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Abstract We study a class of local systems on the complement of a germ of irreducible plane curve.
We exhibit local systems which by [8] give rise to regular holonomicD-modules with
characteristic variety the union of the zero section with the conormal of the curve.To cite
this article: P.C. Silva, C. R. Acad. Sci. Paris, Ser. I 335 (2002) 421–426.
 2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Sur une classe de systèmes locaux associés aux courbes planes

Résumé On étudie une classe de systèmes locaux sur le complément d’un germe de courbe
irréductible plane. On présente des systèmes locaux qui par [8] correspondent à desD-
modules holonomes réguliers dont la variété caractéristique est l’union de la section nulle
avec le conormal de la courbe.Pour citer cet article : P.C. Silva, C. R. Acad. Sci. Paris,
Ser. I 335 (2002) 421–426.
 2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Version française abrégée

Soit D un disque centré à l’origine deC de rayon suffisamment petit. Soit(Y, 0), Y ⊂ X = D × C, un
germe de courbe irréductible plane, de cône tangenty = 0. Soienta ∈ D \ {0} et b ∈ C tel que|b| 	 1.
On définit La = {a} × C. On définit � = La ∩ Y . Soit (g(ω)), ω ∈ �, un système de générateurs de
π1(La \ Y, (a, b)) tels que chaqueg(ω) est librement homotope à un petit lacet positif encerclantω.
SoientL un système local surX \Y , V sa fibre en(a, b) etρ : π1(X \Y, (a, b)) → GL(V ) la représentation
correspondante. On poseV g = ker(ρ(g) − 1V ) pour tousg. D’après [8], on dit queL (ou ρ) est
hypergéométrique (HG) si les conditions équivalentes (i), (ii) et (iii) sont vérifiées. La codimension de
V g(ω) dansV est appelléela multiplicité de L (le long de Y ). Si codimV V g(ω) = 1, ρ(g(ω)) est une
pseudo-réflexion et le det(ρ(g(ω))) est désignéla valeur propre spéciale de L.

Supposons queY = {yn = xm}, m > n. Soienta0, a1 ∈ π1(La \ �, (a, b)) convenables, tels quea0 est
librement homotope à un lacet positif autour de l’enveloppe convexe de� et a1 est librement homotope à
un petit lacet positif autour deω ∈ �. Le groupe fondamentalπ1(X \Y, (a, b)) admet la présentation (1), où
α, β ∈ Z tels queαm = βn+1. Étant donnésλ ∈ C∗ etE un ensemble de racinesm-ièmes de l’unité, avecn
éléments et produit 1, on définitA, C ∈ GL(n) par (2) et

∑n
i=0 ziξ

n−i parλ
∏

ε∈E(ξ − (−1)β(n+1)λβεβ).
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THÉORÈME 1. – La correspondance que associe aux λ et E comme ci-dessus les représentations
linéaires ρλ,E : G → GL(n), ρλ,E(a0) = −zn(AC−1)n, ρλ,E(a1) = A, met en bijection les paires (λ, E) et
les classes d’isomorphisme de représentations HG de multiplicité un.

Supposons queY a pour paires de Puiseux(m̃i, ni)i=1,...,p , m̃1 > n1. Pourk, l ∈ Z, 0 � l � k � p,
on définitνl,k = nl+1 · · ·nk . La courbeY admet un développement de Puiseuxy = ∑

j�m̃1ν1,p
aj xj/ν0,p ,

par exemple (3). SoientYk , k = 0, . . . , p, les courbes définits par les troncationsy = ∑m̃kνk,p

j=m̃1ν1,p
aj xj/ν0,p .

On définit m̃0 = 1. On choisitε suffisamment petit et on définitYk,ε, k = 0, . . . , p, par (4). L’inclusion
X \ Yk,ε ⊂ X \ Yk est une équivalence d’homotopie. De plus,Yk,ε ⊂ Yk−1,ε.

