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Abstract

We exhibit an explicit full measure class of minimal interval exchange mapsT for which the cohomological equatio
Ψ − Ψ ◦ T = Φ has a bounded solutionΨ provided that the datumΦ belongs to a finite codimension subspace of the spac
functions having on each interval a derivative of bounded variation.

The class of interval exchange maps is characterized in terms of a diophantine condition of “Roth type” impose
acceleration of the Rauzy–Veech–Zorich continued fraction expansion associated toT . To cite this article: S. Marmi et al.,
C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Sur l’équation cohomologique pour les échanges d’intervalles. On présente une classe explicite d’échanges d’in
vallesT , de mesure pleine, pour laquelle l’équation cohomologiqueΨ −Ψ ◦ T = Φ admet une solution bornéeΨ , à condition
que la donnéeΦ appartienne à un sous-espace de codimension finie de l’espace des fonctions dont la dérivée su
intervalle est de variation bornée.

Cette classe est définie par une condition diophantienne « de type Roth » exprimé dans une variante du dévelop
fraction continue de Rauzy–Veech–Zorich associé àT . Pour citer cet article : S. Marmi et al., C. R. Acad. Sci. Paris, Ser. I
336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

SoitA un alphabet constitué ded � 2 lettres. Soit(π0,π1) un couple debijections deA sur{1, . . . , d}, qu’on
supposera toujoursadmissible: pour tout 1� k < d , on aπ−1

0 ({1, . . . , k}) �= π−1
1 ({1, . . . , k}) . Si on se donne aus
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reserved.
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des longueurs(λα)α∈A (avecλα > 0), on définit un échange d’intervallesT [8] (avec discontinuités marquées) p
la formule suivante : pourα ∈A, 0 � x < λα

T

(
x +

∑
π0(β)<π0(α)

λβ

)
= x +

∑
π1(β)<π1(α)

λβ.

On poseraIα = [∑
π0(β)<π0(α)

λβ,
∑

π0(β)�π0(α)
λβ

)
. CommeT est une translation sur chaqueIα, T préserve

l’orientation et la mesure de Lebesgue. On peut penserA comme l’ensemble des orbites des points de discontin
deT .

Notons ∆ le simplexe standard de dimensiond − 1 dansR
d . Alors le vecteur normalisé des longueu

(λα(
∑

β∈A λβ)
−1)α∈A appartient à∆ : on notera∆(π0,π1) le simplexe des longueurs normalisées associé

couple admissible(π0,π1).
On notera BV(

⊔
Iα) l’espace des fonctionsϕ sur [0,1) dont la restriction à chaqueIα est de variation bornée

et BV∗(
⊔

Iα) l’hyperplan formé des fonctions de moyenne nulle.

Théorème. Soit (π0,π1) un couple admissible. Il existe une partieD(π0,π1) ⊂ ∆(π0,π1) demesure totaletelle
que, pour toutT ∈ D(π0,π1), toutϕ ∈ BV∗ (

⊔
Iα) on puisse trouver

(1) une fonctionΦ, Lipschitzienne sur chaqueIα , dont la dérivée sur chaqueIα estϕ et de moyenne nulle su⊔
Iα ;

(2) une fonction bornéeΨ , de moyenne nulle sur
⊔

Iα , vérifiant l’équation cohomologiqueΨ − Ψ ◦ T = Φ.

Remarques.

(1) La partieD(π0,π1) de∆(π0,π1) est explicitement définie ci-dessous.
(2) Keane [3] a montré que si aucune orbite deT ne passe plus d’une fois par une discontinuité deT , alorsT est

minimal. Les échanges d’intervalles dansD(π0,π1) satisfont l’hypothèse de Keane. Masur [6] et Veech [9]
montré que presque tout échange d’intervalles est uniquement ergodique (pourd � 4, il existe des échange
d’intervalles qui ne sont pas uniquement ergodiques [5,4]). Les échanges d’intervalles dansD(π0,π1) sont
uniquement ergodiques.

