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Abstract

In self-similar fragmentations with a negative index, fragments split even faster as their mass is smaller, so
fragmentation runs away and some mass is reduced to dust. Our purpose is to investigate the regularity of this for
dust. LetM(t) denote the mass of dust at timet . We give some sufficient and some necessary conditions for the measudM

to be absolutely continuous. In case of absolute continuity, we obtain an approximation of the density by functions
fragments. We also study the Hausdorff dimension ofdM and of its support, as well as the Hölder-continuity of the du
massM .
 2004 Elsevier SAS. All rights reserved.

Résumé

Dans les fragmentations auto-similaires d’indice négatif, les fragments se brisent d’autant plus vite que leur masse
de telle sorte que la fragmentation s’emballe et réduit de la masse à l’état de poussière. On s’intéresse ici à la régul
formation de la poussière. SoitM(t) la masse de la poussière au tempst . On donne des conditions suffisantes et des condit
nécessaires pour que la mesuredM soit absolument continue par rapport à la mesure de Lebesgue. Lorsque c’est le
approxime la densité par des fonctions dépendant des petits fragments. On étudie également la dimension de Haus
mesuredM et de son support, ainsi que la continuité Hölderienne de la masse de la poussièreM .
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

Fragmentation processes are random models for the evolution of an object that splits as time goes on. Th
models, together with their deterministic counterparts, have been widely studied by both mathematici
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physicists. We mention Aldous’ survey [1] of the literature on the subject and Les Houches proceedings
for physical view points.

The self-similar fragmentations processes we consider in this work are those studied by Bertoin in
Informally, a self-similar fragmentation is a process that enjoys both a fragmentation property and a
property. By fragmentation property, we mean that the fragments present at a timet will evolve independently
with break-up rates depending on their masses. The scaling property specifies these mass-dependent rates.
precisely, there is a real numberα, called index of self-similarity, such that the process starting from a fragm
with massm has the same distribution asm times the process starting from a fragment with mass 1, up to the
changet �→ tmα . The definition will be made rigorous in Section 2.

Our interest is more specifically in self-similar fragmentations with negative indices of self-similarity, in w
a loss of massoccurs (see e.g. [7]), corresponding to the appearance of dust – or microscopic fragments
total mass is non-zero. This phenomenon is a consequence of an intensive splitting that results from the scali
property: whenα < 0, small fragments split faster than large ones, so that the average speed of splitting in
as time goes on and the fragmentation runs away and produces some dust. Let us mention [15–17,19] fo
sions on the appearance of dust for some different classes of random fragmentations and for some det
fragmentation models.

The purpose of this paper is to study theregularity of this formation of dust. To be more precise, letM(t) be
the dust’s mass at timet , t � 0. It is a non-decreasing function that can be written asM(t) = ∫ t

0 dM(u) for some
non-negative measuredM. Our main point of interest is to investigate the existence of a Lebesgue dens
the mass measuredM. We are also concerned with questions such as the approximation of the density (w
exists) by functions depending on small fragments, the Hausdorff dimensions ofdM anddM ’s support whendM

is singular and the Hölder-continuity of the dust’s massM.
This study is motivated and illustrated by the “Brownian excursion fragmentation” example, introduced firs

[6] and that we now roughly present. Lete = (e(x),0� x � 1) be the normalized Brownian excursion (informal
e is a Brownian motion on the unit interval, conditioned bye(0) = e(1) = 0 ande(x) > 0 for 0 < x < 1) and
consider the family of random nested open sets of]0,1[

Fe(t) = {
x ∈ ]0,1[: e(x) > t

}
, t � 0.

This family corresponds to a fragmentation of the interval]0,1[ as time passes (actually, one may prove that it
self-similar fragmentation with indexα = −1/2 – see [6]). The interval components ofFe(t) are the “fragments”
present at timet with a positive mass (the mass of a fragment being the length of the corresponding interv
their total mass is equal to

∫ 1
0 1{e(u)>t} du. The dust’s massMe(t) is thus equal to

∫ 1
0 1{e(u)�t} du, which is positive

for all t > 0. According to the Brownian motion theory, there is a local time process(Le(t), t � 0) such that

Me(t) =
t∫

0

Le(s) ds for all t � 0, a.s.,

so that the mass measuredMe hasLe for Lebesgue density a.s. It is further known that this densityLe can be
approximated by functions of small interval components (i.e. fragments) as follows (see e.g. [22]): for evert � 0,

lim
ε→0

√
2π

ε
Me(t, ε)

a.s.= lim
ε→0

√
2πεNe(t, ε)

a.s.= Le(t),

whereMe(t, ε) denotes the total length of excursions intervals ofe abovet of length less or equal toε (that is,
in terms of fragments, the total mass of fragments present at timet having a mass in]0, ε]); andNe(t, ε) is the
number of excursions ofe abovet of length greater thenε (i.e. the number of fragments present at timet of mass
greater thanε). Another point we are interested in, as mentioned above, is the Hölder-continuity of the dust
Me . It is well-known that the local timeLe is bounded a.s.: the dust’s massMe is therefore Lipschitz a.s.
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Miermont [21] constructs similarly some fragmentations from the normalized excursions of some r
continuous processes possessing a local time, which gives some more examples of fragmentations with a
continuous mass measuredM.

Our goal is to see how these regularity results extend to general self-similar fragmentations with negative
The paper is organized as follows. In Section 2, self-similar fragmentations are introduced and their main pr
recalled. Section 3 concerns some preliminary results on the dust’s massM and on tagged fragments, a tagg
fragment being a fragment containing a point tagged at random, independently of the fragmentation. The evolut
of such fragments is well-known and is closely connected to the massM as we shall see later. Following one
several tagged fragments as time passes will then be a key tool in the study of regularity.

There are some self-similar fragmentations for which the mass measuredM does not have a Lebesgue dens
Section 4 presents some sufficient(respectively necessary) conditions fordM to be absolutely continuous. The
conditions are stated in terms of the index of self-similarityα and of a dislocation measure, introduced in Section 2
that, roughly, describes the distribution of sudden dislocations. For a largeclass of fragmentations the critical valu
is α = −1, in the sense that almost surelydM has a Lebesgue density if and only ifα > −1. The sufficient
conditions’ proofs are coarser than the necessary ones and rely on Fourier analysis.

For fragmentations with an absolutely continuous mass measuredM, the approximation of the density
discussed in Section 5. LetL(t) := dM(t)/dt . In most cases, we prove the existence of a finite determin
constantC such that for a.e.t , the functionsεαM(t, ε) andε1+αN(t, ε) converge a.s. toCL(t) asε → 0. As in
the Brownian excursion fragmentation,M(t, ε) denotes the total mass of fragments of mass in]0, ε] at timet and
N(t, ε) the number of fragments of mass greater thanε at timet .

Section 6 is devoted to the Hölder-continuity of the dust’s massM and, in cases wheredM is singular, to its
Hausdorff dimension and that of its support. The paper ends with Appendix A containing a technical pro
result stated in Section 3.

2. Background on self-similar fragmentations

Since for us the only distinguishing feature of a fragment is its mass, the fragmentation system is chara
at a given timet by the ranked sequences1 � s2 � · · · � 0 of masses of fragments present at that time. Star
from a single object with mass one, the appropriate space for our models is thenS↓, the state of non-increasin
non-negative sequences with total sum at most 1, i.e.

S↓ :=
{

s = (si )i∈N∗, s1 � s2 � · · · � 0:
∞∑
i=1

si � 1

}
,

endowed with the topology of pointwise convergence. The difference 1− ∑
i si may be thought as the mass

dust.

Definition. Let (X(t), t � 0) be a S↓-valued Markov process continuous in probability and denote byPr ,
0 < r � 1, the law ofX starting from(r,0, . . .).

(i) The processX is afragmentation processif for eacht0 � 0, conditionally onX(t0) = (s1, s2, . . .), the process
(X(t + t0), t � 0) has the same law as the process obtained, for eacht � 0, by ranking in the decreasing order t
components of sequencesX1(t), X2(t), . . . , where the r.v.Xi are independent with respective lawsPsi .

(ii) If further X enjoys thescaling property,which means that there exists a real numberα, called index of
self-similarity, such that the law of(X(t), t � 0) underPr is the same as that of(rX(trα), t � 0) underP1, then
X is a self-similar fragmentation processwith indexα. Whenα = 0, X is called ahomogeneousfragmentation
process.



414 B. Haas / Ann. I. H. Poincaré – PR 40 (2004) 411–438

ll

ays
ty
e

describes

self-

ion

he
n

tions by

n
same
We consider fragmentation processes starting fromX(0) = (1,0,0, . . .) and denote byXi(t), i � 1, the
components of the sequenceX(t), t � 0. LetF =(F(t), t � 0) be the natural filtration generated byX, completed
up toP -null sets. According to [3], the fragmentation property holds moreover forF -stopping times and we sha
refer to it as thestrong fragmentation property.

In [6], Bertoin shows that each self-similar fragmentation possesses a càdlàg version – which we may alw
consider – and that its distribution is entirely characterized by three parameters: the index of self-similariα, an
erosion coefficientc � 0 and adislocation measureν, which is a sigma-finite measure onS↓ that does not charg
(1,0, . . .) and such that∫

S↓

(1− s1) ν(ds) < ∞.

Roughly speaking, the erosion is a deterministic continuous phenomenon and the dislocation measure
the rates of sudden dislocations: a fragment with massx splits in fragments with massxs, s ∈ S↓, at rate
xαν(ds). Conversely, givenα, c, ν satisfying the requirements above, one can construct a corresponding
similar fragmentation.

For technical reasons, we may need to work with an intervalrepresentation of the fragmentation: by combinat
of results of [3] and [6], everyα-self-similar fragmentationX can be constructed from a family(F (t), t � 0) of
nested random open sets of]0,1[ so that, for everyt � 0, X(t) = (X1(t), . . .) is the ordered sequence of t
lengths of the interval components ofF(t). This processF possesses both theα-self-similarity and fragmentatio
properties (we refer to [6] for precise definitions) and is called aninterval representationof X. There is actually a
one-to-one correspondence between the laws ofS↓-valued and interval-valued self-similar fragmentations.

The advantage of this interval’s view point is the passage from homogeneous to self-similar fragmenta
appropriate time-changes: consider a homogeneous interval fragmentation(F 0(t), t � 0) and define byIx(t) the
interval component ofF 0(t) that containsx if x ∈ F 0(t) and setIx(t) := ∅ if x /∈ F 0(t), x in ]0,1[. Then introduce
the time-changed functions

T α
x (t) := inf

{
u � 0:

u∫
0

∣∣Ix(r)
∣∣−α

dr > t

}
, (1)

and consider the family of nested open sets of]0,1[ defined by

Fα(t) =
⋃

x∈]0,1[
Ix

(
T α

x (t)
)
, t � 0.