Soit ω1 ∈ � fixé. Pouri = 0, . . . , p, soit �i l’ensemble des points de� qui appartient à la composante
connexe deLa ∩ Yi,ε contenantω1. Soit ≺ une relation d’ordre total sur� telle queω ≺ ω′ si ω ∈ �i

et ω′ ∈ � \ �i . Soientω1 ≺ · · · ≺ ων0,p
les éléments de�. Soit g(ω) ∈ π1(La \ Yp,ε, (a, b)), ω ∈ �,

representé par un lacet librement homotope, dansLa \ Yp,ε, à un petit lacet positif autour deω. On définit
ai = g(ω1) · · ·g(ωνi,p ), i = 0, . . . , p. Supposons queai est representé par un lacet librement homotope,
dansLa \ Yi,ε , à un lacet positif autour de�i . Soitb−1 = 1. Pouri = 1, . . . , p, on définitbi−1 = b

ni

i−2a
mi

i−1

et ci = b
αi

i−2a
βi

i−1ai , où αi, βi ∈ Z vérifient αimi = βini + 1. D’après [10], p. 460, on peut supposer que
π1(X \ Yk,ε, (a, b)) admet la présentation (5). De plus, le morphisme évidentGk−1 → Gk est injectif.

On définitap+1 = 1 et�p+1 = ∅. SoitL un système local surX \ Yp,ε de rangµν0,p et multiplicitéµ

et soit ρ : Gp → Aut(V ) la représentation correspondante, oùV = L(a,b). Supposons queV a0 = (0).

Alors L est HG. De plus, on obtient des filtrationsp-opposées surV , F · et F ·, telles queF i = V a−1
i

a0

et F p+1−i = V ai pouri = 0, . . . , p + 1. En particulierρ est déterminée par le triple(ρ(a0), F ·, F ·).
On s’intéresse au problème inverse. Soitµ un entier positif. SoitV un espace vectoriel complexe de

dimensionµν0,p. On considère un triple(A, F ·, F ·) tel queA ∈ Aut(V ) et F ·, F · sont des filtrations
p-opposées surV vérifiant dimF i = µνi,p pour i = 0, . . . , p et dimF p+i = 0, dimF −i = µν0,p pour
i � 1. On définit Ai ∈ Aut(V ), i = 0, . . . , p, par Ai |F i = A|F i et Ai |F p+1−i = 1F p+1−i . Pour j � i,
Aj(F p+1−i ) ⊂ F p+1−i . Soient iAj ∈ Aut(F i) les morphismes induits. On définitB−1 = 1V , Bi−1 =
B

ni

i−2A
mi

i−1 et Ci = B
αi

i−2A
βi

i−1Ai , i = 1, . . . , p.

LEMME 2. – Supposons que iAi − 1F i est inversible pour tous i . Si les images de [Bi−1, Ai] et
B

αi

i−1 − C
ni

i sont contenues dans F p+2−i , i = 1, . . . , p, il y a une représentation de multiplicité µ,
ρ : Gp → Aut(V ), telle que ρ(ai) = Ai pour i = 0, . . . , p.

Les représentations données par le Lemme 2 seront appeléesnon résonantes (NR). Par (ii), les
correspondants systèmes locaux NR surX \ Yp,ε sont HG.

Soit Fλ(Y0,ε) la classe des systèmes locaux NR surX \ Y0,ε de rang un et monodromieλ �= 1. Soient
Fλ(Yk,ε), k = 1, . . . , p, les classes des systèmes locaux NRL sur X \ Yk,ε de multiplicité un et valeur
propre spécialeλ �= 1, tels queL|X\Yk−1,ε

= ⊕nk−1
i=0 Li , oùLi ∈Fλi (Yk−1,ε) pour quelqueλi .

THÉORÈME 3. – Étant donnés des systèmes locaux Li ∈ Fλi (Yk−1,ε), i = 0, . . . , nk − 1,
⊕

i Li admet
une extension L ∈ Fλ(Yk,ε) si et seulement si λi = (−1)nk+1λεi , où λ �= 1 et les εi constituent un ensemble
de racines m̃k-ièmes de l’unité avec nk éléments et produit un.

COROLLAIRE 4. – Soit X un ouvert connexe et simplement connexe de C2. Soit (Y, q), q ∈ X, un
germe de courbe irréductible plane. Alors il y a un germe de D-module holonome régulier de variété
caractéristique T ∗

Y X ∪ T ∗
XX.

