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Abstract

D. Williams’ path decomposition and Pitman’s representation theorem forBES(3) are expressions of some deep relatio
between reflecting Brownian motion and the 3-dimensional Bessel process.

In [Ph. Carmona et al., Stochastic Process. Appl. 7 (1999) 323–333], we presented an attempt to relate better
Brownian motion and the 2-dimensional Bessel process, using space and time changes related to the Ray–Knight th
local times, in the manner of Jeulin [Lect. Notes Math., vol. 1118, Springer, Berlin, 1985] and Biane–Yor [Bull. Sci.
2ème Sér. 111 (1987) 23–101].

Here, we characterize the law of a triplet linked to the perturbed Brownian motion which naturally arises in [Ph. Car
al., Stochastic Proc. Appl. 7 (1999) 323–333], and we point out its relations with Bessel processes of several dimensi

The results provide some new understanding of the generalizations of Lévy’s arc sine law for perturbed Brownian
previously obtained by the second author.
 2004 Elsevier SAS. All rights reserved.

Résumé

La décomposition trajectorielle de D. Williams’ et le théorème de représentation de Pitman pour le processus de Bes
de dimension 3 sont l’expression de relations profondes entre le mouvement brownien réfléchi et le processus de
dimension 3.

Dans [Ph. Carmona et al., Stochastic Process. Appl. 7 (1999) 323–333], les résultats présentés permettent de mie
mouvement brownien réfléchi et le processus de Bessel de dimension 2, en utilisant, entre autres, des changemen
liés aux théorèmes de Ray–Knight sur les temps locaux, comme dans Jeulin [Lect. Notes Math., vol. 1118, Springe
1985] et Biane–Yor [Bull. Sci. Math. 2ème Sér. 111 (1987) 23–101].

Dans le présent article, nous caractérisons la loi d’un triplet lié au mouvement brownien perturbé qui apparaît natu
dans [Ph. Carmona et al., Stochastic Proc. Appl. 7 (1999) 323–333], et nous mettons en évidence ses relations avec de
de Bessel de plusieurs dimensions.

* Corresponding author.
E-mail addresses:philippe.carmona@math.univ-nantes.fr (Ph. Carmona), fpe@ccr.jussieu.fr (F. Petit).
0246-0203/$ – see front matter 2004 Elsevier SAS. All rights reserved.
doi:10.1016/j.anihpb.2003.11.004



738 Ph. Carmona et al. / Ann. I. H. Poincaré – PR 40 (2004) 737–758

uvements

m vec-

some

,

t

ing

int
n 5.3; see
es a
r

5,
Les résultats permettent d’améliorer notre compréhension de généralisations de la loi de l’arcsinus pour les mo
browniens perturbés obtenues précédemment par le second auteur.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction and main results

1.1. The main question addressed in this paper is to determine the trivariate law of the rando
tor (SY

t , l0t (Y ), Yt ), for fixed t > 0, associated with some remarkable semi-martingales(Yt ; t � 0), with

SY
t

def= sups�tYs , and l0t (Y ) the local time ofY at level 0, up to timet . Even forYt = βt + ct , t � 0, a Brown-
ian motion with drift c, this problem is not so simple to solve; see [24], for a solution in this case and
applications to the computation of the price of some exotic financial options.

As a second case of interest, we consider theµ-perturbed Brownian motionXµ def= |B| − µl0(B), whereµ > 0
andlt = l0t (B) is the local time at 0 ofB, to be precise:lt = limε→0

1
2ε

∫ t

0 ds1|Bs |�ε . Thanks to Paul Lévy’s identity

(|Bt |, l0t (B); t � 0
) law= (SB

t − Bt , S
B
t ; t � 0), (1.1)

theµ-perturbed Brownian motion may also be defined as:

X
µ
t = (1− µ)SB

t − Bt ,

and it is not difficult to see thatY = −Xµ satisfies the equation

Yt = Bt +
(

1− 1

µ

)
SY

t . (1.2)

In that second case, the computation of the joint law of(SY
t , l0t (Y ), Yt ) is much more complicated than for the firs

case (see [9], where this problem is considered but not solved).
As a third case study, we introduce, forδ > 1, the processρ(δ), defined as the unique adapted solution, tak

values inR+, of the following equation (see e.g. [37] and [11]):

ρ
(δ)
t = βt + (2− δ)S

(δ)
t + L

(δ)
t , (1.3)

whereS
(δ)
t = sups�t ρ

(δ)
s , andl

(δ)
t = 2L

(δ)
t is the local time ofρ(δ) at level 0, and(βt )t�0 is a Brownian motion

starting from 0.
When δ = 2, ρ(δ) is a reflected Brownian motion (ρ(2) = |B|), and simple results are known about the jo

law of the associated triplet, at least when considered at an independent exponential time (see Subsectio
also [45]). In the caseδ �= 2, the processρ(δ) behaves like a reflected Brownian motion, except when it reach
new maximum. Hence, it may be called the(2 − δ)-perturbed reflected Brownianmotion. It appears in particula
in the study of windings of planar Brownian motion [2,3,31] and is linked to theµ-perturbed Brownian motion

as follows. Letµ
def= 1

δ−1 > 0, and consider the perturbed Brownian motionXµ def= |B| − µl0(B). We denote by

A
±,µ
t = ∫ t

0 1±(|Bs |−µl0s (B))�0ds the positive and negative times spent byXµ before timet , and by(α
±,µ
t ) their

right continuous inverses. Then, there exists a standard Brownian motionβ such that (see e.g. [37], Part I, §
p. 28, identities (37) and (39)):

X
µ/−
α

−,µ
t

= βt + µ − 1

µ
supXµ/−

α
−,µ
s

+ 1

2
l0
α

−,µ
t

(Xµ),

s�t
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whereX
µ/−
s = sup(−X

µ
s ,0) denotes the negative part ofX

µ
s . Thus, one recovers Eq. (1.3) forρ(δ), where:

ρ
(δ)
t = X

µ/−
α

−,µ
t

, S
(δ)
t = µl0

α
−,µ
t

(B), and L
(δ)
t = 1

2
l0
α

−,µ
t

(Xµ).

For more details on perturbed Brownian motions, perturbed reflected Brownian motions and perturbed Be
processes, see e.g. [18–20,36,39].

We became all the more motivated by our initial question when looking again at two results we obtain
previously (Theorems 1.1 and 1.2 below), while seeking for a better understanding of why certain func
of the so-calledµ-perturbed Brownian motionXµ are beta-distributed. These theorems exhibit some relation
between the reflected Brownian motion and the two-dimensional Bessel process, and, more generally, pert
reflected Brownian motions and Bessel processes.

Theorem 1.1[8]. Letρt
def= |Bt | be a reflected Brownian motion,St

def= sups�t ρs its supremum,lt
def= l0t (B) the local

time of a standard Brownian motionB. For every fixedt > 0, the identity in law:

(St , St − ρt + lt )
law=

(
1

2

t∫
0

ds

R
(2)
s

,R
(2)
t

)
(1.4)

holds, where(R(2)
s ; s � 0) denotes a two-dimensional Bessel process, starting from0.

