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Abstract

We show that, for any regular Poisson manifold, there is an injective natural linear map from the first leafwise coho
space into the first Poisson cohomology space which maps the Reeb class of the symplectic foliation to the modular c
Poisson manifold. A Riemannian interpretation of the Reeb class will give some geometric criteria which enables on
whether the modular class vanishes or not. It also enables one to construct examples of unimodular Poisson manifolds
which are not unimodular. Finally, we prove that the first leafwise cohomology space is an invariant of Morita equivaleTo
cite this article: A. Abouqateb, M. Boucetta, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

La classe modulaire d’une variété de Poisson régulière et la classe de Reeb de son feuilletage symplectique.Pour une
variété de Poisson régulière, il existe une application linéaire naturelle de la 1-cohomologie feuilletée vers la 1-coho
de Poisson qui envoie la classe de Reeb du feuilletage symplectique sur la classe modulaire de la structure de Pois
donnons une interprétation riemannienne de la classe de Reeb ; ce qui permettra d’avoir des critères géométriques p
de la nullité ou non de la classe modulaire. Finalement, nous prouvons que la 1-cohomologie feuilletée est un inv
l’équivalence de Morita.Pour citer cet article : A. Abouqateb, M. Boucetta, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

La classe de Reeb d’une variété feuilletée est une obstruction dans la 1-cohomologie feuilletée à l’e
d’une forme volume du fibré normal invariante par les champs de vecteurs tangents au feuilletage. L
modulaire d’une variété de Poisson est une obstruction dans la 1-cohomologie de Poisson à l’existen
frome volume invariante par les flots hamiltoniens. Pour une variété de Poisson régulière, il existe une ap
linéaire naturelle de la 1-cohomologie feuilletée vers la 1-cohomologie de Poisson qui envoie la classe
du feuilletage symplectique sur la classe modulaire de la structure de Poisson. D’un autre côté, sur un
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reserved.
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feuilletée munie d’une métrique riemannienne, la trace par rapport à la métrique riemannienne de la secon
fondamentale de la distribution orthogonale au feuilletage définit une 1-forme le long des feuilles qui rep
la classe de Reeb. Le fait que la seconde forme fondamentale de la distribution orthogonale s’annule équ
que le feuilletage soit riemannien, nous permet de déduire de ce qui prècède les résultats suivants :

Théorème 0.1.Soit (P,π) une variété de Poisson. Si le feuilletage symplectique associé àπ est riemannnien
alors la classe modulaire de(P,π) s’annule. En plus, si le feuilletage symplectique est transversalement o
de codimension1 alors la classe modulaire s’annule si et seulement si le feuilletage est riemannien.

Théorème 0.2.Soit (P,π) une variété de Poisson régulière, simplement connexe et compacte dont le feu
symplectique est de codimension1. Alors, la classe modulaire deP est différente de zéro.

Corollaire 0.3. Tout feuilletage orienté de dimension2 sur la sphèreS3 est le feuilletage symplectique d’un
structure de Poisson dont la classe modulaire est non nulle.

1. Introduction

The Reeb class of a foliated manifold is an obstruction lying in the first leafwise cohomology space
existence of a volume normal form invariant by the vector fields tangent to the foliation [4]. The modular cla
Poisson manifold is an obstruction lying in the first Poisson cohomology to the existence of a volume form in
with respect to the Hamiltonian flows [9]. For a regular Poisson manifold, Weinstein [9] pointed out that th
classes are closely related without giving an explicit relation between them. In fact, the two classes repre
same mathematical object. We will show in Section 4 that the first leafwise cohomology space is, in a natu
a subspace of the first Poisson cohomology space and the Reeb class of the symplectic foliation agrees
modular class of the Poisson manifold.

In Section 2, we remark that, given a foliated manifold(M,TF) endowed with a Riemannian metricg, the trace
with respect tog of the second fundamental form of the orthogonal distribution toTF gives rise to a tangentia
1-form whose leafwise cohomology class is the Reeb class of the foliation. It is known that the second fund
form of the orthogonal distribution vanishes if and only ifg is bundle-like [7]. This remark and the fact that t
Reeb class is the same object as the modular class will enable us to deduce the following results in Sectio

Theorem 1.1.Let (P,π) be a regular Poisson manifold. If the symplectic foliation is Riemannian then the mo
class ofP vanishes.

