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Abstract

Let Ω be an open connected subset ofR3 and letΘ be an immersion fromΩ into R3. It is established that the set formed
all rigid displacements of the open setΘ(Ω) is a submanifold of dimension 6 and of classC∞ of the spaceH1(Ω). It is also
shown that the infinitesimal rigid displacements of the same setΘ(Ω) span the tangent space at the origin to this submani
To cite this article: P.G. Ciarlet, C. Mardare, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Déplacements rigides et leur relation au lemme du déplacement rigide infinitésimal en élasticité tri-dimensionnell
Soit Ω un ouvert connexe deR3 et Θ une immersion deΩ dansR3. On établit que l’ensemble formé par les déplaceme
rigides de l’ouvertΘ(Ω) est une sous-variété de dimension 6 et de classeC∞ de l’espaceH1(Ω). On montre aussi que le
déplacements rigides infinitésimaux du même ouvertΘ(Ω) engendrent le plan tangent à l’origine à cette sous-variété.Pour
citer cet article : P.G. Ciarlet, C. Mardare, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences. Published by Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Version française abrégée

Les notations sont définies dans la version anglaise.
Le lemme du déplacement rigide infinitésimal en coordonnées curvilignes, qui joue un rôle important e

élasticité linéarisée tri-dimensionnelle en coordonnées curvilignes(cf. [2, Chapitre 1]), s’énonce ainsi : SoitΩ

un ouvert connexe deR3, soit Θ une immersion suffisamment régulière deΩ dans un espace euclidien t
dimensionnelE3, et soitṽ ∈ H1(Ω) un champ de vecteurs vérifiant

ei‖j (ṽ) = 0 dansΩ,
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reserved.
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ei‖j (ṽ) = 1

2
(∂i ṽ · gj + ∂j ṽ · gi ) et gi = ∂iΘ .

Alors il existe des vecteursc ∈ E3 etd ∈ E3 tels que (cf. [2, Théorème 1.7-3])

ṽ(x) = c + d ∧ Θ(x), x ∈ Ω.

En élasticité tri-dimensionnelle en coordonnées curvilignes, l’ensembleΘ(Ω) ⊂ E3 est laconfiguration de
référenced’un corps élastique et le champṽ est unchamp de déplacementsde l’ensembleΘ(Ω). Les fonctions
ei‖j (ṽ) sont les composantes covariantes dutenseur linéarisé de changement de métriqueassocié au champ̃v,
et un déplacement de la forme ci-dessusṽ = c + d ∧ Θ est appelé undéplacement rigide infinitésimalde
l’ensembleΘ(Ω).

L’objet de cette Note est d’établir que le lemme du mouvement rigide infinitésimal en coordonnées curv
n’est autre que la version linéarisée (dans un sens précisé au Théorème 4.1) duthéorème de rigiditébien connu de
la géométrie différentielle, une fois celui-ci convenablement étendu à l’espace de SobolevH 1(Ω).

Cette extension (Théorème 2.1) repose elle-même sur une généralisation du théorème de Liouville, qu
à Reshetnyak [7] (voir [6] pour une démonstration particulièrement courte et élégante).

On établit ensuite (Théorème 3.1 et son corollaire) que l’ensembleMrig formé desdéplacements rigides(au
sens du Théorème 2.1) de l’ensembleΘ(Ω) est unesous-variété de dimension6 et de classeC∞ de l’espace
H 1(Ω).

On montre enfin (Théorème 4.1) que l’espace vectoriel engendré par les déplacements rigides infinités
l’ensembleΘ(Ω) n’est autre quel’espace tangent à l’origine à la variétéMrig.

Les énoncés des Théorèmes 2.1, 3.1, et 4.1 mentionnés ci-dessus, accompagnés d’esquisses de dém
se trouvent dans la version anglaise. On trouvera les démonstrations complètes de ces théorèmes dans [

Les résultats de cette Note sont étendus auxdéplacements rigides et rigides infinitésimaux sur une sur
dans [5].

