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Abstract

This is the first of a series of three papers in which we present a full rigorous analysis of a class of spin glass models in
by Derrida under the name of Generalised Random Energy Models (GREM). They are based on Gaussian random pr
the hypercube{−1,1}N with a hierarchical correlation structure. In this first paper we analyse the models with a finite n
of hierarchies. In particular, we identify the thermodynamic limit of the Gibbs measures with Ruelle’s probability cascades.
 2004 Elsevier SAS. All rights reserved.

Résumé

Cet article est le premier d’une série de trois articles où nous présentons une analyse entièrement rigoureuse de la
modèles de verres de spin introduite par Derrida sous le nom de Generalised Random Energy Models (GREM). Ce
sont basés sur des processus gaussiens sur l’hypercube{−1,1}N ayant une structure de corrélations hierarchique. Dan
papier nous analysons les modèles ayant un nombre fini de hierarchies. En particulier, nous identifions la mesure de G
la limite thermodynamique avec lescascades de probabilités de Ruelle.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

In 1980, Derrida proposed two simplified models for mean field spin glasses: therandom energy model(REM)
[9,10], and thegeneralised random energy model(GREM) [11–14]. The former consisted of modelling the rand
energy landscape as simply i.i.d. Gaussian random variables on the set of spin configurations,{−1,1}N . This model
can be seen formerly as the limit of the so-calledp-spin SK-models [32], whenp tends to infinity [9]. In spite of
its simplicity, this model has proven to be a rather instructive toy model, and has received considerable attentio
in the mathematical community [2,6,14,16,17,20,22,23,27,30,34,36]. Of course, in many respects this m
mathematically almost trivial, and physically quite unrealistic, as all the dependence structure that is pr
more realistic models like the SK model, is absent. The GREM was introduced in view ofkeepingdependence
while simplifying it to ahierarchicalstructure to yield a mathematically more tractable model. In fact, the GR
can be seen as a class of models that is obtained by equipping the hypercube{−1,1}N with a tree structure and a
associated ultra-metric distance, and then considering standardised Gaussian random fields on the hyperc
correlation function depends only on this distance. We will call these models“Derrida’s models” in contrast to the
“Sherrington/Kirkpatrick(SK) models”[31] where the covariance depends onthe Hamming distance, respective
the overlapRN(σ,σ ′) = N−1 ∑N

i=1 σiσj . Let us mention in passing that the study of such processes may rep
an independent interest in fields other than physics. E.g., in mathematical finance, such processes may r
very reasonable model for the distribution of assets of a financial portfolio.

In this paper and two companion papers [4,5] we will undertake a comprehensive study of this class of mod
In the present paper we consider only the case when the covariance depends on the ultra-metric distance
function with finitely many steps. This corresponds to the classical GREM of Derrida. We will see in [4] how
results can be extended to the general case.

Surprisingly, even the GREM is mathematically not fully understood. Capocaccia et al. [8] derived the ex
formula for the mean free energy, making rigorous and extending results of Derrida and Gardner [12]. Galv
[20] construct a certain point process for the energies the case of the two-level tree. Most of the intuitive ins
the model stems from a paper by Ruelle [30] who in fact formulates a new model based on Poisson point p
that are suggested to represent the asymptotics of the fluctuations of the partition function and the Gibbs measu
of Derrida’s models in the thermodynamic limit. An unpublished note of Neveu [26] contains a rough outline
how these connection can be established, but even in the REM a full proof was published only recently [6,34].

An important ingredient in the analysis of the REM is the theory of convergence to Poisson processe
extreme value statistics of (i.i.d.) random variables that is, of course, very well known (see e.g. [24,28])
GREM, analogous results will be needed in the correlated case. Here, standard results on extremal proc
much rarer. There are criteria under which the extremal processes have the same limits as in the indepen
We would like to point to a result of Bramson [7] that is related to the marginal situation. Here we will be inte
in situations when this is not the case. The first results of this paper will be general Poisson convergenc
for the extremes of hierarchically correlated Gaussian random processes, where the limits will be desc
cascades of Poisson processes. In a second step, we will prove the convergence of Gibbs measures
measures described in terms of such cascades. These results will be obtained by rather explicit and elementa
computations. In a third step we will show that a different approach based on so-called Ghirlanda–Guerra i
[19,1] allows to recover many of these results. This was observed in the REM by Talagrand [34]. Before
our results, we begin with a precise definitions of our models.

1.1. Definition of the models

We will consider Gaussian processesXσ indexed by the hypercubeSN ≡ {−1,1}N . Let us equip the hypercub
SN with the natural ultra-metric valuation

dN(σ,σ ′) ≡ 1 (
min(i|σi �= σ ′

i ) − 1
)

(1.1)

N
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(note that 1− dN(σ,σ ′) is a ultra-metric distance onSN ). We will consider processes whose covariance is g
by a (non-decreasing) function ofdN , i.e. we assume thatEXσ = 0, and

cov(Xσ ,Xσ ′) = EXσ Xσ ′ = A
(
dN(σ,σ ′)

)
(1.2)

whereA(x) is a probability distribution function on[0,1].
The proper GREM withfinitely many hierarchies corresponds to the special case whenA is the distribution

function of a measure that is supported on a finite number,n, of pointsx1, . . . , xn ∈ [0,1]. In that case we denot
the mass of the atomsxi by ai , and we set

lnαi = (xi − xi−1) ln2, i = 1, . . . , n, (1.3)

wherex0 ≡ 0. Of course
∑n

i=1 ai = 1, and
∏n

i=1 αi = 2. The hypercubeSN can then be considered as an-fold
productSN = ∏n

i=1SN lnαi/ ln2. We will write σ = σ1σ2 . . . σn whereσi ∈ SN lnαi/ ln2. Usually we will assume tha
x1 > 0, xn = 1, and allai > 0, although at some later stage we will have to look also at what happens whenx1 = 0
andan = 0.

Then the Gaussian processXσ can be constructed fromαN
1 + (α1α2)

N + · · · + (α1α2 · · ·αn)
N independen

standard Gaussian random variablesXσ1,Xσ1σ2, . . . ,Xσ1...σ2, whereσi ∈ {−1,1}N lnαi/ ln2 as

Xσ ≡ √
a1Xσ1 + √

a2Xσ1σ2 + · · · + √
anXσ1σ2...σn, if σ = σ1σ2 . . . σn. (1.4)

The partition function of the GREM at the inverse temperatureβ is defined as

ZN,β = 2−N
∑

σ∈SN

eβ
√

NXσ (1.5)

and the Gibbs measureµβ,N is defined as

µβ,N(σ ) ≡ eβ
√

NXσ

Zβ,N

. (1.6)

1.2. Convergence of associated point processes

We define the function (see e.g. [24])

ulnα,N (x) = √
2 lnαN + x√

2 lnαN
− lnN + ln lnα + ln4π

2
√

2 lnαN
. (1.7)

Note that ifX is a standard normal r.v.,P(X > ulnα,N(x)) ∼ α−Ne−x , asN ↑ ∞.

Theorem 1.1. Letn ∈ N, n � 1, 0 < ai < 1, αi > 1, i = 1,2, . . . , n. Setᾱ ≡ ∏n
i=1 αi and assume that

∑n
i=1 ai = 1.

The point process∑
σ=σ1...σn∈{−1,+1}N ln ᾱ/ ln 2

δ
u−1

ln ᾱ,N
(
√

a1Xσ1+√
a2Xσ1σ2+···+√

anXσ1σ2...σn )

converges weakly to the Poisson point processP on R with intensity measureKe−xdx, K ∈ R if and only if the
following inequalities hold true:

ai + ai+1 + · · · + an � ln(αiαi+1 · · ·αn)/ ln ᾱ for all i = 2,3, . . . , n. (1.8)

Furthermore, if all inequalities in(1.8)are strict, then the constantK = 1. If some of them are equalities, thenK

is given as
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( ⋂
k: ak+···+an

=ln(αk ···αn)/ ln ᾱ

(
Zk−1

√
ak−1

(ak−1 + · · · + an)(ak + · · · + an)

+ Zk−2

√
ak−2

(ak−2 + · · · + an)(ak−1 + · · · + an)
+ · · · + Z1

√
a1

(a1 + · · · + an)(a2 + · · · + an)
< 0

))
,

whereZ1, . . . ,Zn−1 aren − 1 independent standard Gaussian random variables.

Remark. Theorem 1.1 gives a sharp criterion under which the correlations do not influence the propertie
extremal process. They arestrictly weakerthan the sufficient conditions one obtains e.g. from Slepian’s Gau
comparison lemma (see e.g. [24], Theorem 4.2.1).

Theorem 1.2. Let αi � 1, i = 1,2, . . . , k, ᾱ ≡ ∏k
i=1 αi . Let Yσ1, Yσ1σ2, . . . , Yσ1...σk be αN

1 + · · · + (α1 · · ·αk)
N

identically distributed random variables enumerated as in the definition of the GREM. Assume that1 +
αN

1 + · · · + (α1 · · ·αk−1)
N vectors(Yσ1)σ1∈{−1,1}N lnα1/ ln ᾱ , (Yσ1σ2)σ2∈{−1,1}N lnα2/ ln ᾱ ∀σ1 ∈ {−1,1}N lnα1/ ln ᾱ , . . . ,

(Yσ1σ2...σk )σk∈{−1,1}N lnαk/ ln ᾱ ∀σ1 . . . σk−1 ∈ {−1,1}N ln(α1···αk−1)/ ln ᾱ are independent. Let alsovN,1(x), . . . , vN,k(x)

be functions onR such that the following point processes∑
σ1

δvN,1(Yσ1) →P1∑
σ2

δvN,2(Yσ1σ2) →P2 ∀σ1

· · ·∑
σk

δvN,k(Yσ1σ2...σk
) →Pk ∀σ1 . . . σk−1 (1.9)

converge weakly to the Poisson point processesP1, . . . ,Pk onR with intensity measuresK1e
−x dx, . . . ,Kke

−x dx

with some constantsK1, . . . ,Kk respectively. Then the following point processes onR
k

P (k)
N ≡

∑
σ1

δvN,1(Yσ1)

∑
σ2

δvN,2(Yσ1σ2) · · ·
∑
σk

δvN,k(Yσ1σ2...σk
) →P (k)

converge weakly to point processesP (k) on R
k, which is characterised by the following generating functions:

F∆1×···×∆k (z) ≡ Ez
∑

x1
1{x1∈∆1}···∑xk

1{xk∈∆k }

= f1,∆1

(
f2,∆2

(
f3,∆3 · · · (fk−1,∆k−1

(
fk,∆k (z)

)) · · ·)), |z| < 1, (1.10)

wherefi,∆i (z) = eKi(z−1)(e−ai −e−bi ), ∆i = (ai, bi] with ai, bi ∈ R or bi = ∞, i = 1,2, . . . , k.
Moreover, the following independence properties of the counting random variables of the procesP (k),∑
x1

1{x1∈∆
j
1} · · ·

∑
xk

1{xk∈∆
j
k}, corresponding to the intervals∆j

1 ×· · ·×∆
j
k , ∆j

i = [aj
i , b

j
i ), j = 1,2, . . . , r, r > 1,

i = 1, . . . , k, hold true:
(i) If the first components of these intervals are disjoint, i.e.a1

1 � b1
1 � a2

1 � b2
1 � · · · � ar

1 � br
1, then these r.v

are independent.
(ii) If the first l − 1 components of these intervals coincide and thelth components are disjoint, i.e.∆1

i = · · · =
∆r

i for i = 1, . . . , l − 1 anda1
l � b1

l � a2
l � b2

l � · · · � ak
l � br

l , then these r.v. are conditionally independent un
condition that

∑
x1

1{x1∈∆1} · · ·
∑

xl−1
1{xl−1∈∆l−1} is fixed.

Remark. This theorem is a generalisation of Theorem 3 in [20]: we do not specify the distribution of the r.v.Yσ1...σi

in the assumptions, and do not impose their independence (but only of their vectors).
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Remark. The processP (k) is called aPoisson cascadewith k levels. It is best understood in terms of the followi
iterative construction. Ifk = 1, it is just a Poisson point process onR with intensity measureK1e

−x dx. To construct
P (2) on R

2, we place the processP (1) for k = 1 on the axis of the first coordinate and through each of its po
draw a straight line parallel to the axis of the second coordinate. Then we put on each of these lines independen
Poisson point process with intensity measureK2e

−x dx. These points onR2 form the processP (2). This procedure
is now simply iteratedk times.

Theorems 1.1 and 1.2 combined give a first important result that establish which different point proces
be constructed in the GREM.

Theorem 1.3. Let αi � 1, 0 < ai < 1, i = 1,2, . . . , n,
∏n

i=1 αi = 2,
∑n

i=1 ai = 1. Let J1, J2, . . . , Jm ∈ N be

the indices such that0 = J0 < J1 < J2 < · · · < Jm = n. We denote bȳal ≡ ∑Jl

i=Jl−1+1 ai , ᾱl ≡ ∏Jl

i=Jl−1+1 αi ,
l = 1,2, . . . ,m, and introduce standard Gaussian random variables

X̄
σ1...σJl−1
σJl−1+1σJl−1+2···σJl

≡ (√
aJl−1+1XσJ1 ...σJl−1σJl−1+1 + √

aJl−1+2XσJ1...σJl−1σJl−1+1σJl−1+2 + · · ·
+ √

aJlXσJ1 ...σJl−1σJl−1+1...σJl

)
/
√

āl . (1.11)

Assume that the partitionJ1, J2, . . . , Jm satisfies the following condition: for all l = 1,2, . . . ,m and allk such that
Jl−1 + 2 � k � Jl

(ak + ak+1 + · · · + aJl−1 + aJl )/āl � ln(αkαk+1 · · ·αJl−1αJl )/ ln(ᾱl ). (1.12)

Then the point process

P (m)
N ≡

∑
σ1...σJ1

δ
u−1

ln ᾱ1,N (X̄σ1...σJ1
)

∑
σJ1+1...σJ2

δ
u−1

ln ᾱ2,N (X̄
σ1...σJ1
σJ1+1...σJ2

)
· · ·

∑
σJm−1+1...σJm

δ
u−1

ln ᾱm,N (X̄
σ1...σJm−1
σJm−1+1...σJm

)

converges weakly to the processP (m) onR
m defined in Theorem1.2with constantsK1, . . . ,Km. The constant

Kl = 1 (1.13)

if all Jl − Jl−1 − 1 inequalities in(1.12)for k = Jl−1 + 2, . . . , Jl are strict. Otherwise

Kl = P

( ⋂
k: Jl−1+1�k�Jl ,

(ak+···+aJl
)/āJl

=ln(αk ···αJl
)/ ln ᾱl

(
Zk−1

√
ak−1

(ak−1 + · · · + aJl )(ak + · · · + aJl )

+ Zk−2

√
ak−2

(ak−2 + · · · + aJl )(ak−1 + · · · + aJl )
+ · · ·

+ ZJl−1+1

√
aJl−1+1

(aJl−1+1 + · · · + aJl )(aJl−1+2 + · · · + aJl )
< 0

))
, (1.14)

whereZJl−1+1, . . . ,ZJl are independent standard Gaussian r.v.

Remark. Givenai, αi , i = 1, . . . , n, the partition of indicesJ1, . . . , Jm satisfying the condition (1.12) is genera
not unique. Therefore this corollary yields afamily of convergent point processes associated with the GREM
the sequel we will frequently drop the upper index and writeP ≡ P (m), in particular when the value ofm can be
read off from the arguments.
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1.3. The extremal process

We can now formulate a result on the extreme order statistics of the random variablesXσ . It is clear that the
extremal process should be constructed from one of the cascade processes that were constructed above
to find out which one. The answer is simple: it is the one that provides the largest values. To do so, one ha
to try to group as many intermediate hierarchies together to a single point process. In other words, am
possible choices for the integersJ1, . . . , Jm allowed in Theorem 1.3, we must choose those that have max
spacing. Algorithmically, this is achieved by settingJ0 ≡ 0, and

Jl ≡ min{J > Jl−1: AJl−1+1,J > AJ+1,k ∀k � J + 1} (1.15)

where we have putAj,k ≡ ∑k
i=j ai/(2 ln(

∏k
i=j αi)).

Of course it will be essential that

Proposition 1.4. The sequenceJ1, . . . , Jm defined by(1.15) verifies the conditions(1.12) for all k such that
Jl−1 + 2 � k � Jl and all l = 1,2, . . . ,m.

Set āl ≡ ∑Jl

i=Jl−1+1 ai , ᾱl ≡ ∏Jl

i=Jl−1+1 αi , γl ≡ √
āl/

√
2 lnᾱl , l = 1,2, . . . ,m. Clearly by (1.15)γ1 > γ2 >

· · · > γm. Define the functionUJ,N by

UJ,N(x) ≡
m∑

l=1

(√
2Nāl ln ᾱl − N−1/2γl

(
ln

(
N

(
ln ᾱl

)) + ln4π
)
/2

) + N−1/2x (1.16)

and the point process

EN ≡
∑

σ∈{−1,1}N
δ
U−1

J,N (Xσ )
. (1.17)

Theorem 1.5. (i) The point processEN converges weakly, asN ↑ ∞, to the point process onR

E ≡
∫

Rm

P (m)(dx1, . . . , dxm)δ∑m
l=1 γlxl

, (1.18)

whereP (m) is the Poisson cascade introduced in Theorem1.3corresponding to the partitionJ1, . . . , Jm given by
(1.15).

(ii) E exists provided by the fact thatγ1 > · · · > γm. It is the cluster point process onR containing an a.s. finite
number of points in any interval[a,∞), a ∈ R. The probability that there exists at least one point ofE in the
interval [a,∞) is decreasing exponentially asa → +∞.

(iii) Furthermore, we havemaxσ (Xσ /
√

N) → √
ā12 lnᾱ1+· · ·+√

ām2 lnᾱm a.s. and alsoE(maxσ Xσ /
√

N) →√
2ā1 ln ᾱ1 + · · · + √

2ām ln ᾱm.

Remark. Note that if some of the inequalities in the condition (1.12) hold with equality, there are severa
processes that to leading order give the same contribution to the extremes. The degeneracy is lifted in favo
process with the longest increments in theJi through the lnN term in the functionsulnα,N defined in (1.7). If one
considers what happens here as a function of the parameters, one sees that the process with fewer levels
and the process with extra levels takes over. While the values of the extremes are in leading order the same a
coexistence point, as the inequality gets strictly violated, these values now begin to drop substantially.
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1.4. Convergence of the partition function

We will now turn to the study of the Gibbs measures. Technically, the main step in the proof will be to
that the infinite volume limit of the properly rescaled partition function can be expressed as a certain funct
Poisson cascade processes, as suggested by Ruelle [30].

