
C. R. Acad. Sci. Paris, Ser. I 334 (2002) 521–526

Problèmes mathématiques de la mécanique/Mathematical Problems in Mechanics
(Analyse numérique/Numerical Analysis)

Existence of a solution for an unsteady elasticity
problem in large displacement and small perturbation

Céline Grandmont a, Yvon Maday b, Paul Métier b

a CEREMADE, Université Paris Dauphine, place du Maréchal de Lattre de Tassigny, 75775 Paris cedex 16,
France

b Laboratoire Jacques-Louis Lions, Université Pierre et Marie Curie, BC 187, 175, rue du Chevaleret,
75252 Paris cedex 05, France

Received and accepted 21 January 2002

Note presented by Philippe G. Ciarlet.

Abstract In this Note we present a model for an unsteady pure traction problem in large displacement
and small perturbation for an elastic body in dimension 2, and we show the existence
of a solution to the associated problem. The weak formulation of this nonlinear problem
involves test-functions depending on the solution, which is not standard. We then study
the dynamic of the translation, of the rotation, and of the perturbation associated to the
deformation of the body. We prove the existence of a weak solution using a Galerkin
method.To cite this article: C. Grandmont et al., C. R. Acad. Sci. Paris, Ser. I 334 (2002)
521–526.  2002 Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Existence d’une solution pour un modèle d’élasticité instationnaire en
grands déplacements et petites perturbations

Résumé Nous présentons dans cette Note la modélisation et l’analyse d’un problème d’élasticité
instationnaire en grands déplacements et petites perturbations pour un corps non-encastré
en dimension 2. La formulation faible de ce problème non-linéaire utilise des fonctions-
tests dépendant de la solution. Nous étudions alors la dynamique de la translation, de la
rotation et de la perturbation associées à la déformation du corps élastique. Nous montrons
l’existence d’une solution faible au problème par une méthode de Galerkin.Pour citer cet
article : C. Grandmont et al., C. R. Acad. Sci. Paris, Ser. I 334 (2002) 521–526.  2002
Académie des sciences/Éditions scientifiques et médicales Elsevier SAS

Version française abrégée

Nous présentons dans cette Note la modélisation et l’analyse d’un problème d’élasticité instationnaire en
grands déplacements et petites perturbations pour un corps non-encastré en dimension 2. La configuration
de référence de ce solide déformable est un ouvert borné deR

2 à frontière lipschitzienne, noté� ; son centre
de gravité est notéG. Nous recherchons la déformationφ du corps sous la formeφ = τ +Rθ (−→Gξ + d(ξ))
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pourξ ∈�, où τ est une translation deR2, R = Rθ =
(cosθ −sinθ

sinθ cosθ

)
est une rotation d’angleθ ∈ R, et d est

une application de� dansR
2 appelée perturbation. Nous justifions en premier lieu cette décomposition.

Pour cela nous introduisons, pours � 0, les ensembles présentés en (1), etZs = R
2×R/2πZ×Ys . Dans

ce qui suit, nous ne distinguerons pas les espaces de SobolevHs(�) à valeurs dansR de ceux à valeurs
dansR2. Énonçons maintenant le résultat préliminaire suivant :

PROPOSITION 0.1. – (i)L’application

A : R
2×R× L2(�)−→ L2(�),

(τ, θ,d) �−→ φ = τ +Rθ
(−→
Gξ + d

)
est une bijection deZs sur Xs de classeC∞.

(ii) De plusA est unC1-difféomorphisme. Soient(τ, θ,d) ∈ Zs , φ =A(τ, θ,d) ∈Xs et v ∈Hs (�), alors
nous avons[D(A−1)](φ) · v= (τ, θ,d)T avec les expressions deτ , θ et d données en(2) et (3).

Soit maintenant un tempsT > 0. Nous considérons la déformation instationnaireφ(·, t) d’un corps
hyperélastique non-encastré, dont la configuration de référence� est un état naturel. D’après la
Proposition 0.1, la déformation peut s’écrire de manière unique selon (4) pour presque toutt ∈ (0, T ).
Nous considérons par ailleurs le déplacementu = φ − idR2. En partant d’un modèle élastique de Saint
Venant–Kirchhoff valable dans le cas de grands déplacements et de petites déformations, et en remarquant
que l’énergie mécanique associée ne dépend que ded, nous obtenons, après linéarisation au premier ordre
en∇d, la formulation faible (6) du problème. Dans cette formulation, les fonctions-tests dépendent de la
solution du problème, ce qui est non-standard.