As proved in [6],Fα is anα-self-similar interval fragmentation and eachself-similar interval fragmentation ca
be constructed like this from a homogeneous one. This associated homogeneous fragmentation has the
dislocation measure and erosion coefficient as the self-similar fragmentation.

This interval setting is particularly appropriate to tag fragments at random asexplained in detail in the following
section.

3. Tagged fragments and dust’s mass

From now on, we shall focus on self-similar fragmentations such that

α < 0, c = 0, ν 	= 0 and ν

(∑
si < 1

)
= 0. (H)
i
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i si < 1) = 0 means that no mass is lost within sudden dislocations andc = 0 means there is no erosio
In terms of the fragmentationX, the dust’s mass at timet then writes

M(t) = 1−
∞∑
i=1

Xi(t). (2)

The indexα being negative, we know by Proposition 2 in [7], that with probability oneM is càdlàg, non-decreasin
and reaches 1 in finite time. It can then beviewed as the distribution function of some random probability measure
that we denote bydM:

M(t) =
t∫

0

dM(u), t � 0.

A useful tool to study this mass of dust is totag a fragment at random in the fragmentation. To do so, cons
F an interval representation ofX as recalled in the previous section andletU be a random variable uniforml
distributed on]0,1[ and independent ofF . At each timet , if U ∈ F(t), denote byλ(t) the length of the interva
component ofF(t) containingU . If U /∈ F(t), setλ(t) := 0. Bertoin, in [5] and [6], has determined the law of t
processλ:

λ
law= exp(−ξτ(.)) (3)

whereξ is a subordinator with Laplace exponentφ given for allq � 0 by

φ(q) =
∫
S↓

(
1−

∞∑
i=1

s
1+q
i

)
ν(ds), (4)

andτ is the time-change

τ (t) = inf

{
u � 0:

u∫
0

exp(αξr ) dr > t

}
, t � 0.

We refer to [4] for background onsubordinators and recall thatE[e−qξr ] = e−rφ(q) for r, q � 0. Remark that
formula (4) defines in fact a functionφ onR such thatφ(q) ∈ [0,∞[ for q � 0 andφ(q) ∈ [−∞,0[ for q < 0. Let
ρ be the largestq such thatφ(−q) > −∞. Sinceν integrates(1− s1), this definition is equivalent to

ρ = sup

{
q � 0:

∫
S↓

∞∑
i=2

s
1−q
i ν(ds) < ∞

}
. (5)

Here we use the convention 0−a = ∞ for a > 0. Hence, whenq > 1 the series
∑∞

i=2 s
1−q
i = ∞ for any sequence

in S↓ and consequentlyρ � 1. The Hölder-continuity of the dust’s massM, studied in Section 6.2, depends on t
coefficientρ.

The law of the first timeI at which the tagged fragment is reduced to dust, i.e.

I := inf{t � 0: λ(t) = 0},
can then be expressed as a function ofα andξ :

I
law=

∞∫
exp(αξr ) dr. (6)
0
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One first important example of the use of tagged fragments is that the dust’s massM then coincides with the
distribution function ofI conditional onX, that is, a.s.

M(t) = P(I � t | X), t � 0. (7)

Indeed,I � t if and only if U /∈ F(t) and the conditional probability of this event givenX is the total length of
]0,1[\F(t), i.e. 1− X1(t) − X2(t) − · · · = M(t). The point is that the law ofI has been extensively studied (s
e.g. [13,9]) and it will therefore give us some information onM.

The rest of the section concerns some preliminary results that will be needed in the sequel. Section 3
with some regularity properties ofI ’s distribution. The main results of Carmona et al. [13] are recalled and s
other properties developed. In Section 3.2, we tag several fragments independently and study their masses a
first time at which some tagged fragments are different. Section 3.3 is devoted to the first time at which all t
is reduced to dust.

3.1. On the regularity ofI ’s distribution

By (6), I has the same law as
∫∞

0 exp(αξr ) dr. Carmona, Petit and Yor studied in [13] these exponen
functionals. They showed (Proposition 3.1 iv, Proposition 3.3) thatI has entire moments of all positive orde
and that

µ := E[ξ1] = 1

|α|E[I−1]. (8)

Remark with (4), that

µ = E[ξ1] = φ′(0+) =
∫
S↓

( ∞∑
i=1

∣∣log(si )
∣∣si)ν(ds).

In the sequel, we will often assume thatµ < ∞, because of the following lemma:

Lemma 1. Suppose thatµ < ∞ and
∫
S↓(1 − s1)

βν(ds) < ∞ for someβ < 1. Then, there is an infinitel
differentiable functionk : ]0,∞[ → [0,∞[ such that

(i) P(I ∈ dx) = k(x) dx,
(ii) for all a � 0, the functionx �→ xak(x) is bounded on]0,∞[.

We point out that the existence of someβ < 1 such that
∫
S↓(1 − s1)

β ν(ds) < ∞ is not necessary to prove th
assertion (i).

Proof. (i) It is Proposition 2.1 of [13].
(ii) The point is to show that for alla � 0, the functionx �→ eaxk(ex) is bounded onR. To that end, we need th

following result of [13] (Proposition 2.1): the densityk is a solution of the equation

k(x) =
∞∫

x

π

(
1

|α| log

(
u

x

))
k(u) du, x > 0,

whereπ denotes the Lévy measure ofξ andπ(x) := π(]x,∞[), x > 0. This leads to

eaxk(ex) =
∞∫

−∞
1{u−x>0}π

(
(u − x)/|α|)ea(x−u)e(a+1)uk(eu) du

= (
1{·<0}π

(− · /|α|)ea· ∗ e(a+1)·k(e·)
)
(x), (9)
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where∗ denotes the convolution product. It is well-known (by Hölder inequality) that forp � 1 the convolution
product of a function ofLp(dx) with a function ofLp/(p−1)(dx) is bounded onR. So if we prove that the function
x �→ 1{x<0}π(−x/|α|)eax andx �→ e(a+1)xk(ex) respectively belong toLp(dx) andLp/(p−1)(dx) for somep � 1,
the proof will be ended.

Let us first show thatπ ∈ Lγ (dx) for all 1 < γ < 1/β such that
∫
S↓(1 − s1)

β ν(ds) < ∞ (suchβ exists by
assumption). To see this, note that

π(dx) = e−xν
(− log(s1) ∈ dx

)
on ]0, log2[

(see e.g. the remarks at the end of [5]), which gives
log2∫
0

xc π(dx) =
∫
S↓

1{s1>1/2}s1| logs1|c ν(ds), c ∈ R.

Then combine this with
∫∞

0 x π(dx) = φ′(0+) < ∞ (which is a consequence ofµ < ∞ and (4)) to get tha∫∞
0 (xβ ∨ x)π(dx) < ∞ for the β < 1 such that

∫
S↓(1 − s1)

β ν(ds) < ∞. Therefore, there existsC > 0 such
thatπ(x) � C(x−1 ∧ x−β) for x > 0. Thenπ , and a fortiorix �→ 1{x<0}π(−x/|α|)eax , belongs toLγ (dx) for all
1 < γ < 1/β .

It remains to prove that for alla � 0, the functionx �→ e(a+1)xk(ex) belongs toLγ/(γ−1)(dx) for some
γ ∈ ]1,1/β[. Fix such aγ and remark that it is sufficient to show that this function belongs toLγ n

(dx) for all
n ∈ N (becauseL1 ∩ Lγ n ⊂ Lγ/(γ−1) whenγ n � γ /(γ − 1) � 1). We prove this by induction onn. Forn = 0, this
is an immediate consequence of

∫∞
−∞ e(a+1)uk(eu) du = E[Ia], which is finite for alla � 0 by Proposition 3.3 o

[13]. For the next step, we need the following result: for allp,q � 1,

if f ∈ Lp(dx) ∩ L1(dx) and ifg ∈ Lq(dx), thenf ∗ g ∈ Lpq(dx),

which we first prove. By applying Hölder inequality twice, first to the measure|f (x − y)|dy and second to
|g(y)|q dy, we get

∣∣f ∗ g(x)
∣∣� ( ∞∫

−∞

∣∣g(y)
∣∣q ∣∣f (x − y)

∣∣dy

)1/q( ∞∫
−∞

∣∣f (x − y)
∣∣dy

)(q−1)/q

�
( ∞∫

−∞

∣∣g(y)
∣∣q ∣∣f (x − y)

∣∣p dy

)1/pq( ∞∫
−∞

∣∣g(y)
∣∣q dy

)(p−1)/pq( ∞∫
−∞

∣∣f (x − y)
∣∣dy

)(q−1)/q

.

The last two integrals do not depend onx and are finite. The first integral, seen as a function ofx, is integrable
by Fubini’s Theorem. So,f ∗ g ∈ Lpq(dx). Now we apply this result to functionsx �→ 1{x<0}π(−x/|α|)eax and
x �→ e(a+1)xk(ex), which belong respectively toLγ (dx) andL1(dx), and this shows with (9) thatx �→ eaxk(ex) ∈
Lγ (dx) for a � 0. Applying this recursively, we get that the functionx �→ eaxk(ex) ∈ Lγ n

(dx) for all a � 0 and
n ∈ N. �
3.2. Taggingn fragments independently

We consider the joint behavior ofn fragments tagged independently. More precisely, letU1, . . . ,Un be n

independent random variables, uniformly distributed on]0,1[ and independent of the fragmentation proce
and for i = 1, . . . , n and t � 0, let λi(t) be the length of the interval component ofF(t) containing the poin
Ui if Ui ∈ F(t) and setλi(t) := 0 if Ui /∈ F(t). The law of(λ1, λ2, . . . , λn) is exchangeable, but the proces
λ1, λ2, . . . , λn are not independent. They coincide on[0, Tn[, whereTn denotes the first time at which theUi ’s,
i = 1, . . . , n, do not all belong to the same fragment, that is

Tn := sup
{
t � 0: U1, . . . ,Un ∈ same interval component ofF(t)

}
.
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Note thatTn > 0 a.s., since, by independence of theUi ’s, P(Tn > t | λ1)
a.s.= λ1(t)

n−1 which tends to 1 ast → 0. At
time Tn, there areL distinct tagged fragments – for some randomL � 2 – which, according to the fragmentatio
and scaling properties, evolve independently and with a law depending on their masses. The aim of this subse
is to give some information on these masses.

Consider an integerl � 2. Conditionally onL = l, we may assume, by exchangeability, thatU1,U2, . . . ,Ul

belong all to different fragments at timeTn, so that the masses of thel distinct tagged fragments at timeTn are
λ1(Tn), λ2(Tn), . . . , λl(Tn). For eachl-tuple(n1, n2, . . . , nl) ∈ (N \ {0})l such thatn1 + n2 + · · · + nl = n, define
then byA(n1,...,nl ) the event

A(n1,...,nl ) :=
{

L = l and at timeTn, there arenk tagged points
in the fragment containingUk, 1 � k � l

}
.