Dans le cas oùY est un cusp on peut trouver dans [9], Théorème 7, la classification desD-modules
holonomes réguliersM, de variété caractéristiqueT ∗

Y X ∪ T ∗
XX et multiplicité un le long deT ∗

Y X, tels que
DR(M)|X\Y soit un système local hypergéométrique.
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Let D be a small disc centered at the origin. Let(Y, 0), Y ⊂ X = D × C, be a germ of irreducible
plane curve with tangent coney = 0. Takea ∈ D \ {0} and b ∈ C s.t. |b| 	 1. SetLa = {a} × C. Set
� = La ∩ Y . Let (g(ω)), ω ∈ �, be a system of generators ofπ1(La \ Y, (a, b)) s.t. eachg(ω) is freely
homotopic to a small positive loop aroundω. Let L be a local system onX \ Y . Set V = L(a,b). Let
ρ : π1(X \ Y, (a, b)) → GL(V ) be the monodromy ofL. SetV g = ker(ρ(g) − 1V ) for all g. Following
Neto, [8], we callL (or ρ) hypergeometric (HG) if the following equivalent conditions hold:
(i) There is a (unique) decompositionV = ⊕

ω∈� Uω s.t.V g(ω) = ⊕
σ �=ω Uσ ,

(ii) dim V = ∑
ω∈� codimV V g(ω) and

⋂
ω∈� V g(ω) = (0),

(iii) H ∗(La, j∗(L|La\Y )) = 0, wherej : La \ Y ↪→ La is the inclusion map.
These representations arise in several different situations (cf. [1,2,5]).

By (ii) we can replace the system(g(ω)) by a system of generators ofπ1(X \ Y, (a, b)), (g′(ω)), ω ∈ �,
s.t. g′(ω) = h−1

ω g(ω)hω for somehω ∈ π1(X \ Y, (a, b)). If codimV V g(ω) = 1, ρ(g(ω)) is a pseudo-
reflection and det(ρ(g(ω))) is called thespecial eigenvalue of L. If Y is smooth,� = {ω} and the HG
condition reduces toV g(ω) = (0).

Let i : X \ Y ↪→ X be the inclusion map. Given a local systemL on X \ Y we call multiplicity of L
(along Y ) the integer mult(L) := rank(L) − dim(i∗L)z, wherez is a regular point ofY . The local systemL
is HG iff (i∗L)0 = 0 and rank(L) = mult0(Y ) mult(L).

Assume thatY = {yn = xm}, m > n. Let a0, a1 ∈ π1(La \ Y, (a, b)) s.t. a0 is freely homotopic to a
positive loop around the convex envelop of� anda1 is freely homotopic to a small positive loop around
someω ∈ �. Takeα, β ∈ Z s.t.mα = nβ + 1. For a suitable choice of theai ’s, the local fundamental group
of Y has the presentation (5) fork = 1, m1 = m, n1 = n, α1 = α andβ1 = β , i.e.,

G = 〈
a0, a1 | [am

0 , a1
] = 1, amα

0 = (
a

β
0 a1

)n〉
(1)

(where the composition of pathsγ δ denotesδ followed byγ ). Givenλ ∈ C∗ andE a set ofm-roots of the
unity, with n elements and product 1, define

∑n
i=0 ziξ

n−i = λ
∏

ε∈E(ξ − (−1)β(n+1)λβεβ) and set

A =




z0
z1 1

. . .

zn−1 1


 , C =




1
. . .

1
−zn


 . (2)

THEOREM 1. – The correspondence that associates to λ and E as above the linear representation
ρλ,E : G → GL(n), ρλ,E(a0) = −zn(AC−1)n, ρλ,E(a1) = A, induces a bijection between the pairs (λ, E)

and the isomorphism classes of HG representations of multiplicity one.

Proof. – Setb0 = am
0 andc1 = a

β
0 a1. SinceCA−1 is the companion matrix of

∏
ε∈E(ξ −(−1)β(n+1)λβεβ),

ρ(a0) is semi-simple with eigenvalues(−1)n+1λε, ε ∈ E. In particularρ(b0) = (−1)(n+1)mλm. Since
(AC−1)nβA = (AC−1)mαC, ρ(c1) = C. Henceρ(bα

0) = ρ(cn
1). Thereforeρλ,E is a linear representation.

For i = 0, . . . , n−1, setgi = c−i
1 a1ci

1. Thena0 = (a1c−1
1 )ncn

1 = ∏n−1
i=0 gi . Since(m, n) = 1, codimV a1 = 1

and∩n−1
i=0 V gi = (0). Henceρλ,E is HG of multiplicity one.

