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Abstract

Two univalent functions are equivalent,f ∼ g, if they have the same Schwarzian derivative. The equivalence relation∼ being
defined up to an homographic transformation, it gives an isomorphism between the manifoldJ of Jordan curves and the quotie
manifold S̃. It permits to obtain vector fields oñS and onJ . The action of these vector fields on the Neretin polynomial
explicited. The existence of a unitarizing measure on the quotient manifoldS̃ is discussed and for such a measure, orthogon
relations for the Neretin polynomials are obtained. This work is a concrete realization on the complex spaceC∞ of the abstract
quotient Diff(S1)/SL(2,R) considered in Airault et al., C. R. Acad. Sci. Paris, Ser. I 335 (2002) 621–626.To cite this article:
H. Airault, V. Bogachev, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Deux fonctions univalentes sont équivalentes,f ∼ g, si elles ont même dérivée Schwarzienne. La relation d’équivalen∼
étant définie à une transformation homographique près, on obtient un isomorphisme entre la variétéJ des courbes de Jorda
et la variété quotient̃S. Cela permet de déduire des champs de vecteurs surS̃ et surJ . On explicite l’action de ces champs d
vecteurs sur les polynômes de Neretin. On étudie l’existence de mesures unitarisantes sur le quotient de l’ensemble de
univalentes par cette relation d’équivalence et pour une telle mesure, on établit des relations d’orthogonalité entre les p
de Neretin. Ce travail est une réalisation concrète du quotient Diff(S1)/SL(2,R) de Airault et al., C. R. Acad. Sci. Paris, Ser
335 (2002) 621–626 sur l’espace complexeC∞ produit d’une infinité dénombrable deC. Pour citer cet article : H. Airault,
V. Bogachev, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.
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Comme [6], à un champ de vecteursv ∈ diffC(S
1), on associe un champ de vecteursKv sur l’ensembleS des

fonctionsf univalentes sur le disqueD = {|z| < 1}. Puis, à une fonction univalentef (z) = z(1 + ∑∞
n=1 cnz

n),
on fait correspondre la suite de ses coefficients(cn)n�1. Soitψ :f → (c1, c2, . . . , cn), on poseM =ψ(S)⊂ C∞.
On considère les champs de vecteursek = eikθ d

dθ , k ∈ Z, sur diffC(S1), il leur correspond des champs de vecte
(Kk)k∈Z sur la variétéS, on a [6],

∑
k∈Z

(Kkf )(z)w
−k = w2f ′(w)2

f (w)2

f (z)2

(f (w)− f (z))
. (0.1)

Par l’applicationψ , on déduit des champs de vecteurs(Lk)k∈Z sur M tels queLk[f (z)] = (Kkf )(z). Les
champs de vecteurs(Lk) pourk negatif (k � 0), peuvent être exprimés comme combinaison des(Lk)k�1, puisque
∂
∂ck

= ∑
j�1αjLj avec 1

f ′(z) = 1+ ∑
j�1αj z

j . Voir [4]. On a aussi (voir [2], Appendix (A.4.16)),

1+
∑
k�0

L−k(c1)z
k+1 = z3f

′(z)2

f (z)3
. (0.2)

On définit l’ensemble quotient̃S = S/∼ deS par la relation d’équivalencef ∼ g, les deux fonctionsf etg sont
équivalentes sif etg ont la même dérivée SchwarzienneSf (z)= (f ′′/f ′)′ − 1

2(f
′′/f ′)2. A la fonctionf ∈ S, on

associe les coefficients(c̃2, c̃3, . . . , c̃n, . . .) de la fonction

σ(f )(z)= f (z)

1+ (f ′′(0)/2)f (z)
= z+ c̃2z

3 + c̃3z
4 + · · · . (0.3)

