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Abstract We study the asymptotic behaviour of global bounded solutions of the Cauchy problem for
the semilinear 2mth order parabolic equationut =−(−�)mu+ |u|p in RN ×R+, where
m > 1, p > 1, with bounded integrable initial datau0. We prove that in the supercritical
Fujita rangep > pF = 1 + 2m/N any small global solution with nonnegative initial
mass,

∫
u0dx � 0, exhibits ast→∞ the asymptotic behaviour given by the fundamental

solution of the linear parabolic operator (unlike the casep ∈]1,pF ] where solutions
can blow-up for any arbitrarily small initial data). A discrete spectrum of other possible
asymptotic patterns and the corresponding monotone sequence of critical exponents{pl =
1+ 2m/(l +N), l = 0,1,2, . . .}, wherep0= pF , are discussed.To cite this article: Yu.V.
Egorov et al., C. R. Acad. Sci. Paris, Ser. I 335 (2002) 805–810.
 2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Sur les asymptotiques des solutions globales des équations
paraboliques sémi-linéaires d’ordre supérieur dans le cas surcritique

Résumé On considère le comportement asymptotique des solutions globales bornées du problème
de Cauchy pour l’équation parabolique sémi-linéaire d’ordre 2m ut = −(−�)mu + |u|p
in RN × R+, u(x,0) = u0 ∈ X = L1(RN) ∩ L∞(RN), oùm > 1, p > 1. On vérifie que
dans le cas surcritique de Fujitap > pF = 1+ 2m/N toute petite solution globale avec la
donnée initiale vérifiant

∫
u0dx � 0, montre le comportement asymptotique quandt→∞

défini par la solution fondamentale de l’opérateur linéaire parabolique, à la différence
du casp ∈]1,pF ] quand la solution peut exploser pour la donnée initiale arbitrairement
petite. Le spectre discret des pistes possibles et la suite correspondante des exponents
critiques{pl = 1+ 2m/(l +N), l = 0,1,2, . . .}, oùp0= pF , sont descriptes.Pour citer
cet article : Yu.V. Egorov et al., C. R. Acad. Sci. Paris, Ser. I 335 (2002) 805–810.
 2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS
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Version française abrégée

On considère le comportement asymptotique des solutions globales bornées du problème de Cauchy pour
l’équation parabolique sémi-linéaire d’ordre 2m

ut =−(−�)mu+ |u|p in RN ×R+, u(x,0)= u0 ∈X = L1(RN
) ∩L∞(

RN
)
,

oùm> 1,p > 1. On vérifie que dans le cas surcritique de Fujitap > pF = 1+ 2m/N toute petite solution
globale avec la donnée initiale vérifiant

∫
u0dx � 0, montre le comportement asymptotique quandt→∞

défini par la solution fondamentale de l’opérateur linéaire parabolique, à la différence du casp ∈]1,pF ]
quand la solution peut exploser pour les données initiales arbitrairement petites. Le résultat principal est
suivant :

THÉORÈME 1. –Soitp > pF . Alors pour des données initiales telles que
∫
u0(x) dx � 0 et |u0(x)|�

Be−d |x|α , oùα = 2m/(2m−1) etB > 0 est une constante suffisamment petite, il existe une solution globale
u(x, t) du problème de Cauchy(1) telle que la fonction

v(y, t)= (1+ t)N/2mu
(
y(1+ t)1/2m, t

)
vérifie v(y, t)→ C0f (y) quand t →∞, uniformement dansRN , où la constanteC0 > 0 dépend des
données initiales.

1. Introduction and main results

We study the asymptotic behaviour of global solutions of higher-order semilinear evolution equations of
parabolic type. Our basic example is the Cauchy problem for the semilinear 2mth order (m> 1) parabolic
equation

ut =−(−�)mu+ |u|p in RN ×R+, u(x,0)= u0 ∈X = L1(RN
) ∩L∞(

RN
)
, (1)

which is a natural generalization of the classical semilinear heat equation (m= 1) from combustion theory.
Higher-order semilinear and quasilinear parabolic equations occur in applications in thin film theory,
nonlinear diffusion, lubrication theory, flame and wave propagation (the Kuramoto–Sivashinsky equation
and the extended Fisher–Kolmogorov equation), phase transition at critical Lifschitz points and bi-stable
systems; see a number of models and a list of references in the book [11].

