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ABSTRACT

We exhibit stable finite time blow up regimes for the energy critical co-rotational Wave Map with the §? target
in all homotopy classes and for the critical equivariant SO(4) Yang-Mills problem. We derive sharp asymptotics on the
dynamics at blow up time and prove quantization of the energy focused at the singularity.

1. Introduction

In this paper, we study the dynamics of two critical problems: the (2 + 1)-
dimensional Wave Map and the (4 4 1)-dimensional Yang-Mills equations. These prob-
lems admit non trivial static solutions (topological solitons) which have been extensively
studied in the literature both from the mathematical and physical point of view, see e.g.
(2], [3], [11], [13], [30], [45], [47]. The static solutions for the (WM) are harmonic maps
from R? into §? C R? satisfying the equation

—AD = P|VD|.

They are explicit solutions of the O(3) nonlinear o-model of isotropic plane ferromag-
nets. For the (YM) equations a particularly interesting class of static solutions is formed
by (anti)self-dual instantons, satisfying the equations

F=+£xTF

for the curvature F of an so(4)-valued connection over R*. The 4-dimensional Euclidean
Yang-Mills theory forms a basis of the Standard Model of particle physics and its special
static solutions played an important role as pseudoparticle models in Quantum Field
Theory.

The geometry of the moduli space of static solutions has been a subject of a thor-
ough investigation, see e.g. [46], [1], [11], [12]. In particular, the moduli spaces are in-
complete due to the scale invariance property of both problems. This gave rise to a plau-
sible scenario of singularity formation in the corresponding time dependent equation
which has been studied heuristically, numerically and very recently from a mathematical
point of view, [5], [14], [20], [21], [34], [23] and references therein.

The focus of this paper is the investigation of special classes of solutions to the
critical (2 4 1)-dimensional (WM) and the critical (4 + 1)-dimensional (YM) describing
a stable (in a fixed co-rotational class) and universal regime in which an open set of
initial data leads to a finite time formation of singularities.
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The Wave Map problem for a map ® : R*™! — §? C R? is described by a nonlin-
ear hyperbolic evolution equation

3/ — AP =D(|VD|* —3,D[%)

with initial data ®; : R> — §? and 9,®|,_o = ®, : R? — T%SQ. We will study the prob-
lem under an additional assumption of co-rotational symmetry, which can be described
as follows. Parametrizing the target sphere with the Euler angles ® = (®, «) we assume
that the solution has a special form

O, r0)=K9, u(t,r,0) =u(t,r)

with an integer constant £ > 1-—homotopy index of the map ® (¢, -) : R*> — §?. Under
such symmetry assumption the full wave map system reduces to the one dimensional
semilinear wave equation:

0,u

2 2 2
(1.1) atu—a,_u—7+/~c 52

in(2
SN o k> 1) eRxR,.keN",

Similarly, the equivariant reduction, given by the ansatz,

1 —u(t,r)

r2

A= (550~ 5,7)
of the (4 + 1)-dimensional Yang-Mills system

Fop = 0,Ap — 0pAs + [Aa, Agl,
3F? + [Ap, F’] =0, «,B=0,...,3

for the so(4)-valued gauge potential A, and curvature Fg, leads to the semilinear wave
equation:

% _ 2u(1 — u?)

r 72

(1.2) & u—9u— =0, (tneRxR,.

The problems (1.1) and (1.2) can be unified by an equation of the form

(1.3)

Otu—0%u— 2 + PP =0,
{ . i with f = g¢

Up=0 = U, (atu)\t:() =1
and

B sin(x), k€ N*for (WM)
glu) = L1 —u?), k=2for (YM).
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(1.3) admits a conserved energy quantity

2
E(u, ) = f ((am? + 18,0 + kgg'—im)
R? r

which is left invariant by the scaling symmetry

tr
uk(t,r):u X,X . A>0.

The minimizers of the energy functional can be explicitly obtained as

_ 2
(1.4) Q(r) =2tan”' () for (WM, Q(r):% for (YM),
T

and their rescalings which constitute the moduli space of stationary solutions in the given
corotational homotopy class.

A sufficient condition for the global existence of solutions to (1.3) was established in
the pioneering works by Christodoulou-Tahvildar-Zadeh [8], Shatah-Tahvildar-Zadeh
[36], Struwe [40]. It can be described as follows: for smooth initial data (u, vy) with
E(u, vo) < E(Q, 0), the corresponding solution to (1.3) is global in time and decays to
zero, see also [10]. More precisely, it was shown that if a singularity is formed at time
T < 400, then energy must concentrate at r = 0 and ¢ = T'. This concentration must
happen strictly inside the backward light cone from (T, 0), that is if the scale of concen-
tration is A(#), then

A1)
(1.5) — >0 ast—>T.

T—1t
Note that the case A(¢) =T — ¢ would correspond to self-similar blow up which is there-
fore ruled out. Finally, a universal blow up profile may be extracted in rescaled variables,
at least on a sequence of times:

(1.6) u(t,, AM(t)r) > Q  in H,, as n— +oo.

These results hold for more general targets for (WM) with Q) being a non trivial harmonic
map. In particular, this implies the global existence and propagation of regularity for the
corotational (WM) problem with targets admitting no non trivial harmonic map from
R?. Very recently, in a series of works [42], [43], [38], [39], [19], this result has been
remarkably extended to the full (WM) problem without the assumption of corotational
symmetry, hence completing the program developed in [18], [17], [44], [41], [16].
These works leave open the question of existence and description of singularity for-
mation in the presence of non trivial harmonic maps, or the instanton for the (YM). This
long standing question has first been addressed through some numerical and heuristic
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works in [4], [5], [14], [32], [37]. In particular, the blow up rates of the concentration
scale

T—1¢
|log(T — 1)|*
A ~ A(T* = 1) VT for (WM) with k= 1

A(t)~B for (YM),

with specific constants A, B have been predicted in a very interesting work [5] and, a very
recent, [37] respectively.

Instability of Q) for the £ =1 (WM) and (YM) was shown by Coéte in [9]. A rigorous
evidence of singularity formation has been recently given via two different approaches.
In [34], Rodnianski and Sterbenz study the (WM) system for a large homotopy number
k > 4 and prove the existence of stable finite time blow up dynamics. These solutions
behave near blow up time according to the decomposition

(1.7) u(t, 1) = (Q+e) <z, F’t)) with w(t, 7) = & <t, TZ)) lw, Bwllg e < 1
with a lower bound on the concentration:
. T—¢
(1.8) A(t) =0 ast— TwithA(t) > ——.
[ log(T — 1)}

In [20], [21], Krieger, Schlag and Tataru consider respectively the (WM) system for £ = 1
and the (YM) equation and exhibit finite time blow up solutions which satisfy (1.7) with

At =(T—10)" for (WM) withk=1,

(1.9)
A(t) = (T = t)|log(T — )| for (YM)

for any chosen v > % This continuum of blow up solutions is believed to be non-generic.

1.1. Statement of the result. — In this paper, we give a complete description of a
stable singularity formation for the (WM) for all homotopy classes and the (YM) in the
presence of corotational/equivariant symmetry near the harmonic map/instanton. The
following theorem is the main result of this paper.

Theorem 1.1 (Stable blow up dynamics of co-rotational Wave Maps and Yang-Mills). — Let
k> 1. Let H? denote the affine Sobolev space (1.19). There exists a set O (see Definition 5.1) of initial
data which is open in H> and a universal constant ¢, > O such that the following holds true. For all
(1, vo) € O, the corresponding solution to (1.5) blows up in finite time 0 < T = T (uy, vy) < 400
according lo the following universal scenario:
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(i) Sharp description of the blow up speed: There exists A(¢) € C'([0, T), R?) such
that:

(1.10) u(t, M(ty) > Q inH), ast—T

r,loc

with the following asymptotics:
T—

|log(T — 1|72

(1.11) A0 = (1 +o(1)) ast— T fork> 2,

A1) = (T = t)e VIsE=DHOW oy S T fork = 1.

(1.12) T—¢

A) =c(l +o(l) —— T for (YM).
0= a1+ o) ey st = Tfor (M)

Moreover,

A2)
b(t) = —r,(0) = T—t(l +0o(1)) >0 ast—T.
(i) Quantization of the focused energy: Let H be the energy space (1.15), then there extist
(u*, v*) € H such that

=0.

(1.13) lim
t—T H

) —u*, dult,r) — v*

u(t,r) — Q(TZ)

Moreover, there holds the quantization of the focused energy:

(1.14) Eo = E(u, 8,u) = E(Q, 0) + E(u, v*).

This theorem thus gives a complete description of a stable blow up regime for all
homotopy numbers £ > 1 and the (YM) problem, which can be formally compared with
the £ = 2 case of (WM). Stable blow up solutions in O decompose into a singular part
with a universal structure and a regular part which has a strong limit in the scale invariant
space. Moreover, the amount of energy which is focused by the singular part is a universal
quantum independent of the Cauchy data.

Comments on the result. — 1. k=1 case: In the £ > 2 and (YM) case, the blow up
speed A(¢) is to leading order universal i.e. independent of initial data. On the contrary,
in the £ =1 case, the presence of the ¢°" factor in the blow up speed seems to suggest
that the law is not entirely universal and has an additional degree of freedom depending
on the initial data. In general, the analysis of the £ =1 and to some extent £ = 2 prob-
lems is more involved. In particular for £ = 1, the instability direction 79,Q) driving the
singularity formation misses the L? space logarithmically. This anomalous logarithmic
growth is fundamental in determining the blow up rate. On the other hand, this anomaly
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also adversely influences the size of the radiation term which implies that there is only
a logarithmic difference between the leading order and the radiative corrections. This
requires a very precise analysis and a careful track of all logarithmic gains and losses. In
the case of larger £, these gains are polynomial and hence the effect of radiation is more
easily decoupled from the leading order behavior. In this paper, we adopted a universal
approach which simultaneously treats all cases.

2. k = 2 case: The analysis of the £ = 2 case for the (WM) problem is almost identi-
cal to that required to treat the (YM) equations. In what follows we will subsume the (YM)
problem into the £ = 2 regime of (WM), making appropriate modifications, caused by a
small difference in the structure of the nonlinearities in the two equations, in necessary
places.