L’applicationφ :f → (c̃2, c̃3, . . . , c̃n, . . .) ainsi définie se factorise par la relation d’équivalence en une applic
φ̃ : S̃ → C∞. On noteN = φ̃(S̃). L’applicationφ̃ permet d’identifier la classe d’ équivalencef̃ def , avec la suite
(c̃2, c̃3, . . . , c̃n, . . .) des coefficients deσ(f ). Les coefficients(c̃n)n�2 de σ(f )(z) s’expriment en fonction de
polynômes de Neretin(Pn)n�2 du développement asymptotique de la dérivée Schwarzienne, et réciproqu
En prenant l’image par l’applicatioñφ, on obtient des champs de vecteurs(L̃k)k∈Z sur la sous-variétéN deC∞ et
par isomorphisme des champs de vecteurs(K̃k)k∈Z sur le quotient̃S . On a

∑
k∈Z

(
K̃kf̃

)
(z)w−k =w2f

′(w)2

f (w)3
· f (z)[σ(f )(z)]

2

f (w)− f (z)
(0.4)

et f
′(w)2
f (w)3

· f (z)
f (w)−f (z) est conservé si on remplacef parg = f

1+cf où c est une constante arbitraire. Pourf ∈ S,

soit z2Sf (z) = ∑
n�0Pnz

n alors, [8,6], pourk � 1, Lk(Pn) = (n + k)Pn−k + k(k2 − 1)δk,n et, voir [2], pour
k � 0, p � 0, L−k(Pp)− L−p(Pk)= (p − k)Pp+k. Ces relations restent vraies si on exprime les polynôme
Neretin avec les variables(c̃j )j�2 de (0.3) et si au lieu des(Lk)k∈Z , on considère les champs de vecteurs(L̃k)k∈Z
surN ⊂ C∞, construits à partir des(K̃k)k∈Z . Sur diff(S1), on considère la forme symplectique

ωc,h(u, v)= 2h

2π∫
0

u′v dθ

2π
− c

12

2π∫
0

(u′ + u′′′)v dθ

2π
. (0.5)

Dans [2], les mesures unitarisantes ont été considérées lorsqueh= 0 dans (0.4). On confirme les résultats de
pour la non-existence de mesure de probabilité satisfaisant la formule d’intégration par parties lorsqueh= 0. On
considère le cas oùh �= 0 et on établit des relations d’orthogonalité entre les polynômes de Neretin.
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1. The Virasoro algebra and the univalent functions

Let Diff(S1) be the group ofC∞-orientation preserving diffeomorphisms of the circleS1 and let diffC(S1)

be the complexified Lie algebra of Diff(S1). We putek = eikθ d
dθ . We have[ek, ep]diff = i(p − k)ep+k . Given

two positive constantsc, h, c > 0, h > 0, let ωc,h be the symplectic form in (0.5), see [2], thenωc,h(ek, ep) =
i[2hk − c

12(k
3 − k)]δ−p

k . Let κ be the central element in the Virasoro algebraVc,h = C ⊕ diffC(S
1). With the

Lie bracket[u,v]Vir = ωc,h(u, v)κ + [u,v]diff , we have[ek, ep]Vir = i(p − k)ep+k if k �= −p and[ek, e−k]Vir =
i[2hk − c

12(k − k3)]κ − 2ike0. We denoteS, the set of functionsf , holomorphic onD, of C∞-class onD, f is
injective onD, f (0)= 0 andf ′(0)= 1.

By the variational method of [6], to a vector fieldv ∈ diffC(S
1), we associate a vector fieldKv on S; in

particular, toek , k ∈ Z, we associate a vector fieldKk on S. In [2], these holomorphic vector fields are deno
with an upper indice, sayKh

k . In the following, all holomorphic vector fields will be denotedKk or Lk , the upper
indice of holomorphy being understood. Consider the evaluation map fromS to C be defined byεz :f → f (z),
for a vector fieldKv on S, we denote(Kvf )(z) := Kv(εz)(f ). In particular,(Kkf )(z) = z1+kf ′(z) for k � 1
and(Kkf )(z)= z1+kf ′(z)+ φ

f
k (f (z)) for k � 0 whereφfk (w) is given in [4]. Moreover, from [6], we have (0.1

In [3], it has been proved that whenh= 0 in (0.5), for existence of unitarizing measures, one has to take the qu
Diff S1/Sl(2,R). This fact will be amplified in Section 3 below. In Section 2, we indicate a way to manage th
h= 0 in (0.5), by taking a quotient ofS.

