∫
QT

(
u∂tϕ − A(x, t,Du)Dϕ

)
dz = 0, (10.2)

valid for anyϕ ∈ C∞
0 (QT ,R

n), we switchϕ to τ s
−hϕ, where, as usuals ∈ {1, . . . , n}, Q̃ := Ω̃ × (−T + d,−d),

d ∈ (0, T /4), Ω̃ � Ω is an open subset,ϕ ∈ C∞
0 (Q̃,R

N) and 0< |h| < 1
2 min{dist(Ω̃, ∂Ω),1}. “Integration by

parts” yields∫ (
τ s
hu∂tϕ − τ s

h

[
A(x, t,Du)

]
Dϕ

)
dz = 0. (10.3)
QT
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Similarly to the estimation of the fractional space derivatives ofDu in the previous section we write

τ s
h

[
A
(·, ·,Du(·, ·))](x, t) = A

(
x + hes, t,Du(x + hes, t)

) − A
(
x, t,Du(x, t)

)
= A

(
x + hes, t,Du(x + hes, t)

) − A
(
x + hes, t,Du(x, t)

)
+ A

(
x + hes, t,Du(x, t)

) − A
(
x, t,Du(x, t)

)
=:A(h) + C(h).

In turn

A(h)(x, t) =
1∫

0

∂A

∂p

(
x + hes, t,Du(x, t) + sτ s

h(Du)(x, t)
)
dsτ s

h(Du)(x, t) =: Ã(h)τ s
h(Du)(x, t).

With these abbreviations (10.3) can be re-written as∫
Q̃

(
τ s
hu∂tϕ − Ã(h)τ s

hDuDϕ
)
dz = −

∫
Q̃

C(h)Dϕ dz,

for everyϕ ∈ C∞
0 (Q̃,R

N). Therefore, if we let

vh := τ s
hu

|h|β , C̃(h) := −C(h)

|h|β
and divide (10.3) by|h|β , we obtain thatvh solves a linear parabolic system with measurable and bounded c
cients i.e.∫

Q̃

(
vh∂tϕ − Ã(h)DvhDϕ

)
dz =

∫
Q̃

C̃(h)Dϕ dz (10.4)

for anyϕ ∈ C∞
0 (Q̃,R

N). Indeed, using the (2.2) and (2.3) we infer thatA(h) satisfies the uniform (inh) bounds

λ|p|2 � A(h)p · p,
∣∣A(h)

∣∣ � L, ∀p ∈ R
nN .

Moreover, using the fact that|C(h)| � L|h|β(1+ |Du|) and that|Du| ∈ L
2(1+σ)
loc (QT ) we see that∣∣C̃(h)

∣∣ ∈ L
2(1+σ)
loc (QT ).

Therefore we are able to apply to the results of Theorem 10.1 to the linear parabolic system (10.4) to i
existence of 0< σ0 ≡ σ0(n,L/λ) < σ , independent ofh, such that, after a routine estimation(

−
∫

Q/2

|Dvh|2(1+σ0) dz

)1/(1+σ0)

� c −
∫
Q

|Dvh|2 dz + c

(
−
∫
Q

(
1+ ∣∣C̃(h)

∣∣)2(1+σ) dz

)1/(1+σ)

� c −
∫
Q

|Dvh|2 dz + c

(
−
∫
Q̃

(
1+ |Du|)2(1+σ)

dz

)1/(1+σ)

wheneverQ2 � Q̃; in the last line we used the fact that|C̃(h)| � L(1 + |Du|), which is a direct consequenc
of (2.9). We explicitly observe that all the constants involved in the previous estimates are independeh.
Using (9.19) (withc̃2 = 0, see Remark 9.3) to estimate the second integral (with a suitable choice ofη andζ ) we
have
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(
−
∫

Q/2

|Dvh|2(1+σ0) dz

)1/(1+σ0)

� c−(n+2)c̃1 +
(

−
∫
Q

(
1+ |Du|)2(1+σ) dz

)1/(1+σ)

� c̃1

n+2
+ c(dist(Q,QT ))

n+2

∫
QT

(
1+ |Du|)2 dz, (10.5)

where in the last line we made use of (9.10). The previous estimate and the definition ofvh now give∫
Q2

|τ s
hDu|2(1+σ0) dz � c|h|2β(1+σ0),

wherec exhibits the same dependencies asc̃1 and depends also on and dist(Q2, Q̃). Therefore, keeping into
account that the choice ofQ2 � Ω̃ was arbitrary, by a standard covering argument we can conclude that, for
open subsetO � Ω̃ there exists a constantc, essentially depending onL/λ and dist(O, Q̃), such that∫

O

|τ s
hDu|2(1+σ0) dz � c|h|2β(1+σ0), ∀s ∈ {1, . . . , n}. (10.6)

In turn, using the fact that̃Q was arbitrary, the previous inequality and Proposition 3.4 yield the following
provement of Lemma 9.5:

Lemma 10.3. Let u ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution of the nonlinear parabolic system(1.4)under

the assumptions(2.1)–(2.3)and (2.9). Then for anyΩ̃ � Ω , (t0, t1) � (−T ,0) we have that

t1∫
t0

∫
Ω̃

∫
Ω̃

|Du(x, t) − Du(y, t)|2(1+σ0)

|x − y|n+2(1+σ0)γ
dx dy dt < ∞, ∀γ < β,

where

σ0 ≡ σ0(L/λ) > 0.

