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Abstract

Let » be an open connected subsefifand let§ be an immersion from into R3. It is established that the set formed by
all rigid displacements of the surfadéw) is a submanifold of dimension 6 and of cla®¥® of the spaceHl(a)). It is shown
that the infinitesimal rigid displacements of the same surfdeg span the tangent space at the origin to this submaniiald.
citethisarticle: P.G. Ciarlet, C. Mardare, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
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Résumé

Déplacements rigides et leur relation au lemme du mouvement rigide infinitésimal en théorie des coqué&it w un
ouvert connexe d&2 et une immersion de» dansR3. On établit que I'ensemble formé par les déplacements rigides de la
surfaced (w) est une sous-variété de dimension 6 et de clé83ale I’espaceHl(a)). On montre aussi que les déplacements
rigides infinitésimaux de la méme surfa@éw) engendrent le plan tangent a l'origine a cette sous-vari&mér citer cet
article: P.G. Ciarlet, C. Mardare, C. R. Acad. Sci. Paris, Ser. | 336 (2003).

O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abrégée

Les notations sont définies dans la version anglaise.

Le lemme du déplacement rigide infinitésimal sur une surfgoéjoue un réle important dans I'analyse du
modéele linéaire de Koiter [12], et plus généralement des coques linéairement élastiques (cf. [6, Chapitre 2]),
s'énonce ainsi : soit» un ouvert connexe d&2, soit # une immersion suffisamment réguliére dedans un
espace euclidien tri-dimensionri#l, et soitj € H*(w) un champ de vecteurs vérifiant

Yup() =0 p.p.danss et pes(i) =0 dansH (o),
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N -
Yap () = 5(%77 ag+0gn - aq),
Pap (i) = 0up (1] - @3) — o d) - dpaz — 9p (i) - dua3) — I'ypds1 - as,
les vecteurs, = 9,0 sont tangents a la surfaééw), le vecteur unitaireiz = ;iﬁzg‘ est normal & (w), et les
fonctionsI'j; sont les symboles de Christoffel. Alors il existe des vectew &S etd < 2 tels que

n(y)=c+d A6(y) pourpresque tout € w.

Une premiére démonstration de ce lemme a été donnée dans [4, Théoréme 5.1-1] pour des champs de vecteL
il € HY(w) tels qued - a3 € H?(w), sous les hypothéses suivantes : 'ouveriest borné, sa frontiére est
lipschitzienne, e® € C3(w) ; on en trouve une démonstration plus simple dans [6, Théoréme 2.6-2]. Diverses
généralisations, correspondant a des hypothéses de régularité nettement moins restrictives sur I'appbcation
été obtenues; cf. [3] et [5].

En théorie des coques, la surfaie) c E3 est laconfiguration de référenade la surface moyenne d’une coque
élastique et le chamjp est unchamp de déplacemerts la surfac# (w). Les fonctionsy,s (i) et pog (i) sont les
composantes covariantes thnseur linéarisé de changement de métrigudutenseur linéarisé de changement
de courbureassociés au chanip Un champ de déplacement de la forme ci-degsssc + d A 6 est appelé un
déplacement rigide infinitésimek la surfacd ().

L'objet de cette Note est d’établir que le lemme du déplacement rigide infinitésimal sur une surface n’est autre
que la version linéarisée (dans un sens précisé au Théoreme 4tiBadéme de rigiditdien connu de la théorie
des surfaces, une fois celui-ci convenablement étendu & I'espace de SHB¢ev

Cette extension (Théoréme 2.1) est établie & partir d’'une extension, récemment établie dans [8] et rappelée dar
le Théoréme 1.1, du théoréme de rigidité pour un ouvert tri-dimensionnel.

On établit ensuite (Théoréme 3.1 et son corollaire) que I'enseMhleformé par lesléplacements rigidggu
sens du Théoréme 2.1) de la surféi¢e) est unesous-variété de dimensigret de class€> de I'espaceH(w).

On montre enfin (Théoréme 4.1) que I'espace vectoriel engendré par les déplacements rigides infinitésimaux d
la surfacef (w) n'est autre quéespace tangent a l'origine a la variét#fg. Ce dernier résultat est démontré a
partir d’'une généralisation, également établie dans [8] et rappelée dans le Théoréme 1.2, du lemme du déplaceme
rigide infinitésimal en coordonnées curvilignes sur un ouvert tri-dimensionnel.

