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Note presented by Jean-Pierre Serre.

Abstract Given a projective l.c.i. scheme,X ⊂ P
N , we show thatX has a smooth formal

neighbourhood in whichX is globally a complete intersection; that is,X is the intersection
of codim(X) hypersurfaces.To cite this article: C. Maclean, C. R. Acad. Sci. Paris, Ser. I
335 (2002) 355–358.
 2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Déformations des schémas localement intersections complètes

Résumé Soit X un schéma projectif et localement intersection complète. On démontre qu’il
existe un voisinage formel,X∞, de X, dans lequelX est une intersection complète
globale ; c’est-à-dire queX est l’intersection de codim(X) hypersurfaces.Pour citer cet
article : C. Maclean, C. R. Acad. Sci. Paris, Ser. I 335 (2002) 355–358.
 2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

1. Introduction

If X ⊂ P
N(k) (k being any field) is a projective local complete intersection scheme, thenX is not

necessarily a global complete intersection in projective space – that is,X is not necessarily embedded
in P

N(k) as the vanishing locus of codimX polynomials. It seems natural to ask whether this is true for
more general ambient varieties. In particular, given such anX, we may wonder whether it can be embedded
in some smoothY as a globally complete intersection; i.e., the intersection of codim(X) hypersurfaces. The
aim of this Note is to answer this question in the affirmative, at least formally, by proving the following
result:

THEOREM 1.1. –Let X ⊂ P
N(k) be a projective local complete intersection scheme. Then there exists a

smooth formal neighbourhood,X∞ of X, a vector bundle, V on X∞, and a section σ :X∞ → V , such that
• V is a direct sum of line bundles,
• rk (V )= codimX∞ X,
• X is schematically the zero locus of σ .

Remark. – I do not know whether or not this schemeX∞ may be choosen algebrisable.
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1.1. Idea of the proof

We will embedPN in a smooth space,W . The normal bundle ofPN in W will be highly negative, andPN

will be the zero locus of a section of a vector bundle,V , which is a direct sum of line bundles. We will
consider the spacesPNn , which will be cut out inW by In

PN
, and will recursively construct an l.c.i. scheme

Xn in P
N
n extendingXn−1. If V is negative enough, the construction ofXn will be unobstructed, and we

may therefore continue this construction to∞ to obtain a formal neighbourhood,X∞ of X. We will also
be able to impose thatX∞ is smooth.X∞ will then satisfy all the requirements of the theorem.

2. Proof of Theorem 1

Let IX be the ideal sheaf ofX in P
N . SinceX is a l.c.i. subscheme ofPN , the co-normal bundleIX/I2

X

is a locally free sheaf ofOX modules. We recall Serre’s vanishing theorem, which may be found in [1]

PROPOSITION 2.1. –Let F be a coherent sheaf on X, a projective scheme. There exists an i such that,
for all a � i and for all j � 1, we have:

1. Hj(X,F (a))= 0,
2. F(a) is generated by its global sections.

We may therefore, in particular, choosem such that
1. H 1((IX/I

2
X)

∗ ⊗OX(m))= 0;
2. (IX/I2

X)
∗ ⊗OX(m) is generated by its global sections.

We define:
• l, the dimension ofH 0((IX/I

2
X)

∗ ⊗OX(m));
• W , the total space of the vector bundleOPN (−m)⊕l , in which P

N is naturally embedded as the zero
section;

• π , the projectionπ :W → P
N .

We denote byV the bundleOPN (m)
⊕l and byP

N
n the n-th formal neighbourhood ofP

N in W , that is, the
subscheme defined by the idealIn

PN
. Let c be the codimension ofX in P

N .
The following proposition allows us to recursively construct neighbourhoods ofX in P

N
n in a compatible

way:

PROPOSITION 2.2. –IfXn is a l.c.i. subscheme of P
N
n , such thatXn∩P

N =X, and codimXn ⊂ P
N
n = c,

then there exists Xn+1, an l.c.i. subscheme of P
N
n+1 such that

• Xn+1 ∩ P
N
n =Xn,

• codim (Xn+1)= c.