Warning. We immediately indicate that the identity in law (1.4) cannot hold between the two proces
(R

(2)
t , t � 0), and (St − ρt + lt , t � 0), since, as is well-known, the first is recurrent, while the second sat

St − ρt + lt � lt , hence it is transient. Likewise, the left hand sides of both 2-dimensional processes(St ; t � 0) and
(1

2

∫ t

0
ds

R
(2)
s

; t � 0) cannot be equal in law as processes, since the first increasing process is singular, and th

is absolutely continuous.

Theorem 1.2[8, Theorem 3].For every fixedt > 0, we have:

(S
(δ)
t , S

(δ)
t − ρ

(δ)
t + L

(δ)
t )

law=
(

1

2

t∫
0

ds

R
(δ)
s

,R
(δ)
t

)
, (1.5)

whereR(δ) is a δ-dimensional Bessel process issued from0 (δ > 1).

1.2. Notations

From now on, we shall work with a parameterδ > 1. Since Bessel processes of various dimensions pla
important role in this paper, we shall use the notationP(δ) or E(δ) for the law (or the expectation) of(Rs)s�0, a

Bessel process of dimensionδ, starting from 0, also denoted(R(δ)
s )s�0. We also writeH̃t

def= 1
2

∫ t

0
ds
Rs

.
Concerning various local times of semi-martingales(Yt ) of the formYt = Bt + At , whereB is a Brownian

motion, we take unless otherwise indicated Meyer’s convention:lat (Y ) = limε→0
1
ε

∫ t

0 ds10�Ys−a�ε .

We use the notationsZ(δ)
t

def= S
(δ)
t − ρ

(δ)
t + L

(δ)
t andξ

(δ)
t

def= (S
(δ)
t ,Z

(δ)
t ,L

(δ)
t ). Notice thatξ(δ) inherits the scaling

property from the driving Brownian motionβ in (1.3).
Furthermore,Ga denotes a gamma variable of parametera, andGa,b a beta variable of parametersa andb:

P[Ga ∈ dx] = 1
1x>0x

a−1e−x dx,

�(a)



740 Ph. Carmona et al. / Ann. I. H. Poincaré – PR 40 (2004) 737–758

ses and

features

tion

otion
P[Ga,b ∈ dx] = 1

B(a, b)
10<x<1x

a−1(1− x)b−1 dx.

In particular,G1 is an exponential variable with mean 1 also denoted sometimes bye, andG1,1 is a uniform
variable on[0,1], also denoted byU or V .

We use the French abbreviations sh, ch, th and coth for hyperbolic functions.
Furthermore, at the end of this paper, one will find a table which summarizes the different proces

corresponding notations we use, a table to which the reader could refer all along if necessary.

1.3. Main results

Theorem 1.2 naturally prompted us to describe the trivariate law of(S
(δ)
t , ρ

(δ)
t ,L

(δ)
t ); the computation of this

law and its links with Bessel processes is one of the main results of the present paper. Various interesting
of this law are discussed in detail in Section 5. For the moment, we present the following descriptions:

Theorem 1.3.LetT be an exponential variable, with mean2, independent ofρ(δ). The joint law of(S(δ)
T , ρ

(δ)
T ,L

(δ)
T )

is given by:

P(S
(δ)
T ∈ ds,ρ

(δ)
T ∈ dx,L

(δ)
T ∈ dl)

= 10<x<s,l>0
e−l coths

�(δ − 1)

{
lδ−1

(shs)δ+1 sh(s − x) + (δ − 1)
lδ−2

(shs)δ
shx

}
ds dx dl, (1.6)

which is the consequence of the following proposition and Eq. (5.2).

Proposition 1.4.Let T be an independent exponential time of parameter1
2. Then, for every positiveα, β andγ ,

one has:

(1− β2)
[
exp(−αS

(δ)
T − βρ

(δ)
T − γL

(δ)
T )

] = 1− α + (2− δ)β

2
Eδ

[
1

RT

exp(−(α + β)H̃T − γRT )

]

− (δ − 1)
β + γ

2
Eδ+1

[
1

RT

exp(−αH̃T − γRT )

]
. (1.7)

Our study of the perturbed Brownian motionρ(δ) led us to new results about the perturbed Brownian mo
Xµ (see Section A.2 for details).

Proposition 1.5.LetT be an independent exponential time with parameter1
2 andµ > 0. Then, ifSµ

t
def= sup0�s�t X

µ
s

andI
µ
t

def= sup0�s�t (−X
µ
s ), the law of(Xµ

T ,S
µ
T , I

µ
T ) is determined by:

P
[
S

µ
T ∈ ds, (S

µ
T + I

µ
T ) ∈ dy, (S

µ
T − X

µ
T ) ∈ dx

]
= (shs)

1
µ

−1

µ(shy)
2+ 1

µ

{
shx sh(y − s)

µ
+ shs sh(y − x)

}
10<x<y10<s<y ds dy dx. (1.8)

More generally, we obtain the Fourier–Laplace transform (A.10) for the doubly-perturbed Brownian m
[9,11]. There had been an attempt in that direction in [9].
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1.4. The rest of this paper is organised as follows:

• in Section 2, we explain how Theorem 1.2 is related to certain extensions of Lévy’s arcsine and unifor
and we present our motivation for Theorem 1.3 and some interesting corollaries which we did not give

• in Section 3, we give a characterization of the law of the tripletξ
(δ)
t as the solution of an integro-differenti

equation involving the laws of the right hand sideof Eq. (1.5) for Bessel processes with dimensionsδ and
δ + 1;

• the details of the proof of this characterization are given in Section 4;
• in Section 5, we use this characterization to obtain first the Laplace transform ofξ

(δ)
T , whereT is an independen

exponential variable, and then the law ofξ
(δ)
T , which we already presented briefly in the above Theorem 1.3

we give some explicit expressions for the laws of the variables we study; then, we explain the result
to a four-dimensional identity in law, the proof of which involves Markovian processes and is postpone
Appendix A;

• finally, in this appendix, we develop the proofs of Proposition 5.11 and of Eq. (5.19) in Proposition 5.1
we explain further how this work is related to the joint law of the doubly perturbed Brownian motio
maximum and its minimum at an independent exponential time (Proposition 1.5).

2. Our motivation for Theorems 1.2 and 1.3

2.1. We now briefly explain how we found the relations (1.4) and (1.5) while seeking for some
understanding of certain extensions of Paul Lévy’s arc sine and uniform laws (see the introduction of
more details; see also [10,51]):

1∫
0

1Bs�0 ds
law= G 1

2 , 1
2

and

1∫
0

1bs�0 ds
law= U,

where(bs; s � 1) denotes a standard Brownian bridge. These extensions, due to the second author (see [
and [50] p. 102, formula (8.6)) are as follows: for anyµ > 0,

A−,µ
g

law= G 1
2 , 1

2+ 1
2µ

, (2.1)

whereg = sup{t � 1;Bt = 0}, A
±,µ
t = ∫ t

0 1±(|Bs |−µl0s (B))�0 ds. Then, denoting by(α−,µ
t ) the right continuous

inverse of(A−,µ
s ), we show that

A−,µ
g

law= 1

1+ (1
2l

µ

α
−,µ
1

+ |B
α

−,µ
1

|)2T̂
,

wherelµ = l0(Xµ) is the local time ofXµ def= |B| − µl0(B) at level 0, and wherêT denotes the first hitting tim
of 1 by a Brownian motion̂B, independent of the Brownian motionB.