2. The set of univalent functions, quotient, and embeddings into C∞

2.1. The manifoldM of coefficients of univalent functions and the vector fields(Lk) onM

We have an embedding fromS into the infinite dimensional complex spaceC∞ formed with infinitely countable
many copies ofC. To the functionf (z)= z(1+∑∞

n=1 cnzn), we associate the sequence(cn)n�1 of its coefficients.
We denote this mapψ :f → (c1, c2, . . . , cn) and we letM =ψ(S). The correspondenceK → LK between vecto
fields onS and vector fields onM is given byK(G ◦ψ)(f )= LK(G)(ψ(f )) whereG is a functionG :M→ C.
With this correspondence, to the vector fields(Kk)k∈Z defined by (0.1), we associate vector fields(Lk)k∈Z on

M ⊂ C∞. See [6] and [2]. Following [8,6], forf ∈ S, we putPh,c(z) = hz2 (f ′)2
f 2 + cz2Sf (z) andPh,c(z) =∑

n�0P
h,c
n zn = ∑

n�0[hQn+cPn]zn = h+2c1hz+[h(4c2−c2
1)+6c(c2−c2

1)]z2+· · ·. Then, see [8,6], fork � 1,

Lk(Ph,c
n )= (n+ k)Ph,c

n−k + ck(k2 − 1)δk,n and, see [2], fork � 0,p � 0,L−k(Pp)−L−p(Pk)= (p− k)Pp+k .

2.2. Taking quotient. The vector fields on the quotient

In the following, we consider vector field onM ⊂ C∞ or we take a quotientS/∼, we construct an embeddin
of the quotient manifoldS/∼ into a submanifoldN , N ⊂ C∞, and consider vector fields onN . The equivalence
relation to obtain the quotient manifoldS/ ∼ being “up to an homographic transformation” (see Definitio
below), we obtain thatS/∼ is isomorphic to the manifoldJ of Jordan curves. In this way, we deduce vector fie
onJ .

Definition. Let f andg ∈ S, we say thatf ∼ g if there existshα(z)= z
1+αz , α ∈ C, such thatg(z)= (hα ◦ f )(z).

Since the Schwarzian derivativeSh = 0, see, for example, [7, p. 53], thenf ∼ g if and only if f andg have the
same Schwarzian derivative. We denoteS̃ orS/∼, the quotient space ofS by the equivalence relation∼. By (0.3),
we have the sectionσ :S/∼ → S, to the equivalence class off , we associateσ(f )= h(f ′′(0)/2) ◦ f . Thenf ∼ g
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if and only if σ(f )= σ(g). We define a mapφ :S → C∞, to the functionf ∈ S, we associate the coefficients
the expansion ofσ(f )= h(f ′′(0)/2 ◦ f . Sincef ∼ g impliesσ(f )= σ(g), we deduce that the mapφ factors into a
mapφ̃ : S/∼→ C∞. We denoteN = φ̃(S/∼). The mapφ̃ permits to identify the equivalence classf̃ of f , with
the sequence(c̃2, c̃3, . . . , c̃n, . . .) of the coefficients ofσ(f ).

If f (z) = z + ∑
n�1 cnz

n, the polynomialsPn of the asymptotic expansion ofSf (z) are given in terms o

the coefficients ofσ(f ), we haveσ(f ) = z + ∑
n�2 c̃nz

n+1 with c̃2 = c2 − c2
1, c̃3 = c3 − 2c1c2 + c3

1, c̃4 =
c4 + c2

1c2 − 2c1c3, . . . . ThusP2 = 6c̃2, P3 = 24c̃3, P4 = 12(5c̃4 − 6c̃2
2), P5 = 12(10c̃5 − 26c̃2c̃3), . . . .