Assume thatρ : G → GL(V ) is HG of multiplicity one. By (i) there is a system of generators ofV ,
ui , i ∈ Z, s.t. ui+n = ui , (u0, . . . , un−1) is a basis ofV and V gi = span〈uj : j �≡ i (mod n)〉. Since
ρ(b0)(V gi ) ⊂ V gi for all i, ρ(b0)(C ui) ⊂ Cui . Sinceρ(c1)(V gi+1) ⊂ V gi for all i, we can assume that
the matrices ofρ(a1) and ρ(c1) w.r.t. (u0, . . . , un−1), equal the matricesA and C respectively, with
z0zn �= 0. Henceρ(b0) = k andzn = −kα , for somek ∈ C

∗. There areεi , i = 0, . . . , n − 1, s.t.εm
i = 1

and ρ(a0) is semi-simple with eigenvaluesk1/mεi . We can assume that
∏n−1

i=0 εi = 1 which determines

k1/m. Sinceρ(a
β
0 ) = ρ(c1a−1

1 ) is a diagonalizable companion matrix, theεi ’s are pairwise distinct. Set

λ = (−1)n+1k1/m. Sinceρ(a1) = ρ(a
−β
0 c1),

∑n
i=0 ziξ

n−i = λ
∏n−1

i=0 (ξ − (−1)β(n+1)λβε
β
i ). ✷
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Assume thatY has Puiseux pairs(m̃i, ni)i=1,...,p, m̃1 > n1. For k, l ∈ Z, 0 � l � k � p, set νl,k =
nl+1 · · ·nk . ThenY has a Puiseux expansion of the formy = ∑

j�m̃1ν1,p
aj xj/ν0,p . For instance

y = xm̃1/n1 + xm̃2/n1n2 + · · · + xm̃p/n1···np

= xm1/n1 + xm1/n1+m2/n1n2 + · · · + xm1/n1+m2/n1n2+···+mp/n1···np . (3)

Let Yk , k = 0, . . . , p, be the plane curve defined by the truncationy = ∑m̃kνk,p

j=m̃1ν1,p
aj xj/ν0,p . Setm̃0 = 1.

Fix ε small enough and defineYk,ε, k = 0, . . . , p, by∣∣y − ∑m̃kνk,p

j=m̃1ν1,p
aj xj/ν0,p

∣∣ � ε
∣∣xm̃k/ν0,k

∣∣. (4)

The inclusionX \ Yk,ε ⊂ X \ Yk is an homotopy equivalence. Moreover,Yk,ε ⊂ Yk−1,ε.
Fix someω1 ∈ �. For i = 0, . . . , p, let �i be the set of points of� lying inside the connected component

of La ∩ Yi,ε that containsω1. Let ≺ be a total ordering on� s.t. ω ≺ ω′ if ω ∈ �i and ω′ ∈ � \ �i .
Let ω1 ≺ · · · ≺ ων0,p

be the elements of�. Let g(ω) ∈ π1(La \ Yp,ε, (a, b)), ω ∈ �, be represented by
a loop freely homotopic, inLa \ Yp,ε , to a small positive loop aroundω. Setai = g(ω1) · · ·g(ωνi,p ) for
i = 0, . . . , p. Assume thatai is represented by a loop freely homotopic, inLa \ Yi,ε , to a positive loop
around�i . Set b−1 = 1. For i = 1, . . . , p, set bi−1 = b

ni

i−2a
mi

i−1, ci = b
αi

i−2a
βi

i−1ai , whereαi, βi ∈ Z s.t.
αimi = βini + 1. From [10], p. 460, we can assume thatπ1(X \ Yk,ε, (a, b)) has the presentation

Gk = 〈
a0, . . . , ak | [bi−1, ai] = 1, c

ni

i = b
αi

i−1, i = 1, . . . , k
〉
, k = 0, . . . , p. (5)

Since[bi−1, ci] = 1 andb
αi+ni

i−2 a
βi+mi

i−1 ai = bi−1ci , Gk does not depend on the(αi , βi)’s. Moreover, the
obvious morphismGk−1 → Gk is injective and induces an isomorphism betweenGk and the free product
with amalgamated subgroup ofGk−1 by an infinite cyclic group.