The following lemma provides an integrability property of a function depending on the masses of tagged fra
at timeTn. It will be a key point in the study of regularity. More precisely, it will be used to prove the Hö
continuity of the dust’s massM (see Section 6) and, in the special case wheren = 2, to show the absolute continui
of the mass measuredM for some(α, ν)-fragmentations (see Section 4).

Lemma 2.For all a1, . . . , al in R, the following assertions are equivalent:

(i) E[∏l
k=1 λ

−ak

k (Tn)1{λ1(Tn)�λ2(Tn)�···�λl(Tn)}1{A(n1,n2,...,nl )
}] < ∞,

(ii)
∑l

k=1 ak < n − 1 and
∫
S↓
∑

i1<i2<···<il

∏l
k=1 s

nk−ak

ik
1{sik >0} ν(ds) < ∞.

The proof of this technical result is provided in Appendix A at the end of the paper.

3.3. First time at which all the mass is reduced to dust

The first time at which the mass is entirely reduced to dust, i.e.

T := inf
{
t � 0: X1(t) = 0

}
(10)

is almost surely finite (see [7]). The asymptotic behavior ofP(T > t) ast → ∞ is discussed in [17] and leads
to

Lemma 3.E[T ] < ∞ andP(T > t) < 1 for everyt > 0.

Proof. According to Section 5.3 in [17], there exist two positive finite constantsA andB such that

P(T > t) � Ae−Bt , for all t � 0. (11)

ThatE[T ] < ∞ is then immediate. To prove the second assertion, assume first that{
t > 0: P(T < t) = 0

} 	= ∅ (12)

and denote byt0 its largest element. Define thenu by (t0 − u)/t0 = 1/2|α|. Sinceu < t0, T � u a.s. Thus, applying
the fragmentation and scaling properties at timeu,

T = u + sup
1�i<∞

X
|α|
i (u)T (i),

where theT (i) are iid with the same law asT and independent ofF(u). In other words, if (12) holds, then for a
ε ∈ ]0, t0 − u[,∏

P
(
X

|α|
i (u)T (i) � t0 − u − ε |F(u)

)= P
(
T � t0 − ε |F(u)

) a.s.= 0. (13)

i
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To prove the statement, we therefore have to show that (13) is false. In that aim, suppose first that

P
(
X

|α|
1 (u)T (1) � t0 − u − ε |F(u)

) a.s.= 0 for all ε ∈ ]0, t0 − u[. (14)

By definition of t0 andu, this implies that a.s.(t0 − u)/X
|α|
1 (u) � t0 and thenX1(u) � 1/2. Using the connection

between homogeneous fragmentations and self-similar ones as explained in Section 2, we see that
to the existence of a homogeneous fragmentationXh with dislocation measureν such that a.s. for allt � 0,
Xh

1(t) � X1(t). In particular,Xh
1(u) � 1/2 a.s. From Proposition 12 in [3] and its proof, we know the existenc

a subordinatorσ with Laplace exponent given by (4) such thatXh
1 = exp(−σ) on [0, u]. We then haveσ(u) � ln2

a.s. However, it is well known that the jump process ofσ is a Poisson point process with intensity the Lévy meas
of σ and since here this Lévy measure is not trivial andu > 0, the r.v.σ(u) can not have a deterministic upp
bound. Thus (14) can not be true and for someε0 in ]0, t0 − u[, P(X

|α|
1 (u)T (1) � t0 − u − ε0 | F(u)) > 0 with a

positive probability. SinceP(X
|α|
i (u)T (i) � t0 − u − ε0 | F(u)) ↗ 1 asi ↗ ∞, this would imply, if (13) holds,

that the sum∑
i

(
1− P

(
X

|α|
i (u)T (i) � t0 − u − ε0 |F(u)

))
(15)

diverges on the event{P(X
|α|
1 (u)T (1) � t0 − u − ε0 | F(u)) > 0}, which has positive probability. Yet, this is n

possible: by (11),∑
i

P
(
X

|α|
i (u)T (i) > t0 − u − ε0 |F(u)

)
� A

∑
i

e−B(t0−u−ε0)X
α
i (u)1{Xi(u)>0}

� AC
∑

i

Xi(u) a.s.,

whereC := sup0�x<∞ x−1e−B(t0−u−ε0)x
α

< ∞. Since
∑

i Xi(t) � 1 a.s., sum (15) is then finite a.s. and co
sequently (13) is false.�

4. Regularity of the mass measuredM

This section is devoted to the study of existence or absence of a Lebesgue density for the mass measudM of
a fragmentationX with parametersα, c andν satisfying hypothesis (H). More precisely, we give some suffic
conditions onα andν for the existence of a density inL2(dt ⊗ dP) and some sufficient conditions for the meas
dM to be singular a.s. In the sequel, we will often assume1 that the constantµ introduced in (8) is finite, i.e.

µ =
∫
S↓

( ∞∑
i=1

∣∣log(si )
∣∣si)ν(ds) = 1

|α|E[I−1] < ∞ (A1)

and that∫
S↓

(1− s1)
β ν(ds) < ∞ for someβ < 1. (A2)

We recall thatI is a random variable that corresponds to the first time at which a tagged fragment vanishes
its distribution is given by (6). Here is our main result:

1 These assumptions (A1) and (A2) hold as soon asρ > 0 (ρ defined by (5)). However, it is easy to find some fragmentations for w
ρ = 0 and (A1) and (A2) hold nonetheless.
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Theorem 4.Suppose(A1).
(i) If (A2) holds,α > −1 and

∫
S↓
∑

i<j s1+α
i sj ν(ds) < ∞, then the measuredM is absolutely continuous a.

and its density belongs toL2(dt ⊗ dP).
(ii) If α � −1, thendM is singular a.s.

In (i), the criterion
∫
S↓
∑

i<j s1+α
i sj ν(ds) < ∞ is optimal in the sense that there are some fragmenta

satisfying assumptions (A1) and (A2) onν, with indexα > −1 and
∫
S↓
∑

i<j s1+α
i sj ν(ds) = ∞, and such tha

dM is not absolutely continuous with a density inL2(dt ⊗ dP). Some illustrating examples are given after
proof of Theorem 4(i).

In the special case whereν(sN+1 > 0) = 0 for some givenN � 2 (that is each dislocation gives rise to at m
N fragments), note that whenα > −1,∫

S↓

∑
i<j

s1+α
i sj ν(ds) �

∫
S↓

(N − 1)
∑

2�j�N

sj ν(ds) � (N − 1)

∫
S↓

(1− s1) ν(ds) < ∞. (16)

Both parts of Theorem 4 then complement each other and give the following result.

Corollary 5. Assume thatν(sN+1 > 0) = 0 for some integerN and that(A1) and(A2) hold. Then, with probability
one, the measuredM is absolutely continuous if and only ifα > −1. Whenα > −1, the density ofdM is in
L2(dt ⊗ dP) and whenα � −1, dM is singular a.s.

We now turn to the proofs. That of Theorem 4(i) uses Fourier analysis.

Proof of Theorem 4(i). Introduce the Fourier transform ofdM, i.e.

M̂(θ) =
∞∫

0

eiθ t dM(t), θ ∈ R. (17)

It is well-known that the measuredM is absolutely continuous with a densityL in L2(dt) if and only if the integral∫∞
−∞ |M̂(θ)|2 dθ is finite and then that

∫∞
−∞ |M̂(θ)|2 dθ = ∫∞

0 L2(t) dt . Consequently, taking the expected valu
dM is absolutely continuous with a density inL2(dt ⊗ dP) if and only if E[∫∞

−∞ |M̂(θ)|2 dθ ] is finite. To see
when the latter happens, let us first rewritêM in a more convenient way. We know, by (7), that the dust’s mass
be expressed a.s. asM(t) = P(I � t | X), t � 0, whereI corresponds to the first time at which a tagged fragm
vanishes. In others words,dM is the conditional law ofI givenX andM̂ can be written as

M̂(θ) = E
[
eiθI | X], θ ∈ R, a.s. (18)

Dealing with|M̂(θ)|2 suggests then to work with two fragments tagged independently. So, considerU1 andU2,
two independent random variables uniformly distributed on]0,1[ and independent ofX, and the correspondin
tagged fragments, as explained in Section 3.2. LetI1 (respectivelyI2) denote the first time at which the tagg
fragment containingU1 (respectivelyU2) vanishes. These random variables are not independent, however th
independent conditionally onX and then, by (18),

E
[|M̂(θ)|2]= E

[
E
[
eiθI1 | X]E[e−iθI2 | X]]= E

[
eiθ(I1−I2)

]
, θ ∈ R.

Recall the notations of Section 3.2:T2 is the first time at which the fragments containing the tagged pointsU1 and
U2 are different andλ1(T2) (respectivelyλ2(T2)) the mass of the fragment containingU1 (respectivelyU2) at that
time T2. An application of the scaling and strong fragmentation properties at this (randomized) stopping tT2
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leads to the existence of two independent random variablesĨ1 andĨ2, independent ofF(T2) and(λ1(T2), λ2(T2)),
and with the same distribution asI , such that

I1 = T2 + λ
|α|
1 (T2)Ĩ1 and I2 = T2 + λ

|α|
2 (T2)Ĩ2.

This yields to

E
[|M̂(θ)|2]= E

[
eiθ(λ

|α|
1 (T2)Ĩ1−λ

|α|
2 (T2)Ĩ2)

]
. (19)

Our goal is then to show that the characteristic function of the random variableλ
|α|
1 (T2)Ĩ1 − λ

|α|
2 (T2)Ĩ2 belongs to

L1(dθ).
To prove this, we use the following result (see [12], p. 20): if a functionf ∈ L1(dx), is bounded in a

neighborhood of 0 and has a non-negative Fourier transformf̂ , then f̂ ∈ L1(dx). We already know that th
characteristic function ofλ|α|

1 (T2)Ĩ1 − λ
|α|
2 (T2)Ĩ2 is non-negative, since it is equal toE[|M̂(θ)|2]. Next, recall

that Ĩ1, Ĩ2 and(λ1(T2), λ2(T2)) are independent and thatI has a bounded densityk, according to Lemma 1 an
assumptions (A1) and (A2). LetC be an upper bound ofk. Then, easy calculation shows that the random vari
λ

|α|
1 (T2)Ĩ1 − λ

|α|
2 (T2)Ĩ2 has a densityf given by

f (x) =
∞∫

x∨0

E
[
λα

1(T2)λ
α
2(T2)k

(
uλα

1(T2)
)
k
(
(u − x)λα

2(T2)
)]

du, x ∈ R (20)

which is bounded by

0� f (x) � C

∞∫
x∨0

E
[
λα

1(T2)λ
α
2(T2)k

(
(u − x)λα

2(T2)
)
1{λ1(T2)�λ2(T2)}

]
du

+ C

∞∫
x∨0

E
[
λα

1(T2)λ
α
2(T2)k

(
uλα

1(T2)
)
1{λ2(T2)�λ1(T2)}

]
du.

