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Abstract We consider a finite horizon deterministic optimal control problem with reflection. The final
cost is assumed to be merely a locally bounded function which leads to a discontinuous
value function. We address the question of the characterization of the value function as the
unique solution of an Hamilton–Jacobi equation with Neumann boundary conditions. We
follow the discontinuous approach developed by Barles and Perthame for problems set in
the whole space. We prove that the minimal and maximal discontinuous viscosity solutions
of the associated Hamilton–Jacobi can be written in terms of value functions of control
problems with reflection. Nethertheless, we construct a counter-example showing that the
value function is not the unique solution of the equation. To cite this article: O. Ley, C. R.
Acad. Sci. Paris, Ser. I 335 (2002) 469–473.
 2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Un contre-exemple à la caractérisation de la fonction-valeur
discontinue d’un problème de contrôle réfléchi

Résumé Nous nous intéressons à un problème de contrôle optimal déterministe réfléchi en horizon
fini, avec un coût final discontinu. Dans le but d’étudier la fonction-valeur, qui est alors
elle-même discontinue, nous utilisons l’approche discontinue de Barles et Perthame. Nous
obtenons que la fonction-valeur est une solution de viscosité d’une équation de Hamilton–
Jacobi avec condition de Neumann ; de plus, les solutions de viscosité discontinues
maximale et minimale de cette équation peuvent être exprimées comme des fonctions-
valeurs de problèmes de contrôle réfléchis, éventuellement relaxés. Néanmoins, par un
contre-exemple, nous montrons que la fonction-valeur du problème n’est pas l’unique
solution de l’équation. Pour citer cet article : O. Ley, C. R. Acad. Sci. Paris, Ser. I 335
(2002) 469–473.
 2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Version française abrégée

Nous considérons un problème de contrôle déterministe en horizon fini dont les trajectoires sont
réfléchies au bord d’un ouvert borné régulier �. Les trajectoires sont déterminées par le système (1).

Sous les hypothèses de la section 1, Lions et Sznitman [12] ont prouvé l’existence et l’unicité d’un couple
de solutions constitué d’une trajectoire (Xx,t

s )s ∈ C([0, t],RN) et d’un processus à variations bornées
(kx,ts )s ∈C([0, t],RN). Dans notre cas simple, on obtient même la formule explicite (2) pour kx,t .
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La fonction-valeur u[ψ], associée au coût final ψ : RN → R localement borné, est définie par (3).
Le Théorème 1.1 établi par Lions [11] prouve que u[ψ] est une solution de viscosité de l’équation de
Hamilton–Jacobi (4). Lorsque ψ est continu, cette solution est de plus unique (Théorème 1.2).

Nous nous intéressons au cas où ψ est discontinu ; la fonction-valeur u[ψ] est alors elle-même
discontinue et sa caractérisation est plus délicate car l’équation (4) admet plusieurs solutions de viscosité
discontinues.

Dans le but de caractériser la fonction-valeur discontinue, nous suivons alors l’approche discontinue
introduite par Barles et Perthame [3] pour traiter le cas de problèmes de contrôle déterministes de temps
d’arrêt avec un coût d’arrêt ψ discontinu, posé dans l’espace R

N tout entier. Comme eux, nous montrons
(dans le Théorème 1.3) que la fonction-valeur du problème relaxé, û[ψ∗], associée à l’enveloppe semi-
continue inférieurement (s.c.i en abrégé) deψ, est la sur-solution de viscosité semi-continue supérieurement
(s.c.s.) minimale de (4) ; d’autre part, la fonction-valeur u[ψ], associée à l’enveloppe s.c.s. de ψ, apparaît
être la sous-solution maximale de (4). Le problème de contrôle relaxé ainsi que les enveloppes semi-
continues sont définies dans la Section 1.

Dans [3], Barles et Perthame poursuivent en montrant que, si la condition de régularité (5) est satisfaite,
alors les enveloppes s.c.i. de toutes les solutions de (4) coïncident. Ce résultat produit une caractérisation
satisfaisante de la fonction-valeur dans leur cadre ; plus précisément, si le coût d’arrêt ψ est s.c.s. par
exemple, alors û[ψ∗] est l’unique solution de viscosité s.c.i. de leur équation.