Foranysequence of indices 0< J1 < · · · < Jm = n the partition function of the GREM can be written as:

Zβ,N = e
∑m

j=1(βN
√

2āj ln ᾱj −βγj [ln(N ln ᾱj )+ln4π]/2−N lnαj )

×
∑

σ1...σJ1

e
βγ1u

−1
ln ᾱ1,N (X̄σ1...σJ1

) · · ·
∑

σJm−1+1...σJm

e
βγmu−1

ln ᾱm,N (X̄
σ1...σJm−1
σJm−1+1...σJm

)
, (1.19)

where āl ≡ ∑Jl

i=Jl−1+1 ai , ᾱl ≡ ∏Jl

i=Jl−1+1 αi , γl ≡ √
āl/

√
2 lnᾱl , l = 1,2, . . . ,m, and the random variable

X̄
σ1...σJl−1
σJl−1+1...σJl

are defined in (1.11). Moreover, for any sequenceJ1, . . . , Jm satisfying the assumptions o
Theorem 1.3, the corresponding point process converges. But, of course, at most one of these sequ
provide through (1.19) the right scaling of the fluctuations of the partition function. As in the analysis of t
extremal process, it will be the process corresponding to a maximal spacing of the integersJi given in (1.15).
However, unlike in the case of the extremal process, it must be cut at some temperature dependent levJl(β).
Clearly,A1,J1 > AJ1+1,J2 > · · · > AJm−1+1,Jm . Let us put

l(β) ≡ max{l � 1: β2AJl−1+1,Jl > 1} (1.20)

and l(β) ≡ 0 if β2A1,J1 � 1. According to the notations of (1.19)AJl−1+1,Jl = γ 2
l and (1.20) implies tha

βγl(β)+1 � 1.
In [8] the limit of the free energy was found in terms of (1.15) and (1.20):

Theorem 1.6 [8]. With the notation introduced above,

lim
N→∞ N−1 lnZN,β ≡ − lim

N→∞Fβ,N = β
(√

2ā1 ln ᾱ1 + · · · + √
2āl(β) ln ᾱl(β)

) − ln(ᾱ1 · · · ᾱl(β))

+
n∑

i=Jl(β)+1

β2ai/2, a.s. (1.21)

and also inLp , 1 � p < ∞.

The following theorem yields the fluctuations of the partition function and of the free energy.

Theorem 1.7. Let αi � 1, 0 < ai < 1, i = 1,2, . . . , n,
∏n

i=1 αi = 2,
∑n

i=1 ai = 1. Let J1, J2, . . . , Jm ∈ N, be the

sequence of indices defined by(1.15)andl(β) defined by(1.20). Denote bȳal ≡ ∑Jl

i=Jl−1+1 ai , ᾱl ≡ ∏Jl

i=Jl−1+1 αi ,

γl = √
āl/

√
2 lnᾱl , l = 1,2, . . . ,m.

Then the properly normalised partition function of the GREM converges in law to the following integral oR
m:

e

∑l(β)

j=1(−βN
√

2āj ln ᾱj +βγj [ln(N ln ᾱj )+ln4π]/2+N lnαj )−N
∑n

i=Jl(β)+1 β2ai/2
Zβ,N

D→ C(β)

∫
Rl(β)

eβγ1x1+βγ2x2+···+βγl(β)xl(β)P (l(β))(dx1 . . . dxl(β)). (1.22)

This integral is over the processP (l(β)) on R
l(β) from Theorem1.3 with constantsKj from Theorem1.3. The

constantC(β) satisfies

C(β) = 1, if βγl(β)+1 < 1, (1.23)
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C(β) = P

( ⋂
i: Jl(β)+1�i�Jl(β)+1

(aJl(β)+1+···+ai )/āJl(β)+1
=ln(αJl(β)+1···αi )/ ln ᾱJl(β)+1

(√
aJl(β)+1ZJl(β)+1 + · · · + √

aiZi < 0
))

(1.24)

if βγl(β)+1 = 1 whereZJl(β)+1, . . . ,ZJl(β)+1 are independent standard Gaussian r.v.

Remark. Note that the event in (1.24) is not empty since the necessary equality of parameters holds at
i = Jl(β)+1.

The integrals over the Poisson cascades appearing in Theorem 1.5 are to be understood as∫
Rm

eβγ1x1+···+βγmxmP (m)(dx1 . . . dxm)

≡ lim
x→−∞

∫
(x1,...,xm)∈Rm,

∃i,1�i�m: γ1x1+···+γixi>(γ1+···+γi )x

eβγ1x1+···+βγmxmP (m)(dx1 . . . dxm). (1.25)

The existence of this limit under the hypotheses of the theorem are ensured by

Proposition 1.8. Assume that the numbersγ1, . . . , γm are such thatγ1 > γ2 > · · · > γm > 0 andβγm > 1. Then

(i) For any a ∈ R the processP (m) contains a.s. a finite number of points(x1, . . . , xm) such thatγ1x1 + · · · +
γmxm > a.

(ii) The limit in(1.25)exists and is finite a.s.

1.5. The Gibbs measures

We will now turn to the asymptotic description of the Gibbs measures in the GREM. In the REM one con
Ruelle’s process of the Gibbs masses, obtained as the limit of the processWN ≡ ∑

σ δµβ,N (σ ). Together with the
information that the replica overlap in the REM can take on only the values 0 and 1 in the limit, this p
describes fully the structure of the Gibbs measure: namely, if one is interested in capturing an arbitra
fraction 1− p of the total mass, then it suffices to consider for someε = ε(p) > 0 the atoms of the processW
with mass larger thanε, and to place them at random on a set of orthogonal vectors on the infinite-dimension
sphere.

In the GREM, this picture is insufficient since the overlap distribution may now take on values that are d
from 0 and 1. Thus the points carrying the masses described by the processW are distributed in a more complicate
way in space. Ruelle took this fact into account when defining the “probability cascades” in his version of the
GREM. We will describe these objects in the context of the GREM and prove their convergence to R
cascades.

1.5.1. The overlap distribution
A key object considered in the physical literature on spin glasses is the distribution of the overlap, i.e. the rand

probability distribution

f̃β,N(q) ≡ µ⊗2 (
RN(σ,σ ′) � q

)
(1.26)
β,N
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whereRN(σ,σ ′) ≡ 1
N

(σ,σ ′). In the context of the GREM, it is more natural to introduce the distribution of
hierarchical distance, i.e.

fβ,N(q) ≡ µ⊗2
β,N

(
dN(σ,σ ′) � q

)
. (1.27)

An interesting and rather important result will be the fact that these two notions coincide in the thermody
limit, implying that the Gibbs measures concentrate on sets where between any two points the two d
coincide.

With the notation introduced in Theorem 1.7 according to the partitionJ0, . . . , Jm defined in (1.15), let us set

ql ≡
l∑

n=1

ln ᾱn

ln2
(1.28)

and

qmax(β) ≡
l(β)∑
n=1

ln ᾱn

ln2
. (1.29)

We will see that the measurefβ,N converges to a limiting random measurefβ with support on the se
{0, q1, . . . , ql(β)}.

1.5.2. Point processes of masses
We will introduce a number of point processes that appear to be good candidates for a more detailed de

of the Gibbs measure.
Let us introduce the sets

Bl(σ ) ≡ {
σ ′ ∈ SN : dN(σ,σ ′) � ql

}
, l = 1,2, . . . , l(β). (1.30)

We define point processesW(m)
β,N on (0,1]m given by

W(m)
β,N ≡

∑
σ

δ(µβ,N (B1(σ )),...,µβ,N (Bm(σ)))

µβ,N(σ )

µβ,N(Bm(σ))
(1.31)

as well as their projection on the last coordinate,

R(m)
β,N ≡

∑
σ

δµβ,N (Bm(σ))

µβ,N(σ )

µβ,N(Bm(σ))
. (1.32)

It is easy to see that the processesW(m)
β,N satisfy

W(m)
β,N(dw1, . . . , dwm) =

1∫
0

Wm+1
β,N (dw1, . . . , dwm,dwm+1)

wm+1

wm

(1.33)

where the integration is of course over the last coordinatewm+1. Note that these processes will in general not
converge, but will do so only when for someσ , µβ(Bm(σ)) is strictly positive. From our experience with the Gib
measure, it is clear that this will be the case precisely whenm � l(β). In fact, we prove the following:

Theorem 1.9. If m � l(β), the point processW(m)
β,N on (0,1]m converges weakly to the point processW(m)

β whose

atomsw(i) are given in terms of the atoms(x1(i), . . . , xm(i)) of the point processP (m) by(
w1(i), . . . ,wm(i)

)
=

(∫
P (m)(dy)δ(y1 − x1(i))e

β(γ,y)∫
P (m)(dy)eβ(γ,y)

, . . . ,

∫
P (m)(dy)δ(y1 − x1(i)) . . . δ(ym − xm(i))eβ(γ,y)∫

P (m)(dy)eβ(γ,y)

)
(1.34)
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and the point processesR(m)
β,N converge to the point processR(m)

β whose atoms are the last components of
atoms in(1.34).

Of course the most complete object we can reasonably study is the processŴβ ≡ W l(β)
β . Analogously, we will

setR̂β ≡Rl(β)
β .

The point processeŝWβ take values on vectors whose components form decreasing sequences in(0,1].
Moreover, these atoms are naturally clustered in a hierarchical way. These processes were introduced by Ru
[30] and calledprobability cascades.

There is an intimate relation between the distance distributionsfβ and these point processes. The first result
shall prove is the following theorem.

Theorem 1.10. With the notation introduce above, we have that

(i) The random distribution functionsfβ,N and f̃β,N converge in distribution and in mean to the same rand
distribution functionfβ .

(ii) fβ is a step function with jumps at the values{0, q1, . . . , ql(β)}. For anyq ∈ [qi−1, qi)

fβ(q) =
∫

Ŵβ(dw1, . . . , dwl(β))wl(β)(1− wi), i = 1, . . . , l(β); (1.35)

fβ(q) = 1 for q � ql(β).

1.6. Ghirlanda–Guerra identities

We now turn to a different approach towards the construction of the processesŴβ that will completely avoid the
use of the Poisson cascades. In fact, we will see that the convergence of the processesŴβ,N follows from general
principles once we can compute the limiting free energy as a function of the functionA describing the covarianc
of the Gaussian processXσ . The key role in this approach is played by the so-calledGhirlanda–Guerraidentities
[19,1,33,35]. The existence of this approach will bear its full fruits in the follow-up paper [4] where it will a
us to treat the GREM with continuous hierarchies.

First we get an explicit expression for the mean offβ .

Proposition 1.11. The mean offβ is given by

Efβ(q) =
{

β−1
√

2 lnᾱj

āj
, if q ∈ [qj−1, qj ), j � l(β),

1, if q � qmax(β).
(1.36)

Let us denote byµ⊗k
β,N the distribution ofk independent copies ofσ under the Gibbs measure. The followi

proposition implies the Ghirlanda–Guerra relations in our models.

Proposition 1.12. Assume that the parametersαi andai are such that none ofthe inequalities(1.12)holds with
equality. Then, for any bounded functionh : Sn

N → R, for all i = 1, . . . , n

lim
N↑∞

∣∣∣∣∣Eµ⊗n+1
β,N

(
h(σ 1, . . . , σ n)1

σk
1 ...σ k

i =σn+1
1 ...σ n+1

i

)
− 1

n
Eµ⊗n+1

β,N

(
h(σ 1, . . . , σ n)

(
n∑

l �=k

1σ l
1...σ

l
i =σk

1 ...σ k
i

+ Eµ⊗2
β,N (1σ1

1 ...σ1
i =σ2

1 ...σ2
i
)

))∣∣∣∣∣ = 0. (1.37)
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It is quite remarkable that these relations suffice to determine completely the distribution of the random m
Ŵβ through their generalised moments. In the REM, this fact was first pointed out by Talagrand [34].

Theorem 1.13. The random measureŝWβ are completely determined by the relations(1.37)up to the mean valu
of the two-replica distance distribution functionfβ given in Proposition1.11.

Proof. Since it is important to understand this result, we will prove this theorem immediately. Note first th
last term in (1.37) is just

lim
N↑∞ Eµ⊗2

β,N (1σ1
1 ...σ1

i =σ2
1 ...σ2

i
) = Eµ⊗2

β,N (1
dN(σ,σ ′)�∑i

j=1 lnαj / ln2) = 1− Efβ

(
i∑

j=1

lnαj / ln2

)
. (1.38)

Let now J ≡ (J 0, . . . , J n) denote a nested set of finite subsets ofN such that eachJ r = (Jr,1, . . . , Jr,jr ) is a
collection of disjoint subsets ofN, such that for eachJr,i there existsJr−1,k such thatJr,i ⊂ Jr−1,k. Let us fix the
notation thatJr,i ≡ {j r,i

1 , . . . , j
r,i
|Jr,i |}. Given such aJ , define the events

AJ ≡
n∏

r=1

jr∏
i=1

1
{σ j

r,i
1

1 ...σ
j
r,i
1

r =···=σ
j
r,i
|Jr,i |

1 ...σ
j
r,i
|Jr,i |

r }
. (1.39)

Then define, withJ ≡ |J 0|,
AJ ≡ lim

N↑∞ Eµ⊗J
β,NAJ . (1.40)

Now all we have to realise is that for any such eventAJ , as long asJ 0 is of size larger than two, there arel,m, r,

1 � r � n, such that for someJ ′ with J ′ = J − 1, l ∈ J ′ andm /∈ J ′:
AJ =AJ ′1σ l

1...σ
l
r =σm

1 ...σm
r
. (1.41)

Thus using (1.37) withh = AJ ′ allows to expressAJ in term of AJ ′ with J ′ that have total length strictly les
thanJ , and those of length two. Thus it is obvious that the reduction procedure will yield expressions f
AJ as function of those involving only two replicas. Of course there are onlyn such sets, depending only on t
number of non-empty levels. These of course have an immediate meaning in terms of the two-overlap dis
via (1.38).

This result generalises the corresponding finding in the REM, where of course the multi-indexJ is trivial.

We will now show that expectations of the numbersAJ fully determine the processeŝWβ defined in
Theorem 1.9 (in complete analogy to what Talagrand [T2] found in the REM). To see this, note that a r
measureMN onR

d converges toM, if for any k ∈ N, any continuous functionF :Rk → R, and any collection o
continuous, integrable functionsf1, . . . , fk onR

d ,

F

(∫
MN(dx)f1(x), . . . ,

∫
MN(dx)fk(x)

)
→ F

(∫
M(dx)f1(x), . . . ,

∫
M(dx)fk(x)

)
(1.42)

(see e.g. [21,28]) By standard approximation arguments, ifM has moments of all orders, it is enough to consi
for fi all monomial functionsf (x) = x

i1
1 . . . x

id
d , andF(y) = y1 . . . yk . Now letW(m)

β,N be any process of the form
(1.31). Then∫

W(m)
β,N(dw)w

i1
1 . . .w

il
l . . .wim

m

=
∑
σ

( ∑
σ ′ ,...,σ ′

µβ,N(σ1σ
′
2, . . . , σ

′
m)

)i1

. . .

( ∑
σ ′ ,...,σ ′

µβ,N(σ1 . . . σlσ
′
l+1 . . . σ ′

m)

)il

· · ·

2 m l+1 m
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× (
µβ,N(σ1 . . . σm)

)im
= µ

⊗(i1+···+im)
β,N

(
1{σ1

1 =···=σ
i1+···+im
1 } · · ·1{σ i1+···+il−1+1

1 ...σ
i1+···+il−1+1
l =···=σ

i1+···+im
1 ...σ

i1+···+im
l } · · ·

× 1{σ i1+···+im−1+1
1 ...σ

i1+···+im−1+1
m =···=σ

i1+···+im
1 ···σ i1+···+im

m }
)
, (1.43)

whereim � 1 (otherwise, the expression would be infinite). Clearly, taking products of such terms, the resultin
objects are precisely expectations of events of the formAJ . This proves Theorem 1.13.�

The recursions on theAJ may look forbidding, but if only limited information is sought, they can prov
quickly a great amount of information. As a first trivial corollary, they yield a very simple proof of a resu
Ruelle [30]:

Theorem 1.14. Any of the one-dimensional processesRm
β has the same distribution as Ruelle’s process w

parameterEfβ(qm), m = 1, . . . , l(β).

Proof. Note that if we are interested only in the one-dimensional processesRm
β , we only need to control momen

of the form∫
R(m)

β,N(dw)wr =
∑
σ

( ∑
σ ′

m+1,...,σ
′
n

µβ,N(σ1 . . . σmσ ′
m+1 . . . σ ′

n)

)r

= µ⊗r
β,N

(
1{σ1

1 ...σ1
m=···=σ r

1 ...σ r
m}

)
. (1.44)

Thus we have the same type of objects as in the REM, and since the relations (1.37) have the same formm,
the claimed result followsfrom the preceding theorem.�

In the remainder of this paper we will present the proofs of the theorems stated above.

2. Proofs of point process convergence results

We use the relationA(N) ∼ B(N) to indicate that limN↑∞ A(N)
B(N)

= 1. The technical key to Theorem 1.1 is t
following lemma:

Lemma 2.1. Let n ∈ N, n � 1, 0 < ai < 1, αi > 1, i = 1,2, . . . , n, andᾱ ≡ ∏n
i=1 αi . Assume that

∑n
i=1 ai = 1. If

all inequalities(1.8)hold true, then for allx ∈ R

P
(∀σ ∈ {−1,+1}ln ᾱ/ ln2:

√
a1Xσ1 + √

a2Xσ1σ2 + · · · + √
anXσ1σ2...σn < uln ᾱ,N(x)

) ∼ e−Ke−x

, (2.1)

asN ↑ ∞, whereK is defined in Theorem1.1. If at least one of inequalities(1.8) fails, then

P
(∀σ ∈ {−1,+1}ln ᾱ/ ln2:

√
a1Xσ1 + √

a2Xσ1σ2 + · · · + √
anXσ1σ2...σn < uln ᾱ,N(x)

) ∼ 1. (2.2)

Proof. If n = 1, then allᾱN random variables in the event of (2.1) are independent. In this case the statem
the lemma is a classical result of extreme values theory. Let nown � 2. We define

P(i, y) ≡ P

(
∃σi+1 ∈ {−1,+1}lnαi/ ln2, . . . , σn ∈ {−1,+1}lnαn/ ln2:
√

aiX + √
ai+1Xσi+1 + √

ai+2Xσi+1σi+2 + · · · + √
anXσi+1...σn√ > y

)
, (2.3)
ai + · · · + an
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whereX,Xσi+1, . . . ,Xσi+1...σn are all i.i.d. standard normal r.v.’s. Wewill estimate these probabilities by inductio
downwards fromi = n − 1, using the identity

P(i, y) = 1√
2π

∞∫
−∞

(
1−

[
1− P

(
i + 1,

√
ai + · · · + any − √

ait√
ai+1 + · · · + an

)]αN
i+1

)
e−t2/2dt. (2.4)

First we prove the assertion of the lemma under assumption that all inequalities in (1.8) are strict. In this ca
we will prove inductively fori = n − 1, n − 2, . . . ,1 that

P(i, y) ∼ (αi+1 · · ·αn)
Ne−y2/2

√
2πy

, (2.5)

asN ↑ ∞, uniformly for y ∈ [√2(ln ᾱ − δi)N(ai + · · · + an),∞) with someδi > 0.
Note thatuln ᾱ,N(x) ∈ [√2(ln ᾱ − δ1)N,∞) for anyx ∈ R, and thus

P
(
1, uln ᾱ,N (x)

) ∼ (α2 · · ·αn)
Ne

−u2
ln ᾱ,N (x)/2

/
√

2πuln ᾱ,N(x) ∼ α−N
1 e−x.