The first integral is bounded from above byE[λα
1(T2)1{λ1(T2)�λ2(T2)}] (recall that

∫∞
0 k(v) dv = 1) and the secon

one byE[λα
2(T2)1{λ2(T2)�λ1(T2)}]. These two expectations are equal. By applying Lemma 2 toa1 = |α| anda2 = 0,

we see that there are finite as soon asα > −1 and
∫
S↓
∑

i<j s1+α
i sj ν(ds) < ∞. Thereforef is bounded and th

functionθ ∈ R �→ f̂ (θ) = E[|M̂(θ)|2] belongs toL1(dθ). �
Some examples. Let us now give some examples of fragmentation processes with parametersα, ν satisfying
assumptions (A1), (A2), such thatα > −1 and

∫
S↓
∑

i<j s1+α
i sj ν(ds) = ∞, and such that the mass measuredM

does not have a density inL2(dt ⊗ dP). Specifically, fixα > −1 and consider the dislocation measure

ν(ds) =
∑
n�1

anδ(n−1,n−1,...,n−1︸ ︷︷ ︸
n times

,0,...
)(ds),

where(an)n�1 is a sequence of non-negative real numbers such that∑
n�1

an lnn < ∞ and
∑
n�1

ann
|α| = ∞.

The assumption
∑

n�1 an lnn < ∞ leads both to the integrability of
∑

i�1 | log(si )|si with respect toν and to the

finiteness of
∫
S↓(1 − s1)

β ν(ds) for β � 0. Hence both assumptions (A1) and (A2) are satisfied. The assum∑
n�1 ann

|α| = ∞ implies
∫

↓
∑

i<j s1+αsj ν(ds) = ∞ and this in turn will imply thatdM has no density in
S i
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L2(dt ⊗ dP). To see this, note that the measureν is constructed so that when a fragment splits, it splits intn

fragments with same masses for some 1� n < ∞. Combined with (19), this remarks leads to

E
[|M̂(θ)|2]= E

[
eiθλ

|α|
1 (T2)(Ĩ1−Ĩ2)

]= E
[∣∣ψI

(
θλ

|α|
1 (T2)

)∣∣2],
where ψI denotes the characteristic function ofI . This characteristic function is inL2(dx), since the
density k of the law of I is in L2(dx) (see Lemma 1). Hence

∫∞
−∞ E[|M̂(θ)|2]dθ is finite if and only if

E[λα
1(T2)] = E[λα

1(T2)1{λ1(T2)�λ2(T2)}] is finite. And according to Lemma 2, thislast expectation is infinite whe∫
S↓
∑

i<j s1+α
i sj ν(ds) = ∞, which is the case here. Therefore,

∫∞
−∞ E[|M̂(θ)|2]dθ is infinite anddM cannot be

absolutely continuous with a density inL2(dt ⊗ dP).
The proof of Theorem 4(ii) relies essentially on the following lemma:

Lemma 6. If α � −1, for a.e.t , the number of fragments with positive mass present at timet is finite a.s.

This has already been proved in the last section of [7] forα < −1 and extends toα � −1 as follows.

Proof. For fixed timet , by applying the fragmentation and scaling properties at that time, we see that w
rewrite the differencesM(t + ε) − M(t), ε > 0, as

M(t + ε) − M(t) =
∑

i

Xi(t)1{Xi(t)>0}M(i)
(
εXi(t)

α
)
, for all ε > 0, (21)

where the processesM(i) are mutually independent and independent ofF(t), and have the same law asM. Let
thenT (i), i � 1, denote the first time at which the dust’s massM(i) reaches 1 and remark that for alla > 0,

M(t + ε) − M(t) �
∑

i

Xi(t)1{0<Xi(t)|α|�ε/a}1{T (i)�a}, ε > 0. (22)

The Lebesgue differentiation theorem implies that a.s., for a.e.t , limε→0(M(t + ε) − M(t))/ε exists and is finite
By Fubini’s theorem, the order of “almost surely” and “for almost everyt” can be exchanged and therefore, for a
t , there exists a finite r.v.L(t) such that

M(t + ε) − M(t)

ε

a.s.→
ε→0

L(t). (23)

For such a timet , denote byEt the event

“the number of macroscopic fragments at timet is infinite”

and takeω in Et such that (23) holds. Given a positivea, we introduce the (random) sequenceεn = aXn(t)(ω).

Since|α| � 1 andεn > 0 for all n � 1, we deduce from (22) (ω being dropped from notations) that

L(t) � 1

a
lim sup

n→∞
1

Xn(t)

∑
i

Xi(t)1{0<Xi(t)�Xn(t)}1{T (i)�a} � 1

a
lim sup

n→∞
1{T (n)�a}.

By Lemma 3,P(T (1) � a) > 0 and then, since theT (n) are iid,

lim sup
n→∞

1{T (n)�a} = 1 a.s.

This holds for everya > 0. In other words, for a.e.ω ∈ Et , L(t)(ω) = ∞. ButL(t) < ∞ a.s, and soP(Et ) = 0. �
Proof of Theorem 4(ii). First, remark that since the first timeI at which a tagged fragment vanishes is suppo
to satisfyE[I−1] < ∞ and since, by (7),E[M(ε)] = P(I � ε) for ε > 0, we have

E[M(ε)]
ε

�
ε∫
x−1P(I ∈ dx) →

ε→0
0.
0
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Next, choose a timet such that the number of fragments with positive mass present at that time is a.s. fin
remark that the convergence to 0 above combined with formula (21) implies that

E

[
M(t + ε) − M(t)

ε
|F(t)

]
a.s.→

ε→0
0.

Therefore, by Fatou’s Lemma,

lim inf
n→0

n
(
M(t + 1/n) − M(t)

) a.s.= 0.

According to the previous lemma this holds for a.et � 0, and we conclude by Fubini’s Theorem that a.s., for
t � 0, lim infn→0 n(M(t + 1/n) − M(t)) = 0. By the Lebesgue differentiability theorem, this is equivalent to
a.s. singularity ofdM, which ends the proof. �

5. Approximation of the density

When the mass measuredM of some(α, ν)-fragmentationX (satisfying hypothesis (H)) possesses a Lebes
density, a question that naturally arises, is to know if, as in the Brownian excursion fragmentation discu
the Introduction, this density can be approximated by functions of small fragments. In most cases, the a
positive. To see this, introduce fort � 0 andε > 0

M(t, ε) :=
∑
i�1

Xi(t)1{0<Xi(t)�ε},

the total mass at timet of macroscopic fragments with mass at mostε, and

N(t, ε) :=
∑
i�1

1{Xi(t)>ε}

the number of fragments present at timet with mass greater thanε. We then have:

Theorem 7.Consider a dislocation measureν such that(A1) holds and suppose that
(a) the mass measuredM is absolutely continuous with a densityL in Lp(dx ⊗ dP) for somep > 1,
(b) the fragmentation is not geometric, i.e. there exists nor > 0 such that the mass of every fragment at ev

time t belongs to the set{e−kr : k ∈ N}.
Then, for a.e.t ,

εαM(t, ε)
a.s.→
ε→0

L(t)/|α|µ

and

ε1+αN(t, ε)
a.s.→

ε→0
L(t)

(
1− |α|)/|α|2µ.

The assumptions (a) and (b) are not so restrictive. First,recall that Theorem 4(i), Section 4, gives sufficie
conditions for the mass measure to have a density inL2(dx ⊗ dP). Next, concerning assumption (b), it is ea
to see that the fragmentation is not geometric as soon asν(S↓) = ∞. This is a consequence of Corollary 24.6
[23] and its proof (to see this, consider the subordinatorξ introduced in Section 3 and note that its Lévy meas
is finite if and only ifν is finite).



424 B. Haas / Ann. I. H. Poincaré – PR 40 (2004) 411–438

led

ged

of

od

l

To prove Theorem 7, we need the following lemma and theWiener–Pitt Tauberian Theorem, which is recal
just after the proof of the lemma.

Lemma 8. Let I be a r.v. independent ofX, with the same distribution as the first time of vanishing of a tag
fragment(given by(6)). If the mass measuredM is absolutely continuous with a densityL in Lp(dx ⊗ dP) for
somep > 1, then for a.e.t ,

lim
ε→0

εαE
[
M
(
t, εI−1/|α|) | X] a.s.= L(t). (24)

Proof. As in the proof of Lemma 6, we rewrite the differenceM(t + ε) − M(t), as

M(t + ε) − M(t) =
∑

i

Xi(t)1{Xi(t)>0}
(
M(i)(εXi(t)

α)
)
, for all ε > 0, (25)

where the processesM(i) are independent copies ofM and independent ofF(t). If I denotes a r.v. independent
X and with the same distribution as (6), we get from (7) thatE[M(s)] = P(I � s), for s � 0, and then that

E
[
M(i)

(
εXi(t)

α
) |F(t)

] a.s.= P
(
I � εXi(t)

α |F(t)
) a.s.= P

(
I � εXi(t)

α | X), i � 1.

Hence, almost surely,

E
[
M(t + ε) − M(t) |F(t)

]=
∑

i

Xi(t)1{Xi(t)>0}P
(
I � εXi(t)

α | X)
= E

[∑
i

Xi(t)1{0<Xi(t)|α|�εI−1} | X
]

= E
[
M
(
t, ε1/|α|I−1/|α|) | X]. (26)

For a.e.t , (M(t + ε) − M(t))/ε converges toL(t) asε → 0, L being the density ofdM. Since this density is
supposed to belong toLp(dx ⊗ dP) for somep > 1, we may apply the maximal inequality of Hardy–Littlewo
(see e.g. [24], p. 5), which yields

∞∫
0

sup
ε>0

(
M(t) − M(t + ε)

ε

)p

dt � C

∞∫
0

Lp(t) dt

for some deterministic constantC. Then, for a.e.t , the r.v. supε>0(M(t + ε) − M(t))/ε has a moment of orderp
and the dominated convergence theorem can be applied in the left-hand side of (26). Therefore, for a.e.t ,

lim
ε→0

εαE
[
M
(
t, εI−1/|α|) | X] a.s.= E

[
L(t) |F(t)

] a.s.= L(t),

sinceL(t) is F(t)-measurable,F being a right-continuous filtration. This right-continuity ofF is a classica
consequence of the Feller property ofX (proved in [6]). �

The following Wiener–Pitt Tauberian Theorem is proved in [11], on p. 227. We recall that a functiong with
values inR is said to be slowly decreasing if

lim lim inf
x→∞ inf

(
g(lx) − g(x)

)
� 0.
λ↘1 l∈[1,λ]
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Hence a slowly decreasing function is a function whose decrease, if any, is slow. As example, an increasing
is slowly decreasing.

Theorem 9 (Wiener–Pitt).Considerf,g : (0,∞) → R and let f̌ (z) := ∫∞
0 tzf (1/t) dt/t for z ∈ C such that

the integral converges. If̌f (z) exists and is non-zero for Rez = 0 and if g is bounded, measurable and slow
decreasing, then

∞∫
0

f (x/t)g(t) dt/t →
x→∞cf̌ (0)

implies

g(x) →
x→∞c.

