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ABSTRACT. – We consider oriented bond percolation onZd × N, at the critical occupatio
densitypc, for d > 4. The model is a “spread-out” model having long range parameterisedL.
We consider configurations in which the cluster of the origin survives to timen, and scale spac
by n1/2. We prove that forL sufficiently large all the moment measures converge, asn→∞,
to those of the canonical measure of super-Brownian motion. This extends a previous re
Nguyen and Yang, who proved Gaussian behaviour for the critical two-point function,
r-point functions (r � 2). We use lace expansion methods for the two-point function, and p
convergence of the expansion using a general inductive method that we developed in a p
paper. For ther-point functions withr � 3, we use a new expansion method.
 2003 Éditions scientifiques et médicales Elsevier SAS
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RÉSUMÉ. – On considére un modèle de percolation orientée sur les liens deZd × N à la
densité d’occupation critiquepc, pour d > 4. Le modèle comporte un effet de dispersio
longue portée paramétré par une longueurL. On considère les configurations dans lesque
l’amas comprenant l’origine survit jusqu’au tempsn, et on rééchelonne l’espace par un fact
n1/2. On montre, pourL assez grand, la convergence de tous les moments à valeurs m
vers ceux du super mouvement brownien. On étend ainsi un résultat préalablement obt
Nguyen et Yang, qui ont montré le comportement gaussien de la fonction à deux points c
au cas des fonctions àr points. La convergence du développement de la fonction à deux p
est établie à l’aide d’une méthode générale d’induction développée dans un article pré
Une nouvelle méthode de développement est employée pourr supérieur à trois.
 2003 Éditions scientifiques et médicales Elsevier SAS
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1. Introduction and results

1.1. Introduction

The lace expansion has been used to prove mean-field behaviour in high dime
for models of self-avoiding walks, lattice trees and lattice animals, and percol
In particular, there has been recent progress in identifying the scaling limit of l
trees above eight dimensions, and of the incipient infinite percolation cluster
six dimensions, as integrated super-Brownian excursion (ISE) [12,13,22,23,37].
paper we prove a related result for oriented percolation (also called directed perco

We consider “spread-out” oriented bond percolation on the latticeZ
d × N, at the

critical bond occupation densityp = pc, with d > 4. As we will explain in more deta
below, the spread-out model involves a parameterL � 1 that describes the extent
which connections in the model are spread-out in space. We study configurati
which the cluster of the origin survives to timen, and scale space byn1/2. We prove
that forL sufficiently large, all oriented percolation moment measures converge
moment measures of the canonical measure of super-Brownian motion, in the
n→∞. This result goes part way to proving that the scaling limit of the incip
infinite cluster is the canonical measure of super-Brownian motion, ford > 4. An
additional tightness result, which we have not proved, would be required to con
weak convergence in the sense of measure-valued processes.

The spread-out models are believed to lie in the same universality class as the n
neighbour model, for all finiteL� 1. Our results therefore support the conjecture tha
scaling limit of critical oriented percolation is super-Brownian motion, for the nea
neighbour model withd + 1> 5. We believe it should be possible to extend our res
to the nearest-neighbour model for sufficiently high dimensionsd, but this work has no
been carried out.

The limit L→∞ is a mean-field limit, and our method employs the lace expan
to perturb about a mean-field theory. However, we do keepL finite, and our results
include models with long but finite range. This should be contrasted with the r
work of Durrett and Perkins [14] (see also [10]), who prove that the critical co
process converges to super-Brownian motion in dimensionsd � 2, for models in which
the range of infection diverges at a particular rate as time goes to infinity. In their
mean-field behaviour is observed also belowd = 4. It would be of interest to extend o
results for oriented percolation to the finite range contact process ford > 4. The recen
proof of the triangle condition for the contact process withd > 4 andL sufficiently large
[35] would provide a starting point for such an extension.

The identification ofd+1= 5 as the upper critical dimension for oriented percola
originated in the physical analysis of [33]. Recently, hyperscaling inequalitie
oriented percolation and the contact process have been derived and used to sh
mean-field critical behaviour is incompatible withd + 1< 5 [36].

1.2. Main results

The spread-out oriented percolation models are defined as follows. Consider the
with verticesZ

d × N and directed bonds((x, n), (y, n + 1)), for n � 0 andx, y ∈ Z
d .
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Let D be a fixed functionD :Zd → [0,1] which is symmetric under replacement
any componentxi of x ∈ Z

d by −xi , and under permutation of the components ox.
Let p ∈ [0,‖D‖−1∞ ], where‖ · ‖∞ denotes the supremum norm, so thatpD(y − x) � 1.
We associate to each directed bond((x, n), (y, n+ 1)) an independent random variab
taking the value 1 with probabilitypD(y − x) and 0 with probability 1− pD(y − x).
We say a bond isoccupiedwhen the corresponding random variable takes the valu
andvacantwhen the random variable is 0. The joint probability distribution of the b
variables will be denotedPp, with corresponding expectation denotedEp. Note thatp is
not a probability.

We say that(x, n) is connectedto (y,m), and write(x, n)→ (y,m), if there is an
oriented path from(x, n) to (y,m) consisting of occupied bonds. Note that this is o
possible whenm � n. We writeC(x,n) for the set of sites(y,m) such that(x, n)→
(y,m), and denote the cardinality ofC(x,n) by |C(x,n)|. We adopt the convention th
every site is connected to itself, so that(x, n) ∈ C(x,n) for every site(x, n). Definepc to
be the supremum of the set ofp ∈ [0,‖D‖−1∞ ] for which Ep|C(0,0)|<∞. The critical
valuepc can also be characterised as the infimum of the set ofp for which |C(0,0)| is
infinite with positive probability [2,30].

The functionD will always be assumed to obey the properties of Assumption
[27]. Assumption D involves a positive parameterL, which serves to spread out t
connections, and which we will take to be large. The parameterisation has been
in such a way thatpc will be asymptotically equal to 1 asL→∞.

For an absolutely summable functionf :Z(r−1)d → C (r = 2,3, . . .) and for �k =
(k1, . . . , kr−1) with eachkj ∈ [−π,π ]d , we define the Fourier transform

f̂ (�k)= ∑
y1,...,yr−1∈Zd

f (�y)ei�k·�y, (1.1)

where�k · �y =∑r−1
j=1 kj · yj . Whenr = 2, we write simplyk in place of�k.

The properties of Assumption D are as follows. We require that
∑

x∈Zd D(x)= 1, that
D(x)�CL−d uniformly in x, and that there is anε > 0 such that

∑
x |x|2+2εD(x) <∞.

In this paper, we strengthen the latter to require that

sup
x
|x|2D(x)� CL2−d and

∑
x

|x|2+2εD(x)� CL2+2ε. (1.2)

Let

σ 2= ∑
x∈Zd

|x|2D(x), (1.3)

where| · | denotes the Euclidean norm onRd . We also require that there are posit
constantsη, c1, c2 such that

c1L
2|k|2 � 1− D̂(k)� c2L

2|k|2 (‖k‖∞ � L−1), (1.4)

1− D̂(k) > η
(‖k‖∞ � L−1), (1.5)

1− D̂(k) < 2− η
(
k ∈ [−π,π ]d). (1.6)
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It follows from (1.4) thatσ is bounded above and below by multiples ofL.
Examples of functionsD obeying the above assumptions are given in [27]. A sim

example is

D(x)=
{
(2L+ 1)−d ‖x‖∞ �L,

0 otherwise.
(1.7)

In this example, the bonds are given by((x, n), (y, n+ 1)) with ‖x − y‖∞ � L, and a
bond is occupied with probabilityp(2L+ 1)−d .

We begin by stating our results for the two-point function.

1.2.1. The two-point function
Given D obeying the above assumptions,p ∈ [0,‖D‖−1∞ ], n � 0 andx ∈ Z

d , we
define thetwo-point function

τn(x)= Pp

(
(0,0)→ (x, n)

)
. (1.8)

Our main result for the two-point function is the following theorem. In its statemeε
is the parameter in the tail estimate assumed forD, andσ is given by (1.3).

THEOREM 1.1. – Letd > 4,p = pc, andδ ∈ (0,1∧ε∧ d−4
2 ). There is anL0= L0(d)

such that forL� L0 there exist positive constantsv andA (depending ond andL), and
C1,C2 (depending only ond), such that the following statements hold asn→∞:

(a)

τ̂n
(
k/
√
vσ 2n

)=Ae−
|k|2
2d
[
1+O

(|k|2n−δ)+O
(
n−(d−4)/2)], (1.9)

(b)

1

τ̂n(0)

∑
x

|x|2τn(x)= vσ 2n
[
1+O

(
n−δ

)]
, (1.10)

(c)

C1L
−dn−d/2 � sup

x∈Zd

τn(x)� C2L
−dn−d/2, (1.11)

with the error estimate in(a) uniform ink ∈R
d with |k|2(logn)−1 sufficiently small.

Constants implied by theO notation in the above error terms may depend onL.
Parts (a) and (b) of Theorem 1.1 were first proved by Nguyen and Yang [32]
generating function methods, with somewhat weaker error estimates. Our proo
very different methods, based on induction inn rather than generating functions. Part
is new, and will be essential in our analysis of ther-point functions forr � 3.

Our proof makes use of the general inductive method of [27]. The inductive m
requires the verification of certain assumptions, which we will verify in this pa
Once these assumptions have been verified, a number of further consequence
immediately from [27]. In particular, it follows that

pc = 1+O
(
L−d

)
, A= 1+O

(
L−d

)
, v = 1+O

(
L−d

)
, (1.12)
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where the constants in the error terms here of course do not depend onL. Identities
obeyed bypc, A and V are given in (2.11)–(2.13) below. As is explained in [2
a version of a local central limit theorem forτn(x) also follows. (A new approac
to the lace expansion, based on the Banach fixed point theorem, has been r
introduced [7]. An extension of this approach to oriented percolation might pos
lead to an improved local central limit theorem.)

In addition, an infrared bound follows from the induction hypotheses of [27], onc
verify the necessary assumptions. To state the infrared bound, we define

Tz(k)=
∞∑
n=0

τ̂n(k)z
n

(
z ∈ [0,1)). (1.13)

It is then possible to show, using the induction hypotheses of [27], that unde
assumptions of Theorem 1.1 it follows that

∣∣Tz(k)∣∣� C

|k|2+ (1− z)
(1.14)

uniformly in k ∈ [−π,π ]d , z ∈ [0,1), p � pc, for some constantC (depending onL).
The infrared bound (1.14) played a crucial role in the analysis of [31,32]. In partic
(1.14) implies the triangle condition of [3], which can also be derived directly f
Theorem 1.1(a, c).

Fork = 0, the Fourier transform̂τn(0) is given by

τ̂n(0)=
∑
x∈Zd

τn(x)= Ep

[ ∑
x∈Zd

I
[
(0,0)→ (x, n)

]]= Ep

∣∣C(0,0) ∩ (Zd × {n})∣∣. (1.15)

Theorem 1.1(a) shows that this expectation converges to a nonzero finite constaA as
n→∞, whenp = pc. For p < pc in general dimensions, the corresponding limi
zero, while forp > pc it is infinite. (See [2,3] or [30] for the relevant exponential dec
whenp < pc, and [6,19] for the relevant shape theorem whenp > pc.)

1.2.2. The r-point functions, r � 3
Ther-point functions, for allr � 2, are defined by

τ (r)

n1,...,nr−1
(x1, . . . , xr−1)= Pp

(
(0,0)→ (xi, ni) for eachi = 1, . . . , r − 1

)
. (1.16)

Note that the event on the right side makes no statement about the occurre
(xi, ni)→ (xj , nj ) for anyi �= j .

In order to state our result for ther-point functions, we require the notion ofshape.
Shapes are certain rooted binary trees. Forr � 2, we give a recursive definition of th
set#r of r-shapes, as follows. Eachr-shape has 2r −3 edges,r −2 vertices of degree
(thebranch points) andr vertices of degree 1 (theleaves) labelled 0,1, . . . , r −1. There
is a unique 2-shape given by the tree consisting of vertex 0 joined by a single e
vertex 1. We think of this shape as corresponding to a particle travelling from ve
to vertex 1. There is a unique 3-shape, consisting of three vertices 0,1,2 each joined
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Fig. 1. The shapes forr = 2,3,4, and examples of the 7· 5 · 3= 105 shapes forr = 6. The
shapes’ edge labellings are arbitrary but fixed.

by an edge to a fourth (unlabelled) vertex. We think of this shape as correspondin
particle that originates at 0, then splits after some time into two particles that tra
1 and 2. In general, forr � 3, to each(r − 1)-shapeα, we obtain 2r − 5 r-shapes by
chosing one of the 2r − 5 edges ofα, adding a vertex on that edge together with a n
edge that joins the added vertex to a new leafr − 1. The resultingr-shapes represe
the different ways in which an additionalrth particle can be added to the family tree
r − 1 particles represented byα. Thus there is a unique shape forr = 2 andr = 3, and∏r

j=3(2j − 5) distinct shapes forr � 4. Whenr is clear from the context, we will refe
to anr-shape simply as a shape. For notational convenience, we associate to eac
an arbitrary labelling of its 2r −3 edges, with labels 1, . . . ,2r −3. This arbitrary choice
of edge labelling is fixed once and for all; see Fig. 1.

We will often consider vectors withr − 1 components, as in (1.16), as well
vectors indexed by the edges of a shape, with 2r − 3 components. To distinguis
(r − 1)-component vectors from(2r − 3)-component vectors, we will write, e.g
�n = (n1, . . . , nr−1), whereasm̄ = (m1, . . . ,m2r−3). Given a shapeα ∈ #r and �k =
(k1 . . . , kr−1) ∈R

(r−1)d , we introducek̄(α) ∈R
(2r−3)d as follows. First, for each vertexj

of degree 1 inα, other than vertex 0, letωj be the set of edges inα on the path from 0
to j (j = 1, . . . , r − 1). For&= 1, . . . ,2r − 3, we define the&th component̄k&(α) ∈ R

d

of k̄(α) by

k̄&(α)=
r−1∑
j=1

kj I [& ∈ ωj ], (1.17)

where, on the right side,kj denotes thej th component of�k andI is an indicator function
Conversely, given̄s ∈R

2r−3+ , we define thej th component�sj (α) of �s(α) ∈R
r−1+ by

�sj (α)=
∑
&∈ωj

s&. (1.18)

We also define an(r − 2)-dimensional subsetR�t (α) of R
2r−3+ by

R�t (α)=
{
s̄: �s(α)= �t }. (1.19)

For example, forr = 3, there is a unique shapeα and we have simply

R�t (α)=
{
(s, t1− s, t2− s): s ∈ [0, t1 ∧ t2]}. (1.20)
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We will abuse notation by writing
∫
R�t (α) ds̄ for the (r − 2)-dimensional integral ove

R�t (α).
Our main result for ther-point functions is the following theorem. In its stateme

the constantsA andv are the same as those appearing in Theorem 1.1.

THEOREM 1.2. – Let d > 4, p = pc, δ ∈ (0,1∧ ε ∧ d−4
2 ), r � 3, �t = (t1, . . . , tr−1) ∈

(0,∞)r−1, and �k = (k1, . . . , kr−1) ∈ R
(r−1)d . There is a constantV , with |V − 1| �

CL−d , and anL0= L0(d) (independent ofr) such that forL� L0,

τ̂
(r)

�n�t�
(�k/√vσ 2n

)= nr−2V r−2A2r−3
[ ∑

α∈#r

∫
R�t (α)

ds̄
2r−3∏
&=1

e−|k̄&(α)|
2s̄&/2d +O

(
n−δ

)]
, (1.21)

with the error estimate uniform in�k in a bounded subset ofR
(r−1)d.

Constants implied by theO notation can depend onL and on thet&. Uniformity cannot
be expected ast& → 0, since takingt& = 0 amounts to a reduction inr and changes th
branching structure.

For r = 3, (1.21) reduces to

τ̂
(3)

�n�t�
(�k/√vσ 2n

)
= nVA3

[ t1∧t2∫
0

ds e−|k1+k2|2s/2de−|k1|2(t1−s)/2de−|k2|2(t2−s)/2d +O
(
n−δ

)]
. (1.22)

Eq. (1.22) can be interpreted as indicating that a cluster connecting the ori
(x1, �nt1�) and (x2, �nt2�), with the xi of ordern1/2, can be considered to decompo
into a product of three independent two-point functions joined together at a branch
Each two-point function gives rise to a Gaussian, together with a factorA, according to
Theorem 1.1(a). This decomposition into independent two-point functions is not
but is compensated by the vertex factorV associated with the branch point. The integ
with respect tos corresponds to a sum over possible temporal locations of the b
point, with the additional factorn accounting for the change from a sum to an integr

Similar considerations apply to (1.21), with additional structure due to the proli
tion of shapes. There arer − 2 branch points in the general case, each contributingnV ,
and 2r −3 two-point functions, each contributingA times a Gaussian. The integral ov
R�t (α) corresponds to a sum over time intervals between the various branch poin
is constrained so that the shape’s leaves are specified by the times�n�t�.

It is an elementary consequence of the tree graph bounds [3,18], together w
bound on the two-point function of Theorem 1.1(a), that the left side of (1.21) is bou
above by a multiple ofnr−2. By (1.21), this elementary upper bound gives the cor
power ofn, above the upper critical dimension.

1.2.3. Convergence to super-Brownian motion
Theorems 1.1 and 1.2 can be rephrased to say that, under their hypotheses, the

measures of rescaled critical oriented percolation converge to those of the can
measure of super-Brownian motion. We now make this interpretation of Theorem
and 1.2 more explicit. Throughout this section, we writel = r − 1∈ {1,2, . . .}.
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First, for t ∈ (0,∞), we defineXn,t as the discrete finite random measure
R
d × N giving mass(A2V n)−1 at each site in(vσ 2n)−1/2C(0,0). For �t ∈ (0,∞)l, the

characteristic function of thelth moment measureof this random measure is given by

M̂
(l)

n,�t (�k)=
(
A2V n

)−l
τ̂
(l+1)

�n�t�
(�k/√vσ 2n

)
. (1.23)

We want to comparêM(l)

n,�t (�k) with the corresponding quantity for thecanonical measure
of super-Brownian motion.

Super-Brownian motion has been discussed in several recent books and
reviews [11,16,17,28,34], as a basic example of a measure-valued Markov proc
particular, the canonical measure of super-Brownian motion is described in [28,34
also [38] for a nontechnical introduction. The canonical measure for super-Brow
motion is the scaling limit of a single critical branching random walk which star
the origin and survives for some positive rescaled time. Since critical branching ra
walk survives to timen with probability proportional ton−1, to obtain a nontrivial limit
it is necessary to multiply probabilities by a factorn. This produces an unnormalise
measure, the canonical measure, in the scaling limit. The canonical measure is a m
N0 on continuous paths from[0,∞) into non-negative finite measures onR

d . We take
N0 to be normalised to have unit branching and diffusion rates.

By definition, thelth moment measure ofN0 has Fourier transform

M̂
(l)

�t (�k)=N0

( ∫
Rdl

Xt1(dx1) . . .Xtl (dxl)
l∏

j=1

eikj ·xj
)
, (1.24)

where eachXt is a random non-negative finite measure onR
d . Using the notation o

(1.17)–(1.19),̂M(l)

�t (�k) is given by

M̂
(l)

�t (�k)=
{

e−|k|2t/2d (l = 1),∑
α∈#l+1

∫
R�t (α) ds̄

∏2l−1
j=1 e−|kj (α)|2s̄j /2d (l � 2).

(1.25)

Formula (1.25) is essentially [1, Theorem 3.1] (see also [15] and [28, Pro
tion IV.2(ii)]). The following corollary then follows immediately from Theorems 1
and 1.2. It shows that the moment measures ofN0 provide the joint mass distribution
at distinct times, of the average over configurations of the scaling limit of sprea
critical oriented percolation above dimensions 4+ 1.

COROLLARY 1.3. – Let d > 4, p = pc, l � 1, ti ∈ (0,∞) (i = 1, . . . , l), �t =
(t1, . . . , tl), and�k = (k1, . . . , kl) ∈R

dl. There is anL0= L0(d) such that forL� L0,

lim
n→∞AVnM̂

(l)

n,�t (�k)= M̂
(l)

�t (�k). (1.26)

In other words,AVnP({Xn,t}t>0 ∈ ·) converges toN0 in the sense of convergence
finite-dimensional distributions.
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Corollary 1.3 can be interpreted as stating that spread-out critical oriented perco
and critical branching random walk have the same scaling limit, ford > 4 (compare [34
Theorem II.7.3(a)]). A crucial difference between oriented percolation and bran
random walk is that particles can coexist at the same site for the latter, but not f
former.

Corollary 1.3 is a statement of convergence of finite-dimensional distribution
prove weak convergence, as a measure-valued process, of rescaled spread-out
percolation ford > 4 to the canonical measure of super-Brownian motion, it would
necessary also to prove tightness. We do not address tightness in this paper. A
problem not addressed here is to prove that there is a constantB such that critical ori-
ented percolation survives to timen with probability asymptotic to(Bn)−1, for d > 4.
It is shown in [24, Theorem 1.5] that if the survival probability is in fact asymptoti
(Bn)−1 then it must be the case thatB = AV/2, which in turn implies that the facto
AVn in (1.26) corresponds asymptotically to twice the reciprocal of the survival p
ability.

Our results are restricted to dimensions above the upper critical dimension+ 1,
below which different scaling behaviour is expected. Often the upper critical dime
of a statistical mechanical model can be understood as the dimension above
particular random objects generically do not intersect. For example, the c
dimension of self-avoiding walk isd = 4, which can be understood as the dimens
above which two 2-dimensional Brownian motion paths typically do not intersect
non-oriented percolation, the critical dimension isd = 6, which can be understood
the dimension above which a 4-dimensional cluster does not intersect a 2-dimen
backbone [22].

For oriented percolation, as we will discuss in more detail in Section 3, the u
critical dimension can be understood as the dimension above which thegraphs of
Brownian motion and super-Brownian motion do not intersect. Intersection of the g
implies a collision of the two processes at the same time. It is known thatd = 4 is
critical for such a collision [5]. This can be understood heuristically in the follow
way. We first assume that since both processes are moving, we may think of one a
stationary (this is a leap of faith). Regarding the super-Brownian motion as stationa
support at fixed time is 2-dimensional. The Brownian path, which is two-dimensi
will generically not hit this support in dimensions greater than 4= 2+ 2. Alternately,
if we regard the Brownian motion as being fixed, then its support is a point, h
0-dimensional. The 4-dimensional range of super-Brownian motion will genericall
hit this point in dimensions above 4= 4+ 0.

Oriented percolation has no infinite cluster at the critical point [6,19]. The no
of incipient infinite cluster is used to refer to the large emerging structures
are nevertheless present at the critical point. In [24], a construction of the inc
infinite cluster is given for spread-out oriented percolation above 4+ 1 dimensions. We
conjecture that the scaling limit of the incipient infinite cluster for oriented percola
in dimensionsd + 1 > 4 + 1 is the canonical measure of super-Brownian mot
conditioned on survival for all time.
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1.3. Scaling limits and super-Brownian motion

Recently, super-Brownian motion has been shown to arise in scaling limits
number of models in statistical mechanics and interacting particle systems. We
already mentioned the work of [14] proving convergence of the critical contact pr
to super-Brownian motion ford � 2, in a particular limit in which the range of infectio
diverges to infinity with time. In addition, the finite-range voter model converge
super-Brownian motion in dimensionsd � 2 [9]. These results for the contact proce
and voter model use methods quite different from ours, and are reviewed in [10].