Les énoncés des théorémes mentionnés ci-dessus se trouvent dans la version anglaise. On trouvera I
démonstrations complétes des Théoréemes 2.1, 3.1, et 4.1 dans [9].

1. Preliminaries

Complete proofs of Theorems 2.1, 3.1, and 4.1 are found in [9].

All spaces, matrices, etc., considered are real. The notatibns0?3, @i, andAS respectively designate the
sets of all square matrices of order 3, of all orthogonal matrices of order 3, of all maftiee®® with detQ =1,
and of all antisymmetric matrices of order 3.

Latin indices range over the sgt, 2, 3} except when they are used for indexing sequences, and the summation
convention with respect to repeated indices is used in conjunction with this rule.

The notatiorE2 designates a three-dimensional Euclidean space ahda A b, and|a| = /a - a respectively
designate the Euclidean inner product and the exterior productiof E2, and the Euclidean norm afe ES.

Let £2 be an open subset @3, let x; denote the coordinates of a pointe R3, and letd; := 9/dx;. Let
© < CY(£2; E3) be animmersion Themetric tensor fieldg;;) € C°($2; M3) of the set@ (2) is then defined by
means of its covariant components

gij(x):=g;(x)-g;(x), xe£,

whereg; (x) := ;@ (x). The following result, established in [8], is an extension of the classigality theorem
for an open setto mappings in the Sobolev spaB (£2) (this theorem is usually established for mappings in the
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classC1(£2); see, e.g., [7, Theorem 3]). Note that this extension itself relies on a crucial extension of the classical
Liouville theorem, originally due to Reshetnyak [13] and recently given a particularly concise and elegant proof
by Friesecke, James and Miiller [11]. The notafio® (x) designates the matrix whose columns are the vectors
gi(x), x ef2.

Theorem 1.1.Let £2 be a connected open subsetit and let® e ¢1(2) := ¢1(£2; E3) be a mapping that
satisfieddetV® > 0in £2. Assume that there exists a vector fi€lde HY(2):= H1(£2; E3) that satisfies
detv® >0 ae.in? and &;=g; ae.inQ
(with self-explanatory notationsThen there exist a vectere E2 and a matrixQ @i such that
O(x)=c+ QO (x) foralmostallx e £2.

The covariant components of thinearized change of metric tensassociated with a displacement figlabf
the set® (£2) are defined by

.1 -
eiHj(v):E(aiv-gj+8jv-gi), whereg; :=0,0.

A displacement field € H1(2) that satisfieg;| ; (v) = 0 a.e. ins2 is called annfinitesimal rigid displacement
The next theorem, due to [8], is an extension of thénitesimal rigid displacement lemma in curvilinear
coordinatedound in [6, Theorem 1.7-3].

Theorem 1.2.Let £2 be a connected open subsefffand let® e C1(£2) N H(£2) be a mapping that satisfies
detVe® > 0in £2. Then a vector field € H1(2) satisfiese; j (v) = 0 a.e. in§2 if and only if there exist a vector
¢ € E® and a matrixA € A3 such that

(x)=c+ AO(x) foralmostallx € £2.

2. The rigidity theorem on a surface and its extension to Sobolev spaces

Greek indices range over the 4@t 2} and the summation convention for Latin indices also applies to these.
Let w be an open subset @2, let y, denote the coordinates of a pointe R?, and letd, := /3y, and
dup i= 0%/3Y4dyp.

Let 8 € Cl(w) := CL(w: E3) be animmersion Thefirst fundamental fornof the surfaced (w) c E3 is defined
by means of its covariant components

anp(y) :i=aq(y)-ag(y), yew,

whereay (y) == 3,0(y). Let az(y) := % y € w. If az € CY(w), the second fundamental forwf the

surface is defined by means of its covariant components
bap(y) := —aq(y) - 9pas(y), yeco.

The classicarigidity theorem on a surfacécf., e.g., [7, Theorem 6]) asserts that, if two immersiéns
C?%(w) := C%(w: E3) and @ € C%(w) have the same first and second fundamental forms, i.@upit= aqp and
Eaﬂ = bgp in w (With self-explanatory notations) arglis connected, then there exist a veater E3 and a matrix
Q € 032 such that

0(y)=c+ 00(y) forally e w.