Proof. – If U is an open subscheme ofP
N , then we denote byUn the open subscheme ofP

N
n whose

underlying geometric space isU . Let
• Ui be an affine open covers ofP

N , such thatXn ∩Ui
n is a complete intersection,

• f i
1, . . . , f

i
c ⊂H 0(Ui

n, IXn∩Ui
n
) a regular sequence for the ideal sheaf ofXn ∩Ui

n.

We denoteUi ∩Uj byUi,j , Xn ∩Ui
n byXi

n andXn ∩U
i,j
n byXi,j

n .
For everyi, d , we choosef̃ i

d ∈ H 0(Ui
n+1,OP

N
n+1

) such thatf̃ i
d |PNn = f i

d . f̃ i
d is then a regular sequence

in OUi
n+1

. We denote byI in+1 the ideal sheaf ofOUi
n+1

generated by thẽf i
d ’s.

I in+1 defines an l.c.i subscheme ofUi
n+1, which we denote bỹXi

n+1. We will show that, after modification

of the functionsf̃ i
d , I in+1 will be equal toI jn+1 onUi,j

n+1 and therefore, thẽXi
n+1’s may be glued together to

form an l.c.i subscheme,Xn+1 ⊂ P
N
n+1, satisfying the requirements of the proposition.

Consider the following exact sequence ofO
P
N
n+1

modules:

0 → Symn+1(V )→ O
P
N
n+1

→O
P
N
n

→ 0.
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Symn+1(V ) is here considered with itsOPN -module structure. We will now define a Cech cocycle

hi,j ∈ �
((
IXn/I

2
Xn

)∗ ⊗OXn
Symn+1(V |X),Ui,j

n

)

whose vanishing will be a sufficient condition for̃Xi
n+1 to be compatible.

Givenf ∈ �(IXn/I
2
Xn
,U

i,j
n ), we now constructh(f ) ∈ �(Symn+1(V |X),Ui,j ). We choose

• f ′ ∈ �(IXn,U
i,j
n ), extendingf . This is possible since,Ui

n andUj
n , and thereforeUi,j

n are affine.

• f ′i ∈ �(I in+1,U
i,j
n+1) extendingf ′.

• f ′j ∈ �(I
j
n+1,U

i,j
n+1) extendingf ′.

Then,f ′i − f ′j ∈ Symn+1(V ) andf ′i − f ′j |X ∈ Symn+1(V )|X .
The differencef ′i −f ′j |X is independent of the choice off ′i . Indeed, the choice of a differentf ′i alters

f ′i − f ′j by an element ofI in+1 ∩ Symn+1(V ), which is equal to Symn+1(V )⊗ IX , sincef i
1, . . . , f

i
c is a

regular sequence. The same argument show thatf ′i − f ′j |X is independent of the choice off ′j .
Likewise,f ′i − f ′j |X is independent off ′. If f ′′ = f ′ + g1g2, gi ∈ IXn , then we may choose

f ′′i = f ′i + gi1g
i
2, f ′′j = f ′j + g

j
1g

i
2

and hencef ′′i − f ′′j = (gi1 − g
j
1)g

i
2 + f ′i − f ′j , whence(f ′′i − f ′′j )|X = (f ′i − f ′j )|X.

We may therefore definehi,j by hi,j (f )= f ′i − f ′j |X. We now need the following lemma:

LEMMA 2.3. –If hi,j = 0, then I in+1 and I jn+1 are compatible on the intersection Ui,j .

Proof. – If hi,j = 0, then, for everyf ∈ �(I in+1,U
i,j ), there existsg ∈ �(I

j
n+1,U

i,j ), such that

(g − f ) ∈ IX ⊗OX
Symn+1(V ).