Our methods are based on the lace expansion, which was first used to link s
limits with super-processes in [12,13]. There it was shown that sufficiently sp
out lattice trees in dimensionsd > 8, or nearest-neighbour lattice trees in sufficien
high dimensions, converge to ISE (integrated super-Brownian excursion), as ha
conjectured by Aldous [4]. ISE is the time integral of the canonical measure of s
Brownian motion, conditioned to have total mass 1. Later, in [22,23], results linking
oriented percolation and ISE were obtained. The fact that super-Brownian motion
in these diverse contexts involving critical branching demonstrates that super-Bro
motion has a universal character. In this section, we discuss the work on non-or
percolation in more detail, and discuss natural conjectures for both oriented an
oriented percolation.

1.3.1. Non-oriented percolation and ISE
The upper critical dimension for non-oriented percolation onZ

d is 6. Considerd > 6
andp = pc, and condition on the event that the connected cluster of the origin co
of exactlyN sites. The work of [22,23] provides partial results supporting the hypoth
that the scaling limit of such a cluster, with space scaled byN1/4, is ISE. However, in
that work there is no explicit percolation “time” variable, and the results correspo
time having been “integrated out”.

1.3.2. Oriented percolation and ISE
In our results for oriented percolation, we condition the cluster of the origin to r

timen, but do not condition on the total size of the cluster. It is natural to conjecture
if we condition the cluster of the origin to have sizeN = n2, and scale time byn and
space byn1/2, the scaling limit will be ISE. A formulation of the conjecture in terms
generating functions was given in [37]. It is an open problem to prove a result o
type linking critical oriented percolation and ISE, ford > 4. We expect that the metho
of [22,23] could be extended to provide such a link.

1.3.3. Non-oriented percolation and super-Brownian motion
As mentioned above, the work of [22,23] on non-oriented percolation does not in

a time variable. It would be of interest to study the scaling limit of a cluster in cri
non-oriented percolation in terms of a time variable, with or without fixing the
cluster size. Here we discuss the case analogous to our work on oriented percola
which the cluster size is not fixed.

To introduce a natural candidate for a time variable, we define thebackboneB(x)
of a cluster containing 0 andx ∈ Z

d to be the set of sitesu ∈ Z
d for which there are
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bond-disjoint connections between 0 andu, and betweenu andx. We then think of the
number of sites|B(x)| in the backboneB(x) as being a time variable analogous to
time variablen in oriented percolation. Define

t
(r)

�n (�x)= Ppc

(
0→ xi and

∣∣B(xi)∣∣= ni for eachi = 1, . . . , r − 1
)
. (1.27)

Thent (r)�n (�x) is analogous to the oriented percolation probabilityτ
(r)

�n (�x) of (1.16).
We conjecture that for non-oriented percolation (nearest-neighbour or spread-

dimensionsd > 6, the scaling limit of the cluster of the origin, in which backbones s
asn and space scales asn1/2, is super-Brownian motion. In particular, the conject
includes the statement that Corollary 1.3 holds witht

(r)

�n�t� replacingτ (r)

�n�t�.
An alternate time variable would be the number of pivotal bonds for the conne

between 0 andxi . We expect this to scale in the same manner as the backbone si
d > 6, leading to the same scaling limit.

1.4. Organisation

The remainder of this paper is organised as follows. In Section 2, we give a de
overview of the proof of Theorems 1.1 and 1.2. The proof is based on the lace exp
combined with the results of [27] pertaining to induction onn for the two-point function,
and on induction onr for the r-point functions withr � 3. In Section 2, we reduce th
proof of Theorems 1.1 and 1.2 to the estimation of several quantities arising in th
expansion. These estimates are summarised in Propositions 2.2 and 2.3. Secti
are devoted to the proof of these two propositions.

In Section 3, we review the lace expansion method for the two-point function, wh
the basis for the proof of Theorem 1.1. In Section 4, we obtain bounds on the exp
for the two-point function that verify the hypotheses of the induction method of
and complete the proof of Proposition 2.2 and Theorem 1.1.

To analyse ther-point functions forr � 3, we extend the expansion for the two-po
function to generalr-point functions in Section 5. Ther-point functions, forr � 3,
are then studied in Section 6 using a second expansion, as was done for non-o
percolation in [22] and for lattice trees in [13,21]. The expansions used here forr-
point functions are simpler than the related expansions of [22,23], as the magnet
employed in [22,23] is not used here.

Finally, in Section 7, we obtain bounds on quantities arising in expansions fo
r-point functions, to prove Proposition 2.3 and complete the proof of Theorem 1.2

2. Overview and reduction of the proof

In this section, we reduce the proof of Theorems 1.1 and 1.2 to Propositions 2
2.3. In the process, we provide an overview of the entire proof. Proposition 2.2 w
proved in Sections 3 and 4, and Proposition 2.3 will be proved in Sections 5–7.
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2.1. The two-point function

2.1.1. The expansion
The proof of Theorem 1.1 makes use of an expansion for the two-point function,

we state below. We postpone the derivation of the expansion to Section 3, and h
provide only a brief motivation. We will make use of the convolution of functions, w
is defined for absolutely summable functionsf,g on Z

d by

(f ∗ g)(x)=∑
y

f (y)g(x − y). (2.1)

To motivate the basic idea underlying the expansion, we consider the much s
corresponding expansion for random walk. We will abuse notation by writing

D
(
(x, n)

)=D(x)δn,1. (2.2)

The two-point function for random walk is defined by settingq0(x)= δ0,x and

qn(x)=
∑

ω : 0→x

pn
n∏

j=1

D
(
ω(j)−ω(j − 1)

)
(n� 1), (2.3)

where the sum is over all walksω : {0, . . . , n}→2 with ω(j) ∈ Z
d × {j}, ω(0)= (0,0)

and ω(n) = (x, n). To obtain an “expansion” forqn(x), we simply observe that b
dividing the walk into two parts, consisting of its first step and the lastn − 1 steps,
we obtain

qn(x)= p(D ∗ qn−1)(x) (n� 1). (2.4)

To adapt (2.4) to oriented percolation, we will regard an oriented percolation c
connecting(0,0) to (x, n) as a “string of sausages”. An example of a such a clust
shown in Fig. 2(left). Unlike the situation for random walk, there can be multiple p
of occupied bonds connecting 0 tox. However, ford > 4 we expect there to be on th
order ofn pivotal bonds, which are essential for the connection. The pivotal bonds
denoted by bold lines in Fig. 2(left) – the string in the string of sausages. With this p
in mind, we can regard a percolation cluster as a kind of random walk whose vertic
“sausages” and whose steps are the pivotal bonds. There can be no connection f
sausage to a later sausage other than the connection via the pivotal bonds betwe
sausages, or the pivotal bonds would not be pivotal. This introduces a kind of rep
interaction between the sausages, but ford > 4 we expect this interaction to be weak.

Fix p ∈ [0,‖D‖−1∞ ]. As we will argue in Section 3, the generalisation of (2.4)
oriented percolation takes the form

τn(x)= p(D ∗ τn−1)(x)+
n−1∑
m=2

p(πm ∗D ∗ τn−m−1)(x)+ πn(x) (n� 1), (2.5)

whereπn(x) is defined in Section 3. In particular,πn(x) depends onp, is invariant unde
the lattice symmetries, andπ0(x) = π1(x) = 0. Forn = 0,1, we haveτ0(x) = δ0,x and
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Fig. 2. (Left) A bond configuration. (Right) Schematic depiction of the configuration as a “s
of sausages”.

τ1(x) = pD(x), which is consistent with (2.5) (the last two terms on the right sid
(2.5) vanish forn = 1,2). The identity (2.5) can be regarded as an inductive defin
of the sequenceπn(x), for n � 2. However, to analyse (2.5) it will be necessary to h
a useful representation forπn(x), and this is provided in Section 3. Note that (2.4) is
the form (2.5) withπn(x)= 0.

In Section 3, we will expressπn(x) as

πn(x)=
∞∑

N=0

(−1)Nπ(N)

n (x). (2.6)

The terms in the right side of (2.6) are of diminishing importance asN increases
although all make essential contributions. The first termπ(0)

n (x) is zero forn � 1, and
is equal to the probability that there is no pivotal bond for the connection from
x for n � 2. Some insight into the expansion (2.5) can be obtained by looking a
contribution to the right side of (2.5) due toπ(0)

n (x). The contribution due toπ(0)
n (x) in

the last term of (2.5) arises from configurations in which the string of sausages co
of a single sausage only. The term(pD ∗ τn−1)(x) arises from configurations whe
there is at least one pivotal bond and the bottom of the first pivotal bond is the o
This neglects the repulsive interaction mentioned above, since there is no res
in (pD ∗ τn−1)(x) to guarantee that the first pivotal bond really is pivotal. Simila∑n−1

m=2(π
(0)
m ∗ pD ∗ τn−m−1)(x) arises from configurations where there is more than

sausage and the first sausage has “height” at least two (height one is not possibl
the first sausage treated as independent of the cluster above it. The first sausa
fact not independent of what comes later, due to the repulsive interaction, and the
corrections are required. The corrections are provided by the termsN � 1 in (2.6),
via a sophisticated inclusion-exclusion analysis. The analysis is carried out in de
Section 3.

There are two formulas forπn(x) already available in the literature. Hara a
Slade [20] developed an expression forπn(x) in terms of sums of nested expectatio
by repeated use of inclusion-exclusion. In [20], non-oriented percolation was consi
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but the expansion of [20] applies more generally, and, in particular, applies to or
percolation without modification. For oriented percolation, Nguyen and Yang
developed an alternate expression forπn(x), without nested expectations, by
adaptation of the lace expansion of Brydges and Spencer [8]. The Nguyen
expansion relies on the Markov property of oriented percolation, and does not
to non-oriented percolation. The functionsπn that appear in both of these analyses
of course the same, since (2.5) uniquely determinesπn. However, the expansions a
different, in the sense that each expansion leads to (2.6) but with different expre
for the π(N)

n (x). On the other hand, in either expansion,π(N)

n (x) is nonnegative for al
n, x,N , and can be represented in terms of Feynman diagrams. The Feynman di
are similar in their essential features for the two expansions, and obey similar esti
We will make use of both expansions, and discuss them in detail in Section 3.

The identity (2.4) can be solved using the Fourier transform to giveq̂n(k)= [q̂1(k)]n.
Usingq1(x)= pD(x), the central limit theorem can then be easily derived. Our me
will involve showing thatπn(x) is small forp = pc if d > 4 andn andL are both large
so that (2.5) can be regarded as a small perturbation of (2.4), leading to a centra
theorem for the critical two-point function.

2.1.2. Implementation of the inductive method
In what follows, we will use the notation‖f ‖∞ = supx∈Zd |f (x)| for a function

f :Zd →C, and‖f̂ ‖1= (2π)−d
∫
[−π,π]d |f̂ (k)|ddk for a functionf̂ : [−π,π ]d →C.

Our analysis of (2.5) begins by taking its Fourier transform, which gives the recu
relation

τ̂n+1(k)= pD̂(k)τ̂n(k)+ pD̂(k)

n∑
m=2

π̂m(k)τ̂n−m(k)+ π̂n+1(k) (n� 0). (2.7)

The right side of (2.7) explicitly involveŝτm(k) only for m � n. We will show in
Section 4 that it is possible to estimateπ̂m(k), for all m � n + 1, in terms ofτ̂m(0)
and‖τm‖∞ with m � n. This opens up the possibility of an inductive analysis of (2
A general approach to this type of inductive analysis is given in [27], and we will a
a general theorem of [27] to (2.7) to prove Theorem 1.1.

To put (2.7) into the notation of [27], we introduce the following notation. (In [27p
is written asz.) Let

fn(k;p)= τ̂n(k), en(k;p)= π̂n(k) (n� 0), (2.8)

g1(k;p)= pD̂(k), gn(k;p)= pD̂(k)π̂n−1(k) (n� 2), (2.9)

where the dependence ofτ andπ on p has been made explicit ine, f, g. Note that
τ̂1(k)= pD̂(k). The recursion relation (2.7) can then be written as

f0(k;p)= 1, fn+1(k;p)=
n+1∑
m=1

gm(k;p)fn+1−m(k;p)+ en+1(k;p) (n� 0).

(2.10)
Sinceπm = 0 form� 1, we havee1(k;p)= g2(k;p)= 0.
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The result of Theorem 1.1 was shown in [27] to hold for solutions of the recu
relation (2.10), subject to a certain set of assumptions onên and ĝn. Moreover, subjec
to these assumptions, it is shown in [27] that the critical point is given implicitly by
equation

pc = 1

1+∑∞
m=2 π̂m(0;pc)

, (2.11)

and that the constantsA, v of Theorem 1.1 are given by

A=
[
pc + p2

c

∞∑
m=2

mπ̂m(0;pc)

]−1

, (2.12)

v = pcA

[
1− pcσ

−2
∞∑
m=2

∇2π̂m(0;pc)

]
, (2.13)

where we have added an argumentpc to emphasise thatp is critical for the evaluation
of πm on the right sides of (2.11)–(2.13). Convergence of the series in (2.11)–(2.1
d > 4, will follow from Proposition 2.2 below.

As described in [27, Section 1.4.2], the only substantial assumptions to verif
Assumptions E and G of [27], which we restate here together as Assumption 2
statement involves the small parameter

β = L−d (2.14)

andσ 2 of (1.3). An essential aspect of the assumption is that bounds onfm for 1 �m� n

imply bounds onem andgm for all 2 � m � n+ 1. It is the inclusion ofm= n+ 1 for
the implied bounds that allows the inductive analysis of [27] to proceed.

Assumption2.1. – There is anL0, an intervalI ⊂ [1− α,1+ α] with α ∈ (0,1), and
a functionKf �→ Cg(Kf ), such that if the bounds∣∣fm(0;p)∣∣�Kf ,

∣∣∇2fm(0;p)
∣∣�Kf σ

2m,
∥∥D̂2fm(·;p)

∥∥
1 �Kfβm

−d/2
(2.15)

hold for someKf > 1,L� L0, p ∈ I and for all 1�m � n, then for thatL andp, and
for all k ∈ [−π,π ]d and 2�m� n+ 1, the following bounds hold:∣∣em(k;p)∣∣�Cg(Kf )βm

−d/2,
∣∣gm(k;p)∣∣� Cg(Kf )βm

−d/2, (2.16)

∣∣∂pgm(0;p)∣∣� Cg(Kf )βm
−(d−2)/2, (2.17)∣∣∇2gm(0;p)

∣∣� Cg(Kf )σ
2βm−(d−2)/2, (2.18)∣∣em(k;p)− em(0;p)

∣∣� Cg(Kf )
[
1− D̂(k)

]
βm−(d−2)/2, (2.19)∣∣gm(k;p)− gm(0;p)− [1− D̂(k)

]
σ−2∇2gm(0;p)

∣∣
� Cg(Kf )β

[
1− D̂(k)

]1+ε′
m−(d−2−2ε′)/2, (2.20)

with (2.20) valid for anyε′ ∈ [0, ε ∧ 1].
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The validity of (2.20) forε′ ∈ [0, ε ∧ 1] differs from the requirementε′ ∈ [0, ε] in the
statement of Assumption G in [27]. However, we may assume thatε � 1 without loss of
generality, since the statements of Theorems 1.1–1.2 involve onlyε ∧ 1, and since (1.2
implies the same estimate forε′ � ε, by Hölder’s inequality.

Note that Assumption 2.1 doesnot assume that (2.15) holds, but rather thatif (2.15)
holds then (2.16)–(2.20) must hold. Once we establish Assumption 2.1, Theorem
then follows immediately from [27, Theorem 1.1]. Moreover, as explained in
Section 1.3], it is a consequence of establishing Assumption 2.1 that, forp = pc, (2.15)
holds for allm � 1 and (2.16)–(2.20) hold for allm � 2. Assumption 2.1 will follow
from the following proposition.

PROPOSITION 2.2. – Assume(2.15), for p ∈ I and1 �m� n. Then there is aβ0 > 0
and a finiteC (both depending onKf but not onε′ ), such that forβ � β0, ε′ ∈ [0, ε∧1],
and for all 2�m� n+ 1,

(i) ∑
x

|x|q ∣∣πm(x)
∣∣�Cβσqm−(d−q)/2 (q = 0,2,4), (2.21)

(ii) ∣∣π̂m(k)− π̂m(0)− [1− D̂(k)
]
σ−2∇2π̂m(0)

∣∣
� Cβ

[
1− D̂(k)

]1+ε′
m−(d−2−2ε′)/2, (2.22)

(iii) ∣∣p∂pπ̂m(0)
∣∣� Cβm−(d−2)/2. (2.23)

The proof of Proposition 2.2 is deferred to Section 4. We now show that it im
Assumption 2.1. As discussed above, it therefore gives the proof of Theorem 1
establishes the estimates (2.15).

Verification of Assumption 2.1 assuming Proposition 2.2. –By definition, we have
thatem(k;p)= π̂m(k), g2(k;p)= 0, andgm(k;p)= pD̂(k)π̂m−1(k) for all m � 3. The
bounds (2.16) therefore follow immediately from (2.21) withq = 0, for 2�m� n+ 1.
By definition,

∂pgm(0;p)= π̂m−1(0)+ p∂pπ̂m−1(0). (2.24)

The bound (2.17) therefore follows from (2.21) withq = 0 and (2.23). By symmetry,

∇2gm(0;p)=−pσ 2π̂m−1(0)+ p∇2π̂m−1(0). (2.25)

The bound (2.18) therefore follows from (2.21) withq = 0,2.
For (2.19), we use (2.22) withε′ = 0 to obtain∣∣em(0;p)− em(k;p)

∣∣= ∣∣π̂m(k)− π̂m(0)
∣∣

�
[
1− D̂(k)

][
σ−2∣∣∇2π̂m(0)

∣∣+Cβm−(d−2)/2], (2.26)

and apply (2.21) withq = 2.
For (2.20), by definition and symmetry we have
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gm(k;p)− gm(0;p)− [1− D̂(k)
]
σ−2∇2gm(0;p)

= p
(
π̂m−1(k)− π̂m−1(0)− [1− D̂(k)

]
σ−2∇2π̂m−1(0)

)
+ p

[
1− D̂(k)

][
π̂m−1(0)− π̂m−1(k)

]
. (2.27)

The second term on the right side is better than required, by (2.19). The first term
the required bound, by (2.22).✷
2.2. The r-point functions, r � 3

Now we move on to ther-point functions withr � 3, and give an introduction to ou
expansion methods. Together with the inductive analysis of the two-point function,
expansion methods constitute the part of this paper that is essentially new. Full
of the expansion are deferred to Sections 5 and 6. For the remainder of the paper
be convenient to use new notation for sites inZ

d × N. We write2 = Z
d × N, and we

write a typical element of2 asx rather than(x, n) as was used until now. We fixp= pc

throughout Section 2.2 for simplicity, though the discussion also applies without ch
whenp < pc. We begin with an overview of the expansion.

2.2.1. Overview of the expansion
The basic picture underlying the expansion for the two-point function is that a c

connecting0 to x can be viewed as a string of sausages. For connections from the
to multiple points�x = (x1, . . . ,xr−1), the corresponding picture is a “tree of sausag
as depicted in Fig. 3. In the tree of sausages, the “string” represents the unio
i = 1, . . . , r − 1 of the occupied pivotal bonds for the connections0 → xi . We regard
this picture as corresponding to a kind of branching random walk, with the sites
walk being the sausages and the steps of the walk being effectively independen
d > 4. We will use this picture now to give an overview of the expansions we will de
in Sections 5 and 6.

The basic idea is that we may regard the configuration depicted in Fig.
approximately a product of fourindependentfactors. These factors are the following:

(1) a two-point function corresponding to the connection from the origin to
bottom of the pivotal bond leading into the first branching sausage, i.e
sausage from which the branches tox1,x2 and tox3 emerge;

(2) the first branching sausage together with the pivotal bond leading into it an
two pivotal bonds leading out of it;

(3) a two-point function corresponding to the branch tox3;
(4) a three-point function corresponding to the branch tox1,x2.
The above decomposition into a product is only approximate, and correction

taken into account in an iterative fashion leading to an expansion. The net eff
the first branching sausage (item (2) above), following the expansion, is to prod
certain factorψ that is analogous toπ. However, whereasπ is a kind of two-point
function,ψ will be a kind of three-point function. Our estimates will show that the
branching sausage is typically small and scales to a point in the scaling limit. I
contribution is to provide the vertex factorV of Theorem 1.2. The three-point functio
of item (4) will be treated recursively, and is approximately given by a convolutio



430 R. VAN DER HOFSTAD, G. SLADE / Ann. I. H. Poincaré – PR 39 (2003) 413–485

of
rs
to
ted in
s.

a
s
ation,

ing for
ents of
t

e

Fig. 3. Schematic depiction of a configuration as a “tree of sausages”.

three two-point functions with another factor ofψ . This leads to a decomposition
the configuration of Fig. 3 into a product of five two-point functions, and two factoψ
which each reduce to a factorV in the scaling limit. This produces the contribution
the asymptotic behaviour (1.21) of the four-point function due to the shape depic
Fig. 3. The factorn2 in (1.21) arises from a time rescaling of the branching location

To describe the expansion in more detail, we use the following notation. Forr � 3, let

J = {1,2, . . . , r − 1}, J1= J\{1}. (2.28)

For I = {i1, . . . , is} ⊂ J , we write �xI = {xi1, . . . ,xis } and �xI − y = {xi1 − y, . . . ,
xis − y}. Given a subsetI ⊂ J1, let r1 = |J\I | + 1 andr2 = |I | + 1. We will use the
notationD(v)=D((v, j))=D(v)δj,1 of (2.2).

We focus on the first pivotal bond for the connection from0 to x1, thereby assigning
special status tox1. If there is no pivotal bond for0→ x1, the configuration contribute
to an error term and we will not consider this case in detail now. To a first approxim
we regard the first sausage as being independent of the remaining sausage, allow
factorisation of expectation. The first sausage may contain none of the compon
�xJ1, as in Fig. 3, or it may contain any nonempty subset of�xJ1. Taking into accoun
corrections to the approximation, in Section 5 we will prove an identity

τ (r)(�xJ )=A(r)(�xJ )+
∑
I⊂J1

∑
v1

B(r2+1)(v1, �xI )τ
(r1)(�xJ \I − v1). (2.29)

Here, the setI indicates which�xI are in the first sausage, and the factorτ (r1)(�xJ \I − v1)

gives the desired item (4) in the list above, in the case whenI is nonempty. The
derivation of (2.29) is a nontrivial procedure, and bothA(r)(�xJ ) and B(r2+1)(v1, �xI )

represent many-point generalisations of the functionπ arising in the expansion for th
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two-point function. In particular,A(r)(�x) includes, among other terms, the probabi
that there is no pivotal bond for the connection0→ x1. To leading order,B(r2+1)(v1, �xI )

represents the first sausage for the connection0 → x1, together with the first pivota
bond(u1,v1) for the connection, and a branch leading to�xI .