Since the probability in the l.h.s. of (2.1) equals(1− P(1, uln ᾱ,N (x)))α
N
1 ∼ eαN

1 ln(1−α−N
1 e−x) ∼ e−e−x

, (2.5) indeed
proves the assertion of the lemma in this case.

Let us now turn to the proof of (2.5). Note thatP(i, y) � (αi+1 · · ·αN)NP(X > y), whereX is a standard
Gaussian random variable, and so the upper bound for (2.5) is immediate by Proposition A.1 of the appendix. We
will establish the lower bound for (2.5) by induction. Let firsti = n − 1. The identity (2.4) reads

P(n − 1, y) = 1√
2π

∞∫
−∞

(
1−

[
1− P

(
X >

√
an−1 + any − √

an−1t√
an

)]αN
n
)

e−t2/2 dt. (2.6)

Let us fixδ′
n−1 > 0 such that lnαn − (ln ᾱ − δ′

n−1)an < 0, which is possible only due to the strict inequality in (1
for i = n. For ally, t satisfying√

an−1 + any − √
an−1t√

an

�
√

2(ln ᾱ − δ′
n−1)Nan (2.7)

by Proposition A.1 we have

αN
n P

(
X >

√
an−1 + any − √

an−1t√
an

)
� αN

n e(ln ᾱ−δ′
n−1)Nan → 0, N ↑ ∞.

Then, using the elementary inequalities

−x − x2 � ln(1− x) � −x, 1+ x � ex � 1+ x + x2 for |x| < 1/2 (2.8)

and again Proposition A.1, it is easy to deduce the asymptotics of the integrand in (2.6):

1−
[
1− P

(
X >

√
an−1 + any − √

an−1t√
an

)]αN
n

∼ αN
n

√
an√

2π(
√

an−1 + any − √
an−1t)

e−(
√

an−1+any−√
an−1t )

2/(2an), asN ↑ ∞,

uniformly for all y, t satisfying (2.7). Observe that condition (2.7) is equivalent tot � tcr (y) ≡ (
√

an−1 + any −√
2(ln ᾱ − δ′

n−1)Nan)/
√

an−1. Thus in view of (2.6),P(n − 1, y) obeys the following asymptotic lower bound

P(n − 1, y) � αN
n

2π

tcr (y)∫ √
an√

2π(
√

an−1 + any − √
an−1t)

e−(
√

an−1+any−√
an−1t )

2/(2an)−t2/2 dt,
−∞
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l
asN ↑ ∞, uniformly in y ∈ R. After the change of variabless = (
√

an−1 + ant − √
an−1y)/

√
an the last integra

becomes

αN
n e−y2/2

√
2πy

1√
2π

scr (y)∫
−∞

e−s2/2

1−
√

an−1s√
any

ds,

where

scr (y) = (
y −

√
2(ln ᾱ − δ′

n−1)N(an−1 + an)
)√

an/
√

an−1.

It yields the necessary asymptotic lower bound for (2.5) asN ↑ ∞ uniform fory ∈ [√2(ln ᾱ − δn−1)N(an−1 + an),

∞) if we set 0< δn−1 < δ′
n−1.

Assuming that (2.1) is proved fori = n − 1, n − 2, . . . , l + 1, we will prove it fori = l. Let us fixδ′
l > 0 such

thatδ′
l � δl+1 and ln(αl+1 · · ·αn)− (ln ᾱ − δ′

l)(al+1 +· · ·+an) < 0 due to the strict inequality in (1.8) fori = l +1.
Then for ally andt verifying the condition

√
al + · · · + any − √

alt√
al+1 + · · · + an

�
√

2(ln ᾱ − δ′
l)N(al+1 + · · · + an) (2.9)

we have by the induction hypothesis (2.1) fori = l + 1

αN
l+1P

(
l + 1,

√
al + · · · + any − √

alt√
al+1 + · · · + an

)
� (αl+1 · · ·αn)

Ne−(
√

al+···+any−√
al t)

2/2(al+1+···+an)

� (αl+1 · · ·αn)
Ne−(ln ᾱ−δ′

l )N(al+1+···+an),

which tends to zero, asN ↑ ∞. Furthermore, again by the induction hypothesis fori = l + 1 and elementary
exponential inequalities (2.8)

1−
[
1− P

(
l + 1,

√
al + · · · + any − √

alt√
al+1 + · · · + an

)]αN
l+1

∼ (αl+1 · · ·αn)
N√

al+1 + · · · + an√
2π(

√
al + · · · + any − √

alt)
e−(

√
al+···+any−√

al t)
2/2(al+1+···+an)

uniformly for all y, t satisfying (2.9), that is for

t � tcr(y) ≡ (√
al + · · · + any −

√
2(ln ᾱ − δ′

l )N(al+1 + · · · + an)
)
/
√

al.

In view of this estimate the identity (2.4) fori = l gives the following asymptotic lower bound forP(l, y) asN ↑ ∞
uniform fory ∈ R:

P(l, y) � (αl+1 · · ·αn)
N√

al+1 + · · · + an

2π

tcr (y)∫
−∞

e−(
√

al+···+any−√
al t)

2/2(al+1+···+an)−t2/2

√
al + · · · + any − √

alt
dt

= (αl+1 · · ·αn)
Ne−y2/2

√
2πy

1√
2π

scr (y)∫
−∞

e−s2/2

1−
√

als√
al+1+···+any

ds,

where

scr (y) ≡ (
y −

√
(ln ᾱ − δ′)N(al + · · · + an)

)√
al+1 + · · · + an/

√
al. (2.10)
l
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ume that

e

This bound has the asymptotics stated in (2.5), uniformly iny ∈ [√(ln ᾱ − δl)N(al + · · · + an),∞) if only δl > 0
is chosen to beδl < δ′

l .
The analysis is more delicate whenever some of the inequalities (1.8) degenerate into equalities. Ass

k = max{i > 1, ai + · · · + an = ln(αi · · ·αn)/ ln ᾱ}. Then for i = n − 1, n − 2, . . . , k (2.5) remains valid in the
respective domains ofy. For i = k − 1 we will prove the following two assertions(ak−1) and(bk−1).

(ak−1) For anyC ∈ R we have

P(k − 1, y) ∼ (αk · · ·αn)
Ne−y2/2

√
2πy

× P

(
Zk−1 >

[
y − √

2(ln ᾱ)(ak−1 + · · · + an)N
]√ak + · · · + an

ak−1

)
, asN ↑ ∞, (2.11)

uniformly in y ∈ [√2 lnᾱ(ak−1 + · · · + an)N + C,∞).
(bk−1) For anyε > 0, there exist a negative constantC̃k−1(ε) ∈ R of large enough absolute value, andN(ε) ∈ N,

such that, for allN � N(ε) and ally ∈ (0,
√

2 lnᾱ(ak−1 + · · · + an)N + C̃k−1(ε)]

P(k − 1, y) � ε(αk · · ·αn)
Ne−y2/2

√
2πy

. (2.12)

The proof is based again on (2.4) fori = k − 1. First of all, let us remark that the asymptotics ofP(k, y) is
determined by (2.5) uniformly in the interval ofy ∈ [uln(αk ···αn),N(x),∞) for anyx ∈ R. This is ensured by th
equality (1.1) fori = k, since consequently

uln(αk...αn),N(x) = √
2(ln ᾱ)N(ak + · · · + an) + o(1), N ↑ ∞. (2.13)

Therefore for anyx ∈ R

αN
k P

(
k,

√
ak−1 + · · · + any − √

ak−1t√
ak + · · · + an

)
∼ (αk · · ·αn)

N
√

ak + · · · + an√
2π(

√
ak−1 + · · · + any − √

ak−1t)
7e−(

√
ak−1+···+any−√

ak−1t )
2/2(ak+···+an)

� (αk · · ·αn)
Ne

−u2
ln(αk ···αn),N

(x)/2

√
2πuln(αk ···αn),N(x)

∼ e−x, N ↑ ∞,

uniformly for y, t such that√
ak−1 + · · · + any − √

ak−1t√
ak + · · · + an

� uln(αk ···αn),N(x). (2.14)

Then, given an arbitraryε > 0, using the inequalities (2.8), one can choose a sufficiently largex0 = x0(ε) ∈ R and
N(ε, x0) to bound the integrand in (2.4) fori = k − 1 as follows:

(1− ε)
(αk · · ·αn)

N
√

ak + · · · + an√
2π(

√
ak−1 + · · · + any − √

ak−1t)
e−(

√
ak−1+···+any−√

ak−1t )
2/2(ak+···+an)

� 1−
[
1− P

(
k,

√
ak−1 + · · · + any − √

ak−1t√
ak + · · · + an

)]αN
k

� (1+ ε)
(αk · · ·αn)

N
√

ak + · · · + an√
2π(

√
a + · · · + a y − √

a t)
e−(

√
ak−1+···+any−√

ak−1t )
2/2(ak+···+an) (2.15)
k−1 n k−1
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elds

)

for all N � N(ε, x0) and all y, t under condition (2.14), that is for t up to tcr (y) ≡ (y
√

ak−1 + · · · + an −
uln(αk ···αn),N(x0)

√
ak + · · · + an)/

√
ak−1. After making this choice, let us decompose the integral (2.4) fori = k−1

into two termsI1 andI2: in the first one the integration is from−∞ to tcr (y) and in the second fromtcr (y) to +∞.
In view of (2.15), for allN � N(ε, x0), I1 is bounded from below and above by

1

2π

tcr (y)∫
−∞

(αk · · ·αn)
N

√
ak + · · · + an

(
√

ak−1 + · · · + any − √
ak−1t)

e−(
√

ak−1+···+any−√
ak−1t )

2/2(ak+···+an)−t2/2 dt

= (αk · · ·αn)
Ne−y2/2

2πy

(y
√

ak+···+an−uln(αk ···αn),N (x0)
√

ak−1+···+an)/
√

ak−1∫
−∞

e−s2/2

1−
√

ak−1s√
ak+···+any

ds

times the factors(1 − ε) and (1 + ε) respectively. Combined with the observation (2.13), this integral yi
the asymptotics stated in(ak−1). Moreover for anyε > 0 one can findC̃k−1(ε) and N(ε) such that for all
y ∈ (0,

√
2(ln ᾱ)N(ak−1 + · · · + an) + C̃k−1(ε)] andN � N(ε) I1 obeys the bound of(bk−1).

The termI2 brings no significant contribution to the asymptotics of(ak−1) as it verifies the bound (2.12
uniformly on the whole intervaly ∈ (0,∞). To show this, we simply bound its integrand from above bye−t2/2 and
consider separately two intervals ofy:

∆1 =
(

0,

√
2(ak + · · · + an) ln(αk · · ·αn) + δ̃k−1

ak−1 + · · · + an

N

]
and

∆2 =
(√

2(ak + · · · + an) ln(αk · · ·αn) + δ̃k−1

ak−1 + · · · + an

N,∞
)

,

whereδ̃k−1 is any fixed number 0< δ̃k−1 < ak−1. The estimate ofI2 in ∆1 is trivial: for anyε > 0 one can find
N(ε) such that for allN � N(ε) and ally ∈ ∆1

I2 � ε ln(αk · · ·αn)
Ne−N((ak+···+an) ln(αk ···αn)+δ̃k−1)/(ak−1+···+an)√
2π

2(ak+···+an) ln(αk ···αn)+δ̃k−1
ak−1+···+an

N

� ε ln(αk · · ·αn)
Ne−y2/2

√
2πy

. (2.16)

Sinceδ̃k−1 > 0, then for ally ∈ ∆2 τcr (y) > 0. Here Proposition A.1 applies:

I2 � 1√
2πtcr (y)

e−tcr (y)2/2 � (αk · · ·αn)
NC(δ̃k−1)√

2πy
e−y2/2ef (y)/2, (2.17)

where

f (y) = ( − y2(ak + · · · + an) − u2
ln(αk···αn),N (x0)(ak + · · · + an)

+ 2uln(αk···αn),N (x0)y
√

ak−1 + · · · + an

√
ak + · · · + an − 2ak−1N ln(αk · · ·αn)

)
/ak−1.

The functionf (y) reaches its maximum at

y = uln(αk···αn),N (x0)
√

ak−1 + · · · + an/
√

ak + · · · + an

where it equals

u2
ln(αk···αn),N (x0) − 2N ln(αk · · ·αn) = − lnN − ln ln(αk · · ·αn) − ln4π + 2x0 + o(1).

Hence,ef (y)/2 being of the order at mostN−1/2, I2 does not contribute to the asymptotics of(ak−1) and satisfies
the bound of(bk−1) for all y ∈ ∆2 as well whenN is bigger someN(ε). This concludes the proof of(ak−1) and
(bk−1).
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nd

in
To continue the proof of the lemma, let us assume that the inequalities (1.8) are strict fori = k−1, k−2, . . ., l −
1 and(a1

i ), (bi ) (see below) hold true fori = k − 2, . . . , l respectively. Under these assumptions we show that

• if the inequality (1.8) is also strict fori = l, then(a1
l−1) and(bl−1) remain true;

• if (1.8) turns into the equality fori = l, then(a2
l−1) and(bl−1) take place.

The assertion(bi ) is the same as(bk−1) above withk − 1 replaced byi. The assertions(a1
i ), (a2

i ) are the
following:

(a1
i ) For anyC ∈ R we have

P(i, y) ∼ (αi+1 · · ·αn)
Ne−y2/2

√
2πy

P
(
Ak

i (y)
)

uniformly in the interval ofy ∈ [√2 lnᾱ(ai + · · · + an)N + C,∞).
(a2

i ) For anyC ∈ R we have

P(i, y) ∼ (αi+1 · · ·αn)
Ne−y2/2

√
2πy

× P

(
Ak

i (y) ∩
[
Zi

(
y − √

2 lnᾱ(ai + · · · + an)N
)√ai+1 + · · · + an

ai

])
uniformly in the interval ofy ∈ [√2 lnᾱ(ai + · · · + an)N + C,∞). The eventsAk

i (y) are defined as:

Ak
i (y) ≡

(
Zk−1 >

[
y

√
ak−1 + · · · + an

ai + · · · + an

− Zi

√
ai(ak−1 + · · · + an)

(ai + · · · + an)(ai+1 + · · · + an)

− Zi+1

√
ai+1(ak−1 + · · · + an)

(ai+1 + · · · + an)(ai+2 + · · · + an)
− · · · − Zk−3

√
ak−3(ak−1 + · · · + an)

(ak−3 + · · · + an)(ak−2 + · · · + an)

− Zk−2

√
ak−2

ak−2 + · · · + an

− √
2(ln ᾱ)(ak−1 + · · · + an)N

]√
ak + · · · + an

ak−1

)
. (2.18)

By virtue of (a1
l ), (bl ), and the inequalities (2.8), for any givenε > 0 there exist a sufficiently largex0 =

x0(ε) ∈ R, andN(x0, ε), such that, for allN � N(x0, ε), all y ∈ R, and all t � tcr (y) ≡ (y
√

al−1 + · · · + an −
uln(αl ···αn),N (x0)

√
al + · · · + an)/

√
al−1, the integrand in (1.8) fori = l − 1 can be estimated from above a

below byαN
l P (l, ·)e−t2/2(1 ± ε) times. Havingx0 fixed, we again split the integral (1.8) into two terms,I1 and

I2, where the integration is from−∞ to tcr (y) and fromtcr (y) to +∞, respectively. By the same arguments as
(2.17), the termI2 does not contribute to(a1

l−1) or (a2
l−1), and satisfies the bound of condition(bl−1).

To treat the termI1 we distinguish the two cases when the inequality (1.8) is strict fori = l, and when equality
holds, respectively.

In the second case, the assumed equality entails

uln(αl ···αn),N(x0) = √
2 lnᾱ(al + · · · + an)N + o(1). (2.19)

This means that the probabilityP(l, ·) entering the integrand ofI1 has the asymptotics claimed in(a1
l ) uniformly

in the interval of integrationt � tcr (y) and ally. Then for anyε > 0, one can findN(x0, ε) such that, for all
N � N(x0, ε), the termI1 is bounded from above and below by
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ant

es

n

is
(αl · · ·αn)
N

√
al + · · · + an

2π

tcr (y)∫
−∞

e−(
√

al−1+···+any−√
al−1t )

2/2(al+···+an)−t2/2

√
al−1 + · · · + any − √

al−1t

× P

(
Ak

l

(
y
√

al−1 + · · · + an − t
√

al−1√
al + · · · + an

))
dt (1± ε)2 (2.20)

= (αl · · ·αn)
Ne−y2/2

2πy

scr (y)∫
−∞

e−s2/2

1−
√

al−1s√
al+···+any

× P

(
Ak

l

(
y

√
al + · · · + an

al−1 + · · · + an

− s

√
al−1

al−1 + · · · + an

))
ds (1± ε)2 (2.21)

= (αl · · ·αn)
Ne−y2/2

2πy

scr (y)∫
−∞

e−s2/2

1−
√

al−1s√
al+···+any

P
(
Ak

l−1(y, s)
)
ds (1± ε)2,

wherescr (y) = (y
√

al + · · · + an −uln(αl ···αn),N(x0)
√

al−1 + · · · + an)/
√

al−1 andAk
l−1(y, s) is the eventAk

l−1(y)

with Zl−1 replaced by the variable of integrations. Finally, we substitute (2.19) intothe upper limit of integration
scr(y) and the assertions(a2

l−1) and(bl−1) follow.
Let us now turn to the case of the inequality (1.8) strict fori = l. Givenε > 0, one can choose a negative const

C̃l (ε) of sufficiently large modulus such that(a1
l ) is satisfied and that

P(Z < C̃l(ε)
√

al−1 + · · · + an/
√

al−1 ) < ε, whereZ ∈ N (0,1). (2.22)

Next, let us decomposeI1 ≡ I ′
1 + I ′′

2 , s.t. in I ′
1 the integration is from−∞ to t̃cr (y) and inI2 – from t̃cr (y) to

tcr (y), where

t̃cr (y) ≡ (
y
√

al−1 + · · · + an − √
al + · · · + an

[√
2(ln ᾱ)N(al + · · · + an) + C̃l(ε)

])
/
√

al−1.