2.2. Consequently, we were naturally interested in the law of the pair(l0
α

−,µ
1

(Xµ),B
α

−,µ
1

). As we saw in the

introduction, this pair may be represented in terms of the processρ(δ), so that

Z
(δ)
t = 1

l0
α

−,µ (Xµ) + |B
α

−,µ
t

| = X
µ

α
−,µ − infXµ

α
−,µ + 1

l0
α

−,µ(Xµ).

2 t t s�t s 2 t
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Now, Theorem 1.2 may be re-written as follows:

Theorem 2.1.For every fixedt > 0:

(
µl0

α
−,µ
t

(B),
1

2
l0
α

−,µ
t

(Xµ) + |B
α

−,µ
t

|
)

law=
(

1

2

t∫
0

ds

R
(1+ 1

µ
)

s

,R
(1+ 1

µ )

t

)
. (2.2)

2.3. Before going on, we now present some variants and corollaries of our Theorems 1.1 and 1.2. We fi
to be interesting remarks; furthermore, they should provide examples of weak Bessel processes, that is
(Zt ; t � 0) which are distributed as Bessel processes at any timet but not as processes. (Likewise, weak Brown
motions are constructed in [23]; see [40]).

(1) Thanks to Lévy’s identity (1.1), one deduces:(
S

|B|
t ; l0t (B) − |Bt |; t � 0

) law= (
sup
s�t

(SB
s − Bs),Bt ; t � 0

)
. (2.3)

In particular, the process(sup0<r<s<t (Br + Bt − Bs); t � 0) which appears in [34] is distributed as(Zt =
S

|B|
t + l0t (B) − |Bt |; t � 0), that is, as a consequence of the preceding result, like the two-dimensional BessR

(2)
t

at any fixed timet . Moreover, the greatest downfall beforet of a standard Brownian motion, i.e. sups�t (S
B
s − Bs),

is distributed as1
2

∫ t

0
ds

R
(2)
s

. ChangingB in −B, we recognize the scoreξ0(t) of the Brownian motionB, which

appears as the limit in distribution of the local score of a sequence of i.i.d. random variables (the local sco
important tool for DNA sequence analysis, see [17]). This variable also appears for instance in the stud
simple random walk in random environment (see [26] where it is denotedW

	
t with W = −B).

(2) Here, we fixt > 0. (Bt − Bt−s)0�s�t is a Brownian motion, the identity (2.3) may be rewritten as:

(
sup
s�t

(Bs − inf
s�v�t

Bv),Bt

) law=
(

1

2

t∫
0

ds

R
(2)
s

,R
(2)
t − 1

2

t∫
0

ds

R
(2)
s

)
. (2.4)

(3) Thanks to the well-known Cameron–Martin relationship between Brownian motion and Brownian m
with drift, the result of Theorem 1.1 may be extended to some couples of diffusions, indexed by a parametec ∈ R.

On one hand, we consider the bang-bang diffusionY (c), with parameterc, which is defined as the solution o
(see [29], [1] and [28], Chapter VI.5):

Yt = Bt − c

t∫
0

sgn(Ys) ds.

We recall the extension of Lévy’s representation of reflected Brownian motion by Fitzsimmons [22], Gravers
and Shiryaev [25], Cherny and Shiryaev [13]:(|Y (c)

t |, L̃(c)
t ; t � 0

) law= (Ŝ
(c)
t − B̂

(c)
t , Ŝ

(c)
t ; t � 0), (2.5)

where, in order to avoid confusion with other processes, we have denoted:

B̂
(c)
t = Bt + ct, Ŝ

(c)
t = sup

s�t

(B̂(c)
s ),

andL̃(c) denotes the local time at 0 ofY (c). Of course, formula (2.5) immediately follows from Itô’s formula a
Skorokhod’s lemma.
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On the other hand, we introduce the 2-dimensional Bessel process,R(2,c) with “naïve” drift c (which plays some
important role in [49]), as the solution of:

Rt = Bt + ct + 1

2

t∫
0

ds

Rs

.

Then, Theorem 1.1 may be extended as follows:

Theorem 2.2.For everyc ∈ R andt > 0, the identity in law:

(S̃
(c)
t , S̃

(c)
t − ρ̃

(c)
t + L̃

(c)
t )

law=
(

1

2

t∫
0

ds

R
(2,c)
s

,R
(2,c)
t

)

holds, whereρ̃(c)
t denotes the absolute value of the bang-bang diffusionY (c), L̃(c) is the local time at0 of Y (c), and

R(2,c) is defined as above.

3. A trivariate law

3.1. The following theorem characterizes the law ofξ
(δ)
t

def= (S
(δ)
t ,Z

(δ)
t ,L

(δ)
t ). Note that, thanks to the scalin

property:ξ(δ)
t

law= √
tξ

(δ)
1 .

Theorem 3.1.For everyf ∈ C1,2,1(R3+,R), one has, with the notations introduced in the introduction:

E
[
f (ξ

(δ)
t )

] = f (0) + 1

2
E

[ t∫
0

∂2f

∂z2 (ξ (δ)
u ) du

]
+ E(δ)

[ t∫
0

(
∂f

∂s
+ (δ − 1)

∂f

∂z

)
(H̃u,Ru,Ru) dH̃u

]

+ (δ − 1)E(δ+1)

[ t∫
0

∂f

∂l
(H̃u, H̃u + Ru,Ru) dH̃u

]
. (3.1)

Proof. The proof of Theorem 3.1 relies upon:

– the combination of Itô’s formula together with the two following important lemmata, whose proof
postponed to the next Section 4;

– the fact thatZ(δ) = L(δ) whenS(δ) increases,Z(δ) = L(δ)+S(δ) whenL(δ) increases, andZ(δ) = β+(δ−1)S(δ)

according to (1.3). �
Lemma 3.2[8, Proposition 9].For every Borel positive functionf :R3+ → R+, we have, denotingZ(δ) def= S(δ) −
ρ(δ) + L(δ):

E

[ ∞∫
0

dS(δ)
s f (s, S(δ)

s ,L(δ)
s )

]
= E(δ)

[ ∞∫
0

dH̃sf (s, H̃s ,Rs)

]
. (3.2)
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Lemma 3.3.For every Borel positive functionf :R3+ → R+, we have:

E

[ ∞∫
0

dL(δ)
s f (s, S(δ)

s ,L(δ)
s )

]
= (δ − 1)E(δ+1)

[ ∞∫
0

dH̃sf (s, H̃s ,Rs)

]
. (3.3)

3.2. A proof of Theorem 1.2 now follows easily from Theorem 3.1. We takef (s, z) = φ(s)exp(−bz) with
φ ∈ C1(R+), and we define

F
(δ)
t (b) = E(δ)

[ t∫
0

(
φ′(H̃s) − (δ − 1)bφ(H̃s)

)
exp(−bRs) dH̃s

]
.