Notre principal résultat est de montrer par un contre-exemple que ce résultat, espéré dans le problème
considéré ici, n’est pas valable : dans la Section 2, nous construisons un système (dont les trajectoires sont
illustrées sur la Fig. 1) pour lequel on a û[ψ∗]< u∗[ψ∗].

1. The optimal control problem with reflection

We are interested in a finite horizon deterministic optimal control problem in which the dynamic is
reflected at the boundary of a smooth open bounded subset �⊂ R

N . We use the framework of Lions [11]
(see also [9,2]); the reflecting trajectories are governed by the following system of ordinary differential
equations 


dXx,t

s = b
(
Xx,t
s , t − s,α(s)

)
ds − dkx,ts in [0, t], t � T ,

X
x,t
0 = x ∈�, Xx,t

s ∈� for every s ∈ [0, t],
kx,ts =

∫ s

0
1∂�

(
Xx,t
τ

)
n
(
Xx,t
τ

)
d|kx,t |τ .

(1)

We suppose that T > 0, the control α(·) belongs to L∞([0, T ],A) where A is a compact metric space,
and the vector field b ∈ C(� × [0, T ] × A,RN) is Lipschitz continuous with respect to the first variable
(uniformly with respect to the others). The boundary ∂� of � is assumed to be W 2,∞.

From Lions and Sznitman [12] (see also Lions [11]), we know that, for any (x, t) ∈�×[0, T ], the system
(1) admits a unique solution (Xx,t

s , kx,ts )s ∈ C([0, t],RN)× BV([0, t],RN). The notation |kx,t |s stands for
the total variation of the bounded variation process kx,ts . In such a deterministic case, we have even an
explicit formula:

dkx,ts = 1∂�
(
Xx,t
s

)
n
(
Xx,t
s

)〈
b
(
Xx,t
s , t − s,α(s)

)
, n

(
Xx,t
s

)〉+
ds. (2)

The value function of the problem is given by

u[ψ](x, t)= inf
α(·)∈L∞([0,T ],A)

{∫ t

0
f

(
Xx,t
s , t − s,α(s)

)
ds +ψ

(
X
x,t
t

)}
, (3)

where f ∈ C(�× [0, T ] × A) is uniformly continuous in the first variable uniformly with respect to the
others, and the final cost ψ : RN → R is a locally bounded function. The classical dynamical programming
principle holds and provides the
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THEOREM 1.1. – For any locally bounded functionψ , the value functionu[ψ] is a viscosity solution of
the Hamilton–Jacobi equation with Neumann boundary condition



∂u

∂t
+ sup

α∈A
{−〈

b(x, t, α),Du
〉 − f (x, t, α)

} = 0 in �× (0, T ),

∂u

∂n
= 0 on∂�× (0, T ),

u(·,0)=ψ in �.

(4)

For the definition of viscosity solutions of this problem, we refer to [11] and [2]; notice that the boundary
conditions has to be “relaxed” in the viscosity sense. A proof of the above theorem can be found in [11]
and [10].

When ψ is continuous, Lions [11] characterized the value function using the Hamilton–Jacobi equation.

THEOREM 1.2. – Under the previous assumptions, if in additionψ ∈ C(�), thenu[ψ] is the unique
viscosity solution of(4).

We address the same problem but with a locally bounded final cost ψ. This case is of importance
for applications (for instance, when the aim is to drive the trajectories to a given target). It leads to a
discontinuous value function u[ψ] which is still a viscosity solution of (4) but its characterization appears
to be more difficult since uniqueness for (4) does not hold anymore.

Many authors (see [8,9,3–5,1,7,14,6], etc.) have investigated the problem of characterizing the value
function of such discontinuous control problems. Here, we follow the discontinuous approach introduced
by Barles and Perthame [3].

