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Abstract The purpose of this Note is to perform a theoretical analysis of the domain decomposition
method introduced in [2]. We motivate and introduce an improvement of this method and
carry out the analysis when it is applied to solving the Stokes equations. Our method is
based on a penalty term on the interface between subdomains that enforces the appropriate
transmission conditions and may be seen as variation of the Robin method. We obtain strong
convergence results for velocity and pressure in the standard H1 and L2 norms and precise
rates of convergence, together with error estimates. These error estimates are of optimal
order with respect to the precision of the interpolation. We conclude with some numerical
tests.To cite this article: T. Chacón Rebollo, E. Chacón Vera, C. R. Acad. Sci. Paris, Ser. I
334 (2002) 221–226.  2002 Académie des sciences/Éditions scientifiques et médicales
Elsevier SAS

Décomposition de domaines sans superposition pour les équations de
Stokes via une pénalisation dans l’interface

Résumé Le but de cette Note est la réalisation d’une analyse théorique de la méthode de
décomposition de domaines introduite par [2]. On motive et introduit une amélioration
de cette méthode et on fait l’analyse lorsque’on l’applique à la résolution des équations
de Stokes. Notre méthode est basée sur l’introduction d’un terme de pénalisation dans
l’interface entre les sous-domaines, qui renforce les conditions appropiées de transmission.
On peut voir cette méthode comme une variation de la méthode de Robin. On obtient un
résultat de convergence forte pour la vitesse et la pression dans les normes standard H1 et
L2, le taux de convergence et les estimations d’erreur. Ces estimations sont d’ordre optimal
par rapport à précision de la l’interpolation. On finit avec quelques tests numériques.Pour
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Version française abrégée

Dans ce travail on considère un domaine borné simplement connexe� ⊂ Rd (d = 2,3) avec une
frontière Lipschitz∂� et on décompose� en deux sous-domaines Lipschitiz non superposés�1 et�2 avec
�1 ∩�2 = ∅ (ce choix est fait pour faciliter l’exposition des idées principales, mais on peut généraliser à
plus de deux sous-domaines). Alors, on suppose que∂�i = �i ∪� où�i est la frontière commune avec�,
�i = ∂�∩ ∂�i et� est l’interface avec�j , � = ∂�1 ∩ ∂�2, toutes les frontières sont Lipschitz.

Maintenant, pourf ∈ [L2(�)]d et inspiré par [2], on propose les équations aux derivées partielles couplées
suivantes comme une approche aux équations de Stokes quandε ↓ 0+



−�u1 + ∇p1 = f dans�1,

∇ · u1 = 0 dans�1,

u1 = 0 sur�1,

∂u1

∂n12
−p1n12 = −1

ε
(u1 − u2) sur�,




−�u2 + ∇p2 = f dans�2,

∇ · u2 = 0 dans�2,

u2 = 0 sur�2,

∂u2

∂n21
− p2n21 = −1

ε
(u2 − u1) sur�.

Ici nij est le vecteur normal extérieur à� qui part de�i vers�j et les pressionspi ont une moyenne
différente de zéro. Les conditions de transmission appropiées sont atteintes quandε ↓ 0+ car on obtient
‖u1 − u2‖0,� =O(ε).

Le processus d’itération qu’on propose est le suivant : Pourn = 0,1,2, . . . , si on aun1, un2 donnés, on
construitun+1

1 , un+1
2 etpn+1

1 , pn+1
2 de telle manière que les problèmes suivants soient satisfaits :




−�un+1
1 + ∇pn+1

1 = f dans�1,

∇ · un+1
1 = 0 dans�1,

un+1
1 = 0 sur�1,(
∂un+1

1

∂n12
− pn+1

1 n12

)∣∣∣∣
�

= −1

ε

(
un+1

1 − un2
)∣∣
�
,




−�un+1
2 + ∇pn+1

2 = f dans�2,

∇ · un+1
2 = 0 dans�2,

un+1
2 = 0 sur�2,(
∂un+1

2

∂n21
− pn+1

2 n21

)∣∣∣∣
�

= −1

ε

(
un+1

2 − un1
)∣∣
�
.