We note that both functionsΦ(δ)
t (b) = E[φ(S

(δ)
t )exp(−bZ

(δ)
t )] andΦ̃

(δ)
t (b) = E(δ)[φ(H̃t )exp(−bRt)] satisfy the

same following equation:

ψt(b) = φ(0) + b2

2

t∫
0

ψs(b)ds + F
(δ)
t (b). (3.4)

This is obtained, forΦ(δ)
t thanks to Theorem 3.1, and for̃Φ

(δ)
t thanks to Itô’s formula, since the Bessel proces

dimensionδ satisfies

dRt = dγt + (δ − 1) dH̃t ,

whereγ is a Brownian motion ([47], Chapter XI, Exercise 1.28, p. 451).
As a consequence of (3.4), we find:

ψt(b) = exp

(
b2

2
t

){
φ(0) +

t∫
0

exp

(
−b2s

2

)
ds

(
F (δ)

s (b)
)}

.

In particular:

Φ
(δ)
t (b) = Φ̃

(δ)
t (b),

thus proving Theorem 1.2.

Remark 3.4.A variant of the above arguments shows that the law ofξ
(δ)
1 is uniquely determined, via Eq. (3.1),

terms of the laws of(H̃1,R1,P(δ)) and(H̃1,R1,P(δ+1)), as asserted in Section 3.1 above.

4. Proofs and amplifications of Lemmata 3.2 and 3.3

The proofs rely upon some adequate extensions of the classical Ray–Knight theorems for Brownian loc
as well as on some time substitutions transforming squared Bessel processes into Bessel processes, and
Here are the details. Other references on Ray–Knight theorems are [15,16,21,27,35].

4.1. We first recall the basic Ray–Knight theorems, whichwe present here (this is more convenient for
present purpose) for the local timesof the reflecting Brownian motion(ρt = |Bt |; t � 0); we denote these loca
times as(lxt (ρ);x � 0, t � 0); they are jointly continuous, and satisfy the density of occupation formula:

t∫
f (ρs) ds =

∞∫
f (x)lxt (ρ) dx =

∞∫
f (x)

(
lxt (B) + l−x

t (B)
)
dx,
0 0 0
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d
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re,

cal
nsion

nd

], we
for every Borel functionf :R+ → R+.

(RK1) Leta > 0, andT ∗
a

def= inf{t;ρt = a}. Then, one has:{
la−x
T ∗

a
(ρ);0� x � a

} law= {
(R(2)

x )2;0� x � a
}
,

whereR(2) is a Bessel process of dimension 2 starting at 0.

(RK2) Let l > 0, andτl
def= inf{t; l0t (ρ) > l} = inf{t; l0t (B) > l

2}. Then,{lxτl
(ρ);x � 0} is distributed as a square

Bessel process of dimension 0 starting atl.

4.2. Here are the promised extensions of (RK1) and (RK2) to the local times ofρ(δ).

Theorem 4.1. Let δ > 1, and δ̂ = 2(δ − 1), and ρ(δ) denotes the process defined in(1.3). We denote by
(lxt (ρ(δ));x � 0, t � 0) its jointly continuous family of local times. Then:

(RK1)δ if T
(δ)
a

def= inf{t;ρ
(δ)
t = a}, the process{la−x

T
(δ)
a

(ρ(δ));0 � x � a} is distributed as the square of

δ̂-dimensional Bessel process starting from0;

(RK2)δ if τ
(δ)
l

def= inf{t; l0t (ρ
(δ)) > l}, then,{lx

τ
(δ)
l

(ρ(δ));x � 0} is distributed as the square of a Bessel proces

dimension2(2− δ), starting atl, and absorbed when it reaches0.

Proof. The proof is based on the representation of the process(ρ
(δ)
t )t�0, already explained in Section 2.2. He

we drop the subscriptµ to make notations clearer.
Denoting bylat (ρ(δ)) the local time ofρ(δ) at time t and levela, and byT−1(X) the first hitting time of−1

by X, we obtain:

T
(δ)
1 = inf{s;X−

α−
s

= 1} = A−
inf{s;X−

α
−
s

=1} = A−
T−1(X),

∀a > 0, la
T

(δ)
1

(ρ(δ)) = l−a
T−1(X)(X),

and
1

2
l
(δ)

T
(δ)
1

= L
(δ)

T
(δ)
1

= 1

2
l0T−1(X)(X).

Thanks to [30,41] (Corollary 2.2), [4] and [7] (Corollary 3.4.1ii) pages 15 and 16), we know that the lo
time process(la−1

T−1(X)(X);0 � a � 1) is distributed as a squared Bessel process starting at 0 and of dime
2
µ

= 2(δ − 1) = δ̂. This gives the first desired result.

With the same arguments, we havelx
τ

(δ)
l

(ρ(δ)) = l−x

τ
µ
l

(X) for everyx � 0, and Theorem 3.3 of [7] gives the seco

desired result. �
4.3. We now prove Lemma 3.3. In order to vary our arguments from the proof of Lemma 3.2 given in [8

shall present a general identity involving essentially the local times ofρ(δ), up toτ
(δ)
l .

Proposition 4.2.For every positive functionalΦ onC(R+,R+), one has:

E

[ ∞∫
dL(δ)

s Φ
(
lS

(δ)
s −x

s (ρ(δ));x � S(δ)
s

)] = (δ − 1)E(2δ)

[ ∞∫
dtΦ(R2

x;x � t)

]
. (4.1)
0 0
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l

ion

are
Proof. We first make the obvious time-change on the left-hand side of (4.1) which we denote byI . Thus, this term
takes the form (we drop the superscriptδ here):

2I =
[ ∞∫

0

dl Φ(l
Sτl

−x
τl ;x � Sτl )

]
=

∞∫
0

Q
(4−2δ)
l

[
Φ(VT0−x;x � T0)

]
dl

thanks to the second part of Theorem 4.1, and whereQd
l is the law of the square of ad-dimensional Besse

processV , starting atl, killed atT0 = inf{y;Vy = 0}.
Using D. Williams’ time reversal theorem (cf. [47], Chapter IX, exercise 1.23, p. 451), the previous express

is equal to

2I =
∞∫

0

Q
(2δ)
0

[
Φ(Vx;x � Λl)

]
dl

whereΛl = sup{s;Vs = l}. Using Fubini’s theorem, and the inverse{Js = infu�sVu; s � 0} of {Λl; l � 0}, we
obtain:

2I = Q
(2δ)
0

[ ∞∫
0

Φ(Vx;x � s) dJs

]
,

and from [52], Chapter XII, pp. 46–47 (see also [46,48]), we conclude

I = (δ − 1)Q
(2δ)
0

[ ∞∫
0

Φ(Vx;x � s) ds

]
. �

End of the proof of Lemma 3.3. From Proposition 4.2, we deduce:

E

[ ∞∫
0

dL(δ)
s f (s, S(δ)

s ,L(δ)
s )

]
= (δ − 1)E(2δ)

[ ∞∫
0

dl f

( l∫
0

R2
x dx, l,

1

2
R2

l

)]
.