WhenI is not empty, we perform a second expansion. For the leading contribut
B(r2+1)(v1, �xI ), the second expansion allows for a decoupling of the branch to�xI . The
second expansion leads to a result of the form

B(r2+1)(v1, �xI )=
∑
v2

C(v1,v2)τ
(r2)(�xI − v2)+R(r2+1)(v1, �xI ), (2.30)

whereR(r2+1)(v1, �xI ) is an error term. To a first approximation,C(v1,v2) represents
a truncated branching sausage at0 together with the pivotal bonds ending atv1 and
v2, with two branches removed. In particular,C(v1,v2) is independent ofI . The
leading contribution toC(v1,v2) is p2D(v1)D(v2), corresponding to the case whe
the truncated branching sausage at0 is the single vertex0. For details, see Section
where (2.30) is derived. The termC(v1,v2) represents most of item (2) in the above l
but it lacks the lower pivotal bond. This will be corrected in Section 2.2.2, where we
return to items (1)–(4) above.

For r = 2, only the termI = ∅ exists and (2.29) becomes

τ (2)(x)=A(2)(x)+ ∑
v1∈2

B(2)(v1)τ
(2)(x − v1). (2.31)

Comparing with (2.5), we see that

A(2)(x)= δ0,x + π(x), B(2)(v1)=
∑
u∈2

A(2)(u)pD(v1− u). (2.32)

2.2.2. The main identity and estimates
To simplify the notation, we write�x in place of�xJ = (x1, . . . ,xr−1). To isolate the

one term on the right side of (2.29) in whichτ (r) occurs, we define

α(r)(�x)=A(r)(�x)+ ∑
I⊂J1: I �=∅

∑
v1

B(r2+1)(v1, �xI )τ
(r1)(�xJ \I − v1), (2.33)

so that

τ (r)(�x)= α(r)(�x)+∑
v∈2

B(2)(v)τ (r)(�x − v). (2.34)

In particular, comparing with (2.31),α(2) is equal toA(2) of (2.32).
The recursion (2.34) can be solved by iteration. For this, we let

(f ∗ g)(x)=∑f (v)g(x − v) (2.35)

v∈2



432 R. VAN DER HOFSTAD, G. SLADE / Ann. I. H. Poincaré – PR 39 (2003) 413–485

ce

)

l
.

f
main
denote the space-time convolution off andg, and we define

ν(x)=
∞∑
l=0

(
B(2)

)∗l
(x). (2.36)

Here, (B(2))∗l denotes thel-fold space-time convolution ofB(2) with itself, with
(B(2))∗0(x) = δ0,x . The sum overl in (2.36) terminates after finitely many terms, sin
by definitionB(2)((x, n)) �= 0 only if n > 0. Then (2.34) can be iterated to give

τ (r)(�x)=∑
v∈2

ν(v)α(r)(�x − v). (2.37)

The functionν can be identified as follows. Extracting thel = 0 term from (2.36), using
(2.32) to write one factor ofB(2) aspD ∗A(2) for the terms withl � 1, and using (2.37
with r = 2 (in which caseα(2) =A(2)), it follows that

ν(x)= δ0,x + p(D ∗A(2) ∗ ν)(x)= δ0,x + p
(
D ∗ τ (2)

)
(x). (2.38)

Subsituting (2.38) into (2.37), the solution to (2.34) is then given by

τ (r)(�x)= α(r)(�x)+ p
∑
v∈2

(
τ (2) ∗D)(v)α(r)(�x − v), (2.39)

which, using (2.32) andα(2) =A(2), recovers (2.31) whenr = 2.
Our next step is to writeα(r) = f (r) + g(r), wheref (r) is the contribution that wil

provide the leading behaviour of the right side of (2.39), whileg(r) gives an error term
This is achieved by substituting (2.30) into (2.33) and setting

f (r)(�x)= ∑
I⊂J1: I �=∅

∑
v1,v2

C(v1,v2)τ
(r1)(�xJ \I − v1)τ

(r2)(�xI − v2), (2.40)

g(r)(�x)=A(r)(�x)+ ∑
I⊂J1: I �=∅

∑
v1

R(r2+1)(v1, �xI )τ
(r1)(�xJ \I − v1). (2.41)

Defining

ψ(y1,y2)=
∑
u∈2

pD(u)C(y1− u,y2− u), (2.42)

ϕ(r)(�x)= α(r)(�x)+∑
v∈2

p
(
τ (2) ∗D)(v)g(r)(�x − v), (2.43)

(2.39) becomes

τ (r)(�x)= ∑
v,v1,v2∈2

τ (2)(v)ψ(v1− v,v2− v)

× ∑
I⊂J1: |I |�1

τ (r1)(�xJ \I − v1)τ
(r2)(�xI − v2)+ ϕ(r)(�x), (2.44)

where we recall thatr1 = |J\I | + 1 andr2 = |I | + 1. The first term on the right side o
(2.44) is the main term and is depicted schematically in Fig. 4. In Fig. 4 and in the
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Fig. 4. Schematic depiction of the first term on the right side of (2.44).

term of (2.44), each of items (1)–(4) from Section 2.2.1 is clearly visible. The lea
contribution toψ(y1,y2) is

ψ2,2(y1, y2)=
∑
u

p3D(u)D(y1− u)D(y2− u), (2.45)

using the leading contribution toC described under (2.30). Here, we are writ
ψm1,m2(y1, y2) for ψ((y1,m1), (y2,m2)). By definition,ψm1,m2(y1, y2)= 0 if one ofm1

or m2 is less than 2, due to the inclusion of the pivotal bonds tov1 andv2 in C(v1,v2).
We will analyse (2.44) using the Fourier transform. We write�n= (n1, . . . , nr−1) and

�k = (k1, . . . , kr−1). For I ⊂ {1,2, . . . , r − 1}, we write �kI = (ki)i∈I , kI =∑
i∈I ki and

k =∑r−1
i=1 ki . We also writenI = mini∈I ni, n = mini ni and define�nI − m to be the

vector obtained by subtractingm from each component of�nI . With this notation, the
Fourier transform of (2.44) becomes

τ̂
(r)

�n (�k)=
n∑

n0=0

τ̂ (2)
n0
(k)

∑
I⊂J1: |I |�1

nJ\I−n0∑
m1=2

nI−n0∑
m2=2

ψ̂m1,m2(kJ \I , kI )

× τ̂
(r1)

�nJ\I−m1−n0
(�kJ \I )τ̂ (r2)

�nI−m2−n0
(�kI )+ ϕ̂

(r)

�n (�k). (2.46)

The identity (2.46) is our main identity and will be our point of departure for analy
the r-point functions forr � 3. Apart fromψ andϕ(r), the right side of (2.44) involve
the s-point functions withs = 2, r1, r2. Sincer1 + r2 = r + 1 andr1, r2 � 2, it follows
that r1 andr2 are both strictly less thanr . This allows for an analysis by induction o
r , with the r = 2 case given by the result of Theorem 1.1. The term involvingψ is the
main term, whereasϕ(r) will turn out to be an error term.

The analysis will be based on the following important proposition, whose pro
deferred to Section 7. The proof of Proposition 2.3 will involve showing thatψ and
ϕ(r) can be estimated in terms ofτ̂m(0) and‖τm‖∞, which have been controlled alrea
in Theorem 1.1. The decay inm1,m2 for ψ̂m1,m2(k1, k2) given in the proposition is
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more precise statement of our previous comment that the branching sausage (item
Section 2.2.1) is typically small. In the statement of the proposition,∇i represents partia
differentiation with respect toki .

PROPOSITION 2.3. – Fix d > 4, δ ∈ (0,1∧ ε ∧ d−4
2 ) andp = pc. Let n̄ denote the

second-largest element of{n1, . . . , nr−1}. There exist constantsCψ,C
(r)

ϕ > 0 (indepen-
dent ofL) and L0(d), such that for allL � L0, q ∈ {0,2}, mi � 2, �n, r � 3 and
ki ∈ [−π,π ]d , the following bounds hold:

(i) ∇iψ̂m1,m2(0,0)= 0 and∣∣∇q
i ψ̂m1,m2(k1, k2)

∣∣� Cψσ
qm

q/2
i (m1∨m2)

−d/2, (2.47)

(ii) ∣∣ϕ̂(r)

�n (�k)
∣∣� C(r)

ϕ n̄r−2−δ. (2.48)

Moreover, for(m1,m2) �= (2,2), a factorβ may be included in the right side of(2.47).

It follows from Proposition 2.3(i) that the constantV defined by

V =
∞∑

m1,m2=2

ψ̂m1,m2(0,0), (2.49)

with p = pc, is finite. This is the constantV of Theorem 1.2. Sincêψ2,2(0,0) = p3
c =

1+ O(β) by (2.45) and (1.12), it follows from the final remark in the statemen
Proposition 2.3 that

V = 1+O(β). (2.50)

This establishes the claim onV of Theorem 1.2.

2.3. Induction on r

In this section, we prove Theorem 1.2 assuming (2.46) and Proposition 2.3. W
p = pc throughout this section. The formulas (1.25) for the characteristic functio
the moment measures of the canonical measure of super-Brownian motion can be
as

M̂
(r−1)
�t (�k)=

{
e−|k|2t/2d (r = 2),∑

α∈#r

∫
R�t (α) ds̄

∏2r−3
&=1 e−|k&(α)|2s̄&/2d (r � 3).

(2.51)

Let n̄ denote the second-largest element of{n1, . . . , nr−1}. We now prove that ford > 4
there are positive constantsL0= L0(d) andV = V (d,L) such that forp = pc, L � L0

andδ ∈ (0,1∧ ε ∧ d−4
2 ), we have

τ̂
(r)

�n
(�k/√vσ 2n

)=A
(
A2V n

)r−2[
M̂

(r−1)
�n/n (�k)+O

(
(n̄+ 1)−δ

)]
(r � 3) (2.52)

uniformly in n � n̄ and in�k ∈ R
d(r−1) with

∑r−1
i=1 |ki |2 bounded. Since thêM(r−1)

�t (�k) are
smooth functions of�t , proving the above is sufficient to prove Theorem 1.2.
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We will prove (2.52) by induction onr , with the caser = 2 given by Theorem 1.1
Indeed, Theorem 1.1(a) gives

τ̂n1

(
k/
√
vσ 2n

)= τ̂n1

(
kn

1/2
1 n−1/2/

√
vσ 2n1

)
=A

[
e−|k|

2n1/2dn+O
(
(n1+ 1)−δ

)]
, (2.53)

using the facts that|k|2 is bounded,n1 � n, andδ < d−4
2 .

Before proceeding with the proof of Theorem 1.2, we first recall the follow
standard recursion relation for the moment measuresM̂

(l)

�t (�k):

M̂
(r−1)
�t (�k)=

t∫
0

dt M̂(1)
t (k)

∑
I⊂J1: |I |�1

M̂
(r1−1)

�tJ\I−t (
�kJ \I )M̂(r2−1)

�tI−t (
�kI ) (r � 3), (2.54)

wheret =mini ti , k =∑r−1
i=1 kj , andr1 = |J\I | + 1, r2 = |I | + 1. This recursion can b

understood from the fact that a shapeα ∈ #r contributing to the left side of (2.54) ca
be decomposed into the edge adjacent to the root and the two shapesα1 ∈#r1, α2 ∈#r2

emanating from the vertex inα adjacent to the root. We takeα1 to include the vertex
labelled 1 inα. By construction,r1 + r2 = r + 1, r1 < r andr2 < r . The integral with
respect tot in (2.54) corresponds to integrating out the time variable associated
edge ofα adjacent to the root. The identity (2.54), which shows features analogo
(2.46), will be used in the proof of Proposition 2.3.

Proof of Theorem 1.2 assuming Proposition 2.3. –Let r � 3. The proof is by induction
on r , with induction hypothesis that (2.52) holds forτ (s) with 2 � s < r . We have seen i
(2.53) that (2.52) does hold forr = 2. The induction will be advanced using (2.46).
Proposition 2.3(ii),ϕ̂(r)

�n (�k) is an error term. Thus, we are left to determine the asymp
behaviour of the first term on the right side of (2.46).

Fix �k with |k|2 bounded. To abbreviate the notation, we write�κ = �k/√vσ 2n. Recall
the notationn=min{n1, . . . , nr−1}. Given 0� n0 � n, letn0=min{n0, n−n0}. We will
show that for every nonempty subsetI ⊂ J1,∣∣∣∣∣

nJ\I−n0∑
m1=2

nI−n0∑
m2=2

ψ̂m1,m2(κJ \I , κI )τ̂
(r1)�nJ\I−m1−n0

(�κJ \I )τ̂ (r2)�nI−m2−n0
(�κI )

− V τ̂
(r1)

�nJ\I−n0
(�κJ \I )τ̂ (r2)

�nI−n0
(�κI )

∣∣∣∣∣� Cnr−3(n0+ 1)−δ. (2.55)

Before establishing (2.55), we first show that it implies (2.52). Since|τ̂n0(κ)|
is uniformly bounded by Theorem 1.1(a), inserting (2.55) into (2.46) and app
Proposition 2.3(ii) gives

τ̂
(r)

�n (�κ)= V

n∑
n0=0

τ̂ (2)
n0
(κ)

∑
I⊂J1: |I |�1

τ̂
(r1)

�nJ\I−n0
(�κJ \I )τ̂ (r2)

�nI−n0
(�κI )

+O
(
nr−3) n∑

n =0

(n0+ 1)−δ +O
(
nr−2−δ). (2.56)
0
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Using the fact thatδ < 1, the summation in the error term can be seen to be bounded
multiple ofn1−δ � n1−δ. With the induction hypothesis and the identityr1+ r2= r + 1,
(2.56) then implies that

τ̂
(r)

�n (�κ)= VA3(A2V n
)r−3

n∑
n0=0

M̂
(1)
n0/n

(k)

× ∑
I⊂J1: |I |�1

M̂
(r1−1)

(�nJ\I−n0)/n
(�kJ \I )M̂(r2−1)

(�nI−n0)/n
(�kI )+O

(
nr−2−δ), (2.57)

where the error arising from the error terms in the induction hypothesis again contr
an amountO(nr−3)

∑n

n0=0(n0+ 1)−δ � O(nr−2−δ). The summation on the right side
(2.57), divided byn, is the Riemann sum approximation to an integral. The erro
approximating the integral by this Riemann sum isO(n−1). Therefore, using (2.54), w
obtain

τ̂
(r)

�n (�κ)=A
(
A2V n

)r−2

n/n∫
0

dt M̂(1)
t (k)

× ∑
I⊂J : |I |�1

M̂
(r1−1)

n−1�nJ\I−t (
�kJ \I )M̂(r2−1)

n−1�nI−t (
�kI )+O

(
nr−2−δ)

=A
(
A2V n

)r−2
M̂

(r−1)
�n/n (�k)+O

(
nr−2−δ). (2.58)

Sincen� n̄, it follows thatnr−2−δ �Cnr−2(n̄+1)−δ . Thus, it suffices to establish (2.55
To prove (2.55), we write the quantity inside the absolute value signs on the lef

as

T1+ T2+ T3, (2.59)

with

T1=
( nJ\I−n0∑

m1=2

nI−n0∑
m2=2

ψ̂m1,m2(0,0)− V

)
τ̂
(r1)

�nJ\I−n0
(�κJ \I )τ̂ (r2)

�nI−n0
(�κI ), (2.60)

T2=
nJ\I−n0∑
m1=2

nI−n0∑
m2=2

(
ψ̂m1,m2(κJ \I , κI )− ψ̂m1,m2(0,0)

)
× τ̂

(r1)

�nJ\I−n0
(�κJ \I )τ̂ (r2)

�nI−n0
(�κI ), (2.61)

T3=
nJ\I−n0∑
m1=2

nI−n0∑
m2=2

ψ̂m1,m2(κJ \I , κI )

× (τ̂ (r1)

�nJ\I−m1−n0
(�κJ \I )τ̂ (r2)

�nI−m2−n0
(�κI )− τ̂

(r1)

�nJ\I−n0
(�κJ \I )τ̂ (r2)

�nI−n0
(�κI )). (2.62)

To complete the proof, it suffices to show that for each nonemptyI ⊂ J1, the absolute
value of eachTi is bounded above by the right side of (2.55).

By the induction hypothesis and the fact thatn̄Ii � n, it follows that |τ̂ (ri )

�nIi (
�kIi )| �

O(nri−2), uniformly in �nIi and�kIi . Therefore, it follows from Proposition 2.3(i) and t
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definition ofV in (2.49) that

|T1|�
∑

m1�nJ\I−n0
or m2�nI−n0

O(nr−3)

(m1∨m2+ 1)d/2
� O

(
nr−3(n0+ 1)−(d−4)/2). (2.63)

Similarly, by Proposition 2.3(i) withq = 2, a second-order Taylor estimate gives

|T2|�
nJ\I−n0∑
m1=2

nI−n0∑
m2=2

(
m1|κJ \I |2+m2|κI |2) O(nr−3)

(m1∨m2+ 1)d/2
� O

(
nr−3(n0+ 1)−δ

)
.

(2.64)
It remains to prove that

|T3|�O
(
nr−3(n0+ 1)−δ

)
. (2.65)

To begin the proof of (2.65), we note that the domain of summation overm1,m2 in
(2.62) is contained in

⋃2
j=0Sj (�n), where

S0(�n)= [0, 1
2(nJ \I − n0)

]× [0, 1
2(nI − n0)

]
,

S1(�n)= [1
2(nJ \I − n0), nJ \I − n0

]× [0, nI − n0],
S2(�n)= [0, nJ \I − n0

]× [1
2(nI − n0), nI − n0

]
.

Therefore|T3| is bounded by

2∑
j=0

∑
�m∈Sj (�n)

∣∣ψ̂m1,m2(κJ \I , κI )
∣∣

× ∣∣τ̂ (r1)

�nJ\I−m1−n0
(�κJ \I )τ̂ (r2)

�nI−m2−n0
(�κI )− τ̂

(r1)

�nJ\I−n0
(�κJ \I )τ̂ (r2)

�nI−n0
(�κI )

∣∣. (2.66)

The terms withj = 1,2 in (2.66) can be estimated as in the bound (2.63) onT1, after
using the triangle inequality and bounding theri-point functions byO(nri−2).

For thej = 0 term of (2.66), we write

τ̂
(r1)

�nJ\I−m1−n0
(�κJ \I )= τ̂

(r1)

�nJ\I−n0
(�κJ \I )+ [τ̂ (r1)

�nJ\I−m1−n0
(�κJ \I )− τ̂

(r1)

�nJ\I−n0
(�κJ \I )], (2.67)

τ̂
(r2)

�nI−m2−n0
(�κI )= τ̂

(r2)

�nI−n0
(�κI )+ [τ̂ (r2)

�nI−m2−n0
(�κI )− τ̂

(r2)

�nI−n0
(�κI )]. (2.68)

We expand the product of (2.67) and (2.68). This gives four terms, one of wh
cancelled byτ̂ (r1)

�nJ\I−n0
(�κJ \I )τ̂ (r2)

�nI−n0
(�κI ) in (2.66). Three terms remain, each of wh

contains at least one factor from the second terms in (2.67) and (2.68). In eac
we retain one such factor and bound the other factor by a power ofn, and we estimat
ψ̂ using Proposition 2.3(i). This gives a bound for thej = 0 contribution to (2.66) equa
to the sum of

∑
(m ,m )∈S (�n)

O(nr2−2)

(m1∨m2+ 1)d/2
∣∣τ̂ (r1)

�nJ\I−m1−n0
(�κJ \I )− τ̂

(r1)

�nJ\I−n0
(�κJ \I )

∣∣ (2.69)

1 2 0
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plus a similar term withJ\I replaced byI . By the induction hypothesis, the differen
of r1-point functions in (2.69) is equal to

A
(
A2V n

)r1−2[
f
(
(�nJ \I −m1− n0)/n

)− f
(
(�nJ \I − n0)/n

)]+O
(
nr1−2(n0+ 1)−δ

)
(2.70)

with f (�t)= M̂
(r1−1)

�t (�kJ \I ). Using (2.51), the difference in (2.70) can be seen to be at
O(m1n

−1). Therefore (2.69) is bounded above by

∑
(m1,m2)∈S0(�n)

O(nr−4)

(m1∨m2+ 1)(d−2)/2
+O

(
nr−3(n0+ 1)−δ

)
�O

(
nr−3(n0+ 1)−δ

)
. (2.71)

This establishes (2.65).
Combining (2.63)–(2.65) yields (2.55). This completes the proof of Theorem

assuming Proposition 2.3.✷
3. Expansion for the two-point function

There are two possible expansions available for oriented percolation. The Ng
Yang expansion, which is close in spirit to the original lace expansion of Brydge
Spencer [8], was used in [31,32] to study the critical oriented percolation two-
function in high dimensions. We are extending the results of Nguyen and Yang i
paper. The Nguyen–Yang expansion relies on a Markov property valid for ori
percolation (but not for non-oriented percolation). The Hara–Slade expansion [20
alternate expansion, based on inclusion-exclusion rather than using the notion of “
It was derived in the context of non-oriented percolation, but it applies to orie
percolation without alteration.

Both expansions lead to the same quantityπn(x), obeying the same identity (2.5
However, the expansions lead to different decompositions ofπn(x) into alternating
series of the form

∑∞
N=0(−1)Nπ(N)

n (x). In each expansion, theπ(N)

n (x) are described
by Feynman diagrams. The diagrams for the two expansions are almost identic
they obey identical upper bounds (see Section 4.4). However, the precise definition
π(N)

n (x) is different according to which expansion is used. In the Hara–Slade expa
π(N)

n (x) is given by an(N + 1)-fold nested expectation, whereas the Nguyen–Y
expansion involves only a single expectation for eachN . In this respect, the Nguyen
Yang expansion is simpler.

We will mainly employ the Hara–Slade expansion, since it can be extended fro
two-point function to generalr-point functions, as we will describe in Sections 5–6. T
seems simpler to us than attempting to extend the Nguyen–Yang expansion to
r-point functions, as the use of the Markov property becomes problematic forr � 3. In
particular, the use of the Markov property seems well suited to extraction of the
point function mentioned in item (1) of Section 2.2.1, but the two branches ment
in items (3) and (4) coexist in the same temporal domain and it is unclear to us ho
Nguyen–Yang expansion might be modified to allow for their decoupling.

However, we will make use of the Nguyen–Yang expansion in proving the b
on p∂pπ̂m(0) of Proposition 2.2. This is because thep-dependence is simpler with
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the single expectation of the Nguyen–Yang expansion, so that its derivative is ea
analyse.

Our approach to the two-point function differs from that of Nguyen and Yang no
in the use of a different expansion. Whereas Nguyen and Yang proved convergenc
lace expansion using generating functions, we will instead apply the inductive app
of [27], which generalises the method of [25]. Implementation of the induction me
was described in Section 2.1.2. The induction method avoids the necessity of ext
the asymptotic behaviour of a sequence from the singularity structure of its gene
function. It also provides the bound on‖τn‖∞ of Theorem 1.1(c), which will be neede
in our analysis of ther-point functions forr � 3.

In the remainder of this section, we will derive the two expansions for the two-
function.

3.1. The Hara–Slade expansion

In this section, we derive the expansion (2.5) for the two-point function, using
method of [20]. Although the derivation presented here is essentially identical t
of [20], we include it both to make this paper more self-contained and to allow
reference later when we derive the expansion for ther-point functions in Section 5.