We first introduce the relaxed control problem associated to the control problem with reflection. For
relaxed control problems, see for example [15,2]. We replace the first ordinary differential equation in (1)
by

dX̂x,t
s =

∫
A
b
(
X̂x,t
s , t − s,α

)
dµs(α)ds − dk̂x,ts in [0, t], t � T ,

where the control (µs)s∈[0,T ] ∈ L∞([0, T ],P (A)) and P(A) is the space of the probability measures on
A. All the previous results apply (in particular one has existence and uniqueness of a relaxed solution
(X̂x,t

s , k̂x,ts )s to the system (1)); therefore, defining the relaxed value function by

û[ψ](x, t)= inf
µ∈L∞([0,T ],P (A))

{∫ t

0

∫
A
f

(
X̂x,t
s , t − s,α

)
dµs(α)ds +ψ

(
X̂
x,t
t

)}
,

this function turns out to be a viscosity solution of (4). Note that û[ψ] � u[ψ] and, if ψ is continuous, then,
by uniqueness, we have equality.

Finally, we recall that, for any locally bounded function v :�× [0, T ] → R, the upper-semicontinuous
(USCin short) and lower-semicontinuous (LSC) envelopes are defined by v∗(x, t)= lim sup(y,s)→(x,t) v(y, s)

and v∗(x, t)= lim inf(y,s)→(x,t) v(y, s), respectively.
We have

THEOREM 1.3. – Under the previous assumption, for any locally bounded final costψ, let v be a
LSC viscosity supersolution(respectivelyw be a SCS viscosity subsolution) of (4). Thenû[ψ∗] � v and
w � u[ψ∗] in � × [0, T ]. The value function̂u[ψ∗] is the minimal LSC supersolution andu[ψ∗] is the
maximal USC subsolution.

This result was first proved in Barles and Perthame [3] in the case of an optimal stopping time problem
with discontinuous stopping cost in R

N which is associated to a time-independent Hamilton–Jacobi
variational inequality in R

N . We refer to [10] for a proof in the Neumann case.
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From this result, Barles and Perthame obtain the following uniqueness result for their problem in R
N : if

the stopping cost ψ satisfies a “regularity” condition, namely

(ψ∗)∗ =ψ∗, (5)

then all the discontinuous viscosity solutions have the same LSC envelope. This means that the LSC
envelope of the value function, namely u∗[ψ], which is equal to the value function û[ψ∗] by Theorem 1.3,
is the unique LSCviscosity solution of the Hamilton–Jacobi equation.

The question we address: is it possible to obtain such a characterization for the Neumann problem? In the
next section, we provide a counter-example answering the question in a negative way. We learnt recently
that a related problem is investigated by Serea [13] who obtained some uniqueness results defining a new
notion of solution which is based on the other main discontinuous approach of Barron and Jensen [4,5].

2. The counter-example

We construct a control problem with reflection for which û[ψ∗]< u∗[ψ∗].
Set �= (0,1) and take a space and control-independent vector field b in (1) such that

b(τ)=




0 for τ ∈ [0,1],
π
4 sin[π(2 − τ )] for τ ∈ [1,2],
2 − τ for τ ∈ [2,3],
−1 for τ ∈ [3,+∞).

From (2), we have an explicit formula for the reflecting process, dkx,ts = 1{0}(Xx,t
s )min{0, b(t − s)}ds +

1{1}(Xx,t
s )max{0, b(t − s)} ds, and we can compute explicitely the reflecting trajectories of (1). We claim

that

X
x,t
t = 1/2 for any (x, t) ∈ [0,1] × [3,+∞).

Indeed, let x ∈ [0,1] and t � 3. For s ∈ [0, t − 3], dXx,t
s = −ds if Xx,t

s ∈ (0,1] and dXx,t
s = 0 if Xx,t

s = 0.
In any case, Xx,t

t−3 = 0. For s ∈ [t − 3, t − 2], dXx,t
s = 0 and Xx,t

t−2 = 0. For s ∈ [t − 2, t − 1], we have to
integrate dXx,t

s = π sin[π(2 − t + s)]/4 with the initial data Xx,t
t−2 = 0, which gives Xx,t

t−1 = 1/2. And for
s ∈ [t − 1, t], dXx,t

s = 0. This proves the claim. Such trajectories are drawn on Fig. 1.

Figure 1. – Reflecting trajectories of the system (1).