The choice ofC̃l(ε) enables us to apply to the integrand ofI ′′
2 the estimate(bl ). It is easy to see, changing variabl

as in (2.20), thatI ′′
2 is bounded byε(αl · · ·αn)

Ne−y2/2/
√

2πy, for all N large enough, and ally in the intervals of
(a1

l−1) and(bl−1).
To considerI ′

1, we are entitled to estimate its integrand by(a1
l ) uniformly in the interval of integration. The

for all N large enough this term is bounded from above and below by the integral (2.20) withtcr (y) replaced by
t̃cr (y). Consequently, it equals (2.21) withscr (y) replaced by

s̃cr (y) = (
y
√

al + · · · + an − [√
2(ln ᾱ)N(al + · · · + an) + C̃l(ε)

]√
al−1 + · · · + an

)
/
√

al−1.

Combined with (2.22), this integral yields the asymptotics(a1
l−1) and the bound(bl−1) .

Following this recurrence procedure up toi = 1, we obtain for a particulary = uln ᾱ,N (x)

P
(
1, uln ᾱ,N (x)

) ∼ K(α2 · · ·αn)
Ne

−u2
ln ᾱ,N (x)/2

/
√

2πuln ᾱ,N (x) ∼ α−N
1 Ke−x,

whereK is as defined in Theorem 1.1. Thus the probability in the l.h.s. of (2.1) equals(
1− P

(
1, uln ᾱ,N (x)

))αN
1 ∼ eαN

1 ln(1−Kα−N
1 e−x) ∼ e−Ke−x

. (2.23)

It remains to establish the assertion (2.2) if for somek, 2 � k � n, the inequality (1.8) is violated. For th
purpose we prove by induction fori = k − 1, k − 2, . . . ,1 that for anyε > 0 and δ̄i > δ̄i+1 > 0 there exists a
numberN(ε, δ̄i) such that

P(i, y) � ε ln(αk · · ·αn)
Ne−y2/2

√ (2.24)

2πy
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for all N � N(ε, δ̄i) and ally ∈ (0,

√
2(ai+···+an) ln(αk ···+αn)−2δ̄i

ak+···+an
N]. The arguments of the proof are very simi

to those above. Then starting from̄δk−1 such that(ak + · · · + an) ln ᾱ < ln(αk · · ·αn) − δ̄k−1 and ending withδ̄1
sufficiently close tōδk−1, we makey = uln ᾱ,N (x) belong to the interval ofy where (2.24) withi = 1 holds true.
Thus,P(1, uln ᾱ,N (x)) = o(α−N

1 e−x) and the assertion (2.2) follows as in (2.23). This completes the proof o
lemma. �
Proof of Theorem 1.1. The necessity of (1.8) is immediate from the assertion (2.2) of Lemma 2.1. The suffic
follows from Kallenberg’s theorem [21] (see also [24]) on the weak convergence of a point processPN to the
Poisson processP . Applying his theorem in our situation, weak convergence holds whenever

(i) For all intervals(a, b] ∈ R

E

∑
σ

1{u−1
ln ᾱ,N (Xσ )∈(a,b]} → Ke−a − Ke−b, asN ↑ ∞.

(ii) For all finite unions of half-open disjoint intervals∆ = ∆1 ∪ · · · ∪ ∆k, ∆i = (ai, bi], a1 < b1 < a2 < b2 <

· · · < ak < bk

P
{∀σ : u−1

ln ᾱ,N(Xσ ) /∈ ∆
} →

k∑
i=1

e−K(e−ai −e−bi ).

The proof of assertion (i) is obvious, and the proof of assertion (ii) is completely analogous to that of Lem
We leave the details to the reader.�
Proof of Theorem 1.2. We proceed by induction. In the casek = 1,P (1) = P1 is the Poisson point process onR

and the statement of the theorem is already contained in the assumptions.
Assume that (1.10) is proved fork − 1. Taking into account the identical distribution of the r.v.Yσ1···σi ,

i = 1,2, . . . , k, and the independence imposed on their vectors we may write:

FN
∆1×···×∆k

(z) ≡ Ez
∑

σ1
1{vN,1(Yσ1)∈∆1}···

∑
σk

1{vN,k (Yσ1...σk )∈∆k }

= E

(
E

(
z

∑
σk

1{vN,k (Yσ1...σk })∈∆n

∣∣∣ ∑
σ1

1{vN,1(Yσ1)∈∆1} · · ·
∑
σk

1{vN,k−1(Yσ1...σk−1)∈∆k−1}
))

= E
(
Ez

∑
σk

1{vN,k (Yσ1...σk
)∈∆k })∑

σ1
1{vN,1(Yσ1)∈∆1}···

∑
σk−1

1{vN,k−1(Yσ1...σk−1)∈∆k−1} .

Clearly,Ez
∑

σk
1{vN,k (Yσ1...σk

)∈∆k } → fk(z) asN ↑ ∞. It will be convenient to introduce

ζN(z) = Ez
∑

σk
1{vN,k (Yσ1...σk )∈∆k }/fk(z) − 1

(which tends to zero asN ↑ ∞) and

ηN,k−1 ≡
∑
σ1

1{vN,1(Yσ1)∈∆1} · · ·
∑
σk−1

1{vN,k−1(Yσ1...σk−1)∈∆k−1}.

With this notations we have

FN
∆1×···×∆k

(z) = E
(
fk(z)

)ηN,k−1 + E
[
fk(z)

ηN,k−1
((

1+ ζN(z)
)ηN,k−1 − 1

)] ≡ IN
1 + IN

2 . (2.25)

The termIN
2 in this representation converges to zero asN ↑ ∞. In fact, due to the convergence (1.9) anda1 > −∞,

for anyε > 0 one can find a sufficiently largeC(ε) > 0 andN(ε) such that

P
(
ηN,k−1 � C(ε)

)
� P

(∑
1vN,1(Yσ1)∈∆1 � C(ε)

)
< ε
σ1
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tre
for all N � N(ε). Then

|IN
2 | � 2ε + E

(∣∣fk(z)
∣∣ηN,k−1

∣∣(1+ ζN(z)
)ηN,k−1 − 1

∣∣1ηN,k−1<C(ε)

)
for all N � N(ε). The second term in (2.25) tends to zero, asN ↑ ∞, sinceζN(Z) → 0. It remains to analyseIN

1 .
But this is the generating function of the model withk − 1 levels at the pointfk(z) and|fk(z)| < 1. Thus by the
induction hypothesis

lim
N↑∞FN

∆1×···×∆k
(z) = lim

N↑∞ IN
1 = f1

(
f2

( · · ·(fk(z)
) · · · ))

and (1.10) is proved.
Let us establish the independence property (i). We taker = 2 for shortness, the case ofr > 2 is analogous

Again in view of the identical distribution of the r.v.Yσ1···σi , and of the independence of their vectors, we get:

F∆1
1×···×∆1

k∪∆2
1×···×∆2

k
(z) = lim

N↑∞ FN

∆1
1×···×∆1

k∪∆2
1×···×∆2

k

(z)

= lim
N↑∞ E

[(
Ez

∑
σ2

1{vN,2(Yσ2)∈∆1
2}···

∑
σn

1{vN,k (Yσ1...σk
)∈∆1

k
})∑

σ1
1{vN,1(Yσ1)∈∆1

1}

× (
Ez

∑
σ2

1{vN,2(Yσ2)∈∆2
2}···

∑
σk

1{vN,k (Yσ1...σk
)∈∆2

k
})∑σ1

1{vN,1(Yσ1)∈∆2
1}]

= lim
N↑∞ E

[(
f2,∆1

2

(
f3,∆1

3

( · · · (fk,∆1
k
(z)

) · · · )))∑
σ1

1{vN,1(Yσ1)∈∆1
1}

× (
f2,∆2

2

(
f3,∆2

3

( · · · (fk,∆2
k
(z)

) · · · )))∑σ1
1{vN,1(Yσ1)∈∆2

1}], (2.26)

where in the last line we applied (1.10) withn − 1 levels together with the arguments similar to (2.25). Recall
the counting variables

∑
x1

1x1∈∆1 of the Poisson point processP1 corresponding to non-intersecting segments∆1
1

and∆2
1 are independent. Therefore (2.26) equals the product of the generating functionsf1,∆1

1
(. . . (fn,∆1

n
(z)) . . .)

andf1,∆2
1
(. . . (fk,∆2

k
(z)) . . .) finishing the proof of the property (i). The proof of (ii) is analogous.�

Proof of Proposition 1.4. Suppose that for somel and somek, Jl−1 + 2 � k � Jl , the inequality (1.12) is no
true. ThenAJl−1+1,k−1 > Ak,Jl . In view of the definition ofJl either for somej0 > Jl AJl−1+1,k−1 � Ak,j0 or
there existsp, k � p < Jl , such thatAJl−1+1,k−1 � Ak,p and for allj > p AJl−1+1,k−1 > Ak,j . Under the former
conditionAJl−1+1,k−1 < AJl+1,j0 andAk,Jl < AJl+1,j0, whenceAJl−1+1,Jl < AJl+1,j0 contradicting the definition
of Jl . Under the latter conditionAk,p > Ap+1,j , AJl−1+1,k−1 > Ap+1,j , and thusAJl−1+1,p > Ap+1,j for all j > p.
This impliesJl � p contradictingp < Jl . �
Proof of Theorem 1.5 and Proposition 1.8. The proof of Theorem 1.5 requires the two statements
Proposition 1.8 which we therefore prove at the same time.

The proof proceeds by induction. Form = 1 (i) and (ii) are immediate from Theorem 1.3. To see that the
assertions of Proposition 1.8 hold, note thatP (1) has a finite number of points in[x,∞) a.s. for anyx ∈ R. Then
the integral

∫ ∞
x

ec1x1P (1)(dx) is finite a.s. whileE
∫ x

−∞ ec1x1P (1)(dx) = e(c1−1)x/(c1 − 1) → 0 asx → −∞.
Assume that (i), (ii) of both Theorem 1.5 and Proposition 1.8 are true up tom − 1. First we show the existenc

of E for m. We may considerE as the cluster process (see [15], Chapter 8) with the processNc of the centres o
clustersγ1x1 + · · · + γm−1xm−1 at the projection points ofP (m) on the plane of the firstm − 1 coordinates and
the independent Poisson point processes of the intensitye−xdx corresponding to each cluster. Then by Proposi
8.2.II in [15] it suffices to show that for any boundedA ∈ R

∫
R P(A | γ1x1 + · · · + γm−1xm−1)Nc(dx) is finite

a.s. whereP(A | γ1x1 + · · · + γm−1xm−1) is the probability thatA contains no point of the cluster with the cen
γ1x1 + · · · + γm−1xm−1. It suffices to prove this forA = [a,∞). A simple calculation gives that
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P(A | γ1x1 + · · · + γm−1xm−1) = 1− exp{−e−(a−γ1x1−···−γm−1xm−1)/γm}
� e(−a+γ1x1+···+γm−1xm−1)/γm (2.27)

and ∫
R

e(γ1x1+···+γm−1xm−1)/γmNc(dx)

=
∫

Rm−1

e(γ1x1+···+γm−1xm−1)/γmP (m−1)(dx1, . . . , dxm−1) < ∞ a.s. (2.28)

by (i) of Proposition 1.8 form − 1, sinceγ1/γm > · · · > γm−1/γm > 1. ThenE exists and has an a.s. finite numb
of points in any bounded subset ofR. Furthermore, lety = a/(γ1 + · · · + γm). Then

Pj ≡ P
(∃(x1, . . . , xm) ∈ P (m): ∀i = 1,2, . . . , j − 1γ1x1 + · · · + γixi � (γ1 + · · · + γi)y,

γ1x1 + · · · + γjxj > (γ1 + · · · + γj )y
)

�
∫

(x1,...,xk )∈Rk :
∀i=1,2,...,j−1 γ1x1+···+γi xi�(γ1+···+γi )y,

γ1x1+···+γj xj >(γ1+···+γj )y

e−x1−···−xj dx1 . . . dxj = e−jy (2.29)

leading to the exponential bound

P
(∃x ∈ E : x > a

)
�

m∑
j=1

Pj �
m∑

j=1

e−ja/(γ1+···+γj ).

It follows by Borel–Cantelli lemma thatE has an a.s. finite number of points in any interval[a,∞) and (ii) of
Theorem 1.5 is proven form.

Now we turn to (ii) of Proposition 1.8 We must show that for anya ∈ R

P
(∃ infinitely many(x1, . . . , xm) ∈P (m): γ1x1 + · · · + xmγm > a

) = 0. (2.30)

For anyε > 0 one can find a largeA(ε, a) such that the probability (2.30) is not bigger than

P
(∃ inf. many(x1, . . . , xm) ∈P (m)γ1x1 + · · · + xmγm > a

∀i = 1, . . . ,m − 1, |γ1x1 + · · · + γixi | < (γ1 + · · · + γi)A(ε, a)
) + ε. (2.31)

This follows from the exponential bound analogous to (2.29) and the property (ii) applied to the proceE
constructed fromP (1), . . . ,P (m−1). The probability (2.31) does not exceed

m−1∑
j=1

P
(∃ inf. many(xm−j+1, . . . , xm) ∈ P (j):

γm−j+1xm−j+1 + · · · + xmγm > a − (γ1 + · · · + γj )A(a, ε)
) + ε,

where the terms in the sum equal zero by induction assumption. Sinceε > 0 is arbitrary, (2.30) follows.
To show (i) of Proposition 1.8 we consider∫

(x1,...,xm)∈Rm,

ec1x1+···+cmxmP (m)(dx1 . . . dxm)
∃i,1�i�m: c1x1+···+ci xi>(c1+···+ci )y
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=
m∑

k=1

∫
(x1,...,xm)∈Rm,

∀i=1,...,k−1: c1x1+···+ci xi�(c1+···+ci )y

c1x1+···+ckxk>(c1+···+ck)y

ec1x1+···+cmxmP (m)(dx1 . . . dxm), (2.32)

where each term is determined by induction. In fact, for thekth term, given any realisation ofP (m) in R
m, take

its projection on the plane of the firstk coordinates. By (2.30) fork < m it contains a finite number of point
(x1, . . . , xk) in the domain ofRk wherec1x1 + · · · + ckxk > (c1 + · · · + ck)y. Whenever the firstk coordinates
of a point ofP (m) in R

m are fixed, the remainingm − k coordinates are distributed asP (m−k) in R
m−k . Then the

integral of the functioneck+1xk+1+···+cmxm over these coordinates is defined by induction and is finite a.s. Thu
kth term of (2.32) is the sum of an a.s. finite number of terms and each of them is a.s. finite. Finally we put∫

Rm

ec1x1+···+cmxmP (m)(dx1 . . . dxm) ≡ lim
x→−∞

∫
(x1,...,xm)∈Rm,

∃i,1�i�m: c1x1+···+ci xi>(c1+···+ci )y

ec1x1+···+cmcmP (m)(dx1 . . . dxm).

This limit is finite a.s. as it verifies Cauchy’s criterion. Denote by

I (y) =
∫

(x1,...,xm)∈Rm,

∃i,1�i�m: c1x1+···+ci xi>(c1+···+ci )y

ec1x1+···+cmxmP (m)(dx1 . . . dxm).

Then for anyε > 0 and anyy, y ′ ∈ R, y ′ < y under assumptionsc1 > · · · > cm > 1

P
(∣∣I (y) − I (y ′)

∣∣ > ε
)
� ε−2

E
(
I (y ′) − I (y)

)
� ε−2

∫
(x1,...,xm)∈Rm:

∀i=1,2,...,m c1x1+···+ci xi�(c1+···+ci )x

e(c1−1)x1+···+(cm−1)xm dx1 . . . dxm

= ε−2e(c1−1)y+···+(cm−1)y → 0, y → −∞
and Borel–Cantelli lemma yields the result.

To prove (i) of Theorem 1.5, note that

U−1
J,N(Xσ ) = γ1u

−1
ln ᾱ1,N

(X̄σ1,...,σJ1
) + γ2u

−1
ln ᾱ2,N

(
X̄

σ1,...,σJ1
σJ1+1+···+σJ2

) + · · · + γ1u
−1
ln ᾱ1,N

(
X̄

σ1,...,σJm−1
σJm−1+1+···+σJm

)
.

The convergence (i) is equivalent to the convergence of the following probability generating functionals (p
for any continuous functionh(x), 0 < h(x) � 1, with 1− h vanishing outside a bounded setE

∏
x∈EN

h(x) →
E

∏
x∈E h(x), see Proposition 9.1.VII in [15]. Let us write

E

∏
x∈EN

h(x) − E

∏
x∈E

h(x) = E

∏
xN
1 ,...,xN

m−1
∃xN

m : γ1xN
1 +···γmxN

m ∈A

E

[(∏
xN
m

h(γ1x
N
1 + · · · + γm−1x

N
m−1 + γmxN

m )

−
∏
xm

h(γ1x
N
1 + · · · + +γm−1x

N
m−1 + γmxm)

)∣∣∣∣(xN
1 , . . . , xN

m−1)

]
+ E

∏
xN

1 ,...,xN
m−1

∏
xm

h(γ1x
N
1 + · · · + γm−1x

N
m−1 + γmxm)

− E

∏ ∏
h(γ1x1 + · · · + γm−1xm−1 + γmxm), (2.33)
x1,...,xm−1 xm
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2)
where we denote by(xN
1 , . . . , xN

m ), (x1, . . . , xm) the points of the processesP (m)
N andP (m) in R

m respectively and
by A the support of 1−h. For any fixedxN

1 , . . . , xN
m−1 the term in square brackets converges to zero by Theorem

and p.g.fl.s. convergence criterion applied toP (1)
N andP (1) in R. The statement (i) form − 1 and the fact thatE

has an a.s. finite number of points in any bounded set imply that for anyε > 0 one can findK(ε) such that the
number of termsE[·] in the product over{xN

1 , . . . , xN
m−1: ∃xN

m ,γ1x
N
1 + · · ·+ γmxN

m ∈ A} is smaller thanK(ε) with
probability at least 1− ε for all N large enough. Taking into account also that 0< h(x) < 1, we derive that the firs
term in (2.33) converges to zero. The second term converges to zero by the p.g.fl.s. convergence criterio
to EN andE constructed from the firstm − 1 coordinates on the function

h̃(x) =
∏

y∈suppP (1)

h(x + γmy).

