EXISTENCE OF LOG CANONICAL FLIPS AND A SPECIAL
LMMP

by Caucner BIRKAR

ABSTRACT

Let (X/Z,B + A) be a Q-factorial dlt pair where B, A > 0 are Q-divisors and Kx + B + A ~¢ 0/Z. We prove
that any LMMP/Z on Kx + B with scaling of an ample/Z divisor terminates with a good log minimal model or a Mori
fibre space. We show that a more general statement follows from the ACC for Ic thresholds. An immediate corollary of
these results is that log flips exist for log canonical pairs.

1. Introduction

We work over C. Extending results from the klt case to the lc case is often not
as easy as it may sound. For example, it took some hard work to prove the cone and
contraction theorem for lc pairs as done by Ambro [2] and Fujino [14]. Another major
example is the finite generation of log canonical rings: the klt case was proved in [9] but
extending this to the lc case is essentially equivalent to proving the abundance conjecture.

It 1s well-known that log flips exist for klt pairs [9]. In this paper we study the
existence of log flips for lc pairs. Along the way, we came across the following more
general statement which is more suitable for induction, and it is one of the main results

of this paper.

Theorem 1.1. — Let (X/Z,B + A) be a lc pair where B, A > 0 are Q-divisors, A 1s
Q-Cartier, and the giwen morphism [: X — 7 is surjective. Assume further that Kx +
B+ A~qg0/Z. Then,

(1) (X/Z, B) has a Mori fibre space or a log minimal model (Y /Z., By),

(2) of Ky + By s nef/Z, then it is semi-ample/Z.,

(3) of (X/Z,B) s Q-factorial dlt, then any LMMP/Z on Kx + B with scaling of an
ample/Z. divisor terminates.

In the theorem and throughout the paper Mori fibre spaces and log minimal mod-
els are meant as in Definitions 2.1 and 2.2 which are slghtly different from the traditional
definitions. The surjectivity of / is obviously not necessary but we have put there for
practical convenience. Sketch of the main ideas of the proof of the theorem is given at the
beginning of Section 6 and the full proof is given in the same section. A weaker form of
the theorem was conjectured by Kollar [23, Conjecture 4.1], in the context of studying
singularities.

As mentioned earlier, an immediate consequence of the above theorem concerns
the existence of log flips for lc pairs.
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Corollary 1.2. — Let (X /7., B) be a lc pair and X — Y /7. an extremal (Kx + B)-negative
Slipping contraction. Then, the (Kx + B)-flip of X =Y exusts.

The proof of the corollary is given at the end of Section 6. In view of Ambro [2] and
Fujino [14], and the previous result, we can run the LMMP on any lc pair. Termination
of such an LMMP can be reduced to the Q-factorial dlt case as in Remark 2.9.

Arguments very similar to those of the proof of Theorem 1.1 also work to prove a
more general statement if we assume the ACC conjecture for lc thresholds.

Comgecture 1.3 (ACC for lc thresholds). — Suppose that ' C [0, 1] and S € Q are finite sets

of rational numbers, and d is a natural number. Then, the set
{lct(M, X, B) | (X, B) s lc of dimension < d}

satisfies the ACC where the coefficients of B belong to I', M is a Q-Cartier divisor with coefficients in S,
and Ict(M, X, B) s the lc threshold of M wuth respect to (X, B).

The conjecture is often formulated with I', S being DCC sets but we only need
the finite case. The conjecture was proved for smooth varieties by de Fernex, Ein and
Mustata [10] who used some of the ideas of Kollar [24]. Hacon, McKernan, and Xu

have announced that they have solved the conjecture.

Theorem 1.4. — Assume Conjecture 1.3 in dimension d. Let (X/Z, B) be a lc pair of dimen-
sion d where B 1s a Q-divisor and the gwen morphuism f : X — 7. 1s surjective. Assume further that
Kx + B ~q 0 over some non-empty open subset U C 7., and 1f 1 s the generic point of a lc centre of
(X/Z,B), then f (n) € U. Then,

(1) (X/Z,B) has a log minimal model (Y/Z., By),

(2) Ky + By s semi-ample/ Z,

(3) f (X/Z,B) s Q-factorial dlt, then any LMMP/Z on Kx + B with scaling of an
ample/Z. dvvisor terminates.

The proofis given in Section 7 using arguments quite similar to those of Section 6.
In Section 5, we show that under finite generation a stronger statement holds:

Theorem 1.5. — Let (X/Z,B) be a Q-factorial dlt pair where B is a Q-divisor and
S X — 7 is surjective. Assume further that R(X/Z., Kx + B) is a finitely generated Oy -algebra,
and that (Kx + B)|x, ~q 0 where X, is the generic fibre of f. Then, any LMMP/Z. on Kx + B
with scaling of an ample/”Z. divisor terminates with a good log minimal model.

This in particular takes care of the klt case of Theorems 1.1 and 1.4.
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Remark 1.6. — Hacon and Xu [19] have independently obtained more general

forms of some of our results using a circle of similar ideas. Compare 1.1, 1.2, 1.5, and 1.4
with [19, 1.6, 1.8, 2.11, 1.1].

An important ingredient of the proof of Theorems 1.1 and 1.4 is the following re-
sult which naturally appears when one tries to reduce the semi-ampleness of a lc divisor
Kx + B to semi-ampleness in the kit case (cf. [22]). It is a consequence of Kollar’s injec-
tivity theorem and semi-ampleness on semi-lc pairs. When Z 1s projective, it follows from
Fujino-Gongyo [16]; the general case was proved by Hacon and Xu [20].

Theorem 1.7 ([16], [20]). — Let (X/Z, B) be a Q-factorial dlt pair and T := | B] where
B is a Q-dwisor. Suppose that

o Kx + B usnef/Z,

o (Kx + B)|s s semi-ample/Z. for each component S of T,

o Kx + B — €P s semi-ample/Z for some Q-divisor P > 0 with Supp P =T and for any
sufficiently small rational number € > 0.

Then, Kx + B s semi-ample/ 7.

We will now state some of the other results of this paper that are of independent
interest. In Section 3, we prove the following which is similar to a result of Fujino [13].

Theorem 1.8. — Let (X/Z,B) be a Q-factorial dit pair with Kx + B ~r M/Z where
M > 0 s very exceptional/Z.. Then, any LMMP/Z. on Kx + B with scaling of an ample/Z. divisor
terminates with a model Y on which we have Ky + By ~g My =0/Z.

See Definition 3.1 for the notion of very exceptional divisors.
In Section 4, we prove a stronger version of [6, Theorem 1.5] which is repeatedly
used in the subsequent sections:

Theorem 1.9. — Let (X/Z,B 4 C) be a lc pair of dimension d such that Kx + B 4 C
s nef/Z, B, C > 0 and C s R-Cartier. Assume that we are given an LMMP/Z. on Kx + B with
scaling of C. as in Definition 2.4 with X; the corresponding numbers, and X »= lim,_, oo A;. Then, the
LMMP termunates in the following cases:

(1) (X/Z,B) s Q-factorial dit, B> H > 0 for some ample/”Z. R-dwisor H,
(1) (X/Z, B) s Q-factorial dit, C > H > 0 for some ample/Z. R-divisor H, and X > 0,
(i) (X/Z, B+ AC) has a log minimal model, and A # A; for any j.

Finally, we briefly mention some previous works on flips. Mori proved the exis-
tence of flips for 3-folds with terminal singularities [26]. Shokurov proved it in full gen-
erality in dimension 3 [29], [30], in dimension 4 in the kit case [31], and also worked
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out a significant proportion of what we know about flips in every dimension. Hacon-
McKernan [17] filled in the missing parts of Shokurov’s program on pl flips. Birkar-
Cascini-Hacon-McKernan [9] (together with Hacon-McKernan [18]) proved the prob-
lem in the klt case in all dimensions (see also [8]). Fujino [12] proved it for lc pairs in
dimension 4. Alexeev-Hacon-Kawamata [1] and Birkar [5] proved it in dimension 5 in
the kit case.

2. Preliminaries

Notation and basic definitions. — We work over £ = C. A pair (X/Z, B) consists of nor-
mal quasi-projective varieties X, Z over £, an R-divisor B on X with coefficients in [0, 1]
such that Kx + B is R-Cartier, and a projective morphism X — Z. For a prime divisor
D on some birational model of X with a nonempty centre on X, a(D, X, B) denotes the
log discrepancy.

Let (X/Z, B) be a lc pair. By a Kx + B-flip/Z we mean the flip of a (Kx + B)-
negative extremal flipping contraction/Z. A sequence of log flips/Z. starting with (X/Z., B) is
a sequence X; --» X;;;/Z; in which X; = Z; < X4 1s a (K, + B))-flip/Z, B, is the
birational transform of B, on X, and (X,/Z, B)) = (X/Z, B). Special termination means

termination near |B].

Defination 2.1 (Weak lc and log minimal models). — A parr (Y /Z, By) s a log birational
model of (X/Z, B) if we are given a birational map ¢ : X --+Y/Z and By = B~ + E where B~
is the birational transform of B and ¥ is the reduced exceptional divisor of ¢~ that is, E =Y E;
where E; are the exceptional /X prime divisors on Y. A log birational model (Y /7., By) 15 a weak lc
model of (X/Z,B) if

o Ky + By s nef/Z, and
o for any prime divisor D on X which is exceptional/Y , we have

a(D, X, B) < a(D, Y, By)

A weak lc model (Y /Z., By) s alog minimal model of (X/Z, B) if

o (Y/Z,By) s Q-factorial dlt,
o the above mnequality on log discrepancies is strict.

A log mimimal model (Y /Z., By) s good if Ky + By s semi-ample/ 7.

Defination 2.2 (Mori fibre space). — A log birational model (Y /Z., By) of a pair (X/Z., B) s
called a Mort fibre space if (Y/Z, By) is Q-factorial dlt, there is a (Ky 4 By)-negative extremal
contracion Y — T/7Z, with dimY > dim T, and

a(D, X, B) < a(D, Y, By)
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Jor any prime dwisor D (on birational models of X) and strict inequality holds if D s on X and
contracted/Y .

Defination 2.3 (Log smooth model). — We need to define various kinds of log smooth models that
m many situations allow us to replace a lc pair with a log smooth one. Let (X /7., B) be a lc pawr, and
let f+ W — X be a log resolution. Let By > 0 be a boundary on W so that Ky + By = f*(Kx +
B) + E where E. > 0 15 exceptional/ X and the support of ¥ contains each prime exceptional/X divisor
D on W ifa(D, X, B) > 0. We call (W/Z, Byw) alog smooth model of (X/Z, B). However, in
practice we usually need further assumptions. We list the ones we will need:

Type (1): We take By to be the birational transform of B plus the reduced exceptional divisor of f,
that is, we assume that a(D, W, Byw) = 0 _for each prime exceptional/X divisor D on W.

Type (2): We assume that a(D, W, Bw) > 0 if a(D, X, B) > 0, for each prime exceptional/X
divisor D on W.

Note that if (X/Z,B) is kit and (W/Z, By) is of tope (2), then (W/Z, Byy) is also .

Defination 2.4 (LMMP with scaling). — Let (X, /7, B, + C)) be a lc pair such that Kx, +
B, 4+ Cy wsnef/Z, B, >0, and Cy > 0 s R-Cartier. Suppose that either Kx, + By s nef/Z or there
us an extremal ray R, /7. such that (Kx, + B)) - Ry <0 and (Kx, + B + A,C)) - Ry =0 where

)xl = mf{tz 0 | KX] +B1 + tcl is ﬂQf/Z}

Now, if Kx, + By s nef/Z or if Ry defines a Mori fibre structure, we stop. Otherwise assume that
R gwes a divisorial contraction or a log flip X, --+ Xg. We can now consider (Xo/Z., By + 1,Cy)
where By + A Cy 15 the birational transform of By 4+ A\ Gy and continue. That is, suppose that
either Kx, + By s nef/”Z or there s an extremal ray Ro/Z such that (Kx, + By) - Ry < 0 and
(KXZ + BQ + )\202) . RQ = 0 where

Ao :=1inf{t > 0 | Kx, + By + (Cy is nef/ 7}

By continuing this process, we obtain a sequence of numbers A; and a special kind of LMMP/Z, which
is called the LMMP/Z on Kx, 4+ B, with scaling of C,. Note that by definition X; > A,y for
every 1, and we usually put A = 1im,_, o, A;. When we refer to termination with scaling we mean
termination of such an LMMP

When we have a lc parr (X /7., B), we can always find an ample/Z. R-Cartier divisor C > 0
such that Kx + B 4+ C s lc and nef]Z., so we can run the LMMP/Z. with scaling assuming that
all the necessary ingredients exist, e.g. extremal rays, log flips. In particular, when (X/Z., B) s kit or
Q-factorial dlt the required extremal rays and log flips exist by [9] and [5, Lemma 3.1].

Definition 2.5. — Let [ : X — Z be a projective morphism of quasi-projective varieties with X
normal, and D an R-dwvisor on X. Define the divisorial sheaf algebra of D as
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R(X/Z,D) = P Ox(1mD])

m=>0

where m € Z. If 7, is affine, we take R(X/Z., D) to be the global sections of R(X/Z, D).

By a contraction f: X — 7 we mean a projective morphism of quasi-projective va-
rieties with f,Ox = Oy.

Some basic facts about log minimal models and the LMIMPE — We collect some basic prop-
erties of log minimal models and the LMMP that will be used in this paper.

Remark 2.6 (Weak lc model). — Let (Y/Z,By) be a weak lc model of a lc pair
(X/Z,B) and ¢: X --» Y the corresponding birational map. Let f/: W — X and
g: W =Y be a common log resolution of (X/Z, B) and (Y/Z, By). Let

E:=/"(Kx +B) — ¢ (Ky+By) =) (a(D,Y,By) — a(D, X, B))D
D

where D runs over the prime divisors on W. We will show that E is effective and
exceptional /Y. From the definition of weak lc models we get £E > 0, and since E is
antinef/X, applying the negativity lemma implies that E > 0. Now assume that D is
a component of E which is not exceptional/Y. Then, D is exceptional/X otherwise
a(D, X, B) =a(D,Y, By) and D could not be a component of E. By definition of weak
lc models we get a(D, Y, By) = 0, so by effectiveness of E we have a(D, X, B) = 0 which
again shows that D cannot be a component of E. Therefore, E is exceptional /Y.

Remark 2.7 (‘Two weak lc models). — Let (Y, /Z, By,) and (Yy/Z, By,) be two weak Ic
models of a lc pair (X/Z, B). Let f: W— X and g;: W — Y, be a common resolution,
and put

Then, by Remark 2.6, E; is effective and exceptional/Y;. Since g, (E; — Eg) > 0 and
E,; — Ey is anti-nef/Ys, by the negativity lemma, E; — Ey > 0. Similarly, E; — E; > 0.
Therefore,

gT(KY] + BY]) :g;k(KYQ + BYQ)

In particular, if Ky, 4+ By, is ample/Z, then Ky, 4 By, is semi-ample/Z and the birational
map Yy --+ Y, is actually a morphism which pulls back Ky, + By, to Ky, + By,.

Remark 2.8 (Log smooth models). — Log smooth models satisfy certain nice properties
besides being simple in terms of singularities. Let (W/Z, By) be a log smooth model of a
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lc pair (X/Z, B). Let D be a prime divisor on W. Then, a(D, X, B) > a(D, W, By) with
strict inequality iff D is exceptional/X and a(D, X, B) > 0.