Figure 1. – Trajectoires réfléchies du système(1).
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We then consider the control problem governed by (1) with the running cost f ≡ 0 and the final cost
ψ such that ψ(y) = 1 if y ∈ [0,1/2) and ψ(y) = 0 if y ∈ [1/2,1]. The function ψ is LSC in [0,1] and
satisfies (5). Since (1) is independent of the control, the value function is u[ψ](x, t)=ψ(X

x,t
t ).

On the one hand, û[ψ∗](x, t)= u[ψ∗](x, t)= ψ∗(Xx,t
t )=ψ∗(1/2)= 0.

On the second hand, u[ψ∗](x, t)=ψ∗(Xx,t
t ). For any sequence (xn, tn) which converges to (x, t), there

exists n0 such that tn � 3 for n� n0. It follows that u[ψ∗](xn, tn)=ψ∗(Xxn,tn
tn )=ψ∗(1/2)= 1; Taking the

infimum over all such sequences, we get u∗[ψ∗](x, t)= 1.
In conclusion, we obtained û[ψ∗]< u∗[ψ∗] in [0,1] × [3,+∞).

Remark1. – The counter-example is based on the fact that we cannot solve (1) backward (roughly
speaking, the reflecting trajectories “lose the memory of the starting point”, see Fig. 1 for an illustration).
Indeed, a crucial argument in the proof of uniqueness in [3] is: if Xxn,tn

tn → X
x,t
t as n → +∞, then

(xn, tn)→ (x, t). This property does not hold anymore for the system with the term dkx,ts .

Acknowledgements.This work was partially supported by the TMR program “Viscosity solutions and their
applications”. I am grateful to Guy Barles, who brought this problem to my attention. I would like to thank Élisabeth
Rouy for helpful discussions and valuable suggestions.

References

[1] G. Barles, Discontinuous viscosity solutions of first-order Hamilton–Jacobi equations: a guided visit, Nonlinear
Anal. 20 (9) (1993) 1123–1134.

[2] G. Barles, Solutions de viscosité des équations de Hamilton–Jacobi, Springer-Verlag, Paris, 1994.
[3] G. Barles, B. Perthame, Discontinuous solutions of deterministic optimal stopping time problems, RAIRO Modél.

Math. Anal. Numér. 21 (4) (1987) 557–579.
[4] E.N. Barron, R. Jensen, Semicontinuous viscosity solutions of Hamilton–Jacobi equations with convex Hamilto-

nians, Comm. Partial Differential Equations 15 (12) (1990) 1713–1740.
[5] E.N. Barron, R. Jensen, Optimal control and semicontinuous viscosity solutions, Proc. Amer. Math. Soc. 113 (2)

(1991) 397–402.
[6] A.-P. Blanc, Deterministic exit time control problems with discontinuous exit costs, SIAM J. Control Optim. 35 (2)

(1997) 399–434.
[7] H. Frankowska, Lower semicontinuous solutions of Hamilton–Jacobi–Bellman equations, SIAM J. Control

Optim. 31 (1) (1993) 257–272.
[8] H. Ishii, Hamilton–Jacobi equations with discontinuous Hamiltonians on arbitrary open sets, Bull. Fac. Sci. Engrg.

Chuo Univ. 28 (1985) 33–77.
[9] H. Ishii, Lectures at Brown University, 1988.

[10] O. Ley, Thèse de doctorat, Université de Tours, 2001.
[11] P.-L. Lions, Neumann type boundary conditions for Hamilton–Jacobi equations, Duke Math. J. 52 (1985) 793–

820.
[12] P.-L. Lions, A.S. Sznitman, Stochastic differential equations with reflecting boundary conditions, Comm. Pure

Appl. Math. 37 (1984) 511–537.
[13] O.S. Serea, Prépublication, Université de Bretagne Occidentale, 2001.
[14] P. Soravia, Discontinuous viscosity solutions to Dirichlet problems for Hamilton–Jacobi equations with convex

Hamiltonians, Comm. Partial Differential Equations 18 (9–10) (1993) 1493–1514.
[15] J. Warga, Optimal Control of Differential and Functional Equations, Academic Press, New York, 1972.

473


