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Abstract We consider the linearized elasticity system in a multidomain of R3. This multidomain
is the union of a horizontal plate with fixed cross section and small thickness ¢, and of a
vertical beam with fixed height and small cross section of radius »¢. The lateral boundary
of the plate and the top of the beam are assumed to be clamped. When ¢ and ¢ tend to zero
simultaneously, with ¢ > 2, we identify the limit problem. This limit problem involves
six junction conditions. To cite this article: A. Gaudiello et al., C. R. Acad. Sci. Paris,
Ser. | 335 (2002) 717-722.
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Sur lajonction des plaques et des poutres dastiques

Résumé On considére le systéme linéarisé de I’ éasticité, dans un multidomaine de R3 constitué
d’une plaque horizontale de section fixée et de faible épaisseur ¢ et d’une poutre verticale
de hauteur fixée et de petite section dont le rayon est 4. Lafrontiére latérale de la plague
et le haut de la poutre sont supposés encastrés. Nous identifions |e probléme limite quand e
et ¢ tendent Simultanément vers zéro, avec r€ > 2. Ce probléme limite fait intervenir six
conditions de jonction. Pour citer cet article: A. Gaudiello et al., C. R. Acad. Sci. Paris,
Ser. | 335 (2002) 717-722.
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Version francaise abrégée

Soient w® et w? des domaines bornésréguliersde R?, avec 0 € w”. Soit & un petit paramétre, prenant une
suite de valeurs strictement positives, convergeant vers zé&ro, et soit ¢ >> ¢2 un autre paramétre, tendant
vers zéro avec . Nous considérons le multidomaine mince ¢ = Q% U J& U Q¢ ol Q% = rfw? x (0, 1)
modélise une poutre verticale de hauteur donnée et de petite section, Q2%* = w? x (—&, 0) modélise une
plaque horizontale de faible épaisseur et de section donnée, et J¢ = rfw® x {0} représente la jonction a
I'interface entre la poutre et la plaque.

Dans ce multidomaine mince nous considérons la solution U du systéme linéarisé de I’ dasticité
tridimensionnelle:

U’ eY etVU e Y*, / [A%e(U"), e(U)] dX =/ (G, e(U)] dX,
& QS
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ou

o Ye={UecHYQ))3, U=0surT¢ =rf® x {1} et sur ¢ = do’ x (—¢, 0)};

o A = A%(X) = A% (S X € Q%), ou kAP (S X € QP?), avec k® strictement positif, A? et A” des

tenseurs 3 x 3 x 3 x 3, acoefficients constants, symétriqu&set coercifsau sens usuel ;

o ¢(U) et le gradient symétrisé, de composantese;; (U) = 3 (4o ‘w’ + e )

e Gfe (LZ(Qs))3x3_

Lacontrainte« U = 0» dansladéfinition de Y¢ signifie que lamultistructure est encastrée sur le haut 7¢
delapoutre et sur le bord latéral X¢ delaplaque. Le casou k¢ tend vers zéro ou I’ infini correspond a des
matériaux trés différents dans Q¢ et 2°¢. Notre proposest d' étudier le comportement asymptotiquede U,
lorsque ¢ tend vers zéro. Nous montrons que celui-ci dépend de lalimite de la suite
&€ 83

(re)?’
Lorsquek?e® et (r¢)? sont du méme ordre de grandeur, le problémelimite (aprés une renormalisation conve-
nable) est un probléme coupl é entre une plaque bidimensionnelle et une poutre unidimensionnelle, avec six
conditions de jonction. Si k%£3 > (r£)2, la multistructure se comporte comme une plague mince rigide et
une poutre mince éastique indépendantes, la poutre étant encastrée a ses deux extrémités; au contraire, s
kfe® < (r%)?, le comportement de la structure est celui d’une poutre mince rigide et d’ une plague mince
élastique indépendantes, la plaque étant encastrée sur son contour et fixée verticalement alajonction.

q° =k

1. Theproblem in thethin multidomain

Let »* and o’ (a for ‘above’, b for ‘below’) be two bounded regular domains in R? such that
[ axidxrdxo= [ ,xodrsdrz= [ , x1x2dxpdxo =0and 0 € ”. Let & be aparameter taking valuesin a
sequence of positive numbers converging to zero, and let r¢ be another positive parameter tending to zero
with . We introduce the thin multidomain ¢ = Q4 U J& U Qb where Q4 =rfw? x (0,1) representsa
vertical beam with fixed height and small cross section, 22¢ = w” x (—e¢, 0) represents a horizontal plate
with small thickness and fixed cross section, and J¢ = réw® x {0} represents the interface at the junction
between the beam and the plate.