Then we use the time-substitution [47, Chapter XI, Proposition 1.11, p. 416] (see also [5]) transforming the squ
of the 2δ-dimensional Bessel process(R2

x;x � 0) into a δ′-dimensional Bessel process with 2δ = 2(δ′ − 1), i.e.
δ′ = 1+ δ:

E

[ ∞∫
0

dL(δ)
s f (s, S(δ)

s ,L(δ)
s )

]
= (δ − 1)E(δ+1)

[ ∞∫
0

f (4s,Hs,2Rs) dHs

]

= (δ − 1)E(δ+1)

[ ∞∫
0

f (t, H̃t ,Rt ) dH̃t

]
by scaling. �

4.4. The following analogue of Proposition 4.2 is an immediate consequence of(RK1)δ (see Theorem 4.1
above).

Proposition 4.3.For every positive functionalΦ onC(R+,R+), one has:

E

[ ∞∫
0

dS(δ)
u Φ

(
lS

(δ)
u −x

u (ρ(δ));x � S(δ)
u

)] = (δ − 1)E2(δ−1)

[ ∞∫
0

ds Φ(R2
x;x � s)

]
. (4.2)
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v [32],
5. The law of the triplet ξ
(δ)
T = (S

(δ)
T ,Z

(δ)
T ,L

(δ)
T ), at an independent exponential timeT

5.1. We now explain, with the help of Theorem 3.1, how we deduce the law ofξ
(δ)
T , whereT is an independen

exponential time, which, by scaling, may be assumed to have parameter1
2.

Proposition 5.1.LetT an independent exponential time of parameter1
2. Then, for every positiveα, β andγ , one

has:

(1− β2)E
[
exp

(−αS
(δ)
T − βρ

(δ)
T − γL

(δ)
T

)]
= 1− α + (2− δ)β

2
Eδ

[
1

RT

exp
(−(α + β)H̃T − γRT

)] − (δ − 1)
β + γ

2
Eδ+1

[
1

RT

exp(−αH̃T − γRT )

]

= 1− B

(
1

2
,
δ − 1

2

)
α + (2− δ)β

2
E

[
exp

(
−α + β

2
Aδ−1 − γBδ−1

)]

− (δ − 1)B

(
1

2
,
δ

2

)
β + γ

2
E

[
exp

(
−α

2
Aδ − γBδ

)]
, (5.1)

where the pair(A2d,B2d) is distributed as(| ln Gd

G′
d

|, |Gd − G′
d |), Gd and G′

d being two independent gamm

variables of parameterd .

Proof. We prove the first equality in Proposition 5.1 applying Theorem 3.1 tof (s, z, l) = exp(−as − bz − cl). To
obtain the second equality, we use the following representation (see [43]):

E

[
exp

(
−λ

2
A2d − γB2d

)]
= �(d + 1

2)

�(d)�(1
2)

E2d+1
[

1

RT

exp(−λH̃T − γRT )

]
. � (5.2)

Remark 5.2.As a consequence of Theorem 1.2 and of the definition of(Aδ−1,Bδ−1), we obtain some identitie
between the gamma and beta variables which appear in these identities in law. We may show they are in
consequence of the following identity, in the particular casea = δ−1

2 :

Ga,a ∧ (1− Ga,a)
law=

1−
√

G 1
2 ,a

2
.

For more details about the pair(A2d,B2d), see [43].

In this section, we also note that the joint law of either side of (1.5) may be characterized explicitly as f
(see [43]):

Proposition 5.3.Let (U(δ),V (δ)) be a pair of random variables which follows the common law of either
of (1.5) for t = 1. Then for everyα � 0 andβ � 0, one has:

E
[
(U(δ))α(V (δ))β

] = �(δ + β)

2
α+β

2 �(1 + α+β
2 )�(δ − 1)

∞∫
0

zα (shz)β+1

(chz)δ+β
dz.

In particular, E[(V (δ))β ] = 2β/2�(
δ+β

2 )/�( δ
2).

Then, inverting the Laplace transform written in (5.1) with usual computations and the help of Lebede
we obtain the trivariate law of(S(δ)

, ρ
(δ)

,L
(δ)

) in the form presented in Theorem 1.3.
T T T
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5.2. Now, we shall discuss in detail a number of features of this trivariate law.

Theorem 5.4.The joint law of(S(δ)
T , ρ

(δ)
T ,L

(δ)
T ) may be described as follows:

(i)

P(S
(δ)
T ∈ ds,ρ

(δ)
T ∈ dx) = (δ − 1)10<x<s

chx

(chs)δ
ds dx, (5.3)

i.e. denoting byU andV two independent variables uniformly distributed on[0,1],(
1

ch(S(δ)
T )

,
sh(ρ(δ)

T )

sh(S(δ)
T )

)
law= (U

1
δ−1 ,V ). (5.4)

(ii)

P
[
L

(δ)
T coth(S(δ)

T ) ∈ dl/S
(δ)
T = s, ρ

(δ)
T = ρ

] = thρ

ths
P[Gδ−1 ∈ dl] +

(
1− thρ

ths

)
P[Gδ ∈ dl]. (5.5)

Thanks to the scaling property, we deduce [32]:

Corollary 5.5.

P[S(δ)
1 ∈ ds,ρ

(δ)
1 ∈ dx] = 2δ− 1

2
∑
k�0

(−1)k�(k + δ)√
π�(δ − 1)k!

{[
(2k + δ)s − x

]
e− [(2k+δ)s−x]2

2

+ [
(2k + δ)s + x

]
e− [(2k+δ)s+x]2

2
}
10<x<s dx ds. (5.6)

For convenience, we now present the three 1-dimensional marginals.

Corollary 5.6.

S
(δ)
T

law= Argch
(
1/U

1
δ−1 ]), (5.7)

i.e.

P(S
(δ)
T ∈ ds) = (δ − 1)

shs

(chs)δ
1s>0 ds.

L
(δ)
T

law= R
(δ−1)
T , (5.8)

ρ
(δ)
T

law= Argsh
(
V

√
e/Gδ−1

2

)
, (5.9)

whereV , e andGδ−1
2

are independent variables, that is

P(ρ
(δ)
T ∈ dx) = 2δ(δ − 1)

δ
e−δx(chx)2F1

(
δ,

δ

2
;1+ δ

2
;−e−2x

)
1x>0dx,

where2F1(a, b; c; z) denotes the hypergeometric function(see[32]).
Consequently, we obtain:

L
(δ)
1

law= R
(δ−1)
1

law=
√

2Gδ−1
2

, (5.10)

Z
(δ)
1

law= R
(δ)
1

law=
√

2G δ , (5.11)

2
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better
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if δ �= 2,

P[ρ(δ)
1 ∈ dx]

= 2δ− 1
2

�(δ − 2)
√

π

∑
k�0

(−1)k
(2k + δ − 1)�(k + δ − 1)

k!(2k + δ)(2k + δ − 2)
exp

(
− (2k + δ − 1)2x2

2

)
1x>0dx. (5.12)

P[S(δ)
1 ∈ ds]

= 2δ− 1
2√

π

∑
k�0

(−1)k
(2k + δ − 1)�(k + δ − 1)

k!�(δ − 1)
exp

(
− (2k + δ − 1)2s2

2

)
1s>0ds. (5.13)

5.3. In the caseδ = 2, we recover known results (see e.g. [6], p. 333), and we note that these resul
be deduced from the following four-variate law, which is obtained using, by now, classical excursion th
arguments.

We write ST = mT ∨ MT , wheremT = supu�gT
ρu, andMT = supgT �u�T ρu. Then the pairs(mT ,LT ) and

(MT ,ρT ) are independent. Furthermore:

Lemma 5.7.The joint laws of(mT ,LT ) and(MT ,ρT ) are given by:

(i) P(mT � u,LT ∈ dl) = e−l cothu1l>0,u>0 dl;
(ii) P(MT ∈ dy,ρT ∈ dx) = shx

(shy)2 dx dy10<x�y .

