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1. Introduction

1.1. Moduli spaces of Abelian and quadratic differentials. — The moduli space H, of
pairs (C, w) where C is a smooth complex curve of genus ¢ and w is an Abelian dif-
ferential (or, in the other words, a holomorphic 1-form) is a total space of a complex
g-dimensional vector bundle over the moduli space M, of curves of genus g. The moduli
space Q, of holomorphic quadratic differentials is a complex (3g — 3)-dimensional vector
bundle over the moduli space of curves M,. In all our considerations we always remove
the zero sections from both spaces H, and Q,.

There are natural actions of G* on the spaces H, and Q, by multiplication of the
corresponding Abelian or quadratic differential by a nonzero complex number. We will
also consider the corresponding projectivizations PH, = H,/CG* and PQ, = Q,/C* of
the spaces H, and Q,.

Stratification. —  Each of these two spaces is naturally stratified by the degrees of zeroes
of the corresponding Abelian differential or by orders of zeroes of the corresponding
quadratic differential. (We try to apply the word “degree” for the zeroes of Abelian differ-
entials reserving the word “order” for the zeroes of quadratic differentials.) We denote the
strata by H(my, ..., m,) and Q(d,, ..., d,) correspondingly. Here m; + - - - +m, = 2g — 2
andd)+---+d,=4g—4. ByPH(m,...,m,) and PQ(d,, ..., d,) we denote the projec-
tivizations of the corresponding strata. We shall also consider slightly more general strata
of meromorphic quadratic differentials with at most simple poles, for which we use the
same notation Q(d,, ..., d,) allowing to certain d; be equal to —1.
The dimension of a stratum of Abelian differentials is expressed as

dimg H(my, ...,m,) =2g+n—1.

The dimension of a stratum of quadratic differentials which are not global squares of an
Abelian differentials is expressed as

dime Q(dy, ..., d) =2g+n— 2.
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Note that, in general, the strata do not have the structure of a bundle over the moduli
space M,, in particular, it is clear from the formulae above that some strata have dimen-
sion smaller then the dimension of M,.

Period coordinates. — Consider a small neighborhood U(Cy, @) of a “point” (Cy, @) in
a stratum of Abelian differentials H(my, ..., m,). Any Abelian differential @ defines an
element [w] of the relative cohomology H!(C, {zeroes of w}; C). For a sufficiently small
neighborhood of a generic “point” (Cy, wy) the resulting map from U to the relative
cohomology is a bijection, and one can use an appropriate domain in the relative coho-
mology H'(C, {zeroes of w}; C) as a coordinate chart in the stratum H(m;, ..., m,).
Chose some basis of cycles in H,(S, {Py,...,P,};Z). By Z, ..., Zo,1,—1 we de-
note the corresponding relative periods which serve as local coordinates in the stratum

H(my, ..., m,). Similarly, one can use (Z; : Zy : - - - : Zg,4,—1) as projective coordinates in
PH(my, ..., m,).
The situation with the strata Q(d), ..., d,) of meromorphic quadratic differen-

tials with at most simple poles, which do not correspond to global squares of Abelian
differentials, is analogous. We first pass to the canonical double cover p : S — S where
/*q = ®* becomes a global square of an Abelian differential @ and then use the subspace
Hl(g, {zeroes of ®}; C) antiinvariant under the natural involution to construct coordi-

nate charts. Thus, we again use a certain subcollection of relative periods Z, ..., Z; of
the Abelian differential @ as coordinates in the stratum Q(d,, ..., d,). Passing to the pro-
jectivization PQ(d,, ..., d,) we use projective coordinates (Z; : Zg : -+ : 7Zy)

1.2. Volume element and action of the linear group. — The vector space
H! (S, {zeroes of w}; C)

considered over real numbers is endowed with a natural integer lattice, namely with the
lattice H' (S, {zeroes of w}; Z&®1Z). Consider a linear volume element in this vector space
normalized in such way that a fundamental domain of the lattice has area one. Since rel-
ative cohomology serve as local coordinates in the stratum, the resulting volume element
defines a natural measure p in the stratum H(my, ..., m,). It is easy to see that the mea-
sure u does not depend on the choice of local coordinates used in the construction, so
the volume element p is defined canonically.

The canonical volume element in a stratum Q(d,...,d,) of meromorphic
quadratic differentials with at most simple poles is defined analogously using the vec-
tor space

H' (S, {zeroes of ®}; C)

described above and the natural lattice inside it.
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Flat structure. — A quadratic differential ¢ with at most simple poles canonically defines
a flat metric |¢| with conical singularities on the underlying Riemann surface C.

If the quadratic differential is a global square of an Abelian differential, ¢ = @,
the linear holonomy of the flat metric is trivial; if not, the holonomy representation in the
group Z/2Z is nontrivial. We denote the resulting flat surface by S = (C, w) or S = (C, ¢)
correspondingly.

A zero of order d of the quadratic differential corresponds to a conical point with
the cone angle 7 (d + 2). In particular, a simple pole corresponds to a conical point with
the cone angle . If the quadratic differential is a global square of an Abelian differential,
¢ = w?, then a zero of degree m of @ corresponds to a conical point with the cone angle
2m(m—+ 1).

When ¢ = @’ the area of the surface S in the associated flat metric is defined in
terms of the corresponding Abelian differential as

Area(S) = /|q| /a)/\a)

When the quadratic differential is not a global square of an Abelian differential, one can
express the flat area in terms of the Abelian differential on the canonical double cover

where p*q = @*:

Area(S) = / lg| = fwAco

By H,(m,...,m,) we denote the real hypersurface in the corresponding stra-
tum defined by the equation Area(S) = 1. We call this hypersurface by the same
word “stratum” taking care that it does not provoke ambiguity. Similarly we denote by
Q.(d,, ..., d,) the real hypersurface in the corresponding stratum defined by the equa-
tion Area(S) = const. Throughout this paper we choose const := 1; note that some other

papers, say [AtEZ], use alternative convention const := %

Group action. —  Let X; = Re(Z;) and let Y; = Im(Z;). Let us rewrite the vector of periods
(Zy, ..., Zyeyn—1) In two lines

Xi Xo ooo Xpp

Yi Yo oo Y

The group GL. (2, R) of 2 x 2-matrices with positive determinant acts on the left on the
above matrix of periods as

(gn 312>'<X1 Xy ... X2g+nl>
G142 Yi Yy ..o Yo
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Considering the lines of resulting product as the real and the imaginary parts of pe-
riods of a new Abelian differential, we define an action of GL,(2,R) on the stratum
H(my, ...,m,) in period coordinates. Thus, in the canonical local affine coordinates, this
action is the action of GL, (2, R) on the vector space

H' (C, {zeroes of w}; C) ~C®H! (C, {zeroes of w}; R)
~R*®H! (C, {zeroes of w}; R)

through the first factor in the tensor product.

The action of the linear group on the strata Q(d), ..., d,) is defined completely
analogously in period coordinates H' (C, {zeroes of ®}; G). The only difference is that
now we have the action of the group PSL(2, R) since p*q = @* = (—®)?, and the sub-
group {Id, —Id} acts trivially on the strata of quadratic differentials.

Remark. — One should not confuse the trivial action of the element —Id on
quadratic differentials with multiplication by —1: the latter corresponds to multiplication

of the Abelian differential @ by ¢, and is represented by the matrix (_01 (1))

From this description it is clear that the subgroup SL(2, R) preserves the mea-
sure i and the function Area, and, thus, it keeps invariant the “unit hyperboloids”

H(my,...,m,) and Q,(d,, ..., d,). Let
a(S) := Area(S)

The measure p in the stratum defines canonical measure

M
Vi=—
da

on the “unit hyperboloid” H,(mj, ..., m,) (correspondingly on Q,(dy, ..., d,)). It follows
immediately from the definition of the group action that the group SL(2, R) (correspond-
ingly PSL(2, R)) preserves the measure v.

The following two Theorems proved independently by H. Masur [M2] and by
W. Veech [Vel] are fundamental for the study of dynamics in the Teichmiiller space.

Theorem (H. Masur; W, Veech). — The total volume of any stratum H,(my, ..., m,) of
Abelian differentials and of any stratum Q,(dy, . .., d,) of meromorphic quadratic differentials with at
most simple poles with respect to the measure v 1s finite.

Note that the strata might have up to three connected components. The connected
components of the strata were classified by the authors for Abelian differentials [KZ2]
and by E. Lanneau [La2] for the strata of meromorphic quadratic differentials with at
most simple poles.
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Remark 1.1. — The volumes of the connected components of the strata of Abelian
differentials were effectively computed by A. Eskin and A. Okounkov [EO]. The volume
of any connected component of any stratum of Abelian differentials has the form - 7%,
where 7 is a rational number. The exact numerical values of the corresponding rational
numbers are currently tabulated up to genus ten (up to genus 60 for some individual
strata like the principal one).

Theorem (H. Masur; W. Veech). — The action of the one-parameter subgroup of SL(2, R)
(correspondingly of PSL(2, R) ) represented by the matrices

is ergodic with respect to the measure v on each connected component of each stratum H,(my, ..., m,) of
Abelian differentials and on each connected component of each stratum Q,(dy, ..., d,) of meromorphic
quadratic differentials with at most simple poles.

The projection of trajectories of the corresponding group action to the moduli
space of curves M, correspond to Teichmiiller geodesics in the natural parametrization,
so the corresponding flow G, on the strata is called the “Teichmiiller geodesic flow”.
Notice, however, that the Teichmiiller metric is not a Riemannian metric, but only a
Finsler metric.

1.3. Hodge bundle and Gauss—Mamin connection. — A complex structure on the Rie-
mann surface C underlying a flat surface S of genus g determines a complex g-
dimensional space of holomorphic 1-forms £2(C) on C, and the Hodge decomposition

HY(C; C) =H""(C) @ H*'(C) ~ Q(C) ® Q(C).

The intersection form
l -
(1.1) (CUl,U)Q) ::—/(,()1/\6()2
2 Je

is positive-definite on H"(C) and negative-definite on H*!(C).

The projections H"*(C) — H'(C; R), acting as [w] > [Re(w)] and [w] >
[Im(w)] are isomorphisms of vector spaces over R. The Hodge operator * : H'(C; R) —
H'(C; R) acts as the inverse of the first isomorphism composed with the second one. In
other words, given v € H'(C; R), there exists a unique holomorphic form w (v) such that
v = [Re(w(v))]; the dual *v i1s defined as [Im(w)].

Define the Hodge norm of v € H'(C, R) as

vlI” = {w @), ®(v))
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Passing from an individual Riemann surface to the moduli stack M, of Rie-
mann surfaces, we get vector bundles Hg = H"* @ H*!, and Hy over M, with fibers
H'(C,C) =H"’(C) @ H*!(C), and H'(C, R) correspondingly over C € M,. The vec-
tor bundle H"" is called the Hodge bundle. When the context excludes any possible ambi-
guity we also refer to each of the bundles Hg, and to Hy as Hodge bundle.

Using integer lattices H'(C, Z @ ¢Z) and H'(C, Z) in the fibers of these vector
bundles we can canonically identify fibers over nearby Riemann surfaces. This identi-
fication is called the Gauss—Manin connection. The Hodge norm s not preserved by the
Gauss-Manin connection and the splitting Hg, = H"" @ H*! is not covariantly constant
with respect to this connection.

1.4. Lyapunov exponents. — Informally, the Lyapunov exponents of a vector bundle
endowed with a connection can be viewed as logarithms of mean eigenvalues of mon-
odromy of the vector bundle along a flow on the base.

In the case of the Hodge bundle, we take a fiber of Hy and pull it along a Te-
ichmiiller geodesic on the moduli space. We wait till the geodesic winds a lot and comes
close to the initial point and then compute the resulting monodromy matrix A(¢). Finally,
we compute logarithms of eigenvalues of ATA, and normalize them by twice the length
¢ of the geodesic. By the Oseledets multiplicative ergodic theorem, for almost all choices
of initial data (starting point, starting direction) the resulting 2¢ real numbers converge as
{ — 00, to limits which do not depend on the initial data within an ergodic component of
the flow. These limits A, > - - - > Ay, are called the Lyapunov exponents of the Hodge bundle
along the Teichmiiller flow.

The matrix A(¢) preserves the intersection form on cohomology, so it is symplectic.
This implies that Lyapunov spectrum of the Hodge bundle is symmetric with respect to
the sign interchange, A; = —A9,_;41. Moreover, from elementary geometric arguments
it follows that one always has A; = 1. Thus, the Lyapunov spectrum is defined by the
remaining nonnegative Lyapunov exponents

Ay > > A,

Given a vector bundle endowed with a norm and a connection we can construct
other natural vector bundles endowed with a norm and a connection: it is sufficient to
apply elementary linear-algebraic constructions (direct sums, exterior products, etc.). The
Lyapunov exponents of these new bundles might be expressed in terms of the Lyapunov
exponents of the initial vector bundle. For example, the Lyapunov spectrum of a kth
exterior power of a vector bundle (where £ is not bigger than a dimension of a fiber) is
represented by all possible sums

Ajp+ oo+ A, wherej <p <<

of k-tuples of Lyapunov exponents of the initial vector bundle.
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1.5. Regular invariant suborbifolds. — For a subset M C H(my, ..., m,) we write
RM, ={(M, tw) | (M, w) e M, teR} CH(my, ..., m,).
Let a(S) := Area(S).

Comjecture 1. — Let H(my, . .., m,) be a stratum of Abelian differentials. Let v\ be an ergodic
SL(2, R)-mnvariant probability measure on H,(my, ..., m,). Then

(i) The support of vy s an immersed suborbifold My of H(my, ..., m,). In cohomological
local coordinates H' (S, {zeroes} ; C), the suborbifold M =RM, of H(my, ..., m,) is
represented by a complex affine subspace, such that the associated linear subspace ts invariant
under complex conjugation.

(i) Let p be the measure on M such that diu = dv, da. Then | is affine, t.e. it is an affine
linear measure in the cohomological local coordinates H' (S, {zeroes}; C).

We say that a suborbifold M, for which there exists a measure v; such that the
pair (M, vy) satisfies (i) and (ii), is an mvariant suborbyfold.

Comjecture 2. — The closure of any SL(2, R)-orbut is an invariant suborbifold. For any invari-
ant suborbifold, the set of self-intersections is itself a finite union of affine invariant suborbifolds of lower
dimension.

These conjectures have been proved by C. McMullen in genus 2, see [McM].
They are also known in a few other special cases, see [EM{Mr] and [CaWn]. A proof
of Conjecture | has been recently announced by A. Eskin and M. Mirzakhani [EMz];
a proof of Conjecture 2 has been recently announced by A. Eskin, M. Mirzakhani and
A. Mohammadi [EMzMHh].

Defination 1. — An invariant suborbifold is regular if in addition to (1) and (1) it satisfies the
Jollowing technical condition:

(itl) For K> 0 and e > 0 let M (K, &) C M, denote the set of surfaces which contain two
non-parallel cylinders G, Cq, such that for 1 =1, 2, Mod(C;) > K and w(C;) < €.
An invariant suborbifold is called regular if there exists a K > 0, such that
(1.2) lim MM EE)
e—>0 82
All known examples of invariant suborbifolds are regular, and we believe this is
always the case. (After completion of work on this paper, it was proved by A. Avila,
C. Matheus Santos and J. C. Yoccoz that indeed all SL(2, R)-invariant measures are
regular, see [AvMaY1].) In the rest of the paper we consider only regular invariant sub-
orbifolds. (However, the condition (ii1) is used only in Section 9.)
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Remark. — In view of Conjecture 1, in this paper we consider only density mea-
sures; moreover, densities always correspond to volume forms on appropriate suborb-
ifolds. Depending on a context we use one of the three related structures mostly referring
to any of them just as a “measure”. Also, if M is a regular invariant suborbifold, we often
write ¢,,,,(M) instead of ¢,,,(v1), where the Siegel-Veech constant ¢, is defined in Sec-
tion 1.6. Throughout this paper we denote by dv, the invariant probability density measure
and by dv any finite invariant density measure on a regular invariant suborbifold M.

Remark. — We say that a subset M of a stratum of quadratic differentials is a regu-
lar invariant suborbifold if under the canonical double cover construction it corresponds
to a regular invariant suborbifold of a stratum of Abelian differentials. See Section 2 for
details.

1.6. Siegel—Veech constants. — Let S be a flat surface in some stratum of Abelian or
quadratic differentials. Together with every closed regular geodesic ¥ on S we have a
bunch of parallel closed regular geodesics filling a maximal cylinder ¢y/ having a conical
singularity at each of the two boundary components. By the width w of a cylinder we
call the flat length of each of the two boundary components, and by the %eight i of a
cylinder—the flat distance between the boundary components.

The number of maximal cylinders filled with regular closed geodesics of bounded
length w(¢yl) < L is finite. Thus, for any L. > 0 the following quantity is well-defined:

(1.3) Ny, L) 1= — > Area()
* area\M» — Area(S) realcy
olCS
w(epl) <L

The following theorem is a special case of a fundamental result of W. Veech, [Ve3]
considered by Y. Vorobets in [Vb]:

Theorem (W. Veech; Ya. Vorobets). — Let vy be an ergodic SL(2, R)-invariant probability
measure (correspondingly PSL(2, R)-invariant probability measure) on a stratum H,(my, . .., m,) of
Abelian differentials (correspondingly on a stratum Q:(d,, ..., d,) of meromorphic quadratic differen-
tials with at most simple poles) of area one. Then, the following ratio is constant (i.e. does not depend on
the value of a positive parameter 1):

(1'4> Na?‘ea(S1 L) dvl = Carea(vl)

712

This formula is called a Siegel—TVeech formula, and the corresponding constant ¢,,,(v;) is
called the Siegel—TVeech constant.
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Conjecture 3. — For any regular SL(2, R)-invariant suborbifold M, in any stratum of Abelian
differentials the corresponding Siegel—Veech constant 7T° + ¢,,a(M1) is @ rational number.

By Lemma 1.1 below an affirmative answer to this conjecture automatically im-
plies an affirmative answer to the analogous conjecture for invariant suborbifolds in the
strata of meromorphic quadratic differentials with at most simple poles.

Let v; be an ergodic PSL(2, R)-invariant probability measure on a stratum
Q,(d,, ...,d,) of meromorphic quadratic differentials with at most simple poles, which
are not the global squares of Abelian differentials. Passing to a canonical double cover p:
C — C, where p*q becomes a global square of an Abelian differential we get an induced
SL(2, R)-invariant probability measure v, on the resulting stratum H, (my, . .., m;). The
degrees m; of the corresponding Abelian differential & are given by formula (2.5) in Sec-
tion 2.2 below. We shall need the following relation between the Siegel-Veech constant
¢aea(V1) of the induced invariant probability measure ) in terms of the Siegel-Veech
constant ¢,,,(v;) of the initial invariant probability measure v;.

Lemma 1.1. — Let vy be an SL(2, R)-invariant probability measure on a stratum
Hi(my, ..., my) induced from a PSL(2, R)-invariant probability measure on a stratum Q,(d,
ooy dy) by the canonical double cover construction. The Siegel—Veech constants of the two measures are
related as follows:

Carea(ﬁl) = 26{17@(1(”1)

Progf: — Consider any flat surface S = (C, ¢) in the support of the measure v,. The
linear holonomy of the flat metric on S along any closed flat geodesic is trivial. Thus, the
waist curves of cylinders on S are lifted to closed flat geodesics on the canonical double
cover S of the same length as downstairs. Hence, the total area Area(g’y\l) swept by each
family of parallel closed geodesics on the double cover S doubles with respect to the
corresponding area downstairs. Since AreaS =2Area$ we get

Area(cj}\l) . Z Area(ceyl)

NS, 1) = = = N,u(S, L)
Z Area(S) = Area(S)
olCS L
w(c/j\l)<L w(eyl) <L

For a flat surface M denote by M, a proportionally rescaled flat surface of area
one. The definition of N,,,(M, L) immediately implies that for any L. > 0

Narea (M(I) ) L) = Narea (M, Area(M)L) .

Hence,
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Camz(vl) = —f area(s(l)a L) dvl = —/ mea Area(S)L) dvl
area S \/_L) dU = 55 / area S R dl)
= \/_L) ; / ( 1= (S5,R)dv,
= 2 C{zrea(vl)a
where we used the notation R := \/§L. OJ

2. Sum of Lyapunov exponents for SL(2, R)-invariant suborbifolds

2.1. Historical remarks. — There are no general methods of evaluation of Lyapunov
exponents unless the base is a homogeneous space or unless the vector bundle has real
1-dimensional equivariant subbundles. However, in some cases it is possible to evaluate
Lyapunov exponents approximately through computer simulation of the corresponding
dynamical system. Such experiments with Rauzy—Veech induction (a discrete model of the
Teichmiiller geodesic flow) performed by the authors in 1995-1996, indicated a surpris-
ing rationality of the sums A, + - - - + A, of Lyapunov exponents of the Hodge bundle with
respect to Teichmiiller flow on strata of Abelian and quadratic differentials, see [KZ1].
An explanation of this phenomenon was given by M. Kontsevich in [K] and then devel-
oped by G. Forni [Fol].

It took us almost fifteen years to collect and assemble all necessary ingredients to
obtain and justify an explicit formula for the sums A; + - - - + A,. In particular, to obtain
explicit numerical values of these sums, one needs estimates from the work of A. Eskin
and H. Masur on the asymptotic of the counting function of periodic orbits [EM] (de-
veloping Veech’s seminal paper [Ve3]); one needs to know the classification of connected
components of the strata (which was performed by M. Kontsevich and A. Zorich [KZ1]
and by E. Lanneau [La2]); one needs to compute volumes of these components (they
are computed in the papers of A. Eskin, A. Okounkov, and R. Pandharipande [EO],
[EOPa]); one also has to know a description of the principal boundary of the compo-
nents of the strata, and values of the corresponding Siegel-Veech constants (obtained by
A. Eskin, H. Masur and A. Zorich in [EMZ] and [MZ]).

Several important subjects related to the study of the Lyapunov spectrum remain
beyond the scope of our consideration. We address the reader to the original paper of
G. Forni [Fol], to the survey [Fo2] and to the recent papers [Fo3], [1r], [Aul], [Au2] for
the very important issues of determinant locus and of nonunsform hyperbolicity. We address the
reader to the paper [AvVi] of A. Avila and M. Viana for the proof of simplicity of the spectrum
of Lyapunov exponents for connected components of the strata of Abelian differentials.
For invariant suborbifolds of the strata of Abelian differentials in genus two (see [Bal],
[Ba2]) and for certain special Teichmiiller curves, the Lyapunov exponents are computed
individually, see [BwMo], [EKZ], [Fo2], [FoMaZ1], [Wrl], [Wr2].
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2.2. Sum of Lyapunov exponents. — Now we are ready to formulate the principal
results of our paper.

Theorem 1. — Let M be any closed connected regular SI.(2, R)-invariant suborbifold of
some stratum H,(my, ..., m,) of Abelian differentials, where my + - -+ +m, =2g — 2. The top g
Lyapunov exponents of the of the Hodge bundle Hy over M, along the Teichmiiller flow satisfy the
Jollowing relation:

I omilmi+2)  x

2.1 Mt A, =—- —+ — (M
(2.1) 1+ A ppa mi+1+3€/( 1)
where ¢ (M) s the Siegel—Veech constant corresponding to the regular suborbifold M . The leading
Lyapunov exponent X\ is equal to one.

We prove Theorem 1 and formula (2.1) in the very end of Section 3.

Remark. — Yor all known regular SL(2, R)-invariant suborbifolds, in particular,
for connected components of the strata and for preimages of Teichmiiller curves, the
sum of the Lyapunov exponents is rational. However, currently we do not have a proof
of rationality of the sum of the Lyapunov exponents for any regular SL(2, R)-invariant
suborbifold.

Let us proceed with a consideration of sums of Lyapunov exponents in the case
of meromorphic quadratic differentials with at most simple poles. Let S be a flat surface
of genus g in a stratum Q(d), ..., d,) of quadratic differentials, where d; + --- + d, =
4g — 4. Similarly to the case of Abelian differentials we have the Hodge bundle Hy over
Q(d,, ...,d,) with a fiber H'(S,R) over a “point” S. As before this vector bundle is
endowed with the Hodge norm and with the Gauss—Manin connection. We denote the
Lyapunov exponents corresponding to the action of the Teichmiiller geodesic flow on this
vector bundle by A > --- > k;.

Consider a canonical (possibly ramified) double cover p : S — S such that pq=
(@)%, where & is an Abelian differential on the Riemann surface S. This double cover
has ramification points at all zeroes of odd orders of ¢ and at all simple poles, and no
other ramification points. It would be convenient to introduce the following notation:

(2.2) s =8—8

By construction the double cover S is endowed with a natural involution o : S — S
interchanging the two sheets of the cover. We can decompose the vector space H'(S,R)
into a direct sum of subspaces Hi(é, R) and H! (S, R) which are correspondingly invari-
ant and anti-invariant with respect to the induced involution o* : H' (S, R) —> H! (S, R)
on cohomology. Note that topology of the ramified cover S — S is the same for all
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flat surfaces in the stratum Q(dy, ..., d,). Thus, we get two natural vector bundles over
Q(d,, ..., d,) which we denote by Hﬂr and by H! . By construction, these vector bundles
are equivariant with respect to the PSL(2, R)-action; they are endowed with the Hodge
norm and with the Gauss—Manin connection.

Clearly, the vector bundle H, is canonically isomorphic to the initial Hodge bundle

Hg: it corresponds to cohomology classes pulled back from S to S by the projection
p:S— S. Hence,

dimH' =dimH' (S, R) = 2g,

We denote the top g4 Lyapunov exponents corresponding to the action of the Teich-
miiller geodesic flow on the vector bundle H! by A > > A;ﬂ.

Theorem 2. — Consuider a stratum Q,(d,, .. ., d,) in the moduli space of quadratic differentials
with at most simple poles, where dy + - - -+ d, = 4g — 4. Let M| be any regular PS1.(2, R)-invariant
suborbifold of Q\(d,, ..., d,).

(@) The Lyapunov exponents A > - - > )»;r of the invariant subbundle H', of the Hodge bundle
over My along the Teichmiiller flow satisfy the following relation:

L @ +4

2.3 A+ A =— —
(2.3) IR 24Z@+2+3

J=1

* Carea (M 1 )

where ¢uee(My) is the Siegel—Veech constant corresponding to the suborbifold M. By convention the
sum in the lefl-hand side of Equation (2.3) s defined to be equal to zero for g = 0.
(b) The Lyapunov exponents X, > -+ > A~ of the anti-invariant subbundle H" of the Hodge

&
bundle over M\ along the Teichmiiller flow satisfy the following relation:

1 1
... )y — (AT ... N=-.
(2.4) (A oAy ) = (A 4 4y) 4 ]'s;zlhala}—i_Q
d; is odd

The leading Lyapunov exponent A{ s equal to one.
We prove part (a) of Theorem 2 and formula (2.3) in the very end of Section 3.

Proof of part (b) of Theorem 2. — Recall that we reserve the word “degree” for the
zeroes of Abelian differentials and the word “order” for the zeroes of quadratic differentials.

Let the covering flat surface S belong to the stratum H(my, ..., m;). The resulting
holomorphic form @ on S has zeroes of the following degrees:
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(2.5) A singularity of order ¢ of ¢ on S gives rise to

two zeroes of @ of degree m = d/2 when d is even

single zero of @ of degree m = d + 1 when d is odd

Thus, we get the following expression for the genus g of the double cover S:

1
(2.6) g=2—1+ §(N umber of singularities of odd order)

which follows from the relation below:

d—t= > Q4D+ Y. (2d)
J such that j such that
d; is odd d; is even

=2 Z d; 4+ 2 (Number of singularities of odd order)
=1

= 2(4g — 4) 4+ 2(Number of singularities of odd order)

Applying Theorem | and Equation (2.17) to the invariant suborbifold M c
H(my, ...,m;) induced from M we get
I -mlm+2)  x

Mt dy=—y — T e (N
SRR 12; e (M)

where g is the genus of S,and A, > --- > A; are the Lyapunov exponents of the Hodge
bundle Hl(g; R) over M.

Note that H'(S; R) decomposes into a direct sum of symplectically orthogonal
subspaces:

H'(S;R)=H.S;R) @9 H (S;R)
Hence,

i+ 2 = (7 g )+ (A7 +-+ 1))
Moreover, by Lemma 1.1 we have ca,m(/\%) = 2 ¢4ea(M), which implies the following
relation:

2.7) (A Ay )+ (A 4+ 2))

1 < mi(m 4+ 2) w?
=75 - 4 2_'areaM
PR ara I B
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A The degrees m; of zeroes of the Abelian differential @ defining the flat metric on
S are calculated in terms of the orders d; of zeroes and of simple poles of the quadratic
differential ¢ defining the flat metric on S by formula (2.5), which implies:

S A s~ @HDEED s @262+
=1 7 such that d] +2 7 such that d]/2 +1
d; is odd d; is even

Thus, we can rewrite relation (2.7) as follows:
(AT g )+ (4

)
d+ 1)(d +3) 1 dd+4)
N Z +_2 Z 51}—{—2 +2?'Cama(~/\/ll)

] such that 7 such that
d; is odd d; is even

Taking the difference between the above relation and relation (2.3) taken with
coeflicient 2 we obtain the desired relation (2.4). O

2.3. Genus zero and hyperelliptic loci. — Our results become even more explicit in a
particular case of genus zero, and in a closely related case of hyperelliptic loci.

Theorem 3. — Consider a stratum Q,(dy, . .., d,) in the moduli space of quadratic differentials
with at most simple poles on CP', where dy + - - - + d, = —4. Let M, be any regular PSL(2, R)-
invariant suborbifold of Q,(d,, ..., d,). Let gy be the genus of the canonical double cover S over a
Riemann surface S in Q,(dy, ..., d,).

(@) The Stegel—Veech constant ¢, (M) depends only on the ambient stratum and equals

di(d:+4)
m’ea(Ml) 8 22 d]—l—Q

(b) The Lyapunov exponents Ay > -+ - > )»(;ﬁ of the anti-invariant subbundle H' of the Hodge
bundle over M\ along the Teichmiiller flow satisfy the following relation:

1 1
(2.8) Aty =2 > s

j such that 7
d; is odd

Remark. — Relation (2.8) was conjectured in [KZ1].