3. Regularity of initial data: The open set O of initial data described in the theorem
contains an open subset of C* data coinciding with Q) for all sufficiently large values of
r > R. As a consequence, the main result of the paper in particular describes singularity
formation in solutions arising from smooth initial data. This should be compared with
the results in [20], [21] where solutions, specifically constructed to exhibit the blow up
behavior given by the rates in (1.9), lead to an initial data of limited regularity dependent
on the value of the parameter v and degenerating as v — %

4. Comparison with the 1.? critical (NLS): This theorem as stated can be compared to
the description of the stable blow up regime for the L? critical (NLS)

i, + Au+ululS =0, (4,2 €[0,T) xRN, N> 1,

see Perelman [31] and the series of papers by Merle and Raphaél [27], [25], [33], [26],
[29], [28]. There 1s a conceptual analogy between the mechanisms of a stable regime
singularity formation for the critical (WM) and (YM) problems and the 1.? critical (NLS)
problem. For the latter problem the sharp blow up speed and the quantization of the blow
up mass 1s derived in [26], [29], [28]. The concentration occurs on an almost self-similar
scale

At) ~ 2z(1 -1 ast— T
log |log('T — ?)| '

In both (WM), (YM) and the L? critical (NLS) problems self-similar singularity formation
is corrected by subtle interactions between the ground state and the radiation parts of
the solution. The precise nature of these interactions, affecting the blow up laws, depends
in a very sensitive fashion on the asymptotic behavior of the ground state: polynomially
decaying to the final value for the (WM) and (YM) and exponentially decaying for the
(NLS), see also [22] for related considerations. This dependence becomes particularly
apparent upon examining the blow up rates for the (WM) problem in different homotopy
classes parametrized by £. For £ =1 the harmonic map approaches its constant value at
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infinity at the slowest rate, which leads to the strongest deviation of the corresponding
blow up rate from the self-similar law.

5. Least energy blow up solutions: The importance of the £ =1 case for the (WM)
problem is due to the fact that the £ =1 ground state is the least energy harmonic map:

E(Q, 0) = 4rk.

A closer investigation of the structure of ) for £ > 2 shows that this configuration cor-
responds to the accumulation of % topological charges at the origin » = 0. For the full,
non-symmetric problem, we expect such configurations to split under a generic pertur-
bation into a collection of £ = 1 harmonic maps and lead to a different dynamics driven
by the evolution of each of the £ = 1 ground states and their interaction.

From this point of view the stability of the least energy £ = 1 configuration under
generic non-symmetric perturbations is an important remaining problem.

1.2. Functional spaces and notations. — For a pair of functions (&(»), o ()), we let

2 2 ), €
(1.15) ||8,O'||H=/|:O' + (9,¢) +)7i|
define the energy space. We also define the H?* Sobolev space with norm:
2 (3,8)° o*
(1.16) le, all3 = ll(e, o) I3 +/[(3),28) + ;2 +(8,0)° + I for k> 2,
2 2 2)\2 ), O
(1.17) e, ol = ||(8,0)||H+/[(3y8) + (9,0) +)7]

1 e\’
+ = 0,e — — fork=1.
y<1 J

For a given time-dependent parameter A(f) > 0 we let w(t, r) = e(¢, Trt)) and define a
related norm, in the relevant case o = A(¢)d,w,

(1.18) lell?, = IIHellf, + A% @) |9,w, 013

where H is the linearized Hamiltonian defined in (1.26). Observe that (1.15), (1.16), (1.17)
and (1.18) require vanishing of ¢, 0 and d,w at the origin.
We then define an affine space

(1.19) H?=H*+Q,

We denote

+00
)= f fi= / Fgdr
0
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the L*(R?) radial inner product. We define the differential operators:

(1.20) Af =y-Vf (H'scaling), Df =f+y-Vf (L?scaling)
and observe the integration by parts formula:
(1.21) (Df,g =—(f.Dy), (A 9 + (Mg, /) =—=2(f,9).

Given f and A > 0, we shall denote:

AU =f( ) =/(t.),

;
t, —

A
and the rescaled variable will always be denoted by

=

For a time-dependent scaling parameter A (/) we define the rescaled time

/‘ dt
S = B .
0 A(T)

We let x be a smooth positive radial cut off function x (r) =1 for r < 1 and x () =0 for
r > 2. For a given parameter B > 0, we let

1.22) X = x (E)

Given b > 0, we set

1 log b
B[ZZ’ BI:Iogl.

b\/3fyx(y)dy, b b

1.3. Strategy of the proof. — We now briefly sketch the main ingredients of the proof
of Theorem 1.1.

Step 1 The family of approximate self similar profiles.

We start with the construction of suitable approximate self-similar solutions in the
fashion related to the approach developed in [25], [29]. Following the scaling invariance
of (1.3), we pass to the self-similar variables and look for a one parameter family of self
similar solutions dependent on a small parameter b > 0:

(1.23) B, =

r

YO A) =b6(T —2).

u(t,r) =Qu(»), »=
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This transformation maps (1.3) into the self-similar equation:
(1.24) —Av—i—bQDAQb-i-kQJL:) =0
J

where the differential operators A, D are given by (1.20). A well known class of exact
solutions are given by the explicit profiles:

r 1
(n= <—> r<-.
@ Q 14+ /1 — b7 b
These solutions were used by Cote to prove that Q) is unstable for both (WM) and (YM),
[9]. A direct inspection however reveals that these have infinite energy due to a logarith-
mic divergence on the backward light cone

1
r=(I'—=1?) equivalently »= 7

This situation is exactly the same for the L critical (NLS), [25], and reveals the critical
nature of the problem. Note that in higher dimensions finite energy self-similar solutions
can be shown to exist thus providing explicit blow up solutions to the Wave Map and
Yang-Mills equations, [35], [7].

In order to find finite energy suitable approximate solutions to (1.24) in the vicinity
of the ground state () we construct a formal expansion

V4
Q=Q+ ) »T,
=1

Substituting the ansatz into the self-similar equation (1.24), we get at the order 4* an
equation of the form:

(1.25) HT, =F,
where
(1.26) H=—A+k2@

J

is obtained by linearizing (1.24) on Q (setting 4 = 0) and F; is a nonlinear expression in
(T4, ..., T;21). The solvability of (1.25) requires that F; is orthogonal to the kernel of H,
which is explicit by the variational characterization of Q:

(1.27) Ker(H) = span(AQ)
and hence the orthogonality condition:

(1.28) (F;, AQ) =0.
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While the condition (1.28) seems at first hand to be a very nonlinear condition, it can
be easily checked to hold due to the specific algebra of the H! critical problem and its
connection to the Pohozaev identity. In fact, if Ql(,p ) = Q+ Y7 b*T; is the expansion of
the profile to the order p, then (1.28) holds as long as the Pohozaev computation is valid:

»
(1.29) (—AQE") +’DAQY + /&]%, AQ@)

2
— lim [—%(1—bQRQ)\AQS’)(R)\QJr%|g(Qgﬁ’(R))|Q]:o,

see step 2 of the proof of Proposition 3.1, Section 3.2. By a direct computation, F; ~
DAQ ~ ]ikasy — 400 and at each step, the inversion of (1.25) dampens the decay of T’
at infinity by an extra »* factor, and hence the validity of (1.29) comes under question
after p steps, for as y — oo:

, k-1
(1.30) T,0)~ 2% forp="" kodd,
y 2
k
(1.31) T,(») ~¢ forp= 2’ k even.

In fact (1.30), (1.31) will result in a universal nontrivial flux type contribution to (1.29). More-
over, T, is the first term which gives an infinite contribution to the energy of the approxi-

mate self-similar profile Q,(f]) (ﬁ

region y > %—exterior to the backward light cone from a singularity at the point (T, 0).
We therefore stop the asymptotic expansion at p' and localize constructed profiles by
connecting (), to the constant ¢ = Q(+00), which is also an exact self-similar solution:

). T, is the radiation term which becomes dominant in the

| log b] 1
b > b

<1'32) PBl = XB1% + (1 - XBl)a’ Bl ==

where xg, =1 for y < By, xp, =0 for y > 2B,. Py, satisfies an approximate self-similar
equation of the form:

(P
(1.33) —APg, + B’DAPg, + 2Ll QBI) —
y

Vg,

where Wy, is very small inside the light cone y < % but encodes a slow decay near B,
induced by the cut off function and the radiative behavior of T, at infinity.

' We will in fact also need the next term T, in the expansion. Its construction will be made possible thanks to a
subtle cancellation, see step 4 of the proof of Proposition 3.1.
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Step 2 The H? type bound.

Let now u(¢, ) be the solution to (1.3) for a suitably chosen initial data close enough
to Q. Given the profile Py, we introduce, with the help of the standard modulation
theory, a decomposition of the wave:

r
t,7)=Pp,in| — | + w(,
u(t, r) B](/)(k(t)) (1)

or alternatively

(t,1) = Py +)(.3) O

u(t,r) = €)(5,9), y)=—",— ==

b RN YO TR

with B, given by (1.32) and where we have set the relation
As

(1.34) b(s) = - = -,

The decomposition is complemented by the orthogonality condition?
Vs>0, (s(s),AQ)=0

as 18 natural from (1.27). Our first main claim is the derivation of a pomntwise in time bound
on ¢

(1.35) lelly < 6

in a certain weighted Sobolev space H. The norm in the space H is given by the expres-
sion

(1.36) lell?, = IIHellf, + A% [[8:w, Oll3

and is based on the linear Hamiltonian H associated with the ground state Q), see (1.18).
We note in passing that, after adding the norm || (e, 9,¢) ||§{, for £ > 2 this norm is equiv-
alent to the H? norm introduced in (1.16). There are however subtle differences in the
corresponding norms in the case £ = 1, connected with the behavior for y > 1.

Bounds related to (1.35) but for a weaker norm than H and with £+ replaced by 4*
were derived in [34] for higher homotopy classes £ > 4. They were a consequence of the
proof of energy and Morawetz type estimates for the corresponding nonlinear problem
satisfied by w. The linear part of the equation for w is given by the expression

d;w + Hyw

with the Hamiltonian

(1.37) H,=—A+k

o/ (Q)
2

% The actual orthogonality condition is defined with respect to a cut-off version of AQ,
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Special variational nature of Q), discovered in [2], provides an important factorization
property for H;,:

g(Q;)

r

(1.38) H,=AMA,, A,=—0 +k

It arises as a consequence of the fact that® Q represents the co-rotational global minimum
of energy V[®] in a given topological class of maps ® : R* — S§? of degree £.

1

VI®P]== [ (V,® -V,D)dx,
2 R?

which can be factorized using the notation €; for the antisymmetric tensor on two indices,

as follows:

(1.39) V[®] = i /Rz[(aiq) +eld x §0)- (00 £e/d x )] dx

+ l/ /D - (3; 0 x D) dx
2 R? ’
= i/ [(3:0 £ €@ x §;@) - (3'D £ /D x )] dx £ 4mk
R?

from which it is immediate that an absolute minimum of the energy functional V[®] in
a given topological sector £ must be a solution of the equation:

(1.40) 3,® + €/d x §;® =0.

The ground state () is precisely the representation of the unique co-rotational solution of
(1.40).

In [34] factorization (1.38) gave the basis for the H? and Morawetz type bounds
for w, obtained by conjugating the problem for w with the help of the operator A;, so
that

AH,w =H, (A w)

with H; = A; A%, and exploiting the space-time repulsive properties of H; to derive the
energy and Morawetz estimates for A, w. Simultaneous use of pointwise in time energy
bounds and space-time Morawetz estimates however runs into difficulties in the cases
k=1, 2, which become seemingly insurmountable for £ =1.

