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Abstract

This Note is devoted to the study of a fluid–rigid body interaction problem. The motion of the fluid is modelled
Navier–Stokes equations, written in an unknown bounded domain depending on the displacement of the rigid body.
result yields the existence and uniqueness of strong solutions, which are global provided that the rigid body does not
boundary.To cite this article: T. Takahashi, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Cette Note est consacrée à l’étude d’un problème d’interaction fluide–solide rigide. Le mouvement du fluide est mod
les équations de Navier–Stokes écrites dans un domaine qui dépend du déplacement du solide rigide. Notre résulta
donne l’existence et l’unicité de solutions fortes, ces dernières étant globales tant que le corps rigide ne touche pas lePour
citer cet article : T. Takahashi, C. R. Acad. Sci. Paris, Ser. I 336 (2003).
 2003 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version française abrégée

SoitO un domaine borné deR2 de frontière régulière contenant un solide rigide, dont le domaine est notéB(t),
et un fluide visqueux, dont le domaine estΩ(t) = O \ B(t). Nous supposons que le mouvement du systèm
modélisé par les Éqs. (1)–(8). A notre connaissance le seul résultat d’existence des solutions fortes pour c
est donné dans [6] où l’on suppose que l’inertie du rigide est grande devant celle du fluide. La nouveau
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travail réside en l’obtention de solutions fortes sans cette hypothèse. Nous montrons aussi que les solu
globales tant que le solide rigide ne touche pas le bord. Pour prouver ce résultat, nous utilisons un cha
de variables afin de nous ramener à un domaine fixe. Le système obtenu (cf. (11)–(18)) reste non linéa
devient à coefficients variables. On étudie alors un système linéaire associé (cf. (19)–(26)), dont l’exis
l’unicité sont obtenues à l’aide de la théorie des semi-groupes. Les termes non linéaires ainsi que ceux ob
le changement de variables sont alors estimés et leurs bornes permettent d’appliquer une procédure de
(théorème de Banach) pour obtenir l’existence locale. Finalement on démontre que la solution est globa
solide rigide ne touche pas le bord en utilisant des résultats de [2].

1. Introduction

LetO be a bounded domain inR2 with a regular boundary∂O (of classC2). We consider a solid occupying th
domainB(t)⊂O and surrounded by a viscous homogeneous fluid fulling the domainΩ(t)=O\B(t).

We shall assume that the motion of the fluid is described by the classical Navier–Stokes equations, wh
motion of the rigid body is governed by the balance equations for linear and angular momentum (Newton’
Hence, we can write the full system of equations modelling the motion of the fluid and the rigid body as

∂u

∂t
− ν�u+ (u · ∇)u+ ∇p = f, x ∈Ω(t), t ∈ [0, T ], (1)

divu= 0, x ∈Ω(t), t ∈ [0, T ], (2)

u= 0, x ∈ ∂O, t ∈ [0, T ], (3)

u= h′(t)+ω(t)
(
x − h(t)

)⊥
, x ∈ ∂B(t), t ∈ [0, T ], (4)

Mh′′(t)= −
∫

∂B(t)

σndΓ + ρ

∫
B(t)

f (t)dx, t ∈ [0, T ], (5)

Jω′(t)= −
∫

∂B(t)

(
x − h(t)

)⊥ · σndΓ + ρ

∫
B(t)

(
x − h(t)

)⊥ · f (x, t)dx, t ∈ [0, T ], (6)

u(x,0)= u0(x), x ∈Ω(0), (7)

h(0)= h0 ∈ R
2, h′(0)= h1 ∈ R

2, ω(0)= ω0 ∈ R. (8)

In the above system the unknows areu(x, t) (the Eulerian velocity field of the fluid),p(x, t) (the pressure of th
fluid), h(t) (the position of the mass center of the rigid body) andω(t) (the angular velocity of the rigid body). Th
domainB(t) is defined by

B(t)= {
R−θ(t)y + h(t), y ∈B}

, whereθ(t)=
t∫

0

ω(s)ds

andRθ is the rotation matrix of angleθ .
The constantsM andJ are the mass and the moment of inertia of the rigid body. Moreover,f (x, t) is the force

acting on the fluid. The positive constantν is the viscosity of the fluid.
We have denoted by∂B(t) the boundary of the rigid body at instantt and byn(x, t) the unit normal to∂B(t) at

the pointx directed to the interior of the rigid body.
The stress tensor (also called the Cauchy stress) is defined by