Finally we turn to (iii) of Theorem 1.5. First of all, consider the case of Theorem 1.1, i.e.m = 1. By
Lemma 2.1 we haveP(max(Xσ /

√
N) < uln ᾱ,N (x)/

√
N) → e−e−x

asN → ∞ wheree−e−x → 1 if x → +∞ and
e−e−x → 0 if x → −∞. It follows that max(Xσ /

√
N) → √

2 lnᾱ in probability. Letm > 1. TakeanypartitionJ

satisfying (1.12) and̄a1, . . . , ām, ᾱ1, . . . , ᾱm subjected to it. Then from the tree’s structure ofXσ in the GREM
(1.4) and the previous result form = 1 applied to each cell of the partitionJ lim infN→∞ max(Xσ /

√
N) �√

2ā1 ln ᾱ1 + · · ·+ √
2ām ln ᾱm in probability. The maximal value maxJ

√
2ā1 ln ᾱ1 + · · · + √

2ām ln ᾱm is attained
on the partition (1.15). And it gives the true value of the maximum ofXσ : by (i) and (ii) of Theorem 1.5 for
someh > 0 P(max(Xσ /

√
N) > (

√
ā1uln ᾱ1,N (x) + · · · + √

āmuln ᾱm,N (x))/
√

N) → P(∃y ∈ E : y > x) � e−hx .
Thus max(Xσ /

√
N) → √

2ā1 ln ᾱ1 + · · · + √
2ām ln ᾱm in probability. To deduce from this the convergence

the expectation, note that the function max(Xσ ) is the Lipschitz function ofαN
1 + · · · + (α1 · · ·αn)

N independen
Gaussian r.v.Xσ1, . . . ,Xσ1...σn with the Lipschitz constant equal to 1 and apply the concentration of me
inequality (A.2) to it withε = δ

√
N . Once the convergence of the expectation proven, the inequality (A.2) ap

for the second time shows that max(Xσ /
√

N) converges in probability exponentially fast. Then Borel–Can
lemma proves the a.s. convergence.�

3. Proof Theorems 1.7 and 1.9

Proof of Theorem 1.7. It is based on Lemmas 3.1 and 3.2 below. Lemma 3.1 proves the theorem in th
l(β) = 0. The proof in general case proceeds by induction onl(β). We represent the normalised partition funct
as the sum of two terms

e

∑l(β)
j=1(−βN

√
2āj ln ᾱj +βγj [ln(N ln ᾱj )+ln4π]/2+N lnαj −N

∑n
i=Jl(β)+1 β2ai/2

Zβ,N

=
∑

σ1...σJ1

e
βγ1u

−1
ln ᾱ1,N (X̄σ1...σJ1

) · · ·
∑

σJl(β)−1+1...σJl(β)

e
βγl(β)u

−1
ln ᾱl(β),N

(X̄
σ1...σJl(β)−1
σJl(β)−1+1...σJl(β)

)
C(β)

+
∑

σ1...σJ1

e
βγ1u

−1
ln ᾱ1,N

(X̄σ1...σJ1
) · · ·

∑
σJl(β)−1+1...σJl(β)

e
βγl(β)u

−1
ln ᾱl(β),N

(X̄
σ1...σJl(β)−1
σJl(β)−1+1...σJl(β)

)

×
(

e
−∑n

i=Jl(β)+1(N lnαi+Nβ2αi/2) ∑
σJl(β)+1

e
β
√

aJl(β)+1Xσ1...σJl(β)+1 · · ·
∑
σm

eβ
√

amXσ1...σm − C(β)

)
= IN

1 + IN
2

with the same notation̄X
σ1...σJl−1
σJl−1+1...σJl

as in (1.11) and show thatIN
1 converges in distribution to the integral (1.2

and thatIN converges to zero.
2
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For anyx ∈ R the difference betweenIN
1 and the integralI of (1.22) can be written as follows:

IN
1 − I =

l(β)∑
k=1

[ ∑
σ1,...,σJ1

e
βγ1u

−1
ln ᾱ1,N (X̄σ1...σJ1

) · · ·
∑

σJk−1+1...σJk

e
βγku

−1
ln ᾱk ,N

(X̄
σ1...σJk−1
σJk−1+1...σJk

)

× 1{∀i=1,...,k−1: γ1u
−1
ln ᾱ1,N (X̄σ1...σJ1

)+···+γiu
−1
ln ᾱi ,N

(X̄
σ1...σJi−1
σJi−1+1...σJi

)�(γ1+···+γi)x}
× 1{γ1u

−1
ln ᾱ1,N (X̄σ1...σJ1

)+···+γku
−1
ln ᾱk ,N (X̄

σ1...σJk−1
σJk−1+1...σJk

)>(γ1+···+γk)x}

× C(β)
∑

σJk+1,...,σJk+1

e
βγk+1u

−1
ln ᾱ1,N (X̄

σ1...σJk
σJk+1...σJk+1

) · · ·
∑

σJl(β)−1+1...σJl(β)

e
βγl(β)u

−1
ln ᾱl(β),N

(X̄
σ1...σJl(β)−1
σJl(β)−1+1...σJl(β)

)

− C(β)

∫
(x1,...,xl(β))∈Rl(β),

∀i=1,...,k−1: γ1x1+···+γixi�(γ1+···+γi )x

γ1x1+···+γkxk>(γ1+···+γk)x

eβγ1x1+···+βγl(β)xl(β)P (l(β))(dx1 . . . dxl(β))

]

+ C(β)
∑

σ1,...,σJ1

e
βγ1u

−1
ln ᾱ1,N (X̄σ1...σJ1

) · · ·
∑

σJl(β)−1+1...σJl(β)

e
βγl(β)u

−1
ln ᾱl(β),N

(X̄
σ1...σJl(β)−1
σJl(β)−1+1...σJl(β)

)

× 1{∀i=1,...,k: γ1u
−1
ln ᾱ1,N (X̄σ1...σJ1

)+···+γiu
−1
ln ᾱi ,N

(X̄
σ1...σJi−1
σJi−1+1...σJi

)�(γ1+···+γi)x}

− C(β)

∫
(x1,...,xl(β))∈Rl(β),

∀i=1,...,k: γ1x1+···+γixi�(γ1+···+γi )x

eβγ1x1+···+βγl(β)xl(β)P (l(β))(dx1 . . . dxl(β)). (3.1)

Givenε > 0, one can choosex < 0 sufficiently large by absolute value such that for allN starting from someN(x),
the probability that the last two terms of (3.1) are smaller thanε, is arbitrarily close to 1. Namely, for the last ter
this is obvious from Proposition 1.8(ii). For the term before the last it suffices to apply Chebyshev’s inequa
and to estimate its expectation after. Sinceγ1 > · · · > γl(β) andβγl(β) > 1, then by Lemma 3.2 for allN � N(x)

the expectation of this term is smaller thanC(β)Ce
x

∑l(β)
j=1(βγj−1) ↓ 0 asx ↓ −∞. Let us fixx < 0 large enough

by absolute value and consider thekth term in square brackets,k = 1,2, . . . , l(β). The inequalities (1.12) bein
verified for the partition (1.15), we have the point processes convergence stated in Theorem 1.3. Ifk = l(β), then by
Proposition 1.8(i), the integral in thel(β)th term is over a finite number of points ofP (l(β)) a.s. Then, indeed, thi
term converges to zero in distribution. If 1� k < l(β), then the un-truncated sums overσJk+1, . . . , σn are involved
in thekth term. They are distributed asI1

N for the GREM ofn−Jk levels where the parameterl(β) equalsl(β)−k.
By induction each of these sums converges in distribution to the integral ofeβγk+1xk+1+···+βγl(β)xl(β) over the proces
P (l(β)−k) onRl(β)−k. Moreover, by Proposition 1.8(i) the integral in thekth term of (3.1) is the linear combinatio
of a.s. finite number of independent integrals distributed as these. These arguments together imply the con
to zero of thekth term of (3.1) and complete the analysis ofI1

N .
Let us write a similar representation forI2

N :

IN
2 =

l(β)∑
k=1

∑
σ1,...,σJ1

e
βγ1u

−1
ln ᾱ1,N (X̄σ1...σJ1

) · · ·
∑

σJk−1+1...σJk

e
βγku

−1
ln ᾱk ,N (X̄

σJ1
...σJk−1

σJk−1+1...σJk
)

× 1{∀i=1,...,k−1: γ1u
−1
ln ᾱ1,N (X̄σ1···σJ1

)+···+γiu
−1
ln ᾱi ,N

(X̄
σJ1

...σJi−1
σJi−1+1···σJi

)�(γ1+···+γi )x}
× 1{γ1u

−1 (X̄σ ···σ )+···+γku
−1 (X̄

σJ1
...σJk−1

σ ···σ )>(γ1+···+γk)x}
ln ᾱ1,N 1 J1 ln ᾱk ,N Jk−1+1 Jk
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×
∑

σJk+1,...,σJk+1

e
βγk+1u

−1
ln ᾱ1,N

(X̄
σJ1

...σJk
σJk+1...σJk+1

) · · ·
∑

σJl(β)−1+1...σJl(β)

e
βγl(β)u

−1
ln ᾱl(β),N

(X̄
σJ1

...σJl(β)−1
σJl(β)−1+1...σJl(β)

)

×
(

e
−∑n

i=Jl(β)+1(N lnαi+Nβ2αi/2) ∑
σJl(β)+1

e
β
√

aJl(β)+1Xσ1...σJl(β)+1 · · ·
∑
σm

eβ
√

amXσ1...σm − C(β)

)

+
∑

σ1,...,σJ1

e
βγ1u

−1
ln ᾱ1,N (X̄σ1...σJ1

) · · ·
∑

σJl(β)−1+1...σJl(β)

e
βγl(β)u

−1
ln ᾱl(β),N

(X̄
σJ1

...σJl(β)−1
σJl(β)−1+1...σJl(β)

)

× 1{∀i=1,...,k: γ1u
−1
ln ᾱ1,N (X̄σ1···σJ1

)+···+γiu
−1
ln ᾱi ,N

(X̄
σJ1

...σJi−1
σJi−1+1...σJi

)�(γ1+···+γi)x}

×
(

e
−∑n

i=Jl(β)+1(N lnαi+Nβ2αi/2) ∑
σJl(β)+1

e
β
√

aJl(β)+1Xσ1...σJl(β)+1 · · ·
∑
σm

eβ
√

amXσ1...σm − C(β)

)
. (3.2)

Again, by Lemma 3.2, for allN � N(x) the expectation of the absolute value of the last term in (3.2) d

not exceed 2CC(β)e
x

∑l(β)
j=1(βγj−1) ↓ 0 asx ↓ −∞. Then, givenε > 0, using Chebyshev’s inequality one c

fix x < 0 such that for allN � N(x) the last term of (3.2) is smaller thanε with probability arbitrarily close
to 1. Having fixedx < 0 with sufficiently large absolute value, let us turn to the sum of the firstl(β) terms.
In the kth term of (3.2) the un-truncated sums multiplied by the term in round brackets are distributed asIN

2
in the GREM ofn − Jk levels where the parameterl(β) equalsl(β) − k. They converge to zero in probabili
by induction. Furthermore, for anyδ > 0 one can find large enough numbersN(δ, x), R(δ, x) andX(δ, x) such
that for all SN � N(δ, x) with probability at least 1− δ the kth term of (3.2) is a linear combination of
mostR(δ, x) such sums with the weights at mosteβX(δ,x). The numberR(δ, x) exists by Proposition 1.4(i) an
of the numberX(δ, x) does by Theorem 1.5. This theorem asserts the point process convergence of e
EN = ∫

Rk δδ1x1+···+δkxkPk
N (dx1, . . . , dxk) → E = ∫

Rk δδ1x1+···+δkxkPk(dx1, . . . , dxk) where the processE has at
least one point in[a,∞) with exponentially small probability asa → ∞. Then thekth term inIN

2 converges to
zero in probability, asN ↑ ∞, k = 1, . . . , l(β). Hence,IN

2 converges to zero in probability. This concludes
proof of the theorem. �
Lemma 3.1. Let in the GREMl(β) = 0. Then

e−N
∑n

i=1 β2ai/2Zβ,N
D→ C(β).

The constantC(β) = 1 if βγ1 < 1 and

C(β) = P

( ⋂
i: 1�i�J1

(a1+···+ai )/āJ1
=ln(α1···αi )/ ln ᾱJ1

(
√

a1Z1 + · · · + √
aiZi < 0)

)
(3.3)

if βγ1 = 1 whereZ1, . . . ,ZJ1 are independent standard Gaussian r.v.

Proof. By Proposition 1.4,A1,j � A1,J1 = γ 2
1 for all j = 1, . . . , J1 and by the definition ofJ1 A1,j < A1,J1 = γ 2

1
for j > J1. Therefore, ifβγ1 < 1, thenβ2A1,j < 1 for all j = 1,2, . . . , n; if βγ1 = 1, thenβ2A1,j � 1 for all j =
1,2, . . . , n and the equality takes place only for thosej � J1 for which (a1 + · · · + aj )/āJ1 = ln(α1 · · ·αj )/ ln ᾱJ1.

First, we study the case ofβγ1 < 1, in which we show thatZβ,N/EZβ,N
D→ 1 asN ↑ ∞. Let us fixε > 0 such

that

ln(α1 · · ·αj ) − (
β2 − (β − ε)2/2

)
(a1 + · · · + aj ) > 0 (3.4)
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for all j = 1, . . . , n because of the strict inequalityβ2A1,j < 1. We use truncation techniques originally introduc
by Talagrand. Let us define the truncated partition function

ZT
β,N = 2−N

∑
σ1

eβ
√

a1Xσ1 · · ·
∑
σn

eβ
√

a1Xσ1σ2...σn 1{∀i=1,...,n
√

a1Xσ1+···+√
aiXσ1...σi

<(β+ε)(a1+···+ai)
√

N} (3.5)

and set

Z̄T
β,N ≡ Zβ,N − ZT

β,N . (3.6)

We can then write

Zβ,N

EZβ,N

= ZT
β,N

EZT
β,N

× EZT
β,N

EZβ,N

+ Z̄T
β,N

EZβ,N

. (3.7)

It is easy to compute

EZT
β,N = eβ2N/2

P
(∀i = 1, . . . , n:

√
a1Z1 + · · · + √

aiZi < ε(a1 + · · · + ai)
√

N
)

∼ eβ2N/2 = EZβ,N (3.8)

whereZ1, . . . ,Zn are independent standard Gaussian r.v. Thus the second term in (3.7) converges to zeL1
and in the first term the factorEZT

β,N/EZβ,N converges to 1. Finally, for anyδ > 0

P
(|ZT

β,N/EZT
β,N − 1| > δ

)
�

E(ZT
β,N − EZT

β,N)2

(EZT
β,N)2

�
∑N

j=1(α1 · · ·αj )
−N

Ee2β
√

N(
√

a1X1+···+√
aj Xj )1{√a1X1+···+√

aj Xj <(β+ε)(a1+···+aj )
√

N}
δ2eβ2N(a1+···+aj )(1+ o(1))

�
(
1+ o(1)

)
δ−2

N∑
j=1

(α1 · · ·αj )
−Neβ2N(a1+···+aj )P

(
Z < (−β + ε)

√
N(aj + · · · + an)

)

�
(
1+ o(1)

)
δ−2

N∑
j=1

(α1 · · ·αj )
−Neβ2N(a1+···+aj )e−N(β−ε)2(aj+···+an)/2, (3.9)

whereX1, . . . ,Xn andZ are independent standard Gaussian r.v. In view of the choice ofε > 0, (3.9) converges to
zero asN ↑ ∞. Then the first factor in the first term of (3.7)ZT

β,N/EZT
β,N → 1 in probability finishing the proo

of the lemma in the caseβγ1 < 1.
Assume now thatβγ1 = 1. We fix ε according to (3.4) for allj such thatβ2A1,j < 1. (In particular, the las

inequality holds for allj > J1.) For thosej � J1 for which β2A1,j = 1 we truncate the partition function b
uln(α1···αj ),N(0)

√
a1 + · · · + aj . Then

ZT
β,N = 2−N

∑
σ1

eβ
√

a1Xσ1 · · ·
∑
σn

eβ
√

a1Xσ1σ2...σn

× 1{∀j=1,...,n, A1,j <A1,J1,
√

a1Xσ1+···+√
aj Xσ1...σj

<(β+ε)(a1+···+aj )
√

N}
× 1{∀j=1,...,J1, A1,j =A1,J1 ,

√
a1Xσ1+···+√

ajXσ1...σj
<uln(α1···αj ),N (0)

√
a1+···+aj }.

