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Abstract

We give a construction of a reflexive Banach spaceXω1 with a transfinite basis of lengthω1 and with no unconditional basi
sequence. In addition every bounded operator from a subspace ofXω1 into the spaceXω1 is a sum of a simple diagonal operat
and a strictly singular one.To cite this article: S.A. Argyros et al., C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Une classe d’espace de Banach sans suite basique inconditionnelle.Nous construisons un espace de Banach réflexifXω1
ayant une base transfinie de longueurω1 et n’admettant aucune suite basique inconditionnelle. De plus, tout opérateur
d’un sous-espace deXω1 dans cet espace est somme d’un opérateur diagonal très simple et d’un opérateur strictement
Pour citer cet article : S.A. Argyros et al., C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Il est bien connu depuis plus de trente ans que tout espace de BanachX réflexif non séparable peut êt
décomposé en morceaux séparables par une longue suite de projections (voir [8]). Par conséquent,X admet des
projections de norme 1 sur des sous-espaces séparables de dimension infinie. Cependant, il n’est pas d
que l’algèbre de Banach engendrée par la suite de projections épuise, à petite perturbation près, l’algèb
les opérateurs bornés surX. Nous construisons un espace réflexif non séparableXω1 ayant cette propriété et qu
est, en plus, purement non inconditionnel. Une propriété remarquable deXω1 est qu’il n’est isomorphe à aucun d
ses hyperplans. De plus, dans l’esprit des travaux de Gowers [6], nous construisons une version incond
deXω1, qui est un espace réflexif non séparable ayant une base inconditionnelle sur lequel aucun shift n’e
tout opérateur borné s’écrivant commeD + S, oùD est diagonal etS est strictement singulier d’image séparab
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1631-073X/03/$ – see front matter 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights
reserved.
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Plus précisément, nous construisons une familleXγ (γ � ω1) d’espaces de Banach réflexifs ayant une lon
base transfinie, mais sans suite basique inconditionnelle. Pour décrire une telle suite d’espaces condition
saturés et ayant beaucoup de projections il est nécessaire d’introduire des fonctionnelles dit « spécia
imposeront cette conditionnalité. Cette construction, comme dans le cas de travail de Gowers et Maurey [7
de façon cruciale d’un certain codageσρ de suites finies de fonctionnelles. La différence essentielle avec le co
utilisé dans [7] est queσρ n’est pas une injection, la propriété dont dépend les démonstrations de Gowers et M
Nos démonstrations reposent sur une propriété « tree-like » du codage. Comme conséquence, sur chaquXγ tout
opérateur borné a une forme très simple.

Théorème 0.1.SoitT :Xγ →Xγ un opérateur borné. Alors il existe un opérateur diagonal bornéDT :Xγ →Xγ

tel queT −DT soit strictement singulier et tel queDT eα =DT eα+n, α < γ successeur.

Comme les espacesXγ ont des bases longues transfinies, l’algèbreD(Xγ ) d’opérateurs de formeDT est très
riche. Dans beaucoup de cas nous identifions cette algèbre

Théorème 0.2.D(Xω2) est isomorphe au dual de l’espace quasi-réflexif de JamesJT0 , basé sur l’espace « mixed
de TsirelsonT0 (cf. [1]).

La propriété suivante est également remarquable.

Théorème 0.3.Tout sous-espace de dimension finie de chaqueXγ peut être recopié par un(4+ ε)-isomorphisme
dans n’importe quelle région de tout autreXδ .

Nous donnons aussi pour chaqueγ un sous-espaceX ↪→ Xγ tel que l’espaceL(X,Xγ ) soit très riche, mais
tout opérateur bornéT deX dansX soit une variation strictement singulière d’un multiple de l’identité.

1. Introduction

We construct a familyXγ (γ � ω1) of reflexive Banach spaces with long transfinite bases but with
unconditional basic sequences. To describe such a family of conditionally saturated Banach spaces w
projections it was necessary to introduce a new construction of the so-called special functionals that
this conditionality. In our spacesXγ every bounded operatorT is split into its diagonal partDT and its strictly
singular partST . Having long transfinite bases our spacesXγ have rich spacesD(Xγ ) of diagonal operators. Rathe
unexpectedly, in many cases we were able to identify the spacesD(Xγ ). For example, we show thatD(Xω2) is
isomorphic to the dual of the quasi-reflexive Banach spaceJT0, the James space over the mixed Tsirelson spacT0
(see [1]). We discover several other new phenomena by looking at subspacesX of our spacesXγ . For example, we
show that every finite-dimensional subspace of anyXγ can be moved by an(4+ ε)-isomorphism to essentially an
region of any other memberXδ of our class. We also find subspacesX of Xγ such that the operator spaceL(X,Xγ )

is quite rich but any bounded operatorT from X into X is a strictly singular variation of a scalar multiple of t
identity.