The expansion produces a functionπm(x) such that

τn(x)= p(D ∗ τn−1)(x)+
n−1∑
m=2

p(πm ∗D ∗ τn−m−1)(x)+ πn(x) (n� 1), (3.1)

which is just (2.5). We will use the notationx = (x, n) introduced in Section 2.2. I
addition, we will use(u,v) as a summation index when it is guaranteed that the tem
component ofv exceeds that ofu by exactly 1. In this notation, (3.1) becomes

τ(x)= δ0,x +
∑
(0,u)

pD(u)τ (x − u)+ p
∑
(u,v)

π(u)D(v− u)τ (x − v)+ π(x), (3.2)

with D(x) given by (2.2). The functionπ(x) = πn(x) will be written in terms of
functionsπ(N)(x) as

π(x)=
∞∑

N=0

(−1)Nπ(N)(x). (3.3)

To begin the expansion, we make three definitions which underlie the string-of-sa
image of Fig. 2.

DEFINITION 3.1. – (a)Given a configuration andx ∈ 2 we defineC(x) = {y ∈
2: x → y}.

(b) Given a configuration, we say thatx is doubly connected toy, and we write
x ⇒ y, if there are at least two bond-disjoint paths fromx to y consisting of occupie
bonds. By convention, we say thatx ⇒ x for all x.

(c) Given a configuration, we say that a bond ispivotal for x → y if x → y in the
possibly modified configuration in which the bond is made occupied, whereasx is not
connected toy in the possibly modified configuration in which the bond is made va
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To begin the expansion, we define

π(0)(x)= P(0⇒ x)− δ0,x (3.4)

and distinguish configurations with0→ x according to whether or not there is a dou
connection, to obtain

τ(x)= δ0,x + π(0)(x)+ P(0→ x & 0 �⇒ x). (3.5)

If 0 is connected tox, but not doubly, then there is at least one pivotal bond for
connection, and hence a first such pivotal bond. Denoting this pivotal bond by(u,v), we
can write

P(0→ x & 0 �⇒ x)=∑
(u,v)

P
(
0⇒ u and(u,v) is occupied and pivotal for0→ x

)
.

(3.6)
Now comes the essential part of the expansion. Ideally, we would like to facto
probability on the right side of (3.6) as

P(0⇒ u)P
(
(u,v) is occupied

)
P(v→ x)= (δ0,x+π(0)(u)

)
pD(u−v)τ (x−v). (3.7)

However, it does not factor in this way because the sausage connecting0 to u is
constrained not to send out a branch that would intersect the portion of the cluste
v in such a way as to contradict the pivotal nature of the bond(u,v). What we can do is
approximate the probability on the right side of (3.6) by (3.7), and then attempt to
with the error term. For this purpose, we need several more definitions.

DEFINITION 3.2. – (a)Given a bond configuration, andA⊂2, we sayx andy are
connected inA, if there is an occupied path fromx to y having all its endpoints inA, or
if x = y ∈A. We define a restricted two-point function by

τA(x,y)= P(x andy are connected in2\A). (3.8)

(b) Given a bond configuration, andA⊂2, we sayx andy areconnected throughA,
if every occupied path connectingx to y has at least one bond with an endpoint inA.

This event is written asx
A→ y.

(c) Given a bond configuration, and a bondb, we definẽCb(x) to be the set of sitesy
such thatx is connected toy in the new configuration obtained by settingb to be vacant.

(d) Given an eventE, we define the event{E occurs onC̃(u,v)(x)} to be the set o
configurations such thatE occurs on the modified configuration in which every bo
that does not have an endpoint iñC(u,v)(x) is made vacant. We say that{E occurs in
2\C̃(u,v)(x)} if E occurs on the modified configuration in which every bond that d
not have both endpoints in2\C̃(u,v)(x) is made vacant.

In terms of these definitions, we have the following important lemma, whic
essentially [22, Lemma 2.4].
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LEMMA 3.3. – Fix p ∈ [0,1]. Given a bond(u,v), a site w and eventsE,F
determined by the occupation status of finitely many bonds,

Ep

(
I
[
E occurs onC̃(u,v)(w) & (u,v) is occupied &F occurs in2\C̃(u,v)(w)

])
= pD(v− u)Ep

(
I
[
E occurs onC̃(u,v)(w)

]
Ep

(
I
[
Foccurs in2\C̃(u,v)(w)

]))
.

(3.9)

We omit the proof of Lemma 3.3, as it is a small modification of the proof in [22].
lemma is proved by conditioning on the restriction ofC̃(u,v)(w) to a finite time horizon
in 2 that is sufficient to include all bonds on whichE andF depend. This ensures th
we condition on afinite cluster, and we therefore do not need the restrictionp � pc of
[22, Lemma 2.4].

In the nested expectation on the right side, the setC̃(u,v)(w) is a random se
with respect to the outer expectation, but it is deterministic with respect to the
expectation. The inner expectation on the right side effectively introduces a s
percolation model on a second lattice, which is coupled to the original percolation m
via the setC̃(u,v)(w).

To apply Lemma 3.3, we first note that{
0⇒ u and(u,v) is occupied and pivotal for0→ x

}
= {0⇒ u occurs onC̃(u,v)(0) & (u,v) is occupied

& v→ x occurs in2\C̃(u,v)(0)
}
. (3.10)

The identity (3.10) is slightly more delicate than its non-oriented counterpart, d
the fact that it is possible in the oriented context for the clustersC̃(u,v)(0) andC̃(u,v)(v)
to intersect each other even when(u,v) is pivotal for 0→ x. To prove (3.10), we firs
observe that the event on the left side implies that0⇒ u occurs onC̃(u,v)(0), that(u,v)
is occupied, and thatv → x. To see thatv is connected tox in 2 \ C̃(u,v)(0), suppose
to the contrary that every occupied path fromv to x contains a sitez ∈ C̃(u,v)(0) (which
may depend on the path). Then0 is connected tox via z even after(u,v) is made vacant
contradicting the pivotal nature of(u,v). Conversely, the event on the right side of (3.
implies that0⇒ u, that (u,v) is occupied and that0→ x. To see that(u,v) must be
pivotal, we observe that if it is not thenx ∈ C̃(u,v)(0) and it cannot be the case thatv→ x
in 2\C̃(u,v)(0). This proves (3.10).

By Lemma 3.3, (3.10) gives the important identity

P
(
0⇒ u and(u,v) is occupied and pivotal for0→ x

)
= pD(v− u)E

(
I
[
0⇒ u occurs onC̃(u,v)(0)

]
τ C̃

(u,v)(0)(v,x)
)

= pD(v− u)E
(
I [0⇒ u]τ C̃(u,v)(0)(v,x)

)
, (3.11)

where we can drop the condition “occurs oñC(u,v)(0)” since 0 ⇒ u is independen
of the occupation status of the bond(u,v), due to the orientation. On the right sid

τ C̃
(u,v)(0)(v,x) is the restricted two-point functiongiventhe clusterC̃(u,v)(0) of the outer

expectation, so that in the (inner) expectation definingτ C̃
(u,v)(0)(v,x), C̃(u,v)(0) should

be regarded as afixedset. We stress this delicate point here, as it is crucial also in the
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of the expansion. As mentioned above, we should think of configurations correspo

to the expectation definingτ C̃
(u,v)(0)(v,x) as living on a different lattice thañC(u,v)(0).

It follows from (3.6) and (3.11) that

P(0→ x & 0 �⇒ x)=∑
(u,v)

pD(v− u)E
(
I [0⇒ u] τ C̃(u,v)(0)(v,x)

)
. (3.12)

We write

τ C̃
(u,v)(0)(v,x)= τ(x − v)− (τ(x − v)− τ C̃

(u,v)(0)(v,x)
)

= τ(x − v)− P
(
v
C̃(u,v)(0)−−−→x

)
, (3.13)

insert this into (3.12), and use (3.5) and (3.4) to obtain

τ(x)= δ0,x + π(0)(x)+∑
(u,v)

(
δ0,u + π(0)(u)

)
pD(v− u)τ (x − v)

−∑
(u,v)

pD(v− u)E
(
I [0⇒ u]P(v C̃(u,v)(0)−−−→x

))
. (3.14)

This completes the first stage of the expansion.
Before proceeding with the expansion, we take stock of what has been achie

far. If we were to neglect the final term in (3.14), we would have an equation analo
to (2.4), with (δ0,x + π(0)(u)) corresponding to the weight of a single “site” along
generalised random walk. We expect the final term of (3.14) to be small, provide
backbone joiningv to x typically does not intersect the cluster̃C(u,v)(0). Above the
upper critical dimension, the backbone should have the character of Brownian m
and the cluster̃C(u,v)(0) should have the character of a super-Brownian motion.
oriented percolation, intersection of the backbone and cluster corresponds to inter
of the graphsof Brownian motion and super-Brownian motion. As explained near
end of Section 1.2.3, the critical dimension for such an intersection isd = 4.

To continue the expansion, we would like to rewrite the final term of (2.4) in terms
convolution with the two-point function. A configuration contributing to the expecta
in the final term of (2.4) is illustrated schematically in Fig. 5, in which the bonds dr
with heavy lines should be regarded as living on a different lattice than the bonds
with lighter lines, as explained previously. Our goal is to extract a factorτ(x − v′).

Given a configuration in whichv
A→x, thecutting bond(u′,v′) is defined to be the

first pivotal bond forv → x such thatv
A→u′. It is possible that no such bond exists,

for example would be the case in Fig. 5 if only the bottom four sausages were inc

in the figure, withx in the location currently occupied byu′. To analyseP(v
C̃(u,v)(0)−−−→x),

we define the events

E′(v,x;A)= {v A→ x} ∩ { � ∃ pivotal (u′,v′) for v→ x s.t.v
A→ u′

}
, (3.15)

E(v,u′,v′,x;A)=E′(v,u′;A)∩ {(u′,v′) is occupied and pivotal forv→ x
}
. (3.16)
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Fig. 5. A configuration appearing in the second stage of the expansion, with the heavy an
lines corresponding to percolation clusters living on distinct copies of the same lattice.

By partitioning {v A→ x} according to the location of the cutting bond (or the lack o
cutting bond), we obtain the partition

{v A→ x} =E′(v,x;A)
·⋃

(u′,v′)
E(v,u′,v′,x;A), (3.17)

which implies that

P(v
A→ x)= P

(
E′(v,x;A))+ ∑

(u′,v′)
P
(
E(v,u′,v′,x;A)). (3.18)

Defining

E′′(v,u′,v′;A)= {E′(v,u′;A) occurs onC̃(u′,v′)(v)
}
, (3.19)

the eventE(v,u′,v′,x;A) can be rewritten as

E(v,u′,v′,x;A)=E′′(v,u′,v′;A)∩ {(u′,v′) occupied
}

∩ {v′ → x occurs in2\C̃(u′,v′)(v)
}
. (3.20)

Using Lemma 3.3, this gives

P(v
A→ x)= P

(
E′(v,x;A))

+ p
∑
(u′,v′)

D(v′ − u′)E
(
I
[
E′′(v,u′,v′;A)]τ C̃(u′,v′)(v)(v′,x)

)
. (3.21)
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We note thatE′′(v,u′,v′;A) in (3.21) can be replaced byE′(v,u′;A), sinceE′(v,u′;A)
is independent of the status of(u′,v′), due to the orientation. Using this observation, a
inserting the identity (3.13) into (3.21), we obtain

P(v
A→ x)=P

(
E′(v,x;A))+ p

∑
(u′,v′)

D(v′ − u′)P
(
E′(v,u′;A)) τ(x − v′)

− p
∑
(u′,v′)

D(v′ − u′)E1
(
I
[
E′(v,u′;A)]P2

(
v′

C̃
(u′,v′)
1 (v)−−−−→x

))
. (3.22)

In the last term on the right side, we have introduced subscripts forC̃ and the
expectations, to indicate to which expectationC̃ belongs.

Let

π(1)(x)=∑
(u,v)

pD(v− u)E0
(
I [0⇒ u]P1

(
E′(v,x; C̃(u,v)

0 (0)
)))

. (3.23)

Inserting (3.22) into (3.14), and using (3.23), we have

τ(x)= δ0,x + π(0)(x)− π(1)(x)+∑
(u,v)

(
δ0,u + π(0)(u)− π(1)(u)

)
pD(v− u) τ (x − v)

+∑
(u,v)

pD(v− u)
∑
(u′,v′)

pD(v′ − u′)

×E0

(
I [0⇒ u]E1

(
I
[
E′(v,u′; C̃0

(u,v)
(0)
)]

P2
(
v′

C̃
(u′,v′)
1 (v)−−−−→x

)))
. (3.24)

This completes the second stage of the expansion.

We now repeat this procedure recursively, rewritingP2(v
′ C̃

(u′,v′)
1 (v)−−−−→x) using (3.22), and

so on. This procedure stops after a finite number of steps, because each appea
the last term of (3.22) uses up at least one unit of time, and the last term of (3.22
vanish as soon as the temporal component ofv′ exceeds that ofx. This leads to (3.2) an
(3.3), withπ(0) andπ(1) given by (3.4) and (3.23), and, forN � 2,

π(N)(x)= ∑
(u0,v0)

· · · ∑
(uN−1,vN−1)

[
N−1∏
i=0

pD(vi − ui )

]
E0I [0⇒ u0]

×E1I
[
E′(v0,u1; C̃0)

] · · ·EN−1I
[
E′(vN−2,uN−1; C̃N−2)

]
×ENI

[
E′(vN−1,x; C̃N−1)

]
. (3.25)

Here, we have used the abbreviationC̃j = C̃
(uj ,vj )

j (vj−1).

3.2. The Nguyen–Yang expansion

In this section we recall the derivation of the Nguyen–Yang expansion from [31
explained at the beginning of Section 3, we will use the Nguyen–Yang expansion
to prove the bound onp∂pπ̂m(k) of Proposition 2.2(iii). This proof will be given in
Section 4.4.
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For t = 0,1,2, . . . , we defineWn,t (x) to be the event that(0,0)→ (x, n) with exactly
t occupied pivotal bonds for the connection, and let

τn,t (x)= Pp

(
Wn,t (x)

)
. (3.26)

By definition, τn(x) = ∑∞
t=0 τn,t (x). We will rewrite τn,t (x) in terms of a repulsive

interaction between the sausages in the string of sausages representing the co
(0,0)→ (x, n). WhenWn,t (x) occurs, there are exactlyt + 1 sausages.

Given a bondb = {(x, n), (y, n + 1)}, let b̄ = (y, n + 1) be the “top” of b, and
b= (x, n) the “bottom” ofb. We will write b̄ < b̄′ to mean that the temporal compone
of b̄ is less than that of̄b′, and, in an abuse of notation, we writeb̄ < n when the tempora
component of̄b is less thann. For t � 1, let

Bt(n)= {�b = (b1, . . . , bt ): 0< b̄1 < · · ·< b̄t � n
}

(3.27)

denote the ordered vectors oft bonds, up to timen. Given �b ∈ Bt(n), we define
b̄0= (0,0), bt+1= (x, n). We also define

T
(�b, (x, n))= t⋂

i=1

{bi occupied}
t⋂

i=0

{b̄i ⇒ b i+1}. (3.28)

Note that ifT (�b, (x, n)) occurs, then the only possible candidates for occupied piv
bonds for the event(0,0)→ (x, n) are the elements of�b. We define the random variable

K[i, j ] = ∏
i�s<t�j

(1+Ust) with Uij =−I [b̄i ⇒ bj+1]. (3.29)

The product in (3.29) is 0 or 1. IfK[0, t] = 1 andT (�b, (x, n)) occurs, then the occupie
pivotal bonds for the event(0,0)→ (x, n) are precisely the elements of�b. Therefore

τn,t (x)=
∑
�b∈Bt (n)

Ep

[
I
[
T
(�b, (x, n))]K[0, t]]. (3.30)

The lace expansion involves a decomposition ofK[0, t]. To describe this, we
need some standard terminology [8,29]. Agraph on an interval[a, b] is a setB =
{i1j1, . . . , iMjM} of edges, witha � il < jl � b for eachl, and withM � 0. We say tha
a graphB is connectedon [a, b] if

⋃
ij∈B[i, j ] = [a, b]. We denote the set of connect

graphs on[a, b] by G[a, b], and let

J [0, s] = ∑
B∈G[0,s]

∏
ij∈B

Uij . (3.31)

Expanding the product in (3.29) leads to a sum over all graphs, and by partiti
according to the support of the connected component of 0, the following decompo



446 R. VAN DER HOFSTAD, G. SLADE / Ann. I. H. Poincaré – PR 39 (2003) 413–485

then

nected
es

t

rd
emerges (see [29, (5.5.9)] for more details)

K[0, t + 1] =K[1, t + 1] +
t∑

s=1

J [0, s]K[s + 1, t + 1] + J [0, t + 1] (t � 0). (3.32)

In the right side of the above equation, the middle term is taken to be 0 ift � 1, and
K[a, a] = 1. Let

πm,0(x)= Pp

(
(0,0)⇒ (x,m)

)− δ0,xδ0,m = τm,0(x)− δ0,xδ0,m, (3.33)

πm,s(x)=
∑

�b∈Bs(m)

Ep

[
I
[
T
(�b, (x,m))]J [0, s]] (s � 1). (3.34)

It can be seen from the above definitions thatπm,s(x)= 0 wheneverm= 0,1 or s > m.
Substitution of (3.32) into (3.30), followed by application of the Markov property,
gives the recursion formula

τn+1,t+1(x)= p(D ∗τn,t )(x)+
n∑

m=2

t∑
s=0

p(πm,s ∗D ∗τn−m,t−s)(x)+πn+1,t+1(x) (t � 0).

(3.35)
Summing (3.35) overt then gives the basic recursion formula (3.1), with

πm(x)=
m∑
s=0

πm,s(x). (3.36)

Finally, we rewriteπm,s(x) in terms of laces. Alaceon [a, b] is an element ofG[a, b]
such that the removal of any edge will result in a disconnected graph. Given a con
graphB ∈ G[a, b], we define the laceLB ⊂ B to be the graph consisting of edg
s1t1, s2t2, . . . given by

t1=max{t : at ∈ B}, s1= a, (3.37)

ti+1 =max{t : ∃s � ti such thatst ∈ B}, si+1=min{s: sti+1 ∈ B}.
(It is not hard to check thatLB is indeed a lace.) Given a laceL, let C(L) denote the se
of compatibleedges, i.e., the set of edgesij such thatLL∪{ij} =L. DefineL(N)[a, b] to be
the set of laces on the interval[a, b], consisting of exactlyN edges. It is then a standa
calculation [8,29] to conclude that

πm,s(x)=
∞∑

N=0

(−1)NC(N)

m,s(x), (3.38)

with C(0)
m,s(x)= πm,0(x)δ0,s and

C(N)

m,s(x)= (−1)N
∑

�b∈Bs(m)

Ep

[
I
[
T
(�b, (x,m))]

× ∑
L∈L(N)[0,s]

∏
ij∈L

Uij

∏
i′j ′∈C(L)

(1+Ui′j ′)

]
(N � 1). (3.39)
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The combination(−1)N
∏

ij∈L Uij is either 0 or 1, soC(N)

m,s(x) � 0. The above gives th
identity (3.2), but now with the decomposition

πm(x)=
∞∑

N=0

(−1)NC(N)

m (x) with C(N)

m (x)=
∞∑
s=0

C(N)

m,s(x) (3.40)

in place of (3.2).

4. Proof of Proposition 2.2

In this section, we prove Proposition 2.2. For Proposition 2.2(i)–(ii), we will use
Hara–Slade expansion of Section 3.1, whereas for Proposition 2.2(iii) we will us
Nguyen–Yang expansion of Section 3.2. We begin in Section 4.1 by indicating
π(N)(x) of (3.25) can be bounded in terms of the two-point function, with these bo
conveniently organised using diagrams. The diagrams are then estimated in Sect
This will be used in Section 4.3 to prove the bounds onπ(x) of Proposition 2.2(i)–(ii).
Finally, in Section 4.4, the diagrammatic estimates will be extended to the Nguyen
expansion, to estimatep∂pπ(x) and prove Proposition 2.2(iii).

4.1. Diagrammatic bounds

4.1.1. Diagrams
We now indicate how useful diagrammatic bounds can be obtained forπ(N)(x), using

the method of [20]. A key ingredient in the diagrammatic estimates is the follo
special case of the BK inequality (see [18]). LetV1, . . . , Vn be sets of oriented lattic
paths, and letEi be the event that at least one of the paths inVi is occupied. The even
E1 ◦ · · · ◦En represents the event that there exist pairwise bond-disjoint occupied
ωi ∈ Vi (i = 1,2, . . . , n). Then the inequality

P(E1 ◦ · · · ◦En)� P(E1)P(E2) . . .P(En) (4.1)

follows from the BK inequality and the fact that theEi are increasing events.
Using (4.1), we immediately obtain the estimate

π(0)(x)= P(0⇒ x)− δ0,x = P
(
(0→ x) ◦ (0→ x)

)− δ0,x � τ(x)2− δ0,x. (4.2)

To boundπ(N) for N � 1, we estimate the nested expectation (3.25) from the insid
(right to left). For the innermost expectationEN , we first observe thatE′(vN−1,x; C̃N−1)

is a subset of the event that there existwN ∈ C̃N−1 and t ∈ 2 with four disjoint paths
realising the connectionsvN−1 → t , t → wN , wN → x, t → x. Applying the BK
inequality gives

ENI
[
E′(vN−1,x; C̃N−1)

]
�

∑
t,w ∈2

I [wN ∈ C̃N−1]τ(t − vN−1)τ (wN − t)τ (x −wN)τ(x − t). (4.3)

N
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The indicatorI [wN ∈ C̃N−1] is a random variable for the expectationEN−1 that must
be treated in conjunction with the eventE′(vN−2,uN−1; C̃N−2) (whenN � 2). It is not
difficult to show (see [20, Lemma 2.5] or [29, Lemma 5.5.8] for details) that

Ei

(
I
[
E′(vi−1,ui; C̃i−1)

]
I [wi+1 ∈ C̃i])

�
∑

wi ,zi t,y

I [wi ∈ C̃i−1]τ(wi+1− zi)τ (ui −wi )τ (wi − t)

× (τ(t − vi−1)τ (zi − t)τ (ui − zi)

+ τ(zi − vi−1)τ (t − zi)τ (ui − t)
)
. (4.4)

Finally, the expectationE0 is estimated using

E0
(
I [0⇒ u0]I [w1 ∈ C̃0])�

∑
z0

τ(u0)τ (z0)τ (u0− z0)τ (w1− z0), (4.5)

which follows from the BK inequality and the fact that the intersection of the even
the left side is a subset of the event that there existsz0 with four disjoint connections
0→ u0, 0→ z0, z0→ u0, z0→w1.

The upper bounds (4.3)–(4.5) have a convenient diagrammatic representat
illustrated in Fig. 6. Diagrams are interpreted as follows. Each diagram vertex is as
a lattice variable and each diagram line is assigned a two-point function evalua
the (oriented) difference of its endpoint variables. Unlabelled vertices are summe
all possible values. In Fig. 7, and in later figures, we will also use a pair of shor
segments to indicate vertices that are separated by unit time; these correspond i
to the pivotal bonds(ui ,vi) of (3.25) and carry weightτ(vi − ui) = pD(vi − ui).
More generally, adiagram is a graph with multiple edges between vertices allow
with factors ofτ associated to each edge and summed as described above.