We propose here a new approach, still based on the factorization of H;, yet relying
only on the appropriate energy estimates for the associated Hamiltonian H,, which retains

% We restrict this discussion to the (WM) case. Similar considerations also apply to the (YM) problem, [6].
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its repulsive properties even in the most difficult cases of £ =1, 2. We note that ||&||;
norm introduced above can be conveniently written in the form

lelly, = 2> (H,Avw, Ayw) + A% 0w, 03,

One difficulty will be that the bound (1.35) us not sufficient to derive the sharp blow up
speed. The size 47! in the RHS of (1.35) is sharp and is induced by a very slowly decaying
term in Wy, in (1.33), which arises from the localization of the profile ;. Such terms
however are localized on y ~ B, > % far away from the backward light cone with the
vertex at the singularity. Another crucial new feature of our analysis here is a use of
localized energy identities. It is based on the idea of writing the energy identity in the
region bounded by the initial hypersurface ¢ = 0 and the hypersurface

A0 equivalentl 2
_—, uiv. = —
O [ T0)

which, under the bootstrap blow up assumptions, is complete (the point » = 0 is reached

r=2

at the blow up time) and space-like. Such an energy identity effectively restricts the error
term Wy, to the region y < 2/b, where it is better behaved, and leads to an improved
bound:

bk+ 1

|logb|’

(1.41) el S

SIS

see Lemma 6.5 in Section 6.2. Note that the logarithmic gain from (1.35) to (1.41) is
typical of the £ =1 case and can be turned to a polynomial gain for £ > 2.

Step 3 The flux computation and the derivation of the sharp law.

The pointwise bounds (1.35), (1.41) are specific to the almost self-similar regime we are
describing. They are derived by a bootstrap argument, which incidentally requires only
an upper bound* on |4,], see Lemma 6.3. To derive the precise law for b we examine the
equation for &, which has the following approximate form:

(1.42) 9% + Hy e = —b, APy, + Wy, +L.OT.

where Hp, = —A + kQ@. We consider an almost self-similar solution Pg, localized
on the scale By = ¢ with a specific constant 0 < ¢ < 1 defined in (1.23) and project this
equation onto APy, which is almost in the null space of Hg,. The result is the identity of
the form:

(1.43) b APy, |7, = (W, APg,) + O(4"' ||e||ﬂ0,§%)).

* Such an upper bound is already sufficient to conclude the finite time blow up and establish a lower bound on the
concentration scale A(¢).
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The first term in the above RHS yields the leading order flux and tracks the nontrivial
contribution of T, to the Pohozaev integration (1.29):

(lIJBl s APB{)) = _Ckak(l + 0(1))

for some universal constant ¢;. This computation can be thought of as related to the
derivation of the log-log law in [29]. The e-term in (1.43) is treated with the help of
(1.41), observe that (1.35) alone would not have been enough:

O lellye2)) = o(6™).

Finally, from the behavior
1
AQ ~ )? as y — 400
and Pg, ~ Q for 4 small, there holds:

Cr fork>2

APy [}, ~
APl cillogh| for k=1
for some universal constant ¢, > 0. We hence get the following system of ODE’s for the
scaling law:

ds 1 A, a(1+0(1)o*  for k=2,
== : b= —
d A A

) b:__’ 2
(1 —i—()(l))2|+gb| for k=1.

Its integration yields—for the class of initial data under consideration—the existence
of T < +00 such that A(T) = 0 with the laws (1.11), (1.12) near T, thus concluding
the proof of the sharp asymptotics (1.11), (1.12). The non-concentration of the excess of
energy (1.13), (1.14) now follows from the dispersive bounds obtained on the solution,
hence concluding the proof of Theorem 1.1.

This paper is organized as follows. In Section 2, we recall some well known facts
about the structure of the linear Hamiltonian H close to Q and the orbital stability
bounds. In Section 3, we construct the approximate self similar profiles Q), with sharp
estimates on their behavior, Proposition 3.1 and Proposition 3.3. In Section 5, we ex-
plicitly describe the set of initial data of Theorem 1.1, Definition 5.1, and set up the
bootstrap argument, Proposition 5.6, which proof relies on a rough bound on the blow
up speed, Lemma 5.3, and global and local H?> bounds, Lemma 6.5. In Section 7, we de-
rive the sharp blow up speed from the obtained energy bounds and the flux computation,
Proposition 7.1, and this allows us to conclude the proof of Theorem 1.1.
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2. Ground state and the associated linear Hamiltonian

The problem

Qf (u)

(2.1) d/u 82u——8 +k =0, [f=g

admits a special stationary solution QQ(r), and its dilates Q; (r) = Q(r/A), characterized
as the global minimum of the corresponding energy functional

2
Eu, ) = / ((am? + @) + ng#)

(2.2) = f ((&u)2 + (a u— kgﬂ> ) + 2kG (u(r) [1=5°,

where G(u) = fou g(w)du. In view of such factorization of energy, Q) can be found as a
solution of the ODE

70,Q = kg(Q),
or alternatively
(2.3) AQ =kg(Q).

For the (WM) problem the function g(z) = sinu and for the (YM) equation g(u) =
%(1 — u?). Therefore,

1 —
Q(r) =2tan' ("), Q) = =

respectively.
For a solution u(¢, r) close to a ground state ); the nonlinear problem (2.1) can be
approximated by a linear inhomogeneous evolution

3’w+H,w=F, u(t, r) = Qu(r) +w(z, 1)

with the linear Hamiltonian

H,=—-A+# /(Q‘).

We denote the Hamiltonian associated to Q by

QO
?

H=-A, +/fo
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and recall the factorization property (1.38) of H:

(2.4) H=A*A
with

(2.5) Az_aﬁﬂ, A=, 1+V<1>,
with

26 VU0=k(Q0)

and

(2.7 A, =—0, + ﬁ’ A= 4 1 +7V§1),

This factorization is a consequence of the Bogomol’'nyi’s factorization of the Hamiltonian
(1.39) or, alternatively (2.2). Since Q) is an energy minimizer we expect the Hamiltonian
H to be non-negative definite and possess a kernel generated by the function AQ—
generator of dilations (scaling symmetry) of the ground state (). Factorization of H how-
ever leads to even a stronger property, which on one hand confirms that the kernel of H
1s one dimensional but also leads to the fundamental cancellation:

(2.8) A(AQ) =0,

that is AQ lies in the kernel of A. We note that for £ = 1 the function AQ is not in L*(R?)
and thus formally does not belong to the domain of H. The structure of the kernel of H
leads to the following statement of orbital stability of the ground state.

Lemma 2.1 (Orbital stability of the ground state, |9], [34]). — For any wmitial data (uy, u;)
with the property that uy = Q,;,, + wo and ||(wo, uy) |1 < € with € sufficiently small, and for any
t €0, T) with 0 <'T < 400 the maximum time of existence of the classical solution with data
(uo, uy), there exists a unique decomposition of the flow

u(t) = Qup +w(@)
with A(¢) € C*([0, T), R*) and

veel0, 1), [duliz + [20] + lw@), Ollx < O(€)
satisfying the orthogonality condition

(2.9 viel0,T), (w(tA(®)), xmAQ)=0.
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Remark 2.2. — The cut-off function xy(r) = x (r/M) equal to one on the interval
[0, M] and vanishing for » > 2M for some sufficiently large universal constant M 1is in-
troduced to accommodate the case £ =1 in which AQ(y) decays with the rate y~! and
thus misses the space of 1? functions. The imposed orthogonality condition is not stan-
dard, however the arguments in [9], [34] can be easily adapted to handle this case. The
statement of the Lemma in particular implies the coercivity of the Hamiltonian H;,

2
2.10) (Hyw, w) = [Awl?, = o(M) f ((a,.w>2 + w—Q)
r
provided that (w(A-), xMAQ) =0.
We introduce the function
(2.11) W(t, 1) =Apw.

The energy type bound on W will lead us to the H? type bound on w. To be more precise,
we will control the H norm of the function &(s, ) = w(¢, 7), introduced in (1.36).

We next turn to the equation for W = A, w. Following [34], an important obser-
vation is that the Hamiltonian driving the evolution of W is the conjugate Hamiltonian

Pl avd v
+ -

(2.12) H,=AA; =—A 3 3

L Ve =R[(¢) — g —1]©Q

which, as opposed to H, displays space-time repulsive properties. Commuting the equation
for w with A; yields:

3,V w N 20,V 9w

r r

(2.13) W +H,W=A,F +

Observe that in the (WM) case V® =0 and

2 1 9 9 L, for k> 2,
(2.14) FHl42V0 VO = (k=" +2k(I+cos(Q) 2y
or K = 1.

T+
For the (YM) problem V® = —2(1 — Q?) and, with £ = 2,
(2.15) 4142V 4+ VP =142(1-Q)* > 1.

These inequalities imply that the Hamiltonian H, is a positive definite operator with the
property that

J@W)? + W for k> 2,
f((arw)Q + LQQ) fork=1.

2(1+55)

2.16) (FLW. W) = [A;WI2, > C
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It is important to note that unlike H; , H, is unconditionally coercive. However, it provides
weaker control at infinity in the case £ = 1. The expression

WEELW, W) + 22 @W, 0) 3,
is precisely the norm ||e ||§% we ultimately need to control. Moreover, it obeys the estimate
WEELW, W)+ A2 3W, 0115, S llell3-

Associated to the Hamiltonian I:IA, we define global and local energies £(t), £, (¢) used
extensively in the paper:

F+1+2v) + VP WQ}
r2

(2.17) E(t) =1 / [@W)2 + (VW)? +

=K2[/ |A§<z>W(t)|2+/|3fW(t)|2],

BR4+1+2V0 v WZ]
72

(2.18) E, (1) =22 / GBL_|:(3[W)2+(VW)2+

where we let B, = %, as in (1.23), and op, be a cut off function

r 1 forr<?2,
2.19 = ith = -
( ) o) =0 (AB) with o (r) { 0 forr>3.

We finish this section with the discussion on the admissibility of the functions u(t, ),
w(t,r) = u(t, r) — (Pp)y(r) where (Pg(7)), 1s a deformation of Q); which will be defined
in Section 3. The criterium for admissibility of w(¢, r) = &(s, y) will be the finiteness of
the H? norm of ¢.

Proposition 2.3. — Let @ be a smooth solution of the (WM)/ (YM) problem on the time interval
[0, T'(®y, ®1)) with co-rotational/ equivariant initial data (Py, ®1). Then (P (1), 9,D(¢)) remains
co-rotational / equivariant for any t € [0, T'(Pg, ®1)) and its symmetry reduction u(t, r) coincides with
the solution of the nonlinear problem (1.1)/(1.2). Moreover, for any t € [0, T(Pg, ®))) the function
u(t) € H2.