2. The norming set

The maximal space in our classXω1 will be defined as the completion of(c00(ω1),‖ ·‖ω1) under the norm‖ ·‖ω1

induced by a set of functionalsKω1 ⊆ c00(ω1).

2.1. Definition ofKω1

Let (mj )j , (nj )j be the two sequences defined recursively as follows:m1 = 2, n1 = 4, mj+1 = m5
j , and

nj+1 = (5nj )sj for sj = log2(mj+1). The setKω1 is the minimal subset ofc00(ω1) satisfying that: (1) It contain
(e∗

γ )γ<ω1, is symmetric and is closed under the restriction on intervals ofω1. (2) φ = 1
m2j

∑n2j
i=1φi ∈ Kω1 for

{φi : i = 1, . . . , n2j } ⊆ Kω1 with suppφ1 < · · · < suppφn2j , and we say thatφ is a result of a(1/m2j ,An2j )
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operation. (3)φ = 1
m2j+1

∑n2j+1
i=1 φi ∈ Kω1 for special sequences(φ1, . . . , φn2j+1) ⊆ Kω1 (see Subsection 2.3) an

we say thatφ is a result of a(1/m2j+1,An2j+1) operation. (4) It is rationally convex. The norm onc00(ω1) is
defined as‖x‖ω1 = sup{φ(x) = ∑

φ(α) · x(α): φ ∈ Kω1} andXω1 is the completion of(c00(ω1),‖ · ‖ω1). Each
of the above four properties provides certain features in the spaceXω1. The first makes the family(eγ )γ<ω1 a
transfinite bimonotone basis ofXω1. The second saturatesXω1 with local unconditional structure. This proper
will be responsible for the existence of seminormalized averages in every block sequence ofXω1. The third
property saturatesXω1 with conditional structure and will make impossible forXω1 to contain any unconditiona
basic sequence. Finally, the fourth property is a tool for proving properties of the space of operators
arbitrary subspaceX of Xω1 intoXω1. The above definition, with the exception of the missing definition of spe
sequences, is based on the corresponding definitions from [2] and [3] which in turn are variants of the cons
from [7]. By the minimality ofKω1 eachφ ∈ Kω1 has one of the following forms: (i)φ is of type0 if φ = ±e∗

a .
(ii) φ is of typeI if φ = ±Ef for f a result of one(1/mj,Anj ) operation andE an interval. (iii)φ is of typeII
if φ is a rational convex combination of type 0 and type I functionals.

Definition 2.1.Forφ ∈Kω1 of type I we define theweightof φ, denoted byw(f ), to bemj if φ is the result of an
( 1
mj

,Anj ) operation. Notice thatφ ∈Kω1 may have many weights.

The definition of the special sequences will, as in the case [7], depend crucially on certain codingσρ . The
essential difference is that nowσρ is not an injection, a crucial property on which the proofs in [7] rely. Our pro
on the other hand will rely on a ‘tree-like property’ of our coding which we now describe. First we notic
each 2j + 1-special sequenceΦ = (φ1, φ2, . . . , φn2j+1) is of the form suppφ1 < · · ·< suppφn2j+1 with eachφi of
type I. The tree-like propertyis the following: For any pair of 2j + 1-special sequencesΦ = (φ1, φ2, . . . , φn2j+1),
Ψ = (ψ1,ψ2, . . . ,ψn2j+1) there exist 1� kΦ,Ψ � λΦ,Ψ � n2j+1 such that (i) If 1� k < kΦ,Ψ then φk = ψk

and if kΦ,Ψ < k < λΦ,Ψ thenw(φk) = w(ψk). (ii) (
⋃

kΦ,Ψ <k<λΦ,Ψ
suppφk) ∩ (

⋃
kΦ,Ψ <k<λΦ,Ψ

suppψk) = ∅. (iii)
{w(φk): λΦ,Ψ < k < n2j+1} ∩ {w(ψk): λΦ,Ψ < k < n2j+1} = ∅.