In Fig. 6, we also show the effect of shifting the diagram lineτ(wi+1 − zi) to the
diagram arising in the upper bound for the expectationEi+1, rather than keeping it in th
upper bound forEi, for i = 0, . . . ,N−1. With this shift, a convenient recursive structu
emerges. To see this, we define

P1(u0,z0)= τ(u0)τ (z0)τ (u0− z0), (4.6)

P2(ui−1,zi−1,ui ,zi )=
∑

t,w,vi−1

pD(vi−1− ui−1)τ (w− t)τ (ui −w)τ (w− zi−1)

× (τ(zi − vi−1)τ (t − zi)τ (ui − t)

+ τ(t − vi−1)τ (zi − t)τ (ui − zi)
)
, (4.7)

P3(uN−1,zN−1,x)=
∑

t,w,vN−1

pD(vN−1− uN−1)τ (t − vN−1)τ (x − t)τ (x −w)

× τ(w− t)τ (w− zN−1). (4.8)

The right sides of the above equations correspond to the diagrams appearing in
after shifting lines, with the difference that the bonds(ui−1,vi−1) appear in (4.7)–(4.8
but not in Fig. 6. ForN � 1, we define
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he
Fig. 6. Diagrams representing (4.3)–(4.5), showing also the result of a shifted line.

Fig. 7. Diagrams representingP (N)(x), N = 0,1,2.

P (N)(x)= ∑
(u0,z0)

. . .
∑

(uN−1,zN−1)

P1(u0,z0)

[
N−1∏
i=1

P2(ui−1,zi−1,ui ,zi)

]
× P3(uN−1,zN−1,x), (4.9)

where the empty product arising whenN = 1 is defined to be 1. We also define t
bubble diagramB(x) = τ(x)2, and setP (0)(x) = B(x) − δ0,x . The inequalities (4.3)–
(4.5) can then be combined with (3.25) to give

π(N)(x)� P (N)(x) (N � 0). (4.10)
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The diagramsP (N)(x) are depicted in Fig. 7, forN = 0,1,2.
The inequality (4.10) shows thatπ(N)(x) can be bounded by a sum of products

two-point functionsτ(y), with the temporal component ofy no larger than that ofx.
These inequalities will provide the key ingredient needed to prove Proposition 2.2,
simply asserts that certain bounds onτ(y) imply bounds onπ(x).

4.1.2. Diagrammatic constructions
We now introduce some diagrammatic constructions that will be useful to est

P (N)(x). A related procedure was employed in [22].

DEFINITION 4.1. – (a)Given a diagram, and given any lineλ of the diagram,
construction1λ(y) is the operation in which a new vertexy is inserted in lineλ.
Explicitly, this means that the two-point functionτ(v−u) (say) corresponding to lineλ
is replaced byτ(v − y)τ (y − u).

(b) Construction1λ(l) is the operation in which construction1λ(y, l) is performed
and then followed by summation overy (leaving l fixed). Explicitly, this means tha
τj−i (v− u) corresponding to lineλ is replaced by

∑
y τj−l(v − y)τl−i (y − u).

In the diagramP (0), we declare one of the lines in the bubble to beadmissible. For
N � 1, we declare the linesτ(t−vN−1) andτ(x− t) appearing in (4.8) to be admissib
These are the lines onP3 from which the terms ofP2 can be obtained by adding a
additional vertex. WritingP (N−1)(x;1λ(z)) for the result of applying construction 1λ(z)
to P (N−1)(x), it then follows from (4.9) that

P (N)(x)=∑
u,z

∑
λ

P (N−1)
(
u;1λ(z))P3(u,z,x) (N � 1), (4.11)

where the sum overλ is over two admissible lines forN � 2 and over one admissib
line forN = 1.

We will formalise the operation occuring in (4.11) in a definition. For this, we de

L(0)(w, t,x)= τ(x −w)τ (x − t), (4.12)

L(1)(u,z,x)= τ(x − z)
∑

v

pD(v− u)τ (x − v). (4.13)

Given a diagramF(u) with two labelled vertices having labels0 and u, and with a
certain set of admissible lines indexed byλ, letF(u;1λ(z)) denote the result of applyin
construction 1λ(z). It then follows from (4.8) that

P3(u,z,x)=
∑
t ,w

L(1)
(
u,z,w;1α(t))L(0)(t,w,x), (4.14)

whereα is the line fromv to w occuring inL(1)(u,z,w) (with v the summation index in
(4.13)).

DEFINITION 4.2. – Given a diagramF(u) with two labelled vertices having labe
0 and u, and with a certain set of admissible lines indexed byλ, construction2(i)

u (w)

produces the diagram

F̃ (i)(w)=∑∑
u,z

F
(
u;1λ(z))L(i)(u,z,w), (4.15)
λ
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and constructionEu(w) produces the diagram

F̃ (i)(w)=∑
λ

∑
u,z

F
(
u;1λ(z))P3(u,z,w), (4.16)

where the sum overλ is the sum over admissible lines.

We may then understand the factorP3(u,z,x) in (4.11) as corresponding to app
cation of constructionEu(x) to P (N−1)(u). By definition and (4.14), constructionEu(x)

is equivalent to an application of construction 2(1)
u (w) followed by construction 2(0)w (x),

where the unique admissible line prior to applying construction 2(0)
w (x) is the line from

v to w added to the diagram in the application of construction 2(1)
u (w). (Here,v corre-

sponds to the summation index in (4.13).) ThusP (N)(x) is obtained byN applications
of constructionE to the bubble diagram, for allN � 1. To estimateP (N)(x), it there-
fore suffices to estimate the bubble and to investigate the result of applying con
tion Eu(x) to a diagram whose behaviour is already understood. For this, it suffic
understand the result of applying construction 2(i)

u (w) to a diagram whose behaviour
already understood.

4.2. Estimation of diagrams

The main goal of this section is to obtain an estimate for the diagramsP (N) of
Section 4.1. The result, which will be at the heart of the proof of Proposition 2
stated in Lemma 4.5. A secondary goal is to develop a general method for estim
diagrams, that will be useful also in Section 7.

We begin with a lemma that converts the Fourier-space bounds of (2.15) for 1�m� n

into x-space bounds for 0� m � n + 1. The inclusion ofm = n + 1 in the x-space
bounds is essential for obtaining the bounds of Proposition 2.2 for 0�m� n+1. It will
be convenient in what follows to return to the(x,m) notation for sites.

LEMMA 4.3. – Suppose that(2.15)holds for1 � m � n and for somep ∈ I . Then
there is aK , depending onKf , such that for0 �m� n+1 and for thatp, the following
bounds hold:

τ̂m(0)�K,
∑
x

|x|2τm(x)�Kσ 2m, ‖τm‖∞ �
{

Kβ

md/2 (m �= 0),

1 (m= 0),
(4.17)

sup
x
|x|2τm(x) �Kσ 2β

(
1

m+ 1

)(d−2)/2

. (4.18)

We will interpret the bound on‖τm‖∞ of (4.17) as

‖τm‖∞ �


Kβ

(m+1)d/2 (if m �= 0 is guaranteed),
K

(m+1)d/2 (otherwise).
(4.19)

Proof. –The bounds are all trivial form = 0. Form � n, the first two bounds ar
immediate from (2.15). Form = n + 1, given l � 0 and 0� j � l we use Boole’s
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inequality and the Markov property to obtain

τl(x)= Pp

(⋃
y

{
(0,0)→ (y, j)→ (x, l)

})
�
∑
y

τj (y)τl−j (x − y). (4.20)

Taking l = n+ 1 andj = 1 in (4.20), we obtain̂τn+1(0) � τ̂1(0)τ̂n(0)= pτ̂n(0), which
gives the first bound of (4.17) form= n+1. The second bound can be obtained simila
for m= n+ 1, using also the estimate|x|2 � 2(|y|2 + |x − y|2) and the definition ofσ
in (1.3).

Next, we consider the third bound of (4.17). Form= 1, we have‖τ1‖∞ = p‖D‖∞ �
Kβ, by the assumption above (1.2). Form � 2, we use (4.20) twice, as well as t
inequality‖h‖∞ � ‖ĥ‖1, to conclude that

τm(x)� (τ1 ∗ τ1 ∗ τm−2)(x) � p2∥∥D̂2τ̂m−2
∥∥

1. (4.21)

Thus (2.15) implies (4.17) for allm� n+ 2.
For (4.18) withm= 1, we use the first assumption of (1.2). For (4.18) withm� 2, we

use (4.20) withl =m andj = �m/2� to obtain

|x|2τm(x)� 2
∑
y

(|y|2+ |x − y|2)τ�m/2�(y)τm−�m/2�(x − y)

� 2
(
‖τm−�m/2�‖∞

∑
y

|y|2τ�m/2�(y)+ ‖τ�m/2�‖∞
∑
y

|y|2τm−�m/2�(y)
)
.

(4.22)

Then (4.18) follows from (4.17) form� n+ 1 (in fact form of order 2n). ✷
As was explained above the statement of Proposition 2.2, (2.15) will follow

we establish Assumption 2.1 by proving Proposition 2.2. Therefore the bounds (4
(4.18) of Lemma 4.3 will also follow, for allm� 0.

Next, we give a simple example of an estimate for a diagram. Following the exa
we will develop a more systematic approach to such estimates.

Example4.4. – We define a diagramGm(x) by

Gm(x)=
∑

0�j�k<m

∑
u,v,w

τj (u)τk(v)τk−j (v− u)τ1(w− v)τm−k−1(x −w)τm−j (x − u).

(4.23)
This diagram is the contribution toπ(1)

m (x) that arises when the topmost loop in t
diagramP (1)

m (x) shrinks to the single vertex(x,m). Note that all subscripts on the rig
side of (4.23) are at mostm. To estimateGm =∑

x Gm(x), we bound the second an
sixth factors above by their maximum possible values to obtain

Gm �
∑

0�j�k<m

‖τj‖1‖τk‖∞‖τk−j‖1‖τ1‖1‖τm−k−1‖1‖τm−j‖∞. (4.24)
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Assuming the bounds (4.17)–(4.19) forτl with l �m gives

Gm �K6β
∑

0�j�k<m

(k+ 1)−d/2(m− j + 1)−d/2 � cK6β(m+ 1)−d/2. (4.25)

In the above estimate, we used the fact that sincem− j > 0 we obtain a factorβ when
using (4.19) to estimate‖τm−j‖∞. In addition, we used the fact that ford > 4 there is a
constantc= c(d) such that∑

0�i�j�n

(j + 1)−d/2(n− i + 1)−d/2 � c(n+ 1)−d/2 (4.26)

holds uniformly inn� 0. To prove (4.26), we divide the sum into two cases, depen
on whetherj � n − i or not. The contributions due to each case are equal, du
the symmetry present in the sum on the left side of (4.26). Whenj � n − i, we have
n − i � n/2, becausei � j . Therefore, the left side of (4.26) is bounded above
required, by

2 · 2d/2(n+ 1)−d/2
∑

0�i�j�n

(j + 1)−d/2 � 2 · 2d/2(n+ 1)−d/2
∞∑
j=0

(j + 1)−(d−2)/2

� c(n+ 1)−d/2. (4.27)

Convergence of the above sums gives a sharp criterion requiring thatd be above the
critical dimension 4.

Consider, in addition, the effect of associating toGm(x) a factor|x|2 or |x|4 before
performing the sum overx. Using |x|2 � 2(|u|2 + |x − u|2) and (if we are considerin
|x|4) |x|2 � 2(|v|2 + |x − v|)2, we can associate factors of|x|2 to one or two distinc
(when considering|x|4) diagram lines. By (4.17) and (4.18), the effect of a factor|x|2
on an upper bound on anl1 or l∞ norm is to increase the estimate by a factorσ 2 times
the temporal displacement of the diagram line. The latter is bounded bym+ 1, and we
can thus conclude from (4.25) that∑

x

|x|qGm(x)� CK6βσ q(m+ 1)(q−d)/2 (q ∈ {0,2,4}). (4.28)

This completes Example 4.4.✷
We now come to the principal lemma of this section. In view of (4.10) and the

thatπ(N)

m (x) � 0 by definition, it is only the last inequality of (4.29) that remains to
proved.

LEMMA 4.5. – Let d > 4 and assume the bounds(4.17)–(4.19)for 0 � m � n+ 1.
There are constantsC andL0 (both depending onKf ), such that forL � L0, N � 0,
q ∈ {0,2,4} and2�m� n+ 1,

0�
∑
x

|x|qπ (N)

m (x) �
∑
x

|x|qP (N)

m (x) � CNσqβN∨1m(q−d)/2. (4.29)
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Before proving Lemma 4.5, we first state and prove a lemma that explains the
of applying construction 1, 2 orE to a diagram. This will be useful in estimating t
diagramsP (N)(x), which are obtained by repeated application of constructionE.

LEMMA 4.6. – Let 0 � l � m � n + 1 with m � 1, and assume(4.17)–(4.19) for
0 � m � n + 1. Let G and Fm(x) be diagrams with all vertices having tempor
component respectively no larger thann + 1 and m. Suppose thatG and

∑
x Fm(x)

can be bounded respectively byB andB(m+ 1)−d/2 by associatingl1 and l∞ norms
to diagram lines as in Example4.4and by using(4.17)–(4.19)to estimate these norm
Then the following statements hold.

(a) Application of construction1l(λ) to G produces a diagram that is bounded
2(d+2)/2KB, whereK is the constant of Lemma4.3.

(b) The diagram
∑

x F̃
(i)

m (x), obtained by applying construction2(i)

(u,k)(x,m) to Fk(u),
is bounded byCβiB(m + 1)−d/2, with C independent ofFk(u) and B except for
dependence on the number of admissible lines inFk(u).

(c) Application of constructionE(u,k)(x,m) to Fk(u), followed by summation overx,
produces a result that is bounded above byCβiB(m+ 1)−d/2, with C independent o
Fk(u) andB except for dependence on the number of admissible lines inFk(u).

In each of(a)–(c), the bound on the new diagram is obtained by associatingl1 andl∞
norms to diagram lines as in Example4.4 and by using(4.17)–(4.19) to estimate thes
norms.

Proof. –(a) Application of construction 1l(λ) replaces a factorτj (x) associated to line
λ by a factorρj (x) =∑

w τl(w)τj−l(x − w). By (4.17),‖ρj‖1 � ‖τl‖1‖τj−l‖1 � K2,
compared to‖τj‖1 � K . In addition,‖ρj‖∞ � 2(d+2)/2K2β1∨j (j + 1)−d/2, compared
to ‖τj‖∞ � Kβ1∨j (j + 1)−d/2. To see this, we assume first thatl � j/2, in which case
j − l � j/2. In this case, by (4.19), we have

ρj(x) � ‖τj−l‖∞‖τl‖1 � 2d/2K2β1∨j (j + 1)−d/2. (4.30)

The casel > j/2 obeys the same bound. Thus the effect of replacing a diagram
τj (x) by ρj (x) is to obtain, at worst, an additional factor 2(d+2)/2K in a bound.

(b) We first show that

sup
u,z

∑
x

L
(i)

k,j,m(u, z, x)� 2(d+2)/2K3βi(m− j + 1)−d/2 (j � k). (4.31)

Consider first the casei = 0, for which the left side of (4.31) is given by

sup
u,z

∑
x

τm−k(x − u)τm−j (x − z). (4.32)

Sincek is the greatest temporal vertex inFk(u) by assumption, we may assume thatj �
k. In this case, by (4.17)–(4.19) the above expression is bounded by‖τm−j‖∞‖τm−k‖1 �
K2(m− j + 1)−d/2, which is better than required. The desired bound fori = 1 follows
from (a) and the observation thatL(1)

k,j,m(u, z, x) is obtained fromL
(0)
k,j,m(u, z, x) by

applying construction 1λ(k + 1), whereλ is the lineτm−k(x − u). The factorβ arises
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because bothm − j � 1 andm − k � 1 for L(1) and this ensures that a factorβ is
produced from thel∞ norm in bounding (4.32).

By (4.15),

∑
x

F̃ (i)

m (x) �
∑
λ

∑
0�j�k�m

(∑
u,z

Fk

(
u;1λ(z, j)))(sup

u,z

∑
x

L
(i)

k,j,m(u, z, x)

)
. (4.33)

By (a), there is a constantc1 such that∑
u,z

Fk

(
u;1λ(z, j))� c1B(k+ 1)−d/2. (4.34)

Using this with (4.31), we see that (4.33) is bounded above by

c2β
iB

∑
0�j�k�m

(k+ 1)−d/2(m− j + 1)−d/2. (4.35)

By (4.26), this gives the desired result.
(c) This follows from (b), since constructionE(y,k)(x,m) is obtained by applicatio

of construction 2(1) followed by construction 2(0). ✷
Proof of Lemma 4.5. –In view of the observation above the statement of the lem

it suffices to show that∑
x

|x|qP (N)

m (x) � CNσqβN∨1(m+ 1)(q−d)/2 (N � 0). (4.36)

We first consider the caseq = 0. By definition, form� 1,∑
x

P (0)
m (x)=∑

x

τm(x)
2 � ‖τm‖∞‖τm‖1. (4.37)

The caseN = 0, q = 0 of (4.36) then follows immediately from (4.17)–(4.19). T
result for generalN (with q = 0) then follows from Lemma 4.6(c) and the fact th
P (N)(x) is obtained from the bubble diagramB(x)= δ0,x +P (0)(x) byN applications of
constructionE.

For q = 2,4 we note from Fig. 7 that there are two disjoint paths starting at(0,0)
leading to(x,m), for eachP (N). The number of lines constituting each of these path
at most 2N + 1. Denoting the displacements along each of these lines byui andvi , we
havex =∑i ui =

∑
i vi . Therefore

|x|2 � (2N + 1)
∑
i

|ui|2, |x|2 � (2N + 1)
∑
i

|vi |2. (4.38)

Estimating the resulting diagrams term by term and arguing as in Example 4.
see that the effect of the factor|x|q is to multiply the bound on the caseq = 0 by
O(N2)σ qmq/2 � CNσqmq/2. ✷
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4.3. Proof of Proposition 2.2(i)–(ii)

In this section, we prove Proposition 2.2(i)–(ii).

Proof of Proposition 2.2(i). –Note that (4.17)–(4.19) for 0� m � n+ 1 follow from
(2.15) for 1�m � n, by Lemma 4.3. The desired result then follows immediately f
Lemma 4.5, sinceπm(x)=∑∞

N=0(−1)Nπ(N)

m (x). ✷
Proof of Proposition 2.2(ii). –The following proof is the same as the proof of [2

Proposition 5.1(ii)].
We give separate arguments for‖k‖∞ � L−1 and‖k‖∞ � L−1. For ‖k‖∞ � L−1, it

follows from Proposition 2.2(i) and (1.5) that for 2�m� n+ 1∣∣π̂m(k)− π̂m(0)− [1− D̂(k)
]
σ−2∇2π̂m(0)

∣∣
� Cβ

md/2
+ Cβ

md/2
+ Cβ[1− D̂(k)]

m(d−2)/2
� Cβ[1− D̂(k)]

m(d−2)/2
� Cβ[1− D̂(k)]2

m(d−2)/2
,

(4.39)

by changing the constantC appropriately. This contribution satisfies (2.22).
Henceforth, we restrict attention to‖k‖∞ �L−1. By the triangle inequality,∣∣π̂m(k)− π̂m(0)− [1− D̂(k)

]
σ−2∇2π̂m(0)

∣∣
�
∣∣∣∣π̂m(k)− π̂m(0)− |k|2

2d
∇2π̂m(0)

∣∣∣∣+ ∣∣∣∣[1− D̂(k)
]
σ−2− |k|2

2d

∣∣∣∣∣∣∇2π̂m(0)
∣∣.

(4.40)

By symmetry, the first term on the right side of (4.40) can be rewritten using

π̂m(k)− π̂m(0)− |k|2
2d
∇2π̂m(0)=

∑
x

(
cos(k · x)− 1+ (k · x)2

2

)
πm(x). (4.41)

There is a constantc > 0 such that|cost−1+ 1
2t

2|� ct2+2ε′ for all ε′ ∈ [0, ε∧1]. Since
|k · x|2+2ε′ � |k|2+2ε′ |x|2+2ε′ , it follows that∣∣∣∣π̂m(k)− π̂m(0)− |k|2

2d
∇2π̂m(0)

∣∣∣∣� c|k|2+2ε′∑
x

|x|2+2ε′ ∣∣πm(x)
∣∣. (4.42)

By Hölder’s inequality and Proposition 2.2(i) withq = 0,4,

∑
x

|x|2+2ε′∣∣πm(x)
∣∣� (∑

x

∣∣πm(x)
∣∣) 1−ε′

2
(∑

x

|x|4∣∣πm(x)
∣∣) 1+ε′

2

� Kβσ 2+2ε′

m(d−2−2ε′)/2 . (4.43)

The desired bound on the first term of (4.40) then follows by combining (4.42) and (
with the lower bound of (1.4).
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It follows from (1.2) and Hölder’s inequality that
∑

x |x|2+2ε′D(x)� CL2+2ε′ for each
ε′ ∈ [0, ε]. By Proposition 2.2(i) withq = 2, arguing as above and using (1.4), it theref
follows that the second term of (4.40) is bounded by

Kβ

m(d−2)/2

∣∣∣∣[1− D̂(k)
]− |k|2σ 2

2d

∣∣∣∣� Kβ|k|2+2ε′L2+2ε′

m(d−2)/2
� Kβ

m(d−2)/2

[
1− D̂(k)

]1+ε′
, (4.44)

which satisfies (2.22). ✷
4.4. Proof of Proposition 2.2(iii)

In this section, we prove Proposition 2.2(iii), using the Nguyen–Yang expansi
Section 3.2. To begin, we recall from (3.26) the decomposition

τn(x)=
n∑
t=0

τn,t (x), (4.45)

and we recall from (3.36) that

π̂m(k)=
m∑
t=0

π̂m,t (k). (4.46)

The following lemma provides an appealing formula and bound forp∂pπ̂n(k).