It is known thatp = pF = 1+ 2m/N is thecritical Fujita exponentfor this problem in the following
sense:

(i) if p ∈]1,pF ], then any solutionu(x, t) ≡ 0 with∫
RN

u0(x) dx � 0, (2)

blows up in finite time [2] (i.e., there exist arbitrarily small initial datau0 ∈X leading to blow-up),
(ii) for p > pF , solutions are global for any sufficiently small initial data; see [1] and [5].
These blow-up and global existence results are classical for the second-order semilinear heat equation

with m= 1 established by H. Fujita in the 1960s. Later, using the order-preserving properties of parabolic
flows, they were extended to a wide class of quasilinear equations with different types of nonlinear reaction-
diffusion operators; see a list of references in Chapter 4 in [12].

In this paper we study the asymptotic behaviour of global solutions in the supercritical range in the
case of higher-order diffusion operators, where the semigroup is not order-preserving. Letb(x, t) be the
fundamental solution satisfyingbt =−(−�)mb in RN ×R+ with the initial functionb(x,0)= δ(x) in RN ,
δ being Dirac’s delta function. By the scaling invariance of the problem and uniqueness of the fundamental
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solution, it has the self-similar structure

b(x, t)= t−N/2mf (y), y = x/t1/2m.

Substitutingb(x, t) into the heat equation, one obtains the radially symmetric profilef as a unique solution
of a linear ordinary differential equation (ODE) which is the radial restriction of the elliptic equation

Bf ≡−(−�y)
mf + 1

2m
∇yf · y + N

2m
f = 0 in RN,

∫
RN

f (y) dy = 1. (4)

The rescaled kernelf satisfies a pointwise estimate [3]∣∣f (y)∣∣ � De−d |y|α > 0 in RN,

whereα = 2m/(2m− 1) ∈ (1,2) andD, d are positive constants depending onm, N .

THEOREM 1. –Letp > pF . Then for initial data satisfying(2) from the class

XB =
{
u0 ∈X:

∣∣u0(x)
∣∣ � Be−d |x|α in RN

}
, (5)

whereB > 0 is a sufficiently small constant, there exists a global solutionu(x, t) of the Cauchy problem
(1) such that the rescaled function satisfies

v(y, t)= (1+ t)N/2mu
(
y(1+ t)1/2m, t

)→ C0f (y) ast→∞ (6)

uniformly inRN , where constantC0 > 0 depends on initial data.

Such results are well known for the casem = 1 established first in [7] and [8], where the convergence
to the rescaled Gaussian kernelf (y) = (4π)−N/2e−|y|2/4 was proved for nonnegative solutions of the
semilinear heat equationut =�u− up with p > 1+ 2/N ; see also Section 3 in [4], where the stability of
other self-similar profilesf /∈ L1(RN) was studied. A similar result is known for the quasilinear parabolic
equations likeut = ∇ · (uσ∇u)± up with σ > 0 in the supercritical rangep > σ + 1+ 2/N ; see p. 236
in [12].

2. Discrete real spectrum of a non-self-adjoint operator

For any integerm > 1, the linear operatorB is not symmetric. We calculate its spectrumσ(B) in the
weighted spaceL2

ρ(R
N) with the exponential weightρ(y)= ea|y|α > 0 wherea < 2d is a sufficiently small

positive constant. We next introduce a Hilbert space of functionsH 2m
ρ (RN) with the inner product and the

norm

〈v,w〉ρ =
∫

RN

ρ(y)

2m∑
k=0

Dkv(y)Dkw(y) dy and ‖v‖2ρ =
∫

RN

ρ(y)

2m∑
k=0

∣∣Dkv(y)
∣∣2dy,

whereDkv denotes the vector{Dβv, |β| = k}, so thatH 2m
ρ (RN)⊂ L2

ρ(R
N)⊂ L2(RN).

PROPOSITION 1. –B is a bounded linear operator fromH 2m
ρ (RN) to L2

ρ(R
N).

Let u(x, t) be the solution of the Cauchy problem for the heat equation with initial datau0 ∈ L2
ρ(R

N)

given by the convolution

u(x, t)= b(t) ∗ u0≡ t−N/2m
∫

RN

f
(
(x − z)t−1/2m)

u0(z) dz.

Introducing the rescaled variablesu(x, t) = t−N/2mw(y, τ ), y = x/t1/2m, τ = ln t : R+ → R and per-
forming Taylor expansion in the termf (y−ze−τ/2m) of the convolution operator, we arrive at the following
expansion of the solution:

w(y, τ )=
∑
(β)

e−|β|τ/2mMβ(u0)ψβ(y),
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whereλβ =−|β|/2m andψβ(y) given below are the eigenvalues and eigenfunctions ofB and

Mβ(u0)=
∫

RN

z
β1
1 · · ·zβNN u0(z) dz.