Let us compute again
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s case
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rom

term in
EZT
β,N = eβ2N/2

P
(∀j = 1, . . . , n: if A1,j < A1,J1,

√
a1Z1 + · · · + √

ajZj < ε(a1 + · · · + aj )
√

N;
and ifA1,j = A1,J1,

√
a1Z1 + · · · + √

ajZj

< (uln(α1···αj ),N(0) − β
√

a1 + · · · + aj )
√

a1 + · · · + aj

)
∼ C(β)eβ2N/2 = C(β)EZβ,N

asuln(α1···αj ),N(0) − β
√

a1 + · · · + aj = o(1) wheneverβ2A1,J1 = β2A1,j = 1. Then the factorEZT
β,N/EZβ,N

converges toC(β). The other factorZT
β,N/EZT

β,N in the first term of (3.7) converges to 1 in probability. In fact
can be estimated as the sum (3.9) where the terms overj with A1,j < A1,J1 remain the same and the terms ovej

with A1,j = A1,J1 become:

(α1 · · ·αj )
−Neβ2N(a1+···+aj )

P
(
Z < uln(α1···αj ),N (0) − 2β

√
N(aj + · · · + an)

)
� (α1 · · ·αj )

−Neβ2N(a1+···+aj )e
−(uln(α1···αj ),N (0)−2β

√
N(aj +···+an))2/2

√
2π(2β

√
N(aj + · · · + an) − uln(α1···αj ),N(0))

= O(1/N), N ↑ ∞,

in view of the equalityβ2A1,j = 1. The second term in (3.7) does not converge to zero inL1 in this case, as its
expectation is about(1−C(β)). Nevertheless, we show that it converges to zero in probability. Taking into accou
(1.19) withβ2A1,j = 1, one can estimate it by

Z̄T
β,N

EZβ,N

�
n∑

j=1,
A1,j <A1,J1

2−Ne−β2N/2
∑
σ1

eβ
√

a1Xσ1 · · ·
∑
σj

e
β
√

a1Xσ1σ2...σj

× 1{√a1Xσ1+···+√
ajXσ1...σj

�(β+ε)(a1+···+aj )
√

N}
∑
σj+1

e
β
√

aj+1Xσ1...σj+1 · · ·
∑
σn

eβ
√

anXσ1σ2...σn

+
n∑

j=1,
A1,j =A1,J1

e−[lnN+ln ln(α1···αj )+ln4π]/2
∑

σ1...σj

e
u−1

ln(α1···αj ),N
(X̄σ1...σj

)
1{u−1

ln(α1···αj ),N
(X̄σ1···σj

)>0}

× (αj+1 · · ·αn)
−Ne−β2(aj+1+···+an)N/2

∑
σj+1

e
β
√

aj+1Xσ1...σj+1 · · ·
∑
σn

eβ
√

anXσ1σ2...σn . (3.10)

The first sum in this estimate overj with A1,j < A1,J1 converges to zero inL1 as the mean of itsj th term is of

the ordere−ε2(a1+···+aj )N/2. In thej th term of the last sum we have for alli = 1,2, . . . , j A1,i � A1,J1 = A1,j by
Proposition 1.4. This means that inequalities ensuring the convergence to the Poisson point process (see (1
Theorem 1.1) are verified whereai/

∑j

i=1 ai substituteai , ᾱ = ∏j

i=1 αi , and Theorem 1.1 applies. Therefore,
point process

∑
σ1,...,σj

δ
u−1

ln(α1···αj ),N
(X̄σ1...σj

)
converges weakly to the Poisson point process onR with the intensity

measuree−xdx having almost surely a finite number of points in[0,∞). Then for anyε > 0 one can findK(ε) and
R(ε) such that the number of its points in[0,∞) is smaller thanK(ε) and each of them is smaller thanR(ε) with
probability at least 1− ε for all N large enough. The sum overσj+1, . . . , σn attached to each point of this proce
is the properly normalised partition function of the GREM with the right partition (1.15)J1 − j, J2, . . . , Jm and
l(β) = 0. If J1 − j = 0, it converges to a constant by the statement of the lemma just proved in the previou
asβ2AJ1+1,J2 < β2A1,J1 = 1. Otherwise, start induction procedure on the size of the first cell. Then this sum
σj+1, . . . , σn with the first cell smaller thanJ1 converges to a constant by induction assumption. It follows f
these arguments that the whole sum overσ1, . . . , σj is bounded in probability: for any ε > 0 there exitsM(ε) that
it is bigger thanM(ε) with probability smaller thanε for all N sufficiently large. Finally the prefactore− lnN/2

make it converge in probability to zero. This proves the convergence in probability to zero of the second
(3.7) and completes the proof of the lemma.�
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tandard
Lemma 3.2. Let 0 < ai < 1, ai > 1, γi = √
ai/(2 lnαi), i = 1,2, . . . ,m, be the numbers such thatγ1 > · · · > γm,

βγm > 1. Let X1, . . . ,Xm be independent standard Gaussian random variables. Then for anyx ∈ R there exists
N(x) such that for allN � N(x)

Ee
βγ1u

−1
lnα1,N (X1)+···+βγmu−1

lnαm,N (Xm)
1{∀i=1,...,m: γ1u

−1
lnα1,N (X1)+···+γiu

−1
lnαi ,N

(Xi)<(γ1+···+γi)x}

� C(α1 · · ·αm)−Ne
x

∑m
j=1(βγj−1) (3.11)

where the constantC does not depend onx.

Proof. The l.h.s. of (3.11) equals

e
∑m

j=1(−βN
√

2aj lnαj +βγj [ln(N lnαj )+ln4π]/2)

×Eeβ
√

a1X1+···+β
√

amXm1∀i=1,...,m:
√

a1X1+···+√
aiXi<

√
a1ulnα1,N (x)+···+√

aiulnαi ,N
(x)

= e
∑m

j=1(−βN
√

2aj lnαj +βγj [ln(N lnαj )+ln4π]/2+Nβa2
j /2)

P
(∀i = 1, . . . ,m:

√
a1X1 + · · · + √

aiXi

<
√

a1
(
ulnα1,N (x) − β

√
a1N

) + · · · + √
ai

(
ulnαi ,N(x) − β

√
aiN

))
. (3.12)

Proposition 3.3 below will be applied with

ci(N) = ulnαi,N (x) − β
√

aiN = (√
2 lnαi − β

√
ai

)√
N + o(1), i = 1,2, . . . ,m,

whereci = √
2 lnαi − β

√
ai < 0 asβγi > βγm > 1 and

√
ai−1ci − √

aici−1 > 0 asγi−1 > γi . Thus (3.12) does
not exceed

(
√

N)−mC̃e
∑m

j=1(−βN
√

2aj lnαj +βγj [ln(N lnαj )+ln4π]/2+Nβa2
j /2−(ulnαj ,N (x)−β

√
ajN)2/2)

= (
√

N)−mC̃e

∑m
j=1(−u2

lnαj ,N (x)/2+βγjx) � C(α1 · · ·αm)−Ne
x

∑m
j=1(βγj−1)

for all N large enough. �
Proposition 3.3. Assume that the numbers0 < ai < 1, ci < 0, i = 1, . . . ,m, are such that

√
ai−1ci − √

aici−1 > 0
for all i = 2, . . . ,m. Letci(N) = ci

√
N + o(1) asN ↑ ∞ be the functions ofN with leading constantsci . Let also

X1, . . . ,Xm be independent standard Gaussian random variables. Then for all sufficiently largeN

P
(∀i = 1, . . . ,m:

√
a1X1 + · · · + √

aiXi <
√

a1c1(N) + · · · + √
aici(N)

)
� (

√
N)−mC̃e

−∑N
j=1 c2

j (N)/2 (3.13)

where the constant̃C depends only on the constantsc1, . . . , cm.

Proof. This is a rather cumbersome computation involving several induction procedures. It is based on a s
estimate for the density of standard random variables (Proposition A.1) that is given in Appendix A.

In the casem = 1 (3.13) follows directly from Proposition A.1. Assume that it is proved tom − 1 and let us
make an induction step tom. Denote by

Dm = {
(x1, . . . , xm) ∈ R

m: ∀i = 1, . . . ,m
√

a1X1 + · · · + √
aiXi <

√
a1c1(N) + · · · + √

aici(N)
}
.

For anyδ > 0 by Proposition A.1 we may write:
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For

nd

.13)
is
P
(∀i = 1, . . . ,m:

√
a1X1 + · · · + √

aiXi <
√

a1c1(N) + · · · + √
aici(N)

)
�

√
am√

(2π)mNδ

∫
Dm−1

e(
√

a1c1(N)+···+√
amcm(N)−√

a1x1−···−√
am−1xm−1)

2/(2am)

× e−(x2
m−1+···+x2

1)/2dxm−1 . . . dx1

+ P
(∀i = 1, . . . ,m − 1:

√
a1X1 + · · · + √

aiXi <
√

a1c1(N) + · · · + √
aici(N)

√
a1X1 + · · · + √

am−1Xm−1 <
√

a1c1(N) + · · · + √
am−1cm−1(N) + √

amcm(N) + δ
√

N
)

≡ I1
N,m + I2

N,m.

Let us first show that withδ > 0 small enoughI2
N,m is of exponentially smaller order than the bound (3.13).

this purpose we findk such that

(am−1 + · · · + am−i+1)cm−i � √
am−i

(√
am−i+1cm−i+1 + · · · + √

amcm

) ∀i = 2,3, . . . , k;
(am−1 + · · · + am−k)cm−k−1 <

√
am−k−1

(√
am−kcm−k + · · · + √

amcm

)
. (3.14)

(If (3.14) fails already fori = 2 we putk = 1, if (3.14) holds up toi = m − 1, we putk = m − 1.) Then the term
I2
N,m is bounded by the probability of the following event for which the estimate (3.13) applies by induction:

P
(∀i = 1, . . . ,m − k − 1:

√
a1X1 + · · · + √

aiXi <
√

a1
(
c1(N) + δ

√
N/

√
a1

) + · · · + √
aici(N)

√
a1X1 + · · · + √

am−k−1Xm−k−1 + √
am−k + · · · + am−1Xm−k

<
√

a1
(
c1(N) + δ

√
N/

√
a1

) + · · · + √
am−1cm−1(N) + √

amcm(N)
)

� C̃

(
√

N)m−k
e−[(c1(N)+δ

√
N/

√
a1)

2+···+c2
m−k−1(N)]/2

× e−[√am−kcm−k(N)+···+√
amcm(N)]2/[2(am−k+···+am−1)]. (3.15)

Now it suffices to note that(√
am−kcm−k + · · · + √

amcm

)2
> (am−k + · · · + am−1)

(
c2
m−k + · · · + c2

m

)
. (3.16)

This follows fork = 1 from
√

am−1cm >
√

amcm−1 and fork > 1 by induction fromk − 1:(√
am−kcm−k + · · · + √

amcm

)2

> am−kc
2
m−k + (√

am−k+1cm−k+1 + · · · + √
amcm

)2

+ 2
√

am−kcm−k

(√
am−k+1cm−k+1 + · · · + √

amcm

)
> am−kc

2
m−k + (am−k+1 + · · · + am−1)(c

2
m−k+1 + · · · + c2

m)

+ c2
m−k(am−k+1 + · · · + am−1) + am−k(c

2
m−k+1 + · · · + c2

m)

= (am−k + · · · + am−1)(c
2
m−k + · · · + c2

m), (3.17)

where we used (3.14) withi = k and the assumptions onci andai of the proposition. Note also that by (3.16) a
(3.17) the choice of an appropriateδ > 0 in (3.15) depends only onci , ai for i = k, . . . ,m.

Next, we concentrate on the analysis ofI1
N,m. We start another induction to prove that it obeys the bound (3

under the assumptions of the proposition. It is not difficult to check this form = 2 and we skip it. Assume that th
holds true up tom − 1. We want to prove it form. We writeI1 as
N,m
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rwise

d

e
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to
s

I1
N,m =

√
am√

(2π)mNδ

∫
Dm−2

e

[√a1c1(N)+···+√
amcm(N)−√

a1x1−···−√
am−2xm−2]2

2(am−1+am) e−(x2
m−2+···+x2

1)/2dxm−2 . . . dx1

×
Em−1∫
−∞

e

[(am−1+am)xm−1−√
am−1(

√
a1c1(N)+···+√

amcm(N)−√
a1x1−···−√

am−2xm−2)]2
2am(am−1+am) dxm−1

with the notation

Em−1 ≡ (√
a1c1(N) + · · · + √

am−1cm−1(N) − √
a1x1 − · · · − √

am−2xm−2
)
/
√

am−1.

Whenever
√

a1x1 + · · ·+√
am−2xm−2 >

√
a1c1(N)+ · · ·+√

am−2cm−2(N)+√
am−1cm−1(N)− am−1(cm(N)−

δ′√N)/
√

am for anyδ′ > 0, we are allowed to apply to the inner integral the estimate Proposition A.1, othe
let us just estimate it by

√
2π :

I1
N,m �

√
amam−1e

−c2
m(N)/2√

(2π)mN2(am−1 + am)δδ′

∫
Dm−2

e
[√a1c1(N)+···+√

am−1cm−1(N)−√
a1x1−···−√

am−2xm−2]2
2am−1

× e−(x2
m−2+···+x2

1)/2dxm−2 . . . dx1

+
√

am√
(2π)m−1Nδ

∫
Dm−3∩Gδ′

m,2

e
[√a1c1(N)+···+√

amcm(N)−√
a1x1−···−√

am−2xm−2]2
2(am−1+am)

× e−(x2
m−2+···+x2

1)/2dxm−2 . . . dx1

≡ J 1
N,m + J 2

N,m, (3.18)

where

Gδ′
m,2 = {

(x1, . . . , xm):
√

a1x1 + · · · + √
a2xm−2 <

√
a1c1(N) + · · · + √

am−2cm−2(N)

+ √
am−1cm−1(N) − am−1cm(N)/

√
am + δ′√N

}
.

The termJ 1
N,m has the form ofI1

N,m−1 with parametersai , ci , i = 1, . . . ,m − 1. By induction it obeys the boun

claimed in (3.13). In fact, this term gives the main contribution toI1
N,m and to the probability of (3.13). W

will show that, under assumptions of the proposition, with an appropriate choice ofδ′ > 0 depending only on
ai and ci , i = 2, . . . ,m, the contribution ofJ 2

N,m is of exponentially smaller order than the bound on (3.1
Observe that, with notationsa′

i = ai , c′
i = ci for i = 1, . . . ,m − 3, a′

m−2 = am−2, c′
m−2 = cm−2 + (

√
am−1cm−1 −

am−1cm/
√

am)/
√

am−2, a′
m−1 = am−1 + am, c′

m−1 = √
am−1 + amcm/

√
am, J 2

N,m takes the form ofI1
N,m−1 as

well. Had the assumptions
√

a′
ic

′
i−1 −

√
a′
ic

′
i < 0 for i = 2, . . . ,m − 1 been verified, then by induction onI1

N,m

this term could be estimated bye−(c′2
1(N)+···+c′2

m−1(N))/2 as c′2
1 + · · · + c′2

m−1 > c2
1 + · · · + c2

m and the proof

of the proposition would be finished. Unfortunately the conditions
√

a′
ic

′
i−1 −

√
a′
ic

′
i < 0 are verified for all

i = 1, . . . ,m − 1, but not necessarily fori = m − 2. If for i = m − 2 this inequality fails, then we are obliged
continue the proof. This leads us to showing by induction subsequently fork = m−1, . . . ,2 that under assumption√

aici−1 − √
aici < 0, i = 2, . . . ,m, for all N large enough

Lk
N,m =

∫
Dm−k−1∩Gm,k

e

[√a1c1(N)+···+√
amcm(N)−√

a1x1−···−√
am−kxm−k ]2

2(am−k+1+···+am−1) e−(x2
m−k+···+x2

1)/2dxm−k . . . dx1

� e−BN(1+o(1)), (3.19)
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where Gm,k = {(x1, . . . , xm):
√

a1x1 + · · · + √
am−kxm−k <

√
a1c1(N) + · · · + √

am−kcm−k(N) + · · · +√
am−1cm−1(N) − (am−k+1 + · · · + am−1)cm(N)/

√
am} and where the constantB > c2

1 + · · · + c2
m. Then the

estimate (3.19) in the casek = 2 proves that, with an appropriate choice ofδ′ > 0, the contribution ofJ 2
N,m to

(3.13) is negligible, which implies the assertion of the proposition.
It remains to prove (3.19). Let us introduce the notations:a′

i ≡ ai , c′
i ≡ ci for i = 1, . . . ,m−k−1,a′

m−k ≡ am−k,

c′
m−k ≡ cm−k + (√

am−k+1cm−k+1 + · · · + am−1cm−1 − (am−k+1 + · · · + am−1)cm/
√

am

)
/
√

ak−m,

a′
m−k+1 ≡ am−k+1 + · · · + am,

c′
m−k+1 ≡ √

am−k+1 + · · · + amcm/
√

am.

One checks that
√

a′
ic

′
i−1 −

√
a′
ic

′
i < 0 for all i = 2, . . . ,m − k + 1 except may be fori = m − k. If this is also true

for i = m − k or if k = m − 1 (as in this casea′
m−k−1, c′

m−k−1 are absent) thenLk
N,m takes the form ofI1

N,m−k+1

and by induction onI1
N,m it does not exceed the exponential bound (3.19) withB = c′2

1 + · · · + c′2
m−k+1. Then the

observation

c′2
1 + · · · + c′2

m−k+1 − (c2
1 + · · · + c2

m)

� 2cm−k

k−1∑
i=1

(
√

am−icm−i − am−icm/
√

am )/
√

am−k +
k−1∑
i=1

am−ic
2
m/am −

k−1∑
i=1

c2
m−i

> cm−k

k−1∑
i=1

(
√

am−icm−i − am−icm/
√

am )/
√

am−k +
k−1∑
i=1

am−i c
2
m/am −

k−1∑
i=1

√
am−i cmcm−i/

√
am

=
k−1∑
i=1

(
√

am−icm−i − am−icm/
√

am )(cm−k/
√

am−k − cm/
√

am ) > 0 (3.20)

finishes the proof of (3.19) in this case. In particular this proves (3.19) fork = m − 1.

Suppose now thatk > 1, (3.19) holds up tok − 1 and that
√

a′
m−k−1c

′
m−k �

√
a′
m−kc

′
m−k−1. Let us findl � k

such that

(a′
m−k + · · · + a′

m−i )c
′
m−i−1 �

√
a′
m−i−1

(√
a′
m−i c

′
m−i + · · · +

√
a′
m−kc

′
m−k

) ∀i = 2,3, . . . , l; (3.21)

(a′
m−k + · · · + a′

m−l−1)c
′
m−l−2 <

√
a′
m−l−2

(√
a′
m−l−1c

′
m−l−1 + · · · +

√
a′
m−kc

′
m−k

)
. (3.22)

(If (3.21) holds fori = 1, . . . ,m − 2, we putl = m − 2.) Then developingLk
N,m l − k + 2 times as in (3.18), we

obtain

Lk
N,m �

√
2π

∫
Dm−k−2∩Gδ′′

m,k−1

e
[√a1c1(N)+···+√

amcm(N)−√
a1x1−···−√

am−k−1xm−k−1]2
2(am−k+···+am)

× e−(x2
m−k−1+···+x2

1)/2dxm−k−1 . . . dx1

+
√

(2π)l−k+1(am−k+1 + · · · + am)e−c′2
m−k+1(N)/2

√
Nδ′′

×
∫

D′
m−l−2

e

[
√

a′
1c1(N)+···+

√
a′
m−k

c′
m−k

(N)−
√

a′
1x1−···−

√
a′
m−l−2xm−l−2]2

2(a′
m−l−1+···+a′

m−k
)

× e−(x2
m−l−2+···+x2

1)/2dxm−l−2 . . . dx1, (3.23)
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9)

y

e

where

Gδ′′
m,k−1 = {

(x1, . . . , xm−k−1):
√

a1x1 + · · · + √
am−k−1xm−k−1

<
√

a1c1(N) + · · · + √
am−k−1cm−k−1(N) + · · · + √

am−1cm−1(N)

− (am−k + · · · + am−1)cm(N)/
√

am + δ′′√N
}

and whereD′
m−l−2 is the domainDm−l−2 with ai , ci formally replaced byai , c′

i (in fact, D′
m−l−2 = Dm−l−2 as

ai = a′
i , ci = c′

i for i = 1, . . . ,m− l − 2). The first term of (3.23) withδ′′ > 0 small enough obeys the bound (3.1
with a good constantB > c2

1 + · · · + c2
m, by induction onLk

N,m. The second term has the form ofI1
N,m−l+1 with

parameters satisfying the assumptions of the proposition in view of the choice ofl according to (3.22). Then b
induction onI1

N,m this term obeys the bound (3.19) with

B = c′2
1 + · · · + c′2

m−l−2 + (√
a′
m−l−1c

′
m−l−1 + · · · +

√
a′
m−kc

′
m−k

)2
/(a′

m−l−1 + · · · + a′
m−k) + c′2

m−k+1.