LEMMA 4.7. – For p ∈ [0,1] andd � 1, the following formula and bound hold:

p∂pπ̂n(k)=
n∑

t=0

tπ̂n,t (k), (4.47)

p
∣∣∂pπ̂n(k)

∣∣� n

n∑
N=0

Ĉ(N)

n (0). (4.48)

Proof. –By Russo’s formula (see [18]),

∂pτn(x)= 1

p

n∑
t=0

tτn,t (x). (4.49)

Taking the Fourier transform of (3.35) gives

τ̂n+1,t+1(k)= pD̂(k)τ̂n,t (k)+ pD̂(k)

n∑
m=2

t∑
s=0

π̂m,s(k)τ̂n−m,t−s(k)+ π̂n+1,t+1(k). (4.50)

Combining (4.49)–(4.50), we obtain

∂pτ̂n+1(k)= 1

p

n∑
t=0

(t + 1)

[
pD̂(k)τ̂n,t (k)

+ pD̂(k)

n∑ t∑
π̂m,s(k)τ̂n−m,t−s(k)+ π̂n+1,t+1(k)

]
. (4.51)
m=2 s=0
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We evaluate the contributions due to the two terms in the factor(t + 1) separately
By (2.7), (4.45) and (4.46), the term 1 in the factor(t + 1) contributesp−1[τ̂n+1(k)−
π̂n+1,0(k)]. The contribution due to the termt in the factor(t + 1) can be evaluated wit
the help of (4.45) and (4.49), leading after calculation to the conclusion that

∂pτ̂n+1(k)= 1

p

[
τ̂n+1(k)− π̂n+1(k)

]+ D̂(k)p∂pτ̂n(k)+ D̂(k)

n∑
m=2

π̂m(k)p∂pτ̂n−m(k)

+ D̂(k)

n∑
m=2

m∑
s=0

sπ̂m,s(k)τ̂n−m(k)+ 1

p

n+1∑
s=0

sπ̂n+1,s(k). (4.52)

On the other hand, differentiating (2.7) with respect top gives

∂pτ̂n+1(k)= 1

p

[
τ̂n+1(k)− π̂n+1(k)

]+ pD̂(k)∂pτ̂n(k)+ pD̂(k)

n∑
m=2

π̂m(k)∂pτ̂n−m(k)

+ pD̂(k)

n∑
m=2

∂pπ̂m(k)τ̂n−m(k)+ ∂pπ̂n+1(k). (4.53)

Comparing (4.52) and (4.53), we see that

D̂(k)

n∑
m=2

p∂pπ̂m(k)τ̂n−m(k)+ ∂pπ̂n+1(k)

= D̂(k)

n∑
m=2

m∑
s=0

sπ̂m,s(k)τ̂n−m(k)+ 1

p

n+1∑
s=0

sπ̂n+1,s(k). (4.54)

We will now prove by induction onn that the derivative of̂πn(k) is given simply by

p∂pπ̂n(k)=
n∑

s=0

sπ̂n,s(k), (4.55)

as claimed in (4.47). Forn = 1, we haveπ̂1(k) = 0 and π̂1,s(k) = 0 for all s, in
agreement with (4.55). Next, assume thatp∂pπ̂m(k) =∑m

s=0 sπ̂m,s(k) for all m � n.
The advancement of the induction then follows from (4.54).

Therefore

∣∣p∂pπ̂n(k)
∣∣� n

n∑
s=0

∣∣π̂n,s(k)
∣∣� n

∞∑
N=0

n∑
s=0

Ĉ(N)

n,s(0)= n

∞∑
N=0

Ĉ(N)

n (0), (4.56)

where we have used (4.55), (3.38), (3.40), and, in the second inequality, the fa
C(N)

n,s(x) � 0 for everyn, s, x,N . ✷
In view of (4.48), to complete the proof of Proposition 2.2(iii) it suffices to show

the estimates (4.17)–(4.19) (which follow from (2.15) by Lemma 4.3) imply that

Ĉ(N)

n (0)� CNβN∨1(n+ 1)−d/2 (N � 0). (4.57)

This is immediate forN = 0 by Lemma 4.5, sincêC(0)
n (0) = π̂n,0(k) = π̂ (0)

n (0) by
definition. ForN � 1, upper bounds onC(N)

n (x) in terms of diagrams are discuss
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Fig. 8. Disjoint connections occurring inC(N)
n (x), and corresponding diagrammatic upp

bounds, forN = 1,2.

in [31]. The diagrams that arise are almost identical in structure to the diagram
were shown to boundπ(N)

n (x) in Section 4.1.1. Using the definition ofC(N)

n (x) in (3.39),
it can be argued as in [31] that configurations contributing toC(N)

n (x) must contain the
disjoint connections depicted in Fig. 8, forN = 1,2. Higher values ofN have a similar
pattern. In Fig. 8, upper bounds onC(N)

n (x) are also depicted, forN = 1,2. The diagram
for N = 1 is precisely the diagram estimated in Example 4.4. The diagrams forN � 2
can be estimated using construction 2 in a similar fashion to the proof of Lemm
We omit the details, which lead to the conclusion that (4.57) indeed holds.

5. Expansion for the r-point function

In this section we derive the expansion (2.29) for ther-point function, forr � 3. The
derivation also applies whenr = 2, in which case it reproduces the expansion for
two-point function of Section 3.1.

Two approaches to the derivation of (2.29) are possible. One approach is to
with the expansion for the two-point function with magnetic field developed in
Section 4]. Although the expansion with magnetic field was derived in [23] for
oriented percolation, it applies also in the oriented context without modification. W
the expansion of [23, Section 4] is differentiatedr − 2 times with respect to the (site
dependent) magnetic field and the magnetic field is then set equal to zero, an exp
for the r-point function results. However, the magnetic field introduces subtleties
are not required for our present purposes, and we find it simpler and more direct
a different approach that does not employ a magnetic field. This second approach
the expansion of Section 3.1 to deal withr � 3 directly.
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In this adaptation, the string of sausages of Fig. 2 of Section 2.2.1 is replaced
tree of sausages of Fig. 3 of Section 2.2. We regard the tree of sausages as
of sausages joining0 to x1, with branches emerging from the sausages and lea
to x2, . . . ,xr−1. The pointx1 therefore plays a distinguished role in the expans
The derivation of the expansion shares many common features with the deriva
the Hara–Slade expansion of Section 3.1, but contains additional features whenr > 2.
A central feature of the expansion is the location of a suitable cutting bond, and, li
cutting bond defined above (3.15), it will be important that we define the cutting bo
be thefirst bond having a desirable property.

Using the definitionsJ = {1,2, . . . , r−1} andJ1= J\{1} of (2.28), the identity (2.29
asserts that

τ (r)(�xJ )=A(r)(�xJ )+
∑
I⊂J1

∑
v1

B(r2+1)(v1, �xI )τ
(r1)(�xJ \I − v1), (5.1)

wherer1 = |J\I | + 1 andr2 = |I | + 1. In what follows, we suppress the supersc
(r) from the notation, as this superscript can be determined from the number of ve
appearing as arguments. We will again use the notationx for sites, rather than(x, n).
The expansion will be performed in iterative stages, which will lead to expression
A andB of the form

A(�xJ )=
∞∑

N=0

(−1)NA(N)(�xJ ), B(v, �xI )=
∞∑

N=0

(−1)NB(N)(v, �xI ). (5.2)

The superscript(N) in (5.2) should not be confused with the superscript(r) denoting
r points in (5.1), and it should be clear from the context which superscript is inten

GivenI ⊂ J , we define

F(v, �xI )= {v→ xi for all i ∈ I }. (5.3)

Using this notation, ther-point function can be written as

τ(�xJ )= P
(
F(0, �xJ )

)
. (5.4)

We also define

A(0)(�xJ )= P
(
(0⇒ x1)∩ F(0, �xJ1)

)
. (5.5)

Since0 is either doubly connected tox1 or it is not, we have

τ(�xJ )=A(0)(�xJ )+ P
({0→ x1 & 0 �⇒ x1} ∩ F(0, �xJ1)

)
. (5.6)

If 0 is connected but not doubly connected tox1, then there is a first pivotal bond(u,v)
for the connection and hence

P
({0→ x1 & 0 �⇒ x1} ∩ F(0, �xJ1)

)
=∑

(u,v)

P
({

0⇒ u & (u,v) is occupied and pivotal for0→ x1
}∩ F(0, �xJ1)

)
.

(5.7)
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Regarding the connection0→ x1 as a string of sausages as we did in Section 3.1
partition the event on the right side of (5.7) according to the setI1 ⊂ J1 such that�xI1

lies in the first sausage and�xJ \I1 does not. In other words,I1 is the largest set such th
�xI1 ⊂ C̃(u,v)(0). Defining

F ′′(u,v, �xI1)=
{{
(0⇒ u)∩ F(0, �xI1)

}
occurs onC̃(u,v)(0)

}
, (5.8)

we claim that, as in (3.10),

P
({0⇒ u} &

{
(u,v) is occupied and pivotal for0→ x1

}∩ F(0, �xJ1)
)

= ∑
I1⊂J1

P
(
F ′′(u,v, �xI1)∩

{
(u,v) occupied

} ∩ {F(v, �xJ \I1) occurs in2\C̃(u,v)(0)
})
.

(5.9)

To prove (5.9), we partition the event on the left side according to the setI1 of
components of�xJ that are inC̃(u,v)(0), obtaining a disjoint union of events that w
denote in this paragraph asEI1. Given I1, we show thatEI1 is equal to the even
appearing on the right side of (5.9). To show thatEI1 is contained in the event of the rig
side, by definition ofEI1 it follows thatF ′′(u,v, �xI1) occurs, that(u,v) is occupied, and
thatF(v, �xJ \I1) occurs. Thus it suffices to verify thatF(v, �xJ \I1) occurs in2\C̃(u,v)(0).
To see thatF(v, �xJ \I1) occurs in2\C̃(u,v)(0), we observe that otherwisev must be
connected to somexi (with i ∈ J \ I1) through C̃(u,v)(0). But this contradicts eithe
the fact that(u,v) is pivotal for 0 → x1 (if i = 1), or the fact thati /∈ I1 (if i �= 1).
Conversely, suppose that the event of the right side of (5.9) occurs. Then it is cle
all the events in the definition ofEI1 occur, except it is not immediately obvious th
(u,v) must be pivotal for0→ x1. However, if(u,v) is not pivotal, thenx1 ∈ C̃(u,v)(0),
which contradicts the fact thatF(v, �xJ \I1) occurs in2\C̃(u,v)(0). This completes th
proof of (5.9).

GivenA⊂2, we define a restricted connectivity function by

τA(v, �xI )= P(v→ xi occurs in2\A for eachi ∈ I ). (5.10)

Applying Lemma 3.3 to the summand in (5.9), we obtain

P
(
F ′′(u,v, �xI1)∩

{
(u,v) occupied

}∩ {F(v, �xJ \I1) occurs in2\C̃(u,v)(0)
})

= pD(v− u)E
(
I
[
F ′′(u,v, �xI1)

]
τ C̃

(u,v)(0)(v, �xJ \I1)
)
. (5.11)

Let v
A→�xI denote the event thatv→ xi for all i ∈ I and thatv

A→xi for at least one
i ∈ I . By definition,

τA(v, �xJ \I1)= τ(�xJ \I1 − v)− {τ(�xJ \I1 − v)− τA(v, �xJ \I1)
}

= τ(�xJ \I1 − v)− P(v
A→�xJ \I1). (5.12)

Let

B(0)(v, �xI )=
∑

pD(v− u)P
(
F ′′(u,v, �xI )

)
. (5.13)
u
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Using (5.7)–(5.13) with (5.6) yields

τ(�xJ )=A(0)(�xJ )+
∑
I1⊂J1

∑
v

B(0)(v, �xI1)τ (�xJ \I1 − v)

− ∑
I1⊂J1

∑
(u,v)

pD(v− u)E0
(
I
[
F ′′(u,v, �xI1)

]
P1(v

C̃
(u,v)
0 (0)−−−→ �xJ \I1)

)
. (5.14)

This completes the first stage of the expansion. As in Section 3.1, we have
subscripts in (5.14) to coordinate the clusterC̃

(u,v)
0 (0) and the expectationE0 with

respect to which̃C(u,v)
0 (0) is random.

Fix K ⊂ J with K & 1, and letK1 = K\{1}. To continue the expansion, we beg

by analysing the probabilityP(v
A→�xK) occuring in (5.14). Our first task is to identi

a cutting bond analogous to the cutting bond introduced above (3.15). For this,

a configuration for whichv
A→�xK , we temporally order the pivotal bonds for t

connectionv → x1. Thecutting bond forv → x1 is then defined to be the first pivot

bond(u′,v′) for v → x1 (if there is one) such that either (i)v
A→u′ or (ii) ∃i ∈K1 such

that{v A→xi} occurs onC̃(u′,v′)(v). Examples of cutting bonds are depicted in Fig. 9
The cutting bond has been defined in such a way that the clusterC̃(u′,v′)(v) remains

appropriately “well connected” to the setA = C̃
(u,v)
0 (0). The term “well connected” i

being used in a vague sense here. Roughly speaking, it means that if connections
C̃(u′,v′)(v) andC̃(u,v)

0 (0) are considered,0 should be doubly connected to the bottomu′
of the cutting bond. In case (i), depicted in the first configuration in Fig. 9, the ch
of cutting bond is quite similar to the cutting bond defined in the expansion for the
point function above (3.15). In case (ii), depicted in the second configuration in F
we have a situation that does not occur for the expansion of the two-point functi
case (ii), the cluster̃C(u′,v′)(v) is well connected to the setA= C̃

(u,v)
0 (0) via a branch to

somexi with i �= 1. The general philosophy is to select the cutting bond to be thefirst
pivotal bond for the connection0→ x1 such that the cluster̃C(u′,v′)(v) is well connected

Fig. 9. Examples of cutting bonds(u′,v′) for v
A→ �xK for K = {1,2,3}.
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0 (0). It is important to choose the first such bond, so that the clusterC(v′) is

unconstrained byA.

We partition the eventv
A→�xK according to the location of the cutting bond, or

absence of a cutting bond. For this, the following notation will be used. Let

G′(v,x1, �xK1;A)= {v A→�xK} ∩ {� ∃ a cutting bond forv→ x1}, (5.15)

G′′(v,u′,v′, �xK1;A)=
{
G′(v,u′, �xK1;A) occurs onC̃(u′,v′)(v)

}
, (5.16)

whereu′ plays the role ofx1 in G′(v,u′, �xK1;A). Comparing with (3.15) and (3.19), w
see that

G′(v,x1, �x∅;A)=E′(v,x1;A),
G′′(v,u′,v′, �x∅;A)=E′′(v,u′,v′;A),

(5.17)

which relates the events (5.15)–(5.16) to corresponding events arising in the exp
of Section 3.1. By definition, we have the partition

{v A→�xK} =G′(v,x1, �xK1;A)
·⋃

I⊂K1

·⋃
(u′,v′)

(
G′(v,u′, �xI ;A)

∩ {(u′,v′) occupied and pivotal forv→ x1
}

∩ F(v′, �xK\I )
)
. (5.18)

The event in large parentheses on the right side, consisting of an intersection o
events, can be rewritten as

G′′(v,u′,v′, �xI ;A)∩ {(u′,v′) occupied
}

∩ {F(v′, �xK\I ) occurs in2\C̃(u′,v′)(v)
}
. (5.19)

The proof of (5.19) is similar to the proof of (5.9) and is omitted here. By Lemma
the probability of the event (5.19) is equal to

pD(v′ − u′)E
(
I
[
G′′(v,u′,v′, �xI ;A)] τ C̃(u′,v′)(v)(v′, �xK\I )

)
. (5.20)

Using an identity corresponding to (5.12), this leads to

P1(v
A→ �xK)=P1

(
G′(v,x1, �xK1;A)

)
+ ∑

I⊂K1

∑
(u′,v′)

P1
(
G′′(v,u′,v′, �xI ;A))pD(v′ − u′)τ (�xK\I − v′)

− ∑
I⊂K1

∑
(u′,v′)

pD(v′ − u′)

×E1
(
I
[
G′′(v,u′,v′, �xI ;A)]P2

(
v′

C̃
(u′,v′)
1 (v)−−−−→ �xK\I

))
. (5.21)

Note that (5.21) is well set up for iteration, since a probability of the same form a
left side occurs also on the right side.

We now define



464 R. VAN DER HOFSTAD, G. SLADE / Ann. I. H. Poincaré – PR 39 (2003) 413–485

)
tion of
l

),

eas
l

A(1)(�xJ )=
∑
I1⊂J1

∑
(u,v)

pD(v− u)

×E0
(
I
[
F ′′(u,v, �xI1)

]
P1
(
G′(v,x1, �xJ1\I1; C̃(u,v)

0 (0)
)))

, (5.22)

B(1)(v′, �xI )=
∑
I1⊂I

∑
(u,v)

∑
u′

pD(v− u)pD(v′ − u′)

×E0
(
I
[
F ′′(u,v, �xI1)

]
P1
(
G′′(v,u′,v′, �xI\I1; C̃(u,v)

0 (0)
)))

, (5.23)

to arrive at

τ(�xJ )=A(0)(�xJ )−A(1)(�xJ )+
∑
I⊂J1

∑
v

[
B(0)(v, �xI )−B(1)(v, �xI )

]
τ(�xJ \I − v)

+ ∑
I1⊂J1

∑
I2⊂J1\I1

∑
(u,v)

∑
(u′,v′)

pD(v− u)pD(v′ − u′)E0

(
I
[
F ′′(u,v, �xI1)

]

×E1
(
I
[
G′′(v,u′,v′, �xI2; C̃(u,v)

0 (0)
)]

P2
(
v′

C̃
(u′,v′)
1 (v)−−−−→ �xJ \(I1∪I2)

)))
. (5.24)

This completes the second stage of the expansion.
We now repeat this procedure, replacing the probabilityP2 on the right side of (5.24

using (5.21). This procedure stops after finitely many steps, because each applica
(5.21) uses up at least one temporal interval on the way tox1, andx1 has a finite tempora
component. We again use the abbreviationC̃j = C̃

(uj ,vj )

j (vj−1) that was introduced
below (3.25). The result is (5.1) and (5.2), withA(0) andB(0) defined in (5.5) and (5.13
and withA(N) andB(N) defined forN � 1 by

A(N)(�xJ )=
∑
I⊂J1

∑
I0,...,IN−1:

⋃̇
i
Ii=I

∑
(u0,v0)

. . .
∑

(uN−1,vN−1)

[
N−1∏
i=0

pD(vi − ui)

]

×E0I
[
F ′′(u0,v0, �xI0)

]
E1I

[
G′′(v0,u1,v1, �xI1; C̃0)

]
. . .

×EN−1I
[
G′′(vN−2,uN−1,vN−1, �xIN−1; C̃N−2)

]
×ENI

[
G′(vN−1, �xJ \I ; C̃N−1)

]
, (5.25)

B(N)(v, �xI )=
∑

I0,...,IN :
⋃̇

i
Ii=I

∑
(u0,v0)

. . .
∑

(uN ,vN)

δvN,v

[
N∏
i=0

pD(vi − ui)

]

×E0I
[
F ′′(u0,v0, �xI0)

]
E1I

[
G′′(v0,u1,v1, �xI1; C̃0)

]
. . .

×ENI
[
G′′(vN−1,uN,vN, �xIN ; C̃N−1)

]
. (5.26)

The differences betweenA(N) andB(N) are minor. InA(N) there is a sum overI , whereas
I is fixed forB(N). In B(N) the event in theN th expectation has a double prime, wher
the corresponding event inA(N) has a single prime. Finally, inB(N) there is an additiona
sum over(uN,vN), with vN fixed to equalv.



R. VAN DER HOFSTAD, G. SLADE / Ann. I. H. Poincaré – PR 39 (2003) 413–485 465

hich

rop
ipts

. As a

evel-

t
n

or the
placed
the
ussed
usual

o
is an

ent
6. The second expansion

In this section, we perform a second expansion to derive the identity (2.30), w
states that

B(|I |+2)(v, �xI )=
∑
w

C(v,w)τ (|I |+1)(�xI −w)+R(|I |+2)(v, �xI ) (I �= ∅). (6.1)

The left side of (6.1) is defined by (5.2), (5.13) and (5.26). In what follows, we will d
the superscripts onB andR in (6.1), which should not be confused with the superscr
(N) of (5.2) that we will need.

Before going into the details, we give a brief overview of the second expansion
first step, we will identify the contributionb toB in which exactly oneIi is nonempty as
the main term. Thus, inb, there is exactly one expectation, say the expectation at l
j , in which a connection toxI is present. Secondly, forj < N the clusterC̃j at level-j
plays a role also at level-(j + 1). To place all restrictions on the level-j configuration
within a single expectation, we will interchangeEj and Ej+1. The resulting event a
level-j then depends on the configurations at levels-(j ± 1), and the second expansio
takes place on this event. Thirdly, we will need to define a suitable cutting bond f
second expansion. This cutting bond needs to be chosen after all the restrictions
on the configurations from levels-(j ± 1) have been satisfied, and early enough that
bottom of the cutting bond remains “well-connected” in a sense related to that disc
in Section 5. Using the cutting bond, we apply the factorisation Lemma 3.3 in the
way. The details are as follows.

The contribution toB(N) for which more than oneIi �= ∅ in (5.26) corresponds t
branching of degree greater than three. This is neglible in the scaling limit and
error term that forms part ofR. Such a contribution can only occur when|I | � 2. We
denote the sum overN of these contributions byc(v, �xI )=∑∞

N=1(−1)Nc(N)(v, �xI ), with
c(v, �xI )= 0 when|I | = 1. ThusB(v, �xI )= b(v, �xI )+ c(v, �xI ) with

b(v, �xI )=
∞∑

N=0

(−1)Nb(N)(v, �xI ), (6.2)

whereb(0)(v, �xI )= B(0)(v, �xI ) and

b(N)(v, �xI )=
N∑
j=0

∑
(u0,v0)

. . .
∑

(uN ,vN)

δvN,v

[
N∏
i=0

pD(vi − ui)

]
E0I [0⇒ u0]

×E1I
[
E′(v0,u1; C̃0)

]
. . .Ej−1I

[
E′(vj−2,uj−1; C̃j−2)

]
×Ej I

[
G′′(vj−1,uj ,vj , �xI ; C̃j−1)

]
×Ej+1I

[
E′(vj ,uj+1; C̃j )

]
. . .ENI

[
E′(vN−1,uN ; C̃N−1)

]
(N � 1).

(6.3)

Here, we have used (5.17) to replaceG′′ by E′′ in all expectations other thanEj , and
then replacedE′′ byE′ as discussed below (3.21). The form of (6.3) is slightly differ
when j = 0, in which caseE′ events appear in all expectations exceptE0, where the
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eventF ′′(u0,v0, �xI ) appears as in (5.26). Note that the form ofb(N)(v, �xI ) is the same
as that of(π (N) ∗ pD)(v) (see (3.25)), apart from the event occurring at level-j .

The goal of the second expansion is to “cut off” the connection to�xI in the
configuration at level-j , to produce an identity

b(v, �xI )=
∑
w

C(v,w)τ (|I |+1)(�xI −w)+ d(v, �xI ). (6.4)

Eq. (6.4) will give the desired result (6.1), with

R(v, �xI )= c(v, �xI )+ d(v, �xI ). (6.5)

The derivation of (6.4) will require a detailed study of the nature of the level-j con-
figuration. The level-j configuration enters (6.3) both at level-j , where the config
uration is required to exhibit the connections inherent in the definition of the e
G′′(vj−1,uj ,vj , �xI ; C̃j−1), and at level-(j +1) (whenj �=N ), where the level-j cluster
C̃j is required to intersect the level-(j + 1) configuration in the manner prescribed
the eventE′(vj ,uj+1; C̃j ). We will focus in what follows on the generic case in wh
0 < j < N , as the modifications required for the special casesj = 0 andj = N are
routine.

