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Partial Differential Equations
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Abstract

We show that ifΩ ⊂ R
N, N � 2, is a bounded Lipschitz domain and(ρn) ⊂ L1(RN) is a sequence of nonnegative rad

functions weakly converging toδ0 then there existC > 0 andn0 � 1 such that

∫
Ω

∣∣∣∣f − −
∫
Ω

f
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p

� C

∫
Ω

∫
Ω

|f (x) − f (y)|p
|x − y|p ρn(|x − y|)dx dy ∀f ∈ Lp(Ω) ∀n � n0. (1)

The above estimate was suggested by some recent work of Bourgain, Brezis and Mironescu (in: Optimal Control an
Differential Equations, IOS Press, 2001, pp. 439–455). Asn → ∞ in (1) we recover Poincaré’s inequality. We also exten
compactness result of Bourgain, Brezis and Mironescu.To cite this article: A.C. Ponce, C. R. Acad. Sci. Paris, Ser. I 337
(2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Une variante de l’inégalité de Poincaré. Soit Ω ⊂ R
N, N � 2, un domaine lipschitzien borné. Étant donnée une suit

fonctions radiales positives(ρn) ⊂ L1(RN) qui converge vers la masse de Diracδ0 on montre qu’il existeC > 0 etn0 � 1 tels
que

∫
Ω

∣∣∣∣f − −
∫
Ω

f
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p

� C

∫
Ω

∫
Ω

|f (x) − f (y)|p
|x − y|p ρn(|x − y|)dx dy ∀f ∈ Lp(Ω) ∀n � n0. (2)

Cette estimation a été motivée par un travail récent de Bourgain, Brezis et Mironescu (dans : Optimal Control an
Differential Equations, IOS Press, 2001, pp. 439–455). En prenant la limite dans (2) lorsquen → ∞, on retrouve l’inégalité de
Poincaré. On généralise aussi un théorème de compacité de Bourgain, Brezis et Mironescu.Pour citer cet article : A.C. Ponce,
C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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SoientΩ ⊂ R
N, N � 2, un ouvert connexe borné au bord lipschitzien et 1� p < ∞. Sous ces conditions, on

l’inégalité de Poincaré suivante :∫
Ω

∣∣∣∣f − −
∫
Ω

f

∣∣∣∣
p

� A0

∫
Ω

|Df |p ∀f ∈ W1,p(Ω), (3)

avec une constanteA0 qui dépend dep et deΩ .
D’autre part, soit(ρn) ⊂ L1(RN) une suite de fonctionsradialesqui vérifient (8). Alors, on peut montrer qu

pour une certaine constanteKp,N on a (voir [2,5])

lim
n→∞

∫
Ω

∫
Ω

|f (x) − f (y)|p
|x − y|p ρn

(|x − y|)dx dy = Kp,N

∫
Ω

|Df |p ∀f ∈ W1,p(Ω). (4)

Motivés par (3) et (4), on établi le théorème suivant (voir [3,4] pour des cas particuliers) :

Théorème 0.1. Étant donnéδ > 0, il existen0 � 1 tel que∫
Ω

∣∣∣∣f − −
∫
Ω

f

∣∣∣∣
p

�
(

A0

Kp,N

+ δ

) |f (x) − f (y)|p
|x − y|p ρn

(|x − y|)dx dy ∀f ∈ Lp(Ω) ∀n � n0. (5)

L’inégalité (5) est en fait une conséquence du résultat de compacité suivant :

Théorème 0.2. Soit(fn) ⊂ Lp(Ω) une suite bornée. On suppose qu’il existeB > 0 tel que∫
Ω

∫
Ω

|f (x) − f (y)|p
|x − y|p ρn

(|x − y|)dx dy � B, ∀n � 1. (6)

Alors (fn) est relativement compacte dansLp(Ω).
Soit (fnj ) une sous-suite qui converge versf dans Lp(Ω). Alors : (a) f ∈ W1,p(Ω) si 1 < p < ∞ ;

(b) f ∈ BV(Ω) si p = 1. En plus,
∫
Ω

|Df |p � B/Kp,N .

Ce théorème a été démontré par Bourgain, Brezis et Mironescu [2] en supposant que les fonctionsρn sont
radiales décroissantes.