On obtient un résultat de convergence forte pour la vitesse et la pression dans les normes standard H1

et L2, le rayon de convergence précis et les estimations d’erreur. Ces estimations d’erreur sont optimales
dans le sens qu’on obtient une erreur d’estimationO(hk) quand on utilise une approximation d’ordre de
précisionk. Quelques résultats numériques sont présentés pourk = 1 dans la Tableau 1.

1. Introduction and motivation

We intend to study from a theoretical and numerical point of view the domain decomposition method
introduced in [2]. We introduce it via the Poisson problem of findingu ∈ H1

0(�) solution of

(∇u,∇v)� = (f, v)�, ∀v ∈ H1
0(�). (1)
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The domain� is decomposed into two overlapping Lipschitz subdomains�1 and�2 with �1 ∩ �2 =
�12 �= ∅. We let∂�i = �i ∪ �ij where�i is the common boundary�i = ∂�∩ ∂�i and�ij is the internal
boundary�ij = ∂�i ∩� = ∂�i ∩�j and we also assume that all of these boundaries are Lipschitz. For
each subdomain�i , we use a scalar functionρi ∈ L∞(�i) with supp(ρi) ⊂ �i , ρi � ρ0 > 0 and such
that ρ1 + ρ2 = 1 in �. The idea is to introduce the functionsρi in the integrals defining the variational
formulation (1) and decompose the problem into two similar ones on each subdomain plus a penalty term
that relates the two together. We letXi = H1

0(�i;�i)= {v ∈ H1(�i) s.t.v|�i = 0} normed as usual and, for
ε > 0, consider the problem (Qε) of finding (u1, u2) ∈X1 ×X2 such that for all(v1, v2) ∈X1 ×X2

(Qε)



(ρ1∇u1,∇v1)�1 + 1

ε
(u1 − u2, v1)0,�1,2 = (ρ1f, v1)�1,

(ρ2∇u2,∇v2)�2 + 1

ε
(u2 − u1, v2)0,�1,2 = (ρ2f, v2)�2.

The idea of consistency that we now introduce provides a key insight in the understanding of the method
and is the analysis engine for all the résults presented in this Note. We define the consistency error of
problem (Qε) as the error committed when we insert the true solutionu ∈ H1

0(�) of (1) into (Qε), therefore,
it is given for (v1, v2) ∈ X1 × X2 by G((v1, v2)) = ∑2

i=1(ρi∇u,∇vi)�i − ∑2
i=1(ρif, vi)�i . Next, we

compare the solution of (Qε), (uε1, u
ε
2) ∈ X1 × X2, with u and find that

∑2
i=1

∫
�i
ρi |∇(uεi − u)|2 dx +

1
ε
‖uε1 − uε2‖2

0,�1,2
= −G((uε1 − u,uε2 − u)). Now, if we consider eachρi constant on�1,2 (ρi = 1/2) and

assume that the solution of (1) is smooth enough, for instance,u ∈ H2(�) ∩ H1
0(�), integration by parts

gives

2∑
i=1

∫
�i

ρi
∣∣∇(

uεi − u
)∣∣2 dx + 1

ε

∥∥uε1 − uε2

∥∥2
0,�1,2

= 1

2

2∑
i=1

∫
�ij

∂u

∂nij

(
uε1 − uε2

)
dσ, (2)

wherenij is the normal vector on�ij pointing into�j . Therefore, we see that if we want to estimate the
error in terms ofε using the right-hand side of (2), our main concern is to estimate the boundary integrals
on the interfaces�ij . A first approach could be to replace the L2 penalty term by an H1 penalty term on the
overlapping. But then, there is left the question of the role played by the size of�1,2. Then, if we shrink
the overlapping to a single interface� and replace the term‖uε1 − uε2‖2

0,�1,2
by ‖uε1 − uε2‖2

0,� we are able to
control the consistency of the method and, moreover, there is no need for using theρi ’s. This is the approach
that we have followed in this work and that we have applied to the case of the Stokes problem. For other
techniques where the transmission conditions are not penalized we refer the reader to [1,3] and [4].