By definition, a functiong is slowly increasing if(−g) is slowly decreasing. The Wiener–Pitt Theorem th
remains valid for slowly increasing functionsg.

Proof of Theorem 7. Let us start with the convergence ofεaM(t, ε) as ε → 0. In that aim, considerI a r.v.
independent ofX and with the same distribution as the first time of vanishing of a tagged fragment and fixt � 0
such that (24) holds. Then set

f (x) := k(1/x), x ∈ (0,∞) (k is the density ofI)

and

g(x) := xM
(
t, x−1/|α|), x ∈ (0,∞)

(g is a random function). The convergence (24) is equivalent to

∞∫
0

f (x/u)g(u) du/u
a.s.→

x→∞L(t),

so that, provided that the Wiener–Pitt Theorem applies,

g(x)
a.s.→

x→∞L(t)/f̌ (0).

This is equivalent toεαM(t, ε)
a.s.→
ε→0

L(t)/|α|µ, sincef̌ (0) = ∫∞
0 k(t) dt/t = E[I−1] = |α|µ (by (8)). Thus, we

just have to check thatf andg satisfy the assumptions of the Wiener–Pitt Theorem.
Consider firstf . For everyx in R, f̌ (ix) = E[I ix−1] exists sinceE[I−1] is finite. We would like to show

thatE[I ix−1] is non-zero for allx ∈ R. Whenx = 0, E[I−1] > 0 sinceI is a positive random variable. Now fo
x 	= 0, consider the subordinatorξ introduced in Section 3.2and related to the law ofI by (6). As a consequenc
of assumption (b), the Lévy measureπα of the subordinator|α|ξ is not supported by a setrN, for somer > 0, so
that the characteristic exponentψ(x) = ∫∞

0 (1 − eixu)πα(du) of this subordinator is non-zero whenx 	= 0. Then,
following the proof of Proposition 3 in [13], we get thatE[I ix−1] = E[I ix ]ψ(x)/ix for x 	= 0. Thus we just have
to prove thatE[I ix ] is non-zero. We know [9] that there exists a random variableR, independent ofI , such that

IR
law= e wheree denotes the exponential r.v. with parameter 1. Therefore,

E[I ix]E[Rix ] =
∞∫

t ixe−t dt.
0
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This last integral is equal to�(1 + ix), � being the analytic continuation of the Gamma function, and it is w
known (see e.g. [2]) that�(z) 	= 0 for all z in the complex plane. ThusE[I ix] is non-zero.

Now consider the functiong. Sincex �→ M(t, x) is non-decreasing,g is bounded from above by

xE
[
M
(
t, x−1/|α|I−1/|α|)1{I�1} | X]/P (I � 1),

which is a.s. bounded onR∗+ (by (24) and sinceP(I � 1) � P(T � 1) > 0 by Lemma 3). The function
x �→ M(t, x) is a limit of step functions, thus it is measurable andg is measurable. It remains to show thag
is slowly increasing, that is

lim
λ↘1

lim inf
x→∞ inf

l∈[1,λ]
(
g(x) − g(lx)

)
� 0.

We have that

g(x) − g(lx) = x(1− l)M
(
t, x−1/|α|)+ lx

(
M
(
t, x−1/|α|)− M

(
t, (lx)−1/|α|)).

For all l � 1, the second term in the right-hand side of this identity is non-negative, which leads to

inf
l∈[1,λ]

(
g(x) − g(lx)

)
� (1− λ)g(x).

Now, sinceg is a.s. bounded, there exists a positive random constantC such that a.s.

lim inf
x→∞ inf

l∈[1,λ]
(
g(x) − g(lx)

)
� C(1− λ),

and finally,

lim
λ↘1

lim inf
x→∞ inf

l∈[1,λ]
(
g(x) − g(lx)

)
� 0.

The Wiener–Pitt Theorem therefore applies tof andg and the convergence ofεαM(t, ε) to L(t)/|α|µ asε → 0
is proved.

The last point to show, is the a.s. convergence ofε1+αN(t, ε) to L(t)(1− |α|)/|α|2µ asε → 0. Bertoin’s proof,
p. 4. in [8], which relies on Abelian–Tauberian theorems, adapts easily here to give

N(t, ε) ∼
ε→0

(
1− |α|

|α|
)

M(t, ε)

ε
. (27)

The asymptotic behavior ofN(t, ε) asε → 0 can then be deduced from that ofM(t, ε). �
Some remarks on small fragments behavior.Theorem 7 shows that for most of fragmentations with an inde
self-similarity in]−1,0[, the small fragments functionsεαM(t, ε) andε1+αN(t, ε) converge, for a.e. fixed timet ,
to non-degenerate limits asε → 0. Moreover, for negative-index fragmentations that are not taken into acco
Theorem 7, one can see2 that for a.e.t � 0, εαM(t, ε) andε1+αN(t, ε) are anyway bounded a.s. Whenα � −1,

2 With the notations of the proof of Lemma 6 and using (22) and (23), one gets that for a.e.t ,

sup
ε>0

1

ε

∑
i

Xi (t)1{0<Xi (t)
|α|�ε/a}1{T (i)�a} is a.s. finite for alla > 0.

Consider thena1/2 such thatP (T (1)�a1/2) � 1/2. Since the r.v.T (i) are iid and independent ofF(t),

P

(
sup
ε>0

1

ε

∑
i

Xi (t)1{0<Xi (t)
|α|�ε}1{T (i)>a1/2} < ∞

)
� P

(
sup
ε>0

1

ε

∑
i

Xi (t)1{0<Xi (t)
|α|�ε}1{T (i)�a1/2} < ∞

)
= 1.

By taking the sum, we see thatεαM(t, ε) is a.s. bounded fort such that (23) holds and so doesε1+αN(t, ε) in view of equivalence (27).
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we more precisely have thatM(t, ε) = 0 andN(t, ε) is constant forε small enough, almost surely and for almo
everyt (it is Lemma 6).

This completes in some way the discussion on the asymptotic behavior ofM(t, ε) and N(t, ε) as ε → 0
undertaken by Bertoin in [8] for fragmentations with a positive index of self-similarity. The investigating me
(and the results) are completely different according whether the index of self-similarity is positive or negative. Th
positive case relies on a martingale approach (that cannot be shifted to the negative case) and gives, wit
assumptions onν, that

M(t, ε)
a.s.∼
ε→0

C(t,ω)f (ε) and N(t, ε)
a.s.∼

ε→0
C(t,ω)Cf (ε)/ε

for some constantsC(t,ω), C and wheref (ε) = ∫
S↓
∑

i si1{si<ε} ν(ds). Note that this function depends onν but
not onα, whereas in the negative case the convergence rate depends only onα.

Another remark whenα < 0 and (A1) holds is that the measuredM is singular if and only ifεαM(t, ε)
a.s.→ 0 for

a.et . To see this, combine Eqs. (22) and (26).

6. Hausdorff dimension and Hölder-continuity

When the measuredM is singular, it may be interesting to estimate the “size” of the support ofdM (denoted
here by supp(dM)), which is the smallest closed setC of R+ such thatdM(R+\C) = 0. An appropriate concep
is then that ofHausdorff dimension:

dimH(E) := inf{γ > 0: mγ (E) = 0}, E ⊂ R+, (28)

where

mγ (E) := sup
ε>0

inf
∑

i

|Bi |γ , (29)

the infimum being taken over all collections of intervals with length|Bi | < ε, whose union coversE.
For background on the subject, see e.g. [14]. In Section 6.1, we give some lower and upper bou
dimH(supp(dM)) and dimH (dM), the latter being defined as

dimH(dM) := inf
{
dimH(E): dM(E) = 1

}
.

That dimH (dM) � dimH(supp(dM)) holds anyway and we show below that whenν(S↓) = ∞ andα < −1, these
dimensions are different.

It is well known, since the dust’s massM is the distribution function ofdM, that the Hausdorff dimension ofdM

is connected to the Hölder-continuity ofM, in the sense that dimH (dM) � γ as soon asM is Hölder-continuous
of orderγ . Section 6.2 is devoted to this Hölder-continuity of the mass.

For the sequel, we recall thatρ is defined as

ρ = sup

{
q:

∫
S↓

∑
i�2

s
1−q
i ν(ds) < ∞

}

and set

A := sup

{
a � 1:

∫
S↓

∑
i<j

s1−a
i sj ν(ds) < ∞

}
.

Remark that 0� ρ � A � 1.
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6.1. Hausdorff dimensions ofdM andsupp(dM)

Recall thatT denotes the first time at which all the initial mass is reduced to dust, so that supp(dM) ⊂ [0,T ].

Proposition 10.(i) If (A1) and(A2) hold, thendimH (dM) � 1∧ (A/|α|) a.s.
(ii) A.s.,dimH (dM) � 1∧ (1/|α|).
(iii) If ν(S↓) < ∞, thendimH (supp(dM)) � 1∧ (1/|α|) a.s.
(iv) If ν(S↓) = ∞, then the massM is strictly increasing on[0,T ] anddimH (supp(dM)) = 1 a.s.

Let us make two remarks about these results. First, the difference between the abovestatements (iii) and (iv)
can mainly be explained by the Poisson point process construction of homogeneous fragmentations (se
[3]) and the passage from homogeneous to self-similar fragmentations. Indeed, this construction shows t
ν is finite the notion of “first splitting” is well-defined and that it occurs at an exponential timeT with parameter
ν(S↓), so thatM is null near 0, whereas whenν is infinite the splitting times are dense inR+. This will be a key
point in the proofs below.

Second, the parameterA = 1 as soon asν(sN+1 > 0) = 0 for some integerN (this was shown in (16)). Henc
in that case, if moreover assumptions (A1) and (A2) hold, the results (i) and (ii) above give

dimH(dM) = 1∧ (
1/|α|) a.s.

We now turn to the proofs. The upper bound stated in Proposition 10(ii) was recently shown in [18] and w
to this paper for the proof. Concerning statement (i), it is a standard result (see e.g. Theorem 4.13 of Falco
that the convergence of

∫∞
0

∫∞
0 |u − v|−a dM(u) dM(v) for some real numbera � 1 leads to dimH(dM) � a.

Thus, the proof of Proposition 10(i) is an immediate consequence of the following lemma:

Lemma 11.Consider a positive real numbera and suppose that assumptions(A1) and(A2) hold. Then

E

[ ∞∫
0

∞∫
0

dM(u) dM(v)

|u − v|a
]

< ∞ ⇔ a < 1∧ (A/|α|).

We point out that the implication⇒ does not take into account the assumptions (A1) and (A2).