Énonçons le résultat principal d’existence suivant :

THÉORÈME 0.2. – Soient u0 ∈ H1(�) tel que u0 + −→Oξ ∈ X1, u1 ∈ L2(�), et les forcesf ∈
L2(0, T ;L2(�)) et g ∈ H1(0, T ;H−1/2(∂�)) ∩ L2(0, T ;L1(∂�)). Si ces données sont assez petites ou
si le tempsT est assez petit, alors il existe une solutionu ∈ H2(0, T ; (E1)

′) ∩ W1,∞(0, T ;L2(�)) ∩
L∞(0, T ;H1(�)) au système(7), telle queφ(·, t) = u(·, t) + id

R2 ∈ X1 pour presque toutt ∈ (0, T ), et
avec la perturbationd définie dans la Proposition0.1à partir deφ.

De plus, sif ∈ L2(0,∞;L2(�)) et g ∈ H1(0,∞;H−1/2(∂�)) ∩ L2(0,∞;L1(∂�)), alors la solutionu
existe sur[0, T ∗[ avecT ∗ = sup{t > 0; d(·, t) ∈Y0}.

La démonstration repose sur la décomposition (9) de H1(�) et la projection de l’équation de la
formulation faible sur chacun des sous-espaces de cette décomposition. Nous sommes alors ramenés
à étudier la dynamique de la translationτ , de la rotationRθ et de la perturbationd associées à la
déformationφ. Nous utilisons ensuite une méthode de Galerkin pour montrer l’existence d’une solution
faible satisfaisant cette formulation équivalente de notre problème.

In this Note we present a model for an unsteady pure traction problem in large displacement and small
perturbation for an elastic body in dimension 2, and we show existence of a weak solution to the associated
problem.

1. Notations. Model

The reference configuration of this elastic medium is a bounded open subset� of R
2 with a Lispchitz-

continuous boundary; its center of mass is denoted byG. We are looking for a deformationφ of the
domain� under the formφ(ξ) = τ + Rθ(−→Gξ + d(ξ)) for ξ ∈ �, where τ is a translation ofR2,
R = Rθ =

(cosθ −sinθ
sinθ cosθ

)
is a rotation of angleθ ∈R, andd is a map from� ontoR

2, called perturbation. To
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justify this decomposition, we introduce some notations and then present a preliminary result. For all real
s � 0, we define the following sets:

Xs =
{
ϕ ∈Hs(�);

(∫
�

ϕ(ξ) · −→Gξ dξ

)2

+
(∫
�

ϕ(ξ)∧−→Gξ dξ

)2

�= 0

}
,

Es =
{

b ∈Hs(�);
∫
�

b(ξ)dξ = 0,
∫
�

b(ξ)∧−→Gξ dξ = 0

}
,

Ys =
{

b ∈ Es;
∫
�

(−→
Gξ + b(ξ)

) · −→Gξ dξ > 0

}
,

(1)

and Zs = R
2 × R/2πZ × Ys , where∧ denotes the exterior product inR2. We also imbed the plane

R
2= 〈−→ex ,−→ey 〉 in R

3= 〈−→ex ,−→ey ,−→ez 〉 in order to define the vectorial operator−→ez ∧ ·. We have the following
proposition:

PROPOSITION 1.1. – (i)The application

A : R
2×R× L2(�)−→ L2(�),

(τ, θ,d) �−→ φ = τ +Rθ (−→Gξ + d)

is a C∞-one-to-one map fromZs on Xs .
(ii) MoreoverA is a C1-diffeomorphism. Let(τ, θ,d) ∈ Zs , φ = A(τ, θ,d) ∈ Xs and v ∈ Xs , then we

have[D(A−1)](φ) · v= (τ , θ,d)T with the following expressions:

τ (v)= 1

|�|
∫
�

v, θ(v)= 1∫
�(
−→
Gξ + d) · −→Gξ

∫
�

v · (−→ez ∧Rθ−→Gξ) and (2)

d(v)=RT
θ

[
v− τ (v)− θ(v)−→ez ∧Rθ

(−→
Gξ + d

)]
=RT

θ

[
v− 1

|�|
∫
�

v− 1∫
�(
−→
Gξ + d) · −→Gξ

(∫
�

v · (−→ez ∧Rθ−→Gξ)
)
−→ez ∧Rθ

(−→
Gξ + d

)]
. (3)