Set ap+1 = 1 and set�p+1 = ∅. Let L be a local system onX \ Yp,ε of rank µν0,p and
multiplicity µ. SetV = L(a,b). Let ρ : Gp → Aut(V ) be the monodromy representation ofL. Assume that
V a0 = (0). By (ii) L is HG. Sinceai = ∏

ω∈�i
g(ω) and a−1

i a0 = ∏
ω∈�\�i

g(ω),
⋂

ω∈�i
V g(ω) ⊂ V ai

and
⋂

ω∈�\�i
V g(ω) ⊂ V a−1

i
a0. Since codim∩j Vj �

∑
j codimVj for any family of linear subspacesVj

of V , dim
⋂

ω∈�i
V g(ω) � µ|� \ �i | and dim

⋂
ω∈�\�i

V g(ω) � µ|�i |. Since V ai ∩ V a−1
i

a0 = (0) for

i = 0, . . . , p + 1, we havep-opposed filtrations onV , F · andF ·, s.t. F i = V a−1
i

a0 andF p+1−i = V ai .
The triple(ρ(a0), F ·, F ·) determinesρ. Moreover, the isomorphism class of(F ·, F ·) only depends on the
topology ofY and on the multiplicity ofL.

We shall consider now the inverse problem. Letµ be a positive integer. LetV be a complex vector space
of dimensionµν0,p. Consider a triple(A, F ·, F ·) s.t. A ∈ Aut(V ) and F ·, F · are p-opposed filtrations
on V verifying dimF i = µνi,p for i = 0, . . . , p and dimF p+i = 0, dimF −i = µν0,p for i � 1. Define
Ai ∈ Aut(V ), i = 0, . . . , p, by Ai |F i = A|F i andAi |F p+1−i = 1F p+1−i . For j � i, Aj (F p+1−i ) ⊂ F p+1−i .
Let iAj ∈ Aut(F i), j � i, be the induced morphisms. SetB−1 = 1V . Fori = 1, . . . , p setBi−1 = B

ni

i−2A
mi

i−1

andCi = B
αi

i−2A
βi

i−1Ai .

LEMMA 2. – Assume that iAi − 1F i is invertible for all i . If the images of the maps [Bi−1, Ai]
and B

αi

i−1 − C
ni

i are contained in F p+2−i , i = 1, . . . , p, there is a representation of multiplicity µ,
ρ : Gp → Aut(V ), s.t. ρ(ai) = Ai for all i .

Proof. – We prove the result forp = 2. Letp1 : F 1 ⊕F 2 → F 1 andq2 : F 2 → F 1 ⊕F 2 be, respectively,
the canonical projection and the canonical injection. There areϑi ∈ Hom(F 1, F 2), i = 1, 2, s.t.Ai = 1Ai ⊕
1F 2 +q2ϑip1. Moreover,ϑi = ϑ1(1A1−1F 1)−1(1Ai −1F 1) for i = 1, 2. SinceA0−1F 0 is invertible,F 2 =
ker(A1 − 1F 0) andF 1 = ker(A−1

1 A0 − 1F 0). By the hypothesis[B0, A1] = 0, C
n1
1 = B

α1
0 and the images of

[B1, A2], B
α2
1 − C

n2
2 are contained inF 2. In particular,B0 = ω ⊕ 6 , whereω ∈ Aut(F 1), 6 ∈ Aut(F 2).
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Moreover, [ω, 1A1] = 0 and ϑ1ω = 6ϑ1. Given M ∈ Aut(F 1), N ∈ Aut(F 2) and ϕ ∈ Hom(F 1, F 2)

set M ⊕ϕ N = M ⊕ N + q2(ϕM − Nϕ)p1. We haveB0 = ω ⊕ϕ 6 and Ai = 1Ai ⊕ϕ 1F 2, i = 1, 2,
whereϕ = ϑ1(1A1 − 1F 1)−1. Since(M ⊕ϕ N)(M ′ ⊕ϕ N ′) = MM ′ ⊕ϕ NN ′ for all M, M ′ ∈ Aut(F 1)

andN, N ′ ∈ Aut(F 2), the relations[B1, A2] = 0, B
α2
1 = C

n2
2 hold. ✷

The representations constructed in Lemma 2 shall be callednonresonant (NR). They are characterized
by the fact that dimV = µν0,p and codimker(ρ(ai) − 1V )m = µνi,p for i = 0, . . . , p andm = 1, 2, . . . By
(ii) the corresponding NR local systems onX \ Yp,ε are HG. The restrictions of these NR local systems to
X \ Yk,ε, k = 0, . . . , p, are NR of multiplicityµνk,p .

