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Abstract In this Note we study indecomposable vector bundles of degree zero over an elliptic curve.
We show that each bundle generates a ring and a Tannakian category, such that the ring
and the group scheme associated to the Tannakian category are of the same dimension.
Furthermore we show that the result does not extend to curves of gerfascRe this
article: S. Lekaus, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 351-354.
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Fibrésvectoriels de degré zéro sur une courbe dliptique

Résumé Dans cette Note, nous étudions les fibrés vectoriels indécomposables de degré zéro sur une
courbe elliptique. Nous montrons que chaque fibré engendre un anneau et une catégorie
tannakienne tels que I'anneau et le schéma en groupes associé a la catégorie soient de la
méme dimension. De plus, nous montrons que ce résultat ne s’étend pas aux courbes de
genre 2.Pour citer cet article: S. Lekaus, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 351—

354.
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1. Introduction and notations

Let X be a complete, connected, reduced scheme over a perfect fidld define VedatX) to be the
set of isomorphism class¢¥] of vector bundles/ over X and the ringK (X) to be the Grothendieck
group associated to the additive monoid W&ot endowed with the multiplication induced by the tensor
product of vector bundles. The indecomposable vector bundlesXoverm a Z-basis of K (X). Since
HO(X, End(V)) is finite dimensional, the Krull-Schmidt theorem [1] holds &n This means that a
decomposition of a vector bundle into indecomposable components is unique up to isomorphism.

We want to generalize a theorem by M. Nori on finite vector bundles. A vector bithdieer X is called
finite, if the setS(V) of all indecomposable components Bf" for all integersn € Z is finite, where
yen.— (yVy®=n for n < 0.

In the following, we denote by R(V) th®-subalgebra oK (X) ®7 Q generated by the s6(V). If V is
a finite vector bundle, th®-algebrar (V) is of Krull dimension zero, since a finite vector bundle is integral
overQ (see[9], Lemma (3.1)).

In [9], Nori proves the following:

For every finite vector bundl€ overX there exists a finite group scher@g and a principatG y-bundle
7 : P — X, suchthatr*V is trivial over P. In particular, the equality dilR(V) =dimGy (= 0) holds.

The group schemé&y is the group scheme associated to a Tannakian catégyargenerated by as
subcategory 085(X), whereSS(X) denotes the full subcategory of the category of quasi-coherent sheaves
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on X, whose objects are the vector bundles that are semistable of degree zero when restricted to any curve
in X.

As every (arbitrary) vector bundIl€ over X of rankr trivializes over its associated principal Gl
bundle, we can look for a group schedief smallest dimension such that there exists a principaundle
over which the pullback of the vector bundteis trivial. We might also compare the dimension of the group
schemeto dinR(V).

In this Note, we consider the family of vector bundles of degree zero over an elliptic curve defined over
an algebraically closed field of characteristic zero and prove that they trivialize over a priGetpaidle
with a group schemé& of smallest possible dimension equal to 1. As in Nori’s theorem, this dimension
turns out to be equal to the dimension of the rid@/), and the group scheme is the one associated to the
Tannakian category generated by the vector bundle. Furthermore we show that this result does not extend
to vector bundles over a curve of higher genus: we construct a stable vector Buofiikegree zero over a
curve of genus 2, whose riry(E) is of dimension 1, whereas the group scheme associated to its Tannakian
category is 3-dimensional.

2. Dimension relation

Let X be an elliptic curve over an algebraically closed fieldf characteristic zero. We consider vector
bundles of degree zero ov&r, such bundles were classified by Atiyah [2]. By, 0) we denote the set of
indecomposable vector bundles of ran&nd degree zero ovex.

THEOREM 2.1 (Atiyah [2]). —There exists a vector bundle F, € E(r, 0), unique up to isomorphism, with
(X, F,) # 0. Moreover we have exact sequences

0—-0Ox—F —F_1—0. (1)
If E€&(r,0),then E= L ® F,, where L isaline bundle of degree zero, unique up to isomorphism.

PROPOSITION 2.2. —

(1) TheQ-subalgebra R(F,) of K (X) ®z Q generated by S(F,) isQ[x], withx = [F>], if r iseven, and
x =[F3],if r isodd.

(2) Thereexistsa principal G,-bundlex : P — X suchthat 7*(F,) istrivial for all r > 2.
Thereis no finite group scheme G, such that 7z *(F}.) trivializes over a principal G-bundle.

Remark. — As in the case of finite bundles we have a correspondence of dimensiom Bin=
dimG, (=1).