LEMMA 1. – (i) The spectrum ofB consists of real eigenvalues onlyσ(B) = {λβ = −|β|/2m, |β| =
0,1,2, . . .}. Eigenvaluesλβ have finite multiplicity with eigenfunctions

ψβ(y)= (−1)|β|

β! Dβf (y)≡ (−1)|β|

β!
(

∂

∂y1

)β1

· · ·
(

∂

∂yN

)βN

f (y).

(ii) The set of eigenfunctions{ψβ} is complete inL2(RN) and inL2
ρ(R

N).

DenoteB̃ = B − I and consider the problem̃Bw = g, whereg = ρ−1/2g̃ and g̃ ∈ L2(RN). Using the
descent method [3], we arrive at the following integral operator:(

B̃−1g̃
)
(y)≡

∫
RN

K(y, ζ )g̃(ζ ) dζ with the kernel

K(y, ζ )=−e− a
2 |ζ |α

∫ 1

0
(1− z)−N/2mf

[(
y − ζ z1/2m)

(1− z)−1/2m]
dz.

The following estimates establish thatB̃−1 is a compact operator with a discrete spectrum accumulating
at 0. The proof is based on Eidelman’s estimate, see Lemma 5.1 in [3].

PROPOSITION 2. –There holds

K ∈ L2(RN ×RN
)
, N < 2m; K ∈Lq

(
RN ×RN

)
, N � 2m with aq ∈ (1,pF ).

3. Spectrum and polynomial eigenfunctions of the adjoint operator

We now describe the spectrum and the eigenfunctions of the adjoint operator

B∗ = −(−�)m − 1

2m
y · ∇.

We considerB∗ in the weighted spaceL2
ρ∗(R

N) with the exponentially decaying weight functionρ∗(y)≡
1/ρ(y) = e−a|y|α > 0, and ascribe toB∗ the domainH 2m

ρ∗ (R
N) dense inL2

ρ∗(R
N). We show that

B∗ :H 2m
ρ∗ (R

N)→ L2
ρ∗(R

N) is a bounded linear operator and〈Bv,w〉 = 〈v,B∗w〉 for any v ∈ H 2m
ρ (RN)

andw ∈H 2m
ρ∗ (R

N).

LEMMA 2. – (i) σ(B∗)= σ(B) and eigenfunctions{ψ∗β(y)} are polynomials of order|β|,

ψ∗β(y)= yβ +
[|β|/2m]∑
j=1

1

j ! (−�)mjyβ.

(ii) The subset{ψ∗β } is complete inL2
ρ∗(R

N).

Let l2ρ be a Hilbert space of functionsv =∑
aβψβ with expansion coefficients satisfying∑
|aβ |2 <∞, (7)

and the scalar product and the induced norm

(v,w)0=
∑

aβcβ, w =
∑

cβψβ ∈ l2ρ, and‖v‖20= (v, v)0. (8)

Then l2ρ is a subspace ofL2
ρ(R

N). It is not difficult to see that the operatorB (being closed and densely

defined) is a sectorial operator inl2ρ .
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For the adjoint operatorB∗ we define a Hilbert spacel2∗ρ∗ of functionsv∗ =∑
aβψ

∗
β ∈ L2

ρ∗(R
N) with

coefficients satisfying (7) and the inner product similar to (8). We show thatB∗ is sectorial inl2∗ρ∗ .

4. Invariant region in the supercritical case

We return to the problem (1) in the supercritical rangep > pF . We take initial data from (5), whered > 0
is as defined in (5) andB > 0 is a constant to be specified. We introduce a solution subset

YA =
{
u:

∣∣u(x, t)∣∣ �A(1+ t)−N/2m exp
{−k|x|α/(1+ t)α/2m}

in RN ×R+
}
,

whereA> 0 is a constant depending onB andk = d/p.

THEOREM 2. –Let p > pF . Then for any sufficiently smallB > 0, there exists anA > 0 such that the
solution of(1) satisfiesu0 ∈XB �⇒ u(x, t) ∈ YA for anyt > 0.

5. Perturbed dynamical system: proof of Theorem 1

The rescaled solution (6) satisfies the following semilinear parabolic equation:

vτ =C(v, τ )≡ Bv + e−γ τ |v|p in RN ×R+. (9)

The parameterγ = (p − 1) N
2m − 1 ≡ N

2m(p − pF ) is positive forp > pF . The initial function is the
same,v0(y) ≡ u0(y) in RN . We see that after rescaling the nonlinear term|u|p in (1) forms a small
perturbation in (9) with the exponential decay ratee−γ τ → 0 asτ →∞ on bounded orbits. It follows
from Theorem 2 that|v(y, τ )| � 6A(y) ≡ Ae−k|y|α for any v0 ∈ XB . We consider the dynamical system
(9) as an asymptotically small perturbation of theautonomousdynamical system

vτ = Bv for τ > 0, (10)

and will apply the stability result from [6], Theorem 3 in Section 3. LetL be the set of solutions
v ∈ C([0,∞[ , Y )∩ YA of (5) with initial datav0 ∈X satisfying (2). We then need to check the following
three hypotheses under which we can compare theω-limit sets of two dynamical systems (9) and (10).