Another basic property of (W/Z, By) is that any log minimal model of (W/Z, By)
is also a log minimal model of (X/Z, B). Indeed let (Y/Z, By) be a log minimal model
of (W/Z,Bw). Lete: V— W and #: V— Y be a common resolution. Then,

¢*(Kyw + Bw) ="Ky + By) + G

where G > 0 is exceptional /Y by Remark 2.6. Thus, using
Kw + By =/*(Kx+B) + E

we get
¢ (Kx+B)=/"(Ky+By)+ G —¢E

Since G — ¢*E i1s antinef/X, and f,e,(G — ¢*E) > 0, by the negativity lemma, G —¢*E > 0.
In particular, this means that a(D, X, B) < a(D, Y, By) for any prime divisor D on V.
Next we will compare log discrepancies of prime divisors on X and Y.

If D is a prime divisor on X which is exceptional /Y, then

a(D9 X’ B) = a(D, Wa BVV) < a(D7 Y, BY)

On the other hand, let D be a prime divisor on Y which is exceptional/X. If D is
exceptional/W, then by definition of log minimal models, a(D, Y, By) = 0. Assume
that D is not exceptional/W. Then, a(D, W, By) = a(D, Y, By) which implies that
a(D, X, B) < a(D, W, By) because of the relation a(D, X,B) < a(D,Y, By) obtained
above. This is possible only if

a(D, X, B) = a(D, W, By) =0

hence again a(D, Y, By) = 0. Therefore, the prime exceptional divisors of Y --+ X
appear with coefficient one in By. Finally, if D 1s a prime divisor on Y which is not
exceptional /X, or if D is a prime divisor on X which is not exceptional/Y, then

d(D, X, B) = d(D, Wa B\N) = d(D, Y, BY)

So, By is the birational transform of B plus the reduced exceptional divisor of Y --+ X
hence (Y/Z, By) is a log minimal model of (X/Z, B).

Remark 2.9 (Lifting a sequence of log flips with scaling). — (1) Assume that we are given
an LMMP with scaling as in Definition 2.4 which consists of only a sequence X; --»
Xit+1/Z; of log flips. Let (X /Z, B}) be a Q-factorial dlt blowup of (X, /Z, B;) and C the
pullback of C; (this exists by Corollary 3.6 below). Since Kx, + B; + 1,C, =0/Z,, we
get Ky + B +4,CG) =0/7Z,.
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Run an LMMP/Z, on KX/l + B} with scaling of some ample/Z; divisor which is
automatically also an LMMP/Z; on Ky, + B with scaling of A,C). Assume that this
LMMP terminates with a log minimal model (X;/Z,, B}). By construction, (Xy/Z,, By)
and (X5/Z,, B) are both weak lc models of (X|/Z;, B}). By Remark 2.7, X{, maps to Xy
and Ky, + By is the pullback of Kx, + By. Thus, (X;/Z, BY) is a Q-factorial dlt blowup
of (Xy/Z,By). Now, Kx, + B, + 1, C, = 0/Z, where Cj is the birational transform of
C and actually the pullback of Cy. We can continue this process: that is use the fact
that Kx, + By + 2,Cy = 0/Z5 and Kx, + B, + 1,C, = 0/Z5 and run an LMMP/Z, on
Kx, + By, etc.

We have shown that we can lift the original sequence to an LMMP/Z on Kx; + Bj
with scaling of C/ assuming that the following statement holds for each

() some LMMP/Z; on Kx' + B! with scaling of some ample/Z; divisor terminates
where (X!/Z, B) is a Q-factorial dlt blowup of (X;/Z, B,).

Note however that each X} --+ X[, is a sequence of log flips and divisorial con-
tractions (not necessarily just one log flip).

(2) We will show that (x) holds for 7 if (X;/Z, tB,) 1s klt for some ¢ € [0, 1] (in
particular, this holds if (X;/Z, B;) is kit or Q-factorial dlt). Pick an ample/Z; R-divisor
H > 0 on X, so that

Kx, +B;+H~r 0/Z;

and (X;/Z, B; + H) is Ic. Now for a sufficiently small € > 0, there is a small § > 0 and A,
such that

(1-68)B, <A, ~rB;+€H/Z

and that (X;/Z, A;) 1s klt: if = 1, then we can just take A; =B; + eH; butif ¢ < 1, then
B; is R-Cartier and we take 6 > 0 small enough so that 6B, + €eH is ample/Z;, and we
put A; = (1 — 8)B, + H' for a general H" ~g §B; + €H/Z,. Now let Kx; + A} be the
pullback of Kx, + A;. We can assume that A’ > 0 by choosing § small enough. Now run
an LMMP/Z; on Kx; + A} with scaling of some ample/Z; divisor. By [9], the LMMP

terminates. By construction,
Kx/+ Aj~g (1 - E)(Kxg + B;)/Zi
so the LMMP is also an LMMP/Z; on Kx; + B..

Remark 2.10 (On special termination). — Assume that we are given an LMMP with
scaling as in Definition 2.4 which consists of only a sequence X; --+ X, ,/Z; of log flips,
and that (X,/Z, B) i1s Q-factorial dlt. Assume |B;| # 0 and pick a component S; of
[B,]. Let S; C X be the birational transform of S| and T, the normalisation of the image
of S; in Z;. Using standard special termination arguments, we will see that termination
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of the LMMP near S; is reduced to termination in lower dimensions. It is well-known
that the induced map S; --» S, /T; is an isomorphism in codimension one if ¢ > 0
(cf. [11]). So, we could assume that these maps are all isomorphisms in codimension one.
Put Ky + Bg, := (Kx, + B))|s;. In general, S; --» S;;, /T, is not a Kg, + Bg -flip. To apply
induction, we need to simplify the situation as follows.

Assume that (S, Bs;) is a Q-factorial dlt blowup of (S;, Bs,) (this exists by Corol-
lary 3.6 below). The idea is to use the sequence S, --» S;; /T to construct an LMMP/'T
on Ky + Bs’l with scaling of Cs’l where T is the normalisation of the image of S, in Z
and Cg; is the pullback of C,. This can be done similar to Remark 2.9 assuming that
something like (*) is satisfied (in practice, this is satisfied by induction; it also can be de-
rived from Theorem 4.1 and this remark is applied only after 4.1). More precisely, we first
run an LMMP/T, on Ky, + Bs,. This is also an LMMP/T, on Ky + By, with scaling
of A1Cg; because Ky, + Bs; + A,Cs; = 0/T). Assuming this terminates, we get a model
S; on which KS/2 + Bs’Q is nef/T). Since S; --+ Sy is an isomorphism in codimension
one and Kg, 4 Bg, is ample /Ty, (So/ T}, Bs,) is the Ic model of all the pairs (S,/T}, Bs,),
(51/T1, Bg), and (S;/ T, Bs;). Thus, Kg, + Bg; is semi-ample /T and the map Sy ==+ Sy
is a morphism which pulls back Ks, + Bs, to Ky, + Bg;. We continue the process by run-
ning an LMMP/T; on Ks, + By, and so on. So, we get an LMMP/T on Ky + Bg, with
scaling of Cg; .

If the LMMP/T on K¢ + B, terminates, then the original LMMP terminates near
S;. One usually applies this argument to every component of | B, | to derive termination
near |B;].

3. LMMP on very exceptional divisors

Let (X/Z,B) be a Q-factorial dlt pair such that X — 7 is birational and
Kx + B ~r M/Z with M > 0 exceptional/Z. Run an LMMP/Z on Kx + B with scal-
ing of an ample divisor. In some step of the LMMP, Kx 4 B becomes nef along very
general curves of D/Z for any prime divisor D. Since M is exceptional/Z, this is possible
only if M 1s contracted in the process (this follows from a general form of the negativity
lemma that is discussed below). So, the LMMP terminates. This is useful in many situa-
tions, for example, to construct a dlt blowup of a lc pair. It also plays a crucial role in the
proof of Theorem 1.5.

In this section, we generalise and make precise the above phenomenon. Many of
the ideas in this section (and in the proof of Theorem 1.5) are actually explicit or implicit
in Shokurov [31]. However, we would like to give full details here.

Defination 3.1 (cf- Shokurov [31, Definition 3.2]). — Let f: X — Y be a contraction of
normal varieties, D an R-diwisor on X, and V C X a closed subset. We say that V s vertical over Y
if [ (V) is a proper subset of Y. We say that D is very exceptional/Y if D s vertical/Y and for any
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prime divisor P on'Y there is a prime divisor Q on X which s not a component of D but f(Q) =P,
i.e. over the generic point of P we have: Supp f*P € Supp D.

If codim /(D) > 2, then D is very exceptional. On the other hand, when f is bi-
rational, then exceptional and very exceptional are equivalent notions. The next lemma
indicates where one can expect to find very exceptional divisors.

Lemma 3.2 (¢f. Shokurov [31, Lemma 3.19]). — Let f : X — Y be a contraction of normal
varieties, projective over a normal affine variety Z.. Let A be an ample/Z. divisor on Y and ¥ = f*A.
If E > 0 is a divisor on X which 1s vertical/Y and such that mE. = Fix(mF + mE) for every integer
m > 0, then E s very exceptional/Y .

Progf: — We can assume that A is very ample/Z. Since E is effective, for each inte-
ger [ > 0, we have the natural exact sequence 0 — Ox — Ox((E) given by the inclusion
Ox € Ox(IE). Since mF = Mov(mF + [E) for each m > 0, the induced homomorphism

QB H(X, mF) — ED H°(X, mF + [E)

meZ meZ

of R(X/Z, F)-modules is an isomorphism in large degrees. This in turn induces a homo-
morphism

P H (Y. mA) > @H (Y. (i Ox(E))(mA))

meZ meZ

of R(Y/Z, A)-modules which is an isomorphism in large degrees. Therefore, by [21, II,
Proposition 5.15 and Exercise 5.9], the injective morphism Oy = f,Ox — f.Ox(IE) is
also surjective hence we get Oy = f,Ox = . Ox((E).

Assume that E is not very exceptional/Y. Then, there exist a prime divisor P on
Y such that if Q) is any prime divisor on X with /(Q) = P, then Q) is a component of E.
Let U be a smooth open subset of Y so that &y C Oy(P|y), P|y is Cartier, and each
component of f*P|y maps onto P|y. Let V. =f"'U. Then, Supp/*P|y € Supp E|y and
for some [ > 0, f*P|y < [E|y. But then,

Ou & Ou(Ply) € LOvIElN) = Oy
which is a contradiction. Therefore, E is very exceptional /Y. U

Let S — Z be a projective morphism of varieties and M an R-Cartier divisor on S.
We say that M is nef on the very general curves of S/Z. if there is a countable union A of proper
closed subsets of S such that M - C > 0 for any curve C on S contracted over Z satisfying
C & A. We need the following general negativity lemma of Shokurov [31, Lemma 3.22]
(see also Prokhorov [28, Lemma 1.7]).
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Lemma 3.3 (Negativity). — Let | : X — 7. be a contraction of normal varieties. Let D be an
R-Cartier divisor on X written as D = D% — D™ with D', D™ > 0 having no common components.
Assume that D™ s very exceptional/Z., and that for each component S of D™, —Dlg s nef on the very
general curves of S/Z.. Then, D > 0.

Progf: — Assume that D™ # 0 otherwise there is nothing to prove. By assump-
tions, there is a countable union A of codim > 2 proper closed subsets of X such that
A C Supp D™ and such that for any component S of D™ and any curve C of S/Z satis-
fying C ¢ A, we have =D - C > 0. Let P =/(Supp D). By shrinking Z if necessary we
can assume that P is irreducible and that every component of D™ maps onto P. When
dimP > 0 we reduce the problem to lower dimension by taking a hyperplane section
of Z. In contrast, when dim P = 0 we reduce the problem to lower dimension by taking
a hyperplane section of X except when dimZ =1 or dimZ = dim X = 2 which can be
dealt with directly.

Assume that dimP > 0. Let Z’ be a very general hyperplane section of Z, X' =
Sf*Z', and let /" be the induced contraction X" — Z'. Since Z' is very general, it inter-
sects P, and X' does not contain any component of D nor any “component” of A. So,
A NX'is again a countable union of codim > 2 proper closed subsets of X'. Since X' is
general, it does not contain any component of the singular locus of X hence D|x' is de-
termined on the smooth locus of X. Similarly, the negative part of D|x: is given by D™ |x
defined on the smooth locus of X. Moreover, we can assume that X’ does not contain any
component of S; NSy if' S, Sy are prime divisors mapping onto P.

We show that the negative part of D|x, say DIy, is very exceptional/Z': if
codimP > 2, the claim is trivial; if codimP = 1, we can assume that Z is smooth at
every point of P and that every component of D[y, maps onto P’ := 7’ N P; now since
D™ is very exceptional/Z, there is a component S of /*P mapping onto P such that S is
not a component of D7; let Q) be a component of S N X' having codimension one in X’
and mapping onto P’; then, by our choice of X', Q) is not a component of D|,. Since
Q and each component of D[y, maps onto P’, and since Q) is not a component of D|y,,
indeed Dy, is very exceptional /Z" as claimed. On the other hand, if T is any component
of D[y, then T is a component of L. N X’ for some component L of D™ hence —D| is
nefon the curves of T/Z’ outside A N X' (note that by construction T € A). By induction
on dimension applied to D|x and X' — 7', DIy, = 0 which is a contradiction.

From now on we can assume that dimP = 0. Assume dimZ = 1. Then f*P is a
divisor which is numerically zero over Z. Let ¢ be the smallest real number such that D +
{f*P > 0. Then, there is a component S of D™ which has coefficient zero in D 4 ¢/*P > 0
but such that S intersects Supp(D + #*P). If C is any curve on S which is not inside
S N Supp(D + ¢/ *P) but such that C intersects Supp(D + #*P), then D-C = (D + *P) -
C > 0. This contradicts our assumptions. On the other hand, if dim X = dimZ = 2, the
lemma is quite well-known and elementary and it can be proved similarly. So, from now
on we assume that dimZ > 2, and dim X > 3.
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Let H be a very general hyperplane section of X and let g: H — G be the con-
traction given by the Stein factorisation of H — Z. Since P = f(Supp D7) is just a point
and dimZ > 2 and dim X > 3, it is obvious that D|y, the negative part of D]y, is very
exceptional/G. Moreover, arguments similar to the above show that if T is any compo-
nent of Dly;, then —D|y is nef on the very general curves of T/G. So, we can apply
induction to deduce that D|; = 0 which gives a contradiction. 0J

We now come to the LMMP that was mentioned at the beginning of this section.
It is a simple consequence of the negativity lemma.

Theorem 3.4 (=Theorem 1.8). — Let (X/Z,B) be a Q-factorial dlt pair such that
Kx 4 B ~r M/Z with M > 0 very exceptional/”Z.. Then, any LMMP/Z. on Kx + B with scaling
of an ample] 7. divisor terminates with a model Y on which Ky + By ~gr My = 0/Z.