Proof of Proposition 2.3. — The first part of the Proposition is a standard statement of
propagation of symmetry. We omit its proof. It remains to show that u(¢) € H2. We give
the argument for the (WM) case, the (YM) is left to the reader. We note that

|0,u| = [9, D], | sin(u)| = |95 P, |97ul = 18] @ + (3, D, 3, D) D|.

As a consequence, for a smooth map ®(¢) the finiteness of the H? norm of u(¢) can
only fail at » = 0. To eliminate this possibility it will be sufficient to show that for £ > 2
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|0,ul < Cr, while for £ =1 the function [u| < Cr and [d,u—*| < Cr. The desired statement
for £ > 2 is contained in [34]. For £ = 1, arguing as in [34] we derive that the energy
density
9 5 sin® u

e(@) (4, 1) = |0ul” + |9,ul” + —
is a smooth function of 7%, which leads to the requirement that |u| < Cr. Moreover, dif-
ferentiability of ® also implies that

: . |smny

hrr(% |0,u| = Ilm ,

—0 r

which immediately gives the existence of

. . u
o =t )
On the other hand, the algebra of (1.39) implies that

L2
sin u
u———
’

1
= 5(8ZCD — Szj'cD X 8]q>) . (81<I> — 8_1']‘(1) X 8ICD) = U(CI))

sinu

is a smooth function of 7. Since (9,u— Sh%) vanishes at the origin we obtain that |9,u — ***
and hence |9,u — | obey the estimate

u
o — —
,

<Cr,

and this concludes the proof of Proposition 2.3. U

3. Construction of the family of almost self-similar solutions

This section 1s devoted to the construction of approximate self-similar solutions Q).
These describe the dominant part of the blow up profile inside the backward light cone
from the singular point (0, T) and display a slow decay at infinity, which is eventually
responsible for the log modifications to the blow up speed. A related construction was
made in the (NLS) setting in [31], [25], where the ground state is exponentially decreas-
ing. A simpler version of the profiles Q; = Q + 6T}, terminating at a 2-term expansion
was used in [34]. The key to this construction is the fact that the structure of the linear
operator H = —A + ka/(—QQ) is completely explicit due to the variational nature of Q) as

"y . .
the minimizer of the associated nonlinear problem.
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3.1. Self-similar equation. — Fix a small parameter 6 > 0. Given T > 0, a self-
similar solution to (1.3) is of the form:

(3.1) u(t, r) :@(%), A1) = b(T — 1).

The stationary profile Q), should solve the nonlinear elliptic equation:

Q) _

(3.2) —AQ, + DAQ, + K 0.
b

This equation however admits no finite energy solutions, see [15] for related results. We
therefore construct approximate solutions of finite energy, which exhibit the fundamental
slow decay behavior in the region y > %

The approximate solution Q) will be of the form

p+1

(3.3) Q=Q+) T,

J=1
We will require that the profiles T} verify the orthogonality condition
(3.4) (Tj, XMAQ) =0

with yy given by (1.22). The error associated to Q) is defined according to the formula

(3.5) U,(0) = —AQ;, + "DAQ; + sz(—%).
J
For a given homotopy index £ we define an auxiliary integer parameter p
3.6 é for £ even,
30 =1L for kodd,

Proposition 3.1 (Approximate solution to the self-similar equation). — Let M > 0 be a large
unwversal constant to be chosen later and let C(M) denote a generic large increasing function of M. Then

there exists b*(M) > 0 such that for all 0 < b < b*(M) the following holds true. There exist smooth
radial profiles (1) <j<p1 satisfying (3.4) with the following properties:

o k>4 even: [or all sufficiently small y and 0 < m < 3,

d"l; ~ —m p
37 0 =5/ (1400,
Fory>1,
d" T, A"k : 1
3.8) dmj(y):cj jm (l+j%+0</v—3>), 1<;<p—-1,0=m<3,
1y 1y J
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qx@—%0+f444;))

3.9
me,, d"y? 1
0)) ‘];Cp dj)m + O 3+m 1 S m S 3’
meer] 1
(3.10) Ty (») =0(), 7()))=O prwll B 1 <m=<3.
For O <m <1 the error term verifies
dm\ljb -yk—m
3.11 — ()| S
( ) ‘ dym (-y)"\-' 1+yk+1
o k>3 odd: (T}),<<, obey the asymptotics (3.7) near the origin, while for all y > 1 and
0<m<3
d"T; d"y¥ =+ i 1 .
3.12) 0 =g I1+=+0(—=)), 1<j<p,
q’ym - dym _))2 3
dr 1
(3.13) ﬁ 1) =0 ol B
For O <m <1 the error term verifies
dm\_pb yk—m
3.14 R —
s | o|sie
o k= 2: There exist smooth profiles Uy, Ty vertfying (3.4) such that for all sufficiently small y
andj =1, 2,
me]_ .
(3.15) y () =CMO(™), 0=<m<S3,
ym
while for all y> 1 and 0 < m < 3,
.16 2T, [ 68+ CODOGE), =1,
' b7 | CODOGh), j=2.
For 0 <m <1 the error term verifies
(3.17) dm [W) 4+ ab"'AQ]| S C(M)b"*‘*ﬂ
aj)m ~ 1 +))k+l ’

Jfor some constant ¢, = O(1).
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o k= 1:Wecanfind T’y satispying (3.4), such that for all sufficiently small y and 0 <m < 3,

4™ T .
3.18) —-0)=CODO(),
o
while for 1 <y < blz and 0 <m < 3,
d" 1 + |log(b 1
3.19 )| S (14 )y 1.1
4ym |10gb| J)=7 b2| logb|(1 +y1+nz) )=z
CM)
1 +yl+m'
The error term \V,, satisfies for 0 <m <1 and 0 <y < 1%2:
(3.20) o (¥, — gbeXBTOAQ_)‘
B LR 1G] b?

—1
1 +y4 |10gb| J IEJSBTO + |logb[y1+’” )72137”

with a constant

< .
The constants (¢;)1<j<, 1 (3.6), (3.9), (3.12) are gwen by the recurrence formula:
. k=2+Dk—-2+1) k
3.21 Viel2,pl, ¢=—c : ; , =—.
< ) ] [ /7] Cf] Cf; 1 4:](/{ —j) (1 2

In the construction of the profile Q; the term T,(y) is a radiative term display-
ing an anomalous slow decay at infinity according to (3.9), (3.12), (3.19). It is the first
term which yields an unbounded contribution to the Hamiltonian of the corresponding
self-similar solution «. The term T}, is introduced in the decomposition to refine the be-
havior of the error term W, on compact sets, 1.e. finite values of », without destroying its
radiative behavior far out. This turns out to be more delicate for £ = 1, 2 which explains
a slightly pathological behavior of the error W, in these cases, (3.17), (3.20). Note that
this 1s particularly true for £ =1 where p = 0 and Q) itself is the radiative term. In that
case, introduction of the term T, which is however badly behaved for y > % according
to (3.19), allows us to gain a factor of —— in the region y < % in (3.20). This should be

|log b|
contrasted with the polynomial gain in bwe see for higher values of £.

Remark 3.2. — The orthogonality condition (3.4) corresponds to a choice of gauge
for Q, allowed by the kernel of H, given by (1.37). This choice will be convenient for an
additional decomposition of the flow near ), see in particular (5.12).
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3.2. Construction of Q. — Proof of Proposition 3.1. — Let p be given by (3.6).

Step 1 Construction of an expansion.

The case k=1 will be treated separately. Let thus £ > 2, 5 € [1, p] and (1)), << be
any smooth radial function vanishing sufficiently fast both at zero and infinity, as in say
(A.5). Let

J
Q=) "T, Ty=Q
(=0

From the Taylor expansion of /-

0 ,
F@ =@+ Y20 ) 4R
=1 ’
with
_ +1 pl
(3.22) R, ;(b,y) = %/ (1 =/ (uQy + (1 — w)Q)du.
: 0

We then reorder the polynomial part in 4 to get:

(3.23) FQ)=fQ+ > P @QT+P(Ty,.... T)]

=1

+ R1J‘(b,))) + RQJ‘(Tl, ey T‘).

Here P, is a polynomial of degree [ with the convention that P, = 0 and the term T,
contributes m to the degree of P;. Ry ; is a polynomial in (T)),<;<; and contains the terms
of order (b21)12/+1- Hence:

3/R127'(b,)))
a(b?)!

_ 3'Ry;(4,)

3.24 V0 < <], —
(3.24) =l=y . 3

b=0

We now expand the self similar equation:

(3.25) —AQ;+ i*DAQ, + kQJ%

J J
=—A <Q+ > b”Tl) + (Z b”DAT,l) + BPOFODAT,
=1 =1

;2 J
+)7{f(Q) + Zle[f’(Q)Tz + P, (T, ..., Tl_l)] + Ry, +R2J}
I=1
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J ]
kz
— Z b [HT, +DAT_ 4+ SP(T, ..., TH)]
= J
2 o
+ 5 Ry +Ry)) + 5 VDAT;.
b

We claim by induction on 1 <j < p that we may solve the system:

2
(3.26) HT[ + DATl_l + _QPZ(TI’ ey T[—l) = O, 1 < lf]
J

with (T)),; satisfying the desired estimates and the orthogonality condition (3.4). Indeed,
for j =1, we solve:

(3.27) HT,+DAQ=0, (T, xuAQ) =0,
explicitly by setting
(3.28) T, = iﬁAQ— %AQ
In the (WM) case for £ > 3, it satisfies from (A.10) the asymptotics:
3.29) )6y = {EU/:(I + O0")) asy— 0,

aZ(1+4%+0(5) asy— +oo,
andfor k=1, 2:

{Zly"(l—i-O(y")) asy — 0,

(3.30) T)=1 . 1

a1+ CMO(7))  asy— +oo,
with

logM fork=2,

G~ { o fork=1.

In the (YM) k£ = 2 case
—M(1 +1logMO(Y)) asy— 0,

3.31 To)=1
331 Y {—clj—j(1+0(‘;#)) asy — +00.

In all cases,

(3.32) o =

N | o~
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Hence T satisfies (3.4), (3.7), (3.8), (3.12), (3.15) and (3.16) for j = 1.

Step 2 Induction for £ > 3.

For k=3, we have p =1 and T, = T, will be constructed m step 4. We hence
assume k£ > 4 and now argue by induction on j using Lemma A.1. We assume that we
could solve (3.26) for 1 </ <; — 1 with (T}),<<j_; satistying (3.7), (3.8), (3.12). In order
to apply Lemma A.1, we need to show the orthogonality:

k2
(3.33) @m14+ﬁRGMHJ}mAQ>=O

Assume (3.33). Then from Lemma A.1, we may solve (3.26) for / = ; with T} satisfying
(3.4). Moreover, from the decay properties of (T, ...,T;_;) at infinity and the poly-
nomial structure of P;(Ty, ..., T;_;), the leading order term on the RHS of (3.26) as
»— +oois given by DAT;_ | = 2T, —i—yQTJ/f_l that is:

k?
DAT;_, +-)7Pj(Tl7 s Loy

yQ(jfl) 1
:%—%+%%—%+DQW7_O+O(?»-
J

(A.4), (A.5), (A.6) now allow us to derive the asymptotics of T}, T near 400, and higher
derivatives are controlled using Equation (3.26).
Estimates (3.8), (3.12) follow with the recurrence formula:

k—2%+D*k—2+1)
4 (k=)

G =741 ’
which gives (3.21). Similarly, the y* vanishing of (T;),<<;—; at the origin ensures that the
same vanishing holds for (W)QS@-, and (3.7) follows.