The following result shows that similar result holds under the assumptions that H(w) := H(w; E3) and

asz:= lﬁﬁﬁ; € H(w) (again with self-explanatory notations). As shown below, the vector d@iglavhich is not
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necessarily well defined a.e. infor an arbitrary mapping € H(w), is nevertheless well defined a.e.dnfor
those mapping@ that satisfy the assumptions of the next theorem.

Theorem 2.1 Letw be a connected open subsef®# and letd € C1(w) be animmersion that satisfies € C1(w).
Assume that there exists a vector field H(w) that satisfies

dup =agp ae.iNw, asze HY(w), and by =hys a.e.inw.
Then there exist a vectere E3 and a matrixQ € O3 such that

0(y)=c+ 00(y) foralmostally € w.

Sketch of proof. (i) To begin with, severatechnical preliminariesare establishedirst, we observe that the
relationsi,s = aqp a.e. inw and the assumption théte C1(w) is an immersion together imply that

@1 A a| = /det@up) = \[detlagp) > 0 ace. inw,
so thatthe vector fieldz3, and thus the functio@ﬁ, are well defined a.e. im. Secongdwe claim that
baﬂ = bﬂa inw and Eaﬂ = 5/305 a.e. inw,

i.e., thata, - dgaz = ag - 9,a3 in w anda, - Igas = ag - d,a3 a.e. inw. To prove this, we note that either the
assumptiong e Cl(w) andas € C(w), or the assumption® € H(w) andaz € H(w), imply thata, - dgaz =
9.0 - dgaz € Lﬁ)c(w), hence tha#, 8 - 9gas € D’ (w). Itis then shown, after some intermediate computations relying
on distribution theory, that the expressign,, (3.0 - 9sas, ¢)p(v) is Symmetric with respect te@ and g, for any
¢ € D(w). Henced,d - dpaz = dp6 - dpaz in L (o). Third, let

Cap 1= 0403083 aANA cup := 0,4a3- Igas.
Then we claim that,s = cop a.€. inw. To see this, we note that the matrix fieldgf) .= (&aﬁ)_l and
(@*fy = (amg)‘l are well defined and equal a.e. dnsinced is an immersion and.s = aqp a.e. inw. The
formula of Weingarten can thus be applied a.ewirshowing that,s = &”BMB,,S a.e. inw. The assertion then

follows from the assumption's,s = by a.e. inw.
(ii) Starting from the seb and the mappind (as given in the statement of Theorem 2w, next construct a
set$2 and a mapping® that satisfy the assumptions of Theorer. More precisely, let

O(y,x3):=0(y) +x3a3(y) forall (y,x3)ewxR,

and letw,, n > 0, be open subsets &f such that, is a compact subset afandw = U@O wy,. Thenitis easily

seen that, for each > 0, there exists & &, < 1 such thathe mapping® € C1(£2) satisfieddetV® > 0 over the
connected open set

2= U (wn X 1—&n, &al) C RS,
n>0

Note that the covariant components € C°(£2) of the metric tensor field associated with the mapphgre
then given by (the symmetriégg = bg, established in (i) are used here)

8up = dap — 23bap + X5cap,  83=0, ga3=1.

(iii) Starting with the mapping (as given in the statement of Theorem 2.1),co@struct a mappin@® that
satisfies the assumptions of Theorerh To this end, we define a mappi®y: $2 — E2 by letting

O (y,x3) :=0(y) + x3az(y) forall (y,x3) € 2,
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where the sef? is defined as in (ii). Henc® ¢ H(2), since2 Cc w x 1—-1, 1[. Besides, de¥v O = detvo a.e.
in £2 since the functiong?? b, , which are well defined a.e. in, are equal a.e. i to thejunction&zﬂ“bw.
Likewise, the componenig; L1(£2) of the metric tensor field associated with the mapghgatisfyg;; = gi;
a.e. ing2 sincedays = aqp andEaﬂ = bep a.e. inw by assumption anﬂaf = coqp a.€. inw by part (i).

(iv) By Theorem 1.1, there exist a vecioe E3 and a matrixQ € O3 such that

0(y) +x3a3(y) = c + Q(0(y) + x3a3(y)) foralmostall(y, x3) € 2.

