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Abstract

This paper deals with a nonlinear inverse problem to determine the Neumann condition on the bdyndady2, from
measurements in the domadh. This condition is characterised by the width 6f and by the constant value of the flux on
this boundary. The direct problem is the Laplacian problem corresponding to flow modelling in a confined aquifgr and
corresponds to the contact with a fault. Some properties of associated direct application are given and in particular, we show
how one can compute its gradient by some explicit formulastite this article: D.-G. Calugaru, J.-M. Crolet, C. R. Acad.
Sci. Paris, Ser. | 336 (2003).
O 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

On s'intéresse a un probléme inverse non linéaire d'identification de la condition Neumann sur la figntieee2, a partir
de mesures dans le domaifze Cette condition est caractérisée par la largeurdet par la valeur constante du flux sur cette
frontiére. Le probléme direct est celui du laplacien et correspond a la modélisation de I'écoulement dans un aquiféere captif
en contact avec une faille. On étudie quelques propriétés de I'application directe associée et, en particulier, nous donnons de
formules explicites pour calculer son gradiePbur citer cet article: D.-G. Calugaru, J.-M. Crolet, C. R. Acad. Sci. Paris,
Ser. | 336 (2003).
0 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version francaise abr égée

Depuis quelques années, I'étude de problémes inverses a recu de plus en plus d'attention. La techniqu
habituelle pour la résolution d’'un probléme inverse est la méthode des moindres carrés qui consiste a formulel
et résoudre un probléme d’optimisation pour une fonction objectif [4]. Pour résoudre de tels problemes, il existe un
nombre important d’algorithmes numériques, mais la plupart nécessitent, a chaque itération, le calcul d’'un gradient
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(voire d’'un hessien). Généralement, ce calcul revient & déterminer la matrice de sensibilité dont les composante
expriment la variation de la variable d’'état aux points d’observation par rapport a la variation de chaque paramétre.
Pour ceci, il y a quelques méthodes usuelles (par différences finies, par équations de sensibilité ou par état adjoint
mais ces méthodes possédent toutes des inconvénients [3].

Dans cette Note, on considére un probléme inverse a deux inconnues scalaires. L'origine du probléme est liée a |
sismique et plus précisément au comportement d’une faille lors de 'augmentation des contraintes tectoniques. Ol
restreint le probleme physique complexe (écoulement dans un systéme aquifére multicouche traversé par une faill
verticale), a I'étude de I'écoulement dans I'aquifére supérieur, milieu poreux continu, saturé, homogéne, isotrope et
incompressible. De plus, on suppose que cet aquifére n’est pas traversé par la faille mais que celle-ci reste toujour
en-dessous, l'interface aquifére/faille (not&e) restant toujours localisée sur la frontiére inférieure de I'aquifére
(Inf) comme a la Fig. 1. On suppose aussi que le fiugst constant suF;, et que l'interface aquifére/faille est
symétrique par rapport a I'axe de la failldy =[—L, L] x {0}. En dehors dd7, sur la frontiére inférieure du
domaine, le flux est nul.

Les conséquences d’'une activité sismique pour I'aquifére supérieur seraient 'augmentationidefiant
par la partie de frontiérdy,, ainsi que I'élargissement de cette interface [1]. L'objectif du probleme inverse est
alors d'identifier la condition de Neumann slix, i.e. de déterminer le flux entrant p&f, dans l'aquiféere ainsi
que la largeur de cette interfacd, 22 partir de la connaissance du niveau piézométrique dans un enseffBle
de points d’observation, de cardinl.

Le probléme direct consiste a résoudre I'écoulement dans I'aquifére pour un couple donné de pagaietres
et il est décrit par le systeme (1). Le probléme inverse consistant a déterminer le ¢Buplevérifiant les
observations est formulé dans (2) et admet une formulation par moindres carrés classique.

Pour ce probléme inverse, on peut déterminer des formulations explicites pour les coefficients de sensibilité :
les dérivées premieres de I'application directe associée par rapport aux deux parameétres sont exprimées pe
Eq. (4) pour la dérivée el et par Eq. (5) pour la dérivée dn La prise en compte de ces formules améliore
considérablement le temps de calcul et la précision des algorithmes numériques d’optimisation utilisés pour
résoudre le probléme inverse.