It remains to show thatB − c2
1 − · · · − c2

m > 0. This is done by induction onl starting from (3.20).

(a′
m−l−1 + · · · + a′

m−k)(B − c2
1 − · · · − c2

m)

>
√

am−l−1cm−l−1

(√
am−lcm−l + · · · + √

am−1cm−1

− am−k+1 + · · · + am−1√
am

cm − am−l + · · · + am−k√
am−l−1

cm−l−1

)

+
l∑

j=1

√
am−l−1cm−j

(√
am−j cm−l−1 − √

am−l−1cm−j

)
+

k∑
r=1

√
am−l−1

am−r

am

cm

(√
am−l−1cm − √

amcm−l−1
)
. (3.24)

Since the factor atcm−l−1 in round brackets in the second line is non-positive by (3.21) fori = l, let us estimate
cm−l−1 <

√
am−l−1cm−l/

√
am−l and, sum this line with the term forj = l in the sum overj . Since the resulting

factor atcm−l is non-positive by (3.21) fori = l − 1, we may estimatecm−l <
√

am−lcm−l+1/
√

cm−l+1 and sum
this term with the one forj = l − 1. This operation can be repeated forj = l, . . . , k. On the other hand, since th
factors atcm in the last line of (3.24) is positive, we may estimatecm >

√
amcm−r/

√
am−r for r = 1, . . . , k − 1 and

sum these terms with those in the second line. Thus (3.24) is bigger than

√
am−l−1cm−k

(√
am−l−1am−k−1

am−k

cm−k−1 + · · · +
√

am−l−1am−1

am−k

cm−1

− am−1 + · · · + am−k+1√
am

√
am−l−1

am−k

cm

)
+

k−1∑
i=1

√
am−l−1cm−i

(√
am−l−1am−i

am

cm − √
am−l−1cm−i

)
>

√
am−l−1cm−k

(√
am−l−1am−k−1

am−k

cm−k−1 + · · · +
√

am−l−1am−1

am−k

cm−1

− am−1 + · · · + am−k+1√
am

√
am−l−1

am−k

cm

)

+ cm−k

k−1∑
i=1

√
am−l−1

√
am−i

am−k

(√
am−l−1am−i

am

cm − √
am−l−1cm−i

)
= 0.

This finishes the proof of (3.19) and completes the proof of the proposition.�
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metric
Proof of Theorem 1.9. The proof of Theorem 1.9 is almost immediate from Theorem 1.7. We have to sho
for any collection of continuous, local functionsh1, . . . , hj , j ∈ N, and a continuous functionG :Rj → R

EG

(∫
Wm

β,N(dw)h1(w), . . . ,

∫
Wm

β,N(dw)hj (w)

)
→ EF

(∫
Wm

β (dw)h1(w), . . . ,

∫
Wm

β (dw)hj (w)

)
. (3.25)

Now clearly∫
Wk

β,N(dw)hi(w) =
∫

P (k)
N (dy)hi

(∫
P (k)

N (dx)eβ(γ,x)δ(x1 − y1)∫
P (k)

N (dx)eβ(γ,x)
, . . . ,∫

P (k)
N (dx)eβ(γ,x)δ(x1 − y1) . . . δ(xk − yk)∫

P (k)
N (dx)eβ(γ,x)

)
. (3.26)

We will use the fact that convergence in distribution of a sequenceP (k)
N is equivalent to almost sure convergen

of a sequenceP (k,∗)
N that for eachN have the same distribution asP (k)

N (see e.g. [21,28]). We can of course repla

P (k)
N byP (k,∗)

N in (3.25) without changing anything.
We have already shown that the denominators in the arguments ofhi converge in distribution, i.e∫
P (k,∗)

N (dx)eβ(γ,x) converges a.s. to
∫
P (k,∗)(dx)eβ(γ,x). The same argument applies to the numerators, i.e

fixedx the vector(∫
P (k,∗)

N (dx)eβ(γ,x)δ(x1 − y1)∫
P (k,∗)

N (dx)eβ(γ,x)
, . . . ,

P (k,∗)
N (dx)eβ(γ,x)δ(x1 − y1) . . . δ(xk − yk)∫

P (k,∗)
N (dx)eβ(γ,x)

)

→
(∫

P (k,∗)(dx)eβ(γ,x)δ(x1 − y1)∫
P (k,∗)(dx)eβ(γ,x)

, . . . ,
P (k,∗)(dx)eβ(γ,x)δ(x1 − y1) . . . δ(xk − yk)∫

P (k,∗)(dx)eβ(γ,x)

)
a.s. (3.27)

Moreover, this vector is a continuous function ofx, which in turn implies that

hi

(∫
P (k,∗)(dx)eβ(γ,x)δ(x1 − y1)∫

P (k,∗)(dx)eβ(γ,x)
, . . . ,

P (k∗)(dx)eβ(γ,x)δ(x1 − y1) . . . δ(xk − yk)∫
P (k∗)(dx)eβ(γ,x)

)
(3.28)

is a continuous function ofx, and thus∫
Pk,∗

N (dx)hi

(∫
P (k,∗)(dx)eβ(γ,x)δ(x1 − y1)∫

P (k,∗)(dx)eβ(γ,x)
, . . . ,

P (k,∗)(dx)eβ(γ,x)δ(x1 − y1) . . . δ(xk − yk)∫
P (k,∗)(dx)eβ(γ,x)

)
→

∫
Pk,∗(x)hi

(∫
P (k,∗)(dx)eβ(γ,x)δ(x1 − y1)∫

P (k,∗)(dx)eβ(γ,x)
, . . . ,

P (k,∗)(dx)eβ(γ,x)δ(x1 − y1) . . . δ(xk − yk)∫
P (k,∗)(dx)eβ(γ,x)

)
. (3.29)

Thus all arguments ofG in (3.26) converge (after replacingP (k)
N byP (k,∗)

N ) almost surely. SinceG is bounded and
continuous, this implies convergence ofG in mean, proving the theorem.�

4. The two-replica distribution

We now turn to the analysis of the overlap distributions. Let us first look at the distribution of the ultra
valuation,fβ,N , defined in (1.27).



472 A. Bovier, I. Kurkova / Ann. I. H. Poincaré – PR 40 (2004) 439–480

ote
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metric

of
We need some notation. For a given configurationσ1σ2 . . . σn we denote bȳσl = σJl−1+1 . . . σJl its pieces for
l = 1, . . . , l(β) and σ̄l(β)+1 = σJl(β)+1 . . . σn in accordance with the appropriate partition (1.15) and (1.20). N
that the event{dN(σ,σ ′) > qi} is equivalent to demanding that{σ̄1 . . . σ̄i = σ̄ ′

1 . . . σ̄ ′
i }. Therefore we have that

1− fβ,N (qi) =
∑
σ

∑
σ ′

µβ,N(σ )µβ,N(σ ′)1{σ̄1...σ̄i=σ̄ ′
1...σ̄

′
i }

=
∫

Ri
β,N (dwi)w

2
i =

∫
W i

β,N(dw1, . . . , dwi)w
2
i =

∫
Wm

β,N(dw1, . . . , dwi)wiwm (4.1)

for all m � i.
The convergence of the point processesW i

β,N for i � l(β) stated in Theorem 1.9 then immediately implies
convergence in distribution of

fβ,N(qi)
D→

∫
Ŵβ(dw1, . . . , dwl(β))wl(β)(1− wi) (4.2)

for i = 1, . . . , l(β). To conclude the proof of Theorem 1.10, we must show thatfβ is in fact atomic with atoms
only at the valuesqi , i = 1, . . . , l(β) and that the limiting overlap distribution functioñfβ does the same.

For that purpose let us introduce a more complicated looking object. Consider the segments

∆l = [− ln ᾱl/ ln2, ln ᾱl/ ln2] for l = 1,2, . . . , l(β)

and

∆l(β)+1 = [− ln(αJl(β)+1 · · ·αn)/ ln2, ln(αJl(β)+1 · · ·αn)/ ln2
]
.

Clearly,(σ̄l · σ̄ ′
l )/N ∈ ∆l , l = 1, . . . , l(β)+1. We introduce a random measuref

⊗l(β)+1
β,N on∆1×∆2×· · ·×∆l(β)+1

induced by the overlaps̄σl · σ̄ ′
l of all the ‘levels’ of the limiting Poisson cascade as follows: for any intervalsIl ∈ ∆l ,

l = 1, . . . , l(β) + 1, set

f
⊗l(β)+1
β,N (I1 × · · · × Il(β)+1) ≡ Eσ,σ ′

∏l(β)+1
l=1 1(σ̄l·σ̄ ′

l )/N∈Il
eβ

√
N(Xσ+Xσ ′ )

Z2
β,N

= µ⊗2
β,N

(
l(β)+1∏

l=1

1(σ̄l ·σ̄ ′
l )/N∈Il

)
.

The following theorem yields then all desired information on the overlap distribution and on the ultra
distribution functionsf̃β andfβ . In particular, it implies Theorem 1.10 readily.

Theorem 4.1. The measuref ⊗l(β)+1
β,N converges in distribution to the following point measure on∆1 × ∆2 × · · · ×

∆l(β)+1

f
⊗l(β)+1
β,N

D→ Q0δ(0,0,...,0) +
l(β)∑
j=1

Qjδ(ln ᾱ1/ ln2,...,ln ᾱj / ln2,0,...,0) N → ∞. (4.3)

The random variablesQ1, . . . ,Ql(β) are given as

Ql(β) ≡
∫

Ŵβ(dw1, . . . , dwl(β))wl(β)(wj − wj+11{j�l(β)−1}), j = 1, . . . , l(β). (4.4)

Proof. All we really need to establish is the support of the measuref
⊗l(β)+1
β,N in the limit N ↑ ∞. The assertion

(4.4) then follow from Theorem 1.9 like (4.2).
The next four assertions would provide us the support of the measuref

⊗l(β)+1
β,N . We prove subsequently each

them:
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o

(i) If l(β) = 0, then for anyI such that 0/∈ cl(I)

f
⊗l(β)+1
β,N (I)

D→ 0 asN → ∞. (4.5)

(ii) Let l(β) � 1. Then for anyl = 1,2, . . . , l(β) and anyIl ∈ ∆l such that 1/∈ Il and 0/∈ cl(Il)

f
⊗l(β)+1
β,N

({1} × · · · × {1} × Il × ∆l+1 × · · · × ∆l(β)+1
) D→ 0. (4.6)

(iii) Let l(β) � 1. Let Il−1 be such that 1/∈ Il−1. Then for anyl = 2,3, . . . , l(β), any I1, . . . , Il−2 and any
Il , . . . , Il(β)+1 such that(0,0, . . . ,0) /∈ cl(Il × · · · × Il(β)+1)

f
⊗l(β)+1
β,N (I1 × · · · × Il−2 × Il−1 × Il × · · · × Il(β)+1)

D→ 0. (4.7)

(iv) Let l(β) � 1. Then for anyI1, . . . , Il(β) andIl(β)+1 such that 0/∈ cl(Il(β)+1)

f
⊗l(β)+1
β,N (I1 × · · · × Il(β)+1)

D→ 0. (4.8)

(cl I denotes the closureI .) We start with (i) whereβ2A1,J1 � 1. Let us fixε > 0 such that

ln(α1 · · ·αj ) − (
β2 − (β − ε)2/2

)
(a1 + · · · + aj ) > 0 (4.9)

for all j = 1, . . . , n such thatβ2A1,j < 1. Introduce the events

Dσ1...σj = {
ω:

√
a1Xσ1 + · · · + √

ajXσ1...σj < (β + ε)(a1 + · · · + aj )
√

N
}

if β2A1,j < 1 (which holds for allj > J1, and, ifβA1,J1 < 1, for all j � J1 as well), and

Dσ1...σj = {
ω:

√
a1Xσ1 + · · · + √

ajXσ1...σj < uln(α1···αj ),N(0)
√

a1 + · · · + aj

}
if β2A1,j = 1 (which can happen only ifβ2A1,J1 = 1 andj � J1 such thatA1,j = A1,J1). Set

f
l(β)+1
β,N (I) =

[
2−2Ne−β2N

∑
σ,σ ′: σ ·σ ′∈I

eβ
√

N(Xσ +Xσ ′ )1{∩n
j=1(Dσ1...σj

∩Dσ ′
1...σ ′

j
)}
]

eβ2N

(Zβ,N)2

+
[
2−Ne−β2N/2Z−1

β,N

∑
σ,σ ′: σ ·σ ′∈I

eβ
√

N(Xσ +Xσ ′ )1{∪n
j=1(D̄σ1...σj

∪D̄σ ′
1...σ ′

j
)}
]

eβ2N/2

Zβ,N

≡ L1
N + L2

N .

The second factors inL1
N andL2

N converge in probability to constantsC−2(β) andC−1(β) by Theorem 1.10. The
mean of the first factor in square brackets ofL1

N is bounded by

2−2N
∑

σ,σ ′: du(σ,σ ′)<N lnα1/ ln2

1{(σ ·σ ′)/N∈I } +
n∑

j=1
β2A1,j <1

e− ln(α1···αj )N+(β2−(β−ε)2/2)(a1+···+aj )N

+
J1∑
j=1

β2A1,j =β2A1,J1
=1

(α1 · · ·αj )
−Neβ2N(a1+···+aj )e

−(uln(α1···αj ),N (0)−2β
√

N(aj +···+an))2/2

√
2π(2β

√
N(aj + · · · + an) − uln(α1···αj ),N(0))

. (4.10)

The second term in (4.10) goes to zero exponentially fast; the third term is O(1/N). The first term converges t
zero as well. Namely, for anym ∈ (−1,1), the number of pairs of configurationsσ,σ ′ such that(σ · σ ′)/N = m

is of order 22N(2πN(1 + m)(1 − m))−1/2e−Nφ(m), with φ(m) = 1/2((1 + m) ln(1 + m) + (1 − m) ln(1 − m)).
For anyε > 0 one can findδ > 0 such that, for all|m| > ε φ(m) > δ. Since 0/∈ cl I , the first term of (4.10) being
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0) and
the sum of these numbers with|m| > ε, is exponentially small. It follows thatL1
N → 0 in probability. The first

factor inL2
N is bounded by 2−Ne−β2N/2 ∑

σ eβ
√

NXσ 1{∪n
j=1D̄σ1...σj

}, which equalsZ̄T
β,N/EZT

β,N with the notation

of Lemma 3.1. In the proof of that lemma it was shown that this converges to zero in probability (see (3.1
the discussion following it). Hence,L2

N → 0 in probability as well, and assertion (i).
Let us turn to (ii). We introduce the events

Eσ̄1...σ̄i = {
ω: γ1u

−1
ln ᾱ1,N

(X̄σ1...σJ1
) + · · · + γiu

−1
ln ᾱi ,N

(
X̄

σ1...σJi−1
σJi−1+1...σJi

)
� (γ1 + · · · + γi)x

}
.

Then

f
⊗l(β)+1
βN

({1} × · · · × {1} × Il × ∆l+1 × · · · × ∆l(β)+1
)

= U−2
N

l−1∑
k=1

∑
σ1...σJ1

e
2βγ1u

−1
ln ᾱ1,N (X̄σ1...σJ1

) · · ·
∑

σJk−1+1...σJk

e
2βγku

−1
ln ᾱk ,N (X̄

σ1...σJk−1
σJk−1+1...σJk

)

× 1{∩k−1
j=1EN

σ̄1...σ̄j
∩ĒN

σ̄1...σ̄k
}Vσ̄1,...,σ̄k

+ U−2
N

∑
σ1...σJ1

e
2βγ1u

−1
ln ᾱ1,N (X̄σ1···σJ1

) · · ·
∑

σJl−2+1...σJl−1

e
2βγl−1u

−1
ln ᾱl−1,N (X̄

σ1...σJl−2
σJl−2+1...σJl−1

)

× 1{∩l−1
j=1EN

σ̄1...σ̄j
}

∑
σ̄l ,...,σ̄l(β)+1

σ̄ ′
l
,...,σ̄ ′

l(β)+1: σ̄l ·σ̄ ′
l
∈Il

Sσ̄1,...,σ̄l−1(σ̄l , . . . , σ̄l(β)+1; σ̄ ′
l , . . . , σ̄

′
l(β)+1)

× 1{∪l(β)
k=l ∪l(β)

p=l (Ēσ̄1...σ̄l−1σ̄l ...σ̄k
∩Ēσ̄1...σ̄l−1σ̄ ′

l
...σ̄ ′

p
)}

+ U−2
N

∑
σ1,...σJ1

e
2βγ1u

−1
ln ᾱ1,N (X̄σ1···σJ1

) · · ·
∑

σJl−2+1...σJl−1

e
2βγl−1u

−1
ln ᾱl−1,N (X̄

σ1...σJl−2
σJl−2+1...σJl−1

)

× 1{∩l−1
j=1EN

σ̄1...σ̄j
}

∑
σ̄l ,...,σ̄l(β)+1

σ̄ ′
l
,...,σ̄ ′

l(β)+1: σ̄l ·σ̄ ′
l
∈Il

Sσ̄1,...,σ̄l−1(σ̄l , . . . , σ̄l(β)+1; σ̄ ′
l , . . . , σ̄

′
l(β)+1)

× 1{(∩l(β)
k=l Eσ̄1...σ̄l−1σ̄l ...σ̄k

)∪(∩l(β)
p=lEσ̄1...σ̄l−1σ̄ ′

l
...σ̄ ′

p
)}

≡ U−2
N (M1

N + M2
N + M3

N) (4.11)

with the notations

Sσ̄1,...,σ̄l−1(σ̄l , . . . , σ̄l(β)+1; σ̄ ′
l , . . . , σ̄

′
l(β)+1)

≡ e
βγlu

−1
ln ᾱl ,N

(X̄
σ1...σJl−1
σJl−1+1...σJl

)+βγlu
−1
ln ᾱl ,N

(X̄
σ1...σJl−1
σ ′
Jl−1+1...σ ′

Jl

)

× e

βγl(β)u
−1
ln ᾱl(β),N

(X̄
σ1...σJl(β)−1
σJl(β)−1+1...σJl(β)

)+βγl(β)u
−1
ln ᾱl(β),N

(X̄

σ1...σ ′
Jl(β)−1

σ ′
Jl(β)−1+1...σ ′

Jl(β)

)

× e
β
√

N(
√

aJl(β)+1Xσ1...σJl(β)+1+···+√
anXσ1...σn+√

aJl(β)+1Xσ1...σ ′
Jl(β)+1

+···+√
anXσ1...σ ′

n
)

× e
−β2N(aJl(β)+1+···+an)−2N ln(αJl(β)+1 ···αn)

and
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al

t

Vσ̄1,...,σ̄k ≡
[ ∑

σJk+1...σJl−1

e
2β

√
N(

√
aJk+1Xσ1...σJk+1+···+√

aJl−1Xσ1...σJl−1
)

×
∑

σJl−1+1,...,σn

σ ′
Jl−1+1,...,σ ′

n: σ̄l ·σ̄ ′
l
∈Il

exp
{
β
√

N
(√

aJl−1+1Xσ1...σJl−1+1 + · · ·

+ √
anXσ1...σn + √

aJl−1+1Xσ1...σ
′
Jl−1+1

+ · · · + √
anXσ1...σ

′
n

)}]
×

[ ∑
σJk+1...σn

e
β
√

N
(√

aJk+1Xσ1...σJk+1+···+√
anXσ1...σn

)]−2

×
[ ∑

σJk+1...σJl(β)

e
βγk+1u

−1
ln ᾱk+1,N (X̄

σ1...σJk
σJk+1...σJk+1

)+···+βγl(β)u
−1
ln ᾱl(β),N

(X̄
σ1...σJl(β)−1
σJl(β)−1+1...σJl(β)

)

×
∑

σJl(β)+1,...,σn

exp
{
β
√

N
(√

aJl(β)+1Xσ1...σJl(β)+1 + · · ·

+ √
anXσ1...σn

) − β2N(aJl(β)+1 + · · · + an)/2− N ln(αJl(β)+1 · · ·αn)
}]2

and

UN =
∑

σ1...σJ1

e
βγ1u

−1
ln ᾱ1,N (X̄σ1···σJ1

) · · ·
∑

σJl(β)−1+1...σJl(β)

e
βγl(β)u

−1
ln ᾱl(β),N

(X̄
σ1...σJl(β)−1
σJl(β)−1+1...σJl(β)

)

×
∑

σJl(β)+1,...,σn

exp
{
β
√

N
(√

aJl(β)+1Xσ1...σJl(β)+1 + · · · + √
anXσ1...σn

) − β2N(aJl(β)+1 + · · · + an)/2

− N ln(αJl(β)+1 · · ·αn)
}
.