Proof of (3.33): Note that a direct algebraic proof seems hopeless due to the non-
linear structure of the problem. However, we claim that (3.33) is a simple consequence
of the energy criticality of the problem and the cancellation provided by the Pohozaev
identity. Let (T)o</<j—1 be the first constructed profiles and let I; be any smooth radial
function vanishing sufficiently fast both at zero and infinity. Let Q, = Zé:o b*'T, then:

nm:(-m@+#Dmg+H4%%Ag)=a

Let us indeed recall that this holds true for any smooth Q), which decays enough both at
the origin and infinity. Note also that we are implicitly using the condition j < p which
ensures from (3.8), (3.12) that the integration by parts does not create any boundary terms
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for the (T))1<;<j—1 terms. We conclude that the Taylor series of I at 4 = 0 vanishes to all
orders. On the other hand, from the decomposition (3.25),

J
k?
F(b) = (Z b”[HT, +DAT,_, +y—2P,(T1, o T,l)]

=1
% I o /.
+ y—QR1 i+ y—QRQJ- + 0 TUDAT, AQ+ bZ’AT1>
=1

A K K K
= (bQ] |:HT/ +DAT;_, +FP/(T1, ey T/—l):| +)7R1,;' +;R2J

J
+ ??FUDAT;, AQ + Z b”AT,)
=1

where we used that (3.26) is satisfied for 1 </ <j; — 1. (3.24) now implies:

dQJ
Now (HT;, AQ) = (T}, HAQ) = 0 for any T} and (3.33) follows.
Step 3 Estimate on the error at the order p.
Let now W be given by (3.5) for Q, = Y 62T, explicitly from (3.25):

k?
= (HT7 +DAT;_, +)7P;'(T1, Ty, AQ)
b=0

2 2
(3.34) U = =R, + =Ry, + FUTVDAT,.
y y

R, , are given by (3.22) and Ry, are given by (3.23) are estimated using the uniform
bound on (||f ll1=)1<j<, and the behavior of '1; near the origin and infinity:
For foddand 0 <m < 1:

m —2 (p+1)k—m—2 (p+1)k—m—2
(3.35) 1/7@) <o VT T ey T T
' 1 + y20+DG=D 1 4 yetDG+D”
m,—2 2k—m—2 k—m—2
(3.36) ol RQ”( )| <o 2 T
d m 1 +y5k 1 1 +—ypk+p
Note that Ry, is non-trivial only for £ > 5.
For kevenand 0 <m < 1:
my—2R (p+Dk—m—2 1k—m—2
(3.37) 2 ” P Rip | g ppormn 227 e
) 1 + y20+DG=D 1 4 p+DE’
m,— 2k—m—2 k—m—2
3.38) d"y Ry, )| < ety J ' prﬁ
dym 1 +y5k 2 1 _|_ypk
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Note that Ry , is non-trivial only for £ > 4.
It remains to estimate the leading order term DA, in (3.34). Recall the asymp-
totics of T, near y + 00 from (3.9), (3.12):

T,y = c/,<l +f} (J )) for k even,
T,() = C—/’<1 +J—z +OG%)> for £ odd.
J J )

We now use in a fundamental way the cancellation

(3.39) DAG) =DA(1) =0

which yields in particular as y — +o0:

))2 —i— O( ) for £k even,

(3.40) DAT,(y) =
},7 + O(}q) for £ odd,

and the crude bounds:

d"DAT

p(y)' [+ 0 <m<1for keven,
a””DATﬁ s

— | S 1+k+3, 0<m<1for £ odd.

These estimates together with (3.35)—(3.38) now vyield:

dm ® bk+27yk7m
(3.41) — U, < ot 0 <m<1,for keven,
" I+
d" bk-l—l k—m
3.42 Ly <X g<m<1,forkodd.
b k43
dy" I+

Step 4 Construction of T, for £ > 3.
Observe that for all £ > 1, T} is the radiative term in the sense that as y — +00:

1
T,~ - forkodd, T,~1 forkeven.
J
Note that for £ =1 we have p =0 and Ty = Q.
The estimates (3.41), (3.42) are not sufficient for our analysis. Therefore we add an
extra term T, by taking advantage of the cancellations (3.39). The cases £ =1, 2 are
degenerate and require a separate treatment.
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For £ > 3, we need to solve:

k?
(3.43) LT,., + DAT, +y—2Pp+1(T1, .., T)=0.

To do this, we first need to verify the orthogonality condition for £ > 3:

k?
(3.44) (DAT,J +y—2Pp+1(T1, Ty, AQ) =0.

As before we may define Q, = Y/ 1 1Y, with an arbitrary smooth rapidly decaying
function T, and

F(b) = (—A@ + *DAQ, + /&f Q)
)’

AQ)

so that

( R I PR
DAT'+_P+1(T|7'~~9T)9AQ>:
Pt ! Q@+ e,

We now claim:
62
(3.45) F(b) = éb%(l +0(1)) asb— 0.

Indeed, let R > 0 and recall the Pohozaev integration: for any smooth enough ¢,

()

(3.46) / (—A(b—i—bQDAqb—i—kQJL?))Aqﬁ:[—l(rqb)Q P irngp+ 8@
r<R _)/ 2 2

](R).

Applying this with ¢ = Q) yields:

lim R(—AQb + 0" DAQ; + L ;%))A%

R—+o00 r<
= I b2| A IQ(R)+k2| (Q)I*(R)
= R o 2 rAQy 2 8(Q

and hence:
[2 pHt2 [Z 2k
_ 2 T 2
F ( b) - c}f b K/% b2k

5 = o for /f €ven

for £ odd,
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where we used in the last step the asymptotics (3.9), (3.12) for j = p for T,. Combining
(3.45) with the analytic dependence of F(4) on b, we conclude that for £ > 3 (recall that
20+ 1)=k+1 <2kforkoddand 2(p+ 1) =k + 2 < 2k for k even):

d?(ﬁJrl)

Ap20+1) =0

=0

(b)

and the desired orthogonality condition follows. We now argue exactly as in the proof of
Lemma A.1 to construct T, solution to (3.43) satistying from (3.40) the estimate (3.7)
near the origin and for y > 1:

1
nams o)

dy’" p+l()’)' ﬁ, 0 <m<2forkeven,
1
T = cp+1<l+o<;))’
D
dm < yk—m
@)mTpHQ’) NTJ/M, 0<m<2,forkodd.

In the even case, we used here the same cancellation which led to (A.6) for the }% part of
the behavior of DAT, in the asymptotics (3.40) near y — +00. We cannot retrieve the
same cancellation on the part induced by the O(}%) tail but we simply need the rough

bound | T} | ,S)iz at +00.
Using the degeneracy (3.39), this leads to the bound for 0 <m < 1:
dmr k—m
(3.47) ‘@”ZDATH] (y)‘ S yk” for £ odd,
(3.48) ‘ - DAT,, (y)‘ ~ for £ even.
4)) 1 +)}k+1

We now define

s IS
v, =};R1,p+1 +);R2,p+1 + B TPDAT,y.

The estimates on the first two terms are already contained in (3.35)—(3.38), and (3.47),
(3.48) now imply (3.11), (3.14).

Step 5 Construction of T for £ = 2.

We now turn to the £ =2 case. Observe that the fundamental cancellation (3.39)
still holds, but the orthogonality condition (3.44) fails. This failure is due to the fact that
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2(§ + 1) = 2k. Let T be given by (3.28) and
(DAT, + L/"(QT3, AQ) 2
(3.49) 0= L = T~
|AQL2 2|AQJL2

then T satisfies the asymptotics (3.15), (3.16) from (3.29), (3.31). Let then T, be the
solution given’ by Lemma A.1 to

b

/fQ
HT, = —DAT, — —/"(QT} +6AQ=g.
2
Explicitly, from (A.16), Ty = Ty — ey AQ with:

_ ) g
Ty0) =J0) f (DT Wxdv— ) f eI (W
1 0

and
. (TQ, XMAQ)
(AQ, XMAQ)'

The asymptotics (3.7) near the origin follow easily from (3.29), (3.31). For » > 1, we have
from (g, AQ) =0:

™M

- +00 3
To(n)| = ‘F(y)f g(x0)J (x)xdx —I—j(y)f g (x)xdx
'y 1

© xdx 1 (7 xPdx
sﬁf —22+—2f 5 SCO).
L, (+x2) 2 )y T+«

Therefore,
™M f, CM).

This leads to (3.16) for m = 0 and j = 2. Higher order derivatives are estimated similarly.
We now compute the error W,:

U, =—AQ;+ " DAQ, + ka(—%b)
D
k?
= [LT2 +DAT, + —Zf”(Q)(Tl)Q} + °DAT,
2y

% Formally, Lemma A.l can be applied only in the context of the (WM) problem and with & > 3. The argument
however can be easily modified to satisfy our current needs. We sketch the argument below.
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2

k
+ [f(Q+ DTy +b'Ty) — £(Q) — b (Q)(Ty + 6°Ty)
J

vy,
=/ (Q)}

from which:

_)/2

14y

2
} < M2
14+°

W, + 6'AQ| < b6[|DATQ| + CM)

This is (3.17) for m = 0, the case m =1 follows similarly.

Step 6 Construction of T for k= 1.

We now turn to the £ =1 case. The cancellation (3.39) still holds, but the orthog-
onality condition (3.44) fails since for £ =1, Q(k%1 + 1) = 2k. This reflects the fact that
AQ ~ 1 is already the radiative term, and the non vanishing quantity on the LHS of
(3.44) is exactly the flux term driving the blow up speed. This can equivalently be seen in
the anomalous growth of

2
T :%AQN}) solution of HT! +DAQ = 0.

Let

(DAQ, AQ) C
T ~
" (AQ xuAQ)  logh|

and T be the solution given by Lemma A.1 to

LTy = -DAQ+AQxm =g,
4

(3.50)

explicitly T, =T} — ey AQ with

_ (Tla XMAQ)
(AQ; XMAQ)

™M

and from (A.16):

_ -y 3
T, (») :J(y)/ ()T (x)xdx — F(y)/ g(x)J (%) xdx.
1 0

The asymptotics (3.7) near the origin follow easily. For y > 1, we first have from the
orthogonality condition (g, AQ) = 0, implied by (3.50), and the degeneracy (3.39), which

implies that [DAQ] <y~ for y > 1, that for b% >y> %,

- +00 3
I'Ti(»)| = ‘F(y)/ g(0)J (x)xdx —I—J(y)/ g (x)xdx
g 1
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<(1+)/°° x +1|:/}' x> dx b |fB° xzdx:|
- - ¢
~ y},l Sooyli 1448 bll—i—x
1

~ B2 loghl 1+’
On the other hand, for 1 <y < &

T o)) = (1 +y>f 1ol +y>/
Lo,
_— x“dx
+l+y |:1—i-x3+ x:|
14y
< —= (1 log(b
S o 1+ Hog) 1,y

The constant ¢y; can be then estimated:
o < GM).