Proof. Using the same notations as in the proof of Theorem 4(i), we have that

E

[ ∞∫
0

∞∫
0

|u − v|−adM(u) dM(v)

]
= E

[|I1 − I2|−a
]= E

[∣∣λ|α|
1 (T2)Ĩ1 − λ

|α|
2 (T2)Ĩ2

∣∣−a]
. (30)

Suppose first thata < 1∧ (A/|α|). By assumptions (A1) and (A2) and Lemma 1, we know thatI has a density
k such thatk(x) andxk(x) are bounded onR∗+, say byC andD, and then thatλ|α|

1 (T2)Ĩ1 −λ
|α|
2 (T2)Ĩ2 has a density

f (see (20) for an explicit expression). Our goal is to prove that
∫∞
−∞ |θ |−af (θ) dθ is finite. From (20), we get tha

∞∫
0

θ−af (θ) dθ �
∞∫

0

θ−a

∞∫
0

E
[
λα

1(T2)λ
α
2(T2)k

(
(u + θ)λα

1(T2)
)
k
(
uλα

2(T2)
)
1{λ1(T2)�λ2(T2)}

]
dudθ

+ C

∞∫
θ−a

∞∫
E
[
λα

1(T2)λ
α
2(T2)k

(
uλα

1(T2)
)
1{λ2(T2)�λ1(T2)}

]
dudθ. (31)
0 θ
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By Fubini’s Theorem, the second term in the right-hand side of this inequality is proportional to( ∞∫
0

u1−ak(u) du

)
E
[
λ

|α|(1−a)
1 (T2)λ

α
2(T2)1{λ2(T2)�λ1(T2)}

]
,

which is finite. Indeed, recall thatI has positive moments of all orders and remark that the expectation is bo
from above byE[λαa

2 (T2)1{λ2(T2)�λ1(T2)}], which is finite by Lemma 2, asa|α| < A � 1. Next, in order to bound
the first term in the right-hand side of (31), remark that

∞∫
0

θ−ak
(
(u + θ)λα

1(T2)
)
λα

1(T2) dθ = (
λ1(T2)

)aα

∞∫
0

θ−ak
(
θ + uλα

1(T2)
)
dθ.

Using the upper boundsC of k(x) andD of xk(x), one gets

∞∫
0

θ−ak
(
θ + uλα

1(T2)
)
dθ � C

1∫
0

θ−a dθ + D

∞∫
1

θ−a−1 dθ < ∞

and so, the first term in the right-hand side of(31) is bounded from above by

E

[(
λ1(T2)

)aα
λα

2(T2)1{λ1(T2)�λ2(T2)}
∞∫

0

k
(
uλα

2(T2)
)
du

]

multiplied by a finite constant. Sinceλα
2(T2)

∫∞
0 k(uλα

2(T2)) du = 1, this expectation is bounded b
E[(λ1(T2))

aα1{λ1(T2)�λ2(T2)}], which is finite, according to Lemma 2 and the assumption ona. All this shows

that
∫∞

0 θ−af (θ) dθ < ∞ and then that
∫∞
−∞ |θ |−af (θ) dθ < ∞ since the random variableλ|α|

1 (T2)Ĩ1 −λ
|α|
2 (T2)Ĩ2

is symmetric.
To prove the converse implication, first note that

E
[∣∣λ|α|

1 (T2)Ĩ1 − λ
|α|
2 (T2)Ĩ2

∣∣−a]� E
[
1{λ1(T2)�λ2(T2)},{Ĩ1�Ĩ2}

∣∣λ|α|
1 (T2)Ĩ1 − λ

|α|
2 (T2)Ĩ2

∣∣−a]
� E

[
1{λ1(T2)�λ2(T2)}λaα

1 (T2)
]
E
[
1{Ĩ1�Ĩ2}Ĩ

−a
1

]
,

since(λ1(T2), λ2(T2)) and(Ĩ1, Ĩ2) are independent. Therefore, by identity (30),

E

[ ∞∫
0

∞∫
0

|u − v|−a dM(u) dM(v)

]
< ∞ ⇒ E

[
1{λ1(T2)�λ2(T2)}λ

aα
1 (T2)

]
< ∞,

which is, by Lemma 2 and the definition ofA, equivalent toa < (A/|α|). On the other hand, one can show th
v �→ ∫∞

0 |u − v|−adM(u) = ∞ on

V = {
v > 0: lim sup

ε→0
ε−a

(
M(v + ε) − M(v − ε)

)
> 0

}
and the Lebesgue theory impliesdM(V ) = 1 whena � 1. Hence

∫∞
0

∫∞
0 |u − v|−a dM(u) dM(v) = ∞ when

a � 1. �
Proof of Proposition 10(iii). Consider an interval representationF of the fragmentation as explained in Sectio
and denote byζx , x ∈ ]0,1[, the time at which the fragment containingx vanishes, that isζx = inf{t > 0: x /∈ F(t)}.
Then set

A := {
ζx, x ∈ ]0,1[}.
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By formula (7), M(t) = P(I � t | X) for all t � 0 a.s., and sinceI is the first time at which a tagged fragme
vanishes, we haveM(t) = ∫ 1

0 1{ζx�t} dx, t � 0. Then the closureA of A contains the support of the measuredM

and it is sufficient to bound from above dimH(A). Sinceν(S↓) < ∞, we may consider the first splitting tim
denoted byT . It is a stopping time. LetJ1, J2, . . . . denote the non-empty disjoint intervals obtained after this
split so thatX1(T ) � X2(T ) � · · · are their respective sizes and remark that

A= {T }
⋃
i

{ζx, x ∈ Ji}.

We first need to prove that

A= {T }
⋃
i

{ζx, x ∈ Ji}. (32)

To that end, takea in
⋃

i{ζx, x ∈ Ji} and consider a sequence(xn) in
⋃

i Ji such thatζxn → a. Extracting a
subsequence if necessary, we may assume that(xn) converges. Callx its limit andJxn the interval that contain
xn, n � 1. Either|Jxn | � 0 asn → ∞ and then there is a subsequence(xϕ(n)) such that the number of disjoin
Jxϕ(n)

, n � 1, is finite, so that there is at least one of these intervals containing an infinite number ofxϕ(n) and then

a ∈⋃i {ζx, x ∈ Ji}. Or, |Jxn | → 0 asn → ∞, which implies thatζxn

a.s.→ T asn → ∞. To see why this last poin
holds, introduceTn the first time at which the fragmentJxn vanishes during the fragmentation,n � 1. Of course,
T < ζxn � Tn. By application of the scaling and strong fragmentation properties at timeT , we see that there exis
a r.v.T (n), independent ofF(T ) and with the same distribution asT (see(10)) such thatTn − T = |Jxn ||α|T (n).
Hence, using thatE[T ] < ∞ (see Lemma 3) and extracting a subsequence if necessary,

0� ζxn − T � |Jxn ||α|T (n) →
n→∞ 0 a.s.

So, in both cases,
⋃

i{ζx, x ∈ Ji} ⊂ {T }⋃i {ζx, x ∈ Ji} and thenA ⊂ {T }⋃i {ζx, x ∈ Ji}. The opposite inclusion
is obvious.

Now, for eachi � 1 setAi := ({ζx, x ∈ Ji} − T )(Xi(T ))α . It follows from the scaling and strong fragmentati
properties that the setsAi are iid with the same law asA and are independent ofF(T ). Combining this with(32)
will lead us tomγ (A) = 0 for γ > 1/|α|, which in turn will imply that dimH(A) � 1/|α|, by the definitions ofmγ

and dimH (see respectively(29) and (28)). To see this, fixγ > 1/|α| andε > 0 and define for every subsetE of
R+

mε
γ (E) := inf

coverings ofE
by intervalsBn of lengths�ε

∑
n

|Bn|γ .

Using that

A= {T }
⋃
i

(
T + (

Xi(T )
)−αAi

)
we have

mε
γ (A) �

∑
i

(
Xi(T )

)−αγ
mε(Xi(T ))α

γ (Ai ) �
∑

i

(
Xi(T )

)−αγ
mε

γ (Ai ). (33)

Since the first timeT at which all the mass has been reduced todust has a finite expectation and sinceA⊂ [0,T ],
E[mesεγ (A)] is finite. Moreover,

∑
i (Xi(T )) = 1 andX1(T ) < 1 a.s., which implies thatE[∑i (Xi(T ))−αγ ] < 1

whenγ > 1/|α|. Combining this with(33) and the fact that the random variablesAi are independent ofF(T ) and
have the same law asA implies thatE[mesεγ (A)] = 0 for all positiveε as soon asγ > 1/|α|. So by definition,

mγ (A)
a.s.= 0 for γ > 1/|α| and then dimH(A) � 1/|α| a.s. �
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Proof of Proposition 10(iv). We first prove thatP(M(t) = 0) = 0 for all t > 0. To do so, fixt > 0 and takes such
that 0< s < t . Recall that the fragmentation and scaling properties applied at times give

M(t) = M(s) +
∑

i

Xi(s)1{Xi(s)>0}M(i)
(
(t − s)Xα

i (s)
)

(34)

where theM(i) are mutually independent, independent ofF(s) and with the same distribution asM. Since
ν(S↓) = ∞, the number of splits before times is almost surely infinite. So ifM(s) = 0, that is no mass is los
at time s, none of the fragments with positive mass appeared befores has entirely vanished at times, so that
there is an infinite number of fragments with positive mass present at times. In particular, if M(t) = 0, then
M(s) = 0 andXi(s) > 0 for all i � 1. This gives with(34) that whenM(t) = 0, thenM(i)((t − s)Xα

i (s)) = 0 and
Xα

i (s) ↗i→∞ ∞. But this event has probability 0 sinceP(M(u) = 0) < 1 for someu large enough. Therefore
P(M(t) = 0) = 0 and this holds for allt > 0.

Next, take again 0< s < t . The massM(1) being that introduced in(34), remark that conditionally onX1(s) > 0,
we have that 1{X1(s)>0}M(1)((t − s)Xα

1 (s)) > 0 a.s. since we have just proved thatP(M(u) > 0) = 1 for all u > 0.
Hence, by (34),M(t) > M(s) a.s. conditionally onX1(s) > 0. In others words,P(M(s) < M(t) | s < T ) = 1.
Since this holds for all 0< s < t and since the dust’s massM is a non-decreasing function,

P(M(s) < M(t) for all 0 � s < t � T ) = 1.

HenceM is a.s. strictly increasing on[0,T ] and supp(dM) = [0,T ]. �
6.2. Hölder continuity of the dust’s massM

Notice that Proposition 10(ii) implies that a.s.M cannot be Hölder continuous of orderγ > 1 ∧ (1/|α|), since
theγ -Hölder-continuity ofM yields to dimH (dM) � γ (see Section 13.7 in [14]). We have moreover:

Proposition 12.Suppose that assumptions(A1) and(A2) hold. Then,
(i) the massM is a.s. Hölder-continuous of orderγ for everyγ < (1/2) ∧ (A/2|α|);
(ii) if ν(sN+1 > 0) = 0 for some integerN , the massM is a.s. Hölder-continuous of orderγ for every

γ < 1∧ (ρ/|α|).