See also, e.g. [47], Chapter XII, Exercise 4.24, p. 510 (or [6]). From Lemma 5.7, we understand
formula (5.5) in this case:

Corollary 5.8. For any positive measurable functionf , we have:

E
[
f

(
LT coth(ST )

)
1mT <MT /ST ,ρT

] = th(ρT )

th(ST )
E
[
f (G1)

]
and

E
[
f

(
LT coth(ST )

)
1MT �mT

/ST ,ρT

] =
(

1− th(ρT )

th(ST )

)
E
[
f (G2)

]
.

Remark 5.9. Note in particular that the variableLT coth(ST ) and the set{mT < MT } are not conditionally
independent given the pair(ST ,ρT ).

5.4. Now, we explain how Corollary 5.8 extends to the general caseδ > 1, and yields a better understanding
formula (5.5). Let us introduce some notations:

g
(δ)
t = sup{s � t;ρ(δ)

s = 0}, m
(δ)
t = sup

s�g
(δ)
t

ρ(δ)
s , and M

(δ)
t = sup

g
(δ)
t �s�t

ρ(δ)
s ,

so thatS(δ)
t = max(m(δ)

t ,M
(δ)
t ).

Proposition 5.10.For any positive measurable functionf , we have:

E
[
f

(
L

(δ)
T coth(S(δ)

T )
)
1
m

(δ)
T <M

(δ)
T

/S
(δ)
T , ρ

(δ)
T

] = th(ρ
(δ)
T )

th(S
(δ)

)
E
[
f (Gδ−1)

]
(5.14)
T
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to

f (5.19),
and

E
[
f

(
L

(δ)
T coth(S(δ)

T )
)
1
M

(δ)
T �m

(δ)
T

/S
(δ)
T , ρ

(δ)
T

] =
(

1− th(ρ
(δ)
T )

th(S
(δ)
T )

)
E
[
f (Gδ)

]
. (5.15)

Let us notice first, that, in terms of perturbed Brownian motion (see Section 2.2), we have:

g
(δ)
t = A−,µ(g

µ

α
−,µ
t

), whereg
µ
t = sup{u � t;Xµ

u = 0},
and m

(δ)
t = µlgµ

α
−,µ
t

.

As {m(δ)
T < M

(δ)
T } = {m(δ)

T < S
(δ)
T } and {M(δ)

T � m
(δ)
T } = {S(δ)

T = m
(δ)
T }, it is equivalent, but more convenient,

study the quadruplet(S(δ)
T ,m

(δ)
T ,L

(δ)
T , ρ

(δ)
T ), so that we are led to expressE[F(S

(δ)
T )G(m

(δ)
T )f (L

(δ)
T )k(ρ

(δ)
T )], for

any 4-tuple(F,G,f, k) of positive measurable functions.

Proposition 5.11.Let F , G, f andk be four positive measurable functions. Then, using the relationδ = 1 + 1
µ

,
we have:

E
[
F(S

(δ)
T )G(m

(δ)
T )f (L

(δ)
T )k(ρ

(δ)
T )1

m
(δ)
T <S

(δ)
T

]

=
∫

R
2+

f (u)u1/µe−ucothzG(z)z2 dudz

2�( 1
µ
)(shz)2+1/µ

E

[ T1(X
µ)∫

0

F
[
z
(
1+ µl0x(B)

)]
k
[
z(1− Xµ

x )
]
e−z2x/2 dx

]
(5.16)

and

E
[
F(S

(δ)
T )G(m

(δ)
T )f (L

(δ)
T ) k(ρ

(δ)
T )1

m
(δ)
T =S

(δ)
T

]

=
∫

R
2+

f (u)u1/µe−ucothzG(z)F (z) dudz

�( 1
µ
)(shz)1+1/µ

z∫
0

k(x)
sh(z − x)

shz
dx. (5.17)

Now, Proposition 5.10 appears as an immediate consequence of Proposition 5.11 and of formula (5.5).
See Section A.1 for the proof of Proposition 5.11.

5.5. We now present some explicit computationswhich we deduce from our preceding results.

Proposition 5.12.The law of the4-tuple(S
(δ)
T ,m

(δ)
T ,L

(δ)
T , ρ

(δ)
T ) is given by:

the variableL(δ)
T coth(m(δ)

T ) is independent from the triplet(m(δ)
T , S

(δ)
T , ρ

(δ)
T ), and

L
(δ)
T coth(m(δ)

T )
law= Gδ, (5.18)

P[m(δ)
T < S

(δ)
T ;S

(δ)
T ∈ dt,m

(δ)
T ∈ ds,ρ

(δ)
T ∈ dx] = (δ − 1)2(shs)δ−2

(chs)δ(sht)δ
shx10<x<t10<s<t ds dt dx (5.19)

and,

P[m(δ)
T = S

(δ)
T ;m

(δ)
T ∈ ds,ρ

(δ)
T ∈ dx] = (δ − 1)sh(s − x)

shs(chs)δ
10<x<s dx ds. (5.20)

Identities (5.18) and (5.20) are immediate consequences of formulae (5.16) and (5.17). For the proof o
see Appendix (A.2).
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In fact this last result may be (partially) obtained using Lemma 4.5 of [7], and following the method we d
in this paper.

Remark 5.13.We may write, thanks to (5.14):

E
[
F(S

(δ)
T )f (L

(δ)
T ) k(ρ

(δ)
T )1

m
(δ)
T <S

(δ)
T

] = E

[
F(S

(δ)
T )f

(
Gδ−1 th(S

(δ)
T )

)
k(ρ

(δ)
T )

th(ρ
(δ)
T )

th(S
(δ)
T )

]
. (5.21)

Then, we can compute the right-hand side thanks to the form of the density (1.6) given in Theorem 1.3,
left-hand side thanks to formula (5.16), jointly with the scaling property of perturbed Brownian motion. S
may obtain interesting formulae which relate|B1|, X

µ
1 andS

µ
1 (see also remark (A.5)).
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Appendix A

A.1. Proof of Proposition 5.11

From now on, we fix positive measurable functionsF , G, f andk.

Lemma A.1. Define A
F,k
t = ∫ t

0 F [µl0s (B)]k[Xµ/−
s ]e−s/21X

µ
s <0 ds, and θt = (A

F,k
t , t, |Bt |, l0t (B)). Let τ

µ
u =

inf{s; l
µ
s > u} be the right continuous inverse oflµ = l0(Xµ), the local time at0 of the perturbed Brownian motio

Xµ. Then(θt ; t � 0) and(θτ
µ
u
;u � 0) are Markov processes.

Lemma A.2.For anyyi = (ai, si , ui, vi), i ∈ {1,2}, defineHy1(y2) = H(y1, y2) = (a2 − a1) e
1
2s1. Then:

[
F(S

(δ)
T )G(m

(δ)
T ) f (L

(δ)
T ) k(ρ

(δ)
T )

] = E

[ ∞∫
0

ψ
(
u, |Bτ

µ
u
|,A−,µ

τ
µ
u

)
LHθ

τ
µ
u
(θτ

µ
u
) du

]
, (A.1)

whereL is the generator of the Markov process(θτ
µ
u
;u � 0) andψ(u,b, a) = 1

2f (u
2)G(b)e−a/2.

Proof. First, we recalllµ = l0(Xµ) andl = l0(B) are the local times respectively ofXµ andB at level 0.