(3) Notre résultat est clairement relié (via une suspension singulière) au théorème de Forni [1] sur l’é
cohomologique pour les champs de vecteurs préservant les aires sur les surfaces. Notre méthode est
de celle de Forni : il construit des instruments d’analyse de Fourier sur les surfaces plates (singulières)
le théorème de Fatou sur les valeurs au bord des fonctions holomorphes bornées. Nous mettons à
algorithme de fraction continue dû à Rauzy–Veech–Zorich pour obtenir une condition diophantienne e
La perte de différentiabilité est par ailleurs plus faible que dans son théorème.

Esquisse de preuve. Soit T = T (0) un échange d’intervalles vérifiant l’hypothèse de Keane. Une ve
accélérée de l’algorithme de Rauzy–Veech–Zorich [7,9–11] fournit une suite d’échanges d’intervalles(T (n))n�0

avec des longueurs associées(λα(n))α∈A, n�0 qui satisfont aux propriétés suivantes :

(i) pourm< n, T (n) est l’application de premier retour deT (m) surI (n) = [0,∑α∈A λα(n)) ;
(ii) pour m< n, on aλ(m) = Q(m,n)λ(n), avec une matriceQ(m,n) ∈ SL(d,Z) à coefficients� 0 ;
(iii) pour m < n, α,β ∈ A, le temps passé parIβ(n) dansIα(m) avant retour dansI (n) estQαβ(m,n), et le temps

de retour estQβ(m,n) = ∑
α∈AQαβ(m,n) ;

(iv) on aQαβ(m,n) > 0 pourα,β ∈ A, n � m + m(d).
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Soitϕ une fonction sur
⊔

α∈A Iα(m) ; pourn >m, β ∈ A, x ∈ Iβ(n), on définit

S(m,n)ϕ(x) =
∑

0�l<Qβ(m,n)

ϕ
((
T (m)

)l
(x)

)
.

NotonsΓ (m) l’espace de dimensiond des fonctions constantes sur chaqueIα(m) ; alorsS(m,n) envoieΓ (m) sur
Γ (n), sa matrice par rapport aux bases canoniques étanttQ(m,n). On posera

Γ (m)
s =

{
χ ∈ Γ (m), lim sup

n→∞
log‖S(m,n)χ‖
log‖Q(m,n)‖ < 0

}
.

On dira queT est de type Roth si :

(a) pour toutε > 0, on a‖Q(n,n + 1)‖ � ‖Q(0, n)‖ε pour toutn assez grand ;
(b) il existeθ > 0 tel qu’on ait‖S(0, n)|

Γ
(0)∗

‖ � ‖Q(0, n)‖1−θ pour toutn assez grand,Γ (0)∗ désignant l’hyperplan

deΓ (0) formé des fonctions de moyenne nulle ;
(c) l’opérateurS(m,n) :Γ (m)/Γ

(m)
s → Γ (n)/Γ

(n)
s induit parS(m,n) vérifie, pour toutε > 0, ‖(S(m,n) )

−1‖ �
‖Q(0, n)‖ε si n est assez grand.

Sous les conditions (a) et (b), on montre que, pour une fonction à variation bornéeϕ sur
⊔

α∈A Iα(0), on a∥∥S(0, n)(ϕ)∥∥L∞ �
∥∥Q(0, n)

∥∥1−θ ′‖ϕ‖BV,

avecθ ′ = θ ′(θ) > 0, pourn assez grand. En utilisant aussi (c), on arrive à construire une fonction lipschitzieΦ

dont la dérivée sur chaqueIα(0) estϕ, qui vérifie∑
n�0

∥∥Q(n,n + 1)
∥∥∥∥S(0, n)(Φ)

∥∥
L∞ < +∞.

On en déduit que les sommes de Birkhoff deΦ sont bornées et on conclut grâce à un théorème de Gottsc
Hedlund.