In this thin multidomain we consider the solution U® of the three-dimensional linearized elasticity sys-
tem:

U’ eY®andVU e Y*, / [A%e(T°),e(U)] dX = / [G®,e(U)] dX, D
& QS
where
o Ye={U e HY Q)3 U=00nT¢=r°w" x {1} andon =¢ = du? x (—¢, 0)};
e ae A, if X e Qo
¢ A=AX)= {kgAb, if X e Qb

with k¢ a positive parameter depending on e and A%, A tensors with constant coefficients Al and Af’j Kl
i,j, k,1e€{l,2, 3}, saisfying the usual symmetry and coercivity conditions:

Al = A = Ak A=Al = Al

3c>0, Ve eRYC, [A%, €] >clgl?, [A%g&] > cll?,

where R3*3 denotes the set of symmetric 3 x 3-matrices, (A“€);j = >_;; A%, € (€.9.), the scalar product
isdefined by [, &1=>_,; ni;&;; and | - | is the associated norm;

o ¢ij(U)= 2(aX’ + aU!)
e Gfe (LZ(QE))3X3' Gt # O,
without loss of generality, we may assume that

|2 £ o2
HG ||(|_2(Qas))3><3 + WHG ‘|(|_2(th))3><3 = 1 (2)
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Theconstraint ‘U = 0’ in the definition of Y¢ meansthat the multistructureis clamped on thetop 7°¢ of
the beam and on the lateral boundary ¢ of the plate. The case k¢ tending to zero or infinity corresponds
to very different materialsin Q% and ?¢. (Note that breaking the symmetry between ©¢¢ and ©%¢ is not
restrictive.) In the right-hand side of (1), theforcesare written in divergenceform, asin [19] and [20]. More
classical volume and surface forces can also be considered.

Problem (1) admits a unique solution U® (see, e.g., [21]). The aim of this Note is to describe the limit
behaviour of U*, as ¢ tendsto zero.

2. Therescaled problem

Inthe sequel, theindexesa and B take valuesin the set {1, 2}. Moreover, x = (x’, x3) denotesthe generic
pointin R3.

Let Q% = 0% x (0,1), Q¥ =’ x (=1,0), T = w® x {1} and ¥ = dw? x (-1, 0). The asymptotic
behaviour of U can be described by using convenient rescalings. On the first hand, we define:

g% (x) =r°G*(r‘x’, x3) forx eQ?, ¢ (x) = g—ng(x/, ex3) forx e QL. 3)
On the other hand, for any U € Y*#, we define the rescaled functiron u = s, ub) by:
ul (x) = (r*)? Uy (r*x’, x3),  ul(x) =rUs(r’x’,x3) forx e Q,
ub(x) = gUa(x’, ex3), u3(x)=rfUs(x’, ex3) forxeQ’.
The above rescaling maps the space Y¢ onto the space )¢ defined by:
Vo= {u=(u u’) e (H(29))% x (H(2"))%, u*=00nT, u’=0on %,
forae x' € w®, ul(x’,0) =erful(r*x’, 0), u$(x’,0) = u(r‘x’, 0)}.

In particular, we denote by #® = (¢, w%®) the rescaling of the solution U* of problem (1). We set
1

et (ua) — (#eaﬂ(ua) r_geaS(ua)) ebs (Ltb) — < eaﬁ(ub) %ea3(’4b) > )
Fesa ) em®) ) tea, ()  Hex(ub)
Then#* isthe unique solution of the following problem:

7 € andVu € . /[A“e“‘g(ﬁ“"f),e“‘g(u“)}dx—i—qg/ (AP & (), & (u?)]
Qb

Qll
= [ leer ) der [ [ )]
a Q
where g¢ is defined by s
&
& __ 1,€
q° =k S 4

3. The setting of the limit problem

For the definition of the limit problem, in a way similar to [19] and [20], we introduce the functional
Spaces:

U = {u e (HE(o, 1))2 x HY(Q9), 3¢ e HY(0,1), ¢*(1) =0, u§=¢" — x1% — xzduz }
Yo = {va € (HY(2)) x L2(0, 1; HY(w)). 3c € H5(0, 1.

v] = —cx2, v5 =cx1, forae xz€(0,1), v§(x’, x3) dx' = 0},

®
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WA = {w“ e (L(0, 1, HY())* x {0}, forae. x3€ (0,1), [ wf dx’:/ (x1w4 —xzw‘{)dx’:0},

w?

b
= {ul e (HH(@))? x HE(a). 32 € HE(o?). = g8 —vags .

0
Vb= {vb € (L?(w”; HY(=1,0)))* x {0}, forae x' €, / v (x', x3) drg = o},
-1

0
wh = {wh € ({O})2 X Lz(wb; HY(-1, 0)), foraex'e o?, / w(x', x3) dxg = O},

ZO=Ux VI x W, 2P =UP x VP x WP,

Without loss of generality, we assume that ¢° defined by (4) satisfies

q° — q €0, 00]. (5)

According to the value of ¢, the functional space for the limit problem is the following one:

Z={z=(z" zh) = ((u®,v", w), (uh, P, wb)) €29 x 2" forae x' €, u(x’,0) = ug(O)},

if ¢ € (0, +00),

Zoo = {z” = (u“, Ve, w“) € 2%, forae x' e, u§(x',0)= 0}, if g =400,

Zo={z"= (u’.v", w’) e 2, u3(0) =0}, ifg=0.