2. Domain decomposition method for Stokes equations

In a simply connected bounded domain� ⊂ Rd (d = 2,3) with a Lipschitz boundary∂� and with
f ∈ [L2(�)]d , we look for(u,p) ∈ [H1

0(�)]d × L2
0(�) such that for all(v, q) ∈ [H1

0(�)]d × L2
0(�)

(∇u,∇v)� − (p,∇ · v)� − (∇ · u, q)� = (f,v)�. (3)

To ease the exposition of the main ideas we decompose� into two non-overlapping Lipschitz subdomains
�1 and�2 with �1 ∩ �2 = ∅. Suppose that∂�i = �i ∪ � where�i is the common boundary with�,
�i = ∂�∩ ∂�i and� is the interface with�j , � = ∂�1 ∩ ∂�2, all of these boundaries are Lipschitz. Next,
we consider the Sobolev spacesXi = [H1

0(�i;�i)]d = {v ∈ [H1(�i)]d s.t.v|�i = 0} and the Hilbert spaces

Mi = L2(�i) normed as usual. Forε > 0 we consider the problem (Pε) of finding (ui , pi) ∈ Xi ×Mi such
that for all(vi , qi) ∈ Xi ×Mi , i = 1,2,

(Pε)



(∇u1,∇v1)�1 − (p1,∇ · v1)�1 − (q1,∇ · u1)�1 + 1

ε
(u1 − u2,v1)0,� = (f,v1)�1,

(∇u2,∇v2)�2 − (p2,∇ · v2)�2 − (q2,∇ · u2)�2 + 1

ε
(u2 − u1,v2)0,� = (f,v2)�2.
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This is the variational formulation of the following coupled partial differential equations


−�u1 + ∇p1 = f in �1,

∇ · u1 = 0 in�1,

u1 = 0 on�1,

∂u1

∂n12
− p1n12 = −1

ε
(u1 − u2) on�,




−�u2 + ∇p2 = f in �2,

∇ · u2 = 0 in�2,

u2 = 0 on�2,

∂u2

∂n21
− p2n21 = −1

ε
(u2 − u1) on�,

wherenij is the outward normal vector on� pointing from�i into�j and we stress that the pressurespi
do no longer have zero mean average. The appropriated transmission conditions are enforced because we
show that‖u1 − u2‖0,� =O(ε) whenε ↓ 0+.

3. Analysis of problem(Pε)

Let us introduce the product spacesX = X1 × X2 andM =M1 ×M2. We normM with ‖(p1,p2)‖2
M =∑2

i=1 ‖pi‖2
0,�i

andX with ‖(u1,u2)‖2
ε = ∑2

i=1 ‖∇ui‖2
0,�i

+ ε−1‖u1 − u2‖2
0,�. Within this framework the

existence and uniqueness of solution for problem (Pε) can be shown. Next we introduce the consistency
error for problem (Pε) as an approximation of the Stokes equations. This error is the result of plugging
the solution of (3) into (Pε) and it is given for all(v1,v2) ∈ X by G((v1,v2)) = ∑2

i=1(∇u,∇vi )�i −∑2
i=1(p,∇ · vi)�i − ∑2

i=1(f,vi )�i . Assumeu ∈ [H2(�) ∩ H1
0(�)]d and p ∈ H1(�), then we have

G((v1,v2)) = ∫
�
(∂nu − p n) · (v1 − v2)dσ (n = n1,2). Using this consistency error, we can estimate

the error committed in the approximation of the variational formulation of the Stokes equations with
problem (Pε)

THEOREM 1. –Suppose that u ∈ [H2(�) ∩ H1
0(�)]d and p ∈ H1(�). For each ε > 0 let (uε1,u

ε
2) ∈ X

and (pε1,p
ε
2) ∈ M be the unique solution of problem (Pε). Let c(u,p)= ‖∂nu − p n‖0,� and construct

πε = pε1χ�1 + pε2χ�2 − 1

|�|
(∫

�1

pε1 +
∫
�2

pε2

)
. (4)

Then
2∑
i=1

∣∣u − uεi
∣∣2
1,�i

+ 1

ε

∥∥uε1 − uε2
∥∥2

0,� � c(u,p)2ε and
∥∥p− πε

∥∥
0,� � c(u,p)

√
ε.