En ce qui concerne le casN = 1 etΩ = ]0,1[, alors (3) et (4) sont toujours vraies. En revanche, il faut imp
une condition supplémentaire sur les fonctionsρn pour que les Théorèmes 0.1 et 0.2 restent valables (voir [
aussi [2, Contre-exemple 1]).

Les démonstrations détaillées sont présentées dans [7].

1. Introduction and main results

AssumeΩ ⊂ R
N, N � 2, is a bounded domain with Lipschitz boundary and let 1� p < ∞. It is a well-known

fact that there exists a constantA0 = A0(p,Ω) > 0 such that the following form of Poincaré’s inequality holds∫ ∣∣∣∣f − −
∫

f

∣∣∣∣
p

� A0

∫
|Df |p ∀f ∈ W1,p(Ω). (7)
Ω Ω Ω
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On the other hand, let(ρn) ⊂ L1(RN) be a sequence ofradial functions satisfying

ρn � 0 a.e. inR
N and

∫

RN

ρn = 1 ∀n � 1, lim
n→∞

∫

RN\Bδ

ρn = 0 ∀δ > 0. (8)

In this case, we have the following pointwise limit (see [2], see also [5] for a simpler proof )

lim
n→∞

∫
Ω

∫
Ω

|f (x) − f (y)|p
|x − y|p ρn

(|x − y|)dx dy = Kp,N

∫
Ω

|Df |p ∀f ∈ W1,p(Ω), (9)

whereKp,N = −∫ SN−1|e1 · σ |p dσ .
Motivated by this, we show the following estimate related to (7):

Theorem 1.1. Givenδ > 0, there existsn0 � 1 sufficiently large such that∫
Ω

∣∣∣∣f − −
∫
Ω

f

∣∣∣∣
p

�
(

A0

Kp,N

+ δ

)∫
Ω

∫
Ω

|f (x) − f (y)|p
|x − y|p ρn

(|x − y|)dx dy ∀f ∈ Lp(Ω) ∀n � n0. (10)

The choice ofn0 � 1 depends not only onδ > 0, but also onp,Ω and on the sequence(ρn)n�1. Special cases o
this inequality have been used in the study of the Ginzburg–Landau model (see [3,4]; see also Corollaries
below).

We first point out that (10) is stronger than (7), in the sense that the right-hand side of (10) can be
estimated by

∫
Ω

|Df |p . In fact, givenf ∈ W1,p(Ω), we first extendf to R
N so thatf ∈ W1,p(RN). It is then easy

to see that (see, e.g., [2, Theorem 1])∫
Ω

∫
Ω

|f (x) − f (y)|p
|x − y|p ρn

(|x − y|)dx dy �
∫

RN

|Df |p � C

∫
Ω

|Df |p. (11)

If N = 1 andΩ = (0,1), then both (7) and (9) still hold. However, it is possible to construct examples of sequ
(ρn) ⊂ L1(R) for which (10) fails (see [2, Counterexample 1]). In this case, we need to impose an add
condition on(ρn) (see [7] and also Remark 1 below).

Theorem 1.1 can be deduced from the following compactness result:

Theorem 1.2. If (fn) ⊂ Lp(Ω) is a bounded sequence such that∫
Ω

∫
Ω

|fn(x) − fn(y)|p
|x − y|p ρn

(|x − y|)dx dy � B ∀n � 1, (12)

then(fn) is relatively compact inLp(Ω). Assume thatfnj → f in Lp(Ω). Then

(a) f ∈ W1,p(Ω) if 1< p < ∞;
(b) f ∈ BV(Ω) if p = 1.

In both cases, we have
∫
Ω |Df |p � B/Kp,N , whereB is given by(12).

This result was already known under the additional assumption thatρn is radially nondecreasing for everyn � 1
(see [2, Theorem 4]).

Detailed proofs of Theorems 1.1 and 1.2 will appear in [7].
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2. Some examples

We now state some inequalities arising from Theorem 1.1. We denote byQ = (0,1)N theN -dimensional unit
cube and byσn = |SN−1| the(N − 1)-Hausdorff measure ofSN−1.