Let Fλ(Y0,ε) be the class of (nonresonant) rank one local systems onX \ Y0,ε with monodromyλ �= 1.
LetFλ(Yk,ε), k = 1, . . . , p, be the class of (nonresonant) local systemsL onX \ Yk,ε s.t.L has multiplicity
one,L has special eigenvalueλ �= 1 andL|X\Yk−1,ε

= ⊕nk−1
i=0 Li , whereLi ∈Fλi (Yk−1,ε) for someλi .

THEOREM 3. – Given Li ∈ Fλi (Yk−1,ε), i = 0, . . . , nk − 1,
⊕

i Li has an extension L ∈ Fλ(Yk,ε) iff
λi = (−1)nk+1λεi , where λ �= 1 and the εi ’s are pairwise distinct m̃k-roots of the unity with product one.

Proof. – For k = 1 the result follows from Theorem 1. Assume thatk � 2.
Let ρi : Gk−1 → Aut(Vi), i = 0, . . . , nk − 1, be the monodromy ofLi where Vi = Li,(a,b). Let

(ρi(a0), F ·
i , F ·

i ) be the corresponding triple defined byF
j
i = Vi

a−1
j

a0 andF
k−j
i = V

aj

i , j = 0, . . . , k − 1.
Given aC-linear decomposition

⊕
i F k−1

i = F ⊕ F with dimF = 1, we definek-opposed filtrations on⊕
i Vi , F ·, F · settingF j = ⊕

i F
j
i andF k−j+1 = ⊕

i F
k−j
i if j �= k, F k = F andF 1 = F ⊕ ⊕

i F 1
i . The

representation
⊕

i ρi extends to a NR representationρ : Gk → Aut(
⊕

i Vi) iff there is a decomposition
F k−1 = F ⊕F as above s.t.(

⊕
i ρi (a0), F ·, F ·) determines a NR representation ofGk . Let F k−1 = F ⊕F

be such decomposition. DefineAj ∈ Aut(
⊕

i Vi), j = 0, . . . , k, by Aj = ⊕
i ρi (aj ), j = 0, . . . , k − 1,

Ak|F k = Ak−1|F k andAk|F 1 = 1F 1. By Lemma 2 the triple(A0, F ·, F ·) determines a NR representation of
Gk iff the images of the morphisms[Bk−1, Ak] and B

αk

k−1 − C
nk

k are contained inF 2. The morphisms

Bk−2, Ak−1, Ak leave invariantF 2 inducing morphisms ofF k−1, B̃k−2, Ãk−1 and Ãk respectively.
Moreover,Ãk−1 = ⊕nk−1

i=0 λi . Hence the triple(A0, F ·, F ·) determines a NR representation ofGk iff[
B̃

nk

k−2 Ã
mk

k−1, Ãk

] = 0 and
(
B̃

nk

k−2 Ã
mk

k−1

)αk = (
B̃

αk

k−2 Ã
βk

k−1 Ãk

)nk . (6)

Assume thatB̃k−2 = θk−1Ã
m̃k−1
k−1 for someθk−1 ∈ C∗. By the proof of Theorem 1 this condition holds

for k = 2 with θ1 = (−1)(n1+1)m̃1. Set β̃k = αkm̃k−1 + βk . Sincem̃k = nkm̃k−1 + mk and sinceαkm̃k =
β̃knk + 1, relations of (6) hold iff the relations[Ãm̃k

k−1, Ãk] = 0 and(Ã
β̃k

k−1Ãk)nk = Ã
αkm̃k

k−1 hold. These last

relations are equivalent to say thatÃk−1 and Ãk determine a NR representation of multiplicity one of
the local fundamental group of a curve with one Puiseux pair(m̃k, nk). The theorem now follows from
Theorem 1 by induction procedure withθk−1 = (−1)(nk−1+1)m̃k−1θ

nk−1
k−2 , k = 3, . . . , p. ✷

COROLLARY 4. – Let X be a connected and simply connected open subset of C2. Let (Y, q) be a germ
of an irreducible plane curve at some point q ∈ X. Then there is a germ of a regular holonomic D-module
with characteristic variety T ∗

Y X ∪ T ∗
XX.