1. Interval exchange maps and the cohomological equation: Main theorem

1.1. LetA denote an alphabet withd � 2 elements. Consider a pair(π0,π1) of bijectionsof A on{1, . . . , d}: we
will always assume that the pair isadmissible: for all 1 � k < d one hasπ−1

0 ({1, . . . , k}) �= π−1
1 ({1, . . . , k}) . One

can associate the permutationπ = π1 ◦ π−1
0 of {1, . . . , d} to the pair(π0,π1). Given an admissible pair(π0,π1)

and a vector of lengths of intervals(λα)α∈A, aninterval exchange map(i.e.m.)T [8] (with marked discontinuities)
is defined through the formula: forα ∈ A, 0� x < λα

T

(
x +

∑
π0(β)<π0(α)

λβ

)
= x +

∑
π1(β)<π1(α)

λβ. (1)

We writeIα = [∑
π0(β)<π0(α)

λβ,
∑

π0(β)�π0(α)
λβ

)
. We can think ofA as the set of the orbits of the discontinuitie

taking right limits (each interval is associated to the discontinuity at its left endpoint). Each i.e.m. is piece
translation, orientation–preserving and preserves Lebesgue measure.

1.2. Let∆ denote the standard(d−1)-dimensional simplex inRd . The normalized vector(λα(
∑

β∈A λβ)
−1)α∈A

belongs to∆: we denote∆(π0,π1) the symplex of normalized lengths corresponding to the admissible
(π0,π1). We will denote BV(

⊔
Iα) (resp. BV∗(

⊔
Iα)) the space of functionsϕ whose restriction to each of th
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Our main result can be stated as follows:

Theorem 1.1. Let (π0,π1) be admissible. There exists a subsetD(π0,π1) ⊂ ∆(π0,π1) of full measuresuch that
for all T ∈ D(π0,π1) and for all functionϕ ∈ BV∗(

⊔
Iα) one can find

(1) a functionΦ, Lipschitz on eachIα , with DΦ = ϕ on eachIα and total mean value0 on
⊔

Iα ;
(2) a bounded functionΨ , with total mean value0 on

⊔
Iα , which satisfy the cohomological equati

Ψ −Ψ ◦ T = Φ.

Remarks.

(1) The subsetD(π0,π1) of ∆(π0,π1) will be explicitely defined below.
(2) Keane [3] proved that if there is no orbit segment starting and ending with discontinuities,T is minimal. All

the i.e.m. considered here are assumed to satisfy this hypothesis, which in particular holds when the
are rationally independent. Masur [6] and Veech [9] proved that almost all i.e.m. are uniquely ergod
d � 4, there exist nonuniquely ergodic i.e.m. [4,5]. The diophantine conditionD(π0,π1) is easily seen to
imply unique ergodicity.

(3) Obviously, our result is closely connected (via singular suspension) to Forni’s theorem [1] on the c
equation for area-preserving vector fields on surfaces. Our method is different from Forni’s: he con
some Fourier analysis on flat surfaces and gets his results through Fatou’s theorem on boundary v
bounded holomorphic functions. Our method provides an explicit diophantine condition and a smaller
differentiability.

(4) We can prove similar results, with the same loss of differentiability, when we start with a more regular dΦ.

2. Rauzy–Veech–Zorich continued fraction algorithm and its acceleration

In order to describe the setD(π0,π1) we will make use of the generalization of continued fractions to i.e.
due to the work of Rauzy [7], Veech [9] and Zorich [10,11].

2.1. Let (π0,π1) be an admissible pair. We define two new admissible pairsR0(π0,π1) andR1(π0,π1) as
follows: letα0, α1 be the (distinct) elements ofA such thatπ0(α0) = π1(α1) = d ; one has

R0(π0,π1) = (π0, π̂1),

R1(π0,π1) = (π̂0,π1),
(2)

where

π̂1(α) =
{
π1(α) if π1(α) � π1(α0),
π1(α) + 1 if π1(α0) < π1(α) < d,
π1(α0) + 1 if α = α1, (π1(α1) = d);

π̂0(α) =
{
π0(α) if π0(α) � π0(α1),
π0(α) + 1 if π0(α1) < π0(α) < d,
π0(α1) + 1 if α = α0, (π0(α0) = d).

(3)

The extended Rauzy classof (π0,π1) is the set of admissible pairs obtained by saturation of(π0,π1) under the
action ofR0 andR1. Theextended Rauzy diagramhas for vertices the elements of the extended Rauzy class,
vertex(π0,π1) being the origin of two arrows joining(π0,π1) to R0(π0,π1), R1(π0,π1). Thenameof an arrow
joining (π0,π1) to Rε(π0,π1) (with ε ∈ {0,1}) is the elementαε ∈A such thatπε(αε) = 1.
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2.2. Let T be an i.e.m. with marked discontinuities, given by data(π0,π1), (λα)α∈A. For ε ∈ {0,1}, define
αε ∈A by πε(αε) = d as above.

