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Abstract

We provide results of the existence, uniqueness and asymptotic behavior of travelling-wave solutions for con
equations involving different kinds of nonlinearities (bistable, ignition and monostable). We recover for these equatio
of the known results about the standard equation∂u

∂t
+ u′′ + f (u) = 0. Some min–max formulas are also given.To cite this

article: J. Coville, L. Dupaigne, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Fronts Progressifs dans les équations intégro-différentielles. On présente plusieurs résultats concernant les solu
de type front progressif dans des équations de réaction–diffusion intégro-différentielles 1D faisant intervenir divers
non-linéarités (bistable, ignition, monostable). On étend à ces équations des résultats connus dans le cadre d’une é
réaction–diffusion usuelle : l’existence de telles solutions est notemment démontrée pour les trois types de nonlinéari
L’unicité et quelques formules caractérisant la vitesse de ces fronts sont aussi établies dans certains cas.Pour citer cet article : J.
Coville, L. Dupaigne, C. R. Acad. Sci. Paris, Ser. I 337 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

L’existence d’une ou d’un continuum de solutions de type front progressif pour une équation scalair
forme de l’Éq. (1) est bien connue pour des non-linéaritésf de type bistable, ignition ou monostable, cf. [3–5,
12]. Introduite à l’origine par Fisher [11] avecf (u)= u(1− u), l’Éq. (1) modélise la propagation d’un mutant
sein d’une population donnée, où l’on a supposé que la dispersion des gènes se fait localement et suit u
diffusion. En fait l’Éq. (1) peut être interprétée comme une approximation de l’Éq. (2) oùJ est un noyau régulier
positif, pair, et d’intégrale un, de sorte que le termeJ ∗ u− u modélise une diffusion nonlocale et ne dépend
que de la distance entre deux niches de population.

On se demande donc si les résultats valables pour (1) persistent pour (2). Les premiers travaux d
direction sont dûs à Bates et al. [1]. Ils démontrent notemment l’existence et l’unicité de fronts prog
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reserved.
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pour l’Éq. (2) lorsquef est bistable. On rappelle qu’un front progressif est une solution de (2) de la
u(x, t)=U(x − ct) connectant deux états stables 0 et 1, i.e.,c ∈ R etU ∈C1(R) vérifient


J  U −U − cU ′ + f (U)= 0 surR,
limx→+∞U(x)= 1,
limx→−∞U(x)= 0.

(0)

Nous étudions ici les deux autres types de nonlinéarité, ignition et monostable. Plus précisément, moye
hypothèses suivantes surJ , voir (H1) et (H2), on obtient le

Théorème 0.1 (C.). On suppose(H1) et (H2) vérifiés. On suppose de plus quef ∈ C1(R) est du type ignition, i.e
il existe unρ > 0 tel quef |(0,ρ) ≡ 0, f |(ρ,1) > 0, f (1)= 0 etf ′(1) < 0. Alors l’Éq. (2) admet un front progress
(u, c) qui de plus est strictement croissant. Ce front est unique à translation près: étant donnée une autre solutio
(v, c′) de l’Éq.(0), on ac = c′ et v(x)= u(x + τ ) pour unτ ∈ R.

Si f est seulement monostable, on a besoin d’une hypothèse plus forte sur la décroissance à l’infini duJ .
On suppose queJ décroit plus vite que n’importe quelle exponentielle au sens de (H3).

Avec cette hypothèse supplémentaire, on démontre le

Théorème 0.2 (C., D.). On suppose que(H1) et (H3) sont vérifiées et quef ∈ C1(R) est monostable, i.e
f (0)= f (1)= 0, f ′(1) < 0 et f |(0,1) > 0. Alors il existe une vitesse positivec∗ (appelée vitesse minimale) telle
que pour toute vitessec � c∗, il existeu ∈ C1(R) croissante telle que(u, c) soit un front progressif de(2). Par
contre, pour toute vitessec < c∗ il n’ existe aucun front progressif positif strictement croissant pour cette équa

De plus on peut caractériser le comportement asymptotique des fronts en±∞. Plus précisément,

Proposition 0.3 (C., D.). On suppose que(H1) et (H3) sont vérifiées. Alors quelle que soit(u, c) solution front
progressif de(2) avecf bistable, ignition ou monostable,

(1) il existe des constantes strictements positivesA, B, λ0 et δ0 telles queB e−δ0y � 1 − u � Ae−λ0y quand
y → +∞ ;

(2) il existe deux constantes strictement positivesK etλ1 telles queu�Keλ1y quandy → −∞.