Progf: — Assume that C > 0 is an ample/Z R-divisor such that Kx + B + C is
lc and nef/Z. Run the LMMP/Z on Kx + B with scaling of C. The only divisors that
can be contracted are the components of M hence M remains very exceptional /7 during
the LMMP. We may assume that the LMMP consists of only a sequence X; --+ X,1,/Z;
of Kx 4 B-flips/Z with X, = X. If A; are the numbers appearing in the LMMP, and
A :=1im,, o A;, then by [9], we may assume that A = 0. Since A = 0, Kx 4 B is a limit of
movable/Z R-Cartier divisors hence for any prime divisor Son X, (Kx+B)-I' =M-T" >
0 for the very general curves I' of S/Z. Now by assumptions M is very exceptional/Z
hence by the negativity lemma (3.3), M < 0 which implies that M = 0. So, the LMMP
terminates and contracts M. H

The same arguments as in the previous theorem imply:

Theorem 3.5. — Let (X/Z,B) be a Q-factorial dlt pair such that X — 7 is birational,
and Kx + B ~g M =M — M~ /Z where M, M~ > 0 have no common components and M is
exceptional/Z.. Then, any LMMP/Z, on Kx + B with scaling of an ample/Z. divisor contracts M*
after finitely many steps.

The birationality condition on X — Z in the previous theorem is needed to make
sure that M™ remains very exceptional/Z during the LMMP.

An application of the above theorems is the existence of Q-factorial dlt blowups
which is due to Hacon (cf. Fujino [13, Theorem 4.1]).

Corollary 3.6. — Let (X/Z,B) be a lc pair. Then, there is a Q-factorial dit blowup of
X/Z,B).

Progf: — Let (W/Z, By) be a log smooth model of (X/Z, B) of type (1) as in Defi-
nition 2.3 constructed via a log resolution f : W — X. Then, Ky +Bw =/*(Kx+B) +E
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where E > 0 is exceptional/X. Now, by Theorem 3.4 some LMMP/X on Ky + By with
scaling of an ample divisor terminates with a model Y on which Ky + By ~g 0/X. If
g Y = Xis the induced morphism, then Ky 4+ By = g*(Kx 4 B) because E is contracted
over Y. Now (Y/Z, By) is the desired Q-factorial dlt blowup. ]

Corollary 3.7. — Let (X/Z, B) be a lc pawr. If (X/Z,B) has a weak lc model, then it has a
log minimal model.

Proof: — Assume that (Y'/Z, By') is a weak Ic model of (X/Z, B). Let (W/Z, By)
be a log smooth model of (X/Z, B) of type (1) constructed via a log resolution /: W — X.
We can assume that the induced map g: W --» Y’ is a morphism. We can write

Kw+Byw=/*(Kx+B)+E
and
S Kx+B)=g"Ky +By) +G

where E > 0 is exceptional/X and G > 0 is exceptional/Y" (see Remark 2.6). Now,
Kyw+Bw ~r G+E/Y’. Moreover, G+ E is exceptional /Y': G 1s exceptional/Y" as noted;
on the other hand if D is a component of E, then a(D, X, B) > 0 which implies that D is
exceptional /Y otherwise 0 = a(D, Y', By) = a(D, X, B); so, E is also exceptional /Y".
By Theorem 3.4, some LMMP/Y" on Ky + By with scaling of an ample divisor
terminates with a model Y on which Ky + By ~g 0/Y’. This means that Ky + By is the
pullback of Ky 4+ By hence Ky + By 1s nef/Z and (Y/Z, By) is a log minimal model of
(W/Z, Byw) hence of (X/Z, B) by Remark 2.8. ]

4. From log minimal models to termination with scaling

In this section we prove Theorem 1.9 which is essentially [6, Theorem 1.5]but with
weaker assumptions. The theorem is of independent interest and it will be used repeatedly
in subsequent sections. The proof follows the general idea of deriving termination with
scaling from existence of log minimal models that was developed in [9] and [32]. In [9],
finiteness of models 1s used to get termination. However, this works only in the klt case
when the boundary is big, or in the dlt case when the boundary contains an ample divisor.
The proof below is closer to [32] in spirit but we still make use of [9]. Much of the
difficulties in the proof are caused by the presence of non-klt singularities.

Theorem 4.1 (=Theorem 1.9). — Let (X/Z,B + C) be a lc pair of dimension d such that
Kx + B+ C s nef/Z, B,C >0 and C s R-Cartier. Assume that we are gwen an LMMP/Z.
on Kx + B with scaling of C as in Definition 2.4 with A; the corresponding numbers, and A :=
lim,, oo A;. Then, the LMMP terminates in the following cases:
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(1) (X/Z,B) s Q-factorial dit, B> H > 0 for some ample/ 7. R-divisor H,
(1) (X/Z, B) s Q-factorial dit, C > H > 0 for some ample/Z. R-divisor H, and » > 0,
(1) (X/Z, B+ AC) has a log minimal model, and ). % A; for any .

The following two lemmas essentially contain the main points of the proof of The-
orem 4.1. We will reduce the proof of Theorem 4.1 to these lemmas. When (X/Z, B+ C)
is Q-factorial klt, then one can easily see that the assumptions of Lemma 4.3 are auto-
matically satisfied, so in this case we do not need to go beyond the lemmas.

Lemma 4.2. — Theorem 4.1(1) and (11) hold.

Proof: — (1) Since H 1s ample/Z, we can perturb the coefficients of B hence assume
that (X/Z, B) 1s kit. If A; < 1 for some iz, then (X/Z,B 4 A,C) is kit and after finitely
many steps we could replace C with A,C hence we could assume that (X/Z, B 4 C) s klt
and B is big/Z. We can then apply [9]. Now, assume that A; = 1 for every i. Then, the
LMMP 1s also an LMMP/Z on Kx 4+ B + %C with scaling of éC. By replacing B with
B+ %C and C with %C, we can assume that every lc centre of (X/Z, B + C) is inside
Supp B. Now perturb B again so that (X/Z, B 4+ C) becomes klt and apply [9].

(il) The LMMP is also an LMMP/Z on Kx + B + %C with scaling of (1 — %)C.

A

We can replace B with B 4 %C, C with (1 — %)C, and A; with Al';f After this change, we
2

can assume that B > %H Now use (i). UJ

Lemma 4.3. — Theorem 4.1(111) holds if there is a birational map ¢ : X --» Y /Z satisfying:

o the induced maps X; -+ Y are isomorphisms in codvmension one _for every 1 3> 0 where X;
is the variety corresponding to A,

o (Y/Z,By + ACy) is a log mimimal model of (X/Z,B + AC) with respect to the given
map ¢,

o there is a reduced divisor A > 0 on X whose components are movable/Z. and they generate
N'(X/Z),

o (X/Z,B+C+eA)and (Y/Z,By 4+ ACy + 8Cy 4 €Ay) are Q-factorial dit for some
5,€ >0.

(As usual, for a divisor D, Dy denotes the birational transform on'Y.)

Proof:

Step 1. Assume that the LMMP does not terminate. Pick 7 3> 0 so that A;_; > A;. Then,
X --» X is a partial LMMP/Z on Kx + B + A,C. It is also a partial LMMP/Z on
Kx + B + A;C + €A maybe after choosing a smaller € > 0. In particular, (X;/Z,
B, +1,C; + €A)) is Q-factorial dlt. Now we can replace (X/Z, B + C) with (X;/Z, B; +
A;jC;) hence assume that the LMMP consists of only a sequence X; --» X;;,/Z; of log
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flips/Z starting with (X, /Z, B,) = (X/Z, B). Moreover, by replacing B with B 4+ AC we
may also assume that A = 0.

We will reduce the problem to the situation in which not only Ky + By is nef/Z but
also Ky + By 4+ A,Cy 1s nef/Z for some 7. After that some simple calculations allow us
to show that the LMMP terminates (see Step 3).

Step 2. We will show that, perhaps after replacing § and € with smaller positive num-
bers, for any number 8" and R-divisor A satisfying 0 <6’ < § and 0 < A{, < €Ay, any
LMMP/Z on Ky + By + §'Cy 4 A§ consists of only a sequence of log flips which are
flops with respect to (Y/Z, By) (that 1s, Ky + By is numerically trivial on each extremal
ray that is contacted in the process). First we show that Ky + By 4 §'Cy + A{ is a limit of
movable/Z R-divisors. Since § is sufficiently small, we can assume that A;_; > 8" > A, for
some . By definition of LMMP with scaling, Kx. + B; +A,_,C; and Kx, + B; 4+ A,C; are
both nef/Z hence Ky, + B; 4 8'C; is also nef/Z. Thus, Kx, + B, 4+ 6'C; is (numerically) a
limit of movable/Z R-divisors which in turn implies that Ky + By + §'Cy is also a limit
of movable/Z R-divisors. On the other hand, each component of Ay is movable/Z so
A§ is a movable/Z R-divisor. Therefore, Ky 4 By + §'Cy + A{ is a limit of movable/Z
R-divisors. This implies that any LMMP/Z on Ky + By + §'Cy + A{ consists of only
a sequence of log flips. Finally, since Ky + By is nef/Z, by [6, Proposition 3.2], perhaps
after replacing § and € with smaller positive numbers, any step of such an LMMP would
be a flop with respect to (Y/Z, By).

Step 3. Fix some 2 3> 0 so that A; < §. Since X --» X is a partial LMMP/Z on Kx 4+ B +
A;C, there 1s 0 < T < € such that (X;/Z, B; + A,C; + TA,) is dlt. Run an LMMP/Z on
Kx, +B; 4+ A,C; + tA; with scaling of some ample /Z divisor. For reasons as in Step 2, we
can assume that this LMMP consists of only a sequence of log flips which are flops with
respect to (X;/Z, B; + A,C;). On the other hand, since the components of A, generate
N'(X;/Z), we can assume that there is an ample/Z R-divisor H > 0 such that TA; =
H + H'/Z where H > 0 and

(Xi/Z,B;+1,C; + H+ H')
is dlt. The LMMP on Ky, + B; + A,C; 4+ tA, is also an LMMP on
Kx, + B+ 4G+ H+H

hence it terminates by Lemma 4.2 and we get a model T on which both

Ky +Br+ACr and Kip+Br+1,Cr 4+ 1A7

are nef/Z. Again since the components of Ay generate N'(T/Z), there is 0 < A} < tAy
so that Kt + Br + A;Cp 4 A’} is ample/Z and Supp A/, = Supp Ar.
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Step 4. Now run an LMMP/Z on Ky + By + A;Cy + A, with scaling of some ample/Z
divisor where A§ is the birational transform of A/.. By Step 2, the LMMP consists of
only a sequence of log flips which are flops with respect to (Y/Z, By), and it terminates
for reasons similar to Step 3. Actually, the LMMP terminates on T because Kt + Bt +
A:Cr + Al is ample/Z. So, by replacing Y with T we could from now on assume that
Ky + By + A,Cy is nef/Z. In particular, Ky + By + A,Cy is nef/Z for any j > 7 since
Aj < A; and since Ky + By is nef/Z.

Step 5. Pick j > 1 so that A; < Aj_; and let 7: U — X; and 5s: U — Y be a common
resolution. Then,

" (Kx; + B; + 1,G) = 5" (Ky + By + 4,Cy)
(Kx; + B)) = s*(Ky + By)
1’*0]' § S*CY

where the first equality holds because both KXJ. + B; + A4;C; and Ky + By + A;Cy are
nef/Z and X; and Y are isomorphic in codimension one, the second inequality holds by
Remark 2.6 because Ky + By 1s nef/Z but Kx; + B; is not nef/Z, and the third claim
follows from the other two. Now

r(Kx; + Bj +24;1C) =" (Kx, + B + 4,CG) + (41 — 4)C;
<SRy + By +A,Cy) +5°(A— — A4)Cy
=s5"(Ky + By +24;_,Cy)
However, since Kx; + B; + 2;_1C; and Ky 4+ By + A;_1 Gy are both nef/Z, we have
Ky, + B+ 4-1G) = s"(Ky + By +2,,Cy)
This is a contradiction and the sequence of log flips terminates as claimed. 0J

The reader may want to have a look at Remark 2.9 before reading the rest of this
section.

Proof of Theorem 4.1.

Step 1. In view of Lemma 4.2 it is enough to treat the case (ii1). We can replace B
with B + AC hence assume that A = 0. Moreover, we may assume that the LMMP
consists of only a sequence X; --» X,;,/Z; of log flips starting with (X,/Z,B,) =
(X/Z,B). Pick 7 so that A; > A;y;. Then, SuppC;;; does not contain any lc centre
of Xi+1/Z, Biy1 4+ Ai11Ciq1) because (Xiy1/Z, Biyy + 2,Ciyy) 18 le. Thus, by replacing
(X/Z,B) with (X;41/Z,B;;+1) and C with A,,C;;; we may assume that no lc centre
of (X/Z,B + C) is inside Supp C. Moreover, since there are finitely many lc centres
of (X/Z, B), perhaps after truncating the sequence, we can assume that no lc centre is
contracted in the sequence. We will reduce the problem to the situation of Lemma 4.3.
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Step 2. By assumptions, there is a log minimal model (Y/Z, By) for (X/Z,B). Let
¢: X --» Y/Z be the corresponding birational map. Let f: W — X and g: W—Y
be a common log resolution of (X/Z,B + C) and (Y/Z, By + Cy) where Cy is the
birational transform of C. By Remark 2.6,

E:=/"(Kx +B) — g (Ky + By)

is effective and exceptional/Y. Let By be the birational transform of B plus the reduced
exceptional divisor of /, and let Cyy be the birational transform of C. Pick a sufficiently
small § > 0. Since (X/Z, B) is Ic,

E =Ky + By —f*(Kx + B)

is effective and exceptional/X. Actually, E' is also exceptional /Y because if D is a com-
ponent of E" which is not exceptional /Y, then

0=aD,Y,By) =2 a(D,X,B) >0

which 1s a contradiction since a(D, X, B) = 0 means that D cannot be a component
of E.

On the other hand, since Y is Q-factorial, there is an exceptional/Y R-divisor I on W
such that Gy +F=0/Y. So,

KW' + BVV + SC\V = E + E/ + 80“7 = E + E, — 8F/Y

and since § is sufficiently small, the support of E 4 E’ is contained in the support of
the effective part of E + E' — §F. Now by Theorem 3.5, if we run an LMMP/Y on
Kyw + By 4 6Cyy with scaling of an ample divisor, then we arrive at a model V on which
Ey + E{, =0, thatis, E 4 E' is contracted over V.

Step 3. We prove that ¢: X --» Y does not contract any divisors. Assume otherwise
and let D be a prime divisor on X contracted by ¢. Then D™ the birational trans-
form of D on W is a component of E because by definition of log minimal models
a(D, X, B) < a(D, Y, By). Now, in Step 2 take § = 0. The LMMP contracts D™ since
D™ is a component of E and E is contracted. This is not possible as we can see as follows.
Since (X/7Z,B + 1;C) is Ic,

Ky + By + 1,Cw — /*(Kx + B+ 1,Q)

is effective and exceptional/X. On the other hand, (X,/Z, B; 4+ A,C;) is a weak lc model
of (X/Z,B+ 1,C) hence /*(Kx + B+ 1,C) > M where M is the pullback of Kx, + B; +
X1;C; under W --» X, that is,

M = p.¢"(Kx, + B, + 1,C)
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for some common resolution p: W — W and ¢: W — X. Therefore,
Kw+Bw+2Cw=M+G

where G is effective and exceptional/X. Since Ky, +B; 4+ A,C; is nef/Z, it is (numerically)
a limit of movable/Z R-divisors hence M is a limit of movable/Z R-divisors. If A; is
sufficiently small then W --» V (of Step 2) is a partial LMMP/Z on Ky + Bw + A,Cyy.
But since G is exceptional /X and since D is a divisor on X, D™ is not a component of G
hence D™ cannot be contracted over V by the LMMP of Step 2, a contradiction. Thus
¢ does not contract divisors.