The third term in (4.11)U−2
N M3

N is not bigger thanM̃3
N/UN whereM̃3

N is the sum over the same terms asUN

but truncated by1{∩l(β)

j=1Eσ̄1...σ̄j }. By Theorem 1.7 the denominatorUN converges in law to the a.s. finite integr

over the processP (l(β)). Then for anyε > 0 one can find a smallδ(ε) > 0 such thatP(UN < δ(ε)) < ε for all

sufficiently largeN . The expectation of the numeratorM̃3
N is bounded byex

∑l(β)
j=1(βγj −1) for all N large enough by

Lemma 2.2. Then for any given pair ofε, ε̃ > 0 one can findx < 0 sufficiently large by absolute value such tha

P(M3
N/U2

N > ε̃) � P(M̃3
N/UN > ε̃) � P

(
M̃3

N/δ(ε) > ε̃
) + P

(
UN > δ(ε)

)
<

e
x

∑l(β)
j=1(βγj−1)

ε̃δ(ε)
+ ε < 2ε

for all N starting from some numberN0.
Given ε̃, ε > 0, let us then fix an appropriatex < 0 and consider the termsM1

N/U2
N andM2

N/U2
N with this

choice. To treatM2
N/U2

N , it suffices to show thatM2
N is non-zero with vanishing probability asN tends to infinity.

This means that the random variable

ηN =
∑

σ̄1,...,σ̄l−1

1{∩l−1
j=1EN

σ̄1...σ̄j
}

∑
σ̄l ,...,σ̄l(β)+1

σ̄ ′
l
,...,σ̄ ′

l(β)+1: σ̄l ·σ̄ ′
l
∈Il

1{∪l(β)
k=l ∪l(β)

p=l (Ēσ̄1...σ̄l−1σ̄l ...σ̄k
∩Ēσ̄1...σ̄l−1σ̄ ′

l
...σ̄ ′

p
)}

does not equal zero with probability converging to zero. Let us decomposeηN = ∑l(β)
k,p=l η

p,k
N where

η
p,k
N =

∑
σ̄1,...,σ̄k

1{∩k−1
j=1Eσ̄1,...,σ̄j

∩Ēσ̄1,...,σ̄k
}

∑
σ̄ ′,...,σ̄ ′ :σ̄l ·σ̄ ′∈Il

1{∩p−1
i=1 Eσ̄1,...,σ̄l−1σ̄ ′

l
...σ̄ ′

i
∩Ēσ̄1,...,σ̄l−1σ̄ ′

l
,...,σ̄ ′

p
},
l p l
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p,k = l, . . . , l(β) and estimate forp � k � l

η
p,k

N � η̃
p,k

N =
∑

σ̄1,...,σ̄k

1{Ēσ̄1,...,σ̄k
}

×
∑

σ̄ ′
l ,...,σ̄

′
p :σ̄l ·σ̄ ′

l ∈Il

1
{γlu

−1
lnαl ,N

(X̄
σ1,...,σJl−1
σ ′
Jl−1+1,...,σ ′

Jl

)+···+γpu−1
lnαp,N (X̄

σ1,...,σ ′
Jp−1

σ ′
Jp−1+1,...,σ ′

Jp

)>(γl+···+γp)x}
. (4.12)

We will show P(η̃
p,k
N �= 0) → 0 asN → 0. First of all, note that for anyε > 0 there existsK(ε) such that

P(
∑

σ̄1,...,σ̄k
1{Ēσ̄1,...,σ̄k

} > K(ε)) < ε for all N large enough. Namely, by Theorem 1.3 this probability conve

to the probability that the processP (k) in Rk has more thanK points in the domainγ1x1 + · · · + γkxk >

(γ1 + · · · + γk)x. This last probability tends to zero asK → ∞ since by Proposition 1.8(i)P (k) has a.s. a finite
number of points in this domain. Second, observe that the sums of the second level

∑
σ̄ ′

l ,...,σ̄
′
p : σ̄l ·σ̄ ′

l ∈Il
1{·} are

independentfrom the indicators in front of them in the first level due to the conditionσ̄l · σ̄ ′
l ∈ Il with 1 /∈ Il . Third,

for any givenσ̄l let us compute the number of configurationsσ̄ ′
l such thatσ̄l · σ̄ ′

l ∈ Il and estimate it by Stirling’s
formula as it was done in (i). This numberᾱN

l (1 + o(1))
∑

m∈Il
(2πN(1 + m)(1 − m))−1/2e−Nφ(m) turns out to

be exponentially smaller than̄αN
l by virtue of the condition 0� cl ∈ Il . In other words, it is bounded by someα̂N

l

whereα̂l < ᾱl . These arguments combined together imply

P(η̃
p,k

N �= 0) � K(ε)P
(
max

σ
X̂σ >

√
āluln ᾱl ,N (x) + · · · + √

āpuln ᾱp,N (x)
) + ε (4.13)

whereX̂σ are Gaussian random variables with zero mean and varianceāl + · · · + āp subjected to the GREM
of p − l + 1 levels with parameterŝαl, ᾱl+1, . . . , ᾱp and āl , . . . , āp. By Theorem 1.5(iii) maxσ Xσ /

√
N →√

āl ln α̂l + · · · + √
āp ln ᾱp a.s. which is smaller than the value in (4.13) asα̂l < ᾱl . Then the first term in the

r.h.s. of (4.13) converges to zero asN → ∞. This provesP(η̃
p,k
N �= 0) → 0 for all p � k � l. The casek � p � l is

symmetric. ThenP(M2
N �= 0) → 0 andM2

N/U2
N → 0 in probability.

If l = 1, then the termM1
N/U2

N in (4.11) is absent and the assertion (ii) is proven. Otherwise we proce
induction. As in the analysis of the third term, for any givenε > 0 we chooseδ(ε) to make the denominatorU2

N

smaller thanδ(ε) with probability smaller thanε and after that concentrate on the numeratorM1
N . Assume that

(ii) has been proven up tol − 1 and consider thekth term ofM1
N . For anyε > 0 one can find such a largeK(ε)

that P(
∑

σ̄1,...,σ̄k
1{ĒN

σ̄1...σ̄k
} > K) < ε. Once again, by Theorem 1.3, this probability converges to the proba

that the processP (k) in R
k has more thanK points in the domainγ1x1 + · · · + γkxk > (γ1 + · · · + γk)x and this

last probability tends to zero whenK → ∞ by Proposition 1.8(i). Thus, witha large enough probability thekth
term is a linear combination of not more thanK terms of typeVσ̄1,...,σ̄k . Each of these termsVσ̄1,...,σ̄k converges
in probability to zero, since the product of the first two factors[·][·]−2 of Vσ̄1,...,σ̄k do so by induction assumptio
while the third factor[·]2 converges to the square of an a.s. finite integral over the processP (l(β)−k) by Theorem
1.7. Thus for anyk = 1, . . . , l −1, thekth term ofM1

N converges in probability to zero and the proof of the asser
(ii) is terminated.

The proof of the assertion (iii) goes by induction alongthe same lines as for (ii)using truncation byEσ̄1,...,σ̄k ,
the point process convergence of Theorem 1.3 together with the properties of the processP (m) of Proposition 1.8,
Theorem 1.7 and the estimate of the Lemma 2.2. We omit similar details to (ii) and only emphasise the diffe
Observe that to obtain (4.13) it was crucial that the sums of the second level of (4.12) were independent
indicators in front of them. This property was achieved by the assumption 1/∈ Il . In (iii) this independence propert
is already provided by the assumption 1/∈ Il−1, since then the random variablesXσ1,...,σ̄l−1σ̄l ,... andXσ1,...,σ̄

′
l−1σ̄

′
l ...

with (σ̄l−1 · σ̄ ′
l−1)/N ∈ Il are independent. Therefore under (iii) the contribution of anyIl such that 0/∈ cl Il is

negligible. Furthermore, if evaluating (4.12), we have 0∈ cl Il , but for somej , l < j � p, 0 /∈ cl Ip , then anyway
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P(η̃
p,k
N �= 0) → 0: We would get (4.13) wherêXσ are subjected to the GREM ofp− l+1 levels with the parameter

ᾱl , . . . α̂j , . . . , ᾱp , α̂j < ᾱj , and then with the maximum smaller than the value in (4.13). Finally, if clIl, . . . ,cl Il(β)

all contain zero butIl(β)+1 does not, then truncating byEσ̄1,...,σ̄k , applying induction and the same arguments a
(ii) we reduce the problem to evaluating the sum∑

σ̄l(β)+1,σ̄
′
l(β)+1: (σ̄l(β)+1·σ̄ ′

l(β)+1)/N∈Il(β)+1

e
β
√

N(al(β)+1+···+αn)(Xσ̄l(β)+1+Xσ̄ ′
l(β)+1

)

divided bye−β2N(al(β)+1+···+αn)−N ln(al(β)+1···αn) whereXσ̄l(β)+1 andXσ̄ ′
l(β)+1

are independent because of 1/∈ Il−1.

The expectation of this term converges to zero if only 0/∈ cl Il(β)+1.

It is easy to derive from (i), (ii) and (iii) that the measuref
⊗l(β)+1
β,N in the limit has an atomic structur

with atoms({1} × · · · × {1} × {0} × · · · × {0} × {0}) and it remains to study its asymptotic behaviour on
set ({1} × · · · × {1} × ∆l(β)+1) and show that in the limit it is concentrated on the unique atom of this
({1} × · · · × {1} × {0}). This is the subject of (iv). Its proof is carried again by induction as in (ii) and u
truncations by1{Eσ̄1...σ̄k

}. We outline only that the basis of the induction is the statement (i) forl(β) = 0. All other
arguments are the same as in (ii), therefore we omit further details of the proof.�
5. Proof of the Ghirlanda–Guerra relations

In this section we find the mean of the overlap distribution function stated Proposition 1.11 and Ghirland
Guerra relations stated in Proposition 1.12. Throughout thissection we assume that the model parameters are
that the inequalities (1.12) are all strict.

The following simple observation is the key towards both of these results.

Proposition 5.1. For any value ofβ , and anyi = 1, . . . , n,

E
d

d
√

ai

Fβ,N = −β2√ai Efβ,N

(
i∑

j=1

lnαj / ln2

)
. (5.1)

Proof. Obviously,

E
d

d
√

ai

Fβ,N = −N−1βE
Eσ

√
NXσ1...σi e

β
√

NXσ

Eσ eβ
√

NXσ

. (5.2)

Now if X is standard normal variable, andg any function of at most polynomial growth, then

E
[
Xg(X)

] = Eg′(X). (5.3)

Using this identity in the right-hand side of (5.2) with respect to the average overXσ1...σi , we get immediately tha

E
Eσ

√
NXσ1...σi e

β
√

NXσ

Eσ eβ
√

NXσ

= Nβ
√

ai E

(
1− Eσ Eσ ′1σ1...σi=σ ′

1...σ
′
2
εβ

√
N(Xσ +Xσ ′ )

(Eσ eβ
√

NXσ )2

)
= Nβ

√
ai E

(
1− µ⊗2

β,N(1σ1...σi=σ ′
1...σ

′
i
)
)

(5.4)

which is obviously (5.1). �
Proof of Proposition 1.11. Due to the convexity of the functionFβ,N and Proposition 5.1

Efβ

(
i∑

j=1

lnαj/ ln2

)
= −β−2(

√
ai)

−1 d

d
√

ai

lim
N→∞ EFβ,N ,

where the last limit is found in Theorem 1.2. Taking the derivative of the r.h.s. of (1.21), the result follows.�
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Proof of Proposition 1.12. Let us first note that we need to prove (1.37) only fori � Jl(β), since for large value
of i, both sides are trivially equal to zero.

The starting point is the following obvious generalisation of (5.4):

Lemma 5.2. Leth :Sn
N → R be any bounded function ofn spins. Then

1√
N

Eµ⊗n
β,N

(
Xσk

1 ...σ k
i
h(σ 1, . . . , σ n)

)
= β

√
ai Eµ⊗n+1

β,N

(
h(σ 1, . . . , σ n)

(
n∑

l=1

1σk
1 ...σ k

i =σ l
1...σ

l
i
− n1

σk
1 ...σ k

i =σn+1
1 ...σ n+1

i

))
. (5.5)

Proof. It is completely analogous to the proof of Proposition 5.1 using the integration by parts (5.3).�
The strength of Lemma 5.2 comes out when combined with a factorisation result that in turn is a conse

of self-averaging.

Lemma 5.3. Leth be as in the previous lemma. Then under the hypothesis of the theorem,

lim
N↑∞

1√
N

∣∣Eµ⊗n
β,N

(
Xσk

1 ...σ k
i
h(σ 1, . . . , σ n)

) − Eµβ,N(Xσk
1 ...σ k

i
)Eµ⊗n

β,N

(
h(σ 1, . . . , σ n)

)∣∣ = 0. (5.6)

Proof. Let us write(
Eµ⊗n

β,N

(
Xσk

1 ...σ k
i
h(σ 1, . . . , σ n)

) − Eµβ,N(Xσk
1 ...σ k

i
)Eµ⊗n

β,N

(
h(σ 1, . . . , σ n)

))2

= (
Eµ⊗n

β,N

[(
Xσk

1 ...σ k
i

− Eµ⊗n
β,N(Xσk

1 ...σ k
i
)
)
h(σ 1, . . . , σ n)

])2

� Eµ⊗n
β,N

(
Xσk

1 ...σ k
i

− Eµ⊗n
β,N (Xσk

1 ...σ k
i
)
)2

Eµ⊗n
β,N

(
h(σ 1, . . . , σ n)

)2
, (5.7)

where the last inequality is the Cauchy–Schwartz inequality applied to the joint expectation with respect to th
Gibbs measure and the disorder. Obviously the first factor in the last line is equal to

Eµβ,N

(
Xσk

1 ...σ k
i

− µβ,N(Xσk
1 ...σ k

i
)
)2 + E

[
µβ,N(Xσk

1 ...σ k
i
) − Eµβ,N(Xσk

1 ...σ k
i
)
]2

= −β−2
E

d2

d
√

ai
2Fβ,N + Nβ−2

E

(
d

d
√

ai

Fβ,N − E
d

d
√

ai

Fβ,N

)2

. (5.8)

We know that by Theorem 1.2Fβ,N converges asN ↑ ∞ and that the limit is infinitely differentiable as a functio
of the parametersa1, . . . , aJ (l(β)), except at the set of values where some of the conditions (1.12) hold with equ
moreover,−Fβ,N is convex in each of the variables

√
ai . Then standard results of convex analysis (see [

Theorem 25.7) imply that

lim sup
N↑∞

(
− E

d2

d
√

ai
2Fβ,N

)
= − d2

d
√

ai
2 lim

N↑∞ EFβ,N (5.9)

which is finite. Thus, the first term in (5.8) will vanish when divided byN . To see that the coefficient ofN of
the second term gives a vanishing contribution, we use the general fact that if the variance of family of a
(or concave) functions tends to zero, then the same is true for its derivative, provided that the second der
bounded (see Lemma 8.9 in [3] or Lemma 4.3 in [32]). In Theorem 1.7 we have more than established
variance ofFβ,N tends to zero (this follows of course also from Gaussian concentration of measure estimates [2
and hence the result of the lemma is proven.�
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Remark. The last argument is the sole reason why we need to exclude the situations when equality holds f
of Eqs. (1.12). In fact, in this case the model is in a sense at a “critical point” in the space of its parameters

Finally, we substitute the result of Lemma 5.3 into Lemma 5.2. Using in the resulting expression the fa
by 5.1 and (5.2),

Eµβ,N(Xσ1...σi )/
√

N = β
√

ai

(
1− Eµ⊗2

β,N (1σ1...σi=σ ′
1...σ

′
i })

)
(5.10)

we obtain the assertion of Proposition 1.12.�
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Appendix A

Proposition A.1. For anyx > 0(
1

x
− 1

x3

)
e−x2/2 �

∞∫
x

e−t2/2 dt � 1

x
e−x2/2. (A.1)

See [18], Lemma 2, p. 175.

Proposition A.2. Let f (x1, . . . , xM) be a function ofM variables with Lipschitz constantL and X1, . . . ,XM

independent standard Gaussian r.v.

P
(∣∣f (X1, . . . ,XM) − Ef (X1, . . . ,XM)

∣∣ > ε
)
� exp

(−ε2/(2L)
)
. (A.2)

See e.g. [25], p. 21.
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