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Abstract

In this Note, we generalize the Boltzmann collision operator modeling binary particle—particle collisions to a quantum
framework using nonlocal quantum entropy principl&scite this article: P. Degond, C. Ringhofer, C. R. Acad. Sci. Paris,
Ser. | 336 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

Opérateurs de callisions quantiques conservant la masse, I'impulsion et I'énergie. Dans cette Note, hous généralisons
I'opérateur de collision de Boltzmann modélisant les collisions binaires particule—particule au cadre quantique, en utilisant un
principe non-local de minimisation d’entropie quantig&eur citer cet article: P. Degond, C. Ringhofer, C. R. Acad. Sci.
Paris, Ser. | 336 (2003).
O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abr égée

L'objet de cet article est la dérivation d’opérateurs de collisions pour I'équation de Boltzmann quantique (1) ou
w(r, p, 1) est la distribution de Wigner,e R3 dénotant la positiory € R3, limpulsion etz, le tempsV (r, r) est le
potentiel et 'opérateuv (r + %V,,, t) dans (1) doit étre compris dans le sens des opérateurs pseudo-différentiels,
et ¢(w, w) est un opérateur nonlinéaire modélisant les interactions binaires entre les particules. Le but de cette
Note est de proposer une expression adéquatgwew). Différentes expressions desont disponibles dans la
littérature pour modéliser des collisions avec I'environnement [1-3,7]. Ici, nous nous intéressons aux interactions
binaires. A notre connaissance, I'expression proposée est la premiére permettant de satisfaire les deux principe
énoncés ci-dessous.

Par analogie avec le cas classique, nous dérivons une forme générale de I'opérateur en se fondant sur det
principes : (i)g conserve localement un ensemble de grandeurs macroscopiques (par ex. la masse, I'impulsion e
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I'énergie); (ii) ¢ dissipe I'entropie. La différence avec le cas classique est que I'entropie est définie globalement
comme étant la trace d’un opérateur, et non localement.

La contrainte (i) combinée & des considérations de symétrie et de microréversibilité conduit & une expression
de I'opérateur de la forme (4) dans laquelle I'opérateur de taux de trangitigatisfait (5). La contrainte (ii) est
satisfaite dés que le taux de transitikins’écrit sous la forme (8) ol est la section efficace de collision &fw]
est un opérateur défini par (12). Cet opérateur est non-local a la fois en impulsion et en position en raison de Ig
non localité de I'opérateui défini par (3) et de son inverd€—1. On en déduit donc une expressiongdede la
forme (13).

Dans le cas ou les quantités conservées se réduisent aux quantités hydrodynamiques habituelles (mass
impulsion et énergie), 'opérateyr ainsi défini admet pour états d’équilibres (éléments du noyay)des
maxwelliennes quantiques, qui sont de la forme (15). On notera que la encore, du fait de la non-localité de
I'opérateurW, les relations entre les paramétres de la Maxwellienne quantique (les fongtions)), et ses
moments (la densité, impulsion et énergie) est non-locale en espace. Cette caractéristique a déja été notée
exploitée dans [5,6].

1. Introduction
This paper is concerned with the derivation of collision operators for the quantum Boltzmann equation

1 i oh
ow+ —V, - (wp) — — Z oV r+ =V, tJw=q(w,w), (1)
My hg_il 2i

wherew(r, p, 1) denotes the Wigner function of a mixed quantum stateR® denotes position angl € R3 denotes
momentum. The functioW (r, t) denotes the potential and the operakay + %V,,, t) in (1) is understood in
the sense of pseudo differential operators {8}v, w) is a bilinear operator modeling binary collisions between
particles. The Wigner equation (1) is obtained from the Heisenberg equation for the densityatatsixt)

ihdp = [H, pl +ihQ(p, p), )

where[H, p] denotes the usual commutatoroivith the HamiltonianH = —Zh—z A+ V, through the Wigner—Weyl

M5
transform

w=W[pl(r, p,t) = (271)‘3/ p(r - gn, r+ gn, t) exp(in - p) dn. Q)
The form of the collision operato, which is related tog in the Wigner picture (1) viag(W[p]l, W[p])

= W[Q(p, p)], is the subject of this paper. Various approaches exist to modeling collisions of particles with a
background in a quantum mechanical framework [1-3,7]. Since they model collisions with a background they
result in linear collision operators. We, on the other hand, are concerned with particle—particle collisions, and
therefore the collision operators in (1) and (2) have to be nonlinear. In analogy to the classical case, we will derive
the general form of the collision operaipfrom two requirements, namely

e g(w, w) locally conserves a given set of quantitigs p), m =0, ..., M, where we always assume(p) = 1,
i.e., we assume at least mass conservation.
e ¢(w,w), or in the density matrix picture (22 (p, p), dissipates the logarithmic quantum entropy.