This leads to (3.19) for m = 0. Higher order derivatives are estimated similarly. We now
compute the error W;:

W, =—AQ, +"DAQ; + ka(y%’)

— bQ(LT1 +DAQ) + 4'DAT;

t 5 U(Q+ PTy) —f(Q) = 0F (QTi].
Using the cancellation for the term DA (epyAQ) we then obtain
W5+ ab* AQxw |

1 . 1 1 (
< b4[|DAT1| + —QTff / o (Q+ r’rszl)dr’dt]
J 0 Jo

1+_)) b2 1);>B0
1 + |log(b =,
Toga (| T 108N oo+ 0n =

where we used the behavior |f”(y)| <y for y < 1. This is (8.20) for m = 0, the case m =1
follows similarly:.

For future reference we also note the following improved behavior in the region
9> By. First, we compute

< oMb —2— + 3
< CODH T

~ o0 'y
AT, = AF()))/ g(x)J(x)xdx 4 Aj(y)/ g()T (x)xdx,
y 1
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DAT1=DAF@{/ cWJ(Wds — AT (g0
g

)
+DM@/gMHmm+M@wW@ﬁ
1

We now observe that [DAJ(y)| < »~? for y > 1 and that the worst term in g is supported
in y < By /2. Therefore, for y > B,

- © dx 1
|DAT1()/)|§(1+J)(/ + )

14+x 142
1 D xPdx Bo x2dx ’
+—3 3+|€/,| +
y 14« I+« 1 +°
<
1+

Repeating the calculation for W,, we obtain for y > B,

5 1 1 1
(3.51) Wl < b4[|DAT1| + —QTff / " (Q+ t’tbQTl)dt/dr]
J o Jo

4 4
<t + b* L_ 2
~ 14y Pbtlog? b~ 14y

This concludes the proof of Proposition 3.1. U

3.3. Profile localization. — Observe from (3.9), (3.12) that the profiles T, possess
tails slowly decaying at infinity. The behavior of these tails, near the light cone y ~ %, are
responsible for a leading order phenomenon in determining the blow up speed, but their
slow decay becomes irrelevant for y 3> 1, where Q, is no longer a good approximation
of the solution. In this region, the nonlinear interaction is over and we simply match the
profile to its asymptotic value a. Note that the existence of an exact constant self-similar
stationary solution to the full nonlinear problem turns out to be important for the analysis

for small £. We thus introduce a localized version of the ), profile as follows. Recall the
two different scales By, B; defined in (1.23) and let

] log b
Bl:Iogl.

b\/3fyx(y)4y’ b

Be {Bo,Bl} with By =

We then define:

(3.52) Ps=(— xp)a+ x5Q,,
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where

a= lim Q@)=

Jy—>+oo

m  for (WM),
—1 for (YM)

and ), 1s given by Proposition 3.1. We now collect the estimates on this localized profile
Py which are a simple consequence of Proposition 3.1.

Proposition 3.3 (Estimates on the localized profile). — Let

P
(3.53) Wy = —APy + i’ DAP; + JEUA QB).
Then

(3.54) Supp(¥s) C {y < 2B}

and there holds the estimates:

(1) for k>4 even,

d" aPB yk—m bk—l
(3.55) ey | ST et T Lgen, 0Sms3,
" A DA
mlIJB L yk—m b/;+2
<3'56) q’y’” (y)‘ 5 b +4 1 +_yk+1 IJSB + y_mlBSJ'SQB’ 0 =m= 1.
(1) For k> 3 odd,
d"™ oP k—m bk72
(3°57) d 8bB S./bl i 2% 21}<% +T1%<)/<QB’ Ofmi 39
ym = = y m =
dm\I[B s —yk—m bk—i—l
(3.58) o S [+ 72 1,5+ WIBSS?& 0<m<1.

(i) For k=2

(3.59) L +C(M)by2_m 1 0<m<3
: dy b |1+ <1 Iz 1<y<oB T4 Ly<9B> =m=5J,
dm
(3.60) ﬁ[\vg — cbb‘*XBAq]‘
by
it —ykfm bk+2
<CMbA+' 1,< +—1 <y<9B>» OEmEl,kZQ.
~ ( ) 1+_))k+1 -)<B J}m B<y<2B
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(v) Fork=1,

3.61) d" 9Py _ by'="(1 + |log b(1 er)|)1 1 e
. " b |log b b log b[y' ™ B0 <y<om
1
+W1-<J<ZB+C<M)1W+M <m<3
and for 0 <m < 1:
a" 4)’
(3.62) e — (W, — b” xBOA@ 1B<J<QB+C(M)1, g 1y<2B
1 + |log(b
+b4( + |log()]) | _, o
="

|log 4|
b?

The main consequence of the localization procedure is first that
Supp(APg) C {0 <y < 2B}

and hence the possible growth in 4 of weighted Sobolev norms of Py may be evaluated ex-
plicitly. Second, the localization procedure creates an unavoidable slowly decaying term
in the error Wy arising from the commutator [DA, xg] ~ | and the specific decay of the
radiation T}, leading to:

bk+2
(3.63) ¥y €[B, 2Bl, Wy() ~ 1 s

for £ even,

for £ odd.

However, according to (3.56), (3.58), (3.60), (3.62), Wy is better behaved on the set where
x8 = 1, thanks to the extra gains provided by the T, terms in Proposition 3.1.

Remark 3.4. — Observe that for b < 6*(M) small enough, the localization does
not destroy the orthogonality relation which we have built into Q),. More precisely, (3.4)
ensures:
1
(3.64) Vb < b*(m), VB > 7 P —Q, xMAQ) =0.
Proof of Proposition 3.3. — First compute from (3.52) and (3.5):

Py 00, BlogB

= e QT

(3.65)
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kQ
(3.66) Wy = xp ¥, +y—2{f(PB) — xif (Q)} — (Qy — A xs — 2x3Q

+ 6*{(Q) — DA x5 + 27 %3, Q)

and thus (3.54) follows from (3.52). We now consider separate cases:
Case k > 4 even: Recall that 2p = k for £ even. From (3.7), (3.12), there holds for

w-l'—‘

=

k

b
L SHTOIS

db

On the other hand, in the region % <y=<2B:

oP o
‘ abB <bk IT/;()))"_ <b/c l

This proves (3.57) for m = 0, other cases follow similarly.
We now estimate Wg. For y < B, Wy = W, and hence (3.58), (3.60) follow for y < B
from (3.11), (3.17). For B <y < 2B, we estimate the RHS of (3.66). First:

Q —d
2

y%{lf(PB) — xef (QI} S

Ipoy<on S S BT IBS_VSQB'

Similarly,

ot ‘
‘(% n)AXB - QXB(Qb - a) | S — 1B<)}<ZB <b +21B§}'52B,

B[(Qy — DA s + 27 x5 Q,| < be 1poy<on = 6215 0.

These estimates imply (3.56) for m = 0. The cases 1 < m < 3 follow similarly and are left
to the reader.
The case £ = 2 follows similarly using (3.15), (3.16), (3.17), this is left to the reader.

Casek >3 odd Recall that 2p+1 = k for £ odd. From (3.7), (3.12), (3.13), the leading
order behavior of 52 in the region y < 5 is given by:

byk
1+ ka—Q :

<[7T <
ab TS

On the other hand, in the region % <y < 2B, there holds:

lbk 1 b} 2
b/c ZTp(y) + _ < -
by D

This proves (3.57) for m = 0, other cases follow similarly.

Py
EN
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We now estimate the error Wy given in (3.66). For y < B, W = W, and hence (3.58)
follows for » < B from (3.14). In the region B < y < 2B, we estimate from (3.57) and

() =0:
1
y—Q{IﬂPB) — xuf (QI}

1
< y—Q{Lf(n + xp(Q — ) — f()] + |F(Qy) —f ()}
5 |% _ 7T| bk+l

2 1B§]§2B 5 1B§_}*§2B’
Y J

/ ph- Bt
‘(% — ) Axs — 2xp(Qy — ) | S5 B2 —— g yoop S — B — 1< <0,

L, bek—l bk—H
b|(Q — m)DA x5 + 2 x5Q)| S 7133523 = TIBEJSQB'

These estimates together with (3.14) now imply (3.58) for m = 0. The case m = 1 follow
similarly.

Case k = 1: We estimate from (3.65):
Py 9Q, dlogBy

5 % T o QT
Therefore,
0Py A’T))
5 < 5 1,05+ 56" NQ, — 7T|1§35213-

Estimate (3.61) is a direct consequence of the construction of T; and the bound
|Q, — | < (1 +) L. The derivative estimates follow in a similar fashion.
We now turn to the estimate of Wg. From (3.66):
|Q, — 7| b
y—21B<y<ZB N3 —1p<)<om,

y%{Lf(PB) — x/ (QI} S

(3.67) | e
|(sz —)Axp — QXZ(QJ m) | S le<)<2B N ;133523,

[ N
(3.68) p’[(Q, — m)DAxs + 2" %, Q)| S ;133523.

These estimates yield (3.62) for m = 0, the case m = 1 follows similarly.
This concludes the proof of Proposition 3.3. U
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4. Decomposition of the flow

Having constructed the almost self similar localized profiles Py, we introduce a
decomposition of the flow:

,
u(t, r) = (P, + €) (t, m) = (P, w)) e + w(t, )

where

log b
B1:|0g|.
b

The time dependent parameters 6(¢), A(¢) will be determined from the modulation theory
in Section 5.2. The perturbative w(¢) is what is referred to in the paper as the “radiation
term”. Since (Pg, ),y € H?2, it implies® that w(t, ) € H2.

We now derive the equations for w and €. Let

b dr
4.1) s(l) = fo Yoo

be the rescaled time.” We shall make an intensive use of the following rescaling formulas:
for

ut,n) =vis.p), »= % % = %
(4.2) i
u= X(asv + bAv);,
(4.3) duu = %[afv +b(0,v +2A0,v) + ' DAv + b Av], .
In particular, using (3.53) and (4.3), we derive from (1.3) the equation for &:
4.4 9’e + Hp e = —Wy, — b,APy, — b(d,Pp, + 2A9,P,) — 3Py,

2
— b(de +2Ad,e) — b,Ae — —N(e)
y

where Hp, is the linear operator associated to the profile Py,

"(P
ka(2B1)8
J

(4.5) Hp e = —Ae + b’DAe +

’

% Observe that for £ =1, Q;, does not belong to H? due its slow convergence at infinity.
7 Note that s(¢) will be proved to be a global time s(f) — +00 as ¢ — T.
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and the nonlinearity:

(4.6) N(e) =/ (Py, +¢&) —f(Pg,) —f (Pg,)e.