Lemma. If f ∼ g, then for anyk ∈ Z, we have

Lk
[
σ(f )(z)

] = Lk
[
σ(g)(z)

] = B2
k z

3 +B3
k z

4 + · · · , (2.1)

whereBj

k is a homogeneous polynomial of degreej in the variables(c̃2, c̃3, . . . , c̃n, . . . and inBj

k , k and j are
indices.

Proof. Assume thatf (z)= z+ c1z
2 + · · ·, thenσ(f )(z)= f (z)

1+c1f (z)
, and sinceLk is a derivation,

Lk
[
σ(f )(z)

] = Lk[f (z)] − f (z)2Lk(c1)

(1+ c1f (z))2
=

(
Lk[f (z)]
f (z)2

−Lk(c1)

)(
σ(f )(z)

)2
. (2.2)

We haveLk[f (z)] = Lk(c1)z
2 +Lk(c2)z

3 +Lk(c3)z
4 + · · ·, thusLk[f (z)]

f (z)2
−Lk(c1)= (Lk(c2)− 2c1Lk(c1))z+ · · ·

and since(σ (f )(z))2 = z2 + · · ·, we find that the expansion (2.2) begins with a term inz3. We have to prove tha
the(Bj

k ) are polynomials in the variablesc̃j ; by (0.1), (2.1), we have the generating function

∑
k∈Z

[
Lk[f (z)]
f (z)2

−Lk(c1)

]
w−k =w2f

′(w)2

f (w)3
· f (z)

f (w)− f (z)
. (2.3)

It is enough to verify thatf
′(w)2
f (w)3

· f (z)
f (w)−f (z) is conserved if we replacef by g = f

1+cf for any constantc. This
proves the lemma. ✷

With [2, (A.1.6)], we calculateLk[f (z)]
f (z)2

− Lk(c1) = [Lk(c2) − 2c1Lk(c1)]z + [Lk(c3) − 2c1Lk(c2) + (3c2
1 −

2c2)Lk(c1)]z2 + · · ·. These can be expressed in terms of the(c̃j )j�2. See [2, (A.4.13)].

Definition. We define vector fields(L̃k)k∈Z onN = φ̃(S/∼)⊂ C∞. For k ∈ Z, L̃k = ∑
j�2B

j
k

∂
∂c̃j

whereBj
k is

given by (2.1).

We denotẽ∂n := ∂
∂c̃n

, thenL̃k = ∂̃k + 3c̃2∂̃k+2 + · · · + (n+ 1)c̃n∂̃k+n + · · · for k � 2 andL̃1 = c̃2∂̃3 + 2c̃3∂̃4 +
(3c̃4 − c̃2

2)∂̃5 + (4c̃5 − 2c̃2c̃3)∂̃6 + (5c̃6 − 2c̃2c̃4 − c̃2
3)∂̃7 + · · · . For k � 0, L̃−k = ∑

p�2B
p
−k ∂̃p where inBp

−k , k
andp are indices.

Definition. We define the vector field̃Kk onS/∼ with (K̃kf̃ )(z)= Lk[σ(f )(z)].

Lemma. Let z2Sf (z) = ∑
n�2Pnz

n, we express the Neretin polynomialsPn in terms of the(c̃j )j�2 as in (2.2),

and we putPn = 0 for n ∈ Z, n� 1, then we havẽLk(Pn)= (n+ k)Pn−k + k(k2 − 1)δk,n for k � 1 and forn� 2,
L̃−1(Pn)= (n− 1)Pn+1. Moreover the relatioñL−k(Pp)− L̃−p(Pk)= (p− k)Pp+k , for p � 0 andk � 0, holds.
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3. Unitarizing measures

Here we consider unitarizing measures onM ⊂ C∞ whenh �= 0 in (0.5). The caseh= 0 was investigated in [2]
Let µ be a probability measure onM, let (Vk)k∈Z be holomorphic vector fields onM and consider holomorphi
polynomials(Pk)k�0, wherePk(c1, c2, . . . , ck) is homogeneous of degreek, c1 has weight 1,c2 weight 2, . . . , cp
weightp. As in [2], for k > 0, letρ(ek)= Vk , ρ(e−k)= V−k + Pk , ρ(e0)= V0 + P0 andρ(κ)= 1. In this way, to
a vector fieldv = h(θ) d

dθ , we associate a first order differential operatorρ(v) onD, the mapρ beingC-linear.