Based on these two assumptions we can derive the fo@{pf p). The derivation is analogous to the one leading
to the classical Boltzmann operator [4], except that the quantum entropy is defined as a global quantity, namely the
trace of an operator, instead of the simple logarithm of the density function.
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2. The quantum collision operator

In this section we derive the form of the collision operator from the two requirements above. The way the
local conservation properties are used in Section 2.1 is precisely the same as for the classical Boltzmann collisior
operator and can be found cf. in [4]. The quantum nature of the collision operator enters through the use of the
guantum entropy in Section 2.2.

2.1. Conserved quantities
We start by using the assumption tlgditv, w) locally conserves mass, i.&g = 1 holds, or

/q(w,w)(r, p,1)dp=0, VYuw,r,t,

holds. This implies that we can write the collision operatdn weak form as

/d)(p)q(w,w)(r, p,t)dp
1
= E/K(w,w,t,r, p.p1. P P[P + ¢ (p)) — P (p) — ¢ (p1)]dpdprdp’dpi, (4)

for any test functionp(p), whereK is an operator acting on the Wigner functiansatisfying the symmetry
relations

Kw,w,t,r,p,p1,p,p)=K(C...,p1.p,p,p)=K(...,p,p1,p.P)=K(...p, pL. p. p1)- (5)

The first two equalities in (5) express particle undiscernability. The last one is the so-called microreversibility
property, which states that the direct and reverse collision processes are equally probable. Clearly, the form (4)
implies local mass conservation since the integral vanishes for constant test furgti@ms the other hand,

any mass conserving operatgrcan be straightforwardly written in the form (4). Next we use the additional
conservation properties, i.e., the integral in (4) has to vanish for all Wigner funatiamsen choosing,,, m =

1,..., M, as test functions. So

/ K@, w.t,r, p, p1. p', pP)[km(p") + km(p1) — km(p) — km(p1) | dpdp1dp’ dpy =0,

m=1...,M, Vw,r,t,

has to hold. Note, that the index only ranges fronm = 1,..., M sincexg = 1 is automatically conserved
by writing ¢ in the form (4). This implies thak is supported only on the set qf, p1, p’, p; for which
km (P") + km (P} — km(p) — km(p1) =0 holds form =1, ..., M. Therefore we can write

M
K(w, w.t,r, p. p1. p' pp) = Ka(w, w. t,7, p. p1. p', pp) [ [ 8(km(P") + m(P1) = kim(p) — km(p1)). (6)

m=1
where the operatok; satisfies the same symmetry relations (5)kasUsually, momentum and energy will be
2
conserved in addition to mass. $6= 4, k; (p) = p;, ka(p) = % will hold.

2.2. Dissipation of the logarithmic quantum entropy

As an additional requirement we impose that the oper@dn the Heisenberg equation (2) dissipates the
quantum entropy [9], i.e., that

Tr[Iny (p) Q(p. p)] <0, Vp,
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holds for all density matricegs. Here, we denote by Ja(p) the logarithm of a selfadjoint operator (or density
matrix), defined in the usual way via its spectral decomposition. The symbol Tr denotes the trace of the operator,
so Tl p1p2] = [ p1(x, y)p2(y, x) dx dy holds. A direct calculation, using the definition (3) of the Wigner transform,
yields that the trace of the product of two density matrices translates in the Wigner picture to

Trlp1p2] = / Wlpil(r, p, Y W(p2](r, p,t) drdp.