In order to fix the cluster at level-(j + 1), so that all demands on the levelj

configuration can be clearly specified, we will use Fubini’s Theorem to interchang
expectationsEj andEj+1. Let

Hj(�xI )=G′′(vj−1,uj ,vj , �xI ; C̃j−1)∩E′(vj ,uj+1; C̃j ), (6.6)

where we suppress the dependence ofHj on theui ,vi from the notation. (Forj = N

the eventE′ should be omitted in (6.6), and forj = 0 the eventG′′ should be replace
by F ′′.) In (6.6), the eventE′(vj ,uj+1; C̃j ) is regarded as a restriction on the lev
j configuration, given the level-(j + 1) configuration. It then follows from Fubini’
Theorem that

b(N)(v, �xI )=
N∑
j=0

∑
(u0,v0)

. . .
∑

(uN,vN )

δvN ,v

[
N∏
i=0

pD(vi − ui )

]
E0I [0⇒ u0]

×E1I
[
E′(v0,u1; C̃0)

]
. . .Ej−1I

[
E′(vj−2,uj−1; C̃j−2)

]
×Ej+1Pj

(
Hj(�xI )

)
Ej+2I

[
E′(vj+1,uj+2; C̃j+1)

]
. . .

×ENI
[
E′(vN−1,uN; C̃N−1)

]
. (6.7)

The second expansion will take place withinPj (Hj(�xI )).
To carry out the second expansion, we will need to define a “cutting bond”

Sections 3 and 5. For this, we begin by decomposing the eventG′(vj−1,uj , �xI ; C̃j−1)

that is relevant forHj(�xI ) (see (5.15)). We define

G′
1(vj−1,uj , �xI ; C̃j−1)=G′(vj−1,uj , �xI ; C̃j−1)∩E′(vj−1,uj ; C̃j−1), (6.8)

G′
2(vj−1,uj , �xI ; C̃j−1)=G′(vj−1,uj , �xI ; C̃j−1)∩ (E′(vj−1,uj ; C̃j−1)

)c
, (6.9)
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so thatG′(vj−1,uj , �xI ; C̃j−1) is the disjoint union of the two eventsG′
1(vj−1,uj , �xI ;

C̃j−1) andG′
2(vj−1,uj , �xI ; C̃j−1). The eventsG′

1 andG′
2 should be compared respe

tively to the cases (i) and (ii) above (5.15). As usual, we useG′′
i to denote the event tha

G′
i occurs onC̃j . We also definẽC(a,b)

j to be the vertices of̃Cj that remain connected t
vj−1 after(a,b) is made vacant. The cutting bond is defined differently onG′′

1 andG′′
2, as

follows: (i) Given a configuration on whichHj(�xI )∩G′′
1 occurs, the cutting bond(a,b)

is defined to be the first pivotal bond (if it exists) for the event{vj−1 → xi ∀i ∈ I } such
thatE′(vj−1,uj ; C̃j−1) ∩ E′(vj ,uj+1; C̃j ) occurs onC̃(a,b)

j . (ii) Given a configuration
on whichHj(�xI ) ∩G′′

2 occurs, the cutting bond(a,b) is defined to be the first pivota
bond (if it exists) for the event{vj−1→ xi ∀i ∈ I } such that there exists ay such that

{
vj−1→ y

C̃j−1−−−→a
}∩ {y ⇒ uj } ∩E′(vj ,uj+1; C̃j )

occurs onC̃(a,b)
j . Examples of cutting bonds are depicted in Fig. 10.

The eventHj can be partitioned according to the location of the cutting bond, o
absence of a cutting bond. For this, we define

H ′
j (�xI )=Hj(�xI )∩ {� ∃ a cutting bond forvj−1→ �xI }, (6.10)

H ′′
j (a,b)=

{
H ′

j (a) occurs onC̃(a,b)
j

}
. (6.11)

In view of the pivotal nature of the cutting bond(a,b), as in (5.9) we have

Fig. 10. Examples of cutting bonds(a,b) for the second expansion, forG′′
1 (left) andG′′

2 (right).
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, and
Hj(�xI )=H ′
j (�xI )

·⋃
(a,b)

(
H ′′

j (a,b)∩
{
(a,b) occupied

}
∩ {F(b, �xI ) occurs in2\C̃(a,b)

j

})
. (6.12)

Using Lemma 3.3 (now applied to the lattice with the bond(u,v) removed) and (5.12
gives

Pj

(
Hj(�xI )

)=Pj

(
H ′

j (�xI )
)+∑

(a,b)

pD(b− a)Ej,0
(
I
[
H ′′

j (a,b)
]
τ
C̃
(a,b)
j,0 (b, �xI )

)
=Pj

(
H ′

j (�xI )
)+∑

(a,b)

pD(b− a)Pj,0
(
H ′′

j (a,b)
)
τ (I+1)(�xI − b)

−∑
(a,b)

pD(b− a)Ej,0
(
I
[
H ′′

j (a,b)
]
Pj,1

(
b

C̃
(a,b)
j,0−−−→ �xI

))
. (6.13)

The subscriptsj,0 on C̃(a,b)
j,0 denote level-0 of the second expansion applied to levj

of the first expansion.
The expansion could be continued by repeatedly using the recursion (5.21) f

probability Pj,1(b
C̃
(a,b)
j,0−−−→ �xI ) in (6.13). However, we can now use a somewhat sim

organisation, which effectively stops the expansion earlier. Thus, given a configu

in whichb
A→�xI , we will now define the cutting bond to be the first bond(a′,b′) (in the

directionb→ �xI ) such that (i)(a′,b′) is pivotal forb→ xi for all i ∈ I , and (ii)b
A→a′.

It is possible that no such bond exists. Let

E′(b, �xI ;A)= {b A→ �xI } ∩ {� ∃ cutting bond}, (6.14)

and recall the definitionE′′(b,a′,b′;A) = {E′(b,a′;A) occurs onC̃(a′,b′)(b)} from
(3.19). Then, as in (5.9), we have

{b A→ �xI } =E′(b, �xI ;A)
·⋃

(a′,b′)

(
E′′(b,a′,b′;A)∩ {(a′,b′) occupied

}
∩ {F(b′, �xI ) occurs in2\C̃(a′,b′)(b)

})
. (6.15)

As usual, using Lemma 3.3, this leads to

Pj,1(b
A→ �xI )= Pj,1

(
E′(b, �xI ;A))+ ∑

(a′,b′)
pD(b′ − a′)Pj,1

(
E′(b,a′;A))τ (|I |+1)(�xI − b′)

− ∑
(a′,b′)

pD(b′ − a′)Ej,1
(
I
[
E′(b,a;A)]Pj,2

(
b′

C̃
(a′,b′)
j,1 (b)−−−−→ �xI

))
, (6.16)

where we have replaced theE′′ events byE′ events as explained below (3.21).
The second expansion is generated by recursively using (6.16) in (6.13)

substituting the result in (6.7). The result is (6.4), withC andd of the form
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C(v,w)=
∞∑

M,N=0

(−1)N+MC(N,M)(v,w), (6.17)

d(v, �xI )=
∞∑

M,N=0

(−1)N+Md(N,M)(v, �xI ). (6.18)

Hered(v, �xI ) arises from thePj (H
′
j (�xI )) term in (6.13) and from the termP(E′(b, �xI ;

A)) in (6.16) or its iterates. The termC(N,M)(v,w) is given by (6.7) withPj (Hj(�xI ))

replaced by the expression
∑

a Pj,0(H
′′
j (a,w))pD(w− a) for M = 0, and by

∑
(a0,b0)

. . .
∑

(aM,bM)

δbM,w

[
M∏
i=0

pD(bi − ai)

]
Ej,0I

[
H ′′

j (a0,b0)
]

×Ej,1I
[
E′(b0,a1; C̃j,0)

]
. . .Ej,MI

[
E′(bM−1,aM; C̃j,M−1)

]
(6.19)

for M � 1. The termd(N,M)(v, �xI ) is given by (6.7) withPj (Hj(�xI )) replaced by
Pj (H

′
j (�xI )) for M = 0, and by

∑
(a0,b0)

. . .
∑

(aM−1,bM−1)

[
M−1∏
i=0

pD(bi − ai)

]
Ej,0I

[
H ′′

j (a0,b0)
]

×Ej,1I
[
E′(b0,a1; C̃j,0)

]
. . .Ej,MI

[
E′(bM−1, �xI ; C̃j,M−1)

]
(6.20)

for M � 1.

7. Proof of Proposition 2.3

In this section, we prove Proposition 2.3, which completes the proof of Theorem
In Section 7.1, we reduce the proof of Proposition 2.3 to Lemma 7.1, which pro
estimates on quantities arising in the expansions of Sections 5 and 6. In Section
show how these quantities can be bounded in terms of diagrams using the BK ineq
as was done forπn(x) in Section 4.1. Finally, in Section 7.3, we estimate the diagr
and prove Lemma 7.1.

7.1. The main estimates

Proposition 2.3 gives bounds on the Fourier transforms ofψm1,m2(y1, y2) andϕ(r)

�n (�x),
and we begin by recalling their definitions. As usual, we write�n= (n1, . . . , nr−1), n =
min{n1, . . . , nr−1}, J = {1, . . . , r}, J1= J\{1}, and givenI ⊂ J1, we letr1 = |J\I | + 1
andr2 = |I | + 1. Also, for anyI ⊂ J , we write �kI = (ki)i∈I andkI =∑

i∈I ki . In this
section, we will use the(x, n) notation for lattice sites, rather thanx.

The functionψ is given in (2.42) by

ψm1,m2(y1, y2)=
∑

d

pcD(u)Cm1−1,m2−1(y1− u, y2− u), (7.1)

u∈Z
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andϕ(r) is given in (2.43) by

ϕ
(r)

�n (�x)= α
(r)

�n (�x)+
∑
v∈Zd

n∑
j=1

pc(τj−1 ∗D)(v)g
(r)

�n−j (�x − v). (7.2)

The quantitiesα(r)

�n (�x) andg(r)

�n (�x) are given in (2.33) and (2.41) by

α
(r)

�n (�x)=A
(r)

�n (�x)+
∑

I⊂J1: I �=∅

∑
v

nJ\I∑
j=1

B
(r2+1)

j,�nI (v, �xI )τ (r1)

�nJ\I−j (�xJ \I − v), (7.3)

g
(r)

�n (�x)=A
(r)

�n (�x)+
∑

I⊂J1: I �=∅

∑
v

nJ\I∑
l=1

R
(r2+1)

l,�nI (v, �xI )τ (r1)

�nJ\I−l(�xJ \I − v), (7.4)

with R(r2+1) andB(r2+1) given by (6.5), and above (6.2), as

R
(r2+1)

j,�nI (v, �xI )= c
(r2+1)

j,�nI (v, �xI )+ d
(r2+1)

j,�nI (v, �xI ), (7.5)

B
(r2+1)

j,�nI (v, �xI )= b
(r2+1)

j,�nI (v, �xI )+ c
(r2+1)

j,�nI (v, �xI ). (7.6)

The following lemma, whose proof is deferred to Section 7.3, provides estim
sufficient to prove Proposition 2.3.

LEMMA 7.1. –Letd > 4, p = pc, s � 3, �n= (n1, . . . , ns−1) with eachni > 0, and let
n̄ denote the second largest component of�n. There exists anL0= L0(d) and a constan
C = C(d, s) such that for all�k ∈ [−π,π ]s−1, q ∈ {0,2}, L�L0,∣∣Â(s)

�n (�k)
∣∣�Cn̄s−3(n1+ 1)−(d−2)/2+Cn̄s−4(n1+ 1)−(d−4)/2, (7.7)∣∣b̂(s)

�n (�k)
∣∣�Cn̄s−3(n1+ 1)−(d−2)/2, (7.8)∣∣ĉ(s)�n (�k)∣∣�Cn̄s−4(n1+ 1)−(d−4)/2 (s � 4), (7.9)∣∣d̂ (s)

�n (�k)∣∣�{
C(n1∨ n2+ 1)−d/2 (s = 3),

Cn̄s−4(n1+ 1)−(d−4)/2 (s � 4),
(7.10)

∑
x1,x2

|xi |q
∣∣Cn1,n2(x1, x2)

∣∣
� Cβσqn

q/2
i (n1∨ n2+ 1)−d/2

(
(n1, n2) �= (1,1)

)
. (7.11)

Proof of Proposition 2.3 assuming Lemma 7.1. –(i) For (m1,m2)= (2,2), it follows
from (2.45) thatψ̂2,2(k1, k2)= p3

c D̂(k1+ k2)D̂(k1)D̂(k2), which obeys the bound (2.47
of Proposition 2.3(i). The desired bound for(m1,m2) �= (2,2) follows immediately from
(7.11) and (7.1) (including the factorβ mentioned at the end of Proposition 2.3).

In addition, ∇iψ̂m1,m2(0,0) =
∑

x1,x2
xiψm1,m2(x1, x2) = 0, because it is a cons

quence of the lattice symmetry that
∑

x1
Cm1,m2(x1, x2) = ∑

x1
Cm1,m2(x1,−x2) and∑

x2
Cm1,m2(x1, x2)=∑x2

Cm1,m2(−x1, x2).
(ii) Our goal is to prove that∣∣ϕ̂(r)

�n (�k)
∣∣�Cn̄r−2−δ (r � 3), (7.12)
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whereδ is fixed in(0,1∧ ε∧ d−4
2 ). By the tree-graph bound [3, Proposition 4.1] and

uniform bound on̂τn(k) provided by Theorem 1.1(a),

∣∣τ̂ (r)

�n (�k)∣∣� Cn̄r−2 (r � 2). (7.13)

In (7.13), the factor̄nr−2 can be understood from the fact that each of ther −2 temporal
summations in the tree-graph bound stop at most atn̄, since these sums correspond
the temporal components of branch points in the tree graph bound and these are
n̄. In conjunction with (7.2)–(7.4), it follows from (7.13) that

∣∣ϕ̂(r)

�n (�k)
∣∣�C

n∑
j=0

∣∣Â(r)

�n−j (�k)
∣∣+C

∑
I⊂J1: I �=∅

n∑
j=0

n̄r1−2

[ ∣∣B̂(r2+1)

j,�nI−1(kJ \I , �kI )
∣∣

+
nJ\I−j∑
l=1

∣∣R̂(r2+1)

l,�nI−j (kJ \I , �kI )
∣∣]. (7.14)

The contribution to the first term on the right side of (7.14) due to the first ter
(7.7) is bounded by

Cn̄r−3
n∑

j=0

(n1− j + 1)−(d−2)/2 � Cn̄r−3, (7.15)

as required. Since the choice ofx1 as the direction in which to perform the expansion w
arbitrary, we may assume without loss of generality thatn1 is not the largest compone
of �n, so thatn1 � n̄. In this case, the second term of (7.7) is bounded above by the
term of (7.7), and hence also leads to the bound (7.15).

For the remaining terms, note that for each nonemptyI we haver1+ r2 = r + 1 and
r2 + 1= |I | + 2 � 3. To bound the term on the right side of (7.14) containingB, we
recall thatc(3) = 0 by definition, use (7.8)–(7.9), and note thatn̄s−4(j + 1)−(d−4)/2 �
n̄s−3(j + 1)−(d−2)/2 since j � n � n̄. The term in (7.14) containingB is therefore
bounded above by

C
∑

I⊂J1: I �=∅

n∑
j=0

n̄r1−2n̄r2−2(j + 1)−(d−2)/2 � Cn̄r−3 (7.16)

(with C dependent onr), as required.
We estimate the term in (7.14) containingR according to whetherr2+1= 3 (in which

case|I | = 1 andr1= r − 1) or r2+ 1� 4 (in which case|I |� 2). Whenr2+ 1= 3, we
write I = {i}, and we usec(3) = 0 and (7.10) to bound the term containingR by

Cn̄r−3
∑
i∈J

n∑
j=0

nJ\{i}−j∑
l=1

(
l ∨ (ni − j)+ 1

)−d/2 �Cn̄r−3, (7.17)

1
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as required. Whenr2 + 1 � 4, by (7.9)–(7.10) the term containingR is bounded abov
by

C
∑

I⊂J1: |I |�2

n̄r1−2n̄r2−3
n∑

j=0

nJ\I−j∑
l=1

(l + 1)−(d−4)/2 � Cn̄r−4n2−δ
J \I . (7.18)

We may again assume, as we did under (7.15), thatn1 � n̄, so thatnJ \I � n1 � n̄. This
gives the desired bound on (7.18) and completes the proof.✷
7.2. Diagrammatic bounds

It remains to prove Lemma 7.1. The proof is in two steps, which will be carried o
this and the next section. In this section, we will show that the left sides of (7.7)–(
can be bounded above by certain diagrams, as we did forπ(x) in Section 4.1. Our main
conclusion will be the inequalities (7.21)–(7.25) below. In Section 7.3, we will com
the proof of Lemma 7.1 by estimating these diagrams, using methods analogous t
of Section 4.2.

Throughout this section, we fixs � 3 and drop the corresponding superscript fr
A(s), b(s), c(s) andd(s). In its place, we will instead use superscriptsN andM to denote
the order to which the expansion has been performed. We will use thex notation for
vertices.

The quantitiesA andB are given by sums overN of A(N) andB(N), with the latter
defined by (5.5), (5.13) and (5.25)–(5.26). As was pointed out below (5.26),B(N) is a
minor variation onA(N). By definition,B(N) = b(N) + c(N), with b(N) andc(N) forming a
partition of the various contributions toB(N). Once we have obtained bounds onA(N),
bounds onb(N) andc(N) will follow easily.

The difference betweenA(N) andπ(N) is due to fact that the eventG′′(vj−1,uj ,vj , �xIj ;
C̃j−1), rather thanE′′(vj−1,uj ,vj ; C̃j−1), occurs in (5.25), as well as to the ex
connections to�xI0 present in the expectation at level-0. As was observed in (5
these differences disappear at any level withIj =∅. To understand the effect of a nest
expectation containing the eventG′′(vj−1,uj ,vj , �xIj ; C̃j−1) with Ij �= ∅, we begin by
analysing this event in some detail. As in Section 4.1.1, we will need to conside
setG′(vj−1,uj , �xIj ; C̃j−1) in conjunction with the event{wj+1 ∈ C̃j } that arises from
bounding the expectation at level-(j + 1).

Recall the decomposition ofG′ into G′
1 andG′

2 in (6.8)–(6.9). We will estimate th
contributions due toG′

1 andG′
2 separately. We will use the constructions 1, 2 andE

defined in Definitions 4.1–4.2, as well as two new constructions& and Ẽ defined in
Definitions 7.2–7.3. Construction& adds a new line to a diagram, while constructionẼ

is a modification of constructionE.

7.2.1. The event G′
1 and construction �

We begin with the eventG′
1, as this event is closest to the eventE, and involves

estimates similar to those used to estimateπ in Section 4.1. By definition,

G′
1(vj−1,uj , �xIj ; C̃j−1)∩ {wj+1 ∈ C̃j }
⊂E′(vj−1,uj ; C̃j−1)∩ {vj−1→wj+1} ∩ {vj−1→ �xIj }. (7.19)
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The BK inequality can be applied to estimate the expectation of the indicator of the
side in a similar fashion to the estimate (4.4), which corresponds to the caseIj = ∅.
The difference whenIj is nonempty entails adding additional vertices and line
the diagram on the right side of (4.4), to make additional connections to�xIj . These
connections will be handled using the constructions defined in the following defini

DEFINITION 7.2. – (a)Given a diagram containing the vertexu, construction&u(y)

is the operation in which a line is added fromu to y followed by a sum overu. Explicitly,
this means that we multiply the diagram byτ(y − u) and sum overu.

(b) Given a diagram and a lineλ in the diagram, construction&λ(y) is the diagram
obtained by inserting a new vertexu on lineλ, followed by construction&u(y). Explicitly,
this means that the two-point functionτ(v − w) associated with lineλ is replaced by∑

u τ(v−u)τ (u−w)τ (y−u). Construction&(y) is then defined to be the procedure th
applies construction&λ(y) to each lineλ in a given graph, and then sums the result
diagrams over the linesλ in the graph.

(c) Given a diagram, construction&(�y) is the sum of all diagrams obtained b
first performing construction&(y1), then performing construction&(y2) to each of the
resulting diagrams, and so on in an iterative fashion until the components of�y have been
exhausted.

The probability of the right side of (7.19) is then bounded above by the resu
applying construction&(�xIj ) to the diagram on the right side of (4.4). This is depic
in Fig. 11. In assembling the diagrams arising from each expectation, we will again
the connection joiningzj to wj+1 from level-j to level-(j +1), as in Fig. 6. This shift is
also depicted in Fig. 11. The admissible lines, on whichzj may lie, are drawn in bold in
Fig. 11. Thus the eventG′

1 has the same effect as the eventE′, apart from an additiona
construction&(�xIj ). Note that the first line added in applying construction&(�xIj ) can be
attached atO(n1) sites, since the time components of each ofwj+1 anduj are at mos
n1. The remaining added lines can be attached atO(n̄) sites, since a point of attachme
can be no later than the time coordinates of the endpoints of the attached line and
later endpoint of the line to which it is attached.

To summarise, the eventG′
1 leads to constructionE followed by construction&(�xIj ).

This corresponds to a minor modification of the procedure used in Section 4.1 to es
π , where constructionE alone was applied.

Fig. 11. A bound on the eventG′
1(vj−1,uj , �xIj ; C̃j−1) ∩ {wj+1 ∈ C̃j }, showing also the effec

of the shifted lines. The vertexzj must lie on a bold line.
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Fig. 12. Connections implied by the eventG′
2(vj−1,uj , �xIj ; C̃j−1) ∩ {wj+1 ∈ C̃j } when

(a)wj �→wj+1, and (b)wj →wj+1. In (a), the sitezj must lie on a bold line.

7.2.2. The event G′
2, the function P̃2, and construction Ẽ

Next, we considerG′
2(vj−1,uj , �xIj ; C̃j−1) ∩ {wj+1 ∈ C̃j }. Again we will use

diagrammatic constructions, including a new constructionẼ that is a modification o
constructionE. By definition, the eventG′

2(vj−1,uj , �xIj ; C̃j−1) ∩ {wj+1 ∈ C̃j } is a
subset of the event that (i)vj−1 → uj , (ii) the bottom of the last sausage for th
connection is connected to anxi via a sitewj ∈ C̃j−1, (iii) vj−1 → wj+1, and (iv)
vj−1 → �xIj \{i}. Examples of the disjoint connections implied by this are depi
schematically in Fig. 12. A sitezj is identified as follows, according to whether or n
wj → wj+1. If wj �→wj+1, then we choosezj such thatvj−1 → zj , eitherzj →wj or
wj → zj , andzj → wj+1. This is depicted in Fig. 12(a). The bold lines in Fig. 12
are theadmissiblelines, on whichzj must lie whenwj �→ wj+1. If, on the other hand
wj →wj+1, then we setzj =wj . This is depicted in Fig. 12(b).

The line joiningzj to wj+1 (together with any branches to pointsxk) will be shifted
to the next expectation, as in Section 4.1.1. We will distinguish the two case
wj �→ wj+1 and (b)wj → wj+1 depicted in Fig. 12. In case (a), a line will be pres
from wj to the sitexi identified in item (ii) of the previous paragraph, but we w
regard this line as to be added via a later application of construction&wj

(xi ). In case
(b), the shifted line is required to have a branch to the sitexi , but we will regard this
branch as to be added via a later application of construction&(xi). The procedure can b
described in terms of the functioñP2(uj−1,zj−1,uj ,zj ,wj ) defined in Fig. 13. When
using P̃2(uj−1,zj−1,uj ,zj ,wj ), the following rules summarise the above discuss
and must be followed: (i) construction&wj

(xi) must be applied to the first term, a
(ii) construction&(xi ) must be applied to the line joiningwj = zj to wj+1 that was
shifted from the second term. The functioñP2(uj−1,zj−1,uj ,zj ,wj ) then replaces
the functionP2(uj−1,zj−1,uj ,zj ) of Section 4.1.1, in an expectation containingG2.
Construction&(�xIj \{i}) must also be applied appropriately in conjunction with̃P2.