Theorem 1.The condition∫ [
ρ(v)φ

]
ψ̄ dµ=

∫
φ
[
ρ(v̄)ψ

]
dµ (3.1)

for all functionsφ,ψ ∈ L2(µ) and holomorphic onM is satisfied if and only ifdivµ(Vk −V−k)= Pk, ∀k > 0 and
divµ(V0 − V0)= P0 − P0. If P0 is real, we havedivµ(V0 − V0)= 0.

Proof. For notation, we putPk = 0 whenk < 0. Sinceψ is holomorphic,Vk is holomorphic, thenVk(ψ̄) = 0.
For any k ∈ Z, we haveI = ∫ [ρ(ek)φ]ψ̄ dµ = ∫

(Vk + P−k)(φψ̄)dµ. In the same way,V−k(φ) = 0 when
φ is holomorphic,V−k is holomorphic, thusJ = ∫

φ[ρ(e−k)ψ]dµ = ∫
φ(V−k +Pk)ψ dµ = ∫

V−k(φψ̄)dµ +∫
Pkφψ̄ dµ. The conditionI = J is satisfied if and only if∫

(Vk − V−k)(φψ̄)dµ=
∫
(Pk − P−k)(φψ̄)dµ. (3.2)

The condition (3.2) is verified for any holomorphic functionφ and any antiholomorphic function̄ψ , where
φ,ψ ∈L2(µ); then divµ(Vk − V−k)= Pk − P−k . Conversely, if divµ(Vk − V−k)= Pk − P−k , we obtainI = J . If
k > 0, thenP−k = 0, we obtain divµ(Vk − V−k)= Pk . If k < 0, thenPk = 0, we have divµ(V−k − Vk)= P−k . For
v = κ , thenρ(v)= 1 and (3.1) is evidently satisfied (since

∫
φψ̄ dµ= ∫

φψ̄ dµ). ✷
Theorem 2. Assume that the vector fields(Vk)k∈Z satisfy [Vk,Vp] = (k − p)Vk+p for k ∈ Z, p ∈ Z. Assume
that (Pk)k∈Z are such thatPk = 0, for k < 0, andPk for k � 0 is a homogeneous polynomial of degreek in
(c1, c2, . . . , ck). Moreover, we assume that

V−k(Pp)− V−p(Pk)= (p− k)Pk+p + c

12

(
p3 − p

)
δk,−p for p ∈ Z, k ∈ Z. (3.3)

In particular, for k � 0, Vk(Pk) = 2kP0 + c
12(k

3 − k) andVk(Pn) = (n + k)Pn−k for k,n � 0, n �= k. Then, we
have[ρ(v1), ρ(v2)]vector fields onM = iρ([v1, v2]Vir ) with h= P0 in (0.5).

Proof. It is enough to prove that[ρ(ek), ρ(ep)]vector fields onM = iρ([ek, ep]Vir ), ∀k,p ∈ Z. If p �= −k,
[ek, ep]Vir = i(p − k)ep+k and [Vk + P−k,Vp + P−p]φ = i2(p − k)(Vp+k + P−(p+k)). If p = −k, we proceed
in the same way. ✷
3.1. Orthogonal polynomials for unitarizing measures

Let X = C∞ which is identified with(R2)∞. Suppose thatµ is a Borel probability measure onX such that,
for each integerk � 0, there exists the logarithmic derivativeβk of µ along the complex vector fieldZk, where
Zk := Lk−L−k . See [5] for existence conditions for the logaritmic derivative ofµ. Here, we mean thatβk ∈ L2(µ),
βk takes complex values and∫

ZkF dµ= −
∫
Fβk dµ (3.4)
X X
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for all real boundedC∞ functionsF . By linearity, we see that (3.4) extends to complex valuedC∞ bounded
functionsF ∈ L2(µ).