Par d’autres méthodes on démontre aussi des propriétés de monotonie de la vitesse pour des nonlin
type bistable ou ignition. On obtient enfin des formules de min–max caractérisant la vitesse de front ass
problème (2) :

Théorème 0.4 (C., D.). On suppose(H1) et (H2) vérifiées. Soientf,g ∈ C1(R) deux fonctions toutes deux d
type ignition(respectivement bistable) telles quef � �≡ g. Alors les vitesses correspondantes vérifientcf > cg .
Si on suppose maintenant quef est monostable, on sait de plus qu’il existe une suite de fonctions{fn}n∈N

du type ignition convergeant(ponctuellement) versf et telle que la suite des vitesses{cn}n∈N associées vérifie
limn→+∞ cn = c∗.

Enfin, en supposant que(H1) et (H3) sont vérifiées et en notantc∗ l’unique vitesse de front progressif dans l
cas bistable et ignition(respectivement la vitesse minimale définie au Théorème0.2dan le cas monostable), on a
c∗ = minw∈X supx∈R{(J ∗w−w+f (w))/w′}, oùX = {χ ∈ C0(R)|χ est croissante,χ(+∞)= 1 etχ(−∞)= 0}.

Remarque 1. L’hypothèse (H3) peut être affaiblie : tous nos résultats restent valables si on suppose seulem
(H3) est vérifiée pour une seule valeur (fixée)λ > 0.
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1. Main results

It is is well known that

∂u

∂t
+ u′′ + f (u)= 0 onR × R

+ (1)

has either one or a continuum of travelling-wave solutions, depending on the nonlinearityf considered: see, e.g
[3–5,10,12].

Originally introduced by Fisher [11] withf (u) = u(1 − u), Eq. (1) models the propagation of a mutant in
given species, where dispersion of genes is assumed to be local and to follow a diffusion law. In fact Eq. (1
seen as an approximation of

∂u

∂t
+ (J ∗ u− u)+ f (u)= 0 onR × R

+, (2)

whereJ is a regular nonnegative even kernel of mass one, so that the termJ ∗ u− u models a nonlocal diffusion
depending only on the distance between two niches of the population.

A natural question then arises: do the results valid for (1) persist with (2)?
The answer is affirmative in most cases. The first theorem in this direction was proved by Bates et al.

later by Chen [6] for the bistable case. We were able to extend their results to the monostable and ignitio
More precisely, we make the two following assumptions:

J ∈C1(R), J � 0, J (x)= J (−x) and
∫
R

J = 1, (H1)

∫
R

J (z)|z|dz <+∞. (H2)

Theorem 1.1 (C.). Assume(H1) and (H2) hold. Assume also thatf ∈ C1(R) is of ignition type, i.e., for som
ρ > 0, f |(0,ρ) ≡ 0, f |(ρ,1) > 0, f (1) = 0 and f ′(1) < 0. Then up to translation there exists a unique smo
increasing travelling wave solution(u, c) to (2).

For the last case, whenf is monostable, we need a stronger assumption on the decay ofJ at infinity. Namely
we suppose thatJ decays faster than any exponential in the following sense:

∀λ > 0,
∫
R

J (z)eλzdz <+∞. (H3)

With this restrictive assumption onJ , we are able to show the following:

Theorem 1.2 (C., D.). Assume that(H1) and (H3) hold. Assume also thatf ∈ C1(R) is monostable, i.e.
f (0)= f (1)= 0, f ′(1) < 0 andf |(0,1) > 0. Then there exists a positive speedc∗ such that for allc � c∗, there
exists a positive smooth increasing functionu such that(u, c) is a travelling-wave solution of Eq.(2). On the
contrary, there exists no smooth, increasing travelling-wave solution of(2) whenc � c∗.

Furthermore we can characterize the behavior of the solution at infinity. More precisely,

Proposition 1.3 (C., D.). Assume(H1) and (H3) hold. Then given any travelling-wave solution(u, c) of (2) with
f bistable, ignition or monostable, the following assertions hold:
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(1) There exists positive constantsA, B, λ0 andδ0 such that

B e−δ0y � 1− u�Ae−λ0y asy → +∞;
(2) There exists two positive constantsK andλ1 such that

u�K eλ1y asy → −∞.

Using a different approach, we were also able to prove some monotone behavior of the speedc for f of bistable
or ignition type and a min–max formula for the associated front speedc∗ in all cases. We have

Theorem 1.4 (C.,D.).

• Assume(H1) and(H2) hold, andf � g are both of ignition(respectively bistable) type then the correspondin
speeds satisfycf > cg . Moreover, iff is monostable, there exists a sequence of ignition functions(fn)n∈N,
such thatfn → f (pointwise) and

lim
n→+∞ cn = c∗.

• Assume in addition that(H3) holds. Then ifc∗ denotes the unique front speed in the bistable and ignition c
(respectively the minimal speed in the monostable case), we have

c∗ = min
w∈X sup

x∈R

{
J ∗w−w+ f (w)

w′

}
, (3)

whereX = {χ ∈ C0(R) | χ is increasing,χ(+∞)= 1 andχ(−∞)= 0}.