Comparing the above tree-like property with the corresponding property from [7], we notice that th
ingredient is the numberλΦ,Ψ . Its occurrence is a byproduct of the fact that the codingσρ is not one-to-one
The property (ii) will however give us a sufficient control of our special functionals.

2.2. ρ-functions

By a ρ-function we understand a functionρ : [ω1]2 → ω such that for allα < β < γ andn ∈ ω: (a) ρ(α, γ ) �
max{ρ(α,β),ρ(β, γ )} andρ(α,β)� max{ρ(α, γ ), ρ(β, γ )}. (b) The set{α < β: ρ(α,β)� n} is finite.

The ρ-functions have been introduced in [10] (see also [11]). The following will relatedρ-functions to our
coding.

Definition 2.2. Let F be a finite subset ofω1. We setnF = max{ρ(a,β): a,β ∈ F }. Forn ∈ ω with nF � n and
γ = maxF we define then-completionof F to be the set Cl(F,n) = {α: α � γ andρ(α, γ ) � n} (convention:
ρ(γ, γ )= 0 for all γ ). The condition (b) of the definition ofρ-function yields that Cl(F,n) is finite. A finite subset
G of ω1 is said to ben-completeif Cl(G,n)=G.

Basic properties from the definition are that ifF,G are two finiten-complete subsets ofω1, then for eachγ ∈ F

the setFγ = {β: β ∈ F, β � γ } is alson-complete, and that ifF ∩ G �= ∅ thenF ∩ G defines an initial part o
bothF andG.

2.3. Theσρ -coding and the special sequences

We denote byQs(ω1) the following set: Qs(ω1) = {(φ1,M1, φ2,M2, . . . , φd,Md,N): 0 < d ∈ ω,φk ∈
c00(ω1,Q), suppφ1 < suppφ2 < · · · < suppφd, M1,M2, . . . ,Md < N ∈ ω, N � n∪d

k=1 suppφk
} and byQs the

corresponding set when eachφk ∈ c00(ω,Q).
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To defineσρ we start with a one-to-one functionσ :Qs → {2j : j ∈ N} such thatσ(φ1,M1, φ2,M2, . . . , φd ,

Md,N) > max{N2, 1
ε2 ,maxsuppφd }, whereε = min{|φk(eα)|: α ∈ suppφk, k = 1, . . . , d}. Given a finite subse

F of ω1, let πF : {1,2, . . . ,#F } → F be the order preserving map. ForΦ = (φ1,M1, φ2,M2, . . . , φd ,Md,N) ∈
Qs(ω1) we denote byGΦ = Cl(

⋃d
i=1 suppφi,N) and then we consider the familỹΦ = (φ̃1,M1, φ̃2,M2, . . . , φ̃d ,

Md,N) ∈ Qs , whereφ̃k = φk ◦ πGΦ . Finally, we setσρ(Φ)= σ(Φ̃).
A sequence(φi)

n2j+1
i=1 of functionals ofKω1 is said be 2j + 1 special sequenceif: (i) suppφ1 < suppφ2 < · · ·<

suppφn2j+1, eachφk is of type I,w(φk) = m2jk andw(φ1) � m2j+1. (ii) For each 1� k < n2j+1 there exists
Nk ∈ ω such thatw(φk+1)=mσρ(Φk) for Φk = (φ1,w(φ1),φ2,w(φ2), . . . , φk,w(φk),Nk).

3. The structure of Xω1 and its subspaces

As we have mentioned before, the main property ofXω1 is that it does not contain any unconditional ba
sequence. A more detailed description of the properties ofXω1 and its subspaces follows.

Proposition 3.1.(i) The spaceXω1 is reflexive.
(ii) The closed linear span of a block sequence ofXω1 is hereditarily indecomposable, and hence every

nonseparable subspaces ofXω1 satisfy the zero angle property.
(iii) For I1, I2 infinite disjoint intervals the spacesXI1 andXI2 are totally incomparable.
(iv) Any projectionPY : Xω1 → Y has the formP = ∑n

i=1PXIi
+ S for S strictly singular,{Ii}i intervals, and

Xω1 is not isomorphic to any of its proper subspaces.

Two additional properties of theρ-function yield more properties of(Xγ )γ�ω1.