In contrast with the other requirements, the six conditions ug, (0) = 3“72(0) =c(0) =0, u(x’, 0) = u5(0)

(respectively u§(x’,0) =0 or ug(o> = 0), which appear in the definition of the above spaces t/4, V* and
Z (respectively Z, or Zp), are specific to the junction between the beam and the plate. Note also that,
in view of the definition of ¢/, the condition u§(x’, 0) = ug(O) (respectively u$(x’, 0) = 0) reduces to

£(0) = u3(0) (respectively ¢*(0) = 0).
We finally introduce, for z¢ = (u®, v, w®) in 2% and z% = (u?, v, w?) in 2°:

ea(za):<ea,s(w“> eas(v“)>7 eh(zh):<eaﬁ<ub> easwb))_

3. (V") e33(u) 3. (V) eaa(w”)
4. Themain result
Let g%, g¥¢ be defined by (3). In the sequel, we assume that
g% — g weaklyin (L2(2%))*®, (6)
g — g’ weaklyin (L2(2))%% @

Let usremark that convergences(6) and (7) are always satisfied by extracting a subsequence, since from (2)
it results that

2 2
Hgag H(LZ(Q“))3><3 + Hgbg H(LZ(Qb))SXS =1
Our main result is the following one:

THEOREM 1. —Assumethat r¢ /2 — +o0 and that (5), (6) and (7) hold true. Then:
(1) 1f g € (0, +00), thereexists 7 = (z%, z°) = (@, v*, w"), (”, v*, w®)) € Z, such that

(@, @) — (@, w) weaklyin (H'(2)% x (H'(2"))°,
(¢ (). & (")) — (€'(z*). @' (")) weaklyin (L2(2))*7 x (L3(2")% ®)

and 7 is the unique solution of the following problem:
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Te ZandV: e 2. [Aaea(za),ea(za)}dx+q/
Q4 Q

:/Qa [g“,e“(z“)]dx—i—/gb (g7, € (z")] dx.

Moreover, if the convergencesin (6), (7) are strong, then (g%, g?) # (0, 0) and the convergencein (8)
is strong.
(2) If g =+o00, thereexistsz* = (u%, v*, w*) € Z, such that

(A (@) ()] dr

7~ weaklyin (H(2%)°, @ —0 sronglyin (H1(2%)),
& (%) — & (z%) weaklyin (L2(24))>®%, & (@*) -0 stronglyin (L2(2%))¥°,
and z“ is the unique solution of the following problem:
7% € Zoo and V7% € 2, / [A%e"(z%),€'(z%)] dx = /a (g%, € (2%)] du.

a

Moreover, if the convergencein (6) is strong, then

& (@) — ¢ (z%)  stronglyin (L2(Q4))>°, /g7 e (@) — 0 stronglyin (L2(Q%))>.
(3) If g =0, thereexists 77 = (@”, v, ") € 2o, such that

g°u* — 0 sronglyin (HY(Q9))°,  ¢w** —u® weaklyin (H1(2"))°,

q° & (@) -0 stronglyin (L2(@4))¥°,  ¢f e (@) —~ €(z") weakyin (L3(Q"))*®,

and z” is the unique sol ution of the following problem:

2 ¢ Zoand vz € 2o, /Q (AP (). & ()] dr = /g2 6. & ()] d.
Moreover, if the convergencein (7) is strong, then
Varec @) — 0 sronglyin (L2(@4)¥°, ¢t (@) > & (z") sronglyin (L2(2"))%%
One can prove that the functions 7¢ and w* (resp. v and w”) which appear in the limit problem are the

limits of suitable expressions of 7% (resp. u?¢).

5. Back to the problem in the thin multidomain

Asfar asthe asymptotic behaviour of the ‘energy’ of the solution of problem (1) in the thin multidomain
is concerned, we define:

£ = /g2 (4% e(T"). e(T")] dx = /

and from Theorem 1 we deduce the following corollary:

a

(A (7)., &% ()] dx + ¢° / AP (@), & ()] dx,

Q

COROLLARY 1.—Assumethat r¢/e2 — +oo and that (5) holdstrue.
(1) If g € (0, +00) and the convergencesin (6), (7) are strong, then
gug:/ [Aver (27, e (29)] dx+q/b[Abe”(Zb),eb(Zb)] d.
Q

Q{l
(2) If g =400 and the convergencein (6) is strong, then
£ Er= / [Ave (z0), & (z¢)] d.
Qa
(3) If ¢ = 0 and the convergencein (7) is strong, then

¢°E* —>50=/Qh (A (), & (2)] .
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The reader is referred to [1-3,5,6,8,9,16-20,22,23], for the asymptotic behaviour of plates and beams.
Junction problems are considered in [4,7,10,11,13-15]. The present work is a natural follow up of [19,20],
which deal with reduction of dimension for elastic thin cylinders, and [10,11], which deal with the diffusion
equation in the thin multistructure considered in this Note.

The detailed proofs of the results of the present Note will be given in aforthcoming paper [12].
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