Furthermore, if the symplectic foliation is transversally oriented of codimension1, then the modular class ofP
vanishes if and only if the symplectic foliation is Riemannian.

Theorem 1.2.Let (P,π) be a simply connected and compact regular Poisson manifold for which the symp
foliation is transversally oriented of codimension1. Thenmod(P ) �= 0.

Corollary 1.3. Any oriented foliation of codimension1 on the sphereS3 is the symplectic foliation of a Poisso
structure onS3 with non-vanishing modular class.

Using these results, we construct many examples of regular Poisson manifolds with vanishing modu
and many examples with non-vanishing modular class.

The first Poisson cohomology spaces of Morita equivalent Poisson manifolds are isomorphic, acco
Ginzburg and Lu [3], and Ginzburg and Golubev [2] has shown that the modular classes are compatible w
isomorphism. We will show in Section 5 that the first leafwise cohomology spaces are also compatible w
isomorphism.
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2. The Reeb class of a foliation and its Riemannian interpretation

Let M be a differentiable manifold endowed with a transversally oriented foliationF of dimensionp and of
codimensionq . We denote byTF the tangent bundle to the foliation, byX (F) the space of vector fields tange
to F and byAr

F the space of sections of the bundle∧rT ∗F → M. The elements ofAr
F are called tangentia

differentialr-forms. The expression

dFα(X1, . . . ,Xr+1) =
r+1∑
i=1

(−1)i+1Xi · α(X1, . . . , X̂i, . . . ,Xr+1)

+
∑
i<j

(−1)i+jα
([Xi,Xj ],X1, . . . , X̂i , . . . , X̂j , . . . ,Xr+1

)
,

whereα ∈Ar
F andX1, . . . ,Xr+1 ∈X (F), defines a degree one differential operatordF that satisfiesd2

F = 0. The
induced cohomology denoted byH ∗F (M) is called the leafwise cohomology [1].

An orientation of the normal bundle toF is a differentialq-form ν onM such thatνx �= 0 for all x ∈M and
such thatiXν = 0 for anyX ∈ X (F).

For all X ∈ X (F), LXν is proportional toν and one can define a tangential 1-formαF by the relation
LXν = αF (X)ν. From the relation

L[X,Y ]ν = LX ◦LY ν −LY ◦LXν,
we havedFαF = 0. The cohomology class ofαF denoted by mod(F) is the Reeb class of the foliation.

The normal bundle toF carries an orientationν such thatLXν = 0 for any X ∈ X (F) if and only if
mod(F)= 0 (see [4]).

Now, we give a Riemannian interpretation of the Reeb class.
Let g be a Riemannian metric onM and let∇ be the associated Levi-Civita connection. We denote byT ⊥F the

orthogonal distribution toTF and byX (F⊥) the space of vector fields tangent toT ⊥F . For any vector fieldX, we
denote byXF its component inX (F) and byXF⊥ its component inX (F⊥). The orthogonal volume form to th
foliation is the differentialq-formη defined byη(Y1, . . . , Yq)= 1 for any orthonormal oriented frame(Y1, . . . , Yq)

in X (F⊥) andiXη= 0 for anyX ∈X (F).
A straightforward calculation gives

LXη(Y1, . . . , Yq)=
q∑
i=1

g(∇YiX,Yi)=−
q∑
i=1

g(∇Yi Yi ,X). (∗)

The second fundamental form ofT ⊥F is the tensor fieldB⊥ :X (F⊥)×X (F⊥)→X (F) given by

B⊥(Y1, Y2)= 1

2
[∇Y1Y2+∇Y2Y1]F .

Its trace with respect tog, called the tangent mean curvature, is a vector fieldH⊥ tangent toF . We define a
tangential 1-formK⊥ ∈A1

F by

K⊥(X)= g(X,H⊥)
, X ∈ X (F).

The relation(∗) can be written

LXη(Y1, . . . , Yq)=−K⊥(X)
and so

mod(F)=−[
K⊥

]
. (1)
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Remark 1. This formula can be compared to the metric formula for the Godbillon–Vey invariant (see [6]).

It is known that the second fundamental formB⊥ vanishes if and only ifg is bundle-like [7] so we get th
following proposition.

Proposition 2.1. Let M be a differentiable manifold endowed with a transversally oriented foliationF of
codimension1. The following assertions are equivalent:

(1) mod(F)= 0.
(2) F is a Riemannian foliation.
(3) F is defined by a closed1-form.