Let T > 0. From now on, we consider for almost everyt ∈ [0, T ] the unsteady deformationφ(·, t)
of a body whose reference configuration� is a natural state. Following Proposition 1.1, for almost
everyt ∈ (0, T ), if the deformationφ(·, t) belongs toXs , then there exists a unique triplet(τ, θ,d) ∈ Zs
such that:

φ(ξ, t)= τ (t)+Rθ(t)
(−→
Gξ + d(ξ, t)

)
. (4)

Let u= φ − id
R2 be the associated displacement. We now present the main steps of the modeling leading

to the equations satisfied byu. We setEK(u, u̇)= ρS
∫
�(u̇)

2/2 the kinetic energy, whereρS is the density
of the body. Considering a pure traction problem, we introduceP(u, u̇) = ∫

�
f · u+ ∫

∂�
g · u the work of

the exterior body surfacef and of the exterior forceg applied on the boundary. Since we refer to a large
displacement-small strain model, we first consider a Saint Venant–Kirchhoff hyperelastic material whose
stored energy function is given by (see[2], Theorem 4.4-3):

W̌ (E)= λ
2

[
tr(E)

]2+µ tr
[
E2],

whereE(u)= (∇u+∇uT+∇uT∇u)/2 is the Green–Saint Venant strain tensor, andλ andµ are the Lamé
constants. We then remark that the strain tensorE(u) only depends on the perturbationd, i.e.,E(u)= E(d).
Next considering small perturbations, we linearizeE(d) at the first order in∇d by ε(d)= (∇d+∇dT)/2.
We finally obtain the linearized mechanical instantaneous energy of the displacementu:

W(u, u̇)=
∫
�

Ŵ(d), whereŴ(d)= W̌(
ε(d)

)
. (5)
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Introducing the LagrangianL(u, u̇)=EK +P −W , we then deduce from the Lagrange equations (see[1]
for example) the weak formulation of the equations modeling the displacementu (associated to the
perturbationd): 


∀v regular enough, withb uniquely defined by (3),

ρS

∫
�

(∂ttu) · v+
∫
�

σ(d) : ε(b)=
∫
�

f · v+
∫
∂�

g · v in D′(0, T ), (6)

whereσ (d)= λ tr(ε(d))I2+2µε(d), and with the initial conditionsu(·, t = 0)= u0 and∂tu(·, t = 0)= u1.

2. Main result

THEOREM 2.1. – Let u0 ∈ H1(�) such that u0 + −→Oξ ∈ X1, u1 ∈ L2(�), and the forcesf ∈
L2(0, T ;L2(�)) and g ∈ H1(0, T ;H−1/2(∂�)) ∩ L2(0, T ;L1(∂�)). If those data are small enough or
the timeT is small enough, then there exists a solutionu ∈ H2(0, T ; (E1)

′) ∩ W1,∞(0, T ;L2(�)) ∩
L∞(0, T ;H1(�)) to the following system:


∀v ∈H1(�), ρS

d

dt

(∫
�

∂tu · v
)
+

∫
�

σ(d) : ε(b)=
∫
�

f · v+
∫
∂�

g · v in D′(0, T ),

with b associated tov thanks to(3),

u(·, t = 0)= u0, ∂tu(·, t = 0)= u1,

(7)

such thatφ(·, t) = u(·, t)+ id
R2 ∈ X1, for almost everyt ∈ (0, T ), and withd defined in Proposition1.1

fromφ. Furthermore, iff ∈ L2(0,∞;L2(�)) andg ∈H1(0,∞;H−1/2(∂�))∩ L2(0,∞;L1(∂�)), then the
solutionu exists on the interval[0, T ∗[ with T ∗ = sup{t > 0;d(·, t) ∈Y0}.

Remark1. – In this formulation, the test-functionb depends implicitly on the solutionu.

3. Sketch of the proof

3.1. Model study: energy estimates and equivalent formulation

We obtain classical energy estimates by takingv = ∂tu = τ̇ + θ̇−→ez ∧ Rθ(−→Gξ + d) + Rθ∂td in
formulation (6), where we denoted with an overlaying dot the total derivative operator with respect to time.
If f ∈ L2(0, T ;L2(�)) andg ∈H1(0, T ;H−1/2(∂�)), we get in a first step that∂tu ∈ L∞(0, T ;L2(�)) and
d ∈ L∞(0, T ;H1(�)). We derive further regularities in a second step if we assume, forδ > 0:

for almost everyt ∈ (0, T ), d(·, t) ∈Yδ1=
{

d ∈ E1;
∫
�

(−→
Gξ + d

) · −→Gξ � δ > 0

}
. (8)

By using an explicit expression ofθ = (A−1(u + id
R2))2, we get θ ∈ L∞(0, T ), which allows us,

thanks to (2), (3), to conclude thatτ , θ andd are respectively bounded in W1,∞(0, T ), W1,∞(0, T ) and
W1,∞(0, T ;L2(�))∩ L∞(0, T ;H1(�)).