4. Discrete problem and error estimates

We suppose that the domain� is polygonal and take forh > 0 an admissible and regular triangulationTh
of� formed by polygons (d = 2) or polyhedra (d = 3) such that� is formed by faces or sides of elementsK

in Th. Then we useT i
h = Th∩�i , for i = 1,2. For the triangulationTh we consider finite element subspaces

(Vh,Ph) of ([H1
0(�)]d,L2

0(�)) satisfying the discrete inf-sup condition of Ladyzhenskya–Brezzi–Babuška
on� and of degreek � 1 of approximation. Now we consider the discrete solution(uh,ph) ∈ Vh × Ph of
the discrete version of the Stokes problem posed onVh × Ph. We know thatu ∈ [Hk+1(�)∩ H1

0(�)]d and
p ∈ Hk(�) (k � 1), implies

|uh − u|1,� + ‖ph − p‖0,� � C0h
k (5)

for some constantC0 = C0(u,p). Now, based onT i
h , we use finite element subspaces of(Xi ,Mi), denoted

by (Xi,h,Mi,h), such that each pair(Yi,h,Ni,h), whereYi,h = Xi,h ∩ [H1
0(�i)]d andNi,h =Mi,h ∩ L2

0(�i)

also satisfies the discrete inf-sup condition on�i . For instance we could use the restriction of the spacesVh
andPh to each of the�i . Set nowXh = X1,h × X2,h andMh = M1,h × M2,h and consider the discrete
version of(Pε), denoted by(Pε,h), in Xh × Mh. Using the discrete version of the consistecy error used in
the previous section we obtain the error estimates
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THEOREM 2. –Let u ∈ [Hk+1(�) ∩ H1
0(�)]d, p ∈ Hk(�) (k � 1) and for each h > 0 let (uh,ph) ∈

Vh × Ph solve the discrete Stokes problem on Vh × Ph. For each ε > 0 let (uε1,h,u
ε
2,h) ∈ Xh and

(pε1,h,p
ε
2,h) ∈ Mh solve (Pε,h). Now construct πεh as in (4), then there exist a positive constant C, just

depending on (u,p, f), such that
2∑
i=1

∣∣uh − uεi,h
∣∣2
1,�i

+ 1

ε

∥∥uε1,h − uε2,h
∥∥2

0,� � C
(
h2k + ε

)
,

∥∥ph − πεh

∥∥
0,� � C

(
hk + √

ε
)
.

Using the triangular inequality and (5), we obtain
2∑
i=1

∣∣u − uεi,h
∣∣
1,�i

+ 1√
ε

∥∥uε1,h − uε2,h
∥∥

0,� � C
(
hk + √

ε
)
,

∥∥p− πεh

∥∥
0,� � C

(
hk + √

ε
)
.

When ε = O(h2k) we have
2∑
i=1

∣∣u − uεi,h
∣∣
1,�i

+ ∥∥p− πεh

∥∥
0,� � Chk and

∥∥uε1,h − uε2,h
∥∥

0,� � Ch2k.

5. Iteration process

We search for the solution of (Pε,h) via the following parallelizable technique: Forn= 0,1,2, . . . , given
uni = uε,ni,h (i = 1,2), we computeun+1

i ∈ Xi,h andpn+1
i = p

ε,n+1
i,h ∈Mi,h such that for all(v1,v2) ∈ Xh the

following problem (Pn
ε,h) is satisfied


(∇un+1

1 ,∇v1
)
�1

− (
pn+1

1 ,∇ · v1
)
�1

− (
q1,∇ · un+1

1

)
�1

+ 1

ε

(
un+1

1 − un2,v1
)

0,� = (f,v1)�1,

(∇un+1
2 ,∇v2

)
�2

− (
pn+1

2 ,∇ · v2
)
�2

− (
q2,∇ · un+1

2

)
�2

+ 1

ε

(
un+1

2 − un1,v2
)

0,� = (f,v2)�2.

We obtain the following geometric rate of convergence

THEOREM 3. –Let (uε1,h, uε2,h) ∈ Xh, (pε1,h,p
ε
2,h) ∈ Mh and (uε,n1,h, uε,n2,h) ∈ Xh, (pε,n1,h,p

ε,n
2,h) ∈ Mh be

the solution of (Pε,h) and of (P n
ε,h) respectively. Define πεh and πε,nh as in (4) and start iterating with uε,0i,h .