(H1) Compactness of the orbits.
(H2) Convergence.We check thatC is a small perturbation ofB in the following sense: given a solution

v ∈ L, if for a sequence{τj }→∞ the bounded sequence{v(τj + s)} converges inL∞loc([0,∞) : Y )
asj→∞ to a functionv(s) thenv is anY -valued solution of (9) (in the classL).

(H3) Uniform stability for the unperturbed equation.It means for for everyε > 0 there exists a
δ = δ(ε) > 0 such that for any solutionv(τ ) of (10) inL,

d(v0,:∗)� δ �⇒ d
(
v(τ ),:∗

)
� ε for everyτ > 0.

Here:∗ is the reducedω-limit set of (10) which is the closure of the set of all possibleω-limits for initial
data fromXB , so that:∗ ⊆ {cf (y), 0 � c � C1}, whereC1 > 0 is a constant.

PROPOSITION 3. –There exists a constantc∗ = c∗(m,N) > 1 for m> 1 such that, given two initial data
v10, v20∈X, theL1-norms of the solutions of(10) satisfy‖v1(τ )− v2(τ )‖1 � c∗‖v10− v20‖1 for τ > 0.

PROPOSITION 4. –For any orbit inL, ω(v0)⊆:∗.
As the last step, we establish thatω(v0) consists of a unique nontrivial profile.

PROPOSITION 5. –For any orbit inL, there exists a constantC0 > 0 such thatω(v0)= {C0f }.
6. Spectra of asymptotic patterns and critical exponents

We now consider arbitrary initial datau0 ∈XB which are not supposed to satisfy (5). Then there exists a
global solution which is sufficiently small in the sense thatu(x, t) ∈ YA. Since

d

dτ

∫
v(y, τ ) dy = e−γ t

∫ ∣∣v(y, τ )∣∣p dy > 0,
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there exists a finite limτ→∞
∫
v(y, τ ) dy = C0. If C0 = 0, thena0(τ )→ C0 andv(τ )→C0f asτ→∞.

Let nowa0(τ )→ 0 and
∫
v(y, τ ) dy→ 0 asτ →∞. Obviously, such patterns can be generated by the

eigenfunctions of the linear operatorB.

PROPOSITION 6. – If Eq. (9) admits a solution with the linearized behaviour

v(y, τ )= Ce−lτ/2m[
ϕl(y)+ o(1)

]
asτ→∞ uniformly,

wherel � 0 is an integer,Bϕl =−(l/2m)ϕl , andC = 0, thenp > pl = 1+ 2m/(l +N).

In order to get asymptotic patterns in critical casesp = pl , we perform the rescalingu(x, t) =
(1+ t)−(l+N)/2mv(y, τ ), y = x/(1+ t)1/2m andτ = ln(1+ t). The rescaled solutionv(y, τ ) satisfies the
perturbed equationvτ = (B+ l

2mI)v+e−γlτ |v|p, with the exponentγl = (p−1)(l +N)/2m−1. If p = pl ,
thenγl = 0 and we obtain the autonomous equation

vτ =
(

B+ l

2m
I

)
v + |v|p.

Consider the behaviour close to the centre subspace ofB+ l
2mI assuming that inH 2m

ρ (RN)

v(τ )= al(τ )
[
ϕl + o(1)

]
asτ →∞,

whereϕl ∈ {ψβ }. Then by standard eigenfunction expansionȧl = |al|pl [cl + o(1)] for τ  1, where
cl = 〈|ϕl |pl , ϕ∗l 〉. Let, without loss of generality,cl > 0. Thenȧl � 0 and stable behaviour corresponds
to negative expansion coefficients satisfyingal(τ )=−[(pl − 1)clτ ]−1/(pl−1)(1+ o(1)) asτ →∞. In the
original variables this gives the behaviour with an extra logarithmic factor

u(x, t)=−Cl(t ln t)−(l+N)/2m[
ϕl

(
x/t1/2m)+ o(1)

]
ast→∞,

where the constantCl > 0 does not depend on initial data,Cl = [2mcl/(l +N)]−(l+N)/2m.
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