We say thatT is of typeε if one hasλαε � λα1−ε
; we then define a new i.e.m.V(T ) by the following data: the

admissible pairRε(π0,π1) and the lengths(λ̂α)α∈A given by{
λ̂α = λα if α �= αε,
λ̂αε = λαε − λα1−ε

otherwise.
(4)

The i.e.m.V(T ) is the first return map ofT on [0,∑α �=α1−ε
λα). We also associate toT the arrow in the extende

Rauzy diagram joining(π0,π1) to Rε(π0,π1). Iterating this process, we obtain a sequence of i.e.m(Vk(T ))k�0
and an infinite path in the extended Rauzy diagram starting from(π0,π1).

2.3. The next step is to group together several iterations ofV to obtain the Zorich and the accelerated Zor
algorithms.

Starting fromT = T (0), we define a sequenceT (n) = Vk(n)(T ) by the following property: forn � 0, k(n + 1)
is the largest integerk > k(n) such that not all names inA are taken by arrows associated to iterations ofV from
T (n) to Vk(T ). This definition is based on the following elementary lemma:

Lemma 2.1. Assuming that no orbit segment ofT starts and ends with a discontinuity, every name is taken infin
many times in the infinite path associated toT .

Remark. We have defined above the accelerated Zorich algorithm, which is most convenient for us bec
the lemma below. For the Zorich algorithm itself, we haveT̃ (n) = V k̃(n)(T ), k̃(n + 1) being the largest intege
k̃ > k̃(n) such that all arrows associated to the iterations ofV from T̃ (n) to Vk(T ) have the same name.

2.4. Let T = T (0) be an i.e.m. satisfying the hypotheses of the lemma above. Let(T (n))n�0 be the sequence o
i.e.m. obtained by the accelerated Zorich algorithm, with associated lengths(λα(n))α∈A.

Iterating formula (4) gives a matrixZ(n) ∈ SL(d,Z) with nonnegative entries such that

λ(n − 1) = Z(n)λ(n). (5)

We will write, for m< n

Q(m,n) = Z(m + 1) · · ·Z(n), (6)

λ(m) = Q(m,n)λ(n). (7)

For m < n, T (n) is the first return map ofT (m) on I (n) = [0,∑α∈A λα(n)); the return time ofIβ(n) in I (n) is∑
α Qαβ(m,n) and the time spent inIα(m) is Qαβ(m,n). From the definition of the accelerated Zorich algorith

one easily gets the following:

Lemma 2.2. There exists an integerm(d) > 0 such that forn � m+m(d), one hasQαβ(m,n) > 0 for all α,β ∈A.

3. Special Birkhoff sums

3.1. Let T as above,m � n, andϕ be a function defined on the disjoint union
⊔

A Iα(m). We define a new
functionS(m,n)ϕ on

⊔
A Iβ(n) as follows: forx ∈ Iβ(n)

S(m,n)ϕ(x) =
∑

0�l<Qβ(m,n)

ϕ
(
T (m)l(x)

)
, (8)

whereQβ(m,n) = ∑
α∈AQαβ(m,n) is the return time ofx in I (n).
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3.2. The operatorsS(m,n) preserve regularity and commute with derivation. They also satisfy∫
⊔

A Iα(m)

ϕ =
∫

⊔
A Iβ (n)

S(m,n)ϕ. (9)

If the restriction ofϕ to each of the intervalsIα(m) is a polynomial of degree� µ then the restriction ofS(m,n)ϕ

to each of the intervalsIβ(n) is also a polynomial of degree� µ.
We will denoteΓ (m) the space of functionsϕ which are constant on each of the intervalsIα(m). The

characteristic functions of the intervalsIα(m) form a basis ofΓ (m). The operatorS(m,n) mapsΓ (m) into Γ (n). In
the bases we have chosen ofΓ (m) andΓ (n) the matrix ofS(m,n)|Γ (m) is tQ(m,n). We denoteΓ (m)∗ the hyperplane
of Γ (m) whose elements are the functions whose integral on the disjoint union

⊔
Iα(m) vanishes. It is sent b

S(m,n) into Γ
(n)∗ .