OnUi,j , we haveIX ⊗O
PN

Symn+1(V )= I in+1 ⊗O
P
N
n+1

Symn+1(V ) and therefore(g− f ) ∈ I
j
n+1 whence

f ∈ I
j
n+1. ✷

We now finish the proof of the proposition. We alter the regular sequencesf̃ i
d so thathi,j = 0. We note

that

H 1((IXn/I
2
Xn

)∗ ⊗OXn
Symn+1(V |X)

) =H 1((IX/I2
X

)∗ ⊗OX
Symn+1(V |X)

) = 0,

and that, therefore, there exist elementshi ∈ �((IXn/I
2
Xn
)∗ ⊗ Symn(V |X),Ui), such that

hi,j = hi − hj .

We now choose a new regular sequencef̄ i
d , in such a way thatf̄ i

d |X = f̃ i
d |X + hi(f

i
d ). These sequences

generate new ideal sheavesĪ in+1. It is immediate from the construction that the associated cocycleh̄i,j

is 0, and hence, by the previous lemma, the sheavesĪ in+1 are compatible on the intersections. Therefore,
the Ī in+1’s glue together to form a global ideal sheaf,In+1. In+1 defines a subscheme ofP

N
n+1, which we

denote byXn+1.Xn+1 is l.c.i, and codim(Xn+1)= c sincef̄ i
d is a regular sequence forXn+1 ∩Ui

n+1.Xn+1
satisfies, therefore, all the requirements of the proposition.✷

The formal scheme limn→ ∞Xn is then a formal neighbourhood ofX in whichX is embedded as the
zero locus of the tautological section ofπ∗(OX(−m)⊕l . It remains only to show thatX∞ is smooth for
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some choice ofXn. The smoothness ofX∞ depends only on the choice ofX2. All the results we now quote
on Kähler differentials may be found in [1].

Let π be the projectionπ : P
N
2 → P

N . The sheaf of Kähler differentials�1
k(P

N
2 )⊗ OPN is canonically

isomorphic toπ∗�1
k(P

N) ⊕ V . The universal derivative map:d : IX2/I
2
X2

→ �1
k(P

N
2 ) ⊗ OX2 is anOX2

linear map. After tensoring byOX , we obtain anOX-linear map:

dX2 : IX/I2
X →�1

k

(
P
N

)|X ⊕ V |X,

X∞ is smooth atx if dX2(x) is injective. We now assocaite to anyφ : IX/I2
X → VX a candidate space for

X2, Xφ , in such a way thatXφ will be smooth ifφ(x) is injective for allx. Xφ ⊂ P
N
2 is defined by the

formula:

f ∈ IXφ ⇔ f |PN ∈ IX and
(
f − π∗(f |PN )

)|X = φ(f ).

For thisXφ , we have that

dXφ (f )= π∗df + φ(f ),

whencedXφ (x) is injective for allx if φ(x) is injective for allx. It remains only to findφ ∈ Hom(IX/I2
X,V )

such thatφ(x) is injective for everyx. Now, Hom(IX/I2
X,OX(m)) is globally generated. Ifv1, . . . , vl is a

basis forH 0(Hom(IX/I2
X,OX(m))), then

φ =
l⊕

b=1

vb : IX/I2
X → V

is injective onIX/I2
X(x) for everyx.

Remark. – One might wonder whether this work holds for quasi-projectiveX. We have used the fact that
X is projective only to invoke Serre’s vanishing theorem. Suppose thatX is a quasi projective variety – that
is, X is the complement in an projective variety,V , of an closed subvariety ofV , U . The results of this
paper will hold forX, provided that:

(A) For any coherent sheaf,F onX, there existsk such that for anym� k H 1(F(m))= 0 andF(m) is
generated by its global sections.

If U is of pure codimension 1, thenX is affine, and the condition (A) is immediately satisfied. Further,
there is an exact sequence:

H 1(V,F(m)) →H 1(X,F(m)) →H 2
U

(
V,F(m)

)
,

whereH 2
U(V,F(m)), the local cohomology ofF along U , vanishes if every component ofU has

codimension� 3 (see [2] for more details). It follows that the results of this Note are, in fact, also valid for
X = V/U , whereV is projective andU is a closed subvariety containing no codimension 2 component.
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