By taking special test-functions in (6), we obtain an equivalent system to (6) concerning the dynamic of
the underlying translationτ , rotationRθ and perturbationd. Let us remind that, from the definition ofE1
(see(1)), we also have:

H1(�)= 〈−→ex ,−→ey 〉⊕ 〈−→ez ∧R(−→
Gξ + d

)〉⊕ 〈Rb;b ∈ E1〉 (9)

because of
∫
�
(
−→
Gξ + d) · −→Gξ �= 0. Thus taking in (6) respectivelyv ∈ 〈−→ex ,−→ey 〉, v ∈ 〈−→ez ∧R(−→Gξ + d)〉 and

v= Rb for b ∈ E1, we obtain, at least formally:
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mτ̈ =
∫
�

f+
∫
∂�

g, (10)

d

dt
(θ̇J )+ ρS

∫
�

d∧ ∂ttd=
∫
�

R
(−→
Gξ + d

)∧ f+
∫
∂�

R
(−→
Gξ + d

)∧ g, (11)

∀b ∈ E1, ρS

(∫
�

∂ttd · b+ 2θ̇
∫
�

∂td∧ b+ θ̈
∫
�

d∧ b− (θ̇ )2
∫
�

(−→
Gξ + d

) · b)

+
∫
�

σ(d) : ε(b)=
∫
�

f ·Rb+
∫
∂�

g ·Rb, (12)

whereJ (t)= ρS
∫
�(
−→
Gξ +d)2 is the inertia momentum of the body at timet . We also have initial conditions

stemming fromu0= τ0+Rθ0(−→Gξ + d0)−−→Oξ andu1= τ1+ θ1−→ez ∧Rθ0(−→Gξ + d0)+Rθ0d1:
 τ (0)= τ0, θ(0)= θ0, d(·, t = 0)= d0, with

∫
�

(−→
Gξ + d0

) · −→Gξ > 0,

τ̇ (0)= τ1, θ̇ (0)= θ1, ∂td(·, t = 0)= d1.

3.2. Choice of the test-functions

To study the existence of solutions for the previous problem, we use a Galerkin method. Let us first
choose a Galerkin basis of the spaceE1. We remark thatE1 = ker())⊥, where) stands for the operator
of the linearized elasticity () =−div(σ )) with homogeneous Neumann boundary condition. This operator
is self-adjoint from L2(�) into L2(�), and its inverse is a bounded compact operator fromE0 into E0.
Denoting byψi , i � 1, the eigenfunctions of) with positive eigenvalues, we haveE1= 〈ψi〉i�1. Thus we
choose{ψi}i�1 as a Galerkin basis.

3.3. Finite dimensional approximation

We approachd by a combination of a finite numberN ∈ N
∗ of eigenmodes,dN =∑N

i=1αi(t)ψi , with
coefficientsαi functions of time. Substituting this expression in (11) and in (12) where we take successively
b = ψi for 1 � i � N , we obtain a finite dimensional system associated to the continuous problem (10)–
(12). We have also to add the initial conditions. Denoting by(τN , θN,dN) the solution of the discrete
system, the initial conditions areτN(0)= τ0, τ̇N (0)= τ1, θN(0)= θ0, θ̇N (0)= θ1, anddN(·, t = 0)= d0

N ,
∂tdN(·, t = 0)= d1

N , whered0
N andd1

N are the L2(�)-projections ofd0 andd1 onto the space〈ψi 〉1�i�N ;
we have in particulard0

N → d0 in H1(�) andd1
N → d1 in L2(�) asN→∞.