1. Preliminaries

Complete proofs of Theorems 2.1, 3.1, and 4.1 are found in [4].
All spaces, matrices, etc., considered are real. The notationsM3, O3, O

3+, andA3 respectively designate th
sets of all square matrices of order 3, of all orthogonal matrices of order 3, of all matricesQ ∈ O3 with detQ = 1,
and of all antisymmetric matrices of order 3.

Latin indices range over the set{1,2,3} and the summation convention with respect to repeated indices is
in conjunction with this rule. The identity mapping of a setX is denotedidX .

The notationE3 designates a three-dimensional Euclidean space anda · b, a ∧ b, and|a| = √
a · a respectively

designate the Euclidean inner product, the exterior product ofa,b ∈ E3, and the Euclidean norm ofa ∈ E3.

2. The rigidity theorem in Sobolev spaces

Let Ω be an open subset ofR3, let xi denote the coordinates of a pointx ∈ R3, and let∂i := ∂/∂xi .
Let Θ ∈ C1(Ω;E3) be animmersion. Themetric tensor field(gij ) ∈ C0(Ω;M3) of the setΘ(Ω) (which is open

in E3 sinceΘ is an immersion) is then defined by means of its covariant components

gij (x) := ∂iΘ(x) · ∂jΘ(x), x ∈ Ω.
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The classicalrigidity theorem for an open set(cf., e.g., [3, Theorem 3]) asserts that, if two immersio
Θ̃ ∈ C1(Ω) := C1(Ω;E

3) andΘ ∈ C1(Ω) have the same metric tensor fields, i.e., ifg̃ij = gij in Ω (with self-
explanatory notations) andΩ is connected, then there exist a vectorc ∈ E3 and a matrixQ ∈ O3 such that

Θ̃(x) = c + QΘ(x) for all x ∈ Ω.

The following result shows thata similar result holds under the assumption thatΘ̃ ∈ H1(Ω) := H 1(Ω;E3).
The matrix∇Θ(x) ∈ M3 is that whosei-th column is∂iΘ(x).

Theorem 2.1.LetΩ be a connected open subset ofR3 and letΘ ∈ C1(Ω) be a mapping that satisfiesdet∇Θ > 0
in Ω . Assume that there exists a vector fieldΘ̃ ∈ H 1(Ω) that satisfies

det∇Θ̃ > 0 a.e. inΩ and g̃ij = gij a.e. inΩ.

Then there exist a vectorc ∈ E
3 and a matrixQ ∈ O

3+ such that

Θ̃(x) = c + QΘ(x) for almost allx ∈ Ω.

Sketch of proof. The Euclidean spaceE3 is identified with the spaceR3 throughout the proof.
(i) To begin with, consider the special case whereΘ = idΩ . In other words, we are given a mapping̃Θ ∈ H1(Ω)

that satisfies∇Θ̃(x) ∈ O
3+ for almost allx ∈ Ω . Then, by a result of Reshetnyak [7] (for a modern proof,

Friesecke, James and Müller [6]), there exist a vectorc ∈ E3 and a matrixQ ∈ O
3+ such that

Θ̃(x) = c + Qox for almost allx ∈ Ω.

Note that this result is a generalization of the classicalLiouville theorem.
(ii) Consider next the general case. Letx0 ∈ Ω be given. SinceΘ is an immersion, the local inversion theore

can be applied; there thus exist bounded open neighborhoodsU of x0 and Û of Θ(x0) satisfying �U ⊂ Ω and
{Û}− ⊂ Θ(Ω), such that the restrictionΘU of Θ toU can be extended to aC1-diffeomorphism from�U onto{Û}−.

Then the composite mappinĝΦ := Θ̃ · Θ−1
U belongs toH1(Û) and satisfieŝ∇Φ̂(x̂) ∈ O

3+ for almost allx̂ ∈ Û .
By (i), there thus existc ∈ R3 andQ ∈ O

3+ such that̂Φ(x̂) = c + Qox̂ for almost allx̂ ∈ Û , hence such that

Θ̃(x) = c + QΘ(x) for almost allx ∈ U.