Now we are going to derive the time analogue of the last result. Keeping the above notations, substitutiτ−hϕ

in (10.2), whereh is as in (9.3) and furthermore satisfies|h| � d/4, we find∫
QT

(
τhu∂tϕ − τh

[
A(x, t,Du)

]
Dϕ

)
dz = 0.

Arguing as above we split this time

τh

[
A
(·, ·,Du(·, ·))](x, t) = A

(
x, t + h,Du(x, t + h)

) − A
(
x, t,Du(x, t)

)
= A

(
x, t + h,Du(x, t + h)

) − A
(
x, t + h,Du(x, t)

)
+ A

(
x, t + h,Du(x, t)

) − A
(
x, t,Du(x, t)

)
=:A(h) +D(h),

and write

A(h)(x, t) =
1∫

∂A

∂p

(
x, t + h,Du(x, t) + sτh(Du)(x, t)

)
dsτh(Du)(x, t) =: Ã(h)τh(Du)(x, t).
0
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Letting now

vh := τhu

|h|β/2
, D̃(h) := − D(h)

|h|β/2
,

as before, we see thatvh is a solution of the linear parabolic system∫
Q̃

(
vh∂tϕ − Ã(h)Dvh Dϕ

)
dz =

∫
Q̃

D̃(h)Dϕ dz

for everyϕ ∈ C∞
0 (Q̃,R

N). Then we note that|D̃(h)| � L(1+ |Du|) so that|D̃(h)| ∈ L
2(1+σ)
loc (QT ). Therefore we

may proceed as for the spatial case i.e.: using Theorem 10.1 to derive the time derivative analogue of (1
this time via the use of (9.13) withc2 ≡ 0, see Remark 9.3. Then, using Proposition 3.4 as above we come u
the following improvement of Lemma 10.3:

Lemma 10.4. Let u ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution of the nonlinear parabolic system(1.4)under

the assumptions(2.1)–(2.3)and (2.9). Then for anyΩ̃ � Ω , (t0, t1) � (−T ,0) we have that∫
Ω̃

t1∫
t0

t1∫
t0

|Du(x, t) − Du(x, s)|2(1+σ0)

|t − s|1+2(1+σ0)γ
dt ds dx < ∞, ∀γ <

β

2
,

whereσ0 is as in Lemma10.3.

Proof of Theorem 1.4. The proof is similar as the one of Theorem 1.3 but this time we shall refer to Theore
rather than Theorem 8.1, therefore we have to estimate the simpler setsΣ̃1 andΣ̃2. By Lemmas 10.3 and 10.4 w
have that

Du ∈ W
γ,

γ
2 ;2(1+σ0)

loc (QT ,R
nN), ∀γ < β.

Therefore applying Proposition 3.3 toDu we conclude that

dimP (Σ̃1) � n + 2− 2β − δ, dimP (Σ̃2) � n + 2− 2β − δ,

where this time

δ := 2βσ0

andσ0 is from Lemma 10.3. The finishes the proof.�
As a coda to this paper we report a result that could be interesting in itself since it improves a very c

property concerning the fractional time differentiability of solutions in the case of systems with Hölder cont
coefficients; its statement does not seem to appear elsewhere in the literature.

Proposition 10.5. Let u ∈ L2(−T ,0;W1,2(Ω,R
N)) be a weak solution to the system(1.1)under the assumption

(2.1)–(2.3)and (2.9). Then there exists̃δ ≡ δ̃(β,L/λ) ∈ (0,1) such that

u ∈ W
1+δ̃,(1+δ̃)/2
loc (QT ,R

N).

Proof. The part concerning the higher fractional differentiability in space is a consequence of Lemma 9.5
therefore we concentrate on the time derivatives. The idea is to use (9.13) to improve the estimate of the f
time derivative ofu from Lemma 9.1. We only have to modify the argument for the estimate of the termII there.
Using (9.13) we find
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|II | �
( t1∫

t0

∫
Ω

η2
∣∣[a(x, t, u,Du)

]
h

∣∣2 dx dt

)1/2( t1∫
t0

∫
Ω

η2|Dτhu|2 dx dt

)1/2

� L

( t1∫
t0

∫
Ω

η2[(1+ |Du|)2]
h

dx dt

)1/2(
c1|h|β + c2h

βσ
2(1+σ)

)1/2

� L

( ∫
QT

(
1+ |Du|)2 dz

)1/2(
c1|h|β + c2|h| βσ

2(1+σ)
)1/2

. (10.7)

Combining the estimates forI andII with (9.1) and proceeding as in the proof of Lemma 9.1, we obtain tha
every open subset̃Ω � Ω and(t0, t1) � (−T ,0), there exists a constantc such that

t1∫
t0

∫
Ω̃

|τhu|2 dx dt � c
(
c1|h|β + c2|h| βσ

2(1+σ)
)1/2|h|,

yielding the desired improvement for the time derivative ofu, which is now a consequence of the previous estim
and Proposition 3.4. Indeed, also comparing Lemma 9.5, it comes out that as a number working for the s
we can pick

δ̃ := βσ

4(1+ σ)
,

and the dependence announced in the statement follows from the one ofσ in (9.9). �
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