1. Introduction

In the last decade, the interest for inverses problems dealing with estimation of physical parameters, initial state
or boundary conditions in various physical systems has increased. In these problems, one uses some supplemente
data resulting from measurements in accessible regions.

Conventional method for solving such problems is to use the output least squares (OLS) formulation, i.e., to
solve an optimization problem for an objective function, which has the form of a sum of square functions [4].
Generally speaking, noting= {p1, ..., pn} the set of unknown parametets, the state variable corresponding
to p model parameters, and?S = {u‘{bs, N ugyS} the observations set corresponding to measurements in points
P; (i =1,..., M), then the objective function ig(p) = 3 >, &;(p)2, whered; (p) = up(P;) — u®®S Let us
denote® = (@1 (p), ..., Py (p)) the residual vector.

The major advantage of this formulation is the possibility to use numerical optimization methods to minimise
the objective function on an admissible set of parameters, while the practical disadvantage is the computation of
gradient vector (and eventually of Hessian matrix) of objective function. For instance, if Gauss—Newton method
or one of its alternatives is used, the gradient and the Hessian are used in théfeeAT®, H ~ ATA, where
A;j =0d;/op;,forie(l,...,M}andj e {1,..., N}. There are several techniques to realise the computation of
sensitivity coefficientsd;; (by finite differences, by sensitivity equations or by adjoint state), but there are some
practical drawbacks for each method [3].

In this paper, an inverse problem with only two scalar unknowns is considered and we show how to find and
use explicit formulas to compute sensitivity coefficients. The outline is as follows: the next section deals with
the physical problem and with the practical interest to identify the Neumann condition. The mathematical model
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that governs the direct problem as well as the formulation of the inverse problem to identify this condition are
given in Section 3. Some properties of direct application (nonlinearity, continuity, differentiability) are the object
of Section 4 where some explicit formulas for sensitivity coefficients are also deduced. Numerical implementation
of this formulas is finally discussed.

2. Physical problem

The origin of the inverse problem studied in this paper is related with the seismical research and more precisely
with the behavior of a fault during tectonic constraints. Indeed, one of physical systems which interest the
seismologists is a multi-layer system (several superposed horizontal aquifers separated by impermeable layers
crossed by a vertical fault.

During the increase of tectonic constraints, there are some maodifications in the deep aquifers, like increases o
groundwater pressure. Moreover, the width and the permeability of the fault increase (other cracks are generate
and older fissures become larger). These phenomena lead to a supplementary ascendant flow, essentially throu
the fault and then, the residual state of the flow in the subsurface aquifer can be strongly perturbed [1]. Conse-
quently, a seismic activity in deeper layers can be reflected by measurements of piezometric level in the shallow
aquifer. From a seismical point of view, the problem to characterise the increase of seismic constraints from such
measurements data is open.

One restricts the present study to this subsurface aquifer and, for an easier presentation, we deal with 2D flow
problem in a vertical section of aquifer. The aquifer is supposed continuous, saturated, homogeneous, isotropic ant
incompressible. Moreover, one supposes that it is not crossed by the fault, but that the fault always remains below
it, in such a way that the aquifer/fault interface (not€g) is always located on the lower border of the aquifer
(Inf) as shown in Fig. 1.

In agreement with the preceding scenario, the consequences of a deeper seismic activity for the flow in the
upper aquifer would be the increase of flux entering by the parof inferior border, as well as the widening of
this interface [1]. The flux value is supposed constanfprand the aquifer/faultinterface is supposed symmetrical
with respect to the vertical fault axi$y, =[—L, L] x {0}. Apart from I'., the flux is null on the lower border of
the domain.

The superior boundary condition is defined by assuming that the aquifer is confined (null flux is imposed). Let
us suppose that horizontal dimension of the aquifer is sufficiently large so that the piezometric level has a constan
and known value “far” from the fault (this value, notégd, defines Dirichlet condition on lateral borddrs).

Then the inverse problem consists in determining the flux of fluid entering in aquifél,bps well as the
interface width, from the knowledge of the piezometric level in a su?$8t= {P;, i = 1, ..., M} of measurement
points in the aquifer domaife. The observation is denoted h§PS= {hgbs, e h?wbs}.