Alternatively, the equation for w given by (5.11) takes the form:

87w + Hy,w = —[aE(PBJA — A(Py); + k?@} - f—jN(w)
with
(4.7) Hmwz—Aw+kiﬂ%ﬁﬁ,
(4.8) N(w) =Py, +w) —f(Pg,) —f ((Pp)1) w.
We then expand using (4.2), (4.3) and (3.53):

0/ (Py); — A(Py); + kQJ@

1

= 5 [0uPe, +0(0.Ps, +280.Ps,) + b APy, + W],
! 1

= ﬁ[bAaiPBl + bS»APBl + \DB]A + az‘ X(a’PBl))‘

and rewrite the equation for w:

1 1 k2
(4.9) afw + HBlw = —ﬁ[bAaAPBI + b;‘APBl + \DB]A — 8;|:X(8A‘PBI),{| — 7—2N(U))

For most of our arguments we prefer to view the linear operator Hg, acting on w in (4.9)
as a perturbation of the linear operator H; associated to Q);. Then

(4.10) 92w + Hw =Ty,

1 1
= —ﬁ[bAayplh + b;APBl + \I’Bl]k - 8t|:x(8SPBl))L:|
K 2
+ ;U Q) —f ((PBl)A)]w — r_QN(w)
with

(4.11) Hyw=—Aw + #*

S (Q)
2
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Remark 4.1. — We note that absence of satisfactory pomntwise in time estimates for
the b, type of terms appearing on the RHS of (4.10) (see also (4.4)) requires that we
rewrite such terms as full time derivatives and consistently integrate them by parts in all
of our estimates.

Our analysis will require control of H? norm of w. This will be achieved via energy
estimates for the function

(4.12) W=A,w.

We recall that the operator A, factorizes the Hamiltonian H, = AJA; and the function
W is a solution of the wave equation

3,V w N 20,V 9w

r r

(4.13) W +H,W=A,F; +

with the conjugate Hamiltonian H, = A; A%, see (2.13).

5. Initial data and the bootstrap assumptions

In this section we describe the set of estimates which govern the blow up dynamics
stated in Theorem 1.1. We begin with the prescription of the set O of initial data and
consequently show that, under bootstrap assumptions, they evolve to a trapped regime
leading to a finite time blow up.

5.1. Description of the set O of initial data. — Let us recall the orbital stability state-
ment of Lemma 2.1: for all sufficiently small n > 0 such that for («9, u;) € H' x L? with
E(up, u1) < E(Q, 0) + n, there exists A(¢) > 0 such that the corresponding solution u(¢)
to (1.3) satisfies:

,
%(0)

This decomposition is not unique. Uniqueness can be achieved, using standard modula-
tion theory, by for example fixing an orthogonality condition on ¢, see Lemma 2.1. The
class of initial data which lead to the blow up dynamics of Theorem 1.1 have energy just
above E(Q), 0) and are excited in a specific direction of the (), deformation of Q.

u(m)=(Q+8)( ) with [|&(2), diullw = O(n).

Definition 5.1 (Description of the set of initial data ©). — Let M be a sufficiently large constant
and let b;(M) > 0 be small enough. We define O to be the set of initial data (uy, uy) of the form:

(5.1) up(r) = (P, 49)) g + Wo(r) = (P, 4y) + €0)105
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b r

(5.2) u (r) = _O(APB1(1;U)) — |+ wi(),
Ao Ao

where &, satisfies the orthogonality condition:

<5.3> (80, XMAQ) =0.
We require that the following bounds are satisfied:
o Smallness of by:

(5.4 0 < by < b;
o Smallness of Ao with respect to by:
(5.5) Ao < b

o Smallness of the excess of energy:

(5.6) l(wo, wi)ll2 < by
and
10k
(5.7) 1w, w)llpe S =
o

Remark 5.2. — Note that by the implicit function theorem O is a non-empty open
set of H?.

5.2. Decomposition of the flow and modulation equations. — Let us now consider
(ug, 1) € O and let u(¢) be the corresponding solution to (1.3) with life time T = T'(x) <
+00 defined as the maximal time interval on which « € C([0, T), H?). It now easily fol-
lows from the orbital stability of Lemma 2.1 that for any (ug, ;) € O and ¢ € [0, T(u))
there exists a unique decomposition of the flow

u(t) = (Q+ e
with A(2) € C*([0, T), R%) and
(5-8) vie[0,T), [duliz+ (D] + lle1 (D), Ollze S o(1)gz—0
satisfying the orthogonality condition
(5.9) viel0,T), (e1(0), xuAQ)=0.
Based on this decomposition we define

(5.10) b(t) =—A, sothat b() =o(1)p0o



42 PIERRE RAPHAEL, IGOR RODNIANSKI

and for 4, small enough define the new decomposition with the profile Py, ;) and “the
excess” €(4, ) = w(L, r):

r
(5.11) u(t,r) = Py, 40 + €) (t, m) = (P, 0p)a + w(t, n).
Observe from (5.9) and the choice of gauge (3.64) in the construction of ), that:

(5.12) Vie [0, T), (S(t), XMAQ) = 0, (U)(t), (XMAQ)A(I)) =0.

According, to Section 4, w, & and W given by (4.12) satisty respectively the Equations
(4.4), (4.10) and (4.13). The modulation equation for 4 is based on the orthogonality
condition (5.12) and will be derived in Section 6.1. The precise control of the parameter
b is at the heart of our analysis. According to the modulation equation for A (5.10), the
behavior determines the blow up speed and measures the deviation from the self similar
blow up.

5.3. Imtial bounds for (X, b, w). — We have now began the process of recasting the
original flow for the function « in terms of the dynamics of the new variables (4, b, w).
Although the equations for A(%), b(¢) are yet to be derived, we reinterpret the assumptions
on the initial data («, u;) € O as assumptions on (1(0), 5(0), w(0), W(0)) and claim the
following initial estimates:

Lemma 5.3 (Imitial bounds for the (A, b, w) decomposition). — We have

(5.13) ho=2(0),  by—b(0) =0(5%),
(5.14) [w(0), 3,w(0)[l3x = o(1)g;—0,
bk—i—l
(9.13) 16:(0)] + Ao [IW(0), BW(O) [l S ———
| log bo|
Proof of Lemma 5.5.

Step 1 Estimates for A(0), 6(0) and spatial derivatives of w.
Let us first show that

(5.16) Mo=A(0),  bo—b(0)=0(5"),
0 2
(5.17) /(8,w(0))2+f (w;)) < B,
5k
0
5.18) WG Oll S 75

Indeed, first compare (5.1) and (5.11) at ¢ =0 to get:
= (Q+ Py — Q) + &), = (Q+ Prp0) — Q +2(0),
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with

((PBI(b(J) — Q) + &, XMAQ) = ((PBl(b(O)) — Q) +¢(0), XMAQ,) =0

and hence the uniqueness of the geometric decomposition ensures:

(5.19) )x(O) = )L() and 8(0) =& —+ PBl(bO) — PB] (4(0))
and
(9.20) w(0) = wo + (P, a) — P 0) -

We now compute the 9, derivative at ¢ = 0:

1 9Py,
(5.21) du(0) = — (bx<0>a—§ + b<0>APBI<b<o>>) + d,w(0).
0

Ao

We take a scalar product of this relation with (x\AQ),, and first observe from (5.12)
that:

b
(3:11), (XMAQ)A) = —X(U), A(XIVIAQ)A)
and hence from (5.19):

‘(8111)(0), (XMAQ)AO)| N |b(0)|)\0(80 + Pg,wy) — P00y A(XMAQ))
< COVDA16(0)[ (6™ + 167 (0) — Bgl).

The last line uses the initial bound (5.6) and the results of Proposition 3.3.

Furthermore,
dPg,
(8_b XMAQ) =0
and hence from (5.21):
(5.22) (0,:u(0), (XMAQ)5,)

= Xo[£(0) (AP, 0, X AQ) + O(I5(0) | (b + 16°(0) — 5) ]-
Performing the same computation on (5.2) using (5.7) yields:
(atu(o), (XMAQ)AO) = }»o[bo(APBI(bo), amAQ) + O(b(])Ok)]

which together with (5.22) now implies:

by — b(0) = 0(5,"").
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This gives (5.16). Estimate (5.17) now follows by inserting (5.6) and (5.13) into (5.20).

Finally,
Ay, w(0))?
(5.23) ||W(0),0||31=/|87-Axow(0)l2+/—( MwQ( 2
.
lw(0), 0]7
g__g—ﬂ+wmmm@
llwo, OI1Z, (bo — b(0))* _ )"
S flw, Ol + ———— S
¥ " Ao A

where we used the uniform boundedness of the Q) profile in the H? norm (note asymp-
totic behavior (3.7), (3.18) at the origin). Thus (5.20), (5.13) and the initial bounds (5.6),
(5.7), and (5.18) follow. Note that for £ = 1, the bound (5.23) requires some care and uses
the fact that [V (y) — 1] <y for y < 1 and hence:

| aawors | oo (O
r<X\o 7 ! 72

r<Ao
2
1
. r
r<Ao r<Ao

2 2
Y 1 _g@) f (w(0))
~ \/7<?»0 (87 w(O)) " ~[<)~o r (8’w(0) r " r<Xo )‘372

lw(0). OII5,
ki

(D

2 w(0)
»

2

V(l)
a(&wm+xwm9

r

< w(0), ]2, +

while

A 2
AmmemW+f Lo OF

r>X0 r

9 2 (Vw(0))? w(O)Q)
gfm(arwm)) +/@0( x + -

2 2
< f ((8,.211)(0))2-1- “’"“’750” + 2O )

k%rg

lw(©), 0113,
A

b

< 1w (0), 0113, +

which yield (5.23) for k= 1.
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Step 2 Time derivative estimates.
From (5.2), (5.21), (5.16):

Therefore,
AodW(0) = XoAz,0,w(0) + 20 (3:A) w(0).
Using (2.5) and (2.6) we have

VY kb(0) (AQg"( Q)
ro Ao r ’

This implies from (5.6), (5.7), (5.20) and (5.13):

(8zAA) =

18w (0)[12 + Ao, W(0)] 12

oP
< (16,000 + bé“)(’a—?