Differentiating with respect tas in this equality between functions iH1(£2) shows thatiz(y) = Qas(y) for
almost ally € w. Hencef (y) = ¢ + Q6(y) for almostally e w. O

3. The submanifold of rigid displacements on a surface

All the results needed below abagiibmanifolds in infinite-dimensional Banach spaaesfound in [1]. The
tangent spacat a pointn of a submanifoldM of a Banach spac¥ is denotedl;,, M. If f:X — Y is a Fréchet-
differentiable mapping into a Banach spatghetangent magatm is denotedr,, 1.

The next theorem shows that the 3dtformed by all the mappingé € H(w) that satisfy the assumptions
of the rigidity theorem on a surface (Theorem 2.1) iinite-dimensional submanifold of the spaké (). The
tangent space ta1 at 4 is also identified. Another equally important characterization of the same tangent space,
involving this time the linearized change of metric and linearized change of curvature tensors, will be given in
Theorem 4.1.

Theorem 3.1.Letw be a connected open subsefffand letd € C1(w) N H(w) be an immersion that satisfies
a3 € CY(w) N HY(w). Then the set

M =0 € H (0); Gop = aup a.€. INw, d3€ H (), byp = bop a.€. N0}
is a submanifold of clagé™ and of dimensio of the space (). Its tangent space a@ is given by
ToM = {ij € HY(w); 3c € E3, 3A € A3, fj=c + A ae. inw}.

Sketch of proof. (i) Define the linear mapping : (¢, F) € E3 x M® — f(¢c, F) = ¢ + F0 € HY(w). By the
rigidity theorem (Theorem 2.1), the above 8¢tmay be equivalently defined ¢ = f (E3 x (O)?r). If the mapping
fE3x M2 - H'(w) isinjective in which casef is aCc*®-diffeomorphism fromiE3 x M2 onto f (E2 x M?), the
proof thatM = f(E3 x (O)f:) is a submanifold o 1(w) is simple. Since submanifolds of clag¥ are preserved
by C>°-diffeomorphismsM is a submanifold of clagé>® and of dimension 6 of (E2 x M?). As a closed subspace
of the Hilbert spacé 1 (), the imagef (E3 x M) has a closed complement, i.¢(E2 x M?3) is “split” in H(w).
The setM is thus also a submanifold of cla€%® and of dimension 6 of (w) (this conclusion follows from the
definition of a submanifold; see [1, Definition 3.2.1]).

If the mappingf : E3 x M3 — H(w) is not injective some care has to be exercised. More specifically, one
needs to prove that the restrictigff of the mappingf to the setE2 x (O)§r is anembeddingin the sense that
the following two properties are satisfied: first, for eqehQ) € E3 x @i, the tangent maf. g, f is injective,
with a closed range having a closed complemenilihw). Second, the restrictioyf* of the mappingf to the
submanifoldE3 x (O)f’L is a homeomorphism, hencel&-diffeomorphism sincef is linear, fromE3 x (O)f’L onto
the imagef (E* x 03) equipped with the relative topology induced by thatb¥(w).

Once these two properties are established (by means of arguments that are essentially technical, but too length
to be sketched here), it can be concluded that ttheifﬁ(E3 X @i) is a submanifold of dimensidhof H(w),
sinceE3 x 02 is a submanifold of dimension 6 &° x M3 (see [1, Section 3.5]). Since the manifol@éx 03
and H(w) are of clasg*> and the mapping* is of classC®, the submanifoldM is also of clas€>.
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(i) Since f is linear andr; 03 = A3, the tangent space i at# is given by

LM = Tron f(E° x 0%) = f(Ton (E° x 0F)) = f (E® x A%)

= {le H (»); 3ceE? 3Ac A% ji=c+Afae.inw}. O

Remark. Interestingly, one can establish thhe mappingf : E2 x M® — H(w) is injective if and only if the
surfacef (w) is not contained in a plane

In shell theory, the surfadlw) is thereference configuratioaf the middle surface of an elastic shell (under the
additional assumption that the immersiis injective, but this assumption is irrelevant for our present purposes).
Then, for eachd € H(w), the surfaced(w) is a deformed configurationf the middle surface and the field
il € HY(w) defined byd = 0 + 7 is adisplacement fielof the reference configurati@w). If in particularg € M,
the fields defined in this fashion is calledraid displacementand the subseM ig of H(w) defined by

M =0 + Mg
is called themanifold of rigid displacement¥Ve now recast Theorem 3.1 in terms of the maniftfg,.
Corollary to Theorem 3.1. Letw be a connected open subsefidf and letd € C1(w) N H(w) be an immersion
that satisfiesiz € C1(w) N H(w). Then the manifold of rigid displacements of the surfége), viz.,
Miig = {ij € HY(0); dop = aup a.€. N, Gz € H (0), bop = bog a.€. iNw)},
is a submanifold of clagé™® and of dimensio of the space*(w) and its tangent space &tis given by

ToMiig=TyM = {ij € H'(w); 3c € E3, 3A € A3, fj=c + Af a.e. inw}.