3. The modular class of a Poisson manifold

Many fundamental definitions and results about Poisson manifolds can be found in Vaisman’s monogra
Let P be a Poisson manifold with Poisson tensorπ . We have a bundle map #π :T ∗P → T P defined by

β(#π(α))= π(α,β), for all α,β ∈ T ∗P. On the space of differential 1-formsΩ1(P ), the Poisson tensor induces
Lie bracket

[α,β]π = L#π (α)β −L#π (β)α − d
(
π(α,β)

)
, α,β ∈Ω1(P ).

For this Lie bracket and the usual Lie bracket on vector fields, the bundle map #π induces a Lie algebr
homomorphism #π :Ω1(P )→X (P ).

The Poisson cohomology of a Poisson manifold(P,π) is the cohomology of the chain complex(X ∗(P ), dπ)
where, for 0� p � dimP , X p(P ) is theC∞(P,R)-module ofp-multi-vector fields anddπ is given by

dπQ(α0, . . . , αp) =
p∑
j=0

(−1)j#π(αj ) ·Q(α0, . . . , α̂j , . . . , αp)

+
∑
i<j

(−1)i+jQ
([αi,αj ]π ,α0, . . . , α̂i , . . . , α̂j , . . . , αp

)
.

We denoteH ∗π(P ) the corresponding cohomology spaces.
The modular class of(P,π) is the obstruction to the existence of a volume form onP which is invariant

with respect to Hamiltonian flows. More explicitly, letµ be a volume form onP . As shown in [9], the operato
φµ :f �→ divµ #π(df ) is a derivation and hence a vector field called the modular vector field of(P,π) with respect
to the volume formµ.

If we replaceµ by aµ, wherea is a positive function, the modular vector fields becomes

φaµ = φµ + #π
(
d(Loga)

)
.

Thus the first Poisson cohomology class ofφµ is independent ofµ, we call it the modular class of(P,π) and we
denote it mod(P ). The Poisson manifold is unimodular if its modular class vanishes.

4. Link between the Reeb class and the modular class of a regular Poisson manifold

Let (P,π) be a Poisson manifold whose symplectic foliation, denoted byF , is a regular foliation transversal
oriented of dimension 2p and of codimensionq . As shown in [9, pp. 385], the modular vector field ofP is closely
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related to the Reeb tangential 1-form. More explicitly, letω ∈ Γ (∧2T ∗F) be the leafwise symplectic form give
by ω(u, v)= π(#−1

π (u),#−1
π (v)), u,v ∈ TF , where #−1

π (u) denotes any antecedent ofu by #π .
Let ν be a transverse orientation ofF , i.e., a differentialq-form onP such thati#π (df )ν = 0 for every smooth

functionf andνx �= 0 for all x ∈ P . Choose a distributionF supplementary toTF and extendω to a differential
2-form onP by settingiXω= 0 for allX tangent toF . The formµ=∧pω ∧ ν is a volume form onP .

For anyf ∈ C∞(P ), since[L#π (df )(∧pω)] ∧ ν = 0, we have

L#π (df )µ=
(∧pω)∧L#π (df )ν = αF

(
#π(df )

)
µ=−#π(α)(f )µ,

whereα is any differential 1-form onP whose restriction toF is αF .
#π(α) depends only onαF and we will denote it by #π(αF ). We get that the modular vector field of(P,π)

with respect to the volume formµ is given byφ(∧pω)∧ν =−#π(αF ).
For 1� i � dimP , we consider the subspaceX i

0(P ) ⊂ X i (P ) of i-multi-vector fieldsQ such thatiαQ = 0
for all α ∈ Kerπ . It is easy to verify thatdπ(X i

0)⊂ X i+1
0 . The natural injectionX i

0 ↪→ X i induces a linear ma
H ∗(X i

0)→H ∗π(P ) which is injective for∗ = 1.
Let π :Ai

F (P )→X i
0(P ) be the map given byπ(γ )(α1, . . . , αp)= γ (#π(α1), . . . ,#π(αp)). It is easy to verify

thatπ is an isomorphism andπ(dFγ )= dππ(γ ) and henceπ induces an isomorphism

π∗ :Hi
F (P )→Hi

(
X i

0(P )
)
.

So, we have shown the following proposition.