Step 4. We will construct a Q-factorial dlt blowup of (Y/Z, By) as follows. In Step 2, take
8 > 0 which is sufficiently small by assumptions. Let Y’ be the model V obtained. Since
X --»Y does not contract divisors, by construction, each prime exceptional/Y divisor
on Y’ appears with coefficient one in By:. So, in view of

Ky/ =+ By/ = Ey/ + E/Y’ - O/Y

we deduce that Ky 4 By is the pullback of Ky + By and that (Y'/Z, By) is a Q-factorial
dlt blowup of (Y/Z, By). Moreover, (Y'/Z, By 4+ 6Cy) 1s dlt.

Step 5. We will construct a Q-factorial dlt blowup of (X/Z,B) as follows. Since
(X/Z,B+C) 15 lc,

E" :=Kw+Bw+ Cy — /" (Kx + B+ C)

is effective and exceptional/X. Run an LMMP/X on Ky + Bw + Cy with scaling
of an ample/X divisor. Since Ky + Bw + Cyw = E"/X, by Theorem 3.4, the LMMP
terminates on a model X'. In particular, (X'/Z, B’ 4+ C’) is a Q-factorial dlt blowup
of (X/Z,B + C) where B’ is the pushdown of By and C’ is the pushdown of Ciyy.
Moreover, the LMMP does not contract an exceptional prime divisor D of W — X iff
a(D, X, B 4+ C) = 0. Since Supp C does not contain any lc centre of (X/Z, B 4 C) by
Step 1, the LMMP does not contract an exceptional prime divisor D of W — X iff
a(D, X, B) = 0. Therefore, (X'/Z, B’) is a Q-factorial dlt blowup of (X/Z, B) and C' is
the pullback of C. Note that the prime exceptional divisors of ¢! are not contracted/X’
since their log discrepancies with respect to (X/Z, B) are all 0.

Step 6. By Remark 2.9(1), we can lift the sequence X; --» X;;,/Z; to an LMMP/Z on
Kx + B’ with scaling of C’ if the property () of the remark holds. If (x) holds, then
continue from the next paragraph. But if (*) does not hold for some z, then we can
replace our sequence X; --+ X;;/Z; with the LMMP in (*) and repeat Steps 1-5
again. In particular, we could assume that each (X;/Z, B,) is Q-factorial dlt. But in that
case, by Remark 2.9 (2), () holds so we will not need to deal with (x) again.

From now on we assume that we have lifted X; --+ X;,,/Z; to an LMMP/Z on Kx +B’
with scaling of C’. We show that Y’ --+ X’ does not contract divisors. Suppose that D
is a prime divisor on Y which is exceptional/X'". If D is not exceptional/Y, then D is
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an exceptional divisor of ¢! and this contradicts the last sentence of Step 5. Thus,
D is exceptional/Y. But since (Y'/Z,By) is a Q-factorial dlt blowup of (Y/Z, By),
a(D, Y, By) = 0 which in turn implies that a(D, X, B) = 0 and again Step 5 gives a
contradiction.

We show that X' --» Y’ also does not contract divisors. By Step 3, it is enough to show
that (Y'/Z, By’) 1s a log minimal model of (X'/Z, B"). By construction, By is the push-
down of B'. So, it remains to compare log discrepancies. Assume that D is a prime divi-
sor on X' which is exceptional/Y’. Since X --» Y does not contract divisors by Step 3,
D is exceptional/X. In particular, a(D, X', B') = a(D, X, B) = 0. If a(D, Y, By)) =0,
then a(D, Y, By) = 0 hence the birational transform of D cannot be a component of
E 4+ E' 4 §Cy in Step 2 so it could not be contracted over Y’ which is a contradiction.
Therefore, a(D,Y’, By) > 0. Thus, for every prime exceptional divisor of X' --+Y’
we have shown that a(D, X', B') < a(D, Y’, By) which implies that (Y'/Z, By/) is a log
minimal model of (X'/Z, B') by construction.

Step 7. Let A > 0 be a reduced divisor on W whose components are general ample/Z
divisors such that they generate N'(W/Z). By Step 5, X' is obtained by running some
LMMP on Ky + By + Cy. This LMMP is a partial LMMP on Ky 4 By + Gy 4 €A
for any sufficiently small € > 0. In particular, (X'/Z, B’ + C' + €A’) is dlt where A’ is
the birational transform of A. For similar reasons, we can choose € so that (Y'/Z, By +
8Cy + €Ay) is also dlt. Now apply Lemma 4.3 to the LMMP/Z on Ky + B’ with
scaling of C’ of Step 6. 0J

5. Shokurov bss-ampleness, finite generation, and the klt case

The next theorem shows that more general versions of Theorem 1.1 and The-
orem 1.4 hold when (X/Z, B) has a finitely generated algebra R(X/Z, Kx + B). The
result is an easy consequence of Lemmas 3.2 and 3.3 and it should be considered as a
very special case of Shokurov’s attempt in relating bss-ampleness and finite generation
[31, Theorem 3.18] (see also [25], [13] for more recent adaptations). Though we are
not using Shokurov’s terminology of bss-ample divisors but the next theorem is saying
that finite generation implies bss-ampleness in the specific situation we are concerned
with. Shokurov proves that in general finite generation together with the so-called global
almost generation property implies bss-ampleness.

Theorem 5.1 (=Theorem 1.5). — Let (X/Z,B) be a Q-factorial dlt pair where B 15 a
Q-divisor and [+ X — 7. is surjective. Assume further that R(X/Z, Kx + B) s a finitely generated
Oy -algebra, and that (Kx + B)|x, ~q 0 where X, is the generic fibre of f. Then, any LMMP/Z.
on Kx + B with scaling of an ample/Z. divisor terminates with a good log minimal model.

Progf. — We can assume that / is a contraction. Run an LMMP/Z on Kx + B
with scaling of some ample/Z divisor. Since termination and semi-ampleness/Z are both
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local on Z, we can assume that Z is affine, say Spec R. By Theorem 4.1, it is enough to
show that (X/Z, B) has a good log minimal model. Let I be a positive integer so that
I(Kx + B) 1s Cartier. Since R(X/Z, Kx + B) 1s a finitely generated R-algebra, perhaps
after replacing I with a multiple, there exist a log resolution g: W — X, a divisor E > 0
and a free divisor I on W such that

Fixg*ml(Kx +B) =mE and Movg'ml(Kx + B) =mF

for every m > 0 (cf. [31] or [7, Theorem 4.3]). Let 2: W — T/Z be the contraction
defined by |F|. Then, since (Kx + B)[x, ~gq 0, the map T — Z is birational and E is
vertical /T.

Choose a boundary By so that (W/Z, By) 1s a log smooth model of (X/Z, B) of
type (1) as in Definition 2.3, that is, Byy is the birational transform of B plus the reduced
exceptional divisor of g. We can write

I(Kyw + Bw) =¢"I(Kx + B) + E/
where E' > 0 1s exceptional /X. So,
FixmI(Ky + Byw) =mE +mE and Movml(Ky + By) = mF

Run the LMMP/T on Ky + By with scaling of some ample/T divisor. Since (Kx 4+
B)|x, ~q 0, there is a non-empty open subset U € Z so that Kx + B ~¢q 0 over U and
T — Z 1s an isomorphism over U. So, over U, (X/Z, B) is a weak Ic model of (W/Z, By)
hence by Corollary 3.7, (W/Z, By) has a log minimal model over U (which is just a suit-
able Q-factorial dlt blowup of (X/Z, B)). Thus, by Theorem 4.1, the LMMP terminates
over U. By construction, over U we have

I(Kyw+Byw) ~E+FE +F~E+F

so we reach a model Y' on which Ey + E{, ~g 0 over U, in particular, Ey + E{, is

vertical/T. On the other hand, since W --+ Y" is a partial LMMP/T on Ky + By,
Fix ml(Ky + By/) = Fix(mEy + mE\, + mFy’) = mEy + mExX,

hence by Lemma 3.2, Ey + EJ, is very exceptional/T. Now, by Theorem 3.4, there is an
LMMP/T on Ky + By which ends up with a log minimal model (Y/T, By) on which

In particular, [(Ky + By) ~q Fy/Z. Thus, Ky + By is semi-ample/Z and (Y/Z, By) is a
good log minimal model of (W/Z, By) hence of (X/Z, B) by Remark 2.8. O
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Theorem 3.2. — We have the following for kit pairs:

(1) Let (X/Z,B) be a Q-factorial kit pair where B s a Q-divisor and [ X — 7. 15 sur-
Jective. Assume that (Kx + B)|x, ~q 0 where X, is the generic fibre of f. Then, any
LMMP/Z. on Kx + B with scaling of an ample/Z. divisor terminates with a good log

minzmal model.
(2) Theorems 1.1 and 1.4 hold when (X/Z., B) s kit.

Proof. — (1) By [9], R(X/Z, Kx + B) is a finitely generated Oz-algebra so we can
apply Theorem 5.1.

(2) Suppose that (X/Z, B) is kIt under the assumptions of Theorem 1.1. By taking
a Q-factorial dlt blowup as in Corollary 3.6 we can assume that X is Q-factorial. If A is
not vertical/Z, then Kx 4 B is not pseudo-effective/Z hence (X/Z, B) has a Mori fibre
space by [9]. So, we can assume that A is vertical/Z. Then, (Kx + B)|x, ~¢ 0 where X,
is the generic fibre of /. Now use (1). We can treat Theorem 1.4 in a similar way. Note
that here we do not need ACC for lc thresholds. UJ

Though the last theorem settles the kit case of Theorems 1.1 and 1.4 but we prove
further results in this direction as we will need them to deal with the lc case (e.g., proof
of Lemma 5.5). The next two theorems unfortunately do not simply follow from Theo-
rem 5.2 because the boundaries that appear are not necessarily rational.

Theorem 5.3. — Let (X/Z.,B) be a kit pair where [ : X — Z s surjective. Assume further
that there is a contraction g: X — S/Z. such that Kx + B ~r 0/S and that S — 7. 1s generically
Sinate. Then, (X/Z, B) has a good log minimal model. (Note that B is not necessarily a Q-divisor.)

Proof: — As mentioned above we cannot apply Theorem 5.2 because B is not
assumed to be rational. However, the proof given below is somewhat similar to the proof
of Theorem 5.1.

We can assume that f is a contraction hence S — Z is birational. Moreover, by
taking a Q-factorial dlt blowup as in Corollary 3.6 we can assume that X is Q-factorial.
Since Kx 4+ B ~g 0/S, by Ambro [3] and Fujino-Gongyo [16, Theorem 3.1], there is a
boundary Bs on S such that

Kx + B ~gr ¢"(Ks + By)

and such that (S/Z, Bs) is kIt and of general type. So, by [9], there is a weak Ic model
(T/Z,Bry) for (S/Z, Bs) obtained by running an LMMP/Z on Kg + Bg with scaling
of some ample/Z divisor. Moreover, since T --» S does not contract divisors, there are
non-empty open subsets U € S and V C T such that the induced map U --» V is an
isomorphism and such that codim(T \ V) > 2.

Take a log smooth model (W/Z, By) of (X/Z, B) of type (2) as in Definition 2.3
using a log resolution ¢: W — X. Then, (W/Z, By) 1s klt and

K\/\r + BW' = 6*(KX + B) + E
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where E > 0 is exceptional /X, and any log minimal model of (W/Z, By) is also a log
minimal model of (X/Z, B) by Remark 2.8. Moreover, we can assume that the induced
maps ¢: W --» Sand ¢: W --» T are both morphisms. Run an LMMP/T on Ky + By
with scaling of some ample/T divisor. Since Kx + B ~g 0 over U, (X/Z, B) is a log
minimal model of (W/Z, B) over U =V hence by Theorem 4.1 the LMMP terminates
over V: we reach a model Y’ such that Ky' + By ~g 0 over V, and the remaining steps
of the LMMP contract extremal rays only over T\ V.

Let  be the induced map W --» Y. Let M C X, NC W, and O C Y’ be the
inverse images of U = V. Then, as mentioned (M/V, Blyr) is a log minimal model of
(N/V,Bw|n) hence M and O are isomorphic in codimension one. Thus, E|y 1s con-
tracted over O. So, in particular, Ey» = m,E is a divisor on Y’ which is mapped into T\ V
hence it 1s very exceptional /T. On the other hand, since (T/Z, Br) is a weak lc model of
(S/Z, Bs),

¢*(Ks +Bs) =y"(Kr +Br) + G
where G > 0 is very exceptional /T because G is mapped into T \ V. Thus,

Ky + By = m.(Kyw + By) = 7, (€>k (Kx +B) + E)
= (Kx+B) +n.E
~r 1,.0" (Ks + Bg) + 7.E
=m " (Kt +By) + 7.6 + n.E

By construction, 7,G + m,.E > 0 is very exceptional /T. So, by Theorem 3.4, there
is an LMMP/T on Ky + By with scaling of some ample/ T divisor which ends up with
amodel Y on which Ky + By ~g 0/T hence

Ky + By ~r v (Kt + By)

where v: Y — T is the induced morphism. In particular, Ky + By is semi-ample/Z as
Kt + By 1s semi-ample/Z. So, (Y/Z, By) is a good log minimal model of (W/Z, By)
hence of (X/Z, B). O

Theorem 5.4. — Let (X/Z,B) be a klt pair where B s a Q-divisor and f: X — 7 1s
surjectwe. Assume further that (Kx + B) |y ~q 0 for the generic fibre ¥ of f. If Kx + B + H s kit
and nef]Z. for some Q-divisor H > 0, then the LMMP/Z. on Kx + B with scaling of H terminates
if ether

(1) B s big/Z or H 1s big/Z, or
(2) H is vertical/Z. and ) # A; for any j where A; are the numbers appearing in the LMMP
with scaling (as in Definition 2.4) and A = lim,_, oo A;.
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Progf: — We can assume that / is a contraction. By Theorem 5.2, (X/Z, B) has a
good log minimal model. Assume that condition (1) holds. If B is big/Z, the termination
follows from [9]. If H is big/Z, and if A > 0, then again the termination follows from [9]
as we can replace B with B4+ AH. If A =0, use Theorem 4.1.

Now assume that condition (2) holds. Since B, H are Q-divisors, each A; is rational.
However, at this stage we do not know whether A is rational. So, we cannot apply Theo-
rem 5.2 to get a log minimal model of (X/Z, B + AH) to allow us to apply Theorem 4.1.