For everyN � 2 we then have the following corollaries:

Corollary 2.1 (Bourgain, Brezis and Mironescu [3]).For every0 < s0 < s < 1,∫
Q

∣∣∣∣f −
∫
Q

f

∣∣∣∣
p

� Cs0(1− s)p

∫
Q

∫
Q

|f (x) − f (y)|p
|x − y|N+sp

dx dy ∀f ∈ Lp(Q). (13)

Proof. We simply apply Theorem 1.1 withρn(h) = 1
σN

1−sn

|h|N−(1−sn)p ∀h ∈ B1, where(sn) is any sequence such th
sn ↑ 1.

This inequality takes into account the correction factor(1 − s)1/p we should put in front of the Gagliard
seminorm|f |Ws,p as s ↑ 1. In [3], the authors study related estimates arising from the Sobolev imbe
Lq ↪→ Ws,p for the critical exponent1

q
= 1

p
− s

N
; see also [6] for a more elementary approach.

Corollary 2.2 (Bourgain, Brezis and Mironescu [4]).For every0 < ε < ε0,∫
Q

∣∣∣∣f −
∫
Q

f

∣∣∣∣
p

� Cε0

1

| logε|
∫
Q

∫
Q

|f (x) − f (y)|p
|x − y|p

dx dy

(|x − y| + ε)N
∀f ∈ Lp(Q). (14)

Proof. This follows from Theorem 1.1 withρn(h) = 1
σN | logεn|

1
(|h|+εn)N

∀h ∈ B1 whereεn ↓ 0.

We observe that in the two previous cases the functionsρn are radially decreasing. A stronger form of this la
inequality is the following

Corollary 2.3. For every0 < ε < ε0 � 1,∫
Q

∣∣∣∣f −
∫
Q

f

∣∣∣∣
p

� Cε0

1

| logε|
∫
Q

∫
Q

|x−y|>ε

|f (x) − f (y)|p
|x − y|N+p

dx dy ∀f ∈ Lp(Q). (15)

Proof. For any sequenceεn ↓ 0 we take

ρn(h) = 0 if |h| � εn and ρn(h) = 1

σN | logεn|
1

|h|N if εn < |h| � 1. (16)

We have been informed by H. Brezis that Bourgain and Brezis [1] have proved that∫
Q

∣∣∣∣f −
∫
Q

f

∣∣∣∣
p

� Cε0

1

| logε|
∫
Q

∫
Q

|f (x) − f (y)|p
(|x − y| + ε)N+p

dx dy ∀f ∈ Lp(Q), (17)

for every 0< ε < ε0, using a Paley–Littlewood decomposition off . Note that this estimate can be deduced inst
from the corollary above.

Here is another example
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Corollary 2.4. For every0 < ε < ε0,∫
Q

∣∣∣∣f −
∫
Q

f

∣∣∣∣
p

� Cε0

N + p

εN+p

∫
Q

∫
Q

|x−y|<ε

∣∣f (x) − f (y)
∣∣p dx dy ∀f ∈ Lp(Q). (18)

Proof. We use Theorem 1.1 applied to

ρn(h) = 1

σN

N + p

ε
N+p
n

|h|p if |h| < εn and ρn(h) = 0 if |h| � εn. (19)

Concerning the behavior of the constants in these inequalities, letA0 denote the best constant in (7). Then
Corollary 2.1 the constantCs0 can be chosen so thatCs0 tends to A0

Kp,N σN
ass0 ↑ 1. Similarly, in Corollaries 2.2–2.4

we haveCε0 converging to the same limit asε0 ↓ 0.

Remark 1. In [7] we show that Corollaries 2.1–2.4 still hold whenN = 1 andΩ = (0,1).

Applying Theorem 1.1 top = 1 andf = χE , whereE ⊂ Q is any measurable set, we get (see also [3]
related results):

Corollary 2.5. Let N � 2. Given a sequence of radial functions(ρn) ⊂ L1(RN) satisfying(8), then for any
C > A0/K1,N there existsn0 � 1 such that

|E||Q \ E| � C

∫
E

∫
Q\E

ρn(|x − y|)
|x − y| dx dy ∀E ⊂ Q measurable∀n � n0. (20)
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