Proof: — Apply Equations (2.3) and (2.4) and note that by convention the sum of
exponents (A + - + A7) in the left-hand side is defined to be equal to zero for ¢ = 0. [J
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The square of any holomorphic 1-form w on a hyperelliptic Riemann surface S is
a pullback (w)? = p*q of some meromorphic quadratic differential with simple poles ¢ on
CP' where the projection p: S — CP' is the quotient over the hyperelliptic involution.
The relation between the degrees m, ..., my; of zeroes of w and the orders @i, ..., d, of
singularities of ¢ is established by formula (2.5).

Note, that a pair of hyperelliptic Abelian differentials w;, wy in the same stra-
tum H(my, ..., m;) might correspond to meromorphic quadratic differentials in different
strata on CP' depending on which zeroes are interchanged and which zeroes are invari-
ant under the hyperelliptic involution. Note also, that hyperelliptic loci in the strata of
Abelian differentials are SL(2, R)-invariant, and that the orders 4, . .., d, of singularities
of the underlying quadratic differential do not change under the action of SL(2, R).

Corollary 1. — Suppose that M, is a regular SL(2, R)-invariant suborbifold in a hyperelliptic
locus of some stratum H,(my, . .., my;) of Abelian differentials in genus g. Denote by (dy, ..., d,) the
orders of singularities of the underlying quadratic differentials.

The top g Lyapunov exponents of the Hodge bundle H' over M, along the Teichmiiller flow
satisfy the following relation:

1

]
A A, =—. -
the A=y Z d+2

7 such that J
d; is odd
where, as usual, we associate the order d; = —1 to simple poles.
In particular, for any regular SL(2, R)-tnvariant suborbifold M in a hyperelliptic connected
component one has
g h
L+dg+- o+ A, = e Jor My SH (2 — 2)
g —
+1
Lbdat o ddy =" fr My SHP = 1.g— 1.
Proof: — The first statement is just an immediate reformulation of Theorem 3.
To prove the second part it is sufficient to note in addition, that hyperelliptic connected
components H"(2g — 2) and H"”(g — 1, g — 1) are obtained by the double cover con-
struction from the strata of meromorphic quadratic differentials Q(2g — 3, —1%*!) and

Q(2g — 2, —1%%2) correspondingly. O

Corollary 2. — For any regular SL(2, R)-invariant suborbifold M in the stratum H,(2) of
Abelian differentials in genus two the Siegel—Veech constant ¢qu(M) is equal to 10/(37?) and the
second Lyapunov exponent Lo 1s equal to 1/3.

For any regular SL(2, R)-invariant suborbifold M, in the stratum H, (1, 1) of Abelian differ-
entials in genus two the Siegel—Veech constant ¢,,(M,) is equal to 15/ (47w*) and the second Lyapunov
exponent Lo 1s equal to 1/2.
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Proof. — Any Riemann surface of genus two is hyperelliptic. The moduli space
of Abelian differentials in genus 2 has two strata H(2) and H(1, 1). Both strata are
connected and coincide with their hyperelliptic components. The value of the Siegel-
Veech constant is now given by Theorem 3 and Lemma 1.1 and the values of the sums
A1+ A9 =14 Ay are calculated in Corollary 1. O

Remark. — The values of the second Lyapunov exponent in genus 2 were con-
jectured by the authors in 1997 (see [KZI1]). This conjecture was recently proved
by M. Bainbridge in [Bal] and [Ba2] where he used the classification of ergodic
SL(2, R)-invariant measures in the moduli space of Abelian differentials in genus due
to C. McMullen [McM].

Remark. — Note that although the sum of the Lyapunov exponents is constant,
individual Lyapunov exponents A; (M) in (2.8) might vary from one invariant suborb-
ifold of a given stratum in genus zero to another, or, equivalently, from one invariant
suborbifold in a fixed hyperelliptic locus to another.

We formulate analogous statements for the hyperelliptic connected components in
the strata of meromorphic quadratic differentials with at most simple poles.

Corollary 3. — For any regular PSL(2, R)-invariant suborbifold M, in a hyperelliptic con-
nected component of any stratum of meromorphic quadratic differentials with at most simple poles, the sum
of nonnegative Lyapunov exponents A| + Ay + -+ + )‘g:[/ has the following value:

g+1 g+1
2 2(2¢ — 2k — 1)(2k+ 3)
Jor QY(2(g— k) — 3,2 — k) — 3,2+ 1,2k + 1)
wherek>—1, g>1, g—k>2,g5=g+1
2g+1+ 1
4 8g—k) —4
Jor QP (2(g— k) — 3,2(g — k) — 3, 4k + 2),
where k>0, g>1, g—k>1, gy=¢g

£
2

Jor Q' (4(g — k) — 6, 4k +2),
wherek >0, g>2, ¢—k>2, gg=g—1.

We shall need the following general Lemma in the proof of Corollary 3.
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Lemma 2.1. — Consider a meromorphic quadratic differential q with at most simple poles on a
Riemann surface C.. We assume that q is not a global square of an Abelian differential. Suppose that for
some finite (possibly ramified) cover

P:C—C

the induced quadratic differential P*q on C is a global square of an Abelian differential. Then the cover
P quotients through the canonical double cover p : G — C

LS

c
NS

@

constructed wn Section 2.2.

Proof: — Let us puncture C at all zeroes of odd orders and at all simple poles of ¢;
let us puncture C and C atall preimages of punctures on C. If necessary, puncture C at all
remaining ramification points. The covers P and p restricted to the resulting punctured
surfaces become nonramified.

A non ramified cover f : X — Z is defined by the image of the group f.m(X) C
m(Z). A cover f quotients through a cover g: Y — Z if and only if £, (X) is a subgroup
of g, (Y).

Consider the flat metric defined by the quadratic differential ¢ on C punctured
at the conical singularities. Note that by definition of the cover p : C — C, the sub-
group 7 (C) coincides with the kernel of the corresponding holonomy representation
T (C)—> Z/2Z.

The quadratic differential P*¢ induced on the covering surface S by a finite cover
P:C — C is a global square of an Abelian differential if and only if the holonomy of
the induced flat metric is trivial, or, equivalently, if and only if P*m(] is in the kernel of
the holonomy representation 7, (C) — Z/2Z. Thus, the Lemma is proved for punctured
surfaces.

It remains to note that the ramification points of the canonical double cover p :
C — Care exactly those, where ¢ has zeroes of odd degrees and simple poles. Thus, the
cover P: C — C necessarily has ramifications of even orders at all these points, which
completes the proof of the Lemma. O

Proof of Corollary 3. — Let S be a surface in a hyperelliptic connected compo-
nent Q" (my, ..., m); let S be the underlying flat surface in the corresponding stratum
Q(d,, ..., d,) of meromorphic quadratic differentials with at most simple poles on CP'.

Denote by S and by S the corresponding flat surfaces obtained by the canonical ramified
covering construction described in Section 2.2.
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By Lemma 2.1 the diagram

s

— U
L —— )

S

can be completed to a commutative diagram

(2.9) l l
s <L 8.

By construction f ntertwines the natural involutions on S and on S. Hence, we get an
induced linear mapj"k : Hl_(é) — HI_(S) Note that since S >~ CP', one has H" (S) =

H' (é). Note also that a holomorphic differential f *w in HI’O(S) induced from a nonzero
holomorphic differential w € I:I\I’O(S) by the double cover f is obviously nonzero. This
mmplies that f “H' (S)—>H (S isa monomorphism.

An elementary dimension count shows that for the three series of hyperelliptic
components listed in Corollary 3, the effective genera associated to the “orienting” dou-

ble covers S — S and to S — S coincide. Hence, for these three series of hyperelliptic
components the map f * 1s, actually, an isomorphism. This implies that the Lyapunov
spectrum A; > Ay > - > )‘g;z/ for Q" (my, ..., m;) coincides with the corresponding
spectrum for Q(d,, ..., d,).

The remaining part of the proof is completely analogous to the proof of Corol-
lary 1. The relation between the orders of singularities of QY (my, ..., m) and of the
underlying stratum Q,(d,, ..., d,) is described in [Lal]. UJ

Let us use Corollary 3 to study the Lyapunov exponents of the vector bundle H"
over invariant suborbifolds in the strata of holomorphic quadratic differentials in small
genera. We consider only those strata, Q(dy, ..., d,), for which the quadratic differentials
do not correspond to global squares of Abelian differentials.

Recall that any holomorphic quadratic differential in genus one is a global square
of an Abelian differential, so Q(0) = &. Recall also, that in genus two the strata Q(4)
and Q(3, 1) are empty, see [MSm]. The stratum Q(2, 2) in genus two has effective genus
one, so o] = 1 and there are no further positive Lyapunov exponents of H! .

Corollary 4. — For any regular PSL(2, R)-tnvariant suborbifold M, in the stratum
Q1(2, 1, 1) of holomorphic quadratic differentials in genus two the second Lyapunov exponent Ly s
equal to 1/3.
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For any regular PSL(2, R)-invariant suborbifold M in the stratum Q,(1, 1, 1, 1) of holo-
morphic quadratic differentials in genus two the sum of Lyapunov exponents Ay + Ag is equal to 2/3.

Progf- — Each stratum coincides with its hyperelliptic connected component, so we
are in the situation of Corollary 3. Namely,

Q(2,1,1)=Q"(2(2—0)—3,2(2—0) — 3,4-0+2)
QL 1,1, 1) =9Q"(22-0)—3,22-0)—3,2-04+1,2:0+1). O

In analogy with Corollary 1 we can study the sum of the top g, exponents A;” for
a general PSL(2, R)-invariant suborbifold in a hyperelliptic locus of a general stratum
of meromorphic quadratic differentials with at most simple poles. However, in the most
general situation we only get a lower bound for this sum.

Corollary 3. — Suppose that M, isa regular PSL(2, R)-invariant suborbifold in a hyper-
elliptic locus of some stratum of meromorphic quadratic differentials with at most simple poles. Denote
by ggﬁ-(/\;l) the effective genus of M, and by (d, ..., d,) the orders of singulanities of the under-
lying quadratic differentials in the associated PS1(2, R)-invariant suborbifold M, in the stratum
Q.(dy, ..., d,) i genus 0.

The top g(ﬂ(./\;l 1) Lyapunov exponents of the Hodge bundle H' over M, along the Teichmiiller

Slow satisfy the following relation:

~ ~ 1 1
.10 AL AT - > -
(2.10) (Mot g@ﬂ'(M)(Ml) 4 -Xh;ﬂ";‘-ﬁ-f
! i s odd
where, as usual, we associate the order d; = —1 to simple poles.

If
20,7 (M) — 2 = number of odd entries in (d,, . .., d,),

then the nonstrict mequality (2.10) becomes an equality.

Progf. — FYor a general ramified double cover S — S~ CP' from diagram (2.9)
the effective genera g,;(S) and g, (S) associated to the “orienting” double covers S — S

and S — S might be different, gdf(S) > g4 (S). Ho’v\vever, as we have seen in the proof of
Corollary 3, the induced map J} *:H (S) — H! (S) is still a monomorphism, and f* is
an isomorphism if and only if gﬂf(g) =g5(S).

This implies that when we have a regular PSL(2, R)-invariant suborbifold M in
some stratum Q,(dy, ..., d,) of meromorphic quadratic differentials with at most sim-
ple poles on CP', and an induced regular PSL(2, R)-invariant suborbifold M, in the
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associated hyperelliptic locus of the associated stratum Q;(my, ..., m;), the Hodge bun-
dle H' (./\;l) over M contains a PSL(2, R)-invariant subbundle f*H' (M) of dimension
22,7 (M) with symmetric spectrum of Lyapunov exponents along the Teichmiiller flow.
Here by / we denote the natural projection f : M — M. Thus, the sum of nonnega-
tive Lyapunov exponents of the bundle H" (M) is greater than or equal to the sum of
nonnegative Lyapunov exponents of the subbundle f*H' (M). Since f* is a monomor-
phism, the Lyapunov spectrum of f*H' (M) and of H! (M) coincide, and the latter
sum is equal to the sum of nonnegative Lyapunov exponents of H; (M), which is given

by (2.8):

)Ll(MI)+"'+)\'§d/(M)(M1):Z' Z d+2

jsuch that 7
d; is odd

When g_gﬁr(./\;ll) =g (M) we get H (/\;l) = f*H! (M) and a nonstrict inequal-
ity (2.10) becomes an equality. It remains to apply (2.5) to compute the effective genus
S (M)

285 (M) —2=2g,(Q(d,, ..., d)) —2

= number of odd entries in (i, ..., d,)

which completes the proof of Corollary 5. U

2.4. Positivity of several leading exponents.

Corollary 6. — For any regular SL(2, R)-invariant suborbifold in any stratum of Abelian
differentials in genus g > 7 the Lyapunov exponents Lo > --- > Ay are strictly positive, where k =
[+ 1.

For any regular SL(2, R)-invariant suborbifold in the principal stratum H, (1 ... 1) of Abelian
differentials in genus g > 5 the Lyapunov exponents Lo > --- > Ay are strictly positive, where k =

—1
S+

Currently we do not have much information on how sharp the above estimates
are. The paper [Ma] contains an explicit computation showing that certain infinite fam-
ily of arithmetic Teichmiiller curves related to cyclic covers studied in [MaY] has ap-
proximately g/3 positive Lyapunov exponents, where the genus g of the corresponding
square-tiled surfaces tends to infinity. Another family of SL(2, R)-invariant submanifolds
(also related to cyclic covers) seem to have approximately g/4 positive Lyapunov expo-
nents, where the genus g tends to infinity, see [AvMaY?2]. Finally, numerical experiments
of C. Matheus seem to indicate that for certain rather special square-tiled surfaces con-
structed in [MaYZm)] the contribution of the Siegel-Veech constant to the formula (2.1)
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for the sum of the Lyapunov exponents for the corresponding arithmetic Teichmiiller
curve might be very small compared to the combinatorial term.

Progf. — Consider the formula (2.1). Since ¢, > 0, and 1 =A; > Ao > A3 > -+

we get at least £+ 1 positive Lyapunov exponents Ay, ..., A; as soon as the expression
1 & mi(m; +2)

(2.11) — _
12 = m+1

is greater than or equal to &, where £ 1s a strictly positive integer. (Here the strict inequal-
ity A} > A9 1s the result of Forni [Fol].) It remains to evaluate the minimum of expres-
sion (2.11) over all partitions of 2g — 2 and notice that it is achieved on the “smallest”
partition (2¢g — 2) composed of a single element. For this partition the sum (2.11) equals

! ! (¢—Dg
—(2e—1—- = .
12 2¢—1 6g—3
This proves the first part of the statement.

The consideration for the principal stratum is completely analogous, except that
this time the above sum equals (g — 1) /4. UJ

Problem 1. — Are there any examples of regular SL(2, R)-invariant suborbifolds
M, in the strata of Abelian differentials in genera g > 2 different from the two arithmetic
Teichmiiller curves found by G. Forni in [Fo2] and by G. Forni and C. Matheus [FoMa],
[FoMaZ1] with a completely degenerate Lyapunov spectrum Ay =--- =4, =0?

By Corollary 6 such example might exist only in certain strata in genera from 3
to 6. After completion of work on this paper, it was proved by D. Aulicino [Au2] that
any such an example must be a Teichmiiller curve. By the result of M. Méller [Mo],
Teichmiiller curves with such a property might exist only in several strata in genus five.

Corollary 7. — For any regular PSL(2, R)-invariant suborbifold in any stratum of holomorphic
quadratic differentials in genus g > 7 the Lyapunov exponents Ay > --- > A} and the Lyapunov
exponents Ay > -+ > A, are strictly positive, where k = [l g,

6g+3
For any regular PSL(2, R)-tnvariant suborbifold in the principal stratum of holomorphic
quadratic differentials in genus g > 5 the Lyapunov exponents dy > -++ > A are strictly positive,

where k= [%] + 1.

For any regular PSL(2, R)-invariant suborbifold in the principal stratum of holomorphic
quadratic differentials in genus g = 2 the Lyapunov exponent Ay s strictly positive. For any regular
PSL(2, R)-wnvariant suborbyfold in the principal stratum of holomorphic quadratic differentials in genus

g > 3 the Lyapunov exponents Ly > --- > A, are strictly positive, where | = [“(fg_ D]+ 1.
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Proof. — This time we use formulae (2.3) and (2.4). Note that since the quadratic
differentials under consideration are holomorphic, we have d; > 1 for any j. Note also, that
it follows from the result of Forni [Fol] that A] > A; and that A] > A Finally, by ele-
mentary geometric reasons one has A = 1. For genus two we use Corollary 4. The rest
of the proof is completely analogous to the proof of Corollary 6. UJ

Problem 2. — Are there any examples of regular PSL(2, R)-invariant suborbifolds
M in the strata of meromorphic quadratic differentials in genera g, > 2 different from
the Teichmiiller curves of square-tiled cyclic covers listed in [FoMaZ1] having completely
degenerate Lyapunov spectrum Ay =--- =4, =0 for the bundle H! ?

Note that under the additional restriction that the corresponding quadratic differ-
entials are holomorphic Corollary 7 limits the genus of possible examples for Problem 2
to several possible values only.

When the work on this paper was completed, C. Matheus indicated to us that the
formula (2.4) implies a strong restriction on the strata of meromorphic quadratic differ-
entials which might a prior: contain invariant submanifolds with completely degenerate
A~ -spectrum. Namely, since the AT-exponents in (2.4) are nonnegative, the A~ -spectrum
may not be completely degenerate as soon as the ambient stratum Q(d,, ..., d,) satisfies

1

2 iye”

j such that 7
d; is odd

say, when quadratic differentials contain at least four poles, and the stratum is different

from Q(—1%).

Problem 3. — Are there any examples of regular PSL(2, R)-invariant suborbifolds
M in the strata of meromorphic quadratic differentials in genera g > 2 different from
the Teichmiiller curves of square-tiled cyclic covers listed in [FoMaZ1] having completely
degenerate Lyapunov spectrum A = -+ = A, =0 for the bundle H.?

Note that formula (2.3) implies that Problem 3 does not admit solutions for the
PSL(2, R)-invariant suborbifolds in the strata of holomorphic quadratic differentials.

After completion of the work on this paper J. Grivaux and P. Hubert found a
geometric reason for the vanishing of all A*-exponents in examples from [FoMaZ1] and
constructed further examples of the same type with completely degenerate A*-spectrum,
see [GriHt2]. We do not know whether their construction covers all possible situations
when the A*-spectrum is completely degenerate.

2.5. Siwegel—Veech constants: values for certain invariant suborbifolds. — We compute nu-
merical values of the Siegel-Veech constant for some specific regular SL(2, R)-invariant
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suborbifolds in Section 10. We consider the largest possible and the smallest possible
cases, namely, we consider connected components of the strata and Teichmiiller discs of
arithmetic Veech surfaces. In the current section we formulate the corresponding state-
ments; the proofs are presented in Section 10.

2.5.1. Anthmetic Teichmiiller discs. — Consider a connected square-tiled surface S in
some stratum of Abelian or quadratic differentials. For every square-tiled surface S; in its
SL(2, Z)-orbit (correspondingly PSL(2, Z)-orbit) consider the decomposition of S; into
maximal cylinders ¢y/; filled with closed regular horizontal geodesics. For each cylinder
ol let wy be the length of the corresponding closed horizontal geodesic and let %; be the
height of the cylinder ¢y/;. Let card(SL(2, Z) - S) (correspondingly card(PSL(2, Z) - 5))
be the cardinality of the orbit.

Theorem 4. — For any connected square-tiled surface S in a stratum H(my, . .., m,) of Abelian
differentials, the Siegel—Veech constant ¢,,.,(M ) of the S1(2, R)-orbit M of the normalized surface
Say € Hi(my, ..., my,) has the following value:

3 1 3 3 hy
)
(2 . 1 2) Carea (M 1) = : )
5 - .
T card(SL(Q, Z) S) S,eSL(2,Z)-S  horizontal Wi
cylinders tyly
such that
=Lyl

For a square-tiled surface S in a stratum of meromorphic quadratic differentials with at most simple poles
the analogous formula is obtained by replacing SL(2, Z) with PS1(2, Z).

Theorem 4 is proved in Section 10.

Corollary 8. — (a) Let My be an arithmetic “Teichmiiller disc defined by a square-tiled surface
So of genus g in some stratum H,(my, ..., m,) of Abelian differentials. The top g Lyapunov exponents
of the of the Hodge bundle H' over M, along the Teichmiiller flow satisfy the following relation:

2.13) Y
1 & omi(m +2) N 1 Z Z "
12 i=1 m; + 1 card(SL(2, Z) - Sy) SeSLe 2y Se o Wi
oylinders g*/j
such that
[=ugyl!-7v

(b) Let My be an arithmetic Teichmiiller disc defined by a square-tiled surface Sy of genus g in
some stratum Q,(d,, ..., d,) of meromorphic quadratic differentials with at most simple poles. The top
g Lyapunov exponents of the of the Hodge bundle H'. over M, along the Téichmiiller flow satisfy the
Jollowing relation:
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L —
i

7Y

FiG. 1. — Eierlegende Wollmilchsau
(2.14) At

1 Z di(d: + 4) 1 hy
= + DDED D
24 o dit2 card(PSL(2, Z) - So) SiePSL@.Z)So horizontal LY

olinders ¢yl;;

such that

S{:U[)/Z?-/-

Remark. — Combining Equation (2.14) from statement (b) of the Corollary above
with Equation (2.4) from Theorem 2.3 we immediately obtain a formula for the sum of
the Lyapunov exponents A| + -+ + Moy of the corresponding Teichmiiller disc.

To illustrate how the above statement works, let us consider a concrete example.
The square-tiled surface from Figure 1 is SL(2, Z)-invariant. It belongs to the principal
stratum H(1, 1, 1, 1) in genus g = 3.

Hence, the sum of the Lyapunov exponents for the corresponding Teichmiiller disc
equals

L [ 1(1+2)+1 1+1 1+1 |
U T &=+ i\ 4 -

1

This implies that Ay = A3 = 0. (This result was first proved by G. Forni in [Fo2], who used
symmetry arguments. See also Problem | and the discussion after it.)

2.5.2. Connected components of the strata. — Let us come back to generic flat surfaces
S in the strata. Consider a maximal cylinder ¢p/, in a flat surface S. Such a cylinder is filled
with parallel closed regular geodesics. Denote one of these geodesics by y;. Sometimes it
is possible to find a regular closed geodesic y» on S parallel to y,, having the same length
as yi, but living outside of the cylinder ¢y/,. It is proved in [EMZ] that for almost any
flat surface in any stratum of Abelian differentials this implies that 3, is homologous to
1. Consider a maximal cylinder ¢y/, containing y» filled with closed regular geodesics
parallel to y,. Now look for closed regular geodesics parallel to y; and to y, and having
the same length as ¥, and y» but located outside of the maximal cylinders ¢y/, and ¢y/,,
etc. The resulting maximal decomposition of the surface is encoded by a configuration C of
homologous closed regular geodesics (see [EMZ] for details).
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One can consider a counting problem for any individual configuration C. Denote
by N¢ (S, L) the number of collections of homologous saddle connections on S of length
at most L. forming the given configuration C. By the general results of A. Eskin and

H. Masur [EM] almost all flat surfaces in 'Himf) (my, ..., m,) share the same quadratic
asymptotics

. Ne@S, L)
(2.15) ngr;o 1 =¢c

where the Siegel—TVeech constant ¢c depends only on the chosen connected component of the
stratum.

T heorem (Vorobets). — For any connected component of any stratum of Abelian differentials the
Stegel—Veech constants c,,, and cc are related as follows:

1 <
(2.16) Carea = Y . E q- E cc.
Mg (ml et mn) - =1 Configurations C
containing exactly
q cylinders

The above Theorem is proved in [Vb]. As an immediate corollary of Theorem 1
and the above theorem we get the following statement:

Theorem 1. — For any connected component of any stratum H(my, ..., m,) of Abelian dif-
ferentials the sum of the top g Lyapunov exponents induced by the Teichmiiller flow on the Hodge vector
bundle Hy,_ satisfies the following relation:

(2.17) M-t A
1 & mi(mi+2) i G
12 =~ mi+1 3dimg H(my, ..., m,) —3 g
>«

Admissible
configurations C
containing exactly
q cylinders
where cc are the Siegel—Veech constant of the corresponding connected component of the stratum

HOmy, ..., m,).

The Siegel-Veech constants ¢¢ were computed in [EMZ]. Here we present an
outline of the corresponding formulae.

A “configuration” C can be viewed as a combinatorial way to represent a flat sur-
face as a collection of ¢ flat surfaces of smaller genera joined cyclically by narrow flat
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/The cycles are NOT homologous \ Q

FiG. 2. — Topological pictures for admissible (on the right) and non-admissible (on the lefi) configurations of cylinders

cylinders. Thus, the configuration represented schematically on the right picture in Fig-
ure 2 is admissible, while the configuration on the left picture is not.

Denote by H{(C) the subset of flat surfaces in the stratum H(my, ..., m,) having
a maximal collection of narrow cylinders of width at most & forming a configuration C.
Here “maximal” means that the narrow cylinders in the configuration C do not make
part of a larger configuration C'.

Contracting the waist curves of the cylinders completely and removing them
we get a collection of disjoint closed flat surfaces of genera gy, ..., g By construction
g+ +g=g— 1. Denote by H/(B) the ambient stratum (more precisely, its con-
nected component) for the resulting flat surfaces. Denote by " (8) the ambient stratum
(more precisely, its connected component) for the initial surface. According to [EMZ] the
Siegel-Veech constant ¢¢ can be expressed as

o Vol H{(C)
(2-18) c = lim c com,
e=0 8% Vol H, p(dh ey dy)
Hf:l Vol H, ('8/2)
Vol H™ (B)

= (explicit combinatorial factor) -

Thus, the Theorem above allows to compute the exact numerical values of ¢, for
all connected components of all strata (at least in small genera, where we know numerical
values of volumes of connected components of the strata). The resulting explicit numer-
ical values of the sums of Lyapunov exponents for all strata in low genera are presented
in Appendix A.

By the results of A. Eskin and A. Okounkov [EO], the volume of any connected
component of any stratum of Abelian differentials is a rational multiple of 7. Thus,
relations (2.17) and (2.18) imply rationality of the sum of Lyapunov exponents for any
connected component of any stratum of Abelian differentials.



234 ALEX ESKIN, MAXIM KONTSEVICH, ANTON ZORICH

3. Outline of proofs

To simplify the exposition of the proof, we have isolated its most technical frag-
ments. In the current section we present complete proofs of all statements of Section 2,
which are however, based on Theorems 5-9 stated below. These Theorems will be proved
separately in corresponding Sections 5-9.

In Section 10 we describe in more detail the Siegel-Veech constant ¢,,,; in partic-
ular we explicitly evaluate it for arithmetic Teichmiiller discs, thus, proving Theorem 4.

In Appendix A we present the exact values of the sums of the Lyapunov expo-
nents and conjectural approximate values of individual Lyapunov exponents for con-
nected components of the strata of Abelian differentials in small genera. In Appendix B
we present an alternative combinatorial approach to square-tiled surfaces and to the con-
struction of the corresponding arithmetic Teichmiiller curves. We apply it to discuss the
non-varying phenomenon of their Siegel-Veech constants in the strata of small genera.

3.1. Techmiiller discs. — We have seen in Section 1.2 that each “unit hyperboloid”
Hi(my,...,m,) and Q,(dy, ..., d,) is foliated by the orbits of the group SL(2, R) and
PSL(2, R) correspondingly. Recall that the quotient of these groups by the subgroups of
rotations 1s canonically isomorphic to the hyperbolic plane:

SL(2,R)/SO(2, R) ~ PSL(2, R)/ PSO(2, R) ~ HZ.

Thus, the projectivizations PH (my, ..., m,) and PQ(dy, ..., d,) are foliated by hyperbolic
discs H?. In other words, every SL(2, R)-orbit in H(m, ..., m,) descends to a commuta-
tive diagram

SL(2, R) — HOmy,...,m,)

! l

SL(2,R)/SO(2,R) ~H?> —— PH(m,,...,m,),

and similarly, every PSL(2, R)-orbit in the stratum of quadratic differentials descends to
a commutative diagram

PSL(2, R) —> Q(m,...,m,)

! l

PSL(2,R)/PSO(2,R) ~H? — PO(m, ..., m,).

The composition of each of the immersions

H’CcPH(m,...,m) and H>*CPOW,,...,d)
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with the projections to the moduli space of curves M, defines an immersion H* C M,.
The latter immersion is an isometry for the hyperbolic metric of curvature —1 on H* and
the Teichmiiller metric on M,. The images of hyperbolic planes in M, are also called
Teichmiiller discs. Following C. McMullen one can consider them as “complex geodesics” in
the Teichmiiller metric. The images of the diagonal subgroup in SL(2, R) are represented
by geodesic lines in the hyperbolic plane; their projections to the Teichmiiller discs in M,
might be viewed as geodesics in the Teichmiiller metric.

It would be convenient to consider throughout this paper the hyperbolic metric of
constant curvature —4 on H?. Under this choice of the curvature, the parameter ¢ of the
one-parameter subgroup represented by the matrices

d 0
Gt:(O e“)

corresponds to the natural parameter of geodesics on the hyperbolic plane H?. In the
standard coordinate { = x + 7y on the upper half-plane model of the hyperbolic plane
9> 0, the metric of constant curvature —4 has the form

d¢)? d + dy
4Im’c 4?2

8wy =

The Laplacian of this metric in coordinate ¢ = x + ¢ has the form

Azig=16Im*¢ 82— =4)’2 8_2+8_2
' 9¢a¢ dx? )2

In the Poincaré model of the hyperbolic plane, |w| < 1, the hyperbolic metric of
constant curvature —4 has the form

_ ldwf’
A= Ty

In the next section we will also use polar coordinates w = r¢” in the Poincaré model of
the hyperbolic plane. Here

3.1) r =tanht,

where ¢ 1s the distance from the point to the origin in the metric of curvature —4. The
coordinates ¢, @ will be called hyperbolic polar coordinates.

Example 3.1. — The moduli space M of curves of genus one is isomorphic to the
projectivized space of flat tori PH (0); it is represented by a single Teichmiiller disc
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neighborhood J—
of a cusp

!
= /°

F1G. 3. — Space of flat tori

32 \SL2.R) / _ HY
) SO(2,R) SL(2,7Z) SL(2,Z)
(see Figure 3).

Geometrically one can interpret the local coordinate ¢ on this Teichmiller disc
as follows. Consider a pair (C, w), where C is a Riemann surface of genus one, and
o 1s a holomorphic one-form on it. By convention C is endowed with a marked point.
Choose the shortest flat geodesic y; passing through the marked point and the next after
the shortest, y», also passing through the marked point. Under an appropriate choice of
orientation of the geodesics y; and y», they represent a pair of independent integer cycles
such that y; o y» = 1. Consider the corresponding periods of w,

A::/w B:=/w.
Y1 Y2

It is easy to see that the canonical coordinate ¢ on the modular surface (3.2) can be
represented in terms of the periods A and B as:

3.2. Lyapunov exponents and curvature of the determinant bundle. — The following obser-
vation of M. Kontsevich, see [K], might be considered as the starting point of the entire
construction. Consider a flat surface S in some stratum H;(m, ..., m,) of Abelian differ-
entials and consider a Teichmiiller disc passing through the projection of the “point” S
to the corresponding projectivized stratum PH(my, ..., m,). Recall that any Teichmiiller
disc is endowed with a canonical hyperbolic metric. Take a circle of a small radius ¢ in
the Teichmiiller disc centered at S. Consider a Lagrangian subspace of the fiber H'(S, R)
of the Hodge bundle over S and a basis vy, ..., v, in it. Apply a parallel transport of the
vectors vy, . .., U, to every point of the circle. The vectors do not change, but their Hodge
norm does. Evaluate an average of the logarithm of the Hodge norm [[v; A -+~ A v,]l4 s
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over the circle and subtract the Hodge norm [|v; A --- A v,||s at the initial point. The
starting observation in [K] claims that the result does not depend on the choice of the
basis vy, ..., v,, and not even on the Lagrangian subspace L but only on the initial point
S. For the sake of completeness, we present the arguments here.

We start with a convenient expression for the Hodge norm of a polyvector
Ui A -+ AV, spanning a Lagrangian subspace in H'(S, R). Note that the vector space
H'(S, R) is endowed with a canonical integer lattice H' (S, Z), which defines a canonical
linear volume element on H!(S, R): the volume of the fundamental domain of the inte-
ger lattice with respect to this volume element is equal to one. In other words, we have a
map

Q:A*¥H'(S,R) > R/+
given by
Q()\') = )"(Cla L) cQg)’

where A € A%¥H'(S,R), and {¢, ..., 090} 1s any Z-basis for H, (S, Z). This map naturally
extends to a linear map:

Q:A*¥H'(S,C) - C/+.

Let L=wv; A -+ A v, where vectors vy, ..., v, span a Lagrangian subspace in H'(S, R).
Let wy, ..., w, form a basis in H"Y(S). We define

QU A AV AOIT A A [QWI A - AV ADTA - Ay,)|

(3.3) L= - -
QoI A Ao Ay A=+ ANwy,)|

For vectors vy, ..., v, spanning a Lagrangian subspace, the norm defined above coincides
with the Hodge norm as in Section 1.3 and is thus non-degenerate (see [GriHtl] where
this important issue is clarified). Clearly, this definition does not depend on a choice of
the basis in H"*°(S). Note that

QAN Awg Ay A -+ A w,) = det{w;, w;),
where

(w,01) ... (0, ,)
3.4) (w;, wj) ==
(wg, 01) ... (o, w,)
is the matrix of pairwise Hermitian scalar products (1.1) of elements of the basis in

H(S).
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Proposition 3.1. — ([K]) For any flat surface S, any L. = vy A ---v,, where the vectors
Vi, ...V, span a Lagrangian subspace of H'(S,R), and for any basis {w;} of local holomorphic
sections of the Hodge vector bundle H" over the ambient stratum, the following identity holds:

1
Agiglog ||IL|| = 5 A i log|det{w;, )|
where A\ g, 15 the hyperbolic Laplacian along the Tewchmiiller disc.

Proof. — Applying the hyperbolic Laplacian to the expression (3.3) we get

1
A T 10g IL|| = §A72ei¢~h 10g ||L||2

1
= E(ATeiﬁhlog|Q(vl VANERIIVAN vg/\a)l AR Awg)

+ Aziglog|Qi A AV AD A AD,)|

— A log‘det(a)i, Cl)j) ‘)

Note that v, ..., v, do not change along the Teichmiiller disc, so the function £2(v; A
- AV, Aw A -+ Aw,) is a holomorphic function of the deformation parameter, and
QU A+~ AY, A A -+- A@,) is an antiholomorphic one. Hence both functions are
harmonic. The Lemma is proved. 0J

Denote

1
(3.5) A(S) := —ZAW log | det(w;, »;)],

where A4y 1s the hyperbolic Laplacian along the Teichmiiller disc in the metric of con-
stant negative curvature —4.

Remark. — Note that one fourth of the hyperbolic Laplacian in curvature —4, as in
definition (3.5), coincides with the plain hyperbolic Laplacian in curvature —1.

The function A(S) is initially defined on the projectivized strata PH(m,, ..., m,)
and PO(d, ..., d,). Sometimes it would be convenient to pull it back to the correspond-
ing strata H(my, ..., m,) and Q(d, ..., d,) by means of the natural projection. As we
already mentioned, A(S) does not depend on a choice of a basis of Abelian differentials.

One can recognize in A(S) the curvature of the determinant line bundle A¢H"°.
This relation is of crucial importance for us; it will be explored in Sections 3.3-3.4 and
in Section 3.7.
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Remark. — The function A(S) defined by Equation (3.5) coincides with the function
Q,(7, L) =A@+ + A(q

introduced in formula (5.9) in [Fol]; see also an alternative geometric definition
in [FoMaZ2]. In particular, it is proved in [Fol] that A(S) is everywhere nonnegative. (A
similar statement in terms of the curvature of the determinant line bundle is familiar to
algebraic geometers.)

The next argument follows G. Forni [Fol]; see also the survey of R. Kriko-
rian [Kn]. In the original paper of M. Kontsevich [K] an equivalent statement was for-
mulated for connected components of the strata; it was proved by G. Forni [Fol] that it
is valid for any regular invariant suborbifold.

Following G. Forni we start with a formula from harmonic analysis (literally corre-
sponding to Lemma 3.1 in [Fol]). Consider the Poincaré model of the hyperbolic plane
H? of constant curvature —4; let ¢, 6 be hyperbolic polar coordinates (3.1). Denote by D,
a disc of radius ¢ in the hyperbolic metric, and by |D,| denote its area.

Lemma. — For any smooth_function L. on the hyperbolic plane of constant curvature —4 one has
the following identity:

2w

1 1
(3.6) L(t, 9) do = —tanh(t)—/ A'[;Z‘mL dg/g)p
D,

2_7'[& 0 2 |Dt|

To prove the key Background Theorem below we need a couple of preparatory
statements.

Lemma (Forn). — For any flat surface S in any stratum in any genus the derivative of the Hodge
norm admuts the following uniform bound:

dlog |||
dt

<l

ceH'(S,R) such
that ||¢||=1

and the function A(S) defined in (3.5) satisfies:
(3.7) |A)| =g

Proof. — The statement of the Lemma is an immediate corollary of variational
formulas from Lemma 2.1" in [Fol]; basically, it is proved in Corollary 2.2 in [Fol] (in a
stronger form). U

As an immediate Corollary we obtain the following universal bound:
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Corollary. — For any flat surface S in any stratum in any genus, the logarithmic derivative of the
induced Hodge norm on the exterior power A%(H' (S, R)) admits the following uniform bound:

(3.8)

dlog||L
glILll <1,
LeA¢(H!(S,R)) dt
L0

Now everything is ready to prove the Proposition below, which is the starting point
of the current work.

Background ‘Theorem (M. Kontsevich; G. Forny). — Let My be any closed connected regular
SL(2, R)-mnvariant suborbifold of some stratum of Abelian differentials in genus g. The top g Lyapunov
exponents of the Hodge bundle H' over M, along the Teichmiiller flow satisfy the following relation:

3.9) )‘l+"'+)‘g:/ A(S)dvi(S).
M,

Let My be any closed connected regular PS1(2, R)-invariant suborbifold of some stratum of
meromorphic quadratic differentials with at most simple poles in genus g. The top g Lyapunov exponents
of the Hodge bundle H, over M, along the Teichmiiller flow satisfy the following relation:

(3.10) )»T+---+X;:f A(S) dvi(S).
M

Proof. — We prove the first part of the statement; the proof of the second part is
completely analogous.

Consider the bundle Gr,(M,) of Lagrangian Grassmannians grg(RQg) associated
to the Hodge vector bundle Hy over M. A fiber of this bundle over a “point” S € M,
can be naturally identified with the set of Lagrangian subspaces of H'(S, R).

Note also that the sum of the top £ Lyapunov exponents of a vector bundle is equal
to the top Lyapunov exponent of its £-th exterior power. Denote by dog the normalized
Haar measure in the fiber of the Lagrangian Grassmannian bundle over a point S € M.
By the Oseledets multiplicative ergodic theorem for (v, X o)-almost all pairs (S, L) where
S € M,,and L € Gr,(H'(S, R)) one has

1
it fim log L)
(Here we use the simple fact that for v;-almost every flat surface o-almost every La-

grangian subspace is Oseledets-generic.)
Using the identity

T
d
log ||L(gS)| = /O —log IL(gS)|| dt
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we average the right hand side of the above formula along the total space of the Grass-
mannian bundle obtaining the first equality below. Then we apply an extra averaging
over the circle, and, using the uniform bound (3.8) we interchange the limit with the inte-
gral over the circle. Thus, we establish a further equality with the expression in the second
line below. We apply Green formula (3.6) to the inner expression in the second line thus
establishing an equality with the expression in the third line. Then we apply Proposi-
tion 3.1 to pass to the expression in line four below. We pass to the expression in line

five applying definition (3.5). (Note that the fraction 22

2ID/]
% in line five; the factor 2 from the denominator of the first fraction is incorporated

in A(S).) Finally, to pass to the left-hand side expression in the bottom line, we use the

in line four gets transformed to

uniform bound (3.7) to change the order of integration. The very last equality is an ele-
mentary property of tanh(#). As a result we obtain the following sequence of equalities:

Mt Ay

T d
lim — / log IL(gS)| dtdv, dos

/ My T T

2
lim — f / —log |L(g7S)||d6 dt dv; doss

= / fanh® | L(g76S) dgyy di dvy do
Ml)T—>+ooT 2|Dx| b, Teich 10 7o hyp 1403
/ f tanh@ [ L\ | det(w;, ;)| dayp did
. vich 10, clw;, w; J v
STy T2 Sy, T2 TR 18 EEH
/ lim - f anh@® [\ S do, did
= 1im V
e Ty o, Sy V1
1 T
- / A(S) dv, ( lim — f tanh(?) dt) — f A(S) dvi(S)
M, T—>+ooT 0 M,
The Proposition is proved. O

This result was developed by G. Forni in [Fol]. In particular, he defined a collec-
tion of very interesting submanifolds, called determinant locus. The way in which the initial
invariant suborbifold M intersects with the determinant locus is responsible for degen-
eration of the spectrum of Lyapunov exponents, see [Fol], [Fo2], [FoMaZl1], [FoMaZ2].
However, these beautiful geometric results of G. Forni are beyond the scope of this paper,
as well as further results of G. Forni [Fol], and of A. Avila and M. Viana [AvVi] on sim-
plicity of the spectrum of Lyapunov exponents for connected components of the strata of
Abelian differentials.
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3.3. Sum of Lyapunov exponents for a Teichmiiller curve. — Yor the sake of completeness
we consider an application of formula (3.9) to Teichmiiller curves.

Let C be a smooth possibly non-compact complex algebraic curve. We recall that a
variation of real polarized Hodge structures of weight 1 on C is given by a real symplectic
vector bundle Eg with a flat connection V preserving the symplectic form, such that every
fiber of £ carries a Hermitian structure compatible with the symplectic form, and such
that the corresponding complex Lagrangian subbundle £'° of the complexification £¢ =
Er ® C is holomorphic. The variation is called tame if all eigenvalues of the monodromy
around cusps lie on the unit circle, and the subbundle £'* is meromorphic at cusps. For
example, the Hodge bundle of any algebraic family of smooth compact curves over C (or
an orthogonal direct summand of it) is a tame variation.

Similarly, a variation of complex polarized Hodge structures of weight 1 is given by
a complex vector bundle E¢ of rank p + ¢ (where p, ¢ are nonnegative integers) endowed
with a flat connection V, by a covariantly constant pseudo-Hermitian form of signature
(p, q), and by a holomorphic subbundle £ of rank p, such that the restriction of the
form to it is strictly positive. The condition of tameness is completely parallel to the real
case.

Any real variation of rank 2r gives a complex one of signature (7, 7) by the com-
plexification. Conversely, one can associate with any complex variation (£¢, V, E"?) of
signature (p, ¢) a real variation of rank 2(p + ¢), whose underlying local system of real
symplectic vector spaces is obtained from Eg by forgetting the complex structure.

Let us assume that the variation of complex polarized Hodge structures of weight
1 has a unipotent monodromy around cusps. Then the bundle £'"* admits a canonical
extension €10 to the natural compactification C. It can be described as follows: consider
first an extension ¢ of E to C as a holomorphic vector bundle in such a way that the
connection V will have only first order poles at cusps, and the residue operator at any cusp
is nilpotent (it is called the Deligne extension). Then the holomorphic subbundle £? C &
extends uniquely as a subbundle EL0 ¢ 5_0 to the cusps.

Let (€r, V,E'Y) be a tame variation of polarized real Hodge structures of rank
27 on a curve C with negative Euler characteristic. For example, C could be an unram-
ified cover of a general arithmetic Teichmiiller curve, and £ could be a subbundle of
the Hodge bundle which is simultaneously invariant under the Hodge star operator and
under the monodromy.

Using the canonical complete hyperbolic metric on C one can define the geodesic
flow on C and the corresponding Lyapunov exponents A, > --- > Ay, for the flat bundle
(Er, V), satisfying the usual symmetry property Ao, 1, = —X;, t=1,...,7.

The holomorphic vector bundle £'? carries a Hermitian form, hence its top exte-
rior power A'(E'"?) is a holomorphic line bundle also endowed with a Hermitian metric.
Let us denote by © the curvature (1, 1)-form on C corresponding to this metric. Then
we have the following general result:
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Theorem. — Under the above assumptions, the sum of the top r Lyapunov exponents of V with
respect to the geodesic flow satisfies

)@
2Ge — 2+ ¢

where we denote by Ge—the genus of C, and by sc—the number of hyperbolic cusps on C.

(3.11) Mt A =

Note that the genus G¢ of the Teichmiiller curve C has no relation to the genus g
of the flat surface S.

Formula (3.11) was first formulated by M. Kontsevich (in a slightly different form)
in [K] and then proved rigorously by G. Forni [Fol].

Progf. — We prove the above formula for £ := Hy; the proof in general situation
is completely analogous.
By formula (3.9) one has

1
A1+---+Ag=/ A(S)dvl(S):M/CA(S)@W(S)’

M,

where Area(C) = %(QGC — 2+ s¢) is the area of C in the hyperbolic metric of curvature
—4.

Let ¢ be the natural complex coordinate in the hyperbolic plane; let 0 = 9/9¢.
The latter integral can be expressed as

1
/ A(S) dgiy(8) == / A gz log|det(wi, @;) | gy (S)
C C
1 : )
- ——/ 497 log|det(ws, ;)| = dt A dF
4 ), 9

_ %/ — 207 log|det{w;. w))|” d¢ A d
C

- 1/ O(AH)
2Je

where ® (A¢H") is the curvature form of the determinant line bundle. Dividing the latter
expression by the expression for the Area(C) found above we complete the proof. U

Note that a similar result holds also for complex tame variations of polarized Hodge
structures. Namely, for a variation of signature (p, ¢) one has p + ¢ Lyapunov exponents

A== g,

Let 7 :=min(p, ¢). Then, it is easy to verify that we again have the symmetry Ay, =
—A, t=1,...,p+ ¢, and that when p # ¢ we have an additional relation A,;; =--- =
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Aptg—r = 0 (see [FoMaZ3]). The collection (with multiplicities) {Ay, ..., A,} will be called
the non-negative part of the Lyapunov spectrum. We claim that the sum of non-negative
exponents A; + - - - + A, is again given by the formula (3.11).

The proof follows from the simple observation that one can pass from a complex
variation to a real one by taking the underlying real local system. Both the sum of non-
negative exponents and the integral of the curvature form are multiplied by two under
this procedure.

The denominator in the above formula is equal to minus the Euler characteristic
of C, i.e. to the area of C up to a universal factor 2. The numerator also admits an
algebro-geometric interpretation for variations of real Hodge structures arising as direct
summands of Hodge bundles for algebraic families of curves. Note that the form 2%{@
represents the first Chern class of £''0. Let us assume that the monodromy of (£, V)
around any cusp is unipotent (this can be achieved by passing to a finite unramified cover
of C). Then one has the following identity (see e.g. Proposition 3.4 in [Pe]):

L f ® = 2deg Eno,

T Je
In general, without the assumption on unipotency, we obtain that the integral above is
a rational number, which can be interpreted as an orbifold degree in the following way.
Namely, consider an unramified Galois cover C' — C such that the pullback of (&, V)
has a unipotent monodromy. Then the compactified curve C is a quotient of C’ by a
finite group action, and hence is endowed with a natural orbifold structure. Moreover,
the holomorphic Hodge bundle on C’ will descend to an orbifold bundle on C. Then the
integral of 2%@ over C is equal to the orbifold degree of this bundle.

The choice of the orbifold structure on C is in a sense arbitrary, as we can choose
the cover C’ — C in different ways. The resulting orbifold degree does not depend on this
choice. The corresponding algebro-geometric formula for the denominator given as an
orbifold degree, is due to I. Bouw and M. Moller in [BwMao].

In the next sections we compute the integral in the right-hand side of (3.9), that
1s, we compute the average curvature of the determinant bundle. Our principal tool is
the analytic Riemann—Roch Theorem (Theorem 5 below) combined with the study of
the determinant of the Laplacian of a flat metric near the boundary of the moduli space.
The next Section 3.4 is used to motivate Theorem 5; readers with a purely analytic
background may wish to proceed directly to Section 3.5.

3.4. Riemann—Roch—Hirzebruch—Grothendieck Theorem. — Let m : C — B be a com-
plex analytic family of smooth projective algebraic curves, endowed with 7 holomorphic
sections sy, . .., 5,, and multiplicities m; > 0. We assume that for any x € B points s;(x), ¢t =
1,...,n, in the fiber C, := 7 ~!(x) are pairwise distinct. Denote by D;, i =1, ..., n the
irreducible divisor in C given by the image of s;. Moreover, we assume that a complex
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line bundle £ on B is given, together with a holomorphic identification

Té/B > L& OC (Z miDi).

In plain terms it means that any nonzero vector / in the fiber £, of £ at x € B gives a
holomorphic one form «; on C, with zeroes of multiplicities m; at points s;(x).

Let us apply the standard Riemann—Roch—Hirzebruch—Grothendieck theorem to
the trivial line bundle &€ := O¢:

ch(R.(€)) = 7. (ch(E)td(Tcyp)) € H*(B; Q)

and look at the term in H*(B; Q). The left-hand side is equal to
a(H),

where H is the holomorphic vector bundle on B with the fiber at x € B given by
H,:=T(C,, Q)

(that is the Hodge bundle H'.) The reason is that the class of R, (O¢) in the K-group
of B is represented by the difference

[RO7.(00)] - [R'm.(00)] = [O4] - [H']

Let us compute the right-hand side in the Riemann—Roch—Hirzebruch—Grothendieck
formula. The Chern character of £ := O is

d(€)=1e H"(C; Q).
Therefore, the term in
H*(B; Q)
is the direct image of the term in H*(C; Q) of the Todd class T¢ /B, that is

1
Eﬂ*(ﬂ (Tem)?)-

By our assumption, we have
e(Teyp) = — (n*q L)+ mz-[Dz-])

First of all, we have

7.(7 (0 (D)) = (1) - (L) =0
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because 7, (1) = 0. Also, divisors D; and D; are disjoint for : # ;. Hence,
7 (e (Tem)?) =2 m, (e (L) - [D]) + Y mim(IDi]- [D;]).

Obviously,
(7 (L) - [Di]) = 1 (L) - 7. ([Dy]) = 1 (£) € H(B; Q)

because m.([D;]) = 1.
Also,

7, (IDi] - [Di]) = 57 (1 (Np),

where Np, is the normal line bundle to the D;. If we identify D; with the base B by map
s;, one can see easily that

st (e/(Np)) = — (L) € H (B; Q)

m; —|— 1
The conclusion 1s that

a(H) = const - ¢; (L)

where the constant is given by

1 m;z 1 mi(mi+2)
[ = — ;i — = — B —1
D! Z<2m mz-—i-l) 12Z —

i

The line bundle £ is endowed with a natural Hermitian norm, for any / € L,,
x € B we define

. 2
Ik -=/ |ot/|
C.

where o, € I'(C,, Qéh) is the holomorphic one form corresponding to /.

Hence, we have a canonical 2-form representing ¢;(£). Similarly, the vector bundle
‘H carries its own natural Hermitian metric coming form Hodge structure. It gives an-
other canonical 2-form representing ¢;(#). The analytic Riemann—Roch theorem pro-
vides an explicit formula for a function, whose 89 derivative gives the correction. To
formulate the analytic Riemann—Roch theorem we need to introduce the determinant of
Laplace operator.
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3.5. Determinant of Laplace operator on a Riemann surface. — A good reference for this
subsection 1s the book [So].

To define a determinant det A, of the Laplace operator on a Riemann surface C
endowed with a smooth Riemannian metric g one defines the following spectral zeta func-

(=) 60"
0

where the sum is taken over nonzero eigenvalues of A,. This sum converges for Re(s) > 1.
The function ¢ (s) might be analytically continued to s = 0 and then one defines

tion:

logdet A, :== —¢'(0)

The analytic continuation can be obtained from the following formula expressing
£ (s) in terms of the trace of the heat kernel,

’(s) = L /OO £! Tr(exp(tA,,)) dt,
I'(s) Jo ;

and the well known short-time asymptotics of the trace of the heat kernel.

Let g, and gy be two nonsingular metrics in the same conformal class on a closed
nonsingular Riemann surface C. Let the smooth function 2¢ be the logarithm of the
conformal factor relating the metrics g, and gy:

& =exp(29) - g1.

The theorem below, see [Pol], [Po2], relates the determinants of the two Laplace opera-
tors:

Theorem (Polyakov Formula).
(3.12) logdet A,, —logdet A,

1
= 12—71(/C¢Ag1¢dg1—2/c¢Kgl dgl)

+ (logAreagQ (C) — log Area,, (C))

3.6. Determinant of Laplacian in the flat metric. — Consider a flat surface S of area one
in some stratum of Abelian or quadratic differentials. In a neighborhood of any nonsin-
gular point of S we can choose a flat coordinate z such that the corresponding quadratic
differential ¢ (which is equal to @* when we work with an Abelian differential w) has the
form

g=(dz)".
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A conical singularity P of order d of S has the cone angle (¢ 4 2)m. One can choose
a local coordinate w in a neighborhood of P such that the quadratic differential ¢ has the
form

(3.13) g = w(dw)’

in this coordinate. The corresponding flat metric gy, has the form |dz|? in a neighborhood
of a nonsingular point and

(3.14) (W, W) = |w|’|dw|®

in a neighborhood of a conical singularity.

Let ¢ > 0, and suppose that g, is such, that the flat distance between any two
conical singularities is at least 2. We define a smoothed flat metric gy, . as follows. It
coincides with the flat metric |¢| outside of the e-neighborhood of conical singularities.
In an e-neighborhood of a conical singularity it is represented as gge = Ppar,s (W) [d w|?
where the local coordinate w is defined in (3.13). We choose a smooth function g, . (7)
so that it satisfies the following conditions:

d r=> &

<3‘15> p/lal,s(r) = ’ N

9
constyye 0=<r=<¢g

and on the interval ¢’ <7 < ¢ the function pg,(r) is monotone and has monotone
derivative.

It is convenient for us to obtain the function pg, . (r) in the definition of g, . from
a continuous function which is constant on the interval [0, €] and coincides with 7 for
r > ¢e. This continuous function is not smooth for » = €, so we smooth out this “cor-
ner” in an arbitrary small interval J¢’, e[ by an appropriate convex or concave function
depending on the sign of the integer d, see Figure 4.

Denote by S a flat surface of area one defined by an Abelian differential or by a
meromorphic quadratic differential with at most simple poles. Denote by S, some fixed
flat surface in the same stratum.

4

J

5 €t

FiG. 4. — Function pg,,.(r) corresponding to a zero of a meromorphic quadratic differential on the left and to a simple
pole—on the right
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Defination 2. — We define the relative determinant of a Laplace operator as

. det Aﬂat E(S)
(3.16) det Agy(S, Sg) 1= lim —— 22
e=0 det Aga,e (So)

where Agy o 15 the Laplace operator of the metric ggy. e -

Note that numerator and denominator in the above formula diverge as ¢ — 0.
However, we claim that for sufficiently small ¢ the ratio, in fact, does not depend neither
on ¢ nor the exact form of the function pg, .. Indeed, suppose &, < &,. Then by the
Polyakov formula,

o det A e, (S) log det Ay e, (S)
det Aﬁa[@ (So) det Aﬁaz,s] (So)

o det Apue, (S) log det Agur,e, (So)
det Aare, (S) det Agur,e, (So)

1
= 12—7[ (‘/; ¢S Aﬂtlt,a1¢s dgﬂat,gl - 2£¢5 Kﬂdl‘asl dgﬂat,al)
,(C) —logArea,,, (C))

+ (log Areagﬂmws
1

1o < ¢So Aﬂat,€| ¢So dgﬂat,el - 2 / ¢So Kﬂat,£| dgﬂat,m)
127 So So
— (logAreagﬂa,_E2 (Co) — log Area, (Co)).

Note that the metrics gg ., and gg ., on C differ only on &y,-neighborhoods of conical
points. Similarly, the metrics gz, and gz, on Cy differ only on &;-neighborhoods of
conical points; in particular the conformal factors are supported on this neighborhoods.
Since these neighborhoods are isometric by our construction the above difference is equal
to zero.

Thus, det Ay, (S, Sp) is well-defined on the entire stratum.

Remark 3.1. — It is clear from the definition that logdet Az, (S, So) depends on the
choice of Sy only via an additive constant.

Remark. — One can apply various approaches to regularize the determinant of the
Laplacian of a flat metric with conical singularities, see, for example, the approach of
A. Kokotov and D. Korotkin, who use Friedrichs extension in [KkKt3], or the approach
of A. Kokotov [Kk2], who works with more general metrics with conical singularities.
All these various approaches lead to essentially equivalent definitions, and to the same
definition for the “relative determinant” det Ay, (S, So).
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3.7. Analytic Riemann—Roch theorem. — The Analytic Riemann—Roch Theorem was
developed by numerous authors in different contexts. To give a very partial credit we
would like to cite the papers of A. Belavin and V. Knizhnik [BeKzh], of J.-M. Bismut
and J.-B. Bost [BiBo] of J.-M. Bismut, H. Gillet and C. Soulé¢ [BiGiSol], [BiGiSo2],
[BiG1So03], of D. Quillen [Q], of L. Takhtadzhyan and P. Zograf [TaZg], and references
in these papers.

The results obtained in the recent paper of A. Kokotov and D. Korotkin [KkKt3]
are especially close to Theorem 5 (see Section 5.2 below).

Theorem 5. — For any flat surface S in any stratum H,(my, ..., m,) of Abelian differentials
the following formula holds:

1 - mj(mj + 2)
(3.17) A gz log|det(w;, ;)| = Aziglogdet Agu(S, Sp) — 5]»:21 S i
where my + - -+ 4+ m, = 2g — 2. Here Ay, s taken with respect to the canonical hyperbolic metric
of curvature —4 on the Teichmiiller disc passing through S. (Note that the right-hand-side of (3.17) s
independent of the choice of Sy in view of Remark 3.1.)

For any flat surface S in any stratum Q,(dy, . . ., d,) of meromorphic quadratic differentials with
at most simple poles the following formula holds:

l <Ndi(d+4
(3.18) A i 10g|d€t(wi’ wj>| = Agiglogdet Ap(S, So) — 6 Z %
i

J=1

9

where d) + - - -+ d, = 4g — 4.

Theorem 5 is proved in Section 5.
Consider two basic examples illustrating Theorem 5.

Example 3.2 (Flat torus). — Consider the canonical coordinate { = x 4 7 in the
fundamental domain, Im¢ > 0, || > 1, —1/2 <Re¢ < 1/2, of the upper half-plane
parametrizing the space of flat tori. This coordinate was introduced in Example 3.1 in
the end of Section 3.1.

There are no conical singularities on a flat torus, so the definition of the determi-
nant of Laplacian does not require a regularization. For a torus of unit area, one has:

det Ay = +Im(O)|n(0)]",

where 1 1s the Dedekind n-function, see, for example, [RyS1, §4], [OsPhSk], page 205, or
formula (1.3) in [McITa]. Since 5 is holomorphic,

92
Aziglogdet Agy = Agilog | Im | = Agglogy = 4))2% logy = —4.
2
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On the other hand, as a holomorphic section w(¢) we can choose the Abelian
differential with periods 1 and ¢. Then det{w;, ;)| = |w]|? = Area = Im ¢ = y. Thus,
the equality (3.17) holds. In addition, we get

1 1
A(S) = —EAWZ log det{w;, w;) = _ZAﬁi[/l logy=1.

Thus, since v; is a probability measure, we get
3.19) / A(S)dvi(S) =1.
M,

In the torus case there is only one Lyapunov exponent, namely A;, and we know from
general arguments that A; = 1. Therefore, (3.19) verifies explicitly the key formula (3.9).

Example 3.3 (Flat sphere with four cone points). — According to a result A. Kokotov
and D. Korotkin [KkK{t2], the determinant of the Laplacian for the flat metric defined
by a quadratic differential with four simple poles and no other singularities on CP' one
has the form

| Im(AB)| - [n(B/A)I”
IA] ’

det A" = const -

where A and B are the periods of the covering torus (see the last pages of [KkKt2]).
Here, the determinant det A" of Laplacian corresponding to the flat metric |¢| defined
in [KkKt2] differs from det A7(S, Sy) only by a multiplicative constant. Note that

_ AAB _
Im(AB) = Im<T> = |A* Im(B/A) = —|A|* Im(B/A)
Thus,

det AY = const - |A] - | Im(B/A)| - [n(B/A)|".

One should not be misguided by the fact that under the normalization A := 1 one gets
Aziu|Al = 0 along a holomorphic deformation. Recall that in our setting we have to
normalize the area of the flat sphere to one! Doing so for the double-covering torus with
A=1land B=¢ =x+ 1y werescale Ato A=1/,/yand B ~ _/y, which implies that for
the sphere of unit area we get

(3.20) det A" = const - y~'/% . y - ‘n(B/A)‘Q,

SO

|
Az log det Al = §logy.
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Comparing to the integral above, we get

1 1
——A Teich log det A Il = —
/ M 4 2
On the other hand, for four simple poles one has

1 <L (=D (=144 1
T

1

J=
and integrating (3.18) we get zeros on both sides, as expected.

3.8. Hyperbolic metric with cusps. — A conformal class of a flat metric |¢| contains
a canonical hyperbolic metric of any given constant curvature with cusps exactly at the
singularities of the flat metric. (In the case, when ¢ = @?, where w € H(0) is a holomor-
phic Abelian differential on a torus, we mark a point on the torus.) In an appropriate
holomorphic coordinate ¢ in a neighborhood of a conical singularity P of such canonical
hyperbolic metric g, of curvature —1 has the form

|dg|?
¢ 17 log” I¢]
Similarly to the smoothed flat metric we define a smoothed hyperbolic metric g 5.
It coincides with the hyperbolic metric g, outside of a neighborhood of singularities. In a
small neighborhood of a singularity it is represented as g5 = Ppy,s (1S ]) 1d¢|* where the

local coordinate ¢ is as in (3.21). We choose a smooth function p,, s(s) so that it satisfies
the following conditions:

(3.21) (6, 8) =

21002
3.22) ps =17 108 =0
Constyyy s 0<s<¥§,
and on the interval §" < 5 < § the function 0y, 5 (s) is monotone and has monotone deriva-
tive. We can assume that §’ is extremely close to § and that consty,, 5 is extremely close to
87 2log™*(8), see Figure 4.
Suppose that S and Sy are two surfaces in the same stratum.

Defination 3 (forgenson—Lundelius). — Define relative determinant of a Laplace operator in the
hyperbolic metric as

det A S
(3, S) = S 2us®)

d tAo y ’ T ,
et Ry, det Ay 5(So)

where Ny, 5(S) and Ay, 5(So) are Laplace operators of the metric g,y s on S and Sy correspondingly.

As in Section 3.6, we can see that det A
on the exact choice of the function py,, 5(s).

gw(S’ So) does not depend either on § or
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Strategy. — Now we can formulate our strategy for the rest of the proof. By formula (3.9),
to compute the sum of the Lyapunov exponents we need to evaluate the integral of
A giglog | det(w;, ;)| over the corresponding SL(2, R)-invariant suborbifold. Using the
analytic Riemann—Roch Theorem this is equivalent to evaluation of the integral of
A giglogdet Agy (S, Sp), see Equations (3.17) and (3.18). Using Polyakov formula we com-
pare logdet Az, (S, Sp) with logdet Agw(S, Sp) and show that when the underlying Rie-
mann surface S is close to the boundary of the moduli space, there is no much difference
between them.

The determinant of Laplacian in the /Ayperbolic metric was thoroughly stud-
ied, see, for example, papers of B. Osgood, R. Phillips, and P. Sarnak [OsPhSk], of
S. Wolpert [Wol], of J. Jorgenson and R. Lundelius [JoLu]|, [Lu]. In particular, there
any (S5 So) due to S. Wolpert [Wol] and
to R. Lundelius [Lu]. Using these formulas and performing an appropriate cutoff near
the boundary, we evaluate the integral of Ay logdet Ay, (S, So).

is a very explicit asymptotic formula for logdet A

3.9. Relating flat and hyperbolic Laplacians by means of the Polyakov formula. — Consider
a function f on a flat surface S and a function f; on a fixed flat surface S, in the same
stratum as S. Assume that the functions are nonsingular outside of conical singularities
of the flat metrics. By convention the surfaces belong to the same stratum. We assume
that the conical singularities are named, so there is a canonical bijection between conical
singularities of S and Sy. By construction, small neighborhoods of corresponding conical
singularities are isometric in the corresponding hyperbolic metrics with cusps defined
by (3.21). The isometry is unique up to a rotation.

Suppose that we can represent / and f; in a neighborhood O(R) of each cusp as

S, 0) =g(r) + h(r,0)
Jo(r,0) =g(r) + ho(r, 0)

where g(7) is rotationally symmetric and / and £ are already integrable with respect to
the hyperbolic metric of the cusp. We define

3.23) < / dgyy — / ﬁ)dgh,p>
S So
= / S gy — / Jodgiy + Z/ (f = Jo) dgwy
S—UO;(R) S)—UO;(R) —Jom

Clearly, this definition does not depend on the cutoff parameter R.
Recall that gz, and g, belong to the same conformal class. Denote by ¢ (corre-
spondingly ¢) the following function on the surface S (correspondingly Sy):

i = exp(20)gyy-
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Theorem 6. — For any pair S, Sy of flat surfaces of the same area in any stratum of Abelian
differentials or of meromorphic quadratic differentials with at most simple poles one has

(3.24) log det Aﬂat(S, So) — log det Ag}W(S, So)
1
= — doy,, — dgy,
127T<./s¢ iy /SO% g@p>
1 dw
_6;<log E(Pj, S)‘—log )

where & s as n (3.21), and w and wy are as in (3.13) for S and Sy respectively.

dLUQ
I (P;, So)

Theorem 6 is a corollary of Polyakov formula; it is proved in Section 6.

3.10. Comparison of relative determinants of Laplace operators near the boundary of the moduli
space. — In Section 7 we estimate the integral in formula (3.24) from Theorem 6 and
prove the following statement.

Theorem 1. — Consider two flat surfaces S, Sy of area one in the same stratum. Let
L (S), L3 (So) be the lengths of shorlest saddle connections on flat surface S and Sy correspondingly.
Assume that €5, (So) > ly. Then

(3.25) | log det Ag(S, Sp) — logdet A, (S, So)|
< const (g, n) - ‘ logﬁﬂat(S)| + consty(g, n, ly)

with constants consty(g, n, [), const, (g, n) depending only on the genus of S, on the number n of conical
singularities of the flat metric on S and on the bound ly for £, (So).

In fact we prove a much more accurate statement in Theorem 11, which gives the
exact difference between the flat and hyperbolic determinants up to an error which is
bounded in terms only of Sy, g and n. The optimal constant ¢, (g, n) in (3.25) can also be
deduced easily from Theorem 11.

Establishing a convention confining the choice of the auxiliary flat surface Sy to
some reasonable predefined compact subset of the stratum one can make const, inde-
pendent of /,. For example, the subset of those S, for which £4,(So) > 1/{/2¢—2+n
is nonempty for any connected component of any stratum. As an alternative one can
impose a lower bound on the shortest hyperbolic geodesic on the Riemann surface un-
derlying S, in terms of g and .

We prove Theorem 7 applying the following scheme. To evaluate the integral in
formula (3.24) we use a thick-thin decomposition of the surface S determined by the
hyperbolic metric. Then, using Theorem 10 (Geometric Compactification Theorem) we
obtain a desired estimate for the thick part. We then use the maximum principle and
some simple calculations to obtain the desired estimates for the integral on the thin part.
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3.11. Determinant of Laplacian near the boundary of the moduli space. — Consider a holo-
morphic I-form @ (or a meromorphic differential ¢ with at most simple poles) on a closed
Riemann surface of genus g. Consider the corresponding flat surface S = S(w) (corre-
spondingly S(¢)). Assume that w (correspondingly ¢) is normalized in such way that the
flat area of S is equal to one.

Every regular closed geodesic on a flat surface belongs to a family of parallel closed
geodesics of equal length. Such family fills a maximal cylinder with conical points of the
metric on each of the two boundary components. Denote by % and w; a height and a
width correspondingly of such a maximal cylinder. (By convention a “width” of a cylinder
1s the length of its waist curve, which by assumption is a closed geodesic in the flat metric.)
By a modulus of the flat cylinder we call the ratio 4;/w;.

Theorem 8. — For any stratum H,(my, ..., m,) of Abelian differentials and for any stratum
Qi(d, ..., d,) of meromorphic quadratic differentials with at most simple poles there exist a constant
M = Mg, n) > 1 depending only on the genus g and on the number n of zeroes and simple poles, such
that_for any pawr S, Sy of flat surfaces of unit area in the corresponding stratum one has

T h,
(3.26) —logdet Ay(S, Sp) = 3 E o + O(log £1.(S)),
cylinders with
hyJw,>M

where £y, (S) 1s the length of the shortest saddle connection on the flat surfaces S and h,, w, denote heights
and widths of maximal flat cylinders of modulus at least M on the flat surface S. Here

|O(log £44(S))| < Ci(g, n) - |log €. (S)| 4+ Colg, n. So)

with Gy (g, n), Co(g, n, So) depending only on the genus g, on the number n of conical singularities of
the base flat surface S.

Choice of the constants. —  Similarly to the way suggested in the discussion following The-
orem 7, establishing a reasonable convention on the choice of Sy one can get rid of de-
pendence of the constants on the base surface S,.

Remark. — It is a well known fact, see e.g. [Hb, Proposition 3.3.7] that a flat cylin-
der of sufficiently large modulus necessarily contains a short hyperbolic geodesic for the
underlying hyperbolic metric. The number of short hyperbolic geodesics on a surface is
bounded by 3g — 3 + n. Thus, for sufficiently large M depending only on g and #, the

number of summands in expression (3.26) is uniformly bounded.

Example 3.4 (Flat torus). — In notations of Example 3.2 from the previous section,
one has the following expression for the determinant of the Laplacian in a flat metric on
a torus of area one:

det Ag(¢) = 4Im()|n(0)]'
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see, for example, [OsPhSk], page 203, or formula (1.3) in [McITa]. Taking the logarithm
of the above formula and using the asymptotic of the Dedekind n-function for large values
of Im ¢ we get

b4
logdetAﬂa[~4log|n(§)‘ ~ —gImZ, when Im¢ — +o00.

Note that #/w does not depend on the rescaling of the torus, and 42/w ~ Im¢. Thus, we
get the asymptotics promised by relation (3.26) of Theorem 8.

Example 3.5 (Flat sphere with_four cone points). — In Example 3.3 from the previous
section we considered the determinant of the Laplacian in a flat metric on CP' defined
by a quadratic differential with four simple poles and with no other singularities; see the
last pages of [KkKt2] for details. This expression (3.20) implies the following asymptotics
for large values of Im ¢ (we keep notations of Example 3.3):

logdet A" ~ 21og ‘r}(g‘)

,  when Im¢ — 400,

which is one half of the torus case. Indeed, the height 7 of the single flat cylinder of the
covering torus is twice bigger then the height of the single flat cylinder on the underlying
flat sphere, while the width w of the cylinder on the torus is the same as the width of the
one on the flat sphere. Thus, we again get the asymptotics promised by relation (3.26) of
Theorem 8.

Theorem 8 is proved in Section 8. Our strategy is to derive the result from an anal-
ogous estimate by Lundelius and Jorgenson—Lundelius for a hyperbolic metric punctured
at the zeroes of @ (correspondingly, ¢) and then apply the estimate (3.26) from Theorem 8.

3.12. The contribution of the boundary of moduli space. — A regular invariant suborb-
ifold M, is never compact, so one should not expect that the integral of A, logdet Az,
over M, would be zero. Indeed,

Theorem 9. — Let My be a regular invariant suborbyfold of flat surfaces of area one in a stratum
of Abelian differentials (correspondingly in a stratum of quadratic differentials with at most simple poles).
Let vy be the associated probability SL(2, R)-invariant (correspondingly PSL(2, R)-invariant) density
measure. Let ¢o0s(M 1) := Corea(V1) be the corresponding Siegel—Veech constant. Then

4 2
(3.27) A'Iéich lOg Aﬂat(S, So) dl)l = —g T Cafga(Ml)
M,

Theorem 9 is proved in Section 9.

Remark 3.2. — After integrating by parts, the left side of (3.27) can be written as an
integral over a neighborhood of the boundary of the moduli space, which in view of (3.26)
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is dominated by a sum over all cylinders of large modulus. Also the Siegel-Veech constant
¢aead(M1) measures the contribution of (certain kinds) of cylinders of large modulus; this
gives a heuristic explanation of (3.27). However, for the precise proof of (3.27) in Section 9
we need the assumptions of Section 1.5, (so we can e.g justify the integration by parts).

The main Theorems now become elementary corollaries of the above statements.

Proof of Theorem 1. — Suppose that M, is a regular suborbifold of a stratum of
Abelian differentials. Apply Equation (3.9) from the Background Theorem to express
the sum of the Lyapunov exponents as the integral of A(S) defined by relation (3.5).
Use Equation (3.17) from Theorem 5 to rewrite the integral of A, log|det(w;, ;)| in
terms of the integral of Ag;ylogdet Ay, (S, Sy). Finally, apply the relation (3.27) from
Theorem 9 to express the latter integral in terms of the corresponding Siegel-Veech
constant. U

Proof of part (a) of Theorem 2. — The proof of part (a) of Theorem 2 is completely
analogous to the proof of Theorem 1 with the only difference that one uses expres-
sion (3.18) from Theorem 5 instead of Equation (3.17). UJ

4. Geometric compactification theorem

In Section 4.1, we present the results of K. Rafi on comparison of flat and hy-
perbolic metrics near the boundary of the moduli space. Using the notions of a thick-thin
decomposition and of a size (in the sense of Rafi) of a thick part we formulate and prove
in Section 4.3 a version of the Deligne-Mumford—Grothendieck Compactification The-
orem in geometric terms. The proof is an elementary corollary of nontrivial results of
K. Rafi. The Geometric Compactification Theorem is an important ingredient of the
proof of Theorem 8 postponed to Section 8.

4.1. Comparison of flat and hyperbolic geometry (after K. Rafi). — We start with an outline
of results of K. Rafi [Rf2] on the comparison of flat and hyperbolic metrics when the
Riemann surface underlying the flat surface S is close to the boundary of the moduli
space.

Throughout Section 4 we consider a larger class of flat metrics, namely, we consider
a flat metric defined by a meromorphic quadratic differential ¢ which might have poles
of any order. In particular, the flat area of the surface might be infinite. Unless it is stated
explicitly, it is irrelevant whether or not the quadratic differential ¢ is a global square of a
meromorphic 1-form.

In Section 4 we mostly consider the flat surface S and its subsurfaces Y punctured
at all singular points of the flat metric (or, in other words at all zeroes and poles of the cor-
responding meromorphic quadratic differential ¢). Sometimes, to stress that the surface
1s punctured we denote it by Sand Y correspondingly.
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F1G. 5. — As a geodesic representative of a closed curve « encircling a short saddle connection y we get a closed broken
line composed from two copies of y

Following K. Rafi, by a “curve” we always mean a non-trivial non-peripheral
piecewise-smooth simple closed curve. Any curve o in S, has a geodesic representative
in the flat metric. This representative is unique except for the case when it is one of the
continuous family of closed geodesics in a flat cylinder. We denote the flat length of the
geodesic representative of a by [, [o].

A saddle connection 13 a geodesic segment in the flat metric joining a pair of con-
ical singularities or a conical singularity to itself without any singularities in its interior.
A geodesic representative of any curve on S is a closed broken line composed from a finite
number of saddle connections.

Considering the punctured flat surface S, formally we have to speak about the in-
JSimum of a flat length over essential (non-peripheral) curves in a free homotopy class of a
given curve. However, even in the case of the punctured flat surface S it is convenient to
consider limiting closed geodesic broken lines, where segments of the broken line are sad-
dle connections joining zeroes and simple poles of the quadratic differential. For example,
for a closed curve & encircling a short saddle connection y, one has /g, [a] = 2|y | and the
corresponding closed broken line is composed from two copies of y, see Figure 5. Follow-
ing the discussion in [Rf1l], we can ignore this difficulty and treat these special geodesics
as we would treat any other geodesic.

Under this convention every curve o« in the punctured surface S has a geodesic
representative in the flat metric, and this representative is unique except for the case
when it is one of the continuous family of closed geodesics in a flat cylinder. We call such
a representative a g-geodesic representative of y.

Let g, be the hyperbolic metric with cusps at all singularities of S in the conformal
class of the flat metric on S. We define /,,[] to be the shortest hyperbolic length of a
curve in a free homotopy class of @ on the corresponding punctured surface S or on its
appropriate subsurface Y.
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F1G. 6. — Schematic picture of thick components of the underlying hyperbolic metric (on the leff) and their ¢-representatives
(on the right). The g-representative Yy degenerate to a pair of saddle connections. Each of the ¢g-representatives Y3, Yy of the
corresponding pair of pants degenerate to a single saddle connection joining a zero to itself

Let § < 1 be a fixed constant; let I'(§) be the set of simple closed geodesics of
gy I S whose hyperbolic length is less than or equal to 8. A 8-thick component of g, is a
connected component Y of the complement S — I"(5).

Assume that § is sufficiently small (here the measure of “sufficiently small” depends
only on the genus and on the number of punctures of the surface). We now cut the surface
S along all the ¢-geodesic representatives of all the short curves in I'(§). More precisely,
if y € I'(8) has a unique ¢-geodesic representative, we cut along that representative; oth-
erwise y is represented by a closed geodesic in a flat cylinder F,,, in which case we cut
along both curves at the ends of F,, (and thus remove the cylinder I, from the surface).
After this procedure the surface S breaks up into the following pieces:

e lorcach y € I'(§) whose ¢-geodesic representative is part of a continuous family
of closed geodesics in a cylinder, we get the corresponding cylinder.

e lor each é-thick component Y of S — I'(§) we get a subsurface Y C S with
boundaries which are geodesic in the flat metric defined by ¢. Following K. Rafi,
we call such a flat surface with boundary Y a g-representative of Y (see an example
at Figure 6). Note that Y always has finite area; in some particular cases it might
degenerate to a graph. In that case, we should think of Y as a ribbon graph
(which, as all ribbon graphs, uniquely defines a surface with boundary). With
that caveat, we can say that Y is in the same homotopy class as Y. We note
that Y is the smallest representative of the homotopy class of Y with ¢-geodesic
boundaries.

A very expressive example of ¢g-representatives is presented at the very end of the
original paper [Rf2] of K. Rafi.

We shall also need the notion of a curvature of a boundary curve of a subsurface Y
introduced in [Rf2]. Let y be a boundary component of Y. The curvature ky(y) of y in
the flat metric on S is well defined as a measure with atoms at the corners.
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We choose the sign of the curvature to be positive when the acceleration vector
points into Y. If a curve is curved non-negatively (or non-positively) with respect to Y
at every point, we say that it is monotonically curved with respect to Y. Let A be an
annulus in S with boundaries y, and y;. Suppose that both boundaries are monotonically
curved with respect to A and that k5 (yp) < 0. Further, suppose that the boundaries are
equidistant from each other, and the interior of A contains no zeroes or poles. We call A
a primitive annulus and write k5 := —ka (o). When x5 = 0, A 1s called a flat cylinder,
in this case it is foliated by closed Euclidean geodesics homotopic to the boundaries.
Otherwise, A is called an expanding annulus. See [Min] for more details.

Definition 4 (K. Rafi). — Define the flat size A(Y) of a subsurface Y different from a pair of
pants to be the shortest flat length of an essential (non-peripheral) curve in Y.

When Y 15 a pair of pants (that is, when Y has genus O and 3 boundary components), there
are no essential curves in Y. In this case, define the flat size of Y as the maximal flat length of the three
boundary components of Y.

We will often use the notation A(Y) to denote A(Y).

Theorem (K. Rafi). — For every 8-thick component XY of S and for every essential curve ot in'Y,
the flat length of o 1s equal to the size of Y times the hyperbolic length of o up to a multiplicative constant
C(g, n, &) depending only on § and the topology of S:

A(Y)

m “pla] < lgula] < Clg, n, H)AY) - [y, la]

Also, the diameter of Y in the flat metric is bounded by C(g, n, )A(Y).

One possible heuristic explanation of this theorem is as follows (see also Theo-
rem 10 and Remark 4.1 below). On compact subsets of the moduli space the flat and
hyperbolic metrics are comparable (by a compactness argument), and so the theorem
trivially holds. Thus assume that we have a sequence of surfaces S; = (C;, ¢;) tending
to infinity in moduli space. By the Deligne-Mumford theorem, we may assume that the
Riemann surfaces C; tend to a noded surface Cu. Then, the §-thick subsurfaces Y ;
of C; converge to the components of Cy; of Cs. We may also assume after passing
to a subsequence that the quadratic differentials ¢, tend to a (meromorphic) quadratic
differential on Cy. (If the original quadratic differentials ¢; are holomorphic, the limit
quadratic differential will be holomorphic away from the nodes of C, but may develop
poles at the nodes.) However, ¢; may tend to zero on some component C j of C, 1.€. it
may be very small on the subsurfaces Y. ;. But, with the proper choice of rescaling factors
Arj € R*, we can make sure that the sequence of quadratic differentials Az qr tends to a
bounded and non-zero limit on Cq ;. This limit is a meromorphic quadratic differential
with poles, and number and the degrees of the poles can be bounded in terms of only
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the topology. The set of all such differentials is a finite dimensional vector space, and so,
as all such vector spaces, is projectively compact. Thus, after the rescaling, the restriction
to Y, is again in a situation where the moduli space is compact, and thus (up to the
rescaling factor) the flat metric coming from ¢ is comparable to the hyperbolic metric.

The strength of the above theorem of K. Rafi (which is proved by completely dif-
ferent methods) is to justify the above discussion, and also to identify the rescaling factor
Ar; with A(Y, J-)*Q, where A(Y;) is the size of Y,; which can be detected by measur-
ing the flat lengths of saddle connections in the (¢-geodesic representative of) the §-thick
subsurface Y.

We complete this section by the following elementary Lemma which will be used
in Section 7.

Lemma 4.1. — The size of any thick component of a flat surface S s bounded from below by
the length €4, (S) of the shortest saddle connection on S:

AY) = €4 (S).

Proof. — We consider separately the situation when Y is different from a pair of
pants, and when Y is a pair of pants.

If' Y is not a pair of pants, A(Y) is the shortest flat length of an essential (non-
peripheral) curve y in Y. This shortest length is realized by a flat geodesic representative
of y, that is by a broken line composed from saddle connections (possibly a single saddle
connection). This implies the statement of the Lemma.

Implicitly the statement for the pair of pants is contained in the paper of K. Rafi.
According to [Rf2] the size of any pair of pants is strictly positive. Hence, the correspond-
ing boundary component has a geodesic representative composed from saddle connec-
tions and the statement follows. A direct proof can be easily obtained from the explicit
description of possible “pairs of flat pants” in the next section. UJ

4.2. Flat pairs of pants. — In this section we describe the flat metric on CP' defined
by a meromorphic quadratic differential from Q(d,, dy, d3), where d; + dy + d; = —4. In
particular, we consider the size of the corresponding flat surface.

Consider the subcase, when among d,, do, d5 there are two entries, say d;, dy, sat-
isfying the inequality d;,dy > —1. If dj = dy = —1, then Y is metrically equivalent to
the following surface. Take a flat cylinder and isometrically identify a pair of symmetric
semi-circles on one of its boundary components, see Figure 7a. We get a saddle connec-
tion joining a pair of simple poles as a boundary on one side of the cylinder and an “open
end” on the other side. The size of Y is represented by the flat length of the waist curve
of the cylinder, which is twice longer than the corresponding saddle connection joining
the two simple poles.

If; say, d; > 0, and dy > —1, the situation is completely analogous except that now Y
1s metrically equivalent to a flat expanding annulus with a pair of singularities of degrees
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a. b. C.

FiG. 7. — Different types of flat pairs of pants

dy, dy inside it. The size of Y is twice the length of the saddle connection joining these
singularities, see Figure 7b.

Finally, there remains the case when there are two values, say, do, ds, out of three,
satisfying the inequality do, ds < —2, then the third value, ¢, necessarily satisfy the in-
equality d; > | (note that d; cannot be equal to zero). In this case Y is metrically equiv-
alent to a pair of expanding annuli attached to a common saddle connection joining a
zero of order d, to itself, see Figure 7c. The size of Y coincides with the length of this
saddle connection.

4.3. Geometric compactification theorem. — Recall, that throughout Section 4 we con-
sider a wider class of flat metrics, namely, we consider flat metrics corresponding to
meromorphic quadratic differentials (and meromorphic 1-forms) having poles of arbi-
trary order. We also deviate from the usual convention denoting by the same symbol
Q(d,, ..., d,) strata of meromorphic differentials even when they correspond to “strata
of global squares of 1-differentials”.

Now we are ready to formulate a version of the Deligne-Mumford—-Grothendieck
Compactification Theorem in geometric terms. As remarked above, this theorem is im-
plicit in the statement of the theorem of K. Rafi.

Theorem 10. — Consider a sequence of flat surfaces S; = (Cy, q;) where meromorphic
quadratic differentials g, stay in a fixed stratum Q(d;, ..., d,). Suppose that the underlying Riemann
surfaces G converge to a stable Riemann surface Coo. Choose 8o so that 8y is smaller then half the
injectivity radius (in the hyperbolic metric) of any desingularized irreducible component Cg j 0of Cog. Let
Y. be the component corresponding to Cg ; 1n a 8o-thick-thin decomposition of Ce; let A(Y< ;) be the
size of a flat subsurface (Y- j, g-). Denote

1

=

There ts a subsequence Sy = (Cypr, qr) and a nontrivial meromorphic quadratic differential

Jooj 0n Cgj such that the qp j-representatives Yo j of the corresponding thick components Y+ ; of the
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Sat surfaces (Cyr, gy ;) converge to the §oo j-representative Yo j of the flat surface (C o j, Goo ). Fur-
thermore, the conformal structures on G j converge to the conformal structure of Co j, and the quadratic
differentials g ; converge to the limiting quadratic differential qoo ; on compact subsets of Cs .

With the possible exception of the nodes of C j all zeroes and poles of G ; are limats of zeroes
and poles of the prelimit differentials q. ;. If all meromorphic quadratic differentials q, are global squares
of meromorphic 1-forms w,, then the imiting quadratic differential §oo j is also a global square of a
meromorphic 1-form @eg ; on Cog ;.

Remark. — Completing the current paper we learned that analogous results were si-
multaneously and independently obtained by S. Grushevsky and I. Krichever in [GruKr],
by S. Koch and J. Hubbard [KhHb], and by J. Smillie [Sm].

We start with the following Lemma which will be used in the proof of Theorem 10.

Lemma 4.2. — For every thick component Y of a thick-thin decomposition of S the g-geodesic
representative Y can be triangulated by adding G, saddle connections 'y, each satisfying the flat length
estimate:

A(Y)
(4.1) T <ly| = GA(Y),

where the constants Gy and Cy depend only on the ambient stratum Q(d,, ..., d,) of S.

Proof. — We build this triangulation inductively. At each stage we have a partial
triangulation of Y. If some complementary region is not a triangle, it contains a saddle
connection whose associated closed curve y’ is essential, i.e. not homotopic to a bound-
ary component of Y. Let y be the shortest saddle connection with this property. Then
the flat length of y’, which is twice the flat length of y is bounded from below by the
size A(Y) (by the definition of size). Also, the flat length of y is bounded above by the
diameter diam,(Y) of Y in the flat metric defined by ¢. By the Theorem of K. Rafi (see
Theorem 4 in [Rf2])

diam,(Y) < const - A(Y)

and thus, (4.1) holds. This process has to terminate after finitely many steps (depending
only on the stratum) since the Euler characteristic is finite. Thus the lemma holds.  [J

Proof of Theorem 10. — For each component of the stable Riemann surface consider
the associated hyperbolic metric, and consider the length of the shortest closed geodesic
in this metric. Let L be the minimum of these lengths over all components. We choose
d in such way that 6 < L. For each surface S; we consider a decomposition into §-thick
components as in Section 4.1.

Since the Riemann surfaces C; converge to Cs, we know that, for sufficiently
large 7, the topology of Y ; coincides with the topology of C,; punctured at the points
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of crossing with other components of the stable Riemann surface C, and at the points
of self-intersection. Hence, for sufficiently large 7 the ¢, j-geodesic representative Y, ; of
the thick component Y, ; might have only finite number of combinatorial types of trian-
gulations as in Lemma 4.2. Passing to a subsequence we fix the combinatorial type of the
triangulation.

Such a triangulation contains a finite number of edges. Hence, by Lemma 4.2
we may chose a subsequence for which lengths of all sides of the triangulation of Y.
converge. Note that by continuity, the limiting length y, of each side satisfies:

| Vool < const.

Hence, the limiting triangulation defines some flat structure sharing with Y. ; the com-
binatorial geometry of the triangulation. Clearly, the linear holonomy of the limiting flat
metric is the same as the linear holonomy of the prelimiting flat metrics.

By construction, the underlying Riemann surface for the limiting flat surface
is Cj. Thus, to complete the proof it is sufficient to consider a meromorphic quadratic
differential g ; representing the limiting flat structure. Since Cy; and C;; for large t
have triangulations which are close, if we remove the neighborhoods of the cusps of C ,
there is a quasiconformal map with dilatation close to I taking C; to C; which is
close to the identity on compact sets. This implies that C; ; converge to Cj as Riemann
surfaces, and also that ¢, j converge to g ;. U

Remark 4.1. — Note that the quadratic differentials ¢, ; defined in the statement of
Theorem 10 might tend to zero or to infinity while restricted to other thick components
Y. i, where £ # ;. To get a well-defined limiting quadratic differentials on each individual
component one has to rescale the quadratic differentials ¢,» individually component by
component. As an illustration the reader may consider an example at the very end of the
paper [Rf2] of K. Rafi.

4.4. The (8, n)-thick-thin decomposition. — Suppose § > 0 in the choice of the thick-
thin decomposition is sufficiently small, and fix n (depending only on the genus and the
number of punctures) so that § < n < 1. In particular, we choose 1 to be smaller than
the Margulis constant. We work in terms of a hyperbolic metric with cusps g, (S). Con-
sider an (1, §)-thick-thin decomposition of the surface S. Namely, for each short closed
geodesic y € I'(8) consider the set of points in the surface located at a bounded distance
from y. When the bound for the distance is not too large, we get a topological annulus.
We choose the bounding distance to make the length of each of the two boundary compo-
nents of the annulus equal to the chosen constant 7. Let A, (1) denote this annulus. If we
remove these annuli from S, the surface might become disconnected, see Figure 8. The
connected components which we denote by Y;(17) are subsets of the §-thick components
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N
b

F1G. 8. — (8, n)-thick components in hyperbolic metric

Y, defined in Section 4. We have

(o)

We note that the (8, n)-thick components Y;(7) and the (8, n)-thin components A, (5)
depend only on the hyperbolic metric on S, and not the quadratic differential 4.

U Ay(m).

yel()

4.5. Uniform bounds for the conformal factor. — For R > 0 and a cusp P, let Op(R)
denote the neighborhood {¢ | [¢| < R} where ¢ is as in (3.21). In this subsection we fix a
constant R (depending only on §, 1 and the stratum) such that for any hyperbolic surface
S and each hyperbolic cusp P of S, the neighborhood Op(R) does not intersect any of
the (8, n)-thin components A, (1), y € I'(8), and also for distinct cusps P and Q, the
neighborhoods Op(R) and O (R) are disjoint.

The following Proposition is a variant of the Theorem of K. Rafi stated in the
beginning of Section 4.

Proposition 4.1. — Let S = (C, q) be a flat surface, and let Y be a §-thick component of
S. Let Y(n) be the corresponding (8, n)-thick component of S (defined as in Section 4.4). For each
P e Z(Y(n)), let Op(R) be the neighborhood of P as defined in the beginning of Section 4.5. Then,
there exists a constant C depending only on the stratum, 8, n and R such that for all x € Y(n) —

UPeZ(Y) OP (R),
¢ (9)(x) —logA(Y)| < C,

where ¢ (q) 15 the conformal factor of q defined by gp(q) = exp(2¢(¢))giyp-
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Progf. — The proof will be by contradiction. Suppose there is no C’ satisfying the
conditions of the lemma. Then there exists sequence of triples (x;, Y., S;) such that Y; C
S; 1s a §-thick subsurface, x; € Y. (1), and if we write S; = (C;, ¢;) then

(4.2) |6 (g:) (x:) —log A(Y)| — o0,

After passing to a subsequence, we may assume that the flat surfaces S; converge in the
sense of Theorem 10. Let C, 8y, Cuj, Yz, ¢-; be as in the statement of Theorem 10.
One technical issue is that the constant §, (which depends on the sequence S;) might not
coincide with the constant § > 0 which is chosen in advance; in particular, we may have
8y < 6.

Since Y, is a thick component of S;, for large enough 7 no boundary curve of one
of the Y. ; (which are all in I'(8y)) can cross the interior of Y.; therefore the subsurface
Y. must be contained in one of the Y, ; where j = j(7); however after passing to a sub-
sequence we may assume that j is fixed. Even then, we might not have Y, = Y. since
all we know about the boundary curves of Y, is that they have hyperbolic length at most
d, while by definition, the hyperbolic length of the boundary curves of Y. ; tends to 0 as
T — 00. However, we claim that

(4.3) limsup | log A(Y-) —log A(Y,)| < oco.

T—>00

Indeed, if (4.3) failed, then (after passing to a subsequence) by [EMzRf, Lemma 4.9], the
subsurface Y ; would contain a curve y;; with the hyperbolic length of y, ; — 0; this
contradicts the fact that Y, ; — C; where Cy; is connected. Therefore (4.3) holds. It
follows from (4.2) and (4.3) that

(4.4) |6 (g:) () —log A(Y,))| = oo.
As in Theorem 10, let

arg =A (YrJ) - dc

By Theorem 10, we have ¢;; — ¢oo; on uniformly on compact subsets of C; After
passing to a subsequence, we have x; — xo, € Gy j. Since x, stays away from Z(Y. ),
Xoo & Z(Yoo ;). Also, since x; € Y (1), X 1s not one of the nodes. Since ¢ is finite and
does not vanish except at ponts of Z(Y ;) and the nodes, we see that g j(xs) # 0.
Recall that we represent the conformal factor relating the flat and hyperbolic met-

rics as g (¢:) = exp(2¢ (¢-))gyy- Therefore,
(b(gt,j) (x‘[) - ¢(éo<>]) (xoo) # 0.
Hence,

(4.5) lim sup | (7.,) ()| < co.

T—>00
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Recall that by definition 7, ; := A(Y,,) "?¢.. Note that multiplying ¢, by a constant factor
k we do not change the hyperbolic metric, g,,(kg;) = g4,,(¢:). Thus,

(4‘6> ¢(§w) = ¢(91) - log)\'(Yw)
Now (4.6) and (4.5) contradict (4.4). UJ

5. Analytic Riemann-Roch theorem

This section is entirely devoted to a proof of Theorem 5. In Section 5.1 we present
our original proof based on the results of J. Fay [Fay].

Having seen a draft of the paper, D. Korotkin indicated us that Theorem 5 should
be an immediate corollary of the holomorphic factorization formula from [KkKt3] com-
bined with the homogeneity properties of the tau-function established in [KtZg]. We
present a corresponding alternative proof in Section 5.2.

3.1. Proof based on the resulls of j. Fay. — Recall the setting of Theorem 5. Consider
a flat surface S of area one in a stratum of Abelian differentials or in a stratum of mero-
morphic quadratic differentials with at most simple poles. In the current context we are
interested only in the underlying flat metric, so we forget about the choice of the vertical
direction. In other words, we do not distinguish flat surfaces corresponding to Abelian
differentials @ and exp(i@)w (correspondingly quadratic differentials ¢ and exp(2:¢)qg),
where @ is a constant real number. e consider the flat surface WS as a point of the quotient

Hi(my,...,m)/SO2,R) >~ PH(my,...,m,)

or
Qi(d,...,d)/SO2,R) = PQ(d, ..., d)
correspondingly.
Consider a complex one-parameter family of local holomorphic deformations S(¢)
of S in the ambient stratum H(my, ..., m,) or Q(di, ..., d,) correspondingly. Denote by

z a flat coordinate on the initial flat surface, and by « denote a flat coordinate on the
deformed flat surface. The area of the deformed flat surface S(#) is not unit anymore. We
denote by SV (#) the flat surface of area one obtained from S(#) by the proportional rescal-
ing. Smoothing the resulting flat metric of area one as it was described in Section 3.6, we
get the smoothed flat metric p, (u, ©)|dul>.

By w;, 1 =1,...,g, we denote local nonvanishing holomorphic sections of the
Hodge bundle H'", so det? {(w;, w;) 1s a local holomorphic section of the determinant
bundle A¢H"’, and | det(w;, w;)| 1s the square of its norm induced by Hermitian met-
ric (1.1), see (3.4).

The starting point of the proof'is the following reformulation of a formula of J. Fay.
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Proposition 5.1 (after J. Fay). — The following relation is valid
(5.1) %9, logdet Ay, (S (1)) — 80, log | det{w;, w;)|

1 %9, log p. |0,0; log p
- d t tYi g e|YtYu g & d d
671/0 ¢ (a&aulogpslazazlogpg o

where the deriwatives of functions of the local coordinate u are evaluated at t = 0.

Proof: — Actually, formula (5.1) above 1s formula (3.37) in [Fay] adjusted to our
notations.

A vector bundle L, in formula (3.37) in [Fay] is trivial in our case. This means that
the metric 4 on it is also trivial and equals identically one: 2 = 1. The same is true for the
determinant det(w;, w;)1, in formula (3.37) in [Fay]; this determinant is identically equal
to one in our case.

A vector bundle K, ® L in formula (3.37) in [Fay] becomes in our context the
vector bundle H'"* and a basis in the fiber of this vector bundle denoted in [Fay] by {w}}
becomes a basis of holomorphic 1-forms in H'"(C(#)), denoted in our notations by w; (%)
where C(¢) is a Riemann surface underlying the deformed flat surface S(¢). Note that
cach w;(#) considered as a section of the holomorphic vector bundle H'? is holomorphic
with respect to the parameter of deformation ¢.

Note, that we represent the metric as p, (, #) |du|* while in the original paper [Fay]
the same metric is written as p~?|du|®. This explains an extra factor of 4 in the denomina-
tor of 1/(47) in formula (5.2) below with respect to the original formula (3.37) in [Fay].

Finally, using that

p:d(p; ") = —dlog pe

we can rewrite formula (3.37) in [Fay] in our notations as

det Aﬁaz,g(S(”(t)))

5. 00, 1
(3-2) 1 °g< | det(w;, @,)]

1
= E /((823; logpa)(azazlogpg) — (3;85 10gps)(aiaulogp£)
S
! 1
— g(atazlong)(azaZ lngg) + g(ataﬁ log ps)(afau logpg) dxdy.

Simplifying the expression in the right-hand side of (5.2), we can rewrite the latter formula
in the form (5.1). U
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Lemma 5.1. — In the same setting as above the following formula is valid

(5.3) %9,log det Ay, (S (1), So)

[ 30, log pe|9,0; log p.
= 8;0,log | det{w;, a)j-)} + 6—7_[81_1{110 g det <&z3u logpg‘azag o . dx dy

where all derwvatives of functions of the local coordinate u are evaluated at t = 0.

Progf: — Combine the latter equation with definition (3.16) of det Aﬂa[(S(l)(t), So)
and pass to the limit as £ — +0. O

Now let us specify the holomorphic 1-parameter family S(¢) of infinitesimal defor-
mations of the flat surface S = S(0).

When the flat surface S is represented by an Abelian differential @ in a stratum
H(my, ..., m,) we consider an infinitesimal affine line y (¢) defined in cohomological co-
ordinates

(Zy, ..., 0og01) € H' (S, {zeroes of w}; C)
by the parametric system of equation

(5.4) Z:(0) ==a()Z;(0) + b()Z;(0), forj=1,....2 +n—1,
where a(0) =1, 5(0) =0, and &' (0) #0.

When the flat surface S is represented by a meromorphic quadratic differential ¢
in a stratum Q(d, ..., d,), we consider an infinitesimal affine line y (¢) defined in coho-
mological coordinates

(Zy, ..., Zogrno) € H. (S, {zeroes of ®}; C)
by an analogous parametric system of equations
(5.9) 7,(0) := a(DZ;(0) + b(t)Z;(0), forj=1,...,28+n—2,
where a(0) =1, 5(0) =0, and 4 (0) #0.
The next Proposition evaluates the limit in Equation (5.3) for families of deforma-

tions (5.4) and (5.5).

Proposition 3.2. — In the same setting as above the following formulae hold.
For a_famuly of deformations (5.4) of the itial flat surface S inside a stratum H(my, ..., m,)
of Abelian differentials one has:

) 8,&,10g,06’818;¢10gp8 _ “mm+2)
(5-6) Jm, Cdet<6%8ulogps 9.0z log p; bdy=m Z 2(m; + 1) 5O

J=1
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For a family of deformations (5.5) of the initial flat surface S inside a stratum Q(d,, ..., d,) of
meromorphic quadratic differentials with at most sumple poles one has:

. 3,0;1og p: 8,0 log p. Gd+4
(5-7) Jim dt(&a 0g p:[0.0: 10g ps didy=7m - 24(d+2) |40

Progf: — We are going to show that the integral under consideration is localized
into small neighborhoods of conical singularities, and that the integral over any such
neighborhood depends only on the cone angle at the singularity. In particular, it does
not depend on the holonomy of the flat metric, so it does not distinguish flat metrics
corresponding to holomorphic 1-forms and to quadratic differentials. In other words the
second formula in the statement of Proposition 5.2 is valid no matter whether a quadratic
differential is or is not a global square of an Abelian differential. The first formula, thus,
becomes an immediate corollary of the second one: if an Abelian differential has zeroes
of degrees my, ..., m,, the quadratic differential w® has zeroes of orders 2my, ..., 2m,.
Applying the second formula to this latter collection of singularities we obtain the first
one.

We can represent a holomorphic deformation of the flat coordinate z as follows:

u(z, z, 1) = a(t)z+ b(t)z

where ¢ € G is a parameter of the deformation and coeflicients are normalized as a(0) =
1, 5(0) =0, and 4'(0) # 0, see (5.4), and (5.5). We get

(5.8 du A dii= (adz+ bdz) A (adz + bdz) = (aa — bb) dz A dZ
Computing the derivatives we get:
(5.9) du=dz+bz du=0

du=0 du=dz+1bz

where @ = 9;a(¢) and &' = 09, b(¢). )
It would be convenient to introduce the following notation: G(¢, 7) := (aa — bb) ™.
Computing the derivatives of G we get:

3,G=—G"- (da—0'b) 3,Glimo = —d (0)
(5.10) G =—G" - (ad — bb') G limg = —a (0)
3,0,G =2G’ - (da— v'b)(ad — b))
— G*(dd — 0D 3,0:G|,o = 4 (0)Z (0) + ¥'(0)4'(0)
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Consider a neighborhood O of a conical singularity P of order d on the ini-
tial flat surface S. Recall that the local coordinate w in O is defined by the equa-
tion (dz)*> = w’(dw)?, see (3.13). The smoothed metric e Was defined in O as
Gat.e = Ppiate W) |dw|?, where the function Pfiat,e 18 defined in Equation (3.15). In the flat
coordinate z the smoothed metric has the form gz, = p.(Iz]) |dz|?, where the function
pe(|z]) 1s defined by the equation

Ppae (Iwl) [dw]* = pe (|2]) ldz|*
A simple calculation shows that
2

o
23272, whenO<r<e¢g.

1, whenr > ¢
(5.11) 0:(r) =
d+2

Finally, it would be convenient to make one more substitution, representing the smoothed
metric in O as

pe(121)1dz21* = exp (2 (121°) ) 14217

The above definition of ¢, implies that

10g(755) — 5y l0gs,  when 0 < s < (¢/)%.

0, when s > &2
(5.12) ©:(8) =

We will need below the following immediate implication of the above expression:

0 when s > &2

5.13 () -s=
< ) (,08(5) s {_Q(d,iQ) when0<55 (8/)2

Consider now a neighborhood O of a conical singularity P on the deformed
flat surface SV (¢) with normalized metric. It follows from (5.8) that smoothed metric
p¢ (1, u)|du|? has the form

pe(u, #) = exp(2¢: (uuG)) - G(t, 1)

in such neighborhood. The second factor G(Z, 7) in the above expression is responsible
for the normalization

area(S(l)(z‘)) =1
of the total area of the deformed flat surface S(¢). Passing to the logarithm we get

log p. (4, u) = 2¢, (uuG) + log G.
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Now everything is ready to compute the entries of the matrix

ataf 10g Ps ‘ ataﬁ log Pe
0;0,log ,08‘8585 logp. )

o (%),

Evaluating the first derivative d;log p. we get

_ _ , du _0G G 1
Bylog,og=87(2(p8(uuG)+logG(t,t))=2<p8- uﬁG—i-qu +56

Passing to the second derivative we obtain

_du _0G ou _0G
9,0:logp. =2¢. - | u—G +ue — || u—=G + uu —

Y ot J\“ a7 37
yoy (P00 0udG 0HAG %G
L T A VA A A VR Yy

Applying formulae (5.9) we evaluate the above expression at ¢ = 0 getting:

N _dG - _0G
2, - ((a/z +62)z-G+ 2z E) ((a’z +62)z-G+ 2z 5)

7 G
+2¢, - ((a/z +02)(@z+02) -G+ (dz+ 5’2)25
" oG _9°G

°G 1 93GaIG 1
Towi G o @
Applying formulae (5.10) for derivatives of G at £ = 0 we can rewrite the latter
expression as
20 - ((dz2+b2)z- 1422 (—d)) (@24 02)z- 1+ 22 (=)
+2¢ - ((dz+02) (@2 +02) - 14 (d2+ b7)z (=)
+ (@2 + b'2)2(—d) + 22(dd + b))
+(dd +08)-1—(—d) (=) -1
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Simplifying the latter expression we get

(5.14) d,dlogp. = b0 (29 - (22" + 49 - 22+ 1)

o ().

For this entry of the determinant we have
, (0w Quw\(_du du\ _,
8582 Ingg = 2(/)8 |\ u— + u— Uu— + U— G
Z 0z 0z
oy du du N du du
Ye'\9z5: " 9z 0%
Applying (5.9) we can evaluate the above expression at ¢ = 0 which leads to

3.0:log p. = 29 - 2z G*(0) + 29, - 1 - G(0) = 2(¢! - 22+ ¢])

Product of diagonal terms <1\:) .

Taking into consideration (5.14) we obtain the following value for the diagonal
product in our determinant:

(5.15) 9,0:log pe - 0,0:log p. = 208 - (2¢] - (22)* + 49, - 22+ 1) (@) - 22+ ¢])

s ().

For the first derivative 9d;log p, we get
d;logp. =2¢. - u-G

For the second derivative we obtain:

9,0-1 2 " _3uG _aG G 2, 3UG G
107108 P = 2@, * UE —l—uuﬁ cu-G+2¢, - = _i_uE

Evaluating the above second derivative at ¢ = 0 using (5.9) and (5.10) we proceed
as

(5.16) 3,0:log p. =29 - (z- (24 62) - 1+ 2z (—d
+2¢, - ((d2+02) - 1+ 2 (—d

IS
~
~
N
—

~
~
Il
N
NG
N
—_
S
o3
N
N
_+_
AS)
o~
~
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b ()

Analogously, for the first derivative 9, log p, we get
d,logp. =2¢. - u-G

and for the second derivative we obtain:

30,1 20" (125G + il a6+ 20 - (Lo 1o
L N Y2 i A GO P TR

Evaluating the above expression at ¢ = 0 using (5.9) and (5.10) we complete the
calculation as

(5.17) ¥dJogp. =29 - (z- (A2+b2) - 1+ 22+ (7)) -

Product of diagonal terms (:\l) .

Combining (5.16) and (5.17) we obtain the following value for the anti diagonal
product in our determinant:

(5.18) 3,3;10g pe - 99, log p. = 46V - 22 - (¢ - 22+ ¢.)°

Finally, combining (5.15) and (5.18) we obtain the desired value of the determinant:

8taf log Pe ‘ ataﬁ 10g Pe
(5.19) det (% log p.[3.0-Tog 0.

=200 - (¢! - 22+ ) - (29 - (22)* + 49, - 22+ 1)
— 222+ (¢! - 22+ ¢]))
=208 - (20, - ¢! - (2> +2(¢))" - Z+ ¢! - 2+ ¢))

Now we need to integrate the above expression over the flat surface S. First
note that outside of small neighborhoods of conical singularities, the smoothed metric
0:(2,2)|dz|* coincides with the original flat metric, so for such values of x,y we have
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pe: = 1 and hence, for such values of (x, y) we have log p.(x, ) = 0. This observation
proves that

at&logpg‘ata log o,
(5.20) /d t(&8 logpg‘a 5.10g ps dx dy

_Z/ 2% - (20, - ¢! - (22 +2(¢))" - 2+ ¢! - 2+ @) dxdy,
O;(e)

where the sum is taken over all conical points Py, ..., P,. (We did not introduce separate
notations for flat coordinates in the neighborhoods of different conical points).

Using the definition (5.12) of ¢.(s) we can rewrite the expression which we inte-
grate in terms of a single variable s = zz = |z]? as follows:

(5.21) 20, ¢! (D) +2(0)  Zt el -zt
=2¢.(s) - ! (s) - * + 2(90;(5))2 s+ @l(s) s+ @l(s) =t Pe(s)

Recall that in the flat coordinate z a small neighborhood of a conical singularity
of order d is glued from d + 2 metric half-discs. Taking into consideration angular sym-
metry of the expression which we integrate and passing through polar coordinates in our
integral we can reduce integration over a d + 2 metric half-discs to integration over a

segment:

(5.22) W'Y / D (22) dvdy = 2(d + 2)b'Y / @, (r*)rdrd
Oj(e) Rlez(ljgo
2

=(d+27 bV / @, (s) ds
0
Finally, observe that it is easy to find an antiderivative for ®,(s), namely:

®.(5) = ((¢'(9))" - 2+ ¢'(5) - 5)'

which implies, that
2

/ D (s)ds = (¢.(s) - S)2|f0 + @) - 51,
0

Using the properties (5.13) of ¢, (s) we get

2

[ owi=(0-(-55) )+ (- (553))
;= 2d + 2) 2d + 2)

_dd+4)
" 4(d+2)?
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Plug the value of the integral obtained in the right-hand side of the above formula
in Equation (5.22) and combine the result with (5.20) and with (5.21). The resulting ex-
pression coincides with Equation (5.7) in the statement of Proposition 5.2. As we have
already indicated above, relation (5.6) follows immediately from Equation (5.7) and from
the fact that the integral is supported on small neighborhoods of the conical points of the
metric. Proposition 5.2 is proved. U

Lemma 5.2, — In the same setting as above the following formulae hold.
For a_family of deformations (5.4) of the itial flat surface S i a stratum H(my, ..., m,) of
Abelian differentials one has:

(5.23) 3:0,log det Ay, (S, So)

1 mi(mi+2) 9
= 80, log|det{w;, )|+ — - Y ———-|¥(0
10, log|det(w;, w))| 12;(%+1) |5'(0)]
For a_family of deformations (5.5) of the initial flat surface S inside a stratum Q(d,, ..., d,) of
meromorphic quadratic differentials with at most sumple poles one has:

(5.24) 0;0,log det Ay, (S, Sp)
1 d(d+4) 9
= &;0,log | det(w;, )| + — - Y —————"[§/(0
Progf.: — Plugging expressions (5.6) and (5.7) obtained in Proposition 5.2 into for-
mula (5.3) from Lemma 5.1 we get the relations (5.23) and (5.24) from above. 0J

Consider the natural projection
prHmy,...,m)—PH(my, ..., m,).

Families of deformations (5.4) and (5.5) are chosen in such a way that the resulting in-
finitesimal affine line y (¢) defined by Equation (5.4) in the stratum H(m, ..., m,) (cor-
respondingly by Equation (5.5) in the stratum Q(di, ..., d,)) projects to the Teichmiiller
disc passing through p(S). We will show below that the projection map p from y (¢) to the
Teichmiiller disc is nondegenerate in the neighborhood of ¢ = 0. Thus, we can induce
the canonical hyperbolic metric of curvature —4 to y (¢).

Lemma 5.3. — The canonical hyperbolic metric of curvature —4 on the Teichmiiller disc induced
to the infinatesimal complex curve y (¢) under the projection p has the form

EOINES

at the point t = 0.
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In particular, the Laplacian of the induced hyperbolic metric of curvature —4 on y (t) satisfies the
relation
P 2

(5.25) b (0) AW =—
‘ ‘ —  010L],_

at the point t = 0.

Proof. — We prove the Lemma for a flat surface corresponding to an Abelian dif-
ferential; for a flat surface corresponding to a meromorphic quadratic differentials with
at most simple pole the proof is completely analogous.

Choose a pair of independent integer cycles ¢, ¢, € H,(C, Z) such that ¢; o ¢y =1,
and transport them to all surfaces C(/) (we assume that y (¢) stays in a tiny neighbor-
hood of the initial point, so we would not have any ambiguity in doing so). Consider the
corresponding periods of w (%),

A(2) ::/a)(t) B(?) ::fw(t).

By definition of the family of deformations we get
A(t) = a(DA + b(HA
B(1) = a()B + b(1)B,
where A = A(0) and B = B(0) are the corresponding periods of the initial Abelian dif-
ferential . Define
B()  a()B+b()B

(=30 = doAT bON

At the first glance this definition of the hyperbolic coordinate ¢(¢) depends on
the choice of a pair of cycles ¢, ¢s, and on the values of the periods of the initial Abelian
differential. However, it would be clear from the proof that the induced hyperbolic metric
does not depend on this choice. Basically, the situation is the same as in the case of flat
tori, see Example 3.1 in Section 3.1.

Consider now the hyperbolic half-plane H? endowed with the canonical metric

|d¢ |
HTm 2

of curvature —4. Let us compute the induced metric in the coordinate ¢.
Clearly

1 0)=I E
m¢(0) = mA.

Computing the derivative at ¢t = 0 we get

ils BA — BA

hit3 =¥ (0
0t |, O
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_ i P 2—4\1;’0}21 BY'
Z_()——()()( N )— ()(mK)

= 4|6’ (0)|" Im* £ (0).

Thus

3¢ 9L
at 0t

Hence, the hyperbolic metric has the following form in coordinates ¢ at t =0

|d¢|? 3L 3 d)’
4Im¢)? |, 0t 91 4(mZ())?|,_,
Al (2 T2 de* 2
= 4[5/(0)|" Im C(O)4(Im§(0))2 = [0'(0)| ||

This implies that the Laplacian of this metric at ¢ = 0 is expressed as

4 g
15/ (0)|29¢ 97

A Teich —

Proof of Theorem 5. — Plug the expression (5.25) for 8,9, obtained in Lemma 5.3 into
formulae (5.23) and (5.24) obtained in Lemma 5.2. Dividing all the terms of the resulting
equality by the common factor |#'(0)| (which is nonzero by the definition of the family of
deformations) we obtain the relations equivalent to the desired relations (3.17) and (3.18)

in Theorem 5.

3.2. Alternative proof based on results of A. Rokotov, D. Korotkin and P Zograf. — By as-
sumption the initial flat surface S = S(0) has area one. However, the area of the flat

surface S(¢) in family (5.4) or in family (5.5) varies in ¢. Define the function

k(t.T) = Area(S() *.

We shall need the following technical Lemma concerning this function.

Lemma 5.4. — One has the following expression_for the partial derivative of k(t, 1) at t = 0:

0% log k(t, 1)

5.26 =
( ) atat

1,
= 1o

=0
Progf. — Relation (5.8) implies that:
Area(S(1)) = (aa — bb),
so we get the following expression for the function k(t, 7):

k(1,7) = (aa— bb) 1.
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Computing the value of the second derivative at £ =0, we get

0%logk(t,1 1
Og E ) :_|b/(0) 2,
atot = 2
where we used the conventions chosen above: a(0) = 1 and 4(0) = 0. ]

The proof of Theorem 5 can be derived from the following formula due to
A. Kokotov, D. Korotkin (formula (1.10) in [KkKt3]). Denote by det Al the regular-
ized determinant of the Laplace operator in the flat metric defined as in [KkKt3] by a
holomorphic form w € H(my, ..., m,). It is defined for flat surfaces of arbitrary area. For
w €M (m, ..., m,) the determinant det A" differs from det Apu(S(w), Sp) by a multi-
plicative constant depending only on the choice of the base surface S.

T heorem (A. Kokotov, D. Rorotkin [KkR13]). — For any flat surface in any stratum of Abelian
differentials the following formula of holomorphic factorization holds:

(5.27) det A" = const - Area(C, w) - det(ImB) - |T(C, w) 2,

where B 1s the matrix of B-periods and ©(C, w) s a flat section of a holomorphic line bundle over the
ambient stratum H(my, ..., m,) of Abelian differentials.
Moreover (see [Rtlg]), T (S, w) is homogeneous in w of degree p, where

n

L milmi+2)
(3.28) b= 12Z m+1

=1
In other words, for any nonzero complex number k one has
(5.29) 7(C, kw) = F7(C, w)

Remark 5.1. — Note that the “Bergman t-function” 7 (C, ) 1s, actually, a flat sec-
tion of a certain local system over the stratum H (m, ..., m,), see Definition 3 in [KkKt3].
Such a section is defined up to a constant factor. However, in the calculation below the
% log(|7(C, w)|?) which does not depend
on the choice of the particular flat section. (See Section 3.1 in [KkKt3] for more details.)

t-function is present only in the expression

Alternative proof of Theorem 5. — Note that Im B(¢) depends only on the underlying
Riemann surface C(¢); in particular, rescaling w(#) proportionally, we do not change
ImB(?).

Applying formula (5.27) to the normalized Abelian differential £(¢, )@ (¢), which
defines a flat surface SV (¢,7) of unit area, we get
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det Ay (SV (1), So) = const - 1 - det(ImB(1)) - |7 (C(0), k(t, Do ()]
= const - det(ImB()) - K(1,7) - |1 (C, 0 )",

where we used homogeneity (5.29) of T to get the latter expression. Passing to logarithms
of the above expressions, applying %, taking into consideration that 7(C(?), w(?)) is a
holomorphic function, and using relations (5.26) and (5.28) we get

82

(5.30) 57 log | det A (S(D), So) |
CE 1 —~m(m+2),,
= 577 log|detimB| + - § WV’(O)‘ .

=1

It remains to note that
‘ det(a)i(t), a)](t)ﬂ = |holomorphic function of ¢| - Im B(¢).
Thus,

92 92
5 log | det{w;(1), w;(1))| = Ve log | detImB(#)|.

Applying the latter remark to expression (5.30), dividing the result by [4'(0)|* and recall-
ing (5.25) we get

1 Xn: m;(m; + 2)
34 7 m; + 1 ]

Az log } d€t<wz‘(l‘), 60]'(5)>| = Az log ‘Aﬂat(s’ So)| -

The proof for quadratic differentials is completely analogous. It is based on the
following statement of A. Kokotov and D. Korotkin (see[KkKt1]):

Theorem (A. Rokotov, D. Korotkin). — For any flat surface in any stratum of meromorphic
quadratic differentials with at most simple poles the following formula of holomorphic factorization holds:

det A" = const - Area(C, ¢q) - det(ImB) - ‘t(C, q)|2,

where T(S, q) is a holomorphic function in the ambient stratum Q(d,, . . ., d,) of quadratic differentials.
Moreover, T(S, q) is homogeneous in q of degree p, where

1 — di(d; +4)
LpT: —~ 4 +2
In other words, for any nonzero complex number k one has

7(C, kq) = K7 (C, ¢)
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Note the only difference with the previous case. Multiplying an Abelian differential
by a factor £ we change the area of the corresponding flat surface by a factor |£|>. Multi-
plying a quadratic differential by a factor £ we change the area of the corresponding flat
surface by a factor |£].

6. Relating flat and hyperbolic Laplacians by means of Polyakov formula

In this section we prove Theorem 6. Our proof'is based on the Polyakov formula.
We start by rewriting the Polyakov formula in a more symmetric form (6.1). Then we
perform the integration separately over complements to neighborhoods of cusps and
over neighborhoods of cusps. A neighborhood of each cusp we also subdivide into sev-
eral domains presented at Figure 9, and we perform the integration separately for each
domain.

6.1. Polyakov formula revisited. — In local coordinates x, y the Laplace operator of a
metric p(x, ) (dx* + dy*) has the form

9% 92
A=p | = +—
= (52 aﬁ)
and the curvature K, of the metric is expressed as
K, =—A,log./p.

In some situations it would be convenient to use the following coordinate version
of the Polyakov formula (see Section 3.5). Let in some coordinate domain x, y

g = pi(d¥ +&*) = exp(201) (& + &)
& = pa(dx* + &%) = exp(2¢) (& + 7).

Then, gy = exp(2(¢g — @1)) - g1, 50 ¢ = P9 — P,. An elementary calculation shows that in
the corresponding coordinate domain

(6.1) /(¢Ag1¢ — 29K, )do1 = /(¢2A¢2 — 1Ad)) + (92Ad — d1A¢y) dxdy,
where A = % + 33722

6.2. Polyakov Formula applied to smoothed flat and hyperbolic metrics. — Let w be a coor-
dinate in a neighborhood of a conical point on S defined by (3.14); let wy be analogous
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coordinate for Sy. By assumptions, the order 4 of the corresponding conical singularity is
the same for S and Sy. Then, we obtain

dw\* dwg 2
(6.2) 2(¢(0) = $0(0)) =log wd(E> } — log|wj (%) i
w . .
= dlog|— | + regular function = regular function
Wy

In the last equality we used that w = ’2—’;’|;:o - (1 4+ 0(¢])) and wy = dwo |§ —o- (1 +
O(¢)) where both derivatives are different from zero. This proves that the right-hand-
side expression in formula (3.24) of Theorem 6 1s well-defined.

Applying the Polyakov formula to the metrics gy, = exp(2¢)gy,.s on S, then to
the metrics gy, = exp(2¢0)gyys on Sy, and taking the difference we get the following
relation:

(6.3) logdetA,, (S,Sy) —logdetA, (S, So)

flat,e Shyp,s

1
-— /S 6(Ay b — 2K, iy

1 2 ¢O ( A Lhyp, s ¢0 QKg/;y/.,s )dg@'ﬁ’s ’

where we took into account that
Area(%m S) = Areagﬂa[’g (Sg) and Area%w_s S) = Area‘%M(So).

To prove Theorem 6 we need to compute the limit of expression (6.3) as € and §
tend to zero. Note that the term logdet A, (S, Sp) does not depend on §, and that the
existence of a limit of this term as & tends to zero is a priore known. Similarly, the term
logdet A, (S, Sp) does not depend on ¢ and the existence of a limit of this term as &
tends to zero is also a prior known. Hence, to evaluate the difference of the corresponding
limits we can make ¢ and § tend to zero in any particular way, which is convenient for us.
From now on let us assume that 0 < § K e K R K 1.

As usual, we perform the integration over a surface in several steps integrating
separately over complements to R-neighborhoods of cusps and over R-neighborhoods
of cusps. An R-neighborhood of each cusp we also subdivide into several domains. We
proceed by computing the integral in the right-hand-side of (6.3) domain by domain.

6.2.1. Integration over complements of cusps. — In this domain gg, ; = gpu, and gy, s =
Gop- In coordinates z and ¢ we have

dz 1
=log|—| 4+ =logp~ ',
¢ =log d(‘ 5logp
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where p(¢,¢) = ¢ |72(log ¢ |)~* is the density of the hyperbolic metric. Also, in this do-

main

) 9
A‘%M = Aé’w =4p a¢ 85
Hence,
92 /1 d,z a’Z) 1 )
Bupst =40 5oz 5l +log—)—3lo
a/gm,5¢ p 8{.8{ ( ( d{ g dé- 2 gp
Since log d—z 1s holomorphic and log —; is antiholomorphic they both are annihilated by

the Laplace operator. Thus, in this domain

1
gh}/’ s ¢ gh}‘/’ log ph)ﬁ Kg/pp = 1 ’

and, hence, in this domam we get
(Ag/gvp,éqs - QKgigy[kﬁ) = 1 and (Ash)/; 5¢0 sh)/;é)

In notations (3.23) we can represent integrals (6.3) over complements S — LO;(R) and
So — UO;(R) to the cusps as

1 1
6.4 — gy — gy ) — —— — o) dgyy.
6.4 gl o= [ i) - 55 [ @

6.3. Integration over a neighborhood of a cusp. — The rest of Section 6 consists of a
very tedious calculation. We fix a pair of corresponding conical singularities P; on S and
on Sy, and we consider neighborhoods O(R) of the corresponding cusps in hyperbolic
metrics on S and Sy. These neighborhoods are isometric, where isometry is defined up to
a global rotation of the cusp. Using such an isometry we identify the two corresponding
neighborhoods on S and on S,. Clearly, g;,, and g, s coming from S and from S, coincide,
while the holomorphic functions w, and wy defined in a disc O(R) = {¢ such that |¢| <
R} (and hence the corresponding flat metrics and smoothed flat metrics) differ. Note,
however, that the cusp was chosen exactly at the conical point, so w(0) = wy(0) = 0.
Also, since ¢, w are holomorphic coordinates in a neighborhood of a point P; of a regular
Riemann surface S, one has ’2—? lc=0 # 0. Similarly %l ¢=0 7 0.

By assumption 0 < § < ¢ K R « 1. We subdivide the disc [{| < R into the fol-
lowing domains (see also Figures 9)

) € <|wl;

) & <|w|<eg
) lw| <& butd < |¢];
) &' <11 <8
) 1§l <d

(
(
(
(4
5
and we perform integration over domains (1)—(3) in parallel with integration over analo-
gous domains defined in terms of wy.
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6.3.1. Integration over a cusp: the domain |w| > €. — First note the following elemen-
tary formula from calculus: for any constant C > 0

log | |12
(6.5) / Og(w—”f' 50 asr— 40
r<|¢|<Cr |§|210g |§|

In other words, while the corresponding integral over a disc diverges, an integral over a
contracting annulus tends to zero as soon as a modulus of the annulus remains bounded.
Now consider the smallest annulus

(6.6) A(e) :={¢ such that r(¢) < [£| < C(e)r(e) }
containing both curves |w| = ¢ and |wy| = ¢. Clearly r(¢) = 0 as ¢ = +0 and C(¢) is
uniformly bounded by some constant C for all sufficiently small values of ¢.

Now let us compute the difference of the integrals (6.3) over the domain |w| > ¢

and integrals over the corresponding domain |wy| > &. Our computation mimics one in
the previous section. In particular, our integrals (6.3) are reduced to

1
12—7'[( ||§||<R ¢dgw N /;C|<R ¢0dgw>’
w|>¢e wo|>¢e
where
6.7) ¢ =(d+2)(logg)(1+o(1)  do=(d+2)(logl¢])(1+a(D))
in our domains. Decomposing the domains of integration we can proceed as:

( ‘§|<R¢dg@ﬁ - ﬁ§I<R ¢od§w>

|lw|>e lwo|>e

= — o) dgyy — — o) dgy, + / day,
fo (R)(¢> ®0) dgyy /|c ‘57(5)(¢> ®0) gy lﬂ,ﬁgg>¢ oy

— d 1
/;‘>7(6) ¢0 g/yp

lwol|<e
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By (6.2) the difference (¢ — ¢) is regular in a neighborhood of a cusp, so its integral
over a small disc {|¢| < r(e)} tends to zero as € tends to zero. We can bound from above
absolute values of each of the remaining two integrals by the integrals of |¢| and |¢y|
correspondingly along a larger domain A(g), see (6.6). Taking into consideration (6.7)
and (6.5) we conclude that these two integrals also tend to zero.

Hence, after passing to a limit & — 0 integration over the domains w > ¢ and
w( > € compensates a missing term

1
- (¢ — po)dgy,
127'[ uO/(R) 0 g)ﬁ
in (6.4).
6.3.2. Integration over a cusp: the domain ' < |w| < e&. — In the annulus ¢’ < |[w| < ¢
we have
291ae = Ppare (W) dw]* = exp(2¢0) |dw]?
1 ‘df 2|d ? 2¢1)|dw|?
Swps —=8mp — T o o | T w|” =exp 1 w
T g P1og (¢ || dw
where

1
Py = Elogpﬂat,s(|w|)

d¢
¢ = —log|¢| — log|log|Z|| + log d—‘
w

An elementary calculation shows that

Py = 7 log |w| 4 regular function of w and w

1
(6.8) ¢, = —log |w| — log|log |w|| +o< )
log |w|

1 1
App=— (140
4 |w|210g2|w|( <1og|w|>>

Applying formula (6.1) to the first integral in (6.3) we obtain

(6.9) / . D (A, — 2Ky, ) dgiy.s

= / (D2 APy — D1 APy + Po Ay — P A¢y) dx dy,
&' <|lw|<e
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An expression ¢y A, in (6.9) does not depend on ¢ or ¢. Hence it coincides with the
corresponding expression for wy, and the difference

/ @A@W@—-/ o Aodidy = 0
&' <|lw|<e

&' <|wol|<e

1s equal to zero. This term produces no contribution to the difference of integrals in (6.3).

By assumption the ratio ¢/¢’ is uniformly bounded (and, actually, can be chosen
arbitrarily close to one). Hence, the estimates (6.8) combined with the formula (6.5) imply
that

/ ¢1 A¢1 a’xdy — 0
/<|w|<e
/ P AP dxdy — 0
g'<|lw|<e
as € tends to zero, and these two terms produce no contribution to the difference of

integrals in (6.3) either.
Finally,

6.10) | sanns
g'<|lw|<e

2w 1 82
oo L) s
2
= [ e ()
2
:f d@((l)]r% —/ %r%d>
0 or |, o O0r  Or

Recall that ¢, (r) = %log Pfiat,e (1), where pgy ¢ (r) 1s defined in (3.15). In particular,

()= =

d
2
7+ @y(n)l= =0

and
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2w 2w
/ (¢lrﬂ| ) do = z ¢1(r, 0)d6
0 2 Jo

d [ 1
= _ —1 —log|1 Oofl——))do
2/0 ( oge —log|loge| + (loge))

1
= —nd(loge +log|loge|) + o<—)
loge

where we used expression (6.8) for ¢;. Once again, the first term in the above expression
will be compensated by an identical term in the corresponding expression for wy, while
the second term in both expressions tends to zero.

It remains to evaluate the difference of the integrals

2m
(6.11) / def 9 %d

for w and for wy.

By the construction (3.15) of pgy,(7), the maximum of the absolute value of its
derivative on the interval ¢’ < r < g is attained at r = & where ,O;M! L(e) = de’"'. Also,
by construction of Py, (r), the minimum of its value on the interval &’ < r < & equals
g’ (14 o(1)). Finally, by our choice of ¢’ and & we have £/¢' — 1 as ¢ — 0. Hence

612 | 5| AR 2 T
e de™! d
EEIEEr T R
Now,

¢1 = —log|¢| —logllog|¢|| —log i—?‘=10g 2—?5‘—1035}10%'5”'
Note that

dw

=W A r=wefw)

where fj(w), fo(w) are holomorphic functions different from zero in a neighborhood of

w = 0. Hence
9 1
o)
8r 8

0 1 1

—CD -+ 0O(1)
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Taking into consideration estimate (6.12) this implies that the difference of the inte-
grals (6.11) taken for S and Sy is of order

&
/ o) dr,
o rlogr

which tends to zero as ¢ — 0 since €’/¢ is bounded (and, actually can be chosen to tend
to 1).

We conclude that in the limit the difference of integrals (6.3) over the domains
¢’ <|w| <eand ¢ < |wy| < ¢ is equal to zero; in particular, it produces no contribution
to the formula (3.24).

6.3.3. Integration over a cusp: the domain where |\w| < &’ but |¢| > §. — The compu-
tation of the difference of integrals (6.3) over the domains {|w| < &'} N {|¢| > §} and
{lw] < &} N{|¢] > 8} is analogous to the one in Section 6.3.1. In particular the differ-
ence of the integrals for these domains tends to zero as R — 0 and hence it produces no
contribution to the formula (3.24).

6.3.4. Integration over a cusp: the annulus 8’ < |¢| < 8. — In the annulus §' < || <6

we have
Ghat,e = constgy e |ldw|® = exp(2¢9)|d¢ |
Gop.s = Piops (11)14C 1’ = exp(2¢1)d¢ |
where
b0 = ~logaonstyy, +log| 2
s = — |0 at.e og|—
2= 3 g consty,, g 7
1
1= EIOg Piyp.s-

In particular, Agy = 0.
Applying the formula (6.1) to the first integral in (6.3) we obtain

(6.13) / ¢(A§W’5¢ — QKg@-p.s) Agp.s
§<[¢]<8
= / (Pa APy — P1 APy + P AP — 1 Agpo)|dL |
¥<|¢|<é

:/ (1 Ay + doAd))|dC |2
d<|¢|<é

The expression ¢; A¢, in (6.13) does not depend on w or w. Hence it is annihilated by
the corresponding expression for wy.
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It remains to compute the integral of ¢9A¢;. Similarly to the analogous computa-

tion (6.10) we get
2 3¢, |° %3¢y 0
/ ¢2A¢1|d§|2=/ dQ(‘Pﬂﬂ —/ ﬁrﬂdr)
§'<|w|<8 0 or |g s Or Or

Note that

ag, 1 9
B "2 gy o8

By definition (3.22) of oy, s(r) we get %l,:;/ =0and

(6.14) 01 a(1 +logllogr)| = Lyl
' or |, are sl TOSEOST =G T Slogs )
Hence
2 8 8
/ W0y -7 20
0 37’ P
2 1 dw 1
=— —log consty, . + log| — 1+ do
A (2 s st 8 dé‘ =8¢ )( 1Og5>

1 dw
= —m logconstpy | 1 + —— ) — 27 log

logs o +o(1)

¢=0
Evaluating the difference with the corresponding integral for w, and passing to a
limit as § = 40 we see that these terms produces the following impact to (6.3):

)

1 dw
—_— O —_—
g i

dU)O

d¢

It remains to evaluate the integral

1
. ]
9 QJT(og

£=0 £=0

Recall that

1 = Pips(0) = =
Jmin Py (1) = Py, (8) Tog’8
see the definition (3.22) of the monotone function p,, s(r). Note also that by definition
Puyp,s(r) has monotone derivative on the interval [§, §] and ,0//% s(r) vanishes at r =4,
Hence, the maximum of the absolute value of the logarithmic derivative
‘ 00, 1|0 1

= | L1oep,

pl/w,s (r)
Pip.5 (1)




290 ALEX ESKIN, MAXIM KONTSEVICH, ANTON ZORICH

on the interval [§', §] is attained at the endpoint §, where its value is already evaluated
in (6.14). Since the function ¢2 is regular, we conclude that the integral

¢y I
fﬁﬂd 5=+ dr
. ar o 5" 8logs

tends to zero as 8 tends to zero.
6.3.5. Integration over a cusp: the disc |¢| < 8'. — In the disc |¢| < " we have

*| 9¢po
ar

Ghat,e = constyy ¢ |dw|*= exp(2y)|d¢ |
Gop.s = 60ﬂ5t@¢,5|d§|2 = exp(2¢1)|d¢|?

where

og consty . + log| 22
¢ = 5 0g constgy ¢ + log 7

1
¢ = Elog COnStyyy 5

Hence A¢, = A¢y =0 and the integral

/ (p2Apy — P AD) + P A — 1 Ay)|dC |
[¢]<é

is identically equal to zero.

Applying the formula (6.1) we conclude that integrals over this region produce no
contribution to the difference of integrals in (6.3).

Combining the relation (6.4) with the estimates from Sections 6.3.1-6.3.5 we get
the formula (3.23). Theorem 6 is proved.

7. Comparison of relative determinants of Laplace operators near the
boundary of the moduli space

In notations of Theorem 7 define the following function:

(7.1) E(S, So)

d
([ i)
> So ; ¢

J)
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Here w denotes the coordinate defined by Equation (3.13) in a neighborhood of a conical
point and ¢ is a holomorphic coordinate defined by Equation (3.21) in the neighborhood
of the same conical point. By Equation (3.24) from Theorem 6 one has

1
logdet A (S, 80) — logdet Ay, (3, 8) = ——E(S, So).
’ T

Slop
In this section we estimate the value of E(S, Sy) and prove Theorem 7.

We will actually prove a stronger statement, which is in some ways best possible.
Recall the thick-thin decomposition for a quadratic differential which was defined in
Section 4.

Theorem 11. — Let S € Q,(dy, ..., d,), Sy € Q\(d, ..., d,) be flat surfaces, and let
Y1, ..., Y, be the 8-thick components of S. Let Z(Y;) denote the subset of zeroes and poles which
is contained in Y; (so that U;m:1 {orders of Z(Y))} = {di, ..., d,}). Then,

=G,

- 4
‘E(s, so—Z(—an(Yj)— > m%) log A (Y))

j=1 PEZ(Y))

where x (Y;) 1s the Euler characteristic of Y; (considered as a surface with boundary which is punctured
at all points of Z.(Y;)), A(Y;) is the size of Y; (defined in Section 4), and C depends only on 8, n, R,
on the stratum Q,(d,, ..., d,), and on Sy.

For each stratum, we should consider the positive parameters 8, n, R, and S, as
fixed. In this sense, the constant C in Theorem 11 depends only on the stratum.

We note that Theorem 11 immediately implies Theorem 7, since by Lemma 4.1,
for any thick component Y of S, £4,(S) < A(Y) (and since S is normalized to have unit
area, A(Y) = O(1)).

Example 7.1 (Two merging zeroes). — Consider the following one-parameter family
of flat surfaces. Take a flat surface with a zero P of order d, and break this zero into two
zeroes Py, Py of orders d; 4+ dy = d by a local surgery in a neighborhood of P, see [EMZ]
for details. Consider a family of flat surfaces S; isometric outside of a neighborhood of
Py, Py such that the saddle connection joining P, with Py contracts.

For the underlying hyperbolic surface we get a “bulb” in the form of a pair of pants
Y. growing out of our surface. This pair of pants has cusps at the points P, Py and is
separated from the main body of the surface by a short hyperbolic geodesic homotopic to
a curve encircling Py, Py, see Figure 10. Clearly, the size of Y, satisfies A(Y;) = 2£,(S;),
where £4,(S;) is the length of the short saddle connection joining P, and Py. The size
of the main body of the surface stays bounded. The Euler characteristic of the pair of
pants Y, is equal to minus one. We assume that S, has no other short saddle connections.
Applying Theorem 11, we get
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P s Po

> L

F1G. 10. — A simple saddle connection in the flat metric produces in the underlying hyperbolic metric a pair of pants with
two cusps. Contracting the saddle connection we pinch the pair of pants out of the main body of the surface

logdet Ay, (S, Sp) — logdet Ay, (S, Sp)
1
=—E(,S
257 L5+ 50)
: (1 2 2 )1 £(S0) + O(1)
== - - 10 a T ’
6 d+2 dyto) OB

where the error term is bounded in terms only of the orders of the singularities of S;.

7.1. Adnussible pairs of subsurfaces. — Suppose Y C S and Y, C S, are subsurfaces.
We say that the pair (Y, Yy) is admissible if Z(Y) = Z(Y,) (i.e. the degrees of the zeroes

and poles in Y and Y are the same). We now introduce the following notation: for an
admissible pair (Y, Yy), let (in the notation of (7.1)),

E(Y, S;Y, Sg) = </ gy, — f ¢0dg/9)/)>
v Yo

—om (log

PeZ(Y)

dw
E(P)‘ — log

d
wo p) D
e
This definition implies that
E(Y, S; Yo, So) = f bdgiy — f Godgyy,  when Z(Y) =7(Y,) = 2.
Y Yo

If72(Y) = &, we let

Y
Let

S = (U\@»(n)) U ( U Am))
J=1 vl ()

be a (8, n)-thick-thin decomposition of S (as defined in Section 4.4). We now choose a
decomposition S into a sum U;"zl Y} such that the subsurfaces Y have pairwise disjoint
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interiors, and such that all the pairs (Y;(n), Yj{) are admissible. Then, it follows immedi-
ately from the above definitions that

(7.2) E(S,S0) = Y E(Y;().S: Y. S0) + Y I(A, (). 8).

J=1 yel'(d)

Our proof of Theorem 11 will be based on (7.2). We will estimate the terms on the right-
hand-side of (7.2) in the following subsections.

7.2. Estimate for the thick part. — Recall that by §-thick components we call the con-
nected components of S — iner(a) ¥, where I'(§) is the collection of §-short closed hy-
perbolic geodesics, see Section 4.

Lemma 1.1. — Suppose that S, Sy € Q1(d,, ..., d,), and (XY, YY) is an admissible pair,
whereY CS, Yo C Sq and Y is §-thick. Then,

) logA(Y)| < C,

E(Y(n). S: Yo, So) — (Areaw(Y(m) -2

PeZ(Y)

4
d(P)+2
where C depends only on 8, n, R, Yo, So, where R > 0 be as defined in the beginning of Section 4.5.

Proof. — In this proof we will say that a quantity is uniformly bounded if it is
bounded only in terms of §, n, Yy, Sp and R. Write S = (C, ¢), and let 7 = A(Y)?q.
Then,

(7.3) ¢ (9) = ¢(g) —logA(Y).

Let P € Y be a zero or a first-order pole of ¢. Let ¢ be the local coordinate near P
as in (3.21), and let w be the local coordinate near P as in (3.13). Let w be the local
coordinate near P as in (3.13), for ¢ instead of ¢. Then,

= )\.(Y)_Q/(d(PH_Q)U),
where d(P) is the degree of P. Hence,

dw

(7.4) log E(P) =

T logA(Y) 41 d—w(P)'
APy +2 8 8l

Let S = (C, §) and let YcS be the corresponding subsurface (so the flat metric on Y is
scaled to have size 1). Note that Y and Y have the same hyperbolic metric. Then, by (7.3)
and (7.4),
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E(\?(ﬂ), S; Yo, So)

=E(Y(1), S; Yo, So) — (Areaw(Y(n)) -3

PeZ(Y)

L)l A(Y)
APy +2) 8

Thus, it is enough to show that E(\?(n), S: Yo, So) 1s uniformly bounded. We may write

E(Y(1),S; Yo, So) =H =27 Y J(P),

PeZ(Y)
where
H=< (@) dgyy — / ¢odg@¢;>
Y(n) Yo
and
dﬁ) dU)O
P) =log|—(P)| — log| —(P)|.
J@) Ogdg()‘ og a’{()‘
Let O(R) = UPGZ(Y) Op(R). We have
7.5 e[ by~ [ it Y [ (6@ - sy
Y(’I)_O(R) Yo PeZ(Y) OP(R)

By Proposition 4.1, ¢(g) is uniformly bounded (i.e. bounded depending only on §, n,
R and the stratum); therefore, so is the first integral in (7.5) Also, obviously the second
integral in (7.5) is uniformly bounded, since it is independent of g. To bound the third
integral, note that ¢ (q) — ¢ is a harmonic function of the coordinate ¢ of (3.21), and
by Proposition 4.1, ¢ (q) — ¢o is uniformly bounded on dOp(R); then by the maximum
principle, ¢(¢) — ¢y is uniformly bounded on all of Op(R). This shows that the third
integral in (7.5) is uniformly bounded.
It remains to give a uniform bound for J(P) for each P. We may write

(7.6) g=w"dw)* =)L (d)?,

where ¢ is as in (3.21) so ¢ = 0 corresponds to the point P, 4 is the degree of P, and f(¢)
is some holomorphic function which has no zeroes in Op(R). Then, we may write

d\’ =0\
(E) =f(§)<—w_0>,

and taking the limit as { — 0 we get

dﬁ;o P 0 dt 0 d
(20 o £o)
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After taking logs, we get

dw

—~(O)‘— 1
;0=

d+2

log loglf (0)].

d

In view of (7.6) and of explicit formula (3.21) for the hyperbolic metric in terms of ¢, the
conformal factor of ¢ restricted to dOp(R) can be written as

. S
(7.7) AOES —108‘ﬁ
2 71glog” 12])
By Proposition 4.1, ¢(g) on dOp(R) is “uniformly bounded”, i.e. bounded by a con-
stant depending only on §, 1, R and the stratum; then by (7.7), log|f(¢)| 1s also uni-

formly bounded on dOp(R). Thus, by the maximum principle, log|f(0)| is uniformly
bounded. UJ

where [¢]| =R.

7.3. Estimate for the thin part. — Let A, () be a thin component of the (8, 1) thick-
thin decomposition of a flat surface S = (C, ¢) (see Section 4.4), corresponding to the
curve y € I'(9). Recall that each short hyperbolic geodesic y € I'(§) uniquely determines
either a flat cylinder or an expanding annulus (see Section 4 for the definitions). The short
geodesic y is embedded into the corresponding maximal flat cylinder or expanding an-
nulus and realizes a generator of its fundamental group. Let A (A,) and A_(A, ) denote
the sizes of the §-thick components Y, Y_ C S —I'(8) on the two sides of y.

Lemma 7.2. — Suppose y is represented in the flat metric of S by a flat cylinder, of height h and
width w (so that the flat length of the q-geodesic represtative of y is w). Then,

(7.8) loghs(A) —logw| <C' and |logh_(A,) —logw| <C/,
where C' depends only on 8, 1 and the stratum.

It is important to note that Lemma 7.2 holds only because we consider the zeroes
of the quadratic differential ¢ to be punctures (cusps in the hyperbolic metric). Without
this assumption, Lemma 7.2 fails, and part (a) of Lemma 7.3 below needs to be modified.

In fact, the proof is contained between the lines of the paper [Rf2] of K. Rafi.
However, since it is not stated in the precise form which we need, we give a sketch of a
proof below.

In the proofs of Lemmas 7.2 and 7.3 the constants ¢; will depend only on the genus,
the number of punctures and the parameters §, n and R of the thick-thin decomposition.

Proof of Lemma 7.2. — Suppose that the perimeter w of the cylinder is much bigger
than the size A4 (A,) of the thick component Y to which it is adjacent. In order to glue a
relatively wide cylinder to something small we have to fold the boundary of the cylinder.
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F1c. 11. — The simple closed curve B separates all local geometry near the boundary of the cylinder from the main body
of the thick component. The lefi picture represents the flat metric, and the right picture schematically represents the hyperbolic
metric

However, for any fixed stratum, the complexity of this folding is bounded in terms of the
genus and the number of conical singularities, which proves the inequalities

w
— =q.
ri(Ay)

Suppose that the perimeter w of the cylinder is much smaller than the size A+ (A,)
of the thick component Y. to which it is adjacent. Then all local geometry near the
boundary of the cylinder can be separated from the main body of the thick component by
a simple closed curve B (non necessarily a geodesic) such that the flat length of 8 is much
bigger than w but much smaller than A, (A, ), see Figure 11. Suppose B is peripheral.
Then either B is homotopic to a curve in the boundary of the cylinder F, whose core
curve 13 ¥ or else B is homotopic to some other curve in the boundary of A, (A, ). The
first possibility cannot occur since the boundary of F, has non-trivial topology (because
of the cone points). The second possibility cannot occur since B is much smaller than the
size of AL (A,).

Thus B must be non-peripheral. Then, by the definition of size, £4,(8) > A+(A,)
for any nonperipheral curve. Hence our assumption that the perimeter w of the cylinder
is much smaller than the size A+ (A,) leads to a contradiction, and we have proved that

)‘:t (Ay) <
w =

9.
Lemma 7.2 is proved. O

In the statement and in the proof of Lemma 7.3 below the ¢; denote constants de-
pending only on the stratum, on the parameters § and 1 of the thick-thin decomposition,
and on the parameter R responsible for neighborhoods of cusps. The constants ¢; are
different from those used in the proof of Lemma 7.2.

Lemma 1.3. — Suppose the constant § defining the thick-thin decomposition is sufficiently small
(depending only on the genus and on the number of punctures). Then, for any (8, n)-thin component
A, () of aflat surface S the following holds:
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(@) Suppose y 1is represented in the flat metric by a flat cylinder of height h and of width w (so
that the flat length of the q-geodesic representative of y is w). Then

T h
=—+0(),
Lp(y) w

where the implied constant s bounded only in terms of 8, n, R, and the stratum.
(b) Ify s represented in the flat metric by an expanding annulus, then

o < (Y loghi(A)) —logh_(A)| <
where ¢ > 0 and ¢, > ¢y depend only on 8, n and the stratum.

In addition,

(c) There s a constant My > O (depending only on § and the stratum) such that any flat cylinder
of modulus at least My contains a hyperbolic geodesic of length at most §.

Proof. — The statement (c) 1s classical, see e.g. [Hb, Proposition 3.3.7]. The state-
ment (b) is due to Minsky [Min, §4], see also [Rf3, Theorem 3.1]. (The discussion in [Rf3]
is in terms of extremal lengths, but recall that for very short curves, the extremal length is
comparable to the hyperbolic length [Mk]).

The statement (a) is standard, but since we found it difficult to extract it in the
precise form we need from the literature, we give a sketch of a proof below. (Similar
results can be found in [Br], [M1, §6], [Wo2]).

Let Y. (n) be as in the proof of Lemma 7.2, and let Y/, (1, R) denote Y. (n) with
R-neighborhoods of the cusps removed (with the cuts along horocycles around cusps of
hyperbolic length R), see Section 4.5.

Let a4 denote the boundary curves of A, (7). We do not know the precise position
of the a. in the flat metric. However, we claim that

(7.9) Vpeay, du(p, B <ow and Vpea, dulp T) < ow,

see Figure 12. We prove the first estimate; the second one is proved analogously.

Let us show that Y’, (7, R) has nonempty intersection with the boundary compo-
nent X of the maximal flat cylinder F, . First note that Y, (7, R) cannot be completely
contained in the nferior of F,, for topological reasons.

By construction, the boundary component a of Y’ (1, R) corresponding to y is
homotopic to the waist curve of the cylinder F,. Each boundary component ¥, of the
maximal cylinder F,, passes through at least one conical singularity of the flat metric, and
this singularity defines a puncture. Together these two observations imply that ;. cannot
be located completely outside of the part F, | of the flat cylinder I, bounded by y and
X, so oy has nonempty intersection with F, ..
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F1G. 12. — The boundary components o of the hyperbolic cylinder A(#) of large modulus (colored in grey) stay within flat
distance of order w from the corresponding boundary components X of the flat cylinder F, of perimeter w

Thus Y, (7, R) has nonempty intersection with F, | and is not contained in the
interior of F,, ;. Hence, it intersects with the boundary of 9F, , =y UX . Since Y', (7, R)
cannot intersect the boundary component represented by the hyperbolic geodesic y, it
should intersect the boundary component X,. Denote by x; a point in Y’ (n, R) N X

Suppose p € .. Since the hyperbolic diameter of Y’, (17, R) is bounded by a con-
stant ¢g, there exists a path A,, , C Y’ (1, R) connecting x; to p of hyperbolic length at
most ¢;. But then, Lemma 7.2 and Proposition 4.1 imply that there exists a constant ¢;
such that the flat length of &, , is at most ¢; w.

Applying a similar argument to £_ and letting ¢; = max(cy, ¢; ) we prove the
estimate (7.9).

We note that as a consequence of (7.9),

(7.10) Areaﬂat(Ay (77)) < hw + cyw?.

Choose any ¢; > ¢y, and let A’ denote the flat cylinder obtained by removing the (¢;w)-
neighborhood of the boundary from F, . Then, by (7.9), A" C A, (n).

Recall that the extremal length of a family of curves I' on a surface C endowed
with a conformal structure is defined to be

E 2
(7.11) Ext(T) = sup inf —2)_
» vel Area,(C)

The supremum in (7.11) is taken over all the metrics in the conformal class of C. The
extremal length is a conformal invariant, and the modulus M(A) of a topological annulus
A C C can be expressed as

1
~ Exy(I)’

M(A)

where the extremal length Ext(I") is evaluated for the family I" of curves y in A given by
the homotopy class of the generator of the fundamental group of the annulus A.



LYAPUNOV EXPONENTS OF THE TEICHMULLER FLOW 299

Clearly, if I'y C T’y then Ext(I'}) > Ext(I'y). Then, since A" C A, (), we have
(7.12) Mod(A') < Mod(A, (n)).
The cylinder A’ is flat, and so

h— h
(7.13) Mod(A') = "226% _ 1 o
w w

Also by the explicit formula for the hyperbolic metric in a cylinder (see [Hb, pages 25-26
and page 72] and also the proof of Lemma 7.4 below),

(7.14) Mod(A, () =

b4
— (6,
iy (¥)
where ¢5 depends only on 7.
It remains to bound Mod(A, (1)) from above. We now apply the definition (7.11)
of extremal length to the family of curves I'” which consists of curves homotopic to y and
staying within A, (7). We get, by choosing the flat metric for p and using (7.10),

1 V4 . 2 2
= Ext(I") > —2 ) > Y
Mod(A, (1)) Areag, (A, (7)) ~ hw + c,w?
Hence,
h
(7.15) Mod(A, (7)) < ” + ¢y
Now part (a) of the lemma follows from (7.12), (7.13), (7.14) and (7.15). U

Let I'(8), I(A, (1), S) be as defined in Section 7.1.

Lemma 7.4. — Forany y € I' (),

1
I(Ay (n), S) ~3 Areay,, (Ay (r])) (log Ar(A)) + logk_(AV)) <C,
where G depends only on 8, n and the stratum.

Proof. — Choose coordinates in which A, is represented by a rectangle 0 < x < 1;
—h/2 <y < h/2, see Figure 13.

The hyperbolic metric on A, is represented in our coordinates as follows (see [Hb,
pages 25-26 and page 72]):

1 7\’
7.16 o= —————| — | (&* + d?).
< ) g/)’]) COSQ(%_))) (}l) ( X + .y )
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A &

Fic. 13. — Parametrization of a hyperbolic cylinder

In this hyperbolic metric the hyperbolic geodesic y representing a waist curve of the
cylinder (the circle y = 0) has length /,,(y) = 7. We assume that the modulus of the
cylinder is very large, so /,,(y) < 1.

Cut the flat cylinder at the vertical levels % — 9 and —(é‘ — J9), where parameter
90(n) 1s chosen in such a way that the hyperbolic length of the boundary curves is equal
to 1. As usual, we assume that /,,(y) < n < 1. Itis easy to see that

h by
(7.17) Cos(%(§ —yg)> =sin<%) :%:%)/)« 1,
SO
h 1
(7.18) Y= — arcsin = ~ —.
b4 nh 1

Then, A, () is represented in our coordinates by the rectangle 0 <x <1, —(2/2 — y)) <
2= (/2 = y0).

The cylinder A, () is subset of our surface S. As such, it inherits a flat metric from
the quadratic differential ¢ on S. We may write

7=V (2)(dz)*,

where z = x + 19, and ¥ (z) is holomorphic. Note that ¥ has no zeroes on A, () (since
zeroes of Y correspond to zeroes of ¢ which will become cusps in our hyperbolic metric).
By (7.16), the conformal factor ¢ (¢) is given by:

2 2
wu+¢wcm(%{)(f) -
T

Consider the values of ¢ (¢) on the boundaries of A, (1), 1.e on the segments a; = [0, 1] x
{h/2 —yo} and _ = [0, 1] x {—=(%/2 — y)}. Let A be the size of the thick component on
the other side of oy from A, (n). Then, by Proposition 4.1, we have

1
(7.19) #(9) =5 log

(7.20) ¢ () —logrs| <C,
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where C is bounded in terms of §, 1, R, and the stratum. Then, combining (7.17)~7.20),
we get

1
(7.21) 51og|x/f(,z)} —loghs| <C' onay,
where € is bounded in terms of 77, §, R, and the stratum.
Let
loghy +logh_  (loghy —logA_)

2 (h—2y0)

Then, f(2) = %logll//(z)l —logAy on ag. In view of (7.21), we have f(z) = O(1) on

0A, (n). But f is harmonic, and thus in view of the maximum principle, /(z) = O(1) (i.e.

bounded in terms of §, n R, and the stratum) on all of A, (). Substituting (7.22) into
loghy +logh_  (logAy —logA_)y

(7.19), we get
T
2 (h—250) COS( i ) ‘ .

We now multiply both sides by the hyperbolic metric (see (7.16)) and integrate both sides
over the rectangle [0, 1] x [—(2/2 — ), (h/2 — yy)]. We get

(7.23) ¢(9) =

+ log

logAy +logA_
2

where Iy, I5 and 1, are the contributions of the second, third, and fourth terms in (7.23).
The integral I, vanishes because it is odd under the map y — —y. By construction, |I;| <
sup |/ (2)| Areay, (A, (7)) is bounded in terms of §, 1, R, and the stratum. It remains to

bound |I3|. We have
(h/2=0) 7\2 my\ k
1= [ [ e (7) () 7)
(h/2—y0) COS h h)m
_ 2‘/*(}1/2 —0) 1 7T 2 | 77)) ) p
A cos? (%) B N )Y

2 fl (—) M du using u = cos(my/h)
sin(mwyo /h) h UQ\/ 1 — u2

! 7\ |log(hu/m)|
2/ (—)—du using (7.17
/iy \ 1t 21 =2 8l )

) /“ﬁ< >|log<hu/n>| wio [ ( )Ilog(fzu/n)l .
7/ (k) 2V 1 h) w21 —u?
=2(I3, + I;).

(7.24) I(A,(n),S) = Areay, (A, () + L+ 1L + 14,

dx dy
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The integral I, is bounded independently of /#>> 1 since it converges and the integrand
is bounded independently of /. Also,

/42 1
I, < 2/ <i> Nogltu/m)l ,,

sty \ 2 u

e |logv| )
=2 >—dv  using v = hu/w
1/n v

A

*|logv . .
2 f | g2 | dv since the integral converges.
tm Y

We see that I3, is bounded depending only on 1. Thus, |I5] is bounded depending only 7.
This completes the proof of the lemma. 0J

7.4. Proof of Theorem 11. — The theorem follows almost immediately from (7.2),
Lemma 7.1 and Lemma 7.4. It remains only to note that for any thick component Y C S,

1
Areay, (Y(m) + 5 D Areay,, (A, () = Areay,, (Y) = =27 x ()

yedY

where the last equality follows from the Gauss-Bonnet theorem (since the geodesic cur-
vature of 0Y is 0). This completes the proof of Theorem 11.

8. Determinant of Laplacian near the boundary of the moduli space

8.1. Determinant of hyperbolic Laplacian near the boundary of the moduli space. — The
proof of Theorem 8 is based on the following result of R. Lundelius, see [Lu], Theorem
1.2. This result generalizes an analogous statement proved by S. Wolpert in [Wol] for
surfaces without cusps.

Theorem (R. Lundelius). — Let C. be a famuly of hyperbolic surfaces of finite volume which tend
to a stable Riemann surface Cs as T — 00. The surfaces are allowed to have cusps, but do not have

boundary. Let Cyy be a “standard” hyperbolic surface of the same topological type as each C... Then
2
b4

3l

8.1) —log|det A,,, (Cr, Co)[ =)
k

+O(=log £,,(C.)) +O(1)

as T —> 00. Here L . are the lengths of the pinching hyperbolic geodesics, and £,,(C) is the length of
the shortest hyperbolic geodesic on C.

Remark 8.1. — The definition of relative determinant of the Laplacian in the hy-
perbolic metric used in [Lu] differs from ours. However, it was shown to be equivalent by
J- Jorgenson and R. Lundelius in [JoLu].
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Remark 8.2. — Note that the original formula of R. Lundelius contains a misprint:
the coefficient in the denominator of the leading term in Theorem 1.2 of [Lu] is erro-
neously indicated as “6” compared to “3” in formula (8.1) above. The missing factor 2
is lost in the computation in Section 3.3 “Analysis of the cylinder” of [Lu]. The author
considers there a flat cylinder obtained by identifying the vertical sides of the narrow
rectangle [0, [) x (2, m —2[), where 0 < [ < 1, in the standard coordinate plane and de-
scribes the eigenfunctions of the Laplacian on this flat cylinder with Dirichlet conditions

as
(2w . [ 2mmu 2mnu\ . [ 2mmv
sin sin and cos sin
[ a [ a
while they should be written as
(2w . [ TmTmv 2mnu\ . [ Tmv
sin sin and cos sin
[ a [ a

with n € N and m € N U {0} (page 232 of [Lu]). The rest of the computation works, basi-
cally, in the same way as in [Lu] except that the resulting asymptotics for the determinant

of Laplacian on this flat cylinder is get multiplied by the factor 2 producing:

2
—log| det Agy| ~ % +O(log ).

(The original paper has “6” in the denominator of the fraction above.)

Example 8.1 (A pair of homologous saddle connections). — Consider the following one-
parameter family of flat surfaces. Take a pair of flat surfaces S;, Sy; make a short slit on
each flat surface; open up the slits and glue the surfaces together, see Figure 14. Con-
tracting continuously the length s of the slit we get a family of flat surfaces S;. For the
underlying hyperbolic surface we get three thick components: two obvious ones, but also
a sphere separating the other two thick components. This sphere Y, has cusps at the

- Py
Py
Py
| P>
Fic. 14. — A pair of homologous saddle connections in the flat metric produces in the underlying hyperbolic metric a

thick component isometric to a sphere with two cusps and with two boundary components represented by short hyperbolic
geodesics. The stable curve obtained in the limit has three irreducible components: the two Riemann surfaces underlying
S| and S, and a four-punctured sphere between them
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endpoints points Py, Py of the slits and is separated from the rest of the surface by a pair
of short hyperbolic geodesic homotopic to curves encircling Py, Py, see Figure 14. Clearly,
the size of Y, satisfies A(Y;) = 2£3,(S;), where £4,,(S;) = s is the length of the slit. The
sizes of the other two thick components stay bounded. The Euler characteristic of the
sphere Y. with two holes and two punctures is equal to minus two.

Assuming that the slits which we made on the original flat surfaces S;, Sy are not
adjacent to conical singularities, the points Py, Py on the compound flat surface S; have
cone angles 47 which correspond to zeroes of order d = 2 in the sense of quadratic
differentials. Applying Theorem 11, we get

(8.2) logdet Ay, (S, Sp) — logdet Ay, (S, Sp)
| 9
— (2 2 = ) loglu(S,) +0x
6 ( 2+ 2 2+2) 08 b (5:) + OC1)
108 €4 (S,
o8t ®) 4 o),

where the error term is bounded in terms only of the orders of the singularities of S..

A particular case of the above construction when the surfaces S;, Sy belong to the
principal stratum of Abelian differentials, was recently studied by A. Kokotov in much
more detail, see [Kk1]. His result implies that

1
logdet Ay, (S, Sp) = §log€ﬂat(S,) 4+ O(1).

We now compute the asymptotic of logdet A, (C:, Co) in this example to show that the
expression (8.2) for the difference of the flat and hyperbolic determinants matches the
asymptotics obtained by A. Kokotov.

By Theorem of Lundelius, see (8.1),

7.[2

SACH)

logdet A, (Cr, Co) ~ =
k

where summation is taken over all short hyperbolic geodesics. In our case we have two
short hyperbolic geodesics of approximately same length £,,,(S;), so we get

7.[2

L1,y (Se)’

The length of a short hyperbolic geodesic is expressed in terms of the modulus of the
embodying maximal conformal annulus as

Elyxp (Sr) =

8.3) logdet A, (Cy, Co) ~ —2 -

Shop

T
Mod,

b

see (3.3.7) in [Hb].
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By considering the Zhukovsky function z %(z + i) we can see that asymptoti-
cally, as the size £4,(S;) of the slit tends to zero,

1 log £,(S;)
WES o7

Plugging this into (8.3) we get

2

2 _log £4,(S,
logdet Ay, (Cr, Co) ~ =2 ——— ~ 9. m” —logbu(S:)
( 341, (St) 3 72
_ log 4 (S:)
= B0,
Thus,
10g £ (Se

log det Ay (S, So) — logdet A, (S, S) ~ OgﬂTf()’

which matches (8.2).

It 1s immediate to recast the above Theorem of R. Lundelius as a uniform bound:

Corollary 9. — Let C, Gy be two hyperbolic surfaces of finite volume and the same topological
type. The surfaces are allowed to have cusps, but do not have boundary. Let § > O (depending only on
the genus g and the number of cusps n) be such that any two curves of hyperbolic length less than § are
disjoint. Then, there exists ¢y > O (depending only on g, n, & and Cy) such that

72
3

1
Z = 61(1 + |10gﬁw(c)‘)

(8.4) log|det A
yel'(6) Eip(¥)

(C’ CO)| +

Sy

Here T'(8) 1s the set of closed geodesics of length at most § (so the cardinality of I'(8) is at most
(8g — 3 +n)), and £,,,(C) 15 the length of the shortest hyperbolic geodesic on C.

Proof of Corollary 9. — The proof is by contradiction. If such a constant ¢; did not
exist, then there would exists a sequence C; with fixed topology such that

1
1 + [log €,,,(C,)|

1
Ehyp(y)

7.[2
log|det A, (C., Co)| + 5 Z — 00

yel©)

(8.5)

The existence of the Deligne-Mumford compactification implies that (after passing to
a subsequence) we may assume that the sequence C; tends to a stable Riemann sur-
face Co. Then, from (8.1) we see that the left-hand-side of (8.5) is bounded. This contra-
dicts (8.5). U
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8.2. Proof of Theorem 8. — We start with the following preparatory Lemma.

Lemma 8.1. — Consider a stratum Q(d,, . .., d,) of meromorphic quadratic differentials with
at most simple poles (the case of global squares of 1-forms 1s not excluded). Let £4,,/(S) be the length of
a shorlest saddle connection on a flat surface S; let £,,(S) be the length of the shortest geodesic in the
canonical hyperbolic metric with cusps in the conformal class of S.

The following estimate ts valid for any flat surface S of unit area in the stratum:

[log £4,,(C)| = O(| log £1(S)|)
where
O([log £1(S)]) = 2[log € (S)] + Clg. n)

with C(g, n) depending only on a genus of S and on the number n of zeroes and simple poles of the
quadratic differential.

Proof. — It 1s straightforward to deduce this lemma from Lemma 7.3, but we find
the following argument more illuminating. Recall that the extremal length of a curve y
on a Riemann surface C is defined to be:

o (@)
Ext(y) =sup inf —————,
p @<yl Area, (C)

where the inf'is over the homotopy class [y] of y, and the sup is over all metrics in the
conformal class of C. Letting p be the flat metric on C we get

Ext(y) > €uu(y)”.

It is a well known fact (see e.g. [Mk]) that for sufficiently short curves, the hyperbolic
length is comparable to the extremal length. Then, taking logs completes the proof of the
lemma. O

Proof of Theorem 8. — We choose § > 0 so that Lemma 7.3 holds, and also Corol-
lary 9 holds. Choose M > M, where M, is as in Lemma 7.3(c). As above, let I'(§) denote
the simple closed curves of hyperbolic length at most §. Let I'y; denote the simple closed
curves which are represented in the flat metric by a flat cylinder of modulus at least M.
Then the sum in (8.4) is over y € I'(§), while the sum in the expression (3.26) in the
statement of Theorem 8 is over y € I'};. By Lemma 7.3(c), I'y; C I'(8). Let
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2
E="Y My)

S 6/),)()/) 3 ww)

:% Z < V4 _/l()/)>+%2 Z 1

yel )Ny by) w(y) yer(a)frl’ﬂg’w(y)

We claim that

(8.6) 1£(S)| = O(|log £4.(S)])-

Indeed, since the number of terms in both sums defining £(S) is bounded by 3g — 3 + 7,
it is enough to bound each term separately. If y € I'(6) N T'§; then by Lemma 7.3(a),

T h(y)
Lp(y)  w(y)

—O(1).

Now suppose y € I'(§) —I'y,;. Since y € I'(8), y is represented in the flat metric by either
a flat cylinder or an expanding annulus. If the representative is a flat cylinder, then, since
y & I'\;, the modulus of the cylinder can be at most M; this implies by Lemma 7.3(a) that

is bounded in terms of M, i.e. L) = O(1). If the representative of A, (1) is an

_1
Lyp(¥) ¢

expandlng annulus, then by Lemma 7. 3( ), and Lemma 4.1,
A (A O(1
- %‘b L(A,) §‘log o |
Liyp(y) A-(A)) L1 (S)
Therefore, in this case, K—() = O(Jlog £4,(S)|). This concludes the proof of (8.6).

Now Theorem 8 follows immediately from Corollary 9, Lemma 8.1 and (8.6). U

9. Cutoff near the boundary of the moduli space

In this section we prove Theorem 9 establishing relation (3.27) between the inte-
gral of A, log | det Agy(S, Sp)| over a regular invariant suborbifold M and the Siegel-
Veech constant ¢,,,(M) corresponding to this suborbifold.

The only property of log | det Ag,(S, Sp)| which we use in the current section is,
basically, reduced to the asymptotic formula (3.26) from Theorem 8. This formula does
not distinguish flat surfaces defined by Abelian differentials from flat surfaces defined
by meromorphic quadratic differentials with at most simple poles. Thus, in the current
section it is irrelevant whether a regular invariant suborbifold M, belongs to a stratum of
Abelian differentials or to a stratum of meromorphic quadratic differentials with at most
simple poles.

Recall that the Laplace operator associated to the hyperbolic metric of curvature
—4 on Teichmiiller discs is defined on the projectivized strata PH (m,, ..., m,); it acts
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along the leaves of the corresponding foliation in PH(m,, ..., m,). The relative deter-
minant of the flat Laplacian det Az, (S, Sp) is defined for flat surfaces S of area one in
the stratum H,(m, ..., m,). Note, that det Ay, (S, Sy) is invariant under the action of
SO(2, R). Using the natural identification

PH(my,...,m,) ~H(m,...,m,) /SO, R)

we may consider det Az, (S, Sp) as a function on PH(my, ..., m,).

In practice, it would be convenient to pull back all the functions to the stratum
H,(my, ...,m,) and work there. Throughout this section we consider only those functions
on H,(my, ...,m,) which are SO(2, R)-invariant.

9.1. Green’s formula and cutoff near the boundary. — We start by recalling Green’s For-
mula adopted to our notations.

Green’s Formula. — Suppose that fi : My — R and f : M| — R are continuous, leafwise-
smooth along Teichmiiller discs, SO(2, R)-invariant, and at least one of the functions has compact
support. Then,

9.1) Si(Azigfo)dvy = — (Vzeah) + (Vgfo)dvi = (Azh)fadvi.
M M, M

Let C be a flat cylinder. We denote its modulus by Mod(C). (Recall that the modu-
lus of a cylinder with closed horizontal curves is its height divided by its width.) We denote
the length of the waist curve (i.e. of the closed trajectory) of the cylinder C by w(C). For
any point S € M, let Gyl (S) denote the set of cylinders with modulus at least K. We
shall always assume that K is large enough, so that condition (1.2) is satisfied. We also
assume that K is sufficiently large so that the core curves of all the cylinders in Gyl (S)
are short in the hyperbolic metric, see [Wo2] or [Wo3]. Thus, the cylinders in Gyl (S)
are disjoint, and their number is bounded by 3g — 3 4- n. Let

€k (S) = min w(C).
CeGl (S)

We set £k (S) = 1000 if Gyl (S) is empty.

As in Theorem 8, let £4,(S) be the length of the shortest saddle connection in the
flat metric on S. Clearly, £;,(S) < £k (S).

Lemma 9.1. — For any tnvariant suborbifold M, we have
(9.2) vl({SeMl [ €4 (S) <8}) < Ce?,

where C. depends only on M.
In particular, (afler summing the geometric series), we see that for any B < 2, (£g(-))7F €
Ll (Ml » V1 ) .
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Proof. — We use only the fact that v, is an SL(2, R)-invariant probability mea-
sure (and not the manifold structure of M,). Let N(S, L) denote the number of saddle

connections on S of length at most L. By the Siegel-Veech formula applied to saddle
connections [Ve3], [EM, Theorem 2.2] we have for all € > 0,

/ N(S, &)dvi(S) = ¢(M)) - e*.
M,
Note that if £4,(S) < &, N,(S, €) > 1. It follows that

v({S e M | () <)) < / NL(S, £)dv (S) < e(M,) - e,

M, N

Let x. be the characteristic function of the set {S € M, | £x(S) > ¢}. Pick a non-
negative SO(2, R)-invariant smooth function 1 : SL(2, R) — R such that fSL(ZR) n(g)de =
1, and 7 is supported on the set {g | 1/2 < ||lg|| < 2}. Here ||g|| is the operator norm of g,
viewed as a 2 x 2 matrix. Let

9.3) £(S) = f 1@ 1 (S)de,
SL(2,R)

where dg 1s the Haar measure on SL(2, R). Note that since the functions n is SO(2, R)-
invariant, f; : M; — R is also SO(2, R)-invariant and thus quotients to f; : PM — R.

Lemma 9.2. — The nonnegative function fo : My — R has the following properties:

@) £(S) =0 if £x(S) < 8/2.

(b) £:(S) = 1if € (S) = 2.

(c) fo is leafwise-smooth along Teichmiiller discs, and V1, f; and A g;yfe are bounded on M,
by a uniform bound independent of €.

Proof. — The properties (a) and (b) are clear from the definition. To see that (c)
holds, note that for A4(#) € SL(2, R) we can rewrite

L) = / 1@ 1 (@hS)de = f 1 () e (€S)de
SL(2,R) S

L(2,R)

and (c) follows since 1 is smooth and has compact support. UJ

9.2. Restriction to cylinders of large modulus sharing parallel core curves. — Let @ZK(S) C
Gyl (S) denote those cylinders, which are parallel to the cylinder whose waist curve is the
shortest. If there are two cylinders in Gyl (S) with nonparallel waist curves of the same
shortest length £k (S) we define @ZK(S) to be empty.
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We define
YRS = Y (Mod(C) —K),

CeGK(S)

and

YRS = Y (Mod(C)—K).

CeGlg(S)
By convention, a sum over an empty set is defined to be equal to zero. Thus, both func-
tions ¥ and ¥ are continuous, piecewise smooth, and SO(2, R)-invariant on M. Recall
that it follows from our assumptions on K that the waist curves of the cylinders in Gyl (S)
are disjoint, and their number is bounded by 3g — 3 4 n. Since the area of any cylinder is
at most 1, it follows that
3g—3+n
(G (S))*

Lemma 9.3. — Let My be a regular suborbifold, and f; be as in (9.3). Then,

(9.4) UR(S) < ¥R(S) <

b4 -
/ A giglogdet Ay (S, Sp)dv) = — - lim VTez‘chWK - Viiafe dvy.
M, 3 e—0 M,

Proof. — By assumption M, is regular. Let f := logdet Ay, (S, Sy). Note that
Je(S) = 1 as ¢ = 0. Then, by Green’s Formula (9.1),

(9.5) f Apz‘ﬁ}!fdvl = hm/ j‘;ATeic/gfdvl = hm/ fATgl‘,.;lfg dl)l.
M, e—0 M, e—0 M,
Now, by Equation (3.26) from Theorem 8 we have
T
(9.6) J©®) == ¥5) + O(log(tu(9))),
where we use that K - card((y/(S)) < (3¢ — 3 + n)K = O(1) is dominated by
O(log(€4u(S))).

Note that by Lemma 9.2 the function A;,f; is bounded and supported on the set
9.7 M§={8|8/2<£K(S)<28}.

Since £4,(S) < £k (S), Lemma 9.1 implies that v, (M) = O(g?). Also, it follows from
Lemma 9.1, that the function |log €4,/ is of the class L'(M/, v)). Then, by the dominated
convergence theorem, we get:

lim [10g €| A giieyfe dvy = 0.
M, ‘

e—0
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Therefore,

T
(9.8) ,/ Agigfdv) = ——-1im | Y5 Aqif dv,.
M, ) M,

Recall the definition of M, (K, ¢) from (1.2). Since M is regular, there exists a
function R(¢) (depending on M) with R(g) — 00 as € — 0 such that

09 L MMIK eR(€)

e—>0 82

0.

For S € M3, we may write
YEES) =) + 95 (),

where Y5 (S) is the contribution of all cylinders in Cyly (S) — @ZK(S) with waist curve of
length at least éR(g), and ¥ (S) is the contribution of the rest of the cylinders. Then,

~ 3g—3+n

9.10 K©S) <R <y < =>——.

9.10) TS U ® 9N = o
Also, as in (9.4), for S € M{ we have
K 3g—3+n
wAQS?ﬁET.

By Lemma 9.2(c), |Ai/:| is bounded by some constant C:(M ) which does not depend
on &. Therefore,

3g—3+n

K
5 A eic) ad ¢ c
% Te bf Vi EZR(E‘)Z

M,

<CGWM,)- VI(Mi)-

Hence, since R(g) — 00 as &€ — 0 and since v; (M¢) = O(¢?) by Lemma 9.1, we have

lim
E—>

K
wQ Apz'[ del =0.
0Jm,

By (9.9), we have Zvi({S € M§ | ¢f(S) > ¥*(9)}) = 0 as & — 0. By (9.10), we get
YR (S) = O(e7?) on Mt. Thus,

T K T K
—_— 111’1’1 w Apidj(; dU] = ——" 111’1’1 lﬂl ATeic}@f;: dl)]
3 >0 M, 3 &0 M

T ~K
— — . lim 1// Aﬁi{ﬁfé‘ dl)l
My

e—0

T -
. K
= —3 : lm(l) Vil ™ - Viigfe dvy.
E—>
M,
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For the last equality we applied Green’s formula to_f; and . The function %X is con-
tinuous on M and V4, ¥® is piecewise continuous, which is sufficient for the validity of
Green’s formula. O

Let O((S, €, €/2) denote the cylinders on S for which the length of the core curve
is between €/2 and ¢.

Lemma 9.4. — Let

NE (S,e,8/2) := Z Area(C).

CeGly (SNG(S,.2/2)

T hen,

1 ~
6‘tzrez/z(-/\/ll) =lim 3 9 / Niﬂa(s’ &, S/Q)dl)l (S)
M

02
E—> 47‘[’8

Proof. — Write N, (S, €, €/2) = Ny (S, €) — Nuwo(S, €/2). By Siegel—Veech for-
mula (1.4), for any & > 0,

1
(9.11) Ca,m(Ml) == m /M Nar‘ea(s’ g, E/Q)dvl (S)

4
Let
NE (S, e, €/2) = Z Area(C).

area
CeGl (SNGI(S,6.6/2)

By [EM, Theorem 5.1], card Oy[(S,¢,¢e/2) = O(Eﬂal(S)fﬂ) for any 1 < B <
2. Suppose C is a cylinder in OYI(S, &,&/2) — (pl(S). Then, since Mod(C) < K,
Area(C) < Kw(C)? < Ke?. Thus,
(9.12) Now(S, €,8/2) = N& (S,6,8/2) < KSQEﬂm(S)_ﬁ.

area

Since the left hand side of (9.12) is supported on {S € M, |[{;,(S) < €}, and since
Eﬂm(-)_ﬁ € L'(M,, v)) by Lemma 9.1, we have

e—0 g

1
lim — f (Nuwa(S, &,8/2) = NE (S, ¢,8/2))dv, =0.
M,

Thus, in view of (9.11),

1
carea(Ml) = lim 3 / Ngea(sa g, 8/2)61\)1 (S)
e—0 ZJTSQ M,
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By (1.2) N® (., &,¢/2) and NK (-, &, £/2) might differ only on a set of measure o(¢?).

Note also, that N® (S, &, /2) < 3¢ — 3 + n. Hence, we may replace N& by NaKm in the
above equation. Lemma 9.4 is proved. U

Suppose P > 1. Let Gyl »(S) := {C € Gl (S) | w(C) < PLy(S)}, and let

RIS = Y (Mod(C) —K).

Celly p(S)
Let
NEP(S, e,6/2) := Z Area(C).
CeGlg p(HNGI(S,e.8/2)
Lemma 9.5. — For all K sufficiently large, and all P > 1, the following estimates hold:
(9.13) ‘ / Aﬂiﬁh lOg det Aﬁat(S, So)d\)1
M,
i z . ~ JKpP . C(Ml)
3 ll_l;% " VYéwhl/f V?th]{; dvl = PQ
and
1 ~ cM
9.14 o M) — Tim - / KPS, &, 6/dw (8)] < =
e—0 anz M, P2

where the constant C(M ) depends only on M.

Proof. — I C € Gyl o(S) — Gyl (S) then w(C) > Pey (C), and hence Mod(C) <
m. The latter implies, that

3g—3+n

TKQy _ JKP
9.15) RS~ PRS) = e

Suppose C 1s a vertical cylinder on a surface S (so that the waist curve of C 1s

vertical). Then for g € SL(2, R), gC is a cylinder on gS. Let H(g) = Mod(¢C). Then, we
claim that

0
(9.16) VoH = (2H> .

Indeed, we may write

_( cos sinB\ (/2 0 I ox\
9.17) g_<—sin9 COS@)(O y12 ) o 1 = Toayly,
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in such a way that «, acts by Dehn twists on C. Then,
H(a,u,) = H(a,) =yMod(C).

The decomposition (9.17) was chosen in such way that { = x 4 1 provides a standard
coordinate in the hyperbolic upper half-plane parametrizing the Teichmiller disc, see
Section 3.1. For the associated hyperbolic metric of curvature —4 one has

v (P _ 0 (o0
T \® ) T\ Mod(©)) T \2H

This completes the proof of (9.16).

In general, the direction of the gradient of the function H(g) = Mod(gC) depends
on the cylinder C (however we still have ||V, H| = 2H). This is the motivation for
the restriction to parallel cylinders in Section 9.2 and the “regularity” assumption in
Section 1.5.

Now in view of (9.15), and (9.16), we have

2(3g — 3 +n)

0<| V™ (S) = V™ (9) (= P S

for all S where Vi, ¥5(S) and V5P (S) are defined.

Note that by Lemma 9.2 the function A,/ is bounded and supported on the set
M defined in (9.7). On this set we can extend the latter estimate as

2(3g—3+n) - 2(3¢ — 3 +n)

7K _ KPP
[V ™) = Ve ** S| = = = iy

Finally, note that since £4,(S) < £x(S), Lemma 9.1 implies that v,(M3) = O(g?). By
property (c) of Lemma 9.2, ||V, /|l 1s bounded by a uniform bound independent of €.

The estimate (9.13) now follows from Lemma 9.3. 3
For the estimate (9.14) note that if N¥ (S, ¢,&/2) —NEP(S ¢/ £/2) > 0, i.e. if there

exists C € Gl (S) — Gl p(S) with /2 < w(C) < &, then £4,(S) < €x(S) < &. Now
since NK (S, e,6/2) — NKP(S g,8/2) < (3g— 3 +n),

area area

fM (NE (S, e,8/2) —NEF(S, 6, £/2))dvi(S)

& 82
<(Bg—3+n)- vl({swﬂm(S) < 1_)}) :O<ﬁ)’

where we have used Lemma 9.1 for the last estimate. Now the estimate (9.14) follows
from Lemma 9.4. UJ
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Remark 9.1. — Note that in the calculation in Lemma 9.5 we confront a conflict
of two conventions. One uses the upper half-plane for the Poincaré model of the hyperbolic
plane, which imposes the decomposition (9.17) of SL(2, R). The latter implies, that the
holonomy vector associated to the waist curve of the cylinder C should be expressed as

(w(OC) ), as if it was vertical and not traditionally Aorizontal. A similar situation is reproduced

in the next section.

9.3. The Determinant of the Laplacian and the Siegel—Veech constant.

Lemma 9.6. — If K /P? is sufficiently large (depending only on the genus), then

. 7TK,P
lim deﬂﬁ . v??ic}zfé; dl)]
e—>0 M,

1 5
= —(47) - lim - 2/ NEP(S, &, 6/2)dv (S).
My

02
e— 47'[8

Progf: — Let Q = 2P, where, by assumption, P > 1. Note that the supports of both
Viiafs and N&P are contained in the set

MP={SeM,|e/Q < t(S) < Q¢}.

Note also that the support of NP is contained in the smaller subset ./\;llQS - M%E of

area >

those surfaces, for which all cylinders in Gyl (S) having the waist curve of the shortest
length £k (S) are parallel. Note that the intersection of the supports of V;,/: and of ¢%F

is also contained in M%E
We normalize the Haar measure dg on SL(2, R) in coordinates (9.17) as

1
dg = dedyd@ = dgy,, d0,
where g, is the hyperbolic metric of curvature —4 on the upper half-plane

H’ ~ SL(2, R)/SO(2, R).

We choose a codimension two cross section N of ./\;l%:represented by the surfaces
S¢ for which £k (S,) = & and such that on S, the cylinders in Cyly p(S) are horizontal in the

sense of Remark 9.1 at the end of Section 9.2. Then, every S € /\?l?’s can be represented
as

(9.18) S =naS,,

where y € [Q7%,Q?], S, € N.
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Recall that since the measure dv, is affine, it disintegrates as

dy
4y?

dv, = —d0 dp/,

where B’ is a measure on .
For S, € NV, let

H(.S):= Y Mod(gC).

CeGyly p(Se)

Suppose that some cylinder C belongs to the symmetric difference of @JZK’P(SE) and
Gyl p(a,S,) for some y € [Q7%, Q?]. Then,

KQ ™ < Mod(C) < KQ’

By assumption KQ™ is sufficiently large so that all cylinders of modulus at least KQ ™2
are disjoint. It follows that for y € [Q 2, Q?],

|¥5"(aS:) —H(, S| < (3¢ — 3+ nKQ.
By the same argument as in the proof of (9.16), this implies
(9.19) | Vand " (@S0) = VauH, ) | < 2(3¢ — 3+ nKQ”

We will eventually need to consider the integral
(9.20) / V™" Vg fedvi.
M

However, the integrand is supported on a set ./\/llgg satisfying v, (M%s) < C(M))e? and
|V Zife |l 18 bounded independent of €. Then, the contribution of the right hand side
of (9.19) to (9.20) will tend to 0 as € — 0.

Similarly, let

A(,S,) == > Area(C).

CeG™ (SNGI(a,Se.8,/2)

As above, if some cylinder C belongs to the symmetric difference of @ZK,P(SS) and
Cyly p(a,S,) for some y € [Q7%, Q?], then,

Area(C) = (w(C))QMod(C) < (Qs)’KQ? < KQ'e’
Thus,
(9.21) INKP(a,S,,e,6/2) — A(, So)| < (3g — 3+ mKQ'e.

area
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We will eventually need to consider the expression:

1 5
(9.22) f NEP(S e, 8/2)dv (S).
M;

3 9 area
3 TE

Since the integrand is supported on a set M>* satisfying v, (M%) < C(M)e?, the
contribution of the right hand side of (9.21) to (9.22) will tend to 0 as € — 0.
We now claim that for any S, € A/ we have

Q? d
1y

Ay, S,)—.

/1 O )4y2

o "
9.23) Va0, S0 - Vaiafo (6502 = —dnr
! b Q2

32
/Q? TTE

Note that by definition the function H(y,S;) is linear in y, namely, for » €

[1/Q%, Q] we have H(y, S,) =y-Mod(C). Also by construction, for S, € N, f; (aq2S,) =
0, and f;(a),2S,) = 1. Thus,

Q’ dy
/ VﬁidzH(y’ Sa) ° vﬁidgf;‘ (61},85)—2
1 4y

/Q?

Q2
:/ VH(, S:)V/e(a,S:) dy

1/Q?

Q 5£(aS

= Y Mod(©) %dy
Cellg p(Se) Ve 7
= Y Mod(Q)(flagS) — filayezSe)
CE@[K,I’(SS)

= Y Mod(C)-(-D).

CeCyly p(Se)

Now,

Ap.S)= Y Area(C) xepo (7 w(0)),

CeGly p(Se)

where the characteristic function x5 (¢) 13 1 if @ < ¢ < b and 0 otherwise. By our choice
of Q and by the definition of (yly (S;), for every C € (yly ,(S;), we have [%, “’i‘f)] C
[Q%, Q7]. Then,
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Q? d

f AG,S)2
1/Q2 ty

Q’ d

:f ( Z Area(C)X(S/Q,S)(y_l/Qw(C))4__)}2

I/Qz CE@ZKJ)(SS) -y

4w?(C)/e?

)
= Y Arca(©) f 4—%
CeBig p(Se) w2(C)/e2 TV
1 3

— . g2 Z Area(C);

4 4 4 w(C)?
CGC)JK‘P(SE)
13,
=17 Z Mod(C).
Celyly p(Se)

This completes the proof of (9.23). We now integrate (9.23) over N with respect to the
measure df’, and over 6 from 0 to 27, use (9.19) and (9.21), and take the limit as ¢ — 0.
Since vl(./\/llgs) < C(M))e? and Vy,fs is bounded independent of &, we see that the
contributions of each of the right-hand-sides of (9.19) and (9.21) tend to 0 as ¢ — 0.
Lemma 9.6 follows. UJ

Proof of Theorem 9. — Choose arbitrary large P > 1 and choose K’ so large, that all
previous considerations in Sections 9.2-9.3 work for K = K'/Q? = K'/(4P?). Since P is
arbitrary, formula (3.27) and thus, Theorem 9 follow from Lemma 9.5 and Lemma 9.6.
Theorem 9 is proved. O

10. Evaluation of Siegel-Veech constants

It follows from the general results of A. Eskin and H. Masur [EM] that almost all
flat surfaces in any closed connected regular SL(2, R)-invariant suborbifold M, share
the same quadratic asymptotics

. Nuw(S, L)
<10.1> lim T: Cm‘ea(Ml)

L—oo s 2

where the Siegel—Veech constant ¢,,,,(M) depends only on M (see also more specific results
of Ya. Vorobets [Vb]).

In Section 10.1 we recall some basic facts concerning arithmetic Teichmiller discs.
The reader can find a more detailed presentation in the original articles [GuJu], [EMSI],

[HtLe], [Z].
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Following analogous computations in [Ve2], [Ve3], [EMZ], [Le] and [EMSI] we
compute the Siegel-Veech constant ¢,,, for an arithmetic Teichmiiller surface in Sec-
tion 10.2 thus proving Theorem 4.

10.1. Arithmetic Teichmiiller discs. — Consider a unit square representing a funda-
mental domain of the integer lattice Z @ +/—1 - Z in the complex plane. Consider a flat
torus T? obtained by identification of opposite sides of this unit square. A square-tiled surface
(also an orgamz) S 1s a ramified cover

(10.2) N o

of finite degree D over the torus such that all ramification points project to the same point
of the torus.

Clearly, S € H(my, ..., m,) where m; + 1,...,m, + | are degrees of ramification
points. By construction, the cohomology class of the closed 1-form w = p*dz 1s integer:
[w] € H(S, {zeroes}); Z & /—1-Z).

One can slightly generalize the above construction admitting other flat tori without
singularities and with a single marked point as a base of the cover (10.2). The correspond-
ing covering flat surface S is called an arithmetic Veech surface. An SL(2, R)-orbit of such flat
surface in the corresponding stratum is called an arithmetic Teichmiiller disc, and its projec-
tion to PH(my, ..., m,) (or to the moduli space of curves) is called an arithmetic Teichmiiller
curve.

We say that an arithmetic Veech surface is reduced if the cover (10.2) does not factor
through a nontrivial regular cover of a larger torus:

s 1

NS
TQ

Throughout this section we consider only reduced arithmetic Veech surfaces S.
Moreover, we always assume that the base torus of the cover (10.2) has area one.

The action of the group GL(2,R) on an arithmetic Veech surface S and on the
underlying torus T? are compatible: having a cover (10.2) we get a cover gS — gT? for
any group element g; moreover, this new cover has the same topology as the initial one.
This implies, in particular, that if the base torus of the cover (10.2) has area one, than
the SL(2, R)-orbit SL(2, R) - S of an arithmetic Veech surface S representing contains at
least one square-tiled surface. This also implies that the orbit SL(2, R) - S of S is a finite
nonramified cover over the moduli space H,(0) of flat tori with a marked point.

It would be convenient to apply extra factorization over £1d € SL(2, Z) and to
pass to PSL(2, R) and PSL(2, Z). The degree N of the cover

I1:PSL(2,R) - S — H,(0)
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coincides with the cardinality of the PSL(2, Z)-orbit of any square-tiled surface Sy in the
orbit PSL(2, R) - S,

N = deg(IT) = card PSL(2, Z) - S,

Rescaling every flat surface in the orbit PSL(2, R) - S by a homothety with a factor
1/ VD we can identify the orbit PSL(2, R) - S with a regular PSL(2, R)-invariant variety
M, of flat surfaces of area one. The corresponding Teichmiiller curve PM has a natural
structure of a cover of degree N over the modular curve PH(0), where

PH(0) ~ PSO(2, R)\ PSL(2, R)/ PSL(2, Z) ~ H?/ PSL(2, Z).

This cover might have ramification points over any (or over both) orbifoldic points of the
modular curve.

The canonical density measure dv on H,;(0) = PSL(2,R)/PSL(2,Z) in stan-
dard normalization disintegrates to the hyperbolic area form dv,, on PH(0) =~
H?/PSL(2, Z). In particular,

2

v(H,(0)) = % v,y (PH(0)) = %

Clearly, a flat torus of area one cannot have two short non-homologous closed
geodesics. Since H{(0) is connected, it represents the single cusp of H,(0). It is easy to
compute that

V(H;(0)) =me?, Vi (PH®(0)) = €.

Since any arithmetic Teichmiiller curve PM is a (possibly ramified) cover of finite
order N over the modular curve, PM is a Riemann surface of finite area N - 72/3 with
cusps, where the cusps of PM are in a bijection with connected components Cy, ..., C; of
the subset PM°®.

Consider a very short (say, shorter than £) simple closed curve y non-homotopic
to zero in PH?(0) (for example, a very short horocycle). Consider its preimage IT™'y in
PM?. By construction the preimage has a unique connected component y; in each cusp
C; of PM?®. We define a width N; of the cusp C; as a ratio of lengths of y; and y measured in
the canonical hyperbolic metric. Note that the connected component PM*(C)) of PM®
representing the cusp C; is a cover of degree N; over the neighborhood PH*/N(0) of the
only cusp of the modular curve.

Consider a square-tiled surface S,. Every nonsingular leaf of the horizontal foli-
ation on Sy 1s closed. Thus, Sy decomposes into a finite number of maximal cylinders
bounded by unions of horizontal saddle connections. We denote the length of the hori-
zontal waist curve of the cylinder number j by w; and the vertical height of the cylinder
by %;. We enumerate the cylinders i such a way that w;, < wy <--- < wy, where £ is the
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total number of cylinders. Clearly all parameters wj, /; are integer. The area of the cylin-
der number j equals w;h;. The area of the entire square-tiled surface S, (which coincides
with the number D of unit squares tiling it) is equal to the sum

area(S) =D =w i + - + wihy,

where £ is the total number of cylinders. We enumerate the cylinders in such a way that
W) S Wy = = Wy
Consider a unipotent subgroup

IJ:{(é T)|nez}

of PSL(2,Z). Consider an orbit U - Sy of a square-tiled surface. Any flat surface in this
orbit is also a square-tiled surface. Moreover, it has the same number of maximal cylinders
in its cylinder decomposition, and the cylinders have the same heights and widths as the
ones of the initial square-tiled surface. (The only parameters which differ for different
elements of U - S, are the integer fwusts which are responsible for gluing the cylinders
together.)

The proof of the following simple Lemma can be found in [HtLe].

Lemma 10.1. — Let Sy be a reduced square-tiled surface and let 7.(Sy) = PSL(2,Z) - Sy
be the set of square-tiled surfaces in its orbit. The cusps of the corresponding arithmetic Tewchmiiller disc
M, =PSL(2,R) - Sy are in bijection with the U-orbits of Z.(Sy), and the widths N; of the cusps
coincide with cardinalities of the corresponding U-orbits.

(10.3) 2= JUi  card(U) =N,
=1

where s 1s the total number of cusps.

10.2. Swegel—Veech constants for square-tiled surfaces. — Consider an arithmetic Veech
surface S; let p: S — T? be the corresponding torus cover. As usual we assume that
the area of the flat torus in the base of the cover is equal to one. Let y be a closed
geodesic on S. Its projection p(y) to the torus T? is also a closed geodesic. Let v € R? be
a primitive vector of the lattice associated to T? representing this closed geodesic on the
torus. Applying an appropriate rotation 7, € PSO(2, R) to v we can make it horizontal.
Applying a hyperbolic transformation

d 0
&= 0 €_t

with a sufficiently large negative t to the resulting horizontal vector we can make it very
short. The corresponding flat surface g7, - S belongs to a neighborhood of one of the
cusps C; of the orbit PSL(2, R) - S.
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Note that a direction of any closed geodesic (or of any saddle connection) on a
square-tiled surface is completely periodic: any leaf of the foliation in the same direction is
either a regular closed leaf or is a saddle connection. Thus, any closed geodesic on a
square-tiled surface defines a cylinder decomposition of it. Proportions of lengths of the
waist curves of the cylinders or of heights of the cylinders as well as areas on the cylinders
do not change under the action of the group PSL(2, R). In particular, any closed geodesic
on a square-tiled surface defines a rgid configuration of saddle connections. We say that this
configuration has type C; when the flat surface g7y - S defined as above belongs to a
neighborhood of one of the cusps C;.

Any closed geodesic corresponds to a unique cusp C;, so

S
Carea = Z Carea (Cz) .
=1

Here s denotes the total number of cusps of PM. The Siegel-Veech constant ¢, (C;)
corresponds to counting total areas of only those cylinders of bounded length, which
represent a given rigid configuration C; of saddle connections.

To compute the Siegel-Veech constant ¢,,,(C;) we follow analogous computations
in [EM], [EMZ], [Le] and especially a computation in [EMSI] which is the closest to our
case.

Having an arithmetic Veech surface S € M, choose a cusp C; of M,. Having a
configuration of closed geodesics of the type C; choose a regular closed geodesic y in this
configuration and consider the associated vector v(y) as above. By construction v does
not depend on the choice of a representative y . Moreover, it can be explicitly evaluated as
follows. Consider the cylinder decomposition of square-tiled surfaces in the orbit U-orbit
U, representing the cusp C;. If the representative y belongs to a cylinder number j, then

u(y) =

Elx

where ¥ is a plane vector having the length and the direction of y.
Associating to every configuration of parallel closed geodesics of the type C; a vector
v as above we construct a discrete subset V;(S) in the plane R?. By construction the subset
changes equivariantly with respect to the group action: for any g € PSL(2, R) we have
Consider a Siegel-Veech transform which associates to a function f with compact
support in R? a function f on M defined as

J® =Y s

veV;(S)
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By a Theorem of Veech (see [Ve3]) one has

(10.4)

f®w=mm/ﬂwW@
v(M,) M, R?
where the constant const does not depend on the function /.

Hence, to compute the constant const it is sufficient to evaluate both integrals for
some convenient function f, for example for a characteristic function x,(x,») of a disc
{(x, )| ¥* +»* < &} of a very small radius €. In this particular case the integral on the
right is just the area w&? of the disc. Function ¥, is the characteristic function of those
component of the preimage IT~'(#¢(0)), which corresponds to the cusp C;. If the width
of the corresponding cusp is N;, than,

F(®)dv =N; - v(H:(0)) =N; - me?
M,

Finally, (M) = N - v(H,(0)) = Nx?/3. Thus, the Siegel-Veech formula (10.4) applied
to x. establishes the following relation:

! 2 2
——— - Nywre” = const - we
Nm?/3
which implies that the constant in (10.4) has the following value:
3 N,
(10.5) const = — —.
m? N

To compute ¢,,,(C;) we introduce a counting function x,(v,C;) : R* - R with
compact support defined as follows:

when w||v]| > r

s O

11
D

x(0,C) =1, R R
sWiky + -+ wiky)  when wi [[v]] > 7= wl[v|

when ws||0]| > 7> w, ||V

%(wlkl + - weky)  when 7 > w0

Here £ 1is total number of cylinders in the cylinder decomposition corresponding to the
configuration C;, and D = area(S) is the number of unit squares used to tile the initial
square-tiled surface. As always, we enumerate the cylinders in such a way that w; < wy <
co < Wy

By definition of N,,,(S, 7; C;) we have

Now(S, 1 C) =Y x,(@,C) = £.(8,C).

veV(S)
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Note that modifying a flat structure on a surface S by a homothety with a positive
coefficient A is equivalent to changing the scale. Hence, for any counting function N(S, r)
with a quadratic asymptotics in 7 we get

7 1
N(A-S,r):N(S, X)Nﬁ N(S, r)

By definition the coefficient ¢, is defined as a coefficient in a quadratic asymp-
totics of a counting function N, on a surface of unit area. Since arithmetic Veech surfaces

in our consideration have area D (the number of unit squares tiling the initial square-tiled
surface S¢), we need to normalize the limit below by the area of S in order to obtain ¢,,:

NaTed S? ;C 1
Noa>16) _py o L £.(S,C)).

Cmea(cz') = area(S) - lim 7 5
=00 Tr r—00 JT T

By the results of W. Veech [Ve3] for the case of a Teichmiiller disc of a Veech
surface the constant above is one and the same for all surfaces in the corresponding
Teichmiiller disc and

1 1
’—>007T7’2 U(Ml) M,

<10'6) area(c) - )E,(S,Cl-)dv.

On the other hand, by the Siegel-Veech formula (10.4) the above normalized in-
tegral equals to

1
U(Ml) M

(10.7) X(S,Cdv = const/ X, (v, C))dxdy,
R?

where the value of the constant is obtained in (10.5).
It remains to compute the integral

o 1 /h how I
108 [ @ crmp = gL )
R D\ wi Wy Wi
Ly >
__2 -\
gy

SN, 1 Ak 31 .
Cara(C;) :DPEBZJJJ R—NZ;

surfaces J;

s|K

in the
orbit U;
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Taking a sum of ¢,,,(C;) over all cusps C, ..., C, of M, and taking into consider-
ation that the PSL(2, Z)-orbit Z(S) of the initial square-tiled surface decomposes into a
disjoint union of orbits Uj, see (10.3) we obtain the desired formula (2.12):

k() by

Carea — Z Carea (C ) Z Z Z

cusps C; Surfaﬁes J=1
orbit U;

3 |
= 72 card(PSL(2, Z) - Sy) 2 2w

S;€PSL(2,Z)-Sy horizontal
olinders ¢yl;;

such that

Si:Ichll-j

Theorem 4 is proved. l
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Appendix A: Conjectural approximate values of individual Lyapunov

exponents in small genera

Degrees of zeros

Connected component

Lyapunov exponents

Experimental Exact
Aa A3 27:1 )‘1/ Z;:l Aj
4) lyp 0.6156 0.1844 1.8000 9/5
4) odd 0.4179 0.1821 1.6000 8/5
(1, 3) 0.5202 0.2298 1.7500 7/4
(2,2) hyp 0.6883 0.3117 2.000 4/2
2,2) odd 0.4218 0.2449 1.6667 5/3
(1,1,2) 0.5397 0.2936 1.8333 11/6
(1,1,1,1) 0.5517 0.3411 1.8928 53/28
Degrees of zeros Connected component Lyapunov exponents
Experimental Exact
Ay A3 Ay P EPY pRYY
) hyp 0.7375 0.4284 0.1198 2.2857 16/7
(6) even 0.5965 0.2924 0.1107 1.9996 14/7
(6) odd 0.4733 0.2755 0.1084 1.8572 13/7
(1,5) - 0.5459 0.3246 0.1297 2.0002 2
(2,4) even 0.6310 0.3496 0.1527 2.1333 32/15
(2,4 odd 0.4789 0.3134 0.1412 1.9335 29/15
(3,3) hyp 0.7726 0.5182 0.2097 2.5005 5/2
(3,3) - 0.5380 0.3124 0.1500 2.0004 2
(1,2,3) - 0.5558 0.3557 0.1718 2.0833 25/12
(1,1,4) - 0.55419 0.35858 0.15450 2.06727 1137/550
(2,2,2) even 0.6420 0.3785 0.1928 2.2133 737/333
2,2,2) odd 0.4826 0.3423 0.1749 1.9998 2
(1,1,1,3) - 0.5600 0.3843 0.1849 2.1292 66/31
(1,1,2,2) - 0.5604 0.3809 0.1982 2.1395 5045/2358
(1,1,1,1,2) - 0.5632 0.4032 0.2168 2.1832 131/60
(1,1,1,1,1,1) 0.5652 0.4198 0.2403 2.2253 839/377
Degrees of zeros ~ Connected component Lyapunov exponents
Experimental Exact
Ay s Ay s Yk XL
8) hyp 0.798774  0.586441  0.305803  0.086761  2.777779 z
8) even 0.597167  0.362944  0.189205  0.072900  2.222217 2—90
8) odd 0.515258  0.343220  0.181402  0.071107  2.110987 g
(7, 1) - 0.560205  0.378184  0.206919  0.081789  2.227098 %
(6,2) even 0.603895  0.385796  0.220548  0.091624 2301862 &2
(6,2) odd 0.521181  0.368690  0.211988  0.088735  2.190594 $
6,1,1) - 0.563306  0.398655  0.229768  0.093637  2.285367 ;;’ggf:éz
(5,3) - 0.561989  0.376073  0.216214  0.095789  2.250066 2
5,2,1) - 0.564138  0.396293  0.236968  0.103124  2.300523 %
5,1,1,1) - 0.565422  0.414702  0.252838  0.107906  2.340868 10

44
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Appendix B: Square-tiled surfaces and permutations

B.1 Alternative interpretation of Siegel—Veech constant for arithmetic Teichmiiller discs. —
Consider an N-square-tiled surface and enumerate its squares in some way. The structure
of the square tiling can be encoded by a pair of permutations (7, 7,,), indicating for
each square (say, for a square number £) the number 7, (k) of its direct neighbor to the
right, and the number 7, (k) of its direct neighbor on top. Reciprocally, any ordered pair
of permutations (7, ,,) from Sy, such that 7, ., do not have nontrivial common
invariant subsets in {1, ..., N}, defines a connected square-tiled surface.

Applying a simultaneous conjugation

(B.1) (7'[ on'h,,,onfl,j'ron,,morr*')

by the same permutation 7 to both permutations (7, , 7,.) we do not change the square-
tiled surface, but only the enumeration of the squares. Thus, N-square-tiled surfaces are
in a one-to-one correspondence with the resulting equivalence classes of ordered pairs of
permutations.

Let S(myy, o) € H(my, ..., m,). The degrees m; of zeroes can be reconstructed
from (77, 7,) as follows. Consider a decomposition of the commutator

—1
vert

— -1
[n/zor’ nvm‘] “= TThor O TTyen © 7.[/10,- orm
into cycles. Then the following two unordered sets with multiplicities coincide:

{mi+1,....m+1}

= {Lengths of cycles of [7),,, 7, ], wWhich are longer than 1}.

Consider the following generators T, S of the group SL(2, Z):

= (; )
k=% ).

In terms of pairs of permutations the action of T and R on square-tiled surfaces can be
represented as

-1
T(nhorv ﬂmz) = (nhor’ TCyer © T[/W )

-1
R(T[/mv T[Um‘l) == (sz;gr[ ) nhm‘)-

Thus, an SL(2, Z)-orbit O(S) of a square-tiled surface S(7,,, 7,,,) can be obtained as an

orbit of the equivalence class (7, 7,,) under the transformations T, S as above in the
set of equivalence classes of ordered pairs of permutations.
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We can rewrite now expression (2.12) for the Siegel-Veech constant of an arith-
metic Teichmiiller disc M as follows. Let O(S) be the SL(2, Z)-orbit of the square-tiled
surface S(m;, ). Let O(my, ,) be the corresponding orbit in the set of equivalence
classes of ordered permutations. Then

3
ora( M) = — - CardO(S) 2 Z

S;€O(S)  horizontal
oylinders cyly;

such that

Slzuc)ili/-
3
T 72 card O(nh, T,) Z Cy%s:rl length of ¢;

Note that the subset of noncommuting pairs of permutations (7, 7,,;) in Sy X Gy
is invariant under the action (B.1) of Gy, and this action does not have fixed points in this
subset. Hence, when the surface S(m,, ,) has genus at least two, the projection of the
T, R-orbit of (7, 77,) in Gx X Sy to the orbit O(mw,, 7,) in the set of equivalence classes
is a (N!)-to-one map. Since the collection of lengths of the cycles of a permutation does
not change under the conjugation, we can rewrite the expression for the Siegel-Veech
constant in terms of the T, S-orbit:

3 1
<Bo2> carea(Ml) = 7-[2 C&I‘d(T R Orblt Of (n/n ij)) Z Z

(7 T hor s Toert) CVCleﬁ ¢
in the n
T,R-orbit

length of ¢;

B.2 Non varying phenomenon. — By Corollaries 1 and 2, the Siegel-Veech constant
of any arithmetic Teichmiiller disc in a hyperelliptic locus depends only on the ambient
locus. Being formulated in terms of Equation (B.2) this statement becomes by far more
intriguing. For example, Corollary 2 implies the following statements about pairs of per-
mutations.

Corollary 2" Consider permutations 7, 7w, € ©x such that 7, 7, do not have nontrivial
common tnvariant subsets n {1, ..., N}.

1If the commutator [7v),, v,] has a single cycle of length three and all other cycles have lengths one,
than

: Y ¥ 10

card('T, R-orbit of (7, 7,)) length ofe; 9
(ﬂlzoisﬁnm/) (V(ILS ¢
In the n 7

T,R-orbit
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Here by a “T', R-orbut of (1), 70,) " we mean the minimal subset in S X Sy containing (7, T,)
and invariant under the operations T and R.

1f the commutator |7, 7w,] has exactly two cycles of length two and all other cycles have lengths
one, than

1 5
card(T, R-orbit of (7, m,)) (mwzﬁm) Cydg i length of ¢ 4
rho

In other words, when the commutator has a single nontrivial cycle of length three,
or only two nontrivial cycles of length two, the average inverse length of a cycle over all
cycles of all permutations in a T, R-orbit does not depend neither on N nor on a specific
T, R-orbit for a given N.

Experimenting with orbits of square-tiled surfaces, the authors have observed the
same phenomenon in further strata in small genera. For example, in genus three the
Siegel-Veech constant of arithmetic Teichmiller discs did not vary for discs in all strata
except the principal one, H(1, 1, 1, 1).

Of course, this non-varying phenomenon was initially checked only for orbits of
size sufficiently small to be treated by a computer (of cardinality below 10°%). However,
we have conjectured that it would be valid for all orbits in a certain list of connected
components of the strata in genera 3, 4, 5.

An explanation and a proof of this non-varying phenomenon was finally recently
found by D. Chen and M. Moller [ChM6] almost a decade after it was conjectured.

B.3 Global average. — Finally, one can use the interpretation (B.2) of the Siegel-
Veech constant of an arithmetic Teichmiiller disc to state the following statement, where
the operations T and R are not present anymore.

Defimation 5. — A pair (7w, 0,) of permutations in Sy has type (my, . .., m,) if 7y, 7w, do
not have nontrivial common invariant subsets in {1, ..., N} and if the length spectrum of decomposition
wnto cycles of the commutator [Ty, 7,0 ] satisfies

{mi+1,...,m,+ 1}
= {Lengths of cycles of [Tpors Toen] which are longer than 1 }

Proposition B.1. — For any connected stratum H(my, ..., m,) the limit below exists and 1s
equal to the normalized Siegel—Veech constant:

1\}1_{1;0 Z Z Z % e H(my, ... my))

length of ¢;
k=1 (Thgr Tvert) C_YClLb ¢ g

of type n 7y
(mp,..., my)

in G xSy
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Proof. — This is essentially the content of [Ch, Appendix A]. UJ
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