Thus, we require that

[ winu)atw wardp <o

holds for all density matrices with w = W[p]. Note, that, other than in the classical case, the entropy is a global
quantity. Using the weak formulation (4) of the collision operatdhis gives

/K(w, w,t,r,p,p1. P pO(f + fi— f — f1) drdpdp1dp’dpy <0,  f=W[Iny(p)], w=W(p), (7)
where we write, for shorf’ = f(r, p’, 1), f1 = f(r, p1,t) and so on. In analogy to the classical case, we write the

operatork in (4) as

K(w,w,t,r,p,p1,p, py) = Alwl(r, p, ) A[wl(r, p1,1)S(r, p, p1, P, P) (8)

with A some operator acting on the Wigner functwrand the scattering cross secti®satisfying the symmetry
conditions

S(r, p. p1. P, pp) =S, p1. p. p', pY) = S(r, p, p1, 1. P) = S(r, P, P, p. P1). 9)

In addition, because of the conservation properties discussed in Section 2.1, the scattering crossizestobe
of the form
M

S(r. p. p1. P’ p) = S1(r. p. p1. P PD) [ | 8(km () + ki (PY) — ki (P) — ki (p1)). (10)

m=1
in order to satisfy (6). The additional symmetry$fn (9) allows us to write (7) as
1 / / / /
> /(ggl —&'gD)S(r, p, p1, p', PO+ fi— f — f) drdpdpidp’dp) <O,

g=A[wl, f=W[Iny(p)], w=W(p). (11)
Assuming that the scattering cross sect¥aris strictly positive, the inequality (11) can now be achieved by setting

g=¢elor
Alw] = A[W[p]] = eVnu ()] — eWlna (W)l (12)
This gives for the collision operatgi(w, w) in its strong formulation

-1
q(w,w)(r, p, 1) = / S(r, p, p1. P (g8 — gg1) dp'dpydpy,  g(r, p, 1) = VM (W wD] (13)

where the inverse Wigner transfor—1 is given by
W_l[w](x,y,t)=/w<¥,p, t) EXD[,;—p-(x—y)} dp, (14)

and the kerne¥ is given by (10) with some scattering cross sectignNote, that the exponential function in (13)
is the usual exponential function while the logarithm is the logarithm of an operator.
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3. Equilibria and local Maxwellians

We now investigate the kernel of the collision operatow, w), given in (13). If the density matrixg is such
thatq (wo, wo) = 0 holds forwg = W[ o], then obviously

/ W [Inwr (po) ] (wo. wo) dr dp = 0

holds as well. In this case, using (11), we obtain

1 / /
> /(ggl —8'eDSr, p. p1, ', PO(f + fi— f — fudpdpidp’dp; =0
with g = eVl ol - ¢ — W(iny (00)] = In(g).

Using the form (10) of the scattering cross sectipmand the fact thas; > 0, holds we obtain

M
(& — e (f + £ = F = ) [] 8(kn(P) + km(PD) — km(p) —km(p1) =0 ¥p, p1. p'. pi.

m=1

According to a celebrated result of Boltzmann, in the case where the conserved quantities are the hydrodynamic
ones, i.e.M =4, «ki(p) = pi, ka(p) = |p|?/(2m,), this implies thatf is a linear combination of the quantities
km(p), m=0,...,4, with coefficients which can depend on the positicand the time. Note that such a result

is not known if more than just the hydrodynamic quantities are conserved. Thus, in this case, we obtain

M
fop )= an(r,Dkn(p), and po=expy (W f1), wo=W[exp, (W 'Lf1)], (15)

m=0

for the equilibrium density matrix and Wigner functign and wo. On the other hand, a Wigner function of

the form (15) clearly is in the kernel of the operatodefined by (13), and therefore the kernelgotonsists
precisely of Wigner functions of the form (15). Here gxdenotes the matrix exponential defined via the spectral
decomposition op andW andW ! are defined by (3) and (14) respectively. (15) is the quantum equivalent of the
classical local Maxwellian and has been used in [5,6] for the derivation of hydrodynamic closures of the quantum
Boltzmann equation.

4. Conclusions

Based on the assumptions that binary collisions locally conserve a given set of quantities and dissipate the
global logarithmic quantum entropy, we have derived a quantum version of the Boltzmann collision operator. The
nonlocal nature of quantum collisions is reflected by the fact that, although its conservation properties are local,
the operator itself is spatially nonlocal because of the operator logarithm in (13). The quantum collision operator
will reduce to the usual Boltzmann operator in the classical limit, since the opetpigr= "Iy (WDl can
be expected to reduce to the identity in this limit.
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