We may assume that the LMMP consists of only a sequence X; --+ X;;,/Z; of
log flips and that X, = X. Moreover, by Remark 2.9(1), (2), we can lift the sequence to
the Q-factorial situation hence assume that X; are Q-factorial. Now by Theorem 5.2,
(X/Z,B + A H) has a good log minimal model. But then every log minimal model of
(X/Z,B + A H) is good by Remark 2.7. Since Kx + B + A H is nef/Z, (X/Z, B + A, H)
1s a log minimal model of itself hence Kx + B 4+ A H is semi-ample/Z. Let g: X = T
be the contraction associated to it. Since H is vertical/Z and (Kx + B)[r ~¢ 0, the map
T — Z is birational so the generic fibre of ¢ and f are the same. By Theorem 5.2, some
LMMP/T on Kx + B terminates with a good log minimal (Y/T, By) of (X/T, B). Let
h: Y — S/T be the contraction associated to Ky + By. Since

Kx+B+AH~g0/T
we have
Ky + By + A1 Hy ~¢ 0/S

This combined with Ky + By ~g 0/S implies that Hy ~¢g 0/S. In particular, since Ky +
By is semi-ample/T’, the map S — T is birational otherwise Hy would be numerically
negative on some curves not contained in Hy which is not possible as Hy > 0. Moreover,

Ky + By + AHy ~g 0/S

Therefore, by Theorem 5.3, (Y/Z,By + AHy) has a log minimal model which is
also a log minimal model of (X/Z, B + AH). Now the termination follows from The-
orem 4.1. ]

An application of the above theorems concerns a certain LMMP with scaling
which will be used in the proof of Lemmas 6.1 and 7.1 and Proposition 7.2.

Lemma 3.5 (c¢f [6, Lemma 4.1]). — Let (X/Z,B) be a Q-factorial lc pair such that
S X — Z s surjective, B 15 a Q-divisor, and (Kx + B)|r ~q O where ¥ is the generic fibre
of f. Moreover, assume that

o cvery lc centre of (X/Z, B) 1s contained in Supp|B],
o Kx + B+ ¢C s lc and nef] Z for some Q-divisor C > 0 and some rational number ¢ > 0,
o Kx +B~q P+ C/Z for some Q-divisor P > 0 with Supp P = Supp|B].
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Then, we can run an LMMP/Z. on Kx + B with scaling of ¢C so that A :=lim,_, oc 1; = 0 where A;
are the numbers that appear in the LMMPE (Note that we are not clavming that the LMMP terminates.)

Proof.
Step 1. Since
P+ O)r~g (Kx+B)lr~q0

both P and C are vertical/Z, in particular, |B] is also vertical/Z. On the other hand,
for each rational number ¢ € (0, 1] we can write

Kx+B+#«C~g (1 +€)(Kx+B) —€P—eC+ «C

t_
~o I+ (Kx+B— ——P+-—S¢)/z
1 +e€ l1+e€

for some sufficiently small rational number € > 0. Under our assumptions,
€ lce—€
X,B— P+ G
l+e 1 +e

€ lc— €
Kx+B-— P+ C
1 +¢€ 1 +¢€

1s kIt and

=(Kx+B)lr~q0
F

In particular, if Kx 4+ B + #C is nef/Z, then

€ lc— €
K +B-— P+ C
1 +¢€ 1 +¢€

is nef/Z hence semi-ample/Z by Theorem 5.2; this in turn implies that Kx + B + #C 1s
semi-ample/Z. We will use this observation on X and on the birational models that will
be constructed.

Step 2. Put Y, := X, By := B, and C; := C. Let A; > 0 be the smallest number such
that Ky, + By 4+ A,¢C, is nef/Z. We may assume that A; > 0. We will show that A; is
rational. Pick a rational number A" € (0, 1,). In view of Step 1, there is a boundary A
and a rational number € > 0 such that (Y,/Z, A) is klt and

Ky, + B + 1'¢Cy ~g (1 + €)(Ky, + A)/Z

Now s = AIIT_:/ is the smallest number such that Ky, + A + 5¢C; is nef/Z. By [5,
Lemma 3.1], s is rational which means that A, is also rational (note that we did not
apply [5, Lemma 3.1]directly to (Y, /Z, B,) because this pair may not be dlt).

By Step 1, Ky, 4+ B + A,¢C; is semi-ample/Z; let Y, — V;/Z be the associated con-

traction. Run the LMMP/V, on Ky, + B 4 #C; with scaling of an ample/V, divisor,
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for some rational number ¢ € (0, A;). This terminates with a good log minimal model of
(Y,/Vy,B; + #C,) by Step 1 and by Theorem 5.2. The LMMP is also an LMMP/V,
on Ky, + B, with scaling of A,¢C, because

)

1

Ky, + B + «C) ~q — (A1 — 0)¢cCi ~q (Ky, +B)/V,

So, we get a model Y, such that Ky, + By is semi-ample/V; where By is the birational
transform of B, (similar notation will be used for other divisors and models). Now since
Ky, + By + 4,¢Cy is the pullback of some ample/Z divisor on Vi,

KYQ + BQ + )\.ICCQ + (S(I(Y2 + BQ)

is semi-ample/Z for some sufficiently small § > 0. Put it in another way, Ky, + By +7¢Cy
is semi-ample/Z for some rational number 7 < A;. We can consider Y, --» Y, as a
partial LMMP/Z on Ky, 4 B, with scaling of ¢C,. We can continue as before. That
is, let A9 > 0 be the smallest number such that Ky, 4+ By + A5¢Cy 1s nef/Z, and so on
(note that A} > T > Ay). This process is an LMMP/Z on Kx + B with scaling of ¢C. The
numbers A; that appear in the LMMP satisty A :=lim;_, o, A; # A; for any .

Step 3. In Step 2, we constructed an LMMP/Z on Kx + B with scaling of ¢C. After
modifying the notation, we may assume that the LMMP consists of only a sequence
X -=» Xi1/Z; of log flips, X; = X, and that Kx, + B, 4+ A;¢C; is nef/Z but numerically
trivial /Z,;.

If A > 0, then the LMMP is also an LMMP/Z on Kx + B + A’¢cC with scaling of (1 —
A")¢C for some rational number A" € (0, A). As in Step 1, there is a rational number
€ > 0 and a kIt (X/Z, A) such that

Kx 4 B+ 1¢C ~g (1 + €)(Kx + A)/Z

So, we can consider the LMMP as an LMMP/Z on Kx 4+ A with scaling of llj: C.

Since (X/Z, A + %CC) is kIt and C i1s vertical/Z, Theorem 5.4(2) implies that the
LMMP terminates. So, A = 0. ([

6. Proof of Theorem 1.1 and Corollary 1.2

Corollary 1.2 follows from Theorem 1.1 easily (see the end of this section). We
divide the proof of Theorem 1.1 into two cases. One case is when every lc centre of
(X/Z,B) i1s vertical/Z (the vertical case) and the other case is when some lc centre is
horizontal/Z (the horizontal case). Each case needs a different kind of argument. Here
we give a brief account of the main ideas (a very similar line of thought is used to prove
Theorem 1.4).

Suppose that (X/Z,B + A) is as in the statement of Theorem 1.1. By taking a
Q:-factorial dlt blowup we can assume that (X/Z, B) is Q-factorial dlt. First note that if
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A intersects the generic fibre of X — Z, then Kx + B is not pseudo-effective/Z and the
result follows from [9]. So, we could assume that A 1s vertical /Z.

Now assume that every lc centre of (X/Z, B) 1s vertical/Z which means that |B]
is vertical/Z. By Theorem 4.1, the termination statement in Theorem 1.1(3) holds for
(X/Z, B) if statement (1) holds. Thus, we only need to construct a good log minimal
model of (X/Z, B). Pick a sequence ¢, > # > --- of sufficiently small positive rational
numbers such that lim, .. 4, = 0. Then, (X/Z,B — ¢;|B]) is a kit pair for each :. So,
by Theorem 5.2, for each ¢, we get a good log minimal model (Y;/Z, By, — #[By,]) of
(X/Z,B — ;| B]) by running some LMMP/Z on Kx + B — 4[B].

Assume that Y; = Y4 for every : > 0 and let Y be this common model. Then, a
simple calculation on log discrepancies show that (Y/Z, By) is actually a weak Ic model
of (X/Z, B) from which we get a log minimal model as in Corollary 3.7. In general the Y;
may be different but at least we could assume that they are all isomorphic in codimension
one. In particular, if |By,] = 0, then we could replace each Y; with Y, and proceed as
before. We may then assume that |By, | # 0.

Since Ky, + By, — ¢ [ By, | 1s semi-ampleness/Z,

Kyl + Byl - tl LBY]J ’\’Q CY]/Z

for some Cy, > 0 so that Ky, + By, +Cy, islc. If £/ = i and i # 1, then

th—t;
Ky, + By, + £Cy, ~q (1 +£)(Ky, + By, — t|By,])/Z

We can make sure that £ < 1 for every ¢ > 1. Next we run an LMMP/Z on Ky, + By, with
scaling of #Cy,. We use special termination (see Lemma 6.1) to show that the LMMP
terminates with a model Y . We can proceed as before by replacing each Y; with Y, for
1> 0 (see Proposition 6.2 for more details). Finally, we will use Theorem 1.7 to show that
the log minimal model we have constructed is actually good (see Proposition 6.3).

Now the horizontal case: assume that some lc centre of (X/Z, B) is horizontal/Z,
that is, some component of | B] is horizontal /Z. The above arguments do not work since
Kx + B — 4[B] is not pseudo-effective/Z so we do not have a log minimal model of
(X/Z,B — t;|B]). However, (X/Z,B — ;|B]) has a Mori fibre space. Assume that for
some ¢ we already have a Morti fibre structure on X, that is, we have a (Kx + B — [ B])-
negative extremal contraction g: X — T'/Z which is of fibre type, that is, dim X > dimT.
The condition Kx + B + A ~¢ 0/Z and the pseudo-effectivity of Kx + B ensures that
Kx + B ~¢ 0/T, in particular, Kx + B ~¢ g*M/Z for some Q-Cartier divisor M on T.
Now there is a component of |B], say S, which maps onto T since |B] is ample/T. By
applying induction to

Ks+ Bs + Ag := (Kx + B+ A)|s

we deduce that (S/Z, Bs) has a good log minimal model hence the algebra R(S/Z,
Ks + Bs) is finitely generated over &. It turns out that this implies that R(T/Z, M)
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is finitely generated (see Lemma 6.4) hence R(X/Z, Kx + B) is also finitely generated.
Next, we can apply Theorem 5.1 (see Lemma 6.5). In general, there may not be any Mori
fibre structure on X but there is such a structure on some birational model of X which
can be used in a somewhat similar way (see Proposition 6.6 and Lemma 6.7).

The vertical case. — In this subsection, we deal with Theorem 1.1 in the vertical
case, 1.e. when every lc centre of (X/Z, B) is vertical/Z, in particular, when X — Z is bi-
rational. First we prove a kind of special termination which will enable us to do induction
on dimension. It is helpful to recall Remarks 2.9 and 2.10 before reading the proof of the
next result.

Lemma 6.1. — Let (X/7,B + A) be a lc pair of dimension d as in Theorem 1.1 such that
(X/Z, B) satisfies the assumptions of Lemma 5.5. Then, assuming Theorem 1.1 in dimension d — 1,
there is an LMMP/Z. on Kx + B with scaling of ¢C. which terminates.

Progf: — By Lemma 5.5, there is an LMMP/Z on Kx + B with scaling of ¢C such
that A = lim;, o A; = 0. We can assume that the LMMP consists of only log flips. Let
(X'/Z, B’) be a Q-factorial dlt blowup of (X/Z, B) and let C’ be the birational transform
of C. By Remark 2.9(1), (2), we can lift the above LMMP/Z on Kx + B to an LMMP/Z
on Ky + B’ with scaling of ¢C’. We could assume that the latter LMMP consists of only
log flips.

Let S be a component of |B’| and let T be the normalisation of the image of S
in Z. Put Kg + Bs := (Kx + B) s and let (S', By) be a Q-factorial dlt blowup of (S, Bs).
By construction,

KS/ + BS/ +AS/ ’\’QO/T

where Ag is the pullback of A. By Remark 2.10, we may assume that the LMMP on
Kx 4B induces an LMMP/T on Kg + By with scaling of ¢cCg where Cyg is the pullback
of C.

Since A = lim;_,» A; = 0, Ky + By is pseudo-effective /T which means that Ay 1s
vertical/T. By induction, (S'/T, Bs) has a log minimal model. Thus, by Theorem 4.1,
the above LMMP/T on Ky + By terminates. Thus, the LMMP on Ky + B’ terminates
near S. The same argument applied to each component of |B’| shows that the LMMP
on Ky + B’ terminates near |B’].

By assumptions, Kx + B ~q P+ C/Z where P > 0 and Supp P = Supp|B]. More-
over, Supp|B] contains all the lc centres of (X/Z, B). Thus, there is a Q-divisor P’ > 0
with Supp P’ = Supp|B’] such that Ky + B ~q P" 4+ C'/Z. So, each extremal ray con-
tracted by the LMMP on Ky + B’ intersects P’. But the LMMP terminates near |B’]
which in turn implies that it terminates near P’ therefore it terminates everywhere. [
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Next we use the above special termination to derive parts (1) and (3) of Theo-
rem 1.1, in the vertical case, from Theorem .1 in lower dimensions. The semi-ampleness
statement in part (2) will be proved afterwards using Theorem 1.7.

Proposition 6.2. — Theorem 1.1 in dimension d — 1 tmplies Theorem 1.1(1), (3) in dimension
d in the vertical case, 1.e. when every lc centre of (X/Z., B) s vertical/Z.

Proof.

Step 1. After taking a Q-factorial dlt blowup using Corollary 3.6 we may assume that
(X/Z, B) is Q-factorial dlt, in particular, | B] is vertical/Z. Run an LMMP/Z on Kx +B
with scaling of an ample/Z divisor. If Kx + B is not pseudo-effective/Z, then the LMMP
ends up with a Mori fibre space by [9]. So, from now on we assume that Kx + B is
pseudo-effective/Z. By Theorem 4.1, the LMMP terminates if we show that (X/Z, B)
has a log minimal model. Since Kx +B ~q —A/Z, Aly = 0 where F is the generic fibre
of f: X — Z. Thus, A is vertical /7 and (Kx + B)|r ~¢q 0.

Step 2. Let t, > ty > --- be a sequence of sufficiently small rational numbers with
lim;_, o £ = 0. Each (X/Z, B — ;| B]) is kIt and (Kx + B — ;| B]) |r ~¢ 0 hence by The-
orem 5.2 each (X/Z, B — | B]) has a good log minimal model (Y;/Z, By, — 4| By.]) so
that Y; --+ X does not contract divisors. Moreover, Supp|By,] contains all the Ic cen-
tres of (Y,;/Z, By,) because (Y,/Z, By, — ;| By,]) is klt which means that (Y;/Z, By,) is kit
outside Supp|By, |. Now, since A and |B] are vertical/Z, there are vertical /7 Q-divisors
M, N > 0 such that

and
Kx 4 B — 4B] ~q M+ tN/Z

So, any prime divisor contracted by X --» Y; is a component of M + N hence after
replacing the sequence with a subsequence we can assume that the maps X --»Y;
contract the same divisors, i.e. Y; are isomorphic in codimension one.