Proposition 4.1. Let (P,π) be a regular Poisson manifold for which the symplectic foliation is transvers
oriented. The tensorπ induces a linear injection

π∗ :H 1
F (P ) ↪→H 1

π(P )

and we have

π∗
(
mod(F)

)=mod(P ).

Now, we can give the proof of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. If the symplectic foliation is Riemannian, there is a bundle-like metricg for which the
second fundamental form of the orthogonal distribution to the foliation vanishes [7]. From (1), we deduce
Reeb class vanishes and by Proposition 4.1 the modular class vanishes. If the foliation is of codimensio
second fundamental form of the orthogonal distribution to the foliation vanishes if and only its trace with r
to the metric vanishes and the same argument as above gives the theorem.✷
Proof of Theorem 1.2. Let (P,π) be a simply connected and compact regular Poisson manifold for w
the symplectic foliation is transversally oriented of codimension 1. If mod(P ) = 0, the symplectic foliation is
Riemannian and there is a closed 1-formα which defines the foliation and such thatαx �= 0 for anyx ∈ P . Nowα
is exact sinceP is simply connected and must vanish in some point sinceP is compact. ✷

Now we give some examples.
1. Let (G,ω) be a symplectic Lie group (for example the affine group GA(n)) (see [5]). LetP ×G→ P be

a locally free action ofG on a differentiable manifoldP whose associated foliation will be denoted byF . The
symplectic formω gives rise to a tangential 2-form onF which is symplectic on restriction to any leaf ofF . This
gives canonically a Poisson structureπ onP whose symplectic foliation isF .

If the action ofG leaves invariant a Riemannian metric onP , the foliation is Riemannian and the modular cla
of (P,π) vanishes. This is the case ifP is a Lie group andG is a Lie subgroup which acts by left translations.
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Another interesting case is the case whereH is a Lie group withG as subgroup andΓ is a discrete subgroup o
H such that there is a Riemannian metric onH which is rightG-invariant and leftΓ -invariant. Then the natura
homogenous action ofG onP = Γ \H is locally free and the associated foliation is Riemannian. For example
natural action ofR2p on the torusT n = Z

n\Rn.
2. The affine group GA(2) can be considered as a subgroup of two simply connected Lie groups of dimen

both having a cocompact discrete subgroupΓ . The first one is̃SL(2,R) the universal covering of SL(2,R) and
the second isG3 whose Lie algebra is given by the relations[e1, e2] = −e1, [e1, e3] = 0, [e2, e3] = −e3. There
is a Poisson structure (constructed as above) on the compact 3-manifoldM = Γ \H (whereH = S̃L(2,R) or
G3) whose the symplectic foliation is the foliation given by the homogenous action of GA(2). This foliation (of
codimension one) is not Riemannian and so the modular class of the Poisson structure does not vanish.

5. The first leafwise cohomology space is an invariant of Morita equivalence

Following [10], recall that a full dual pairP1
ρ1← W

ρ2→ P2 consists of two Poisson manifolds(P1,π1) and
(P2,π2), a symplectic manifoldW , and two submersionsρ1 :W → P1 andρ2 :W → P2 such thatρ1 is Poisson,
ρ2 is anti-Poisson, and the fibers ofρ1 andρ2 are symplectic orthogonal to each other. A Poisson (or anti-Pois
mapping is said to be complete if the pull-back of a complete Hamiltonian flow under this mapping is com
A full dual pair is called complete if bothρ1 andρ2 are complete. The Poisson manifoldsP1 andP2 are Morita

equivalent if there exists a complete full dual pairP1
ρ1←W

ρ2→ P2 such thatρ1 andρ2 both have connected an
simply connected fibers. Morita equivalent Poisson manifoldsP1 andP2 have isomorphic first Poisson cohomolo

spaces. More explicitly, there is a natural isomorphismE :H 1
π1
(P1)

�−→ H 1
π2
(P2) which is defined by (see [2

Lemma 5.2)

E
([ξ1])= [ξ2] ⇐⇒ ∃F ∈ C∞(W), ξ1= (ρ1)∗XF , ξ2=−(ρ2)∗XF .

Proposition 5.1.Let (P1,π1) and(P2,π2) be Morita equivalent regular Poisson manifolds. Then

E
(
π∗1

(
H 1
F (P1)

))= π∗2
(
H 1
F (P2)

)
.
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