σ(x, t)= −p(x, t) Id+2νD(u), whereD(u)k,l = 1

2

(
∂uk

∂x
+ ∂ul

∂x

)
. (9)
l k
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In the last years, several papers concerning the existence of weak solutions (in two or three dimensio
been published in the literature. We mention here Desjardins and Esteban [2] and [3], Conca, San Ma
Tucsnak [1], Gunzburger, Lee and Seregin [7], Hoffmann and Starovoitov [8] and [9], San Martin, Starovoit
Tucsnak [13] (with the domain of the fluid bounded) and Serre [14], Judakov [11] (in the case where the flui
body system fills the whole space). The stationary problem was studied in [14] and in Galdi [5]. More recen
result of [13] has been generalised in the three-dimensional case in Feireisl [4].

Many of the above references are based upon a weak formulation similar to the one introduced f
homogeneous fluids in [12]. We notice that the uniqueness of weak solutions seems an open question
the two-dimensional case.

On the other hand, as far as we know, the only published results on strong solutions are [6] and [16].
(in time) existence result of strong solutions was proved in Grandmont and Maday [6] provided that the flui
body system occupies a bounded domain and the inertia of the rigid body is large enough with respect to th
of the fluid. In the case of two space dimensions with the fluid–rigid body system filling the whole spa
existence and uniqueness of strong solutions has been proved in Takahashi and Tucsnak [16].

A one-dimensional version of the problem tackled in this paper was studied in Vázquez and Zuazua [17
the asymptotic behavior of solutions has also been investigated.

The aim of this paper is to prove existence and uniqueness of strong solutions in the case of a bounde
without the hypothesis of [6] about the inertia of the rigid body.

We use the same method as in [16] but the change of variable is here more complicated and we ne
estimates to prove the local existence.

2. Notations and main result

In the sequel, we setΩ =Ω(0) andB = B(0).
We first define the function spaces

L2(0, T ;H 2(Ω(t))), H 1(0, T ;L2(Ω(t))), C
([0, T ];H 1(Ω(t))), L2(0, T ;H 1(Ω(t))).

Suppose that there exists aC∞-diffeomorphismψ fromΩ onΩ(t) such that the derivatives

∂i+α1+α2ψ

∂ti∂y
α1
1 ∂y

α2
2

, i � 1, α1 � 0, α2 � 0,

exist and are continuous. For any functionu(·, t) :Ω(t)→ R
2, we set

U(y, t)= u
(
ψ(y, t), t

)
.

Then the functions spaces introduced above are defined by

L2(0, T ;H 2(Ω(t))) = {
u | U ∈L2(0, T ;H 2(Ω)

)}
,

H 1(0, T ;L2(Ω(t))) = {
u | U ∈H 1(0, T ;L2(Ω)

)}
,

C
([0, T ];H 1(Ω(t))) = {

u |U ∈ C([0, T ];H 1(Ω)
)}
,

L2(0, T ;H 1(Ω(t))) = {
u | U ∈L2(0, T ;H 1(Ω)

)}
.

Let

Hi (t)= [
Hi

(
Ω(t)

)]2
, Hi =Hi (0),

Li (t)= [
Li

(
Ω(t)

)]2
, Li = Li (0),
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U
(
0, T ;Ω(t)) = L2(0, T ;H2(t)

) ∩H 1(0, T ;L2(t)
) ∩C([0, T ];H1(t)

)
. (10)

We define the concept of strong solutions of (1)–(8) as follows:

Definition 2.1.Suppose thatT > 0. A quadruplet(u,p,h,ω) is called a strong solution of (1)–(8) if

(u,p,h,ω) ∈ U
(
0, T ;Ω(t)) ×L2(0, T ;H 1(Ω(t))) ×H 2(0, T ,R2) ×H 1(0, T ,R),

if the distance fromB(t) to ∂O is positive and (1)–(8) are satisfied almost everywhere in(0, T ) and inΩ(t) or in
the trace sense.

The main result of this Note is

Theorem 2.2.Suppose that f ∈L2
loc(0,∞;[W1,∞(O)]2), u0 ∈H1 and that


divu0 = 0 in Ω,
u0(x)= 0 on ∂O,
u0(x)= h1 +ω0 x

⊥ on ∂B,
dist(B, ∂O) > 0.