Theorem 3.Let β0 = 0. We assume that fork > 0, Pk ∈ L2(µ) and that(Pk) satisfy(3.3) with the vector fields
(Lk)k∈Z , we putγk = k3 − k. Then, for alln, k ∈ N, n, k � 0, one has

∫
X Pk dµ= 0,

∫
X βkPm dµ= 0 if m �= k, and∫

X βkPk dµ= −γk − 2kP0.

Proof. We putHk := Z2
k + βkZk . ThenH ∗

k µ = 0 in the sense that
∫
X
HkF dµ= 0 for any complex valuedC∞

functionF ∈ L2(µ). We haveHkPn =Zk(LkPn)+ βkLkPn,

HkPn = Lk
(
(n+ k)Pn−k + γkδ

n
k

) + βk
(
(n+ k)Pn−k + γkδ

n
k

)
= n(n+ k)Pn−2k + (n+ k)γkδ

n−k
k + (n+ k)βkPn−k + βkγkδ

n
k . (3.5)

Since
∫
X HkPn dµ= 0, we letk = 0 and take into account thatβ0 = 0, we obtain∫

X

Pm dµ= 0, for m> 0, m ∈ N.

On the other hand, it follows by (3.4) withF = 1 that the integral ofβk againstµ is zero. Therefore, we pu
n= k +m in (3.5). ✷
Corollary 4. Letβk = −Pk . Then(Pn,Pk)L2(µ) = (γk + 2kP0)δ

n
k for n, k ∈ N.

Remark. The condition of integrability of the polynomialsPn ∈ L2(µ) is crucial for the existence of the unitarizin
measure, as can be seen in the following. Assume thath= 0 in (0.5); thenP0 = 0, P1 = 0, and we find that ther
exists no probability measureµ such that (3.1) holds withZ1 := L1 − L̄−1, β1 = 0 andc1 is in L2(µ): otherwise,
we would have

∫
(L1 − L̄−1)(c1)dµ= ∫

dµ= 0, which is impossible sinceµ is a probability measure. In [1],
measure was constructed onC∞ with the condition divµ(L1 − L̄−1)= 0, but for that measure, the functionc1 is
not in L2(µ). In [3], because of the De Branges theorem, it was proved that whenh = 0, a unitarizing measur
cannot live onM. However, if we takeh > 0 in (0.5),P1 = 2hc1, then

∫
(L1 − L̄−1)(c1)dµ= 2h

∫
c1c̄1 dµ= 1,

and this does not exclude the existence of unitarizing measure onM whenh > 0.

References

[1] H. Airault, Mesure unitarisante; algèbre de Heisenberg, algèbre de Virasoro, C. R. Acad. Sci. Paris, Ser. I 334 (2002) 787–792.
[2] H. Airault, P. Malliavin, Unitarizing probability measures for representations of Virasoro algebra, J. Math. Pures Appl. 80 (6)

627–667.
[3] H. Airault, P. Malliavin, A. Thalmaier, Support of Virasoro unitarizing measures, C. R. Acad. Sci. Paris, Ser. I 335 (2002) 621–626
[4] H. Airault, J. Ren, An algebra of differential operators and generating functions on the set of univalent functions, Bull. Sci. Math. (
[5] V. Bogachev, Cours à l’Université de Pise. Differentiable measures and the Malliavin calculus (Mai 1995), Scuola Normale Superi

J. Math. Sci. 87 (4) (1997) 3577–3731.
[6] A.A. Kirillov, Geometric approach to discrete series of unireps for Virasoro, J. Math. Pures Appl. 77 (1998) 735–746.
[7] O. Lehto, Univalent Functions and Teichmüller Spaces, in: Graduate Texts in Math., Vol. 109, Springer-Verlag, 1987.
[8] Yu.A. Neretin, Holomorphic extensions of representations of the group of diffeomorphisms of the circle, Math. USSR-Sb. 67 (1

75–96.