Remark 1. The condition (H3) can be a bit relaxed, namely our results remain true if (H3) holds for onl
(fixed)λ > 0.

2. Sketch of the proofs

We sketch the existence proof in Theorems 1.1 and 1.2. For Theorem 1.1 we use a homotopy argume
describe the main ideas of this method. We can break it down into three steps:

1. First, we embed (2) in a family of equations continuously parametrized byθ ∈ [0,1]:
θ(J ∗ u− u)+ (1− θ)u′′ − cu′ = −f (u). (4)

Whenθ = 0, the equation posesses a unique travelling-wave solution (up to translation): see, e.g., [2
references therein. Whenθ = 1 the equation becomes (2).

2. Then, using a continuation argument given by the Implicit Function Theorem, we pass in incremen
θ = 0 to θ = 1, obtaining a sequence of solutions for all values in the process.

3. Finally, we extract a converging sequence whenθ goes to 1.

By extendingf outside[0,1] by 0, one can show that solutions of Eq. (4) with the extendedf stay in[0,1].
Suppose now that(u0, c0) is a solution of (4) for someθ0 ∈ [0,1) and suppose thatu′

0 > 0 in R. We shall use
the Implicit Function Theorem to obtain a solution forθ > θ0. We take perturbations in the space of uniform
continuous functions vanishing at infinity, i.e.,X0 := C0(R).

We defineL= L(u0, c0, θ0) to be the following linear operator inX0:

Lv = θ0(J ∗ v − v)+ (1− θ0)v
′′ − cv′ + f ′(u)v, (5)

where DomL=X2 := {v ∈X0 | v′′ ∈X0}.
Then it can be shown that
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Lemma 2.1. 0 is a simple eigenvalue ofL.

We now have conditions for the existence of a solution for Eq. (5) via the Fredholm Alternative.Lu= f has a
solution⇔ ∫

f φ∗ = 0, whereφ∗ is the eigenfunction associated to the eigenvalue 0 of the adjointL∗ of L.
With this lemma we can construct, via the implicit function theorem, a smooth positive increasing so

(uθ , cθ ) of (4), for θ ∈ [θ0, θ0 + η). To increment from 0 to 1, we need some a priori estimates on solutions(u, c)

of (4) for all θ ∈ [0,1). This will guarantee the existence of a solution of (4) forθ = θ0 + η. We can prove the
following a priori estimates, i.e., for someB(θ̄), �B,C > 0

‖uθ‖C2(R) � �B if 0 � θ � 1,

‖uθ‖C3(R) � B(θ̄ ) if 0 � θ � θ̄ � 1,

C � cθ � C−1 if 0 � θ � 1.

We can now combine these estimates together to obtain a solutionu of (4) for all θ ∈ [0,1]. One can show tha
the solutionu also satisfies the boundary conditions.

The uniqueness of the solution is based on the maximum principle and the construction of appropriate s
subsolutions.

Since uniqueness no longer holds, the continuation method is of no use to obtain Theorem 1.2. Our
based on standard approximation of the nonlinearityf by ignition nonlinearities, a good control of the behav
near±∞ and construction of an appropriate supersolution.

The proof of Theorem 1.4 relies on a contradiction argument, construction of good super and subsolut
an iteration scheme. This method is strongly related to the “good properties” of the linear operator

Lu= εu′′ + (J ∗ u− u)+ bu′ + du, (6)

such as various forms of the maximum principle (applicable to weak and strong solutions), existence and re
theory. For this linear operator one can easily prove the following,

Lemma 2.2. Let f ∈ C0(R) ∩ L2(R) andL defined as above whereε � 0, b ∈ R, d < 0. Then there exists
unique solutionv ∈ C0(R)∩L2(R) (additionallyv ∈C1(R) if b �= 0, v ∈ C2(R) if ε > 0) of


Lv = f in R,

v → 0 x → −∞,

v → 0 x → +∞.

(7)

We also prove that a strong and a weak version of the maximum principle hold for (6).
We then proceed as follows: suppose that the equality (3) is false, then we can easily find a positiv

c = κ such that (2) with this speed has no non trivial solution. For this speed we can construct two inc
functionsw � φ connecting 0 and 1 such that(w,κ) is a supersolution of (2) and(φ, κ) is a subsolution of (2)
Therefore we can apply the sub and supersolution techniques to produce a bounded sequence of i
functions solving an approximated problem. Then from regularity theory and Helly’s theorem we can ex
converging subsequence. The constructed solution provides the contradiction. The asymptotic behavior is
via the maximum principle and existence of exponential solutions.

Remark 2. With the asymptotic behavior (Proposition 1.3) we have also shown that we can obtain a solutio
monostable case via an approximation of the nonlinearitiesf by ignition type nonlinearities. This method gives
solution even in the casef ′(0)= 0.

Details of the proof can be found in [7–9].
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