A Pu
. 3b

We now derive from Proposition 3.3 the rough bound:

oP oP 1 fork>2
(5.24) ‘A ul +‘ = 5{1
b | b |, i+ fork=1
and hence:
16,(0)| for k>2
(5.25) 10w (0)]12 + Aol W (0) 12 S O(by) + { BOL o b
bo :

It remains to compute 4,(0). This computation relies on the orthogonality relation (5.12)
and is done in full detail in the proof of Proposition 6.3. In particular, we may extract
from the explicit formula (6.6) evaluated at ¢ = 0 the crude bound:

))k

k
1+y° L2(y<2M)

L2(y<2M) >

(5.26) 15 AQ 2 ony S 1( Wy, Xt AQ)| 4 16(0) 18w (0) 12

w(0)
+ M (|Axow(0) lL2p<onny + | ——

We now examine separately:
Case k > 2: We first have from Proposition 3.3:

|(Wg,, xmAQ)| <MK 2,
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We insert this together with (5.16), (5.17), (5.18) into (5.26) to get:
16:(0)] < 1bolld,w (012 4 O(66+).

Combining this with (5.25) concludes the proof of (5.14), (5.15).
Case k= 1: From (3.62),

2

(W, i AQ)| S ME
|log ]

and hence (5.16), (5.17), (5.18) and (5.26) yield:

2

b
[log M||6,(0)| < |bo]+/log M|9,w(0) |2 —|—O( g

| log bl

Combining this with (5.25) now concludes the proof of (5.14), (5.15) for M large enough

and by < b;(M) sufficiently small.
This concludes the proof of Lemma 5.3.

5.4. The setof bootstrap estimates. — Let K = K(M) > 0 be a large universal constant
to be chosen later, and let £(#), £, (¢) be the global and local energies as defined in (2.17),
(2.18). From the continuity u € C([0, T), H?), the initial bounds (5.5) and (5.14), (5.15) of
Lemma 5.3, we may find a maximal time T, € (0,T) such that the following estimates

hold on [0, T):
e Pointwise control of A by &:
(5.27) A< 1057,

e Pointwise bound on b;:

bk+1
(5.28) b < VK——.
[log
e Global H? bound:
(5.29) E(t) < Kp*+2,

e Local H? bound:

2k+2

(log b)?’

(5.30) & <K
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Remark 5.4. — The large bootstrap constant K(M) does not depend on the small
constant bj;, which provides an upper bound for possible values of the parameter b. It
therefore allows us to assume that

o(D) g0 K(M) = o(1) 4 0.

In particular, if C(M) is an even larger universal constant dependent on M and K and n
is the constant in the orbital stability bound (6.1), we may assume that

nmCM) < 1,

Remark 5.5 (Coercivity of €). — The potential part of the energy & is the quadratic
form of the Hamiltonian H;, given by (2.12). As a consequence &, as well as &, is coercive.
However, the norm under control degenerates at infinity for £ = 1. In fact, from (2.14),

(2.15):
- 2
(5.31) %> / o, | (GW)* + (B,W)” + il

—:| for £ > 2,
2

and thus controls the Hardy norm both at the origin and at infinity, while

2

(5.32) %> / o, | W)? + (,W)* + ] fork=1

2(1+ 5

and thus 1s not as strong at infinity. This difficulty will be handled with the help of loga-
rithmic Hardy inequalities, see Lemma B.1 in the Appendix. However, logarithmic losses
in Hardy type inequalities are potentially dangerous, since for £ =1 all possible gains
are themselves merely logarithmic in the parameter 4. This explains why many estimates
for £ =1 will require a very detailed, careful and sometimes subtle analysis, which in
particular will keep track of log losses and log b gains.

Our first result is the contraction of the bootstrap regime, described by (5.27)—
(5.30), under the nonlinear flow.

Proposition 5.6 (Bootstrap control of A, by, W). — Assume that K = K(M) wm (5.27),
(9.28), (5.29), (5.30) has been chosen large enough, then ¥Vt € [0, 1),

(5.33) A< B
K bk+1
(5.34) b, < £—,
2 |logb|

(5.35) EW) < %bw,
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2k+2
(log)?"

As a consequence 'T'y = T. Moreover, the solution blows up in finite time

(5.36) &) =5

T < 4o00.

Remark 5.7. — The bootstrap bounds of Proposition 5.6 are not enough yet to
provide a sharp law for the blow up speed. The fact that a sharp description of the
singularity formation us not needed to prove finite time blow up was already central in [24],
[27], [33] and [34]. This conveniently separates the analysis required for the proof of
a finite time blow up and an upper bound on the blow up rate from obtaining a lower
bound on the blow up rate, which relies on finer dispersive effects.

The next section 1s devoted to the proof of the key dynamical estimates which
imply Proposition 5.6.

6. The excess of energy and finite time blow up

This section is devoted to the proof of the bootstrap bounds (5.35), (5.36). The
proof consists of two steps. First is to derive a crude bound on the blow up speed in the
form of a pointwise control on |b;|. This follows directly from the construction of the
profile Pg,. The second step is a pointwise in time bound on the excess of energy of W
in the region containing the backward light cone of a future singularity. Combination
of these two estimates will establish (5.35), (5.36). This will be already sufficient to prove
finite time blow up with an explicit non-sharp upper bound on blow up rate. Note that
the statements of a finite time blow up and stability of the blow up regime do not require
the knowledge of the precise blow up speed.

6.1. Furst bound on b;. — The first step in the proof of the bootstrap estimates (5.35),
(5.36) 1s the derivation of a crude bound on b; which will allow us to obtain control on
the scaling parameter A and to derive suitable energy estimates on the solution. This
bound is a simple consequence of the construction of the profile (), and the choice of the
orthogonality condition (5.12).

Let M > 0 be a large enough universal constant to be chosen later and [4] < 47(M)
small enough. Let us start with observing the following orbital stability bound:

Lemma 6.1 (Orbital stability bound). — There holds:

(6.1) Vie [0, Th], ol + lw, dwlln <n=o0(1)s—o.
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Remark 6.2. — We note that |[|w, d,w|| norm provides an L bound for w and €
[w(D)]1ee = [€(s) |1 < 1.

This is a consequence of the simple inequality

2
wio s [ ((a,.w)Q " w—2>
T

which holds true for smooth functions vanishing at the origin.

Proof of Lemma 6.1. — First recall from (5.8), (5.11) that 6] = |A,| < (1) and
hence:

(6.2) lw, Ol < e, Oll 4 1Py, — Q, Ol S o(1)s5—0-

It remains to prove the smallness of the time derivative for which we use (5.8), the esti-

mates of Proposition 3.3, (5.24) and the bootstrap bound (5.28) on b;:

9,Pg,
ab

9,Pg,

I0wllz < N10ulliz + b=, T 0APs, S o(Dgg—o + 16,

12

10
< o(1)ss 0+ VKM ———
| log |

LQ
fork>2

1
S o(D) g0 + 1b4] { |
0 5 fork=1

S o(D)g -0
and (6.1) follows. This concludes the proof of Lemma 6.1. UJ

We now claim the first refined bound on b;:

Lemma 6.3 (First bound on by). — The following bound on by holds true on [0, T):

) 1 ) |A8|2 b2k+2 o (G
(6.3) 10" S —— IV(Ag)|” + — |+ ;o M*™E.
IOgM ' y<OM <1 y | log bl
In particular,
) 1 2k+2 o G
6.4 b|” < &, *MCE.
6.4) OIS logM * |log b|? *

Remark 6.4. — Observe that the upper bound on b, given by Lemma 6.3 is sharp
for k=1 but very lossy for large k compared with the expected behavior |4,] ~ %, At
this stage, sharp bounds could have been derived by further improving the profile inside
the light cone as we did for £ =1, 2, but this is not needed for large £.
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Proof of Lemma 6.3. — Let us recall that the equation for € in rescaled variables is
given according to (4.4), (4.5), (4.6) by:

838 + Hg, e = —Wg, — b,APy, — 6(0,Ps, +2A0,Pg,) — 83PBl

/f2
— b(0,e +2A0,8) — b,Ae — —QN(S)
J

with

"(P
Hp, e = —Ae + b’DAe + kQJLQBI)s,
J

N(e) =/ (P, +&) —f(Py,) —f Py, )e.

Note that from (1.21), the adjoint of Hy with respect to the L?(ydy) inner product is given
by:

(6.5) H; = Hg + 26°D.

To compute b, we take the scalar product of (4.4) with \AQ. Using the orthogonality
relations

(&, xmMAQ) = (85"1(1)31 —-0Q), XMAQ) =0, Vm=>0
we integrate by parts to get the algebraic identity:

3Py, 9Py,
2A
T

= —(‘I’Bl, XMAQ) - (8, HEI(XMAQ))

(6.6) b.;[(APBI, xmAQ) + b( , Xl\IAQ> + (As, XMAQ)]

o N(¢&)
+ b(as85 3xmAQ + A(XMAQ)) —k y—Q» amAQ .
On the support of xy and for b < 65(M) small enough, the term AQ) dominates the
remaining terms in the expansion

yag!

APy, = AQ,=AQ+ Y VAT

J=1

The orbital stability bound then yields:

2
|bx|2<f |A@2>
)/fl\’l

< (Wp,, i AQ) + | (&, HE, (i AQ))|
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N(e) 2

+ 610, 3xmAQ + AxuAQ))* + ‘( I XMAQ>

We now treat each term in the above RHS. The last two terms may be estimated in a
straightforward fashion using the yy; localization:

b*|(d,e, 3xmAQ + A(XMAQ))'Q
< b*(9,e + by- Ve, 3xmAQ + A(XMA®)|2
+ 6" (- Ve, 3xmAQ + A(xuAQ))|?

2 2
|
where we used the estimates of Lemma B.2, Lemma B.4 and (B.19). Similarly, from (B.11):

N(e) ? ( / ), )2
 nAQ )| < S
‘( 2 ot Q) y<oM ] 22 (14?%)

Clap2 2
SM-e |L°°(;§2M) |A"Ael;,

o,w

r

w
(1 + |logrl])
SERMO[19 W, + (AW,

< bQAQMC[

1.2

\ £
C
SM |V€|142@52M) -
Jlr2p<om)

SMOA* Aelf, S BPAPATWIY,

|A*Ael},

where we used (5.29) in the last step. The first two terms in (6.8) require more attention.
First observe that the yy localization ensures that

Wy xm = Wy xum-

Next, we rewrite the linear term in ¢ as follows. Using H = A*A and the cancellation
A(AQ) =0 from (2.8) we derive:

1
(6.7) (8, Hg, (XMAQ))2 = (8’ H(mAQ) + 26°D(xmAQ) +;(]N(PB1)

2
_f/(Q))(XMAQ))

< (As, (AQ)D, )" + BA2MEJATWIZ,

where we used (B.11) and the rough bound |Pg, — QJi~ < . We have thus obtained the
preliminary estimate:

2
(6.8) |bx|2< f IAQJQ) < (Wp,, xuAQ)? + (Ae, (AQ)d, xn)” + PATMCE.
y<M
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We