(iii) The assumed connectedness of the open setΩ then implies that the last relation holds in fact for almost
x ∈ Ω . ✷

3. The submanifold of rigid displacements

All the results needed below about submanifolds in infinite-dimensional Banach spaces are found in [1M
is a submanifold, the tangent space toM atm ∈ M is denotedTmM.

The next theorem shows that the setM formed by all the mappings̃Θ ∈ H1(Ω) that satisfy the assumption
of the rigidity theorem for an open set (Theorem 2.1) is afinite-dimensional submanifold of the spaceH1(Ω). The
tangent space toM at Θ is also identified. Another equally important characterization of the same tangent
involving this time the linearized change of metric tensor, will be given in Theorem 4.1.

Theorem 3.1.Let Ω be a connected open subset ofR
3 and letΘ ∈ C1(Ω) ∩ H1(Ω) be a mapping that satisfie

det∇Θ > 0 in Ω . Then the set

M := {
Θ̃ ∈ H1(Ω); det∇Θ̃ > 0 andg̃ij = gij a.e. inΩ

}
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is a submanifold of classC∞ and of dimension6 of the spaceH1(Ω) and its tangent space atΘ is given by

TΘM = {
ṽ ∈ H1(Ω); ∃c ∈ E

3, ∃A ∈ A
3, ṽ = c + AΘ a.e. inΩ

}
.

Sketch of proof. It is easily seen that the linear mappingf defined by

f : (c,F ) ∈ E
3 × M

3 → f (c,F ) := c + FΘ ∈ H1(Ω)

is injective. Consequently, the imagef (E3 × M3) is a linear subspace of dimension 12 ofH1(Ω) andf is a
C∞-diffeomorphism betweenE3 × M3 andf (E3 × M3).

By the rigidity theorem (Theorem 2.1), the setM may be equivalently defined as

M = f
(
E

3 × O
3+
)
.

SinceE×O
3+ is a submanifold of classC∞ and of dimension 6 ofE3 ×M

3, M is thus a submanifold of classC∞
and of dimension 6 off (E3 × M

3). Besides, the closed subspacef (E3 × M
3) is “split” in H 1(Ω). HenceM is

also asubmanifold of classC∞ and of dimension6 of H 1(Ω).
Sincef is linear andTI O

3+ = A3, the tangent space toM atΘ is given by

TΘM = Tf (0,I )f
(
E

3 × O
3+
) = f

(
T(0,I)

(
E

3 × O
3+
)) = f

(
E

3 × A
3)

= {
ṽ ∈ H1(Ω); ∃c ∈ E

3, ∃A ∈ A
3, ṽ = c + AΘ a.e. inΩ

}
. ✷

In three-dimensional elasticity in curvilinear coordinates, the setΘ(Ω) is thereference configurationof a three-
dimensional elastic body (under the additional assumption that the immersionΘ is injective, but this assumptio
is irrelevant for our present purposes). Then, for eachΘ̃ ∈ H 1(Ω), the set̃Θ(Ω) is adeformed configurationand
the field ṽ ∈ H 1(Ω) defined byΘ̃ = Θ + ṽ is a displacement fieldof the reference configurationΘ(Ω). If in
particularΘ̃ ∈ M, the fieldṽ defined in this fashion is called arigid displacement, and the subsetMrig of H1(Ω)

defined by

M = Θ + Mrig

is accordingly called themanifold of rigid displacements. We now recast Theorem 3.1 in terms of t
manifoldMrig.

Corollary to Theorem 3.1.LetΩ be a connected open subset ofR3, and letΘ ∈ C1(Ω) ∩ H1(Ω) be a mapping
that satisfiesdet∇Θ > 0 in Ω . Then the manifold of rigid displacements of the setΘ(Ω), viz.,

Mrig := {
ṽ ∈ H 1(Ω); det(∇Θ + ∇ṽ) > 0 andg̃ij = gij a.e. inΩ

}
,

is a submanifold of classC∞ and of dimension6 of the spaceH1(Ω) and its tangent space at0 is given by