4. The infinitesimal rigid displacement lemma on a surface revisited

The covariant components of tHmearized change of metric tens@nd linearized change of curvature
tensor associated with a smooth enough displacement fielof the surfacef(w) are defined byy,g(y) :=
3[dap — aupl™ and pug (if) = [bap — bap]™, Whereaqs anddas, andbes andbag, respectively designate the
covariant components of the first, and second, fundamental forms of the sufagesdd () wheref := 0 + 7,
and[-]'" denotes the linear part with respectitin the expressioft]. A formal computation immediately gives

. 1. . -
Yap () = 5(30577 -ag + 0l - ay), Whereay :=09,0.

This expression thus shows thag (i) € L2 () if j € H(») andé € C*(w).
Another formal, but substantially less immediate, computation shows that (see, e.g., [6, Theorem 2.5-1])

Pap (i) = 0up (1] - @3) — o d) - dpaz — Ip (i) - dua3) — I'ypds1 - as,

where the functionS"oZ3 :=a%"a. - dyag are the Christoffel symbols of the surfag@év). This expression thus
shows thaps () € H (o) if §j € H'(w) andd € C?(w) andas € C%(w).

Under these assumptions on the mappingnd the fieldas, a displacement fielgf € H'(w) that satisfies
vep(1) =0 a.e. inw andp,s () =0 in HY(w) is called arinfinitesimal rigid displacementf the surface ().
Accordingly, theinfinitesimal rigid displacement lemma on a surfaomsists in identifying the vector spa&’éig
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formed by such displacements. This is the object of the next theorem, which shows that tHi!: e aemark-
ably simple interpretatioin terms of the manifold\ g of rigid displacements introduced at the end of Section 3.

Theorem 4.1.Letw be a connected open subseffsfand letd < C%(w) N HY(w) be an immersion that satisfies
a3 € C%(w) N HY(w). Then the space of infinitesimal rigid displacements of the suffaog viz.,
Vi = {ii € H'(©): yap(ii) =0a.e.inw and pu(ij) = 0in H ()},
is given by
i
Vrlig = TOMrig,
where the tangent spad@M ig has been identified in the Corollary to Theor&ri

Sketch of proof. The proof is reminiscent of that used in [2] or [10] for establishing the Korn inequality on a
surface as a consequence of its three-dimensional counterpart in curvilinear coordinates.
(i) Starting from the set and the mapping, we begin by constructing a s&t and a mappin@® as in parts
(i) and (iii) of the proof of Theorem 2.1, with the additional requirements that the opewgdits connected and
that they satisfyv, C w,+1 foranyn > 0.
(i) Given any displacement fielgl V'r'ig, let
U(y, x3) == (y) — x3({0 (7 - @3) — 7 - daz}a®)(y)

for almost all(y, x3) € £2, wheres2 is defined as in part (i) ana® := a"‘ﬁaﬁ. The vector fieldv defined in this
fashion is such that € H(2,) for all n > 0, where2,, = w, x 1—¢&n, &nl.

A careful computation then shows that, for amy= 0, the covariant components); () € L?(£2,) of the
linearized change of metric tensor (see Section 1) associated with the above displacemenéfiedt a.e. in2,,.

Theorem 1.2 can thus be applied, showing that, for @ael®, there exist a vectay, € E3 and a matrixd,, € A3
such thatv(x) = ¢, + A, O (x) for almost allx € £2,,. This last relation in turn implies that(y) = ¢, + A,0(y)
for almost ally € w,. That the vectorg, and A, are in fact independent af > 0 is then a consequence of the
inclusionsw, C wy4+1, n > 0. O

By Theorem 4.1the infinitesimal rigid displacements of the surféd@) thus span the tangent space at the
origin to the manifold formed by the rigid displacement9¢b).
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