The equation of the translation has a unique solutionτN = τ in H2(0, T ) as soon asf ∈ L2(0, T ;L1(�))

andg ∈ L2(0, T ;L1(∂�)), and is independent ofN .
The discrete system can anyway be rewritten under the formA(t,X)Ẍ= h(t,X, Ẋ), which is a nonlinear

second order ODE, withA ∈MN+1(R) a positive symmetric matrix. The matrixA is definite as long
as

∫
�(
−→
Gξ + dN) · −→Gξ �= 0. Under this hypothesis, there exist a time 0< TN � T and a unique solution

(τ, θ,α1, . . . , αN) ∈ [H2(0, TN)]N+3 to the discrete system. By using now the second step of thea priori
estimates study, we obtain:

‖dN‖L∞(0,TN ;H1(�)) � C∗1, (13)

with C∗1 = C(f,g, ∂tg,d0,d1, θ0, θ1, λ,µ,ρS) independent ofN , and:∥∥(θN ,dN)∥∥W1,∞(0,TN)×(W1,∞(0,TN ;L2(�))∩L∞(0,TN ;H1(�)))
� C∗2, (14)

whereC∗2 = C(f,g, ∂tg,d0,d1, θ0, θ1, λ,µ,ρS, δ) is independent ofN . So, for a fixedδ > 0, if the data are
small enough, thenC∗1 is small enough. In that case or if the timeT is small enough, we havedN(t) ∈ Yδ1
for almost everyt � T , whereT is independent ofN . It follows thatTN = T .
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3.4. Existence of a solution

In order to pass to the limit whenN goes to infinity, we need extra energy estimates. By using the previous
inequalities and the eigenfunctions properties, we may obtain by standard arguments (see[3], p. 74) that
∂ttdN andθ̈N are respectively bounded in L2(0, T ; (E1)

′) and L2(0, T ) independently ofN . Thanks to this
result and to (13), (14), we pass to the limit in the equations of the discrete system using in particular the
compact imbedding:

W1,∞(
0, T ;L2(�)

)∩ L∞
(
0, T ;H1(�)

)⊂H1((0, T )×�) c
↪→ L2((0, T )×�)

.

So we obtain a solution provided that the data or the timeT are small enough. We can next extend it on the
interval[0, T ∗[ with T ∗ = sup{t > 0; d(·, t) ∈Y0}.

We then have the theorem:

THEOREM 3.1. – Let τ0, τ1 ∈ R
2, θ0, θ1 ∈ R, d0 ∈ Y1, d1 ∈ L2(�), f ∈ L2(0, T ;L2(�)) and g ∈

H1(0, T ;H−1/2(∂�)) ∩ L2(0, T ;L1(∂�)). If the timeT is small enough or those data are small enough,
then there exists a solution(τ, θ,d) to the following problem:



Find τ ∈H2(0, T ), θ ∈H2(0, T ),

andd ∈H2
(
0, T ; (E1)

′)∩W1,∞(
0, T ;L2(�)

)∩ L∞
(
0, T ;H1(�)

)
such that for almostt ∈ (0, T ), d(·, t) ∈Y1,satisfying:

mτ̈ =
∫
�

f+
∫
∂�

g in (0, T ),

d

dt

(
θ̇J + ρS

∫
�

d∧ ∂td
)
=

∫
�

Rθ
(−→
Gξ + d

)∧ f+
∫
∂�

Rθ
(−→
Gξ + d

)∧ g in D′(0, T ),

ρS

(∫
�

∂ttd · b+ 2θ̇
∫
�

∂td∧ b+ θ̈
∫
�

d∧ b− (θ̇)2
∫
�

(−→
Gξ + d

) · b)

+
∫
�

σ(d) : ε(b)=
∫
�

f ·Rθb+
∫
∂�

g ·Rθb in L1(0, T ) weak, ∀b ∈ E1,

with τ (0)= τ0, τ̇ (0)= τ1, θ(0)= θ0, θ̇ (0)= θ1, d(·,0)= d0 and∂td(·,0)= d1.

(15)

Furthermore, if f ∈ L2(0,∞;L2(�)) and g ∈ H1(0,∞;H−1/2(∂�)) ∩ L2(0,∞;L1(∂�)), then the
solution(τ, θ,d) exists on the interval[0, T ∗[ with T ∗ = sup{t > 0;d(·, t) ∈Y0}.

To such a triplet(τ, θ,d) obtained in Theorem 3.1, we may associate a unique deformationφ such that for
almost everyt ∈ (0, T ), φ(·, t)= τ (t)+Rθ(t)(−→Gξ + d(·, t)) ∈X1, and then the displacementu= φ− idR2.
By algebraic calculations, we can return to a formulation with the displacement. We have then the result
presented in Theorem 2.1.

Remark2. – In a forthcoming work, we shall deal with the uniqueness of the solution, and the extension
of the model and the results to dimension 3.
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