Finally, a sum is performed overi ∈ Ij . We summarise the above with constructionẼ,
defined as follows.
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Fig. 13. Definition ofP̃2(uj−1,zj−1,uj ,zj ,wj ). In the first term, a sum is implied over inserti
of zj on any of the bold (admissible) lines.

DEFINITION 7.3. – Given a diagram containing vertexuj−1 and containing a certain
set of admissible lines, constructioñEuj−1(uj ,wj ) produces the new diagram defined
follows. First, construction1(zj−1) is performed on an admissible line. The diagram
then multiplied by∑
vj−1,t,y

pcD(vj−1−uj−1)τ (t−vj−1)τ (uj − t)τ (y− t)τ (uj −y)τ (wj −y)τ (wj −zj−1)

(7.20)
and summed overzj−1 and over the admissible lines of the original diagram(see the firs
term of Fig.13 for a depiction of(7.20)). The result is a sum of diagrams. Anadmissible
line of a resulting diagram is any line in(7.20)exceptτ(wj − zj−1). With an abuse o
terminology, we also include the sitewj itself as one of the admissible “lines”. Followin
constructionẼuj−1(uj ,wj ), the constructions outlined in rules(i) and (ii) above should
be carried out, with rule(ii) invoked whenwj is used as an admissible “line” in a furthe
constructionE or Ẽ. If there is no such further construction(so no further shifted line),
then rule(i) applies also in this case.

For later use, we note that constructioñEuj−1(uj ,wj ) is equivalent to application o
construction 2(1)uj−1

(wj ), followed by construction 1(y) applied on the line fromvj−1 to
wj , followed by construction 2(0)y (uj ) with the line fromvj−1 to y serving as the uniqu
admissible line.

To summarise, the eventG′
2 leads to constructioñE followed by construction&wj

(xi )

in case (a), and&(xi ) applied to the line fromwj = zj in case (b), completed wit
construction&(�xIj \{i}). Finally, a sum is performed overi ∈ Ij .
7.2.3. Bounds on A, b, c

We now define the diagrams that serve as upper bounds forA,b, c. Given a nonempty
subsetγ ⊂ {0, . . . ,N}, consider a nested expectation contributing to (5.25) in which
eventG appears at level-j with Ij �= ∅ in the expectations indexed by the setγ , andE
appears in the remaining expectations. In the convolution ofP1, P2 andP3 definingP (N)
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Fig. 14. Examples of diagrams contributing toP (3),1(x1,x2,x3), with the lines in (a)S(3)(x1,a)

and (b)S(3)(x1) drawn in bold.

in (4.9), we replaceP2 by P2+ P̃2 at level-s for eachs ∈ γ . (This applies fors �= 0,N ;
levels-0 andN require minor modifications very briefly indicated below.) Starting fr
the bubble, any of these diagrams can be obtained by application of constructionsE and
Ẽ. We refer to the sum of resulting diagrams as

∑
α⊂γ S(N)(x1, �aα), whereα denotes

the subset ofγ for which the termP̃2 was used and for whichwj was not used a
an admissible “line” (and hence has not been summed over),�aα is the set ofwj that
have not been summed, andS(N)(x1, �aα) represents the sum of diagrams arising w
these constraints. We then apply the constructions&(�xIj ) to the diagrams contributin
to S(N)(x1, �aα), adding thexj ’s associated to each expectation to the appropriate l
and paying attention to the rules (i) and (ii) associated with constructionẼ. In the
special case whereI0 is nonempty, we apply construction&(�xI0) appropriately. IfIN
is nonempty, then we omit the vertexzN from the level-N construction. The result i
a sum of diagrams which we denote byP (N),j (�xJ ), with j = 1 arising from the cas
|γ | = 1, and withj = 2 arising from|γ |� 2. Examples are depicted in Fig. 14. Fig. 14
should be compared to Fig. 12(a) and the first term of Fig. 13, while Fig. 14(b) s
be compared to Fig. 12(b) and the second term of Fig. 13.

The above discussion then implies that

A(N)(�xJ )� P (N),1(�xJ )+ P (N),2(�xJ ) (N � 0). (7.21)

It then follows from the simple relation betweenB(N) andA(N) described under (5.26
together with the decompositionB(N) = b(N) + c(N) discussed around (6.2), that

b(N)(�xJ )�
∑
u

pcD(x1− u)P (N),1(u, �xJ \{1}) (N � 0), (7.22)

c(N)(�xJ )�
∑
u

pcD(x1− u)P (N),2(u, �xJ \{1}) (N � 1). (7.23)
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7.2.4. Bounds on C and d

The diagrammatic bounds onC and d involve estimation of the termsC(N,M) and
d(N,M) defined in (6.17)–(6.20). For this, we first bound the eventHj above by an even
expressing the existence of various disjoint connections, then use Fubini’s Theo
restore the original order of the expectations, and finally use the BK inequality
process is tedious and we simply state the results rather than including all the det

We begin withC(N,M)(v1,v2). This involves a doubly nested expectation in which
expectations contain an eventE′, except level-(j,0) where the eventHj appears. Ther
are two contributions to the eventHj defined in (6.6), corresponding to the eventsG1

andG2 of (6.8)–(6.9).
Consider first the contribution to the caseM = 0 due toG1. In this case,v2

is the later endpoint of a bond(u2,v2) which served as a cutting bond as defin
above (6.10). This contribution can be bounded above by the diagrams ob
from

∑
u1
P (N)(u1)pcD(v1 − u1) as follows. First, for each lineλ in P (N)(u1),

construction 1λ(w) is performed. Then construction 2(0)
w (u2) is applied, with a finite

set of admissible lines in applying this construction. The result is then multiplie
pcD(v2 − u2) and summed overu2. See Fig. 10. WhenM � 1, the contribution due
to G1 involves application of construction 1λ(w), then construction 2(0)w (a0), thenM
constructionE’s ending at the vertexu2, followed by multiplication bypcD(v2 − u2)

and summation overu2.
An upper bound for the contribution toC(N,M)(v1,v2) due to the contribution toHj

from G2 is obtained as follows. ForM = 0, the upper bound onb(N) applies after the
following modifications. Firstly, the construction&w(x2) or &(x2) arising from rule (i) or
(ii) is replaced by a construction 2(0)

w (u2) (this entails an additional construction 1(w)

when construction&(x2) is involved). This effectively replaces a “tail” tox2 by a
double connection. See Fig. 10. ForM � 1, further application ofM constructionE’s is
required, in a similar fashion to the upper bound on the contribution due toG1. Finally,
an additional factor

∑
u2
pcD(v2− u2) is required.

Denoting the sum of all diagrams arising as above byQ(N,M), we have

∣∣C(N,M)(v1,v2)
∣∣�Q(N,M)(v1,v2). (7.24)

Examples of diagrams contributing toQ(3,2)(v1,v2) are depicted in Fig. 15.
For the bounds ond, it is convenient to denote bỹQ(N,M)(v1,u2) the diagrams arisin

in Q(N,M)(v1,v2) before multiplication bypcD(v2 − u2) and summation overu2. For
s = 3, an upper bound ford(N,M)(v,x2) is simply Q̃(N,M)(v,x2). For s � 4, an upper
bound ond(N,M)(v, �xI ) is obtained by applying a construction&(xi) to Q̃(N,M)(v,u2), then
construction&u2(xj ), followed by construction&(�xI\{i,j}) (and summation overi, j ∈ I ).
Denoting the result of these constructions byQ̃(N,M)(v; �xI ), we have

d(N,M)(v, �xI )� Q̃(N,M)(v; �xI ) (s � 4). (7.25)
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Fig. 15. Examples of diagrams contributing toQ(3,2)(v1,v2).

7.3. Proof of Lemma 7.1

We begin by showing that Lemma 7.1 is a consequence of the following lemm
fix s and omit the superscript(s) from the notation. Recall that�nI is the vector with
componentsni, i ∈ I .

LEMMA 7.4. – Fix d > 4, p = pc, q ∈ {0,2}, s � 3, �n = (n1, . . . , ns−1) with each
ni > 0, and let n̄ denote the second largest component of�n. There exist constant
L0 = L0(d) and C = C(s, d) such that the following bounds hold forL � L0 and
M,N � 0: ∑

�xJ
P

(N),j

�nJ (�xJ )� (Cβ)N n̄s−2−j (n1+ 1)−(d−2j)/2 (j = 1,2), (7.26)

∑
x1,x2

|xi |qQ(N,M)

n1,n2
(x1, x2)�

(Cβ)1∨(N+M)σ qn
q/2
i

(n1∨ n2+ 1)d/2
(
(n1, n2) �= (1,1)

)
, (7.27)

∑
x1,�x

Q̃
(N,M)

n1,�nI (x1, �xI )�
{
(Cβ)N+M(n1∨ n2+ 1)−d/2 (s = 3),

(Cβ)N+Mn̄s−4(n1+ 1)−(d−4)/2 (s � 4).
(7.28)

Proof of Lemma 7.1 assuming Lemma 7.4. –The bounds (7.7)–(7.9) onA, b andc
follow immediately from (7.21)–(7.23) and (7.26). The bounds (7.10)–(7.11) ond and
C follow immediately from (7.24)–(7.25) and (7.27)–(7.28).✷

The remainder of this section is devoted to the proof of Lemma 7.4. First we
prove (7.26) assuming that

∑
x ,�a

S
(N)

n1,�lα (x1, �aα)� (Cβ)N

(n1∨ l′ + 1)d/2
, (7.29)
1 α
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wherel′ =maxi∈α li and whereS(N) was defined in Section 7.2.3. Then we will pro
(7.29). Finally, we will prove (7.27) and (7.28).

To proceed, we will need to know the effect of applying construction&w(x)
or construction&(x) to a diagram. When construction&w(x) is applied, followed
by summation overx, by Theorem 1.1(a) the resulting diagram is bounded b
constant multiple of a bound on the original diagram. By definition, construction&(x)
corresponds to an application of construction 1(u) followed by construction&u(x).
When followed by summation overx, the effect of the latter on a diagrammatic bou
is merely to multiply by a constant. By Lemma 4.6, the effect of the former o
diagrammatic bound is multiplication bycn, wheren is the minimum of the tempora
component ofx and the largest time coordinate of any vertex in the original diag
(The sum over the spatial component ofu has no effect, and the sum over the tempo
component yields at mostcn.) In our applications, thisn is at mostn̄, which is the second
largest of theni . Thus, the net effect on a diagrammatic bound of construction&(x)

followed by summation overx is multiplication bycn. The constantsc in this discussion
can depend on the number of lines in the original diagram, and hence can dependN ,
but this dependence is polynomial and can be bounded byCN for someC.

Proof of (7.26) assuming (7.29). –
The bound onP (N),1. The construction ofP (N),1

�nJ (�xJ ) starts from the diagram
contributing to

∑
γ : |γ |=1

∑
α: α⊂γ

∑
x1,�aα S

(N)

n1,�lα (x1, �aα). Here,α = ∅ or |α| = 1.
Whenα = ∅, construction&(�xJ1) is applied to

∑
x1
S(N)

n1
(x1). Assuming (7.29), the

latter is bounded above by(Cβ)N(n1+ 1)−d/2. The effect of the first construction&(xi )

is to add to the estimate a factorc(n1 + 1), while each of the remainings − 3
produces a factorcn̄. Altogether, this produces a factorn̄s−3(n1 + 1). Combined with
(Cβ)N(n1+ 1)−d/2, this agrees with (7.26). As observed above, there areN -dependen
factors arising from the constructions&(xi), but these can be absorbed into the fac
CN of (7.29).

When |α| = 1, one construction&(a,l)(xi) is applied, followed bys − 3 applications
of construction&(xj ). These constructions are applied to

∑
x1,a

S
(N)

n1,l
(x1, a), which is

assumed to be bounded above by(Cβ)N(n1 ∨ l + 1)−d/2. The time variablel must be
summed out after application of construction&(a,l)(x1), giving rise to a bound

∞∑
l=0

(Cβ)N

(n1∨ l + 1)d/2
� (Cβ)N

(n1+ 1)(d−2)/2
. (7.30)

The effect of the remainings − 3 applications of construction&(xj ) is an additiona
factor n̄s−3. This gives the bound of (7.26) in this case.✷

The bound onP (N),2. When |γ |� 2, |α| may take on any value in{0, . . . ,N}, since
eventsG1 do not contribute toα and since it is possible that anywj appearing due to
eventsG2 at levels-0 to(N − 1) may be used as admissible vertices at the next le
removing them from the list�aα .

Consider first the case|α| � 2. In this case, we proceed as above, apply
construction&a(xi) |α| times (once for each componenta of �aα), followed bys−2−|α|
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applications of construction&(xj ). For the applications of construction&a(xi), we
choose the two largest time components from among thesexi ’s, say ni1 � ni2, and
we apply these two constructions&a(xij ) first. Let lα denote the temporal compone
of aα and let l′i = maxk∈α\{i} lk and l′i,j = maxk∈α\{i,j} lk . Assuming (7.29), and usin
our observations above regarding the effect of construction&a(x), the application o
construction&a(xi1) leads to an upper bound

∞∑
li1=0

(Cβ)N

(n1∨ l′i1 ∨ li1 + 1)d/2
� (Cβ)N

(n1∨ l′i1 + 1)(d−2)/2
. (7.31)

Similarly, the application of construction&a(xi2) produces an upper bound

(Cβ)N

(n1∨ l′i1,i2 + 1)(d−4)/2
� (Cβ)N

(n1+ 1)(d−4)/2
. (7.32)

The remaining|α| − 2 applications of construction&a(xi ) each give a factor of at mo
n̄ from the summation over the time variable ofaα (which is the number of possib
temporal locations ofaα — it is to avoid producing a factor maxi ni here that we dea
with ni1 andni2 above). Finally, thes − 2− |α| applications of construction&(xj ) each
produce an additional factor̄n. The result is a bound

n̄s−2−|α|n̄|α|−2 (Cβ)N

(n1+ 1)(d−4)/2
, (7.33)

in agreement with (7.26).
This leaves the cases|α| = 0,1. In these cases, we first perform 2− |α| construc-

tions 1(ai) on diagram lines belonging to expectations that do not contain anyaα (so no
restriction whenα is empty). This gives a factorO(n1 + 1)2−|α|, as this is the numbe
of temporal locations at which the verticesai may be placed. We then perform 2 co
structions&a(xi ) at the sitesaα andai (so only at the two sitesai whenα is empty).
Assuming (7.29) and proceeding as in (7.31)–(7.32), this leads to an upper bound
stage, of

(n1+ 1)2−|α|
(Cβ)N

(n1+ 1)(d−2|α|)/2 =
(Cβ)N

(n1+ 1)(d−4)/2
. (7.34)

Next, we performs − 4 constructions&(xj ), producing an additional factor̄ns−4. This
again gives a bound of the form (7.26).✷

Proof of (7.29). –We will prove (7.29) by induction onN . The induction hypothesi
is that ∑

x1,�aα
S

(N−1)

n1,�lα (x1, �aα)� (Cβ)N−1

(n1∨ l′ + 1)d/2
, (7.35)

with l′ =maxi∈α li . We also assume, as part of the induction hypothesis, that the b
(7.35) is obtained by applyingl∞ andl1 norms to diagram lines. The induction is star
by noting thatS(0) is the bubble diagram withα = ∅, from which (7.35) follows from
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Theorem 1.1(a, c) by applying thel∞ norm to one line of the bubble and thel1 norm to
the other.

To advance the induction, we note that in constructing the diagramsS(N) from S(N−1),
we apply either constructionE or Ẽ to S(N−1). WhenS(N−1) had its last level added vi
constructionẼ, there are two cases according to whether the next construction u
admissible line or the admissible vertex at the level-(N − 1); see Fig. 13.

We first consider the case where constructionE is applied to level-(N − 1), using
an admissible line rather than an admissible vertex from level-(N − 1). ConstructionE
is defined by (4.16) and (4.14). From (4.14), we conclude that it suffices to show
constructions 2(i) inductively preserve the bound (7.35), provided a factorβi is produced.
For this, we argue in a similar fashion to the proof of Lemma 4.6(b). Applicatio
construction 2(0)(y,m)(x1, n1) to

∑
�aα S

(N−1)

m,�lα (y, �aα) gives an upper bound

n1∑
m=0

n1∧(m∨l′)∑
j=0

(Cβ)N−1

(m∨ l′ + 1)d/2
C

(n1− (m∧ j)+ 1)d/2
. (7.36)

Here, we have associated thel∞ norm to the longest of the two lines ending at(x1, n1)

that were added by construction 2(0), and associated thel1 norm to the other. The uppe
boundn1∧ (m∨ l′) occurs for the sum overj for the following reasons. Firstly,j � n1

by definition of construction 2(0). Secondly, if an admissible line from añE at level-
(N − 1) is used thenj � l′ if l′ � m and otherwisej � m, andj � m if an admissible
line from anE at level-(N − 1) is used.

Since(m∨ l′)+ (n1− (m∧ j))� n1∨ l′, (7.36) is bounded above by

2d/2CNβN−1

(n1∨ l′ + 1)d/2

n1∑
m=0

n1∧(m∨l′)∑
j=0

[
1

(m∨ l′ + 1)d/2
+ 1

(n1− (m∧ j)+ 1)d/2

]
. (7.37)

For the first term in (7.37), we divide the sum according to whetherj � m or j > m.
Whenj �m, the sum is bounded above by

∑∞
m=0

∑m
j=0(m+ 1)−d/2 <∞. Whenj > m

we usem� j � l′ to bound the sum by(l′ +1)−d/2
∑l′

j,m=0 1� (l′ +1)−(d−4)/2 � 1. The
second term in (7.37) can be bounded using

∑∞
j,m=0(m ∨ j + 1)−d/2 <∞. This shows

that construction 2(0) inductively preserves the bound (7.35), apart from a missing fa
β. Similarly, construction 2(1) inductively preserves (7.35), but here it can be chec
that a factorβ will be produced (along the lines of the discussion below (4.32)). T
we have advanced the induction in this case.

Now suppose, on the other hand, that constructionE is applied to level-(N − 1), that
there is an admissible vertex at level-(N − 1), and that constructionE makes use of thi
admissible vertex. Again, we use the fact that constructionE is given by construction 2(1)

followed by construction 2(0). Recall the definition ofl′i above (7.31). Lettingli denote
the time coordinate of the admissible vertex where constructionE is applied, we obtain
the upper bound

n1∑
m=0

n1∑
l =0

(Cβ)N−1

(m∨ l′i ∨ li + 1)d/2
Cβ

(n1− (m∧ li )+ 1)d/2
(7.38)
i
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for an application of construction 2(1) (the additional factorβ on the right side is a
discussed in the previous paragraph). By considering separately the casesm � li and
li �m, (7.38) with the factor(Cβ)N omitted is bounded above by∑

0�m�li�n1

1

(l′i ∨ li + 1)d/2
1

(n1−m+ 1)d/2

+ ∑
0�li�m�n1

1

(m∨ l′i + 1)d/2
1

(n1− li + 1)d/2
. (7.39)

The two terms in (7.39) are identical, so we consider only the second term. Whenl′i � n1,
the second term can be bounded by

∑
0�li�m�n1

1

(m+ 1)d/2
1

(n1− li + 1)d/2
� C

(n1+ 1)d/2
= C

(n1∨ l′i + 1)d/2
, (7.40)

using (4.26). On the other hand, whenn1 � l′i , we have instead the upper bound

1

(l′i + 1)d/2
∑

0�li�m�n1

1

(n1− li + 1)d/2
� C

(l′i + 1)d/2
= C

(n1∨ l′i + 1)d/2
. (7.41)

This gives a bound of the desired form. Finally, application of construction 2(0) preserves
the bound, as in the previous case. Note that the upper bound onS(N) is in terms of a se
α that has been reduced in size by one element from theα for S(N−1), as is appropriate i
this case.

Next, we advance the inductive bound in the case where constructionẼ is ap-
plied to a diagram inS(N−1)

m,�lα (y, �aα). As was pointed out below Definition 7.3, constru

tion Ẽy(x1,a) is equivalent to application of construction 2(1)
y (a) (wherea is the new

vertex inα for level-N ), followed by construction 1(t) applied on the line fromy ′ (the
upper vertex on the pivotal bond fromy) to a, followed by construction 2(0)t (x1) with
the line fromy ′ to t serving as the unique admissible line. The effect of the cons
tion 2(1)y (a) is identical to the effect of constructionE explained above, and produces
inductive bound produced by constructionE. With summation over space but not tim
construction 1(t) then produces a diagram that obeys the inductive bound with th
α enhanced to includet . But then construction 2(0)t (x1) is again identical in its effec
to the application of constructionE discussed above, except no additional factor oβ
occurs. This completes the advancement of the induction for constructionẼ, and hence
completes the advancement of the induction. This completes the proof of (7.29).✷

Proof of (7.27). –We discuss onlyq = 0, sinceq = 2 can be handled as in th
proof of Lemma 4.5. The diagramsQ(N,M) were defined in Section 7.2.4. There are t
contributions toQ(N,M), depending on whetherG1 orG2 is used at level-(N,0). WhenG1

is used, the diagrams are produced fromP (N)

n1
(x1) as described in Section 7.2.4, by fi

applying construction 1, which effectively changes the bound from(Cβ)N(n1+1)−d/2 to
(Cβ)N(n1∨n2+1)−d/2, and then applying construction 2(0), followed byM applications
of constructionE. The inductive proof of (7.35) shows that these last construction
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not affect the bound, apart from producing the necessary factor(Cβ)M , as in (7.37)–
(7.38).

WhenG2 is used, consider first the case where construction&wj
(x2) is replaced by

construction 2(0) as explained above (7.24). In this case, the removal of the line d
construction&wj

(x2) produces a contribution toS(N)(x1,a1), which obeys the bound o
(7.35). Subsequent applications of construction 2(0) and constructionE then lead to the
desired bound, as in the proof of (7.26). This leaves the case where construction&(x2) is
replaced by a combination of constructions 1 and 2, which is bounded exactly as
discussion ofG1 above.

WhenM =N = 0 and(n1, n2) �= (1,1), at least one diagram line is more than a sin
vertex, and this can easily be used to extract a factorβ. ✷

Proof of (7.28). –The omission of multiplication bypcD(v2− u2) has no significan
effect on the bounds. Fors = 3, the desired result follows from (7.27). Fors � 4, we
begin with the bound(Cβ)N+M(n1∨m2+ 1)−d/2 on

∑
x1,u2

Q̃(N,M)

n1,m2
(x1, u2). Application

of construction&(xi) gives rise to an additional factor(n1 ∨ m2 + 1). Application of
construction&u2(xj ) gives rise to the bound

∞∑
m2=0

(Cβ)N+M

(n1∨m2+ 1)(d−2)/2
� (Cβ)N+M

(n1+ 1)(d−4)/2
. (7.42)

Finally, the remainings − 4 applications of construction&(xk) produce a factor̄ns−4,
which gives the desired bound (7.28).✷
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