It In
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Fig. 1. Neumann condition reflecting the presence of a fault below the subsurface aquifer.
Fig. 1. Condition de Neumann reflétant la présence d'une faille sous I'aquifére de surface.
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3. Direct and inverse problems

The direct problem consists in solving the flow problemn for boundary conditions explained above. We
recall that the piezometric levél is the variable which defines the flow in the aquifer [2] and it is related to the
intrinsic pressure of the fluid bl = pg(h — z), wherep is the fluid density ang is gravitational acceleration.

Using Darcy’s law for homogeneous and isotropic media, and mass conservation equation for incompressible
fluids, one obtains a Laplace equation forTherefore, taking into account boundary conditions, the piezometric
level in §2 is given by the boundary problem:

Ah =0, $2,
h(y,Z):hD, (y,Z)EFD, (1)
(Vh)(yﬂz)nzov (va)EFsup

(Vh)(y,z) - n=F x xr, (y,2), (¥,2) € lint,

wherey r, is the characteristic function dfz, in Iint.

Obviously, the direct problem (1) is well posed if valuesfofand L are given and then, to indicate that the
solution of the problem (1) is associated to these values, it is igted Using this notation, we define the inverse
problem which has as unknown the couple of paramé&t€r&) and which uses as additional data the piezometric
level observatiom®PS. The inverse problem is formulated as follows:

To find the coupléF*, L*) € R? such a8 g+ | gobs = h°PS, 2)

From a physical point of view, the flow is generally directed from fault towards the aquifer and it is limited
between a minimal value and a maximum valueg &, < F < Fy. In the same way[L can vary between a
minimal valueL,, > 0 and a maximum valué ,; < a, where 2 denotes the width of2. Then, we define the
set of admissible parameters &y = [Fi,, Fum] x [Lm, Ly 1. Therefore, an objective function can be introduced
in the same manner than in Section 1 and the OLS formulation corresponding to (2) consists in minimizing the
objective function onPagq.

4. Propertiesof direct application
Firstly, we study linearity properties of direct application, which is given by:
D:Pag—RM, D(F,L)=(hr,.(PL),....hr(Py)).

Proposition 4.1. The applicationD is linear with respect taF, but is nonlinear with respect tb.

Proof. Let us introduce the functions; and B, defined as solutions of problemB4, ) and (Pz) :

AA; =0 in.Q,

AL =0 onlp,
VAL -n=0 onlsup
VAL-N=yxr, ONIlnt,

AB=0 in 2,
(PB) B=hp onlp,

(Pay)

Then, functionsir,, — B and Ay, - F are solutions of the problem (1) with homogeneous Dirichlet condition.
Because this problem has an unique solution, one obtains the linearity relation:

hep(y,2)=Ar(y,2)- F+ B(y,2). (3

In addition, by applying a maximum principle for the probléRy, ), one can deduce the positivity df, and
thenD is an increasing function with respectfo

To show thatD is nonlinear with respect df, let us suppose that, for a fixed vallig, there are two functions
A1 and B that do not depend df, so thath r ;, can be written:

hrL(y,2)=A1(y,2) - (L — Lo) + B1(y, 2).
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One obtains immediately; = i 1,. To set one’s ideas let us consider a vallie- Lo. Then Ay must
be solution of a boundary problem similar wigt®,, ), but with Neumann dataL_F—Loer\rLO on Ijni. Then a
contradiction is obtained since the solution of this problem still depends ofo

Dealing with the properties of regularity of the direct application, the continuity with respé&ctsm be directly
deduced from linearity relation (3). For the continuity with respedt td is easy to see théitr ;. — hr . when
¢ — 0. To study the differentiability of the direct application, consi#es £2°°Sand analyse the direct application
restricted at this point, defined @yp : Pag— R, Dp(F,L) =hFr (P).

Theorem 4.2. The applicationDp is C 1.

Proof. The linearity relation (3) also signifies the derivability Bf> with respect toF. In addition, it gives the
expression of partial derivative:
dDp
oF
F being given, consider the applicatidn— f(L) = Dp(F,L). If (yp,zp) are coordinates of poin®, the
fundamental solution of Laplace equation, corresponding to this point is given by:

(F,L)=AL(P). 4)

1
¢ RP\ [P} >R, o¢(y,2)= — (o= yp)2+ (z —zp)?).