3.3. Write BV∗(m) for the space of functionsϕ on
⊔

A Iα(m) which are of bounded variation on eachIα(m)

and of mean value 0; write BV1(m) for the space of functionsΦ on
⊔

A Iα(m) which are lipschitzian on eac
Iα(m) and whose derivative belongs to BV∗(m).

We denoteE(m)
s the space of functionsΦ ∈ BV1(m) such that

lim sup
n→∞

log‖S(m,n)Φ‖∞
log‖Q(m,n)‖ < 0. (10)

We obviously haveS(m,n)(E
(m)
s ) ⊂ E

(n)
s . We will denoteΓ (m)

s the intersection ofE(m)
s with Γ (m).

SinceS(m,n)(Γ
(m)
s ) ⊂ Γ

(n)
s we can consider the induced operator

S(m,n) :Γ (m)∗ /Γ (m)
s → Γ (n)∗ /Γ (n)

s . (11)

4. The Diophantine condition

Here we introduce the notion of the i.e.m. of the “Roth type” which gives a full measure class of i.e.m.’s
satisfy the assumptions of our theorem.

4.1. An i.e.m.T is said to be of “Roth type”, if its accelerated Zorich continued fraction verifies the followi
conditions:

(a) For anyε > 0, we have‖Z(n + 1)‖ � ‖Q(0, n)‖ε for all large enoughn;
(b) There existsθ > 0 such that‖S(0, n)|

Γ
(0)∗

‖ � ‖S(0, n)|Γ (0)‖1−θ = ‖Q(0, n)‖1−θ for all large enoughn;

(c) For anyε > 0, m < n, with n large enough, we have‖(S(m,n) )
−1‖ � ‖Q(0, n)‖ε .

It can be shown that for any admissible pair(π0,π1), conditions (a), (b), (c) are satisfied by a setD(π0,π1) of full
measure in∆(π0,π1).

5. Sketch of the proof of the theorem

5.1. When T̂ is a minimal homeomorphism of a compact spaceX, we know from a theorem of Gottschalk
Hedlund [2] that a continuous functionΦ on X is a T̂ -coboundary of some continuous function as soon as
Birkhoff sums ofΦ at some point ofX are bounded.

Let T be an i.e.m. with no orbit segment starting and ending with discontinuities; thenT is minimal, but
not continuous. Nevertheless, a Denjoy-like construction allows to apply Gottschalk–Hedlund’s theore
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conclude that a continuous function whose Birkhoff sums at some point are bounded is theT -coboundary of a
bounded function. Givenϕ ∈ BV∗(0), it is therefore sufficient to find a primitiveΦ (determined byd constants of
integration) whose Birkhoff sums at 0 are bounded.

5.2. GivenN > 0 and a functionΦ on
⊔

A Iα , we can write the Birkhoff sums ofΦ at 0 as a finite sum:

N−1∑
i=0

Φ ◦ T i(0) =
∑
j

S(0, nj )(Φ)(xj ), (12)

where for everyn � 0 we have

card{j, nj = n} �
∥∥Z(n + 1)

∥∥ := max
β

∑
α

Zαβ(n + 1). (13)

Thus the Birkhoff sums ofΦ at 0 are bounded as soon as∑
n�0

∥∥Z(n + 1)
∥∥∥∥S(0, n)(Φ)

∥∥
L∞ < +∞. (14)

5.3. Let ϕ ∈ BV∗(0); write ϕ = ϕ0 +χ0, whereχ0 ∈ Γ
(0)∗ and the mean value ofϕ0 on everyIα vanishes. Write

then inductively

S(n − 1, n)(ϕn−1) = ϕn + χn, (15)

whereχn ∈ Γ
(n)∗ and the mean value ofϕn on everyIα(n) vanishes. We have, for everyn � 0:

‖ϕn‖L∞ � max
α

VarIα(n) ϕn �
∑
α

VarIα ϕ := Varϕ, (16)

and thus

‖χ0‖ � ‖ϕ‖L∞, (17)

‖χn‖L∞ �
∥∥S(n − 1, n)(ϕn−1)

∥∥
L∞ �

∥∥Z(n)
∥∥Varϕ, (18)

for n > 0. From this and conditions (a), (b) in the definition of Roth type, we get easily that there
θ ′ = θ ′(θ) > 0 such that∥∥S(0, n)(ϕ)∥∥L∞ �

∥∥Q(0, n)
∥∥1−θ ′‖ϕ‖BV (19)

for all n � 0 large enough.