T0Mrig = TΘM
= {

ṽ ∈ H1(Ω); ∃c ∈ E
3, ∃A ∈ A

3, ṽ = c + AΘ a.e. inΩ
}
. ✷

4. The infinitesimal rigid displacement lemma in curvilinear coordinates revisited

The covariant components of thelinearized change of metric tensorassociated with a displacement fieldṽ of
the setΘ(Ω) are defined by

ei‖j (ṽ) := 1[g̃ij − gij ]lin,

2
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where gij and g̃ij are the covariant components of the metric tensors of the setsΘ(Ω) and Θ̃(Ω) where
Θ̃ := Θ + ṽ, and [·]lin denotes thelinear part with respect tõv in the expression[·]. A formal computation
immediately gives

ei‖j (ṽ) = 1

2
(∂i ṽ · gj + ∂j ṽ · gi ), wheregi := ∂iΘ .

This expression thus shows that

ei‖j (ṽ) ∈ L2
loc(Ω) if ṽ ∈ H1(Ω) andΘ ∈ C1(Ω).

Under this assumption on the mappingΘ , a displacement field̃v ∈ H1(Ω) that satisfiesei‖j (ṽ) = 0 a.e. inΩ

is called aninfinitesimal rigid displacementof the setΘ(Ω). Accordingly, theinfinitesimal rigid displacemen
lemma in curvilinear coordinatesconsists in identifying the vector spaceV lin

rig formed by such displacements. Th

is the object of the next theorem, which shows that the spaceV lin
rig has aremarkably simple interpretationin terms

of the manifoldMrig of rigid displacements introduced at the end of Section 3.

Theorem 4.1.Let Ω be a connected open subset ofR3 and letΘ ∈ C1(Ω) ∩ H1(Ω) be a mapping that satisfie
det∇Θ > 0 in Ω . Then the space of infinitesimal rigid displacements of the setΘ(Ω), viz.,

V lin
rig := {

ṽ ∈ H 1(Ω); [g̃ij − gij ]lin = 0 a.e. inΩ
}
,

is given by

V lin
rig = T0Mrig,

where the tangent spaceT0Mrig has been identified in the Corollary to Theorem3.1.

Sketch of proof. Let ṽ ∈ H1(Ω) be such thatei‖j (ṽ) = 0 in Ω . An extension of the proof in [2, Theorem 1.7-
then shows that, given anyx0 ∈ Ω , there exist an open neighborhoodU ⊂ Ω of x0, a vectorc ∈ E3, and a matrix
A ∈ M3 such that

ṽ(x) = c + AΘ(x) for almost allx ∈ U.

Since the pointx0 is arbitrary andΩ is connected, this relation holds in fact for almost allx ∈ Ω (given any
x1 ∈ Ω , cover any path joiningx0 to x1 by a finite number of neighborhoods similar toU and repeat the previou
argument). In other words,

V lin
rig = {

ṽ ∈ H 1(Ω); ∃c ∈ E
3, ∃A ∈ A

3, ṽ = c + AΘ a.e. inΩ
}
.

The conclusion then follows from the Corollary to Theorem 3.1.✷
The manifold of rigid displacements can be equivalently written as

Mrig = {
ṽ ∈ H1(Ω); det(∇Θ + ∇ṽ) > 0 a.e. inΩ, Fij (ṽ) = 0 a.e. inΩ

}
,

where the mappingsFij :H1(Ω) → L1(Ω) are defined by

Fij (ṽ) := ∂i(Θ + ṽ) · ∂j (Θ + ṽ) − ∂iΘ · ∂jΘ, ṽ ∈ H1(Ω).

Such mappings are Fréchet-differentiable and their Gâteaux derivatives at0 are given byDFij (0)ṽ = 2ei‖j (ṽ) for
all ṽ ∈ H1(Ω), by definition of the functionsei‖j (ṽ). Theorem 4.1 thus shows that

T0Mrig = {
ṽ ∈ H1(Ω); DFij (0)ṽ = 0 a.e. inΩ

}
.

In other words, the spaceT0Mrig has the expression that is naturally expected, yet is often delicate to esta
of the tangent space to a submanifold of an infinite-dimensional Banach space defined by means of equa
in this respect [1, Chapter 3].

The results of this Note can be extended torigid and infinitesimal rigid displacements on a surface(cf. [5]).
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