Definition 3.2. A ρ-function is said to besmoothif for each limit ordinalγ < ω1 there existsCγ > 0 such
that #{β: ρ(β, γ ) � n} � Cγ · n for all n ∈ ω. Roughly speaking, aρ-function is calleduniversalif it has the
property that its restriction on any infinite interval ofω1 contains all the possible elementary models ofρ-functions.
Functions with both properties exist.

Proposition 3.3. If the codingσρ is based on a smoothρ-function then for eachγ < ω1 the transfinite basis
(eβ)β<γ can be reordered as(eβn)n to become a Schauder basis forXγ .

Definition 3.4. A transfinite basis(eγ )γ<δ is said to benearly subsymmetricif there existsC > 0 such that for
every family of finite successive subsets{Fi}di=1 of δ and every family{Ii}di=1 of successive infinite intervals the
exists{Gi}di=1 with Gi ⊆ Ii , #Gi = #Fi and the order preserving mapT : 〈(eα)α∈∪d

i=1Fi
〉 → 〈(eβ)β∈∪d

i=1Gi
〉 satisfies

‖T ‖ · ‖T −1‖ �C.

Proposition 3.5. If the coding σρ is based on a universalρ-function then the basis(eγ )γ<ω1 is nearly
subsymmetric.

Corollary 3.6. There is an H.I.-space with a nearly subsymmetric Schauder basis.

Let us say that two basic sequences arefinitely equivalentif there existsC > 0 such that any finite subset of ea
one of them isC-equivalent to a finite subset of the other through the natural order preserving operator. T
family {X(ωγ,ωγ+ω)}γ<ω1 is an example of an uncountable family of reflexive HI spaces that are pairwise t
incomparable though their bases are pairwise finitely equivalent.
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4. The operator spaces

We proceed with some results regarding the structure of the spaceL(Xω1) including the structure ofL(Y ) with Y

a subspace ofXω1. We say thatξ :ω1 → R is astep functionprovided thatα � β < α+ω impliesξ(β)= ξ(α+ω).
For a given step functionξ :ω1 → R, the corresponding diagonal operatorXω1 is defined byDξ(eα) = ξ(α)eα .
We denote byD(Xω1) the closed commutative subalgebra ofL(Xω1) consisting of all such diagonal operato
Similarly for γ � ω1 we denote byD(Xγ ) the corresponding subspace ofL(Xγ ). Finally we extend this notatio
to the subspacesY of Xω1 generated by a normalized block sequence(xβ)β<γ . For any spaceY we denote by
S(Y ) the ideal of strictly singular operators, andL(Y,Xω1), S(Y,Xω1) have the analogous meaning.

Theorem 4.1.For every bounded operatorT :Xω1 → Xω1 there is a continuous step functionξT :ω1 → R and
a strictly singular operatorST :Xω1 → Xω1 such thatT = DξT ⊕ ST . Moreover(a) There existsC > 0 such
that ‖DξT ‖ � C‖T ‖. HenceL(Xω1)

∼= D(Xω1) ⊕ S(Xω1). (b) For everyS ∈ S(Xω1) the transfinite sequenc
(‖Seα‖)α<ω1 belongs toc0(ω1).

The corresponding results for the structure ofL(Xγ ), γ < ω1, are similarly obtained. NamelyL(Xγ ) ∼=
D(Xγ )⊕ S(Xγ ). For understanding the norm of the diagonal operators we use the well-known mixed Ts
spaceT0 = 〈c00,‖ · ‖T0〉, where‖x‖T0 = max{‖x‖0,supj sup 1

m2j

∑n2j
k=1 ‖Ekx‖T0} and where the supremum

taken over all families{Ek}nk=1 of successive subsets ofω. As in the case of Schlumprecht space [9]T0 is
reflexive with a subsymmetric basis. Next, for any infinite set of ordinalsA we define the spaceJT0(A) to be
the completion of(c00(A),‖ · ‖JT0

), where‖x‖JT0
= sup{‖∑n

k=1(
∑

α∈Ik x(α))ek‖T0: {Ik}nk=1 a family of disjoint
successive intervals ofA}.

The definition ofJT0(A) is the natural fusion of the notion of ‘Jamesfication’ of a given Banach space introd
in [4] and the definition of the long James spaces as defined by G. Edgar [5]. In particular, forA = ω the space
JT0 = JT0(ω) is quasi-reflexive. The following is our main result regardingD(Xγ ).

Theorem 4.2.For each infiniteγ � ω1 there is someA⊆ γ such thatD(Xγ )∼= J ∗
T0
(A).