5.4. Givenϕ ∈ BV∗(0), we will find a primitiveΦ ∈ BV1∗(0) that satisfies (14); for this, in view of condition (
in Section 4.1, it is sufficient to findΦ ∈ E

(0)
s . Thus, we only need to defineΦ modΓ

(0)
s .

For n � 0 andϕ ∈ BV∗ (n), let P (n)
0 ϕ ∈ BV1∗ (n) be the primitive ofϕ whose mean value over every interv

Iα(n) vanishes; this is not functorial with respect to special Birkhoff sums. We define, forn > 0:

*(n) : BV∗ (n − 1) → Γ
(n)∗ /Γ

(n)
s ,

*(n) = P
(n)
0 S(n − 1, n) − S(n − 1, n)P (n−1)

0 modΓ (n)
s .

(20)

From condition (a) in Section 4.1, it is not difficult to show, for everyε > 0, ϕ ∈ BV∗ (n− 1), n large enough that∥∥*(n)ϕ
∥∥

L∞ �
∥∥Q(0, n)

∥∥−1+ε‖ϕ‖L∞ . (21)
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Joining (19), (21) and condition (c) of Section 4.1, we see that the series

∆P(m)(ϕ) =
∑
n>m

((
S(m,n) 

)−1 ◦ *(n) ◦ S(m,n − 1)
)
(ϕ) (22)

for m � 0, ϕ ∈ BV∗(m) converges inΓ (m)∗ /Γ
(m)
s .

Setting

P (m)(ϕ) = P
(m)
0 (ϕ) + ∆P(m)(ϕ) (23)

we have now functoriality:

S(m,n)
(
P (m)(ϕ)

) = P (n)
(
S(m,n)ϕ

)
modΓ (n)

s . (24)

It is now not difficult to check that givenϕ ∈ BV∗(0), any primitiveΦ ∈ BV1∗(0) whose class modΓ (0)
s belongs to

P (0)(ϕ) also belongs toE(0)
s , and thus is the coboundary of a bounded function.

Acknowledgements

This work began in 1998. This research has been supported by the CNR, CNRS, INDAM-GNFM and M

References

[1] G. Forni, Solutions of the cohomological equation for area-preserving flows on compact surfaces of higher genus, Ann. of M
(1997) 295–344.

[2] W.H. Gottschalk, G.A. Hedlund, Topological dynamics, Amer. Math. Soc. Collog. Publ. 36 (1955).
[3] M. Keane, Interval exchange transformations, Math. Z. 141 (1975) 25–31.
[4] M. Keane, Non-ergodic interval exchange transformations, Israel J. Math. 26 (1977) 188–196.
[5] H.B. Keynes, D. Newton, A “minimal”, non-uniquely ergodic interval exchange transformation, Math. Z. 148 (1976) 101–105.
[6] H. Masur, Interval exchange transformations and measured foliations, Ann. of Math. 115 (1982) 169–200.
[7] G. Rauzy, Échanges d’intervalles et transformations induites, Acta Arit. (1979) 315–328.
[8] W. Veech, Interval exchange transformations, J. Anal. Math. 33 (1978) 222–272.
[9] W. Veech, Gauss measures for transformations on the space of interval exchange maps, Ann. of Math. 115 (1982) 201–242.

[10] A. Zorich, Finite Gauss measure on the space of interval exchange transformations. Lyapunov exponents, Ann. Inst. Fourier 46
325–370.

[11] A. Zorich, Deviation for interval exchange transformations, Ergodic Theory Dynamical Systems 17 (1997) 1477–1499.