Proof. — The vector bundles fulfill the multiplication formulg, ® Fy = Fyq5-1 @ --- @ Fyr_g4+1 for
2 < s <r(see[2], Lemma 21), which is the Clebsch—Gordan formula for the symmetric product of a vector
bundle of rank 2, since def2) = Ox and F, = §"~1(F>) for all r > 1 (see[2], Theorem 9). This implies
that there existi; (n) € Z such thatF,®" = a1(n)Ox ® a2(m)F2 ® -+ ® ar—1yn-1Fr—1n-1 ® For—1n+1,
wheregq; (n) = 0 for oddi, if r is even and: is odd, andz; (n) = O for eveni, if eitherr is odd or ifr andn
are both even. Elsg (n) > 0. ThereforeS(F,) = {F; |i e N}, if r is even, ands(F,) ={F; |i > 1,i odd},
if r is odd. In particular every bundlg;, i > 1, appears as subbundle of a tensor poweFpfand every
F;, i odd, as subbundle of a tensor powerrgf and the computation ot (F,) follows.

By definition, F» is defined by an element of Bxtx, Ox) = H(X, Ox), hence defines a principal
G,-bundle, over which?, and all F, = §"~1(F,) trivialize. Every finite, unramified covering of X is
an elliptic curve, and the pullback yields an isomorphism & Ox) and H(Y, Oy). ThereforeF», and
inductively F,., cannot trivialize over such a coveringmo

There is a similar statement fé& = L ® F, with L a line bundle of degree zero (see Theorem 2.1):

PrROPOSITION 2.3. —
(1) If L isnottorsion, thering R(E) isisomorphicto Q[x, x ~1]®Q[y] and E trivializesover a principal
G x Gg-bundle.
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(2) If L istorsion, let n € N, n > 1, be the minimal number such that L®" = Ox. If n and r are both
even, the ring R(E) is isomorphic to Q[x]/(x"/? — 1) ® Q[y], and E trivializes over a principal
tn % Gg-bundle. Thereis no principal w, 2 x G,-bundle over which E istrivial.
If n and r are not both even, thering R(E) isisomorphicto Q[x]/(x" — 1) ® Q[y], and E trivializes
over aprincipal u, x G,-bundle.
In all cases the trivializiing principal bundle is P, xx P, where P is the principal G,-bundle from
Proposition 2.2and Py, isa principal bundle over which L istrivial.
Proof. — The computation of the ring®(E) follows from the multiplication formula for the bundles
Fr,r > 2 ([2], Lemma 21). IfP;, is the principal bundle associated kovia the transition functions of.,
it is clear that everyL ® F, trivializes overP xyx Pr, therefore it only remains to prove that, for an
n-torsion bundlel, L ® F, is not trivial over au,, x G,-bundleP,, xx P with m < n. Since every finite
unramified covering?,, of X is again an elliptic curve, we assume without loss of generalityXhat P,
and show thatL. ® F, cannot be trivial overP, if L is non-trivial. Else we have for arbitrary large
thatOp(r,) — 7*(L @ F,)(Noo), wherer : P(F») — X is the projection ando denotes the hyperplane
P(Ox) C P(F2). The projection formula and [5], II, (7.11) imply th@ty — (L ® F,) ® 7+ Op(r,) (Noo) =
(L®Fr)®SN(F2) = (L®Fr)®FN+1x and hencethaj)X — L®(FN+2—r@FN+4—r@'"@FN+r) (%e
Proposition 2.2). Thus one of the direct summands must have a non-trivial global section. By the uniqueness
of the F;, i € N, this implies that. must be trivial, which contradicts our assumptiom
Remark 1.—The correspondence between the dimension of the “minimal” group scheme and the
dimension of the ringR(E) also occurs in the case of vector bundles over the projective line. This follows
immediately from the fact that every vector bundle oFéisplits into a direct sum of line bundles.

3. Tannakian category associated to a vector bundle

PROPOSITION 3.1. —Every indecomposable vector bundle of degree zero over an elliptic curve X is
semistable.

Proof. — This follows inductively from the exact sequence in Theorem 2.1 and the fact that every line
bundle of degree zero is semistablex

If E is an indecomposable vector bundle of degree zero Byérgenerates a catego6f, which is the
full subcategory 08S(X) with set of objectsS(E), whereS(E) denotes the set of vector bundles that are
isomorphic to a bundlé>/ V1, whereV; and V> are objects 055(X) such thatVy c vV, C @ﬁzl P; for
someP; € S(E), 1<i <t, and withS(FE) as defined in the introduction. A% is an elliptic curve, here
SS(X) just denotes the category of semistable vector bundles of degree zero.