E
[
F(S

(δ)
T )G(m

(δ)
T )f (L

(δ)
T ) k(ρ

(δ)
T )

]
= 1

2
E

[ ∞∫
0

e−t/2F(µl
α

−,µ
t

)G
(
µlgµ

α
−,µ
t

)
f

(
1

2
l
µ

α
−,µ
t

)
k
(
X

µ/−
α

−,µ
t

)
dt

]

= 1

2
E

[ ∞∫
0

exp

(
−1

2
A−,µ

s

)
F(µls)G(µlgµ

s
)f

(
1

2
lµs

)
k(X

µ/−
s )1X

µ
s <0 ds

]

from the change of variablest = A
−,µ
s
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16)

2

= 1

2
E

[∑
u>0

τ
µ
u∫

τ
µ
u−

exp

(
−1

2
A−,µ

s

)
F(µls)G(µlgµ

s
)f

(
1

2
lµs

)
k(X

µ/−
s )1X

µ
s <0ds

]

= E

[∑
u>0

1

2
f

(
u

2

)
G(µlτµ

u−)
(
A

F,k

τ
µ
u

− A
F,k

τ
µ
u−

)]

= E

[∑
u>0

ψ
(
u,µlτµ

u−,A
−,µ

τ
µ
u−

)
H(θτ

µ
u−, θτ

µ
u
)1θ

τ
µ
u−

�=θ
τ
µ
u

]
.

The result follows, sinceµlτµ
u− = |Bτ

µ
u−|, (ψ(u,µlτµ

u− ,A
−,µ

τ
µ
u−

))u>0 is (Fτ
µ
u
)u>0-predictable, and(θτ

µ
u
;u � 0) is a

Markov process, to which we apply the general compensation formula (see [33]).�
Since the components(a, s, u, v) of θτ

µ
t

are linked byu = µv, we only need, in order to deduce formulae (5.
and (5.17) from (A.1), to obtain the following (partial) explicit expression for the generatorL.

Lemma A.3.For y = (a, s, u, u
µ
), we have

LHy(y) = h(u),

where

h(u) = F(u)

{ ∞∫
0

e−yk(y) dy − u2

2 shu
E

[ T1(B)∫
0

k
[
u(1− Bx)

]
e−u2x/2dx

]}

+ u2

2 shu
E

[ T1(X
µ)∫

0

F
[
u
(
1+ µl0x(B)

)]
k
[
u(1− Xµ

x )
]
e−u2x/2dx

]
.

We assume Lemma A.3 for the moment. We recall the following consequence of the Ray–Knight Theorem 3.
of [7] about the perturbed Brownian motion:

(|Bτ
µ
1
|,A−,µ

τ
µ
1

) law=
(

T0,

T0∫
0

Vx dx;underQ2−2/µ

1

)
,

where(Vx;x � T0) is the square of a(2− 2/µ)-dimensional Bessel process, starting at 1, and considered untilT0,
the first time it reaches 0. Thus, by scaling:

(|Bτ
µ
t
|,A−,µ

τ
µ
t

) law=
(

tT0, t
2

T0∫
0

Vx dx,underQ2−2/µ

1

)
.

Classical computations on squares of Bessel processes (see [42]) imply:

E
[
f

(
L

(δ)
T coth(S(δ)

T )
)
F(S

(δ)
T )k(ρ

(δ)
T )1

S
(δ)
T =m

(δ)
T

] = E
[
f (G1+1/µ)

] 1

µ

∞∫
0

F(z) dz

(chz)1+1/µ
{. . .} (A.2)

where

{. . .} =
∞∫

e−yk(y) dy − z2

2 shz

[ T1(B)∫
k
(
z(1− Bx)

)
e−z2x/2dx

]
.

0 0
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,

Comparing this formula, in the caseδ = 2 to the known results in Corollary 5.8 and Lemma 5.7, we deduce:

{. . .} =
z∫

0

k(x)
sh(z − x)

shz
dx. (A.3)

Then, reinjecting identity (A.3) in expression (A.2) jointly with the law of the pair(S
(δ)
T , ρ

(δ)
T ) given in Theorem 5.4

we obtain the identity (5.14). Identity (5.15) then follows from (5.14) and Theorem 5.4.

Proof of Lemma A.3. Let us notice first that, if(Pt )t�0 is the semi-group of the Markov process(θτ
µ
t
; t � 0), we

have, for anyt > 0:

∆t(y)
def= PtHy(y) − Hy(y)

t
= 1

t
Eu

[ τ
µ,u
t∫

0

F(u + µlw)k(u − Xµ
w)1X

µ
w<ue

−w/2 dw

]
, (A.4)

whereτ
µ,u
t is the inverse oflµ,u, the local time of the perturbed Brownian motionXµ at levelu, and whereEu

means that the Brownian motion which appears in the definition ofXµ starts atu.
We decompose the latter expectation in two terms corresponding with{T0(B) > τ

µ,u
t } or {T0(B) � τ

µ,u
t }; on the

latter set, we have:τµ,u
t = T0(B) + τ̂

µ,u

t−lu
T0(B)

, whereτ̂ µ,u is the inverse of the local time at levelu of aµ-process

X̂µ = B̂ − µl̂ built from a Brownian motionB̂ independent fromFT0. Then, noticing thatlµ,u
T0(B) = luT0(B):

∆t(y) = 1

t
Eu

[ T0(B)∧τ
µ,u
t∫

0

F(u)k(u − Bw)1Bw<ue−w/2dw

]

+ 1

t
Eu

[
1lu

T0(B)
�t e

− T0(B)

2

τ̂
µ,u

t−lu
T0(B)∫

0

F(u + µl̂w)k(u − X̂µ
w)1

X̂
µ
w<u

e−w/2dw

]
. (A.5)

The second term of the right hand side of Eq. (A.5) is equal to:

1

t

t∫
0

Pu

[
e− T0(B)

2 luT0(B) ∈ ds
]
E0

[ τ̂
µ,u
t−s∫

0

F(u + µl̂w)k(u − X̂µ
w)1

X̂
µ
w<u

e−w/2 dw

]

= 1

t

t∫
0

ds

2 shu
exp

(
− s

2
(1+ cothu)

)
E0

[ τ̂
µ,u
t−s∫

0

F(u + µl̂w)k(u − X̂µ
w)1

X̂
µ
w<u

e−w/2 dw

]
.

Since limε→0τ̂
µ,u
ε = Tu(X̂

µ), the first timeX̂µ reachesu, the above quantity converges, ast goes to 0, towards

1

2 shu
E0

[ Tu(X̂µ)∫
0

F(u + µl̂w)k(u − X̂µ
w)1

X̂
µ
w<u

e−w/2 dw

]

= u2

2 shu
E0

[ T1(X
µ)∫

0

F
[
u(1+ µlw)

]
k
[
u(1− Xµ

w)
]
1X

µ
w<1e

−wu2/2dw

]
(A.6)

by scaling.
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hen

te
By scaling again, the first term of the right member of (A.5) has the same limit as the following one, wt

tends to 0:

uF(u)
1

t
E1

[ T0(B)∧τ
µ,1
t∫

0

k
[
u(1− Bw)

]
1Bw<1e

−wu2/2 dw

]
def= uF(u)It (y).