The upper bound 1∧ (ρ/|α|) is larger than(1/2) ∧ (A/2|α|) as soon asρ � A/2 or |α| � 2ρ. Remark also tha
whenν(sN+1 > 0) = 0 for some integerN , the coefficientA = 1 (see(16)) and the coefficientρ = 1 if and only if
ν is moreover finite.

Part (i) of Proposition 12 is just a consequence of Lemma 11:

Proof of Proposition 12(i). Considerγ ∈ ]0,1∧ (A/|α|)[ and remark that for allt > s � 0,

(
M(t) − M(s)

)2 =
t∫

s

t∫
s

dM(u) dM(v) � (t − s)γ

t∫
s

t∫
s

dM(u) dM(v)

|u − v|γ .

The integral
∫∞

0

∫∞
0 |u − v|−γ dM(u) dM(v) is a.s. finite by Lemma 11, and then,∣∣M(t) − M(s)
∣∣� B(t − s)γ /2 for all t > s � 0

for some a.s. finite constantB. �
The proof of the second part of Proposition 12 is slightly longer. The point is to use the well-known Kolmo

criterion (see e.g. [22], p. 26, Theorem 2.1). In that aim, we first prove the following lemma.
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Lemma 13. Suppose that there exists an integerN such thatν(sN+1 > 0) = 0 and fix an integern � 2.
Suppose moreover that for allk ∈ {1, . . . , n − 1} there exist a finite constantCk and a positive real numbe
ak < k ∧ ((k − 1+ ρ)/|α|) such that

E
[(

M(t) − M(s)
)k]� Ck(t − s)ak for all t � s � 0. (35)

Then, for alla < inf n1+n2+···+nl=n
ni∈N\{0}

(an1 + · · · + anl ) ∧ ((n − 1)/|α|), there exists a finite constantCn,a such that

E
[(

M(t) − M(s)
)n]� Cn,a(t − s)a for all t � s � 0.

Proof. Considern points tagged independently, as explained in Section 3.2, and denote byI1, . . . , In their
respective times of reduction to dust. The r.v.Ii ,1 � i � n, have the same distribution asI (see (6)). By
construction, theIi ’s are independent conditionally onX, and therefore, by formula(7), we have that

E

[
n∏

i=1

1{s<Ii�t}

]
= E

[(
M(t) − M(s)

)n]
. (36)

As in the proof of Theorem 4(i), the goal is now to “introduce some independence” in order to bound from ab
this expectation. To that end, considerTn, the first time at which then tagged points do not belong to the sa
fragment and consider the distribution of the taggedpoints at that time. More precisely, for each integerl � 2 and
eachl-tuple(n1, n2, . . . , nl) ∈ (N\{0})l satisfyingn1 + n2 + · · · + nl = n, consider the event

A(n1,...,nl ) =
{

U1,U2, . . . ,Ul belong all to different fragments at timeTn and there
arenk tagged points in the fragment containingUk, 1 � k � l

}
.

Since the number of such events is finite and since the law of(I1, . . . , In) is exchangeable, we just have to pro
that for a fixedl-tuple(n1, n2, . . . , nl) and alla < (an1 + · · · + anl ) ∧ (n − 1)/|α|, there exists a finite constantC

such that

E

[
n∏

i=1

1{s<Ii�t}1{A(n1,n2,...,nl )
}

]
� C(t − s)a for all t � s � 0. (37)

Conditionally onA(n1,n2,...,nl ), there arel tagged fragments at timeTn, with respective masses,λ1(Tn), . . . , λl(Tn)

and containing each, respectively,n1, . . . , nl tagged points. Write then

n∏
i=1

1{s<Ii�t}1{A(n1,n2,...,nl )
} =

l∏
k=1

∏
i: Ui ,Uk∈same

fragment at timeTn

1{s<Ii�t}1{A(n1,n2,...,nl )
}

and recall that thel fragments evolve independently after timeTn. Recall also the scaling property of th
fragmentation and consider the identity(36) (that holds for every integern, and in particular thenk ’s). Then,
setting M(t) := 0 for t < 0, there exists a random process̃M with the same law asM and independent o
F(Tn), (λ1(Tn), . . . , λn(Tn)) andA(n1,n2,...,nl ) such that

E

[
n∏

i=1

1{s<Ii�t}1{A(n1,n2,...,nl )
}

]

= E

[
l∏

k=1

E
[(

M̃
(
(t − Tn)λ

α
k (Tn)

)− M̃
(
(s − Tn)λ

α
k (Tn)

))nk |F(Tn), λ1(Tn), . . . , λl(Tn),A(n1,n2,...,nl )

]
× 1{A(n1,n2,...,nl )

}

]
.
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Now consider the assumptions we have made in the statement. SinceM is a.s. bounded by 1, the inequality(35)
holds actually by replacingank by anybnk � ank andCnk by Cnk ∨ 1. Therefore, for eachl-tuple (bn1, . . . , bnl )

such thatbnk � ank , 1� k � l, there exists a finite deterministic constantC such that

l∏
k=1

[
E
(
M̃
(
(t − Tn)λ

α
k (Tn)

)− M̃
(
(s − Tn)λ

α
k (Tn)

))nk |F(Tn), λ1(Tn), . . . , λl(Tn),A(n1,n2,...,nl )

]
�
a.s.

C(t − s)bn1+···+bnl

l∏
k=1

λ
αbnk

k (Tn).

And then

E

[
n∏

i=1

1{s<Ii�t}1{An1,n2,...,nl
}

]
� C(t − s)bn1+···+bnl E

[
l∏

k=1

λ
αbnk

k (Tn)1{A(n1,n2,...,nl )
}

]
. (38)

To see when the latter expectation is finite we use Lemma 2. Since, by assumption,ν(sN+1 > 0) = 0 and
|α|bnk < nk (recall thatρ � 1) for 1 � k � l,∫

S↓

∑
1�i1<···<il�N

l∏
k=1

s
nk−|α|bnk

ik
1{sik >0} ν(ds) � Nl−1

∫
S↓

∑
2�i2�N

s
n2+···+nl−|α|bn2−···−|α|bnl

i2
ν(ds),

which is finite, by definition ofρ, as soon asn2 + · · · + nl − |α|bn2 − · · · − |α|bnl > 1− ρ. This holds here sinc
|α|bnk < nk − 1+ ρ for k � 2. Thus, by Lemma 2,

E

[
l∏

k=1

λ
αbnk

k (Tn)1{λ1(Tn)�λ2(Tn)�···�λl(Tn)}1{A(n1,n2,...,nl )
}

]
< ∞

as soon as
∑l

k=1 bnk < (n − 1)/|α|. By exchangeability, the expectation in the right hand side of inequality(38) is
then finite and thus the upper bound(37) and the required result are proved.�
Proof of Proposition 12(ii). For all integern � 1, define

γn := sup
{
a � 0: ∃C < ∞ such thatE

[(
M(t) − M(s)

)n]� C(t − s)a for all t � s � 0
}
.

It is well-defined sinceM is a.s. bounded by 1. Our goal is to prove that the claim

C(k): γn � n

(
k − 1

k
∧ ρ

|α| ∧ k − 1

k|α|
)

for all n � 1,

holds for all integersk � 1. If this is true, the proof is finished, since the Kolmogorov criterion then asserts th
eachk � 1 and everyγ such that

γ <

(
k − 1

k
∧ ρ

|α| ∧ k − 1

k|α|
)

− 1

k

there is aγ -Hölder-continuous version ofM. SinceM is non-decreasing, it is actuallyM that is a.s. Hölder
continuous with these ordersγ . Lettingk → ∞, M is then a.s.γ -Hölder-continuous for everyγ < (ρ/|α|) ∧ 1.

So let us prove by induction the claimsC(k), k � 1. ThatC(1) holds is obvious. To proveC(2), remark first that
γ1 = 1. This is a consequence of formula (7), which givesE[M(t)−M(s)] = E[1{s<I<t}] and then of assumption
(A1) and (A2), which, by Lemma 1, imply thatI has a bounded density. Then,γ1 = 1 and Lemma 13 lead t
γ2 � 2(1∧ ((ρ ∧ 1/2)/|α|)). And next, using recursively the same lemma and the fact thatρ � 1, we get that

γn � n
(
1∧ (

ρ/|α|)∧ (
1/2|α|)) for all n � 1.
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or

0]
the
Which proves the claimC(2). Fix now an integerk � 2 and suppose thatC(k) holds. We want to proveC(k + 1).
By Hölder’s inequality,

E
[(

M(t) − M(s)
)k+1]� E

[(
M(t) − M(s)

)kn]1/n
E
[(

M(t) − M(s)
)n/(n−1)](n−1)/n

. (39)

First, remark the existence of a finite constantC such thatE[(M(t) − M(s))n/(n−1)] � C(t − s) since 0�
M(t) − M(s) � 1 for t � s and sinceI has a bounded density. Next, by claimC(k),

γnk � n
(
(k − 1) ∧ (

kρ/|α|)∧ (
(k − 1)/|α|)) for all n � 1,

and this implies, with the previous remark and(39), that

γk+1 � (k − 1) ∧ (
kρ/|α|)∧ (

(k − 1)/|α|)+ (n − 1)/n for all n � 1.

Lettingn → ∞ and using thatk − 1> 0, it is easy to see that

γk+1 � (k − 1) ∧ (
kρ/|α|)∧ (

(k − 1)/|α|)+ 1 � k ∧ (
(k + 1)ρ/|α|)∧ (

k/|α|).
Whenn � k + 1,

E
[(

M(t) − M(s)
)n]� E

[(
M(t) − M(s)

)(k+1)]n/(k+1)

and thenγn � nγk+1/(k + 1). Hence,

γn � n
(
k ∧ (

(k + 1)ρ/|α|)∧ (
k/|α|))/(k + 1

)
for all n � k + 1.

Next, by applying Lemma 13 recursively, we get that

γn � n
(
k ∧ (

(k + 1)ρ/|α|)∧ (
k/|α|))/(k + 1) for n > k + 1

and soC(k + 1) holds. Hence the claimsC(k) hold for every integersk � 1. �
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Appendix A. Proof of Lemma 2

For this technical proof, it is easier to work with partition-valued fragmentations, so we first recall
background on the subject. The following recalls hold for any self-similar fragmentation. We refer to [3,5,6] f
details.

Define byP the set of partitions ofN\{0} and forπ ∈ P andi ∈ N\{0}, denote byπi the block ofπ having
i as least element, when such a block exists, and setπi := ∅ otherwise, so that(π1,π2, . . .) are the blocks ofπ .
A random partition is calledexchangeableif its distribution is invariant under finite permutations. Kingman [2
shows that the blocks of every exchangeable partitionπ have asymptotics frequencies a.s., that is (# denoting
counting measure onN\{0}):

lim
n→∞

#(πi ∩ {1, . . . , n})
n

exists a.s. for alli.