It follows that for a countable ordinalγ , the spaceD(Xγ ) is separable (since dimJ ∗
T0
(A) = #A) and it does

not containc0, and as a particular caseD(Xω2) ∼= J ∗
T0

. The previous result is extended for operators acting
subspaces ofXω1.

Theorem 4.3.LetX ↪→ Xω1 . Then for someγ � ω1 L(X,Xω1)
∼= D(Xγ ,Xω1)⊕ S(X,Xω1). If in additionX is

generated by a block sequence, thenL(X)∼=D(X)⊕ S(X) andD(X) ∼= J ∗
T0
(A).

However, for everyγ < ω1 there exists a subspaceYγ ↪→ Xω1 such thatL(Yγ ) ∼= 〈IdYγ 〉 ⊕ S(Yγ ) while
L(Yγ ,Xω1)

∼=D(Xγ ,Xω1)⊕ S(Yγ ,Xω1).

We now explain the structural property ofXω1 that yields the isomorphism betweenD(Xγ ) andJ ∗
T0
(A).

Definition 4.4.LetX,Y be Banach spaces with a transfinite basis(xγ )γ<δ and a Schauder basis(yn)n respectively.
We say thatY is finitely interval representablein X (f.i.r. in short) if there existsC > 0 such that for everyn < ω

andI1 � · · · � In not necessarily distinct intervals ofδ there exists a block sequence(zl)nl=1 with zl ∈ 〈xα〉α∈Il
such that the natural mappingT : 〈(yl)nl=1〉 → 〈(zl)nl=1〉 satisfies‖T ‖ · ‖T −1‖<C.

The main reason forD(Xγ )∼= J ∗
T0
(A) is contained in the following fact.

Theorem 4.5.JT0 is f.i.r. in the closed span of any transfinite block sequence ofXω1.

Notice that since the basis ofJT0 is not unconditional, the representability ofJT0 derived by the previou
Theorem essentially occurs only in the case of H.I.-saturated Banach spaces. We note that the relation
the representability ofJT0 in Xω1 and the structure ofD(Xα) is a consequence of a minimality property describ
by the following result.
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Proposition 4.6.SupposeY has a basis(yn)n which dominates the summing basis ofc0. If Y is f.i.r. in Xω1 then
(yn)n also dominates the basis ofJT0.

We also notice that the spaceT0 satisfies the corresponding minimality property among allY with an
unconditional basis(yn)n which are finitely interval representable inXω1.

5. The unconditional counterpart

The spaceXu,ω1 is the counterpart ofXω1 in the frame of the spaces with an unconditional basis, similar to
The space is defined as forXω1 by a norming family of functionalsKu,ω1 satisfying (1)–(4) and:

(5) It is closed under the restriction of all functionals with odd weight to every subset ofω1.

Although Xu,ω1 belongs to the class of the spaces with an unconditional basis its study uses the sam
used in the study ofXω1. For example, given a bounded operatorT :Xu,ω1 → Xu,ω1 the transfinite sequenc
(dist(T eγ ,Reγ ))γ<ω1 belongs toc0(ω1), and the operatorT is strictly singular if and only if the sequenc
(‖T eγ ‖)γ<ω1 belongs toc0(ω1).

Theorem 5.1.The spaceXu,ω1 is nonseparable reflexive with an unconditional basis andL(Xu,ω1)
∼= D(Xu,ω1)⊕

S(Xu,ω1).

Here D(Xu,ω1) denotes the space of the diagonal operators andS(Xu,ω1) is the space of strictly singula
operatorsS with separable range such thate∗

γ (Seγ )= 0 for everyγ < ω1.

Corollary 5.2. There is a non-separable reflexive spaceX with an unconditional basis such that(a) X is not
isomorphic to any of its proper subspaces.(b) Every bounded linear operatorT :X →X is of the formD+S with
D a diagonal operator andS a strictly singular operator with separable range.(c) For everyI1, I2 infinite disjoint
subsets ofω1 the spacesXI1, XI2 are totally incomparable.

Moreover if we consider the version ofXu,ω1 obtained by a universalρ-function then the unconditiona
basis(eγ )γ<ω1 is nearly subsymmetric and for any pair of disjoint infinite intervalsI1, I2 the unconditiona
basic sequences(eα)α∈I1, (eα)α∈I2 are finitely equivalent while the corresponding spacesXI1, XI2 are totally
incomparable.
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