Using this function, which i€'>°(R? \ {P}) and verifiesAg = 0 in this domain, we defing as the solution of
the boundary problem:

Ag=0 in $2,
g=—9 onlp,

Finally, we define the functiow : 2 \ {P} — R, by G = g + ¢. Obviously, functions, g, G depend ofP,
but, for the sake of simplicity, this dependance is not written. One can observe that, by construction, the function
verifies:AG =0in 2\ {P}, G=0o0nIp, VG-n=00nTjn U I'gyp

Let us considerthe baBp . C §2 with center inP and with radiug > 0 and write Green'’s identity for functions
hr andG in 2\ Bp ., denoting by: the normal unit vector to this domain :

G oh
/ (hpL-AG—G-Ahpp)dydz= / hip - — —G- L) do.
, 7 T 0n on

2\Bp ¢ 02U0Bp ¢

SinceG andhr , are harmonic functions, left-hand term is null. As usual for boundary integral representations
with Greens's functions, one uses properties of functiphg andG to express the right-hand term. Finally, after
passing to the limit foe — 0, we deduce:

+L
G
f(L)EhF,L(P)ZF/G(y,O)dy—/hD.Eda
—L I

To study the derivability off, one uses previous equation and then, foha# 0, one obtains:

—L L+h
f(L+h)—f(L):F_[1 1 ]
; .

Y - / G(y,O)derZ/G(y,O)dy

—(L+h) L
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Passing to the limit foh — 0, we deduce:
im  LEEDZFE)
h—0, h>0 h
the same limit being also obtained fior< 0.
In conclusion, for fixedr, application. — Dp(F, L) is derivable and we get:

%(F, L)=F-[G(~L,0)+G(L,0)]. (5)

[G(~L,0)+ G(L,0)]

In addition, the relation (5) shows that for a fixed valueFof- 0, the functionL — i g 1 (P) is also increasing
(by construction( is strictly positive on its definition set excepp). O

5. Numerical implementation

As it is shown in Section 1, to solve minimization problem for OLS criterion by Gauss—Newton method, only
the sensitivity matrix corresponding t&'f, L*) is needed (apart of calculation of residual veabqtF*, L¥)) to
construct a new approximatioi{+1, L¥+1) of solution (F*, L*), at iterationk.

The derivatives with respect t6 can be computed by solving problert®;, ) for L = L* and(Ps) and then
using linearity relation (3). We note that, sincRz) does not depend df andL, it can be solved before starting
the iterative algorithm. The same remark yields for calculating the derivatives with resgeatgmg formula (5).
Indeed, the functio’ constructed in the demonstration of Theorem 4.2 does not depehdmd L, but it depends
of observation point and then we must construct functi@rer each pointP;, i =1, ..., M, before starting the
optimization algorithm.

Consequently, in this algorithm, an important part of gradient computation cost is reduced since, at each
iteration, a single problertPy, ) for L = L is to be solved. In an other hand, we note that using43), can be
computed as soon &s:« ;« is known (B being already computed).

In conclusion, for each iteration of inverse problem algorithm, the computation cost is only the one of single
direct problem, that is obviously optimal. However, we must note that if CPU time for such an algorithm is minimal,
it requires some computer memory to stock values of funciarestricted tos2°°S and especially, values dif
functionsG (or g) restricted to{(y,0), y € [—Luy, —Ln]1 U [Lm, Ly]}. Indeed, a good value of derivatives with
respect withL can be determined only if the values Gffunctions for current.* are available (this means that
the values of functions have been previously determined and stored with low errors, by numerically solving the
corresponding boundary problems).

6. Conclusions

A physical problem whose origin is the seismic has been described. In such a problem one is interested to
identify two scalar parameterg’(and L) which define a Neumann condition. It is shown that derivatives of
associated direct application with respect to the two parameters can be expressed by explicit formulas (Eq. (4)
for the derivative inF and Eq. (5) for the derivative ih). The use of these formulas can considerably improve the
computational cost and precision of numerical optimization algorithm used to solve the inverse problem. We note
that a similar analysis can be made for a constant piecewise flix amstead of constant flux.
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