Then there exists a maximal T0> 0 such that Eqs. (1)–(8)admit a unique strong solution

(u,p,h,ω) ∈ U
(
0, T ;Ω(t)) ×L2(0, T ;H 1(Ω(t))) ×H 2(0, T ,R2) ×H 1(0, T ,R),

for all T ∈ (0, T0). Moreover, one of the following alternatives holds true:

(1) T0 = ∞, i.e., the solution is global.
(2) limt→T0 dist(B(t), ∂O)= 0.

Remark 2.3.The existence of solutions of (1)–(8) with initial data satisfying the assumptions in Theorem 2
been investigated in [2] in two or three space dimensions. The novelty brought in by our result consists inH 2

regularity with respect to the space variable and in the uniqueness of solution.

3. Main steps of the proof of Theorem 2.2

We sketch here the proof of Theorem 2.2; for more details, we refer to [15]. For the sake of simplic
suppose thatf = 0 and thath0 = 0.

The first step is to reduce the system (1)–(8) to a problem in the cylindrical domainΩ × (0, T ). To achieve this
we use a change of variables, which depends onh andω and which is inspired by Inoue et Wakimoto [10]. W
then get equations of the form

∂U

∂t
− ν[LU ] + [MU ] + [NU ] + [GP ] = 0 inΩ × [0, T ], (11)

divU = 0 inΩ × [0, T ], (12)

U(y, t)= 0 on∂O × [0, T ], (13)

U(y, t)=Rθh
′ +ωy⊥ on∂B × [0, T ], (14)

Mh′′(t)= −
∫
σndΓ , t ∈ [0, T ], (15)
∂B



T. Takahashi / C. R. Acad. Sci. Paris, Ser. I 336 (2003) 453–458 457

e
to

t of the

t
and

ce and
Jω′(t)= −
∫
∂B

y⊥ · σndy, t ∈ [0, T ], (16)

U(y,0)=U0 in Ω, (17)

h(0)= 0, h′(0)= h1, ω(0)= ω0. (18)

The unknows of this system areU(y, t), P(y, t), h(t) andω(t). [LU ] is the transform of�u through the chang
of variables,[MU ] is a linear term containingU and∇U , whereas[NU ] is a nonlinear term corresponding
(u · ∇)u in Eq. (1). All the coefficients are regular with respect to the timet so [LU ] is close to�U and[GP ] is
close to∇P for small t . Hence we can solve the previous system by searching the solution as a fixed poin
mapping

N : (W,Q,h,ω) �→ (U,P, h̃, ω̃),

where(U,P, h̃, ω̃) satisfies

∂U

∂t
− ν�U + ∇P = F in Ω × [0, T ], (19)

div U = 0 inΩ × [0, T ], (20)

U(y)= 0, y ∈ ∂O, t ∈ [0, T ], (21)

U(y)= H̃ ′(t)+ ω̃(t)y⊥, y ∈ ∂B, t ∈ [0, T ], (22)

MH̃ ′′(t)= −
∫
∂B

σndΓ + FM, t ∈ [0, T ], (23)

J ω̃′(t)= −
∫
∂B

y⊥ · σndy, t ∈ [0, T ], (24)

U(x,0)= u0(x), x ∈Ω, (25)

H̃ (0)= 0, H̃ ′(0)= h1, ω̃(0)= ω0, (26)

and where

F = ν
[
(L −�)W

] − [MW ] + [
(∇ − G)Q

] + [NW ],
FM =Mω(t)Rθh

′(t),
and

h̃(t)=
t∫

0

R−θ H̃ ′(s)ds.

The above system is studied with the theory of the semi-groups: we can write it in the form

U ′ +AU = F̃ , U(0)=U0,

whereA is am-dissipative operator.
For T0 small enough, we show that there exists a closed ballK (in an appropriate Banach space) such thaN

mapsK into K and such that the restriction ofN to this ball is a contraction. This proves the local existence
uniqueness of strong solution of our problem. The last step is to extend our solution on[0, T ] for T such that the
distance betweenB(t) and∂O is positive for allt ∈ [0, T ]. This is done by using the results of [2].

Remark 3.1.Our method can be applied to the three-dimensional case. We obtain local (in time) existen
global existence if the data are small enough and if the rigid body does not touch the boundary ofO.
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