For example, sincé&(F,) ={F; | i € N}, if r is even, andS(F,) ={F; |i > 1,i odd}, if r is odd, and
F; C Fiyqforalli > 1, we obtain tha€r, = Cr, for all r > 2, with the objects being subquotients of finite
direct sums of the bundle, i > 1.

Since SS(X) is Abelian, all objects ofS(E) are objects ofsS(X). By construction@g is abelian for
every indecomposable vector bundlever X (see[9], §1).

PROPOSITION 3.2 (compare [9]). For every E € £(r, 0), r € N, the category Cg together with thefibre
functor x*, mapping an object of Cg toitsfibrein a k-rational point x, isa neutralized Tannakian category.

For the formalism of Tannakian categories see [10] and [3]. By a theorem of Saavedra [10] for any
neutralized Tannakian categof§, w) there exists an affine group schediesuch thatC is equivalent to
G-mod, the category of finite-dimensional representatiors.of

PrROPOSITION 3.3. —Let E € £(r,0), i.ee E = L ® F, for some line bundle L of degree zero. Then
Cr = (G, x Gy)-mod, if L isnotatorsionbundle, and Cx = (u,, x G,)-mod, if L isann-torsion bundle
with > 1 the minimal number such that LZ®" = Oy.

Proof. —First we note that for alk > 2, C.g¢r, = CLgr,. By [3], Prop. 2.8, there is a functorial
isomorphism between the group schetiecorresponding t€,.¢r,, and Auf (x*) which is a functor
assigning to every-algebrar a set of familiesia(V)}, V € ObjCrgr,, of R-linear endomorphisms of
x*(V) ®k R, compatible with the tensor product and morphism&;ig r,. Theno (L ® F2) = a(L) Qa(F2)
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is in (G, x Gy)(R) or in (u, x Gg)(R), depending on whethek is a torsion bundle. Everg(V),

V € Obj Cg, is uniquely determined by (L ® F>), because of the compatibility properties of the family
and the fact that every is a subquotient of a finite direct sum of bundigs® F>)®* ® (L ® F»)¥)®?,
a,b € 7Z,> 0. Conversely, every element ¢fs,, x G,)(R) or (iu, x G,)(R) defines a family in this
way. O

4. Counter-exampleon a curve of genus 2

Let X be a curve of genug = 2 overC, and letx be aC-rational point ofX.

We want to show that there exists a stable bunéllever X, generating a Tannakian categdry,
such that the ringrR(E) is of smaller dimension than the group scheme associatét}; td-or this let
p :m1(X,x) — GL2(C) be the irreducible, unitary representation defineddiy) := A, p(b) := B,

p(c) := B, p(d) := A, with generatora, b, ¢, andd of m1(X, x), satisfying[a, b][c,d] =1, and
. A0 cos2r®d) —sin2r d)
A= (o x—l)’ b= (sin(ZJTCD) cos2r b) ) @
wherex = €271® for an irrational® < [0, 1].

The Zariski-closure of the image pfin GL>(C) is SLx(C), hence by [6], (1.2.2), the Tannakian category
generated by, whose objects are subquotients of finite direct sums of tensor powersantl pV, is
equivalent to the category S(C)-mod.

Let E be the stable vector bundle of degree zero corresponding\t the Narasimhan—Seshadri
correspondence ([8], §12). All objects 8z, as constructed in the previous paragraph, are polystable
vector bundles of degree zero (i.e. direct sums of stable vector bundles of degree zero [7]): any semistable
bundleV of degree zero has, by Jordan—Holder-filtration, a stable subbiihadiedegree zero. Hence, if
V is a subbundle of a finite direct sum of objectsSg¥) (which are all stable)/W must be isomorphic
to one of the direct summands and must split fréminductively, we obtain thaV is polystable. By
the Narasimhan—Seshadri correspondence there is therefore a 1-1 correspondence between the objects
of C¢ and of C,, so we obtain an equivalence of categorigs= C, = SL,(C)-mod. Since Sk(C) is
connected and simply connected, its representations are in 1-1 correspondence with those of the Lie algebra
d2(C) (see[4], Part II, 88.1). Asdo(C) is completely reducible ([4], Theorem 9.19), this implies that the
indecomposable vector bundles @ cannot have any proper subbundles. Hence the definitioabzof
implies that the elements ¢f(E) are the only indecomposable bundleCin. Therefore the elements of
S(E) are in 1-1 correspondence with the irreducibiéndecomposable) representations o &L), and it
follows that the ringR (E) is isomorphic to the representation ring of5%C) overQ. As all representations
of do(C) are symmetric powers of the standard representation, we conclude(tfiats Q[x].
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