Let |π |↓ denote the decreasing rearrangement of these limits.
Now, let X be aS↓-valued fragmentation with index of self-similarityα and considerF , one of its interval

representation as explained in Section 2. By picking independent r.v.Ui, i � 1, uniformly distributed on]0,1[
and independent ofF , we can construct anα-self-similar partition-valued fragmentation(Π(t), t � 0) as follows:
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for eacht � 0, Π(t) is the random partition ofN\{0} such that two integersi, j belong to the same block o
Π(t) if and only if Ui andUj belong to the same interval component ofF(t). If Ui /∈ F(t), then the block of
Π(t) containingi is {i}. This processΠ is exchangeable and calledpartition-valued representationof X. By the
strong law of large number, the law ofX can be recovered fromΠ , as the law of the decreasing rearrangemen
asymptotics frequencies ofΠ :(∣∣Π(t)

∣∣↓, t � 0
) law= X.

In the homogeneous case (α = 0), the partition-valued fragmentation(Π(t), t � 0) can be constructed from
Poisson point process (PPP) with an intensity measure depending on the dislocation measureν. We explain the
construction for a fragmentation with no erosion and a dislocation measureν such thatν(

∑
i si < 1) = 0. First, for

everys = (s1, s2, . . .) ∈ S↓, consider thepaintboxpartitionΠs (introduced by Kingman, see e.g. [20]) defined
follows: let (Zi)i�1 be an iid sequence of random variable such thatP(Z1 = j) = sj for j � 1 and let thenΠs be
the partition such that two integersi, j are in the same block if and only ifZi = Zj . Introduce next the measureκν

defined by

κν(B) =
∫
S↓

P(Πs ∈ B)ν(ds), B ∈ P . (A.1)

Bertoin [5] shows thatκν is an exchangeable measure and that the fragmentationΠ is a pure jumps process who
jumps correspond to the atoms of a PPP((∆(t), k(t)), t � 0) onP ×N\{0} with intensityκν ⊗#. By this, we mean
thatΠ jumps exactly at the times of occurrence of atoms of the PPP and that at such timest , Π(t−) jumps toΠ(t)

as follows: the blocks ofΠ(t) are the same as those ofΠ(t−), exceptΠ(t−)k(t), which is replaced by the block
{ni : i ∈ ∆(t)1}, {ni : i ∈ ∆(t)2}, . . . wheren1 < n2 < · · · are the elements of the blockΠ(t−)k(t). Berestycki
adapts in [3] this PPP-construction to homogeneousS↓-valued fragmentations.

This partition point of view and the Poissonian construction lead to the following lemma.

Lemma 14.Let Fh be a homogeneous interval fragmentation, with no erosion and with a dislocation meaν
such thatν(

∑
i si < 1) = 0. In this fragmentation, tag independentlyn fragments as explained in Section3.2and

let U1,h, . . . ,Un,h denote the tagged points. Defineλ1,h(t), . . . , λn,h(t) to be the masses at timet of these tagged
fragments andTn,h the first time at which the tagged points do not all belong to the same fragment. For
l-tuple(n1, n2, . . . , nl) ∈ (N\{0})l such thatn1 + n2 + · · · + nl = n, define thenA(n1,...,nl ),h by

A(n1,...,nl ),h :=
{

U1,h,U2,h, . . . ,Ul,h belong all to different fragments at timeTn,h and
there arenk tagged points in the fragment containingUk,h, 1 � k � l

}
.

Then,
(i) λ1,h(Tn,h−) = λ2,h(Tn,h−) = · · · = λn,h(Tn,h−) by definition ofTn,h,

(ii) A(n1,...,nl),h and(
λ1,h(Tn,h)

λ1,h(Tn,h−)
,

λ2,h(Tn,h)

λ1,h(Tn,h−)
, . . . ,

λn,h(Tn,h)

λ1,h(Tn,h−)
) are independent ofλ1,h(Tn,h−),

(iii) there is a positive finite constantC such that for every positive measurable functionf on ]0,1]l ,

E

[
f

(
λ1,h(Tn,h)

λ1,h(Tn,h−)
,

λ2,h(Tn,h)

λ1,h(Tn,h−)
, . . . ,

λl,h(Tn,h)

λ1,h(Tn,h−)

)
1{A(n1,n2,...,nl ),h

}
]

= C

∫
S↓

∑
i1 	=i2 	=···	=il

s
n1
i1

s
n2
i2

. . . s
nl

il
f (si1, . . . , sil )1{si1>0,...,sil >0} ν(ds).

Proof. Let (Πh(t), t � 0) be the homogeneous partition-valued fragmentation constructed fromFh and theUi,h ’s,
and let((∆(t), k(t)), t � 0) be the PPP onP×N\{0} with intensityκν ⊗# describing the jumps ofΠh. Define then
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P∗
n to be the set of partitions ofN\{0} such that integers 1,2, . . . , n do not belong to the same block and rem

that

Tn,h = inf
{
t � 0: Πh(t) ∈P∗

n

}= inf
{
t � 0: ∆(t) ∈ P∗

n andk(t) = 1
}
.

Setting∆i for the block of∆(Tn,h) containingi, 1� i � n, the eventA(n1,n2,...,nl ),h can therefore be written as

A(n1,n2,...,nl),h =
{ 1,2, . . . , l belong to distinct blocks of∆(Tn,h)

and Card(∆k ∩ {1, . . . , n}) = nk, 1 � k � l

}
. (A.2)

and using the exchangeability ofκν and the independence of∆(Tn,h) andΠh(Tn,h−), we get that

#(∆i ∩ {1, . . . , k})
k

a.s.→
k→∞

λi,h(Tn,h)

λ1,h(Tn,h−)
, 1� i � n,

and then assertion (ii).
Next, to prove (iii), note that formula (A.1) leads to

κν(P∗
n) =

∫
S↓

(
1−

∑
i

sn
i

)
ν(ds)

which is positive and finite since 1−∑
i s

n
i � n(1 − s1) and(1 − s1) is integrable with respect toν. It is then a

standard result of PPP’s theory thatTn,h has an exponential law with parameterκν(P∗
n) and that the distribution o

∆(Tn,h) is given byκν(·⋂P∗
n)/κν(P∗

n). Thus, by definition ofκν ,

E

[
f

(
λ1,h(Tn,h)

λ1,h(Tn,h−)
,

λ2,h(Tn,h)

λ1,h(Tn,h−)
, . . . ,

λl,h(Tn,h)

λ1,h(Tn,h−)

)
1{A(n1,n2,...,nl ),h

}
]

= 1

κν(P∗
n)

∫
S↓

E
[
f (Πs,1, . . . ,Πs,l)1{As

(n1,n2,...,nl ),h
}
]
ν(ds),

whereAs
(n1,n2,...,nl ),h

is defined asA(n1,n2,...,nl ),h by replacing in (A.2)∆(Tn,h) by Πs . It is then easy to check wit
the definition ofΠs that the required formula holds.�
Proof of Lemma 2. The first part of the proof consists in shifting the problem to a homogeneous fragmen
with the same dislocation measureν. This can be done by using the construction of self-similar fragmenta
from homogeneous ones recalled in Section 2. So, consider a homogeneous interval fragmentationFh from which
we construct theα-self-similar one by time-change(1). In this homogeneous fragmentation, tag independenn
fragments as in the previous lemma. Keeping thenotation introduced there, is easy to see that(

λ1,h(Tn,h), . . . , λn,h(Tn,h),1{A(n1,n2,...,nl ),h
}
) law= (

λ1(Tn), . . . , λn(Tn)1{A(n1,n2,...,nl )
}
)
.

So that the aim of this proof is to find for whichl-tuples(a1, . . . , al), the expectation

E

[
l∏

k=1

λ
−ak

k,h (Tn,h)1{λ1,h(Tn,h)�λ2,h(Tn,h)�···�λl,h(Tn,h)}1{A(n1,n2,...,nl ),h
}

]
is finite.

By Lemma 14, we have that

E

[
l∏

k=1

λ
−ak

k,h (Tn,h)1{λ1,h(Tn,h)�···�λl,h(Tn,h)}1{A(n1,n2,...,nl ),h
}

]

= E
[(

λ1,h(Tn,h−)
)−∑l

k=1 ak
]
E

[
l∏(

λk,h(Tn,h)

λ1,h(Tn,h−)

)−ak

1{λ1,h(Tn,h)�···�λl,h(Tn,h)}1{A(n1,n2,...,nl ),h
}

]

k=1
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and that

E

[
l∏

k=1

(
λk,h(Tn,h)

λ1,h(Tn,h−)

)−ak

1{λ1,h(Tn,h)�···�λl,h(Tn,h)}1{An1,n2,...,nl ,h
}

]
< ∞

⇔
∫
S↓

∑
i1<···<il

l∏
k=1

s
nk−ak

ik
1{sik >0} ν(ds) < ∞.

So it just remains to specify for which(a1, . . . , al), the expectationE[(λ1,h(Tn,h−))−
∑l

k=1 ak ] is finite. To that end
remark that givenλ1,h, the probability that the tagged pointsU2,h, . . . ,Un,h belong to the same fragment asU1,h

at timet is equal toλn−1
1,h (t), since theUi,h ’s are independent and uniformly distributed on]0,1[. In other words,

P(Tn,h > t | λ1,h) = λn−1
1,h (t) ∀t > 0.

As recalled in Section 3, the process(λ1,h(t), t � 0) can be expressed in the form(exp(−ξt ), t � 0), for some pure
jumps subordinatorξ with Laplace exponentφ given by(4). ThereforeP(Tn,h > t | λ1,h) = e−(n−1)ξt and for all
a ∈ R:

E
[
λ−a

1,h(Tn,h−)
]= E

[ ∞∫
0

eaξt− P(Tn,h ∈ dt | λ1,h)

]

= E

[ ∞∫
0

∑
0<s<t

(
eaξs − eaξs−

)
P(Tn,h ∈ dt | λ1,h)

]
+ 1

= E

[ ∑
0<s<∞

(
eaξs − eaξs−

)
e−(n−1)ξs

]
+ 1

= E

[ ∑
0<s<∞

e(a−(n−1))ξs−
(
e(a−(n−1))∆s − e−(n−1)∆s

)]+ 1 (∆s = ξs − ξs−).

Finally, using the Master Formula (see [22], p. 475), we get

E
[
λ−a

1,h(Tn,h−)
]= E

[ ∞∫
0

e(a−(n−1))ξs ds

] ∞∫
0

(
e(a−(n−1))x − e−(n−1)x

)
π(dx) + 1,

π being the Lévy measure ofξ . The integral
∫∞

0 (e(a−(n−1))x − e−(n−1)x) π(dx) is finite as soon asa � n − 1 and
the expectationE[∫∞

0 e(a−(n−1))ξs ds] is finite if and only ifa < n − 1, sinceE[e−qξs ] = e−sφ(q) whereφ > 0 on
]0,∞[, φ ∈ [−∞,0] on ]−∞,0]. This completes the proof.�
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