Step 3. Assume that Y; =Y, for 3> 0, and let Y be this common model. Since Ky +
By — | By] is net/Z for each : > 0, Ky 4 By is also nef/Z. For any prime divisor D on
X and each 7 > 0, we have

d(D, X? B) = d(D, X? B— L LBJ) = d(D, Y7 BY — LBYJ)
which implies that

d(D, X? B) = hm a(Da Yv BY - ti LBYJ) = a(D1 Y’ BY)

Therefore, (Y/Z, By) 1s a weak lc model of (X/Z, B), and by Corollary 3.7, we can
construct a log minimal model of (X/Z, B) as required.
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Step 4. Assume that |By, | =0. Then, Ky, + By, — | By, ] is nef/Z for each ¢, and since
Y, --» Y, is an isomorphism in codimension one, we can replace each Y; with Y, and
then apply Step 3.

From now on we assume that [By, | # 0. Since (Y,/Z, By, — ;[ By, ]) is kIt and Ky, +
By, — ;| By, | s net/Z, Ky, + By, — 4| By, ] is semi-ample /Z by Theorem 5.2. Thus,

Ky, + By, — 4By, ] ~o Cy,/Z

for some Cy, > 0 such that Ky, 4+ By, + Cy, 1s lc, in particular, Supp Cy, does not
contain any lc centre of (Y,/Z, By,). For each rational number ¢ we have

it
Ky, + By, + (Cy, ~q (1+1) (KY1 + By, — 1—;: LBYIJ>/Z

In particular, if £/ = tlt—it and 7 # 1, then

KY] + BY1 + tz{CYl NQ, (1 + tz/) (I{Y1 + BY1 — lfz' |_BY1J)/Z

We may assume that 24 < t; for each ¢ > 1 which implies that # € [0, 1]. So,
(Y:/Z, By, + t'Cy,) is a weak Ic model of (Y,/Z, By, + £Cy,) for each 7 > 1. Note that
(Y,/Z, By, + tCy)) is Ic because # < 1.

Step 5. By construction,

KYQ +BY2 +Ay2 ’VQO/Z

and every lc centre of (Yy/Z, By,) is contained in | By, | because (Yy/Z, By, — & |By,])
is klt. On the other hand, since A is vertical/Z, Ay, is also vertical/Z, and if we put
Py, = ¢, By, |, then by construction

Ky, + By, ~o Py, + Gy, /Z

Now Ky, + By, + #Cy, is nef/Z, so by Lemma 6.1, we can run an LMMP/Z on
Ky, + By, with scaling of #,Cy, which terminates on a model Y on which Ky + By +4§Cy
is nef/Z for any sufficiently small § > 0. Since Yy --» Y, is an isomorphism in codimen-
sion one, Ky, + By, 4 £/Cy, is nef/Z, and lim;_, » £ = 0, we deduce that Ky, + By, is
(numerically) a limit of movable/Z R-divisors. So, the LMMP does not contract any
divisors, i.e. Y --» Y; is an isomorphism in codimension one.

For any ¢ > 0, Ky + By 4 #.Cy is nef/Z which in turn implies that Ky 4+ By — 4By}
is also nef/Z. Since Y --» Y, is an isomorphism in codimension one and since
(Y;/Z, By, — ;| By.]) 1s a log minimal model of (X/Z, B — #|B]), (Y/Z, By — ;| By]) is
a log minimal model of (X/Z, B — ;| B]), for every ¢ >> 0. By Step 3, we are done. []

Proposition 6.3. — Theorem 1.1 in dimension d — 1 implies Theorem 1.1 in dimension d in
the vertical case, i.e. when every lc centre of (X/Z., B) s vertical/Z..
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Proof. — After taking a Q-factorial dlt blowup using Corollary 3.6 we may assume
that (X/Z, B) 1s Q-factorial dlt, in particular, |B] is vertical/Z. By Proposition 6.2, any
LMMP/Z on Kx + B with scaling of an ample/Z divisor ends up with a Mori fibre space
or a log minimal model (Y/Z, By). Assume that (Y/Z, By) 1s a log minimal model. Let
g: W— Xand/: W— Y be a common resolution, and let Ay := £,g*A. Then,

Ky +By + Ay =/.g"(Kx + B+ A) ~q 0/Z

where we use the fact that 4,g" (Kx 4+ B) = Ky + By which in turn follows from the fact
that g*(Kx 4+ B) — 7" (Ky + By) is exceptional /Y, by Remark 2.6. Also, (Y/Z, By + Ay)
1s Ic because

I (Ky + By +Ay) =¢*(Kx + B+ A)

So, by replacing (X/Z, B+ A) with (Y/Z, By +Ay) we may assume that Kx 4 B is nef/”Z.
It remains to prove that Kx 4 B is semi-ample/Z.

Run an LMMP/Z on Kx 4+ B — €|B] with scaling of some ample/Z divisor, for
some sufficiently small rational number € > 0. Since Kx +Bisnef/Z and Kx +B+A ~¢o
0/Z, (Kx + B)|r ~g 0 where F is the generic fibre of X — Z. Moreover, since [B] is
vertical /7.,

(Kx +B—¢€|BJ)|,~o0

So, by Theorem 5.2, the LMMP terminates on a model X’ on which Ky 4+ Bx' — €| Bx/|
is semi-ample/Z. On the other hand, by [6, Proposition 3.2], Kx 4+ B is numerically
trivial on each extremal ray contracted by the LMMP. Therefore, Ky + By is also nef/Z.
Another application of Theorem 5.2 shows that Kx' + Bxs — 8| Bx/] 1s semi-ample/Z for
any 8 € (0, €]. In addition, X --» X' is an isomorphism over the generic point of Z.

The pair (X'/Z,Bx) is Q-factorial and lc and (X'/Z, Bx — €|Bx/]) is klt. If
[Bx'] = 0 we are done so we can assume that |Bx/| # 0. Let (Y/Z, By) be a Q-factorial
dlt blowup of (X'/Z, Bx’) and let S be a component of T := | By . Let Ay be the pullback
of Ax. Then, from

Kx' +Bx +Ax ~q 0/Z
we get

Ky +By +Ay ~q 0/Z
which implies that

KS+BS +AS ’\’QO/Z
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where Kg + Bg := (Ky + By)|s and Ag := Ayl|s. Now, by induction, Kg 4 Bg is semi-
ample/Z. On the other hand, if P := ¢*| Bx/] and if § > 0 is any sufficiently small rational
number, where ¢ is the morphism Y — X', then

Ky +By — 4P = 6*(KX/ +Bx =46 LBX’J)

is semi-ample/Z. Now, by Theorem 1.7, Ky + By is semi-ample/Z hence Kx + B is also
semi-ample /Z. UJ

The horizontal case. — In this subsection, we deal with the horizontal case of The-
orem 1.1, that is, when some lc centre of (X/Z, B) is horizontal/Z. First, we need the
following result on finite generation of algebras.

Lemma 6.4. — Let [ : X — Y /7 be a surjective morphism of normal varieties, projective over
an affine variety 7. = Spec R, and L. a Cartier divisor on Y. If R(X/Z, f*L) s a finitely generated
R-algebra, then R(Y /Z., L) is also a finitely generated R -algebra.

The lemma can be easily derived from the deep fact that Oy splits f, Ox. However,
a simpler proof (suggested by the referee and independently by Kollar and Totaro) uses
only basic commutative algebra: R(X/Z, f*L) is integral over R(Y/Z, L) so the latter is
finitely generated since the former is assumed to be finitely generated (cf. [4, Proposi-
tion 7.8]). Okawa [27, Theorem 4.1] proves a more general statement.

We will reduce the horizontal case to the next lemma by finding a suitable Mori
fibre space.

Lemma 6.5. — Assume Theorem 1.1 in dimension d — 1. Let (X/Z., B+ A) be of dimension
d as in Theorem 1.1 such that (Kx + B)|p ~q O for the generic fibre ¥ of f: X — Z. Moreover,
assume that there is a contraction g: X — I /7. such that

(1) Kx +B~gO/T,
(2) some lc centre of (X/Z., B) 1s horizontal over T

Then, (X/Z., B) has a good log minimal model.

Proof. — By replacing (X/Z, B) with a Q-factorial dlt blowup, we can assume that
(X/Z, B) is Q-factorial dIt and that there is a component S of | B] which is horizontal /T
Run an LMMP/Z on Kx + B with scaling of some ample/Z divisor. Since termination
and semi-ampleness/Z are local on Z, we can assume that Z is affine, say SpecR. By
Theorem 4.1, the LMMP terminates with a good log minimal model if we prove that
(X/Z, B) has a good log minimal model.

By adjunction define Kg + Bg := (Kx + B)|s and let Ag := Als. Then,
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and Ks + Bg ~q 0/T. Moreover, (Ks + Bs)|y ~g 0 where H is the generic fibre of the
induced morphism 4: S — Z.

Since we are assuming Theorem 1.1 in dimension d — 1, (S/Z, Bg) has a good log
minimal model. Therefore, if I(Kg + Bg) is Cartier for some I € N, then R(S/Z, I(Kg +
Bs)) is a finitely generated R-algebra (cf. [7]). We can choose I such that I(Kx + B) 1s
Cartier and such that I(Kx + B) ~ ¢g*L for some Cartier divisor L on T So, I(Kg 4 Bs) ~
¢'L where ¢: S — T is the induced morphism. Now, by Lemma 6.4, R(T/Z,L) is a
finitely generated R-algebra which in turn implies that R(X/Z, I(Kx + B)) is a finitely
generated R-algebra since X — T is a contraction. Therefore, R(X/Z,Kx + B) is a
finitely generated R-algebra and according to Theorem 5.1, (X/Z, B) has a good log
minimal model. O

Proposition 6.6. — Assume Theorem 1.1 in dimension d — 1, and assume Theorem 1.1 in
dimension d in the vertical case. Then, Theorem 1.1 holds in dimension d in the horizontal case, i.e.
when some lc centre of (X/Z., B) s horizontal over 7.

Proof: — We can assume that (X/Z, B) 1s Q-factorial dlt and that /: X — Z is a
contraction. By assumptions, some component of | B] is horizontal/Z. Run an LMMP/Z
on Kx + B with scaling of some ample/Z divisor. If A is not vertical/Z, then Kx 4 B is
not pseudo-effective /Z hence the LMMP terminates with a Mori fibre space by [9]. So,
we can assume that A is vertical/Z hence (Kx + B)|r ~g 0 where F is the generic fibre
of f: X — Z. By Theorem 4.1, the LMMP terminates with a good log minimal model if
we show that (X/Z, B) has a good log minimal model.

If € > 0 1s a sufficiently small rational number, then (X/Z,B — €|B]) is kit
and Kx 4+ B — €[B] is not pseudo-effective/Z. Thus, by [9] there is a Mori fibre
space (Y/Z,By — €|By]) for (X/Z,B — €|B]) obtained by running an LMMP/Z on
Kx +B —€|B]. Let g: Y = T/Z be the Ky 4 By — €|By|-negative extremal contrac-
tion which defines the Mori fibre space structure, and let R be the corresponding extremal
ray. Since A is vertical/Z, Ay is vertical over T. So, from

Ky + By + Ay ~o 0/Z

we deduce that (Ky + By) - R = 0 which in turn implies that Ky + By ~¢g 0/T. Since
Ky + By — €|By] is numerically negative/T, |By| # 0. We could apply Lemma 6.5
to get a good log minimal model of (Y/Z, By) but this does not give a good log mini-
mal model of (X/Z, B) because we cannot easily compare the singularities of (Y/Z, By)
and (X/Z, B). We need to find a model which is closely related to both (Y/Z, By) and
(X/Z,B).

Let (W/Z, Bw) be a log smooth model of (X/Z, B) of type (1) as in Definition 2.3
such that W dominates Y, say by a morphism #: W — Y. We can write

Kw + By =/"(Ky +By) + G
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where G is exceptional /Y. Run the LMMP/Y on Kyy + By with scaling of some ample/Y
divisor. By Theorem 3.5, at some step of this LMMP we reach a model X’ on which
Gy < 0. Also,

Kx/ + Bx/ — Gx/ NQ, O/T

as it 1s the pullback of Ky + By. Since Kx + B is pseudo-effective/Z, Ky + By and
Kx + By are pseudo-effective over both Z and T. Thus, Gy 1is vertical/T hence
Kx' + Bxr ~q 0 over the generic point of T. By construction, |By] is ample/T hence
in particular some of its components are horizontal/T'. This implies that some compo-
nent of [Bx’] 1s horizontal /T because |By] is the pushdown of | Bx/].

Now by Lemma 6.7 below, we can run an LMMP/T on Kx' + By which ends up
with a model X” on which Ky + Bx» is semi-ample/T (to be more precise, in place of
X,Y,Z,B, Ain the lemma use X', Y, T, Bx, =Gy respectively). Since Kx/ + Bx' ~¢ 0
over the generic point of T, X’ --+» X" is an isomorphism over the generic point of T So,
if X” — T” /T is the contraction associated to Kx» 4+ Bx», then T” — T is birational and
some component of | Bx~] is horizontal /T”.

On the other hand, if we denote X’ — Y by ¢, then we can write

Ky + Bx + Ax = ¢"(Ky + By + Ay)
by taking Ax' := —Gx + ¢*Ay. Thus,

Kx +Bx +Ax ~q 0/Z
and

Kx» + Bxr + Axr ~¢ 0/Z

where Ay~ is the birational transform of Ayx. Since Kx» + Bx» is pseudo-eftective/Z,
Axr 1s vertical /7 and Kx» + Bx» ~q 0 over the generic point of Z. Now we can apply
Lemma 6.5 (by taking X, Z, T, B, A in the lemma to be X", Z, T”, Bx», Ax» respectively)
to get a good log minimal model of (X”/Z, Bx) which would give a good log minimal
model of (W/Z, By) hence of (X/Z, B), by Remark 2.8. ]

Lemma 6.7. — Assume Theorem 1.1 in dimension d wn the vertical case. Let (X/Z., B+ A)
be of dimension d as in Theorem 1.1 such that (Kx +B)|p ~q O for the generic fibre ¥ of f: X — Z.

Moreover, assume that

o (X/Z,B) is Q-factorial dlt,

o (there exist contractions e: X — Y andg: Y — 7,

o ¢ s burational, A s exceptional/Y, and Y s Q-factorial,

e D :=Ky + By — €|By] s klt and g is a D-negative extremal contraction where € > 0
and By := ¢,B.
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Then, any LMMP/Z. on Kx + B with scaling of an ample]Z. divisor terminates with a good
log minimal model of (X/Z., B).

Progf: — By Theorem 4.1, it is enough to prove that (X/Z, B) has a good log
minimal model. By adding a small multiple of A to B we can assume that SuppA C
Supp B. Since e 1s birational, by Theorem 1.1 in dimension ¢ in the vertical case, we
can assume that Kx + B is actually semi-ample/Y. By replacing X with the lc model
of (X/Y, B) we can assume that Kx + B is ample/Y (we may loose the Q-factorial dlt
property of (X/Z, B) but we will recover it later). Since —A is ample/Y, Supp A contains
all the prime exceptional/Y divisors on X. In particular,

Supp ¢*| By] € (Supp|B] U SuppA) € SuppB

By replacing (X/Z, B) with a Q-factorial dlt blowup, we can again assume that (X/Z, B)
is Q-factorial dlt; note that this preserves the property Supp ¢*| By | € Supp B.