As T0(B) ∧ τ
µ,1
t = T0(B) ∧ τ

(1)
t , whereτ (1) is the inverse of the local time, at level 1, of the Brownian motionB

starting at 1, we have:

It (y) = 1

t
E1

[ T0(B)∧τ
(1)
t∫

0

k[u(1− Bw)]1Bw<1e
−wu2/2dw

]

= 1

t
E0

[ T1(B)∧τt∫
0

k[uBw]1Bw>0e
−wu2/2 dw

]

= 1

t
E0

[ τt∫
0

k[uBw]1Bw>0e
−wu2/2 dw

]
− 1

t
E0

[
1τt>T1(B)

τt∫
T1(B)

k[uBw]1Bw>0e
−wu2/2 dw

]
. (A.7)

Thanks to excursion theory, the first term in (A.7) converges to1
u

∫ ∞
0 k(w)e−w dw. For the second one, we wri

τt = T1(B) + τ̂t−lT1(B)
and we proceed as before. This second term converges to

u

shu
E1

[ T0(B)∫
0

k(uBw)1Bw>0e
−u2w/2 dw

]
= u

shu
E0

[ T1(B)∫
0

k
[
u(1− Bw)

]
e−u2w/2 dw

]
. (A.8)

To conclude, we have obtained:

LHy(y) = lim
t→0

∆t(y)

= u2

2 shu
E0

[ T1(X
µ)∫

0

F
[
u(1+ µlw)

]
k
[
u(1− Xµ

w)
]
1X

µ
w<1e

−wu2/2dw

]

+ F(u)

[ ∞∫
0

k(w)e−w dw − u2

shu
E0

[ T1(B)∫
0

k
[
u(1− Bw)

]
e−u2w/2 dw

]]
. � (A.9)

A.2. Sketch of the proof of identity(5.19)

We first recall (see [9]) that if, forα < 1 andβ < 1, the(α,β)-doubly perturbed Brownian motionYα,β is the
unique solution of (with obvious notations):

Y
α,β
t = Bt + αS

α,β
t − βI

α,β
t ,

we have, denoting byTν an independent exponential time of parameterν2
(ν > 0): ∀a ∈ R, ∀b > 0, ∀c > 0,
2
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,

just
(9.3.4),

we

,47]
E
[
exp(iaY

α,β
Tν

− bS
α,β
Tν

− cI
α,β
Tν

)
] = ν2

∞∫
0

s exp

(
−ν2s2

2

)
E
[
exp

(
s(iaY

α,β

1 − bS
α,β

1 − cI
α,β

1 )
)]

ds

= ν2

ν2 + a2

{
1+ Fν(α,β, a, b, c) + Fν(β,α,−a, c, b)

}
, (A.10)

with

Fν(α,β, a, b, c) = (iaα − b)B(
β
2 + c

2ν
;2− α − β)

(b − ia + ν(1− α))B(1 − β; β
2 + c

2ν
)

.3F2

(
1− α,

b − ia

2ν
+ 1− α

2
,
β

2
+ c

2ν
; b − ia

2ν
+ 3− α

2
,2− α − β

2
+ c

2ν
;1

)
,

where3F2(a1, a2, a3;b1, b2; z) are hypergeometric functions (see [32]). Letα > 0,β > 0,λ ∈ R. Thanks to (5.16)
we have, always with the same scaling arguments (δ = 1+ 1

µ
):

E
[
1
m

(δ)
T <S

(δ)
T

sh(m(δ)
T )

(
ch(m(δ)

T )
)δ

e−β(S
(δ)
T −m

(δ)
T )e−αm

(δ)
T eiλρ

(δ)
T

]
= E

[ ∫
R

2+

dzdx

2µ
z2e−αz1√

xS
µ
1 <1e

iλz(1−√
xX

µ
1 )e−βz

√
xµl1e−xz2/2

]

=
∞∫

0

s ds

(α − iλ)µ
e−s2/2E[e−iλsX

µ
1 e−(α−iλ)sS

µ
1 e−βsµl1]

=
∞∫

0

s ds

(α − iλ)µ
e−s2/2E[e−iλsX

µ
1 e−(α−iλ)sS

µ
1 e−βsI

µ
1 ], (A.11)

whereI
µ
t = sups�t (−X

µ
s ). As Xµ = Y 0,1−1/µ (see (1.2) or [9]), we can use (A.10). The rest of the proof is

technical computations on special functionals made with the help of Lebedev [32], more precisely, formula
p. 244, formulae 5.11(1) and 5.11(5) p. 261, and exercise 4, p. 277.

We then obtain:

E
[
1
m

(δ)
T <S

(δ)
T

sh(m(δ)
T )

(
ch(m(δ)

T )
)δ

e−β(S
(δ)
T −m

(δ)
T )e−αm

(δ)
T eiλρ

(δ)
T

]
=

∫
R

3+

2e−βte−αseiλx

µ2(1− e−2(s+t ))
1+ 1

µ

shxe−(s+t )e
− t

µ (1− e−2s)
1
µ 1x<s+t ds dt dx. (A.12)

Remark A.4. In particular, combining (A.11) (withν = 1) and (A.12), thanks to some integrations by parts,
prove Proposition 1.5.

Remark A.5. In the particular caseµ = 1, we recover from Proposition 1.5 the following results (see [12
and [53]):

(i)

P[ST � x, IT � y,BT ∈ da]
= 1

(
e−|a| − shy

e−|a−x| − shx
e−|a+y|

)
da, −y � a � x,
2 sh(x + y) sh(x + y)
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bab.
(ii)

P[ST − BT � u, IT + BT � v] = P[ST � u, IT � v] = 1− shu + shv

sh(u + v)
.

As an application, one can prove that the distribution function of the ratioS1
S1+I1

law= S1−B1
S1+I1

admits both the
continuous integral and discrete representations (see [14] and [44]):

P

[
S1

S1 + I1
� a

]
= 1− a

2

+∞∫
0

sh(ax)

(ch x
2)2

dx (0 < a < 1)

= (1− a)

{
2a

∑
n�1

(−1)n−1

n + a
+ πa

sin(πa)
− 1

}

= 2a(1− a)
∑
n�1

(−1)n−1n

n2 − a2
.

In the general case, one can prove from (1.8) that:

P

[
1

(S
µ
1 + I

µ
1 )2

,
S

µ
1

S
µ
1 + I

µ
1

∈ ds

]
= s

1
µ

−1

2µ

(
s + 1− s

µ

)
10<s<1ds

= 1

2
10<s<1ds whenµ = 1.

Table A.1
Notations for some processes considered in this paper

Xµ µ-perturbed Brownian motion orµ-process
(see Section 1.1)

ρ
(δ)
t (2− δ)-perturbed reflected Brownian motion

(see Eq. (1.3))

ρt = ρ
(2)
t reflected Brownian motion

(see Theorem 1.1 and Section 5.3)
Y (c) bang-bang diffusion with parameterc

(see Section 2.3, Example 3)
ρ̃(c) absolute value of the bang-bang diffusion

(see Section 2.3, Example 3)
B̂(c) Brownian motion with driftc

(see Section 2.3, Example 3)
R(2,c) 2-dimensional Bessel process with “naïve” driftc

(see Section 2.3, Example 3)
Yα,β (α,β)-doubly perturbed Brownian motion

(see Section A.2)
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