Proof. – Let j : X \ Y ↪→ X \ {q} and i : X \ {q} ↪→ X be the inclusion morphisms. LetL be a
local system onX \ Y . The constructible sheafi∗j∗L verifies the co-support conditions relatively to the
stratification(X \ Y, Y \ {q}, {q}) henceforth is perverse (see, for instance, [3], p. 7). Assume thatL is
hypergeometric. By (ii)i∗j∗L = i!j∗L. Applying the arguments of [8], pp. 238 and 239, we conclude
that SS(i!j∗L) ⊂ T ∗

XX ∪ T ∗
Y X. If L �= 0, the previous inclusion is an equality. By Theorem 3 and the

Riemann–Hilbert correspondence (see, for instance, [4,6,7]) there is a regular holonomicD-moduleM s.t.
DR(M) = i!j∗L. Moreover, Char(M) = T ∗

XX ∪ T ∗
Y X. ✷
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Figure 1. – Classes of loops for example 1.

Figure 1. – Classes des boueles.

In the case thatY is a cusp we can find in [9], Theorem 8, the classification of the regular holonomic
D-modulesM, with characteristic varietyT ∗

Y X ∪ T ∗
XX and multiplicity one alongT ∗

Y X, s.t. DR(M)|X\Y

is an hypergeometric local system.

Example 1. – Let Y2 be the irreducible plane curve with Puiseux expansiony = x5/2 + (1/2)x11/4.
Assume thatai ∈ π1((1× C) \ Y2,ε, (1, b)), i = 0, 1, 2, are the classes of the loops described in Fig. 1. Let
L ∈ Fλ(Y2,ε), Li ∈ Fλi (Y1,ε) andLi,j ∈ Fλi,j (Y0,ε), i, j = 0, 1, s.t.L|C2\Y1,ε

= L0 ⊕ L1 andLi |C2\Y0,ε
=

Li,0 ⊕ Li,1. There areεi, εi,j , i, j = 0, 1, s.t.ε11
i = 1, ε5

i,j = 1, ε0 = ε−1
1 �= 1, εi,0 = ε−1

i,1 �= 1, λi = −λεi

andλi,j = −λiεi,j . Setζ = ε0 and setϑi = 1 + εi,0 + εi,1. Let ρ : G2 → Aut(V ) be the monodromy of
L and let(ρ(a0), F ·, F ·) be the corresponding triple. Letf ∈ F 2 \ {0}. Let w ∈ F 1 be the unique vector
s.t.w − ρ(c−1

2 )(f ) ∈ F 2. Then(ρ(c−1
1 )(f ), ρ(c−1

1 )(w)) is a basis ofF 2 and the matrix ofρ(a0), w.r.t. the
basis(f, w, ρ(c−1

1 )(f ), ρ(c−1
1 )(w)), equals the matrix

1

1− ζ




(1− ζ )λ (ζ 7 − ζ 5)λ−15 (ϑ0ζ 10 − ϑ1ζ 2)λ−1 (ϑ1ζ 7 − ϑ0ζ 5)λ−17

(ζ 5 − ζ 7)λ17 (ζ 2 − ζ 10)λ (ϑ0ζ 5 − ϑ1ζ 7)λ15 (ϑ1ζ − ϑ0)λ−1

(ϑ1ζ 9 − ϑ0ζ 3)λ3 (ϑ0ζ 9 − ϑ1ζ 3)λ−13 (ϑ0ζ − ϑ1)λ (ϑ1ζ 5 − ϑ0ζ 7)λ−15

(ϑ1ζ 3 − ϑ0ζ 9)λ19 (ϑ0ζ 4 − ϑ1ζ 8)λ3 (ϑ0ζ 7 − ϑ1ζ 5)λ17 (ϑ1ζ 10 − ϑ0ζ 2)λ


 .

The upper left 2× 2-block ofρ(a0) determines the monodromy of a NR local system on the complement
of an irreducible plane curve with one Puiseux pair(11, 2) (see the proof of Theorem 3).
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