Then, there exists a positive constant C0 depending only on �, such that for all ε,h > 0 and n� 1

2∑
i=1

∣∣uε,ni,h − uεi,h
∣∣
1,�i

�
∑

i=1,2 ‖uε,0i,h − uεi,h‖0,�√
ε (1+ 2C0ε)(n−1)/2 ,

∥∥πε,nh − πεh

∥∥
0,� �

∑
i=1,2 ‖uε,0i,h − uεi,h‖0,�

ε(1+ 2C0ε)(n−1)/2 . (6)

Via the triangular inequality, we obtain the final bound

THEOREM 4. –Let u ∈ [Hk+1(�) ∩ H1
0(�)]d and p ∈ Hk(�), for k � 1, be the solution to the Stokes

problem in �. For each h > 0 and ε > 0 let (uε,n1,h,u
ε,n
2,h) ∈ Xh, (pε,n1,h,p

ε,n
2,h) ∈ Mh solve the iteration problem

(P n
ε,h), starting off the iteration process with uε,0i,h = 0 and using finite element spaces of accuracy k � 1.

Then the following bounds hold for all n� 0

2∑
i=1

∣∣u − un+1,ε
i,h

∣∣
1,�i

�C

(
hk + √

ε+ 1√
ε (1+ 2C0ε)n/2

)
,

∥∥p− π
n+1,ε
h

∥∥
0,� �C

(
hk + √

ε+ 1

ε(1+ 2C0ε)n/2

)
,

where C = C(u,p, f) is a positive constant just depending on the data. When ε = O(h2k) and n is
large enough, n = O(− log(h)/h2k), we obtain O(hk) error bounds for velocity and pressure

∑2
i=1 |u −

un,εi,h |1,�i + ‖p− π
n,ε
h ‖0,� � Chk .
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Table 1. – Some numerical results.

Tableau 1. – Quelques résultats numériques.

mesh 16× 16 (h= 1/16) 32× 32 (h= 1/32) 64× 64 (h= 1/64)

eu(h) (velocity) 0.4600 0.13413 0.0412

ep(h) (pressure) 0.5773 0.1942 0.066

n (iterations) ≈ 140 ≈ 600 ≈ 3200

n ∗ h2/(− log(h)) ≈ 0.19 ≈ 0.19 ≈ 0.19

6. Numerical results

We use a known solution of the incompressible Stokes equations 2D to test the precision obtained in the
casek = 1. In this test�= (0,1)× (0,1), u = 0 on the boundary∂�, we takeν = 1 and the exact solution
is

u(x, y)= −cos(2πx)sin(2πy)+ sin(2πy), v(x, y)= sin(2πx)cos(2πy)− sin(2πx),

p(x, y)= 2π
(−cos(2πx)+ cos(2πy)

)
.

We consider the interface� as the liney = 0.5 and then�1 = (0,1)× (0,0.5) and�2 = (0,1)× (0.5,1).
Next, we consider a uniform triangular mesh of mesh sizeh, takeε = h2 and useP1 finite elements with
Brezzi–Pitkaranka stabilization for computing, starting off withu0

i,h = 0, the solutionuni,h andpni,h on
each�i . Then we takeuh = uni,h in �i , uh = (un1,h + un2,h)/2 on� and constructπh ∈ L2

0(�) according to

(4). We compute the errorseu(h)= (∑2
i=1

∫
�i

|∇(uh − ui,h)|2 dx
)1/2 andep(h) = ‖p − πh‖0,�. Table 1

shows the values obtained for these measures and the approximated number of iterations needed to end the
iteration process.

Indeed, an order of convergence approximated to 1.5 is obtained on this example.

7. Concluding remark

The purpose of this note was to perform a theoretical and numerical analysis of a improved version of the
domain decomposition technique introduced in [2]. We found that the method has a simple implementation
and that it is accurate for computing velocity and pressure. We also encounter that it is not very fast due to
error estimates (6), but this could be improved with a better initial guessu0

i,h. Moreover, the importance of
this last issue also depends upon the application at hand.
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