Since A is exceptional /Y and Kx + B + A ~¢ 0/Z, Ky + By ~¢ 0/Z. So, [By] 1s
ample/Z hence ¢*| By is semi-ample/Z. Thus, for a small rational number 7 > 0 we can
write

Kx + B =Kx + B — t¢"|By] + 76" |By] ~q Kx + A/Z

where A is some rational boundary such that (X/Z, A) is klt: since (Y/Z, By — €|By])
1s klt, | By contains all the lc centres of (Y/Z, By), in particular, the image of all the lc
centres of (X/Z, B); so, Supp ¢* | By | contains all the components of | B] hence (X/Z, B —
7¢"|By]) 1s kIt and we can indeed find A with the required properties. By Theorem 5.2,
we can run an LMMP/Z on Kx 4+ A which ends up with a good log minimal model of
(X/Z, A) hence a good log minimal model of (X/Z, B). ]

Proof of Theorem 1.1. — We argue by induction so in particular we may assume
that Theorem 1.1 holds in dimension ¢ — 1. By Proposition 6.3, Theorem 1.1 holds in
dimension d in the vertical case. On the other hand, by Proposition 6.6, Theorem 1.1

also holds in dimension d in the horizontal case. ]

Proof of Corollary 1.2. — First assume that B has rational coefficients. Since
—(Kx 4+ B) is ample/Y, we can find

A~gq —(Kx +B)/Y
such that A >0, (X/Z,B+ A) islc, and

Kx 4B+ A~q0/Y
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Now by Theorem 1.1, (X/Y, B) has a good log minimal model and its Ic model gives the
(Kx + B)-flip. When B is not rational, we can find rational lc divisors Kx + B; and real
numbers 7; > 0 such that

Kx+B=) rn(Kx+B) and Y r=1

Moreover, we can assume that —(Kx + B;) 1s ample/Y for every . For each i, j there is
a rational number b, ; such that

Kx+B;=0;(Kx +B))/Y
By the cone theorem for Ic pairs proved by Ambro [2] and Fujino [14],
Kx + B, ~q b;;(Kx +B))/Y

Therefore, there is a morphism X* — Y which gives the flip of Kx + B; for every . The
morphism also gives the (Kx + B)-flip. U

7. Proof of Theorem 1.4

In this section, we give the proof of Theorem 1.4 which is parallel to the arguments
of section 6 with some small changes.

T he vertical case. — First, we deal with Theorem 1.4 in the vertical case. It is helpful
to recall Remarks 2.9 and 2.10 before reading the proof of the next special termination
result.

Lemma 7.1. — Let (X/Z,B) be a lc pair of dimension d as in Theorem 1.4 such that it
satisfies the assumptions of Lemma 5.5. Then, assuming Conjecture 1.3 and Theorem 1.4 in dimension
d — 1, there is an LMMP/Z, on Kx + B wuth scaling of ¢C which terminates.

Progf: — By Lemma 5.5, there is an LMMP/Z on Kx + B with scaling of ¢C such
that A = lim;, o A; = 0. We can assume that the LMMP consists of only log flips. Let
(X'/Z, B’) be a Q-factorial dlt blowup of (X/Z, B) and let C’ be the birational transform
of C. By Remark 2.9(1), (2), we can lift the above LMMP/Z on Kx + B to an LMMP/Z
on Kx/ + B’ with scaling of ¢C’. We could assume that the latter LMMP consists of only
log flips.

Let S be a component of |B’| and let T be the normalisation of the image of S
in Z. Put Kg + Bg := (Kx + B') s and let (S', By) be a Q-factorial dlt blowup of (S, Bg).
By Remark 2.10, we may assume that the LMMP on Ky 4+ B’ induces an LMMP/T
on Ky + By with scaling of ¢Cg where Cg is the pullback of C. On the other hand, by
assumptions, there is a non-empty open subset U C Z such that Kx + B ~¢ 0 over U and
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such that the generic point of each lc centre of (X/Z, B) is mapped into U. Let VC T
be the inverse image of U under T'— Z. Then, Ky + By ~¢g 0 over V and the generic
point of each lc centre of (S'/T, By/) is mapped into V.

By induction, (S'/T, By) has a log minimal model. Since A = lim,_, o, A; = 0, by
Theorem 4.1, the above LMMP/T on Kg + By terminates. Thus, the LMMP/Z on
Kx + B’ terminates near S. The same argument applied to each component of |B']
shows that the LMMP/Z on Kx/ + B’ terminates near [B’|. By assumptions, Kx +B ~¢q
P 4+ C/Z where P > 0 and Supp P = Supp|B]. Moreover, Supp|B] contains all the lc
centres of (X/Z, B). Thus, there is a Q-divisor P’ > 0 with Supp P’ = Supp|B’] such that
Kx/ + B ~g P’ + C'/Z. So, each extremal ray contracted by the LMMP/Z on Ky + B’
intersects P’. But the LMMP terminates near | B'] which in turn implies that it terminates
near P’ therefore it terminates everywhere. 0

Proposition 7.2. — Theorem 1.4 in dimension d — 1 implies Theorem 1.4(1), (3) in dimension
d in the vertical case, i.e. when every lc centre of (X /7., B) is vertical/Z.

Proof:

Step 1. After taking a Q-factorial dlt blowup using Corollary 3.6 we may assume that
(X/Z, B) 1s Q-factorial dlt, in particular, | B] is vertical/Z. Run an LMMP/Z on Kx +B
with scaling of an ample/Z divisor. By Theorem 4.1, the LMMP terminates if we prove
that (X/Z, B) has a log minimal model. By assumptions, Kx + B ~¢ 0 over some non-
empty open subset U C Z and if i) is the generic point of any lc centre of (X/Z, B), then

S eU.

Step 2. Let t, > ty > --- be a sequence of sufficiently small rational numbers with
lim,_, o ; = 0. Each (X/Z, B — ;| B]) is kIt and (Kx + B — #(B])|r ~¢ 0 where I is the
generic fibre of /. Hence by Theorem 5.2 each (X/Z, B — | B]) has a good log minimal
model (Y;/Z, By, — ;| By,]) so that Y; --» X does not contract divisors. Since we are as-
suming Conjecture 1.3 in dimension 4, we can assume that each (Y;/Z, By,) is lc. More-
over, Supp|By,| contains all the Ic centres of (Y;/Z, By,) because (Y;/Z, By, — 4| By.])
is kIt which means that (Y;/Z, By,) is kIt outside Supp|By, |. Since Kx + B ~¢g 0 over U
and since |B] is vertical/Z, there are vertical/Z Q-divisors M, N > 0 such that

and
Kx 4 B — 4B] ~q M+ tN/Z

So, any prime divisor contracted by X --»Y; is a component of M + N hence after
replacing the sequence with a subsequence we can assume that the maps X --+Y;
contract the same divisors, 1.e. Y; are isomorphic in codimension one.
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Step 3. Assume that Y; =Y, for :>> 0, and let Y be this common model. Since Ky +
By — 4[By] 1s nef/Z for each ¢ 3> 0, Ky + By is also nef/Z. For any prime divisor D on
X and each 7 >> 0, we have

a(D,X,B) <a(D,X,B—4|B]) <a(D,Y, By — 4;|By])
which implies that

(D, X, B) < lim a(D, Y, By — #|By]) = a(D, Y, By)

Therefore, (Y/Z,By) is a weak Ic model of (X/Z, B), and by Corollary 3.7, we can
construct a log minimal model of (X/Z, B) as required.

Step 4. Assume that |By, | =0. Then, Ky, + By, — #|By, ] is nef/Z for each ¢, and since
Y, --» Y, is an isomorphism in codimension one, we can replace each Y; with Y, and
then apply Step 3.

From now on we assume that |By, | # 0. Then, since (Y,/Z, By, — ¢ |By,]) is kIt and
Ky, + By, — t;[By, ] is nef/Z, Ky, 4+ By, — ;| By, ] is semi-ample/Z by Theorem 5.2.
Thus,

KY] + BY1 - tl LBY|J ’\"Q CY[/Z

for some Cy, > 0 such that Ky, 4+ By, + Cy, is lc, in particular, Supp Cy, does not
contain any lc centre of (Y,/Z, By,). For each rational number ¢ we have

it
Ky, + By, +1Cy, ~q (1 +l‘)<KY1 + By, — 1 _'itLBle)/Z

In particular, if £/ = fz—’ and 7 # 1, then

[ —t
Ky, + By, + £Cy, ~g (1 4+ ¢)(Ky, + By, — t;|By,])/Z

We may assume that 24 < t; for each ¢ > 1 which implies that # € [0, 1]. So,
(Y:/Z, By, + t'Cy,) is a weak Ic model of (Y,/Z, By, + £Cy,) for each 7 > 1. Note that
(Y,/Z, By, + t/Cy,) is Ic because £ < 1.

Step 5. We will modify the situation so that if 1 is the generic point of any lc centre of
(Yy9/Z, By,), then 1 is mapped into U. Put Py, = ¢, [ By, |. Then,

Ky, + By, ~q Py, + Gy, /Z

By Lemma 5.5, we can run an LMMP/Z on Ky, + By, with scaling of #Cy, so that if
Ay are the numbers appearing in the LMMP, then A = lim;_, o A, = 0. Since Yy --» Y;
is an isomorphism in codimension one, Ky, + By, 4+ £/Cy, is nef/Z, and lim, , ¢/ = 0,
we deduce that Ky, + By, is (numerically) a limit of movable/Z R-divisors. So, the
LMMP does not contract any divisors. Now, by replacing the ¢ with a subsequence, we
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can assume that for each ¢ > 2 there is £ such that A, > # > A;y,. If T is the variety
corresponding to Ay, then Ky 4+ By + £/Cp is nef/Z. By replacing Y; with T, we could
assume that Y; occurs in some step of the LMMP. Thus, we can assume that every Y,
occurs in some step of the LMMP if ¢ > 1.

After finitely many steps, the LMMP does not contract any lc centres. So, perhaps af-
ter replacing (Yo/Z, By,) with some (Y;/Z, By,), with j 3> 0, we may assume that the
LMMP does not contract any lc centre of (Yy/Z, By,). Assume that 1 is the generic
point of some lc centre of (Yy/Z, By,) which is mapped outside U. If E is a prime divi-
sor over 1 such that a(E, Yy, By,) =0, then «(E, X, B) > 0 and for any ¢ > 2 we have

a(E, Yo, By, — t|By,]) = a(E, Y;, By, — ;| By,])
> a(E, X, B — |B])
> a(E, X, B)
where the equality follows from the fact that Yy -+ Y, is an isomorphism near . Then,

0=a(E, Ys, By,) = lim a(E, Yo, By, — 4By, ]) = a(E, X, B) > 0

which is a contradiction. So, from now on we can assume that if 7 is the generic point
of any lc centre of (Yy/Z, By,), then n is mapped into U. Moreover, by construction,
Ky, + By, ~q 0 over U.

Step 6. By Lemma 7.1, we can run an LMMP/Z on Ky, + By, with scaling of £,Cy, which
terminates on a model Y on which Ky + By + §Cy is nef/Z for any sufficiently small
8 > 0. Since Yy --» Y, is an isomorphism in codimension one, Ky, + By, 4+ #Cy, is nef/Z,
and lim;_, o #/ = 0, we deduce that Ky, + By, is (numerically) a limit of movable/Z R-
divisors. So, the LMMP does not contract any divisors, 1.e. Y --» Y, is an isomorphism
in codimension one.

For any ¢ > 0, Ky + By + £.Cy is nef/Z which in turn implies that Ky + By — 4By
is also nef/Z. Since Y --» Y, is an isomorphism in codimension one and since
(Yi/Z, By, — t;| By,]) is a log minimal model of (X/Z, B — t;|B]), (Y/Z, By — ;| By]) i3
a log minimal model of (X/Z, B — ;| B]), for every ¢ > 0. By Step 3, we are done. []

Proposition 7.3. — Theorem 1.4 in dimension d — 1 implies Theorem 1.4 in dimension d in
the vertical case, 1.e. when every lc centre of (X/Z., B) s vertical/Z.

Progf. — By Proposition 7.2, statements (1) and (3) of Theorem 1.4 hold for
(X/Z, B), in particular, (X/Z, B) has a log minimal model (Y/Z, By). By assumptions,
Kx + B ~g 0 over some non-empty open subset U C Z and if 1 is the generic point of
any lc centre of (X/Z, B) then f(n) € U. This implies that Ky + By ~¢ 0 over U and
that if n is the generic point of any lc centre of (Y/Z, By) then 7 is mapped into U. By
replacing (X/Z, B) with (Y/Z, By) we may assume that (X/Z, B) is Q-factorial dlt and
that Kx + B is nef/Z. It remains to prove that Kx + B is semi-ample /Z.
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Run an LMMP/Z on Kx + B — €|B] with scaling of some ample/Z divisor, for
some sufficiently small rational number € > 0. By [6, Proposition 3.2], Kx + B is numer-
ically trivial on each step of this LMMP. Since |B] is vertical/Z, (Kx +B —€[B])[r ~¢ 0
where F is the generic fibre of /. So, by Theorem 5.2, the LMMP terminates on a model
X" on which Ky + Bx and Ky + By — €|Bx/] are both nef/Z. Another application
of Theorem 5.2 shows that Kx' + Bx — §|Bx/] 1s semi-ample/Z for any § € (0, €]. The
pair (X'/Z, Bx) 1s Q-factorial and Ic and (X'/Z, Bx — €|Bx/]) 1s klt. If |[Bx ] =0 we
are done so we can assume that |Bx | # 0. Let (Y/Z, By) be a Q-factorial dlt blowup of
(X'/Z,Bx/). By construction, Ky + By ~¢ 0 over U and if 5 is the generic point of any
lc centre of (Y/Z, By) then n is mapped into U.

Let S be a component of T := |By] and put Kg + Bg := (Ky + By)[s. If Q is
the normalisation of the image of S in Z and if V € Q) is the inverse image of U, then
Ks + Bs ~q 0 over V and if 7 is the generic point of any lc centre of (S/Q, Bs) then
n is mapped into V. So, by induction, Kg 4 Bg is semi-ample/Q) hence semi-ample/Z.
On the other hand, if P :=¢*|Bx/] and if 6 > 0 is any sufficiently small rational number,
where ¢ is the morphism Y — X', then

Ky + By — 8P = ¢* (K + By — 8By J)

1s semi-ample/Z. Now, by Theorem 1.7, Ky + By is semi-ample/Z hence Kx + B is also
semi-ample /Z. UJ

In the proof of Proposition 7.3, it is also possible to compactify X and Z first before
running the LMMP on Kx + B — €|B]; in this way we would need Theorem 1.7 only
when X, Z are projective.

The horizontal case. — In this subsection, we deal with the horizontal case of Theo-
rem 1.4.

Lemma 7.4. — Assume Conjecture 1.3 and Theorem 1.4 in dimension d — 1. Let (X/Z., B)
be of dimension d as in Theorem 1.4. Moreover, assume that there is a contraction g: X — T'/Z. such
that

(2) some lc centre of (X/Z., B) is horizontal over T

Then, (X/7Z., B) has a good log minimal model.

Proof. — By replacing (X/Z, B) with a Q-factorial dlt blowup, we can assume that
(X/Z, B) is Q-factorial dIt and that there is a component S of | B] which is horizontal/T'.
Run an LMMP/Z on Kx + B with scaling of some ample/Z divisor. Since termination
and semi-ampleness/Z are local on Z, we can assume that Z is affine, say SpecR. By
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Theorem 4.1, the LMMP terminates with a good log minimal model if we prove that
(X/Z, B) has a good log minimal model.

By assumptions, Kx + B ~q 0 over some non-empty open subset U C Z and if
n is the generic point of any lc centre of (X/Z, B) then f(n) € U. By adjunction define
Ks + Bs := (Kx + B)|s. Then, Kg + Bs ~¢g 0 over U and if 5 is the generic point of any
lc centre of (S/Z, Bs) then f(n) € U. Moreover, Ks + Bs ~¢ 0/T.

Since we are assuming Conjecture 1.3 and Theorem 1.4 in dimension d — 1,
(S/Z, Bs) has a good log minimal model. Therefore, if I(Kg + Bg) is Cartier for some
I e N, then R(S/Z, I(Kg + Bg)) 1s a finitely generated R-algebra (cf. [7]). We can choose
I such that I(Kx + B) is Cartier and such that I(Kx 4+ B) ~ ¢*L for some Cartier di-
visor L on T. So, I(Kg 4 Bs) ~ ¢*L. where ¢: S — T 1s the induced morphism. Now,
by Lemma 6.4, R(T/Z, L) is a finitely generated R-algebra which in turn implies that
R(X/Z,I(Kx + B)) is a finitely generated R-algebra since X — T is a contraction.
Therefore, R(X/Z, Kx + B) is a finitely generated R-algebra and according to Theo-
rem 3.1, (X/Z, B) has a good log minimal model. U

Proposition 7.5. — Assume Theorem 1.4 in dimension d — 1. Then, Theorem 1.4 holds in
dimension d in the horizontal case, i.e. when some lc centre of (X /7., B) is horizontal over Z.

Progf: — We can assume that (X/Z, B) is Q-factorial dlt and that /: X — Z is a
contraction. By assumptions, some component of |B] is horizontal/Z. Moreover, Kx 4+
B ~q 0 over some non-empty open subset U C Z and if 7 is the generic point of any Ic
centre of (X/Z, B) then 1 is mapped into U. Run an LMMP/Z on Kx + B with scaling of
some ample/Z divisor. By Theorem 4.1, the LMMP terminates with a good log minimal
model if we show that (X/Z, B) has a good log minimal model.

If € > 0 1s a sufficiently small rational number, then (X/Z,B — €|B]) is kit
and Kx 4+ B — €|B] is not pseudo-effective/Z. Thus, by [9] there is a Mori fibre
space (Y/Z,By — €|By]) for (X/Z,B — €|B]) obtained by running an LMMP/Z on
Kx+B—¢€[B].Letg: Y = T/Z be the Ky + By — €| By |-negative extremal contraction
which defines the Mori fibre space structure, and let R be the corresponding extremal ray.
By construction, Ky + By ~¢ 0 over U hence (Ky + By) - R = 0 which in turn implies
that Ky + By ~¢ 0/T. Since Ky + By — €[By] is numerically negative/T’, |By] # 0.
As we are assuming Conjecture 1.3 in dimension d, we can assume that (Y/Z, By) 1s
lc.

Let (W/Z, Bw) be a log smooth model of (X/Z, B) of type (2) as in Definition 2.3
such that W dominates Y, say by a morphism 4: W — Y. In particular, we may assume
that if » 1s the generic point of any lc centre of (W/Z, By ), then 1 is mapped into U. We
can write

Kw + By =4 (Ky +By) + G

where G is exceptional /Y. Run the LMMP/Y on Ky + By with scaling of some ample/Y
divisor. By Theorem 3.5, we reach a model X’ on which Gx' < 0. Moreover,
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Kx/ + Bx/ — fo NQ, O/T

as it 18 the pullback of Ky + By.
Let v be the given morphism W — X. By definition of log smooth models, we can
write

K\\r + BW' = ﬂ*(KX + B) + E

where E is effective and exceptional/X. On the other hand, since Kx + B ~¢ 0 and
Ky + By ~g 0 over U, we have 7*(Kx + B) = #*(Ky + By) over U which means that
E = G over U. Therefore, every component of G with negative coefficient is mapped into
7.\ U hence Gy is also mapped into Z \ U. In particular, this means that Kx + Bx ~¢ 0
over U. Moreover, if 7 is the generic point of any lc centre of (X'/Z, Bx/) then 7 is
mapped into U because the same holds for (W/Z, By). Let Uy € T be the inverse image
of U. Then, Kx + Bx' ~q 0 over Ut and if n is the generic point of any lc centre of
(X'/Z, Bx/) then 1 is mapped into Ur.

By construction, |By] is ample/'T hence in particular some of its components are
horizontal/T'. This implies that some component of |Bx/ | is horizontal /T because |By |
is the pushdown of |Bx/]. By Lemma 7.6 below, we can run an LMMP/T on Kx' 4+ Bx/
which ends up with a model X” on which Kyx» 4+ Bx» is semi-ample /T (more precisely,
we should take X, Y, Z, B in the lemma to be our X', Y, T, Bx' respectively). Over Ur,
X' --» X" is an isomorphism. So, if X” — T"”/T is the contraction associated to Kx» +
By, then T” — T'is birational and some component of | Bx~] is horizontal /T".

By construction, Kx» + Bx» ~q 0/T"”, and Kx» + Bx» ~¢g 0 over U. Moreover, if
n is the generic point of any lc centre of (X”/Z, Bx») then n is mapped into U. Now
we can apply Lemma 7.4 (by taking X, Z, T, B in the lemma to be our X", Z,T"”, Bx»
respectively) to get a good log minimal model of (X”/Z, Bx») which would give a good
log minimal model of (W/Z, By) hence of (X/Z, B), by Remark 2.8. [

Lemma 7.6. — Assume Conjecture 1.5 in dimension d and Theorem 1.4 in dimension d — 1.
Let (X /7., B) be of dimension d as in Theorem 1.4. Moreover, assume that

(X/Z,B) s Q-factorial dlt,

there exist contractions e: X — Y andg: Y — 7,

e 1s birational and Y 1s Q-factorial,

Ky + By s le, D := Ky + By — €| By s klt, and g s a D-negative extremal contraction
Jor some € > O where By := ¢,B.

Then, any LMMP/Z. on Kx + B with scaling of an ample/Z. divisor terminates with a good
log minzmal model of (X/Z., B).

Progf: — By Theorem 4.1, it is enough to prove that (X/Z, B) has a good log
minimal model. By assumptions, Kx + B ~¢ 0 over some non-empty open subset U C Z
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and if n is the generic point of any lc centre of (X/Z, B) then f(n) € U. Let Uy C Y
be the inverse image of U. Then, Kx + B ~¢g 0 over Uy and if 7 is the generic point
of any lc centre of (X/Z, B) then ¢(n) € Uy. Since ¢ is birational, by Proposition 7.3 we
can assume that Kx + B is actually semi-ample/Y. By replacing X with the Ic model
of (X/Y, B) we can assume that Kx + B is ample/Y (we may loose the Q-factorial dlt
property of (X/Z, B) but we will recover it later).

Since g is an extremal contraction and since Ky + By ~q 0 over U, Ky + By ~¢
0/Z. Moreover, since Kx + B is ample/Y, there is an e-exceptional Q-divisor A > 0 such
that

Kx+B+A:€*(Ky+By)

and Kx +B+A ~¢ 0/Z, and since Ky + By is Ic, Kx +B + A is Ic too. Also, since —A is
ample/Y, Supp A contains all the prime exceptional/Y divisors on X. Now we can add
a small multiple of A to B and assume that Supp B contains all the prime exceptional /Y
divisors on X. Note that A ~q 0 over Uy hence A =0 over Uy, so we still have
Kx + B ~g 0 over U after adding a small multiple of A to B. Now,

Supp ¢*| By] € (Supp|B] U SuppA) € SuppB

Replacing (X/Z, B) with a Q-factorial dlt blowup, we can again assume that (X/Z, B) is
Q-factorial dlt; the property Supp ¢*| By ] € Supp B is preserved.

By assumptions, |By| is ample/Z hence ¢* | By] is semi-ample/Z. Thus, for a small
rational number 7 > 0 we can write

Kx-i-B:KX—i-B—'L'e*l_Byj +T€*|_Byj NQK}(+A/Z

where A is some rational boundary such that (X/Z, A) is klt: since (Y/Z, By — €|By])
is kIt, | By contains all the Ic centres of (Y/Z, By), in particular, the image of all the Ic
centres of (X/Z, B); so, Supp ¢*|By]| contains all the components of |B] hence (X/Z,
B — 7¢*|By]) is kIt and we can indeed find A with the required properties. By Theorem
5.2, we can run an LMMP/Z on Kx + A which ends up with a good log minimal model
of (X/Z, A) hence a good log minimal model of (X/Z, B). [

Proof of Theorem 1.4. — This follows from Propositions 7.3 and 7.5. U

Acknowledgements

This work was carried out while the author was visiting Institut de Mathématiques
de Jussieu (Paris VI) during the 2010-2011 academic year. The visit was financially and
administratively supported by the Fondation Sciences Mathématiques de Paris. He would



EXISTENCE OF LOG CANONICAL FLIPS AND A SPECIAL LMMP 367

like to thank these organisations for their incredible support and hospitality, and would
like to thank Professor Claire Voisin who made the visit possible. He is grateful to the

re

feree for the comments and suggestions that helped to improve this paper consider-

ably.

o

OO\]QS)1

10.

1.

12.
13.

14.
15.
16.

17.

18.

19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.

30.

REFERENCES
. V. Arexekev, C. Hacon, and Y. Kawamata, Termination of (many) 4-dimensional log flips, Znvent. Math., 168 (2007),

433-448.

. E AmBro, Quasi-log varieties, 7r. Mat. Inst. Steklova, 240 (2003), Biratsion. Geom. Linein. Sist. Konechno Porozhden-
nye Algebry, 220-239; translation in Proc. Steklov Inst. Math., 240 (2003), 214-233.

. E-AmBro, The moduli b-divisor of an lc-trivial fibration, Compos. Math., 141 (2005), 385—403.

. M. Arryan and 1. MACDONALD, Introduction to Commutative Algebra, Addison-Wesley, Reading, 1969.
C. BIRKAR, On existence of log minimal models, Compos. Math., 146 (2010), 919-928.

C. BIRKAR, On existence of log minimal models 11, 7. Reine Angew. Math., 658 (2011), 99-113.

. C. BIRKAR, Divisorial algebras and modules on schemes, arXiv:1105.0441v2.

. C. BlrkaR and M. PAuN, Minimal models, flips and finite generation: a tribute to V.V. Shokurov and Y.-T. Siu, in
Classification of Algebraic Varieties, European Math. Society Series of Congress Reports, 2010.

. C. BIRraR, P. CasciNng, C. Hacon, and J. McKERNAN, Existence of minimal models for varieties of log general type,
J. Am. Math. Soc., 23 (2010), 405-468.

T. de FERNEX, L. EIN, and M. MustaTA, Shokurov’s ACC Conjecture for log canonical thresholds on smooth varieties,
Duke Math. §, 152 (2010), 93-114.

O. Funo, Special termination and reduction to pl flips, in Flips for 3-Folds and 4-Folds, Oxford University Press,
London, 2007.

O. FujiNo, Finite generation of the log canonical ring in dimension four, Ayoto J. Math., 50 (2010), 671-684.

O. FujyiNo, Semi-stable minimal model program for varieties with trivial canonical divisor, Proc. fpn. Acad., Ser. A, Math.

Set., 87 (2011), 25-30.
O. Fuyjvo, Fundamental theorems for the log minimal model program, Publ. Res. Inst. Math. Sci., 47 (2011), 727-789.
O. Fujivo and Y. GoNGyo, Log pluricanonical representations and abundance conjecture, arXiv:1104.0361v1.

O. Fymwo and Y. GoNgyo, On canonical bundle formulae and subadjunctions, Michigan Math. j. (to appear),
arXiv:1009.3996v1.

C. D. Hacox and J. McKERNAN, Extension theorems and the existence of flips, in Flips for 3-Folds and 4-Folds, Oxford
University Press, London, 2007.

C. D. HacoN and J. McKERNAN, Existence of minimal models for varieties of log general type 11, 7. Am. Math. Soc., 23
(2010), 469-490.

C. D. HacoN and Ch. Xu, Existence of log canonical closures, arXiv:1105.1169v2.

C. D. Hacon and Ch. Xu, On finiteness of B-representation and semi-log canonical abundance, arXiv:1107.4149v1.
R. HARTSHORNE, Algebraic Geometry, Springer, Berlin, 1977.

S. KeEL, K. Marsukl, and J. McKERNAN, Log abundance theorem for threefolds, Duke Math. ., 75 (1994), 99-119.
J. KOLLAR, Seminormal log centers and deformations of pairs, arXiv:1103.0528v1.

J. KoLLAR, Which powers of holomorphic functions are integrable?, arXiv:0805.0756v1.

C.J. Lay, Varieties fibered by good minimal models, Math. Ann., 350 (2011), 533-547.

S. Mory, Flip theorem and the existence of minimal models for 3-folds, 7. Am. Math. Soc., 1 (1988), 117-253.

S. Okawa, On images of Mori dream spaces, arXiv:1104.1326v1.

Yu. PROKHOROV, On the Zariski decomposition problem, 7z Mat. Inst. Steklova, 240 (2003), 43-73.

V. V. SHokurov, Three-dimensional log flips, Russ. Acad. Sci. Izv. Math., 40 (1993), 95-202. With an appendix in
English by Yujiro Kawamata.

V. V. SHoKUROV, 3-fold log models, Algebr. Geom., 4. . Math. Sci., 81 (1996), 2667-2699.


http://arxiv.org/abs/arXiv:1105.0441v2
http://arxiv.org/abs/arXiv:1104.0361v1
http://arxiv.org/abs/arXiv:1009.3996v1
http://arxiv.org/abs/arXiv:1105.1169v2
http://arxiv.org/abs/arXiv:1107.4149v1
http://arxiv.org/abs/arXiv:1103.0528v1
http://arxiv.org/abs/arXiv:0805.0756v1
http://arxiv.org/abs/arXiv:1104.1326v1

368 CAUCHER BIRKAR

31. V. V. SHOKUROV, Prelimiting flips, Proc. Steklov Inst. Math., 240 (2003), 75-213.
32. V. V. SHOKUROV, Letters of a bi-rationalist VII: ordered termination, Proc. Steklov Inst. Math., 264 (2009), 178—200.

C. B.

DPMMS, Centre for Mathematical Sciences,
Cambridge University,

Wilberforce Road,

Cambridge, CB3 OWB, UK
c.birkar@dpmms.cam.ac.uk

Manuscrit regu le 7 mai 2011
Version révisée le 12 février 2012
Manuscrit accepté le 4 avril 2012
publié en ligne le 3 mar 2012.


mailto:c.birkar@dpmms.cam.ac.uk

	Existence of log canonical flips and a special LMMP
	Introduction
	Preliminaries
	Notation and basic definitions
	Some basic facts about log minimal models and the LMMP

	LMMP on very exceptional divisors
	From log minimal models to termination with scaling
	Shokurov bss-ampleness, finite generation, and the klt case
	Proof of Theorem 1.1 and Corollary 1.2
	The vertical case
	The horizontal case

	Proof of Theorem 1.4
	The vertical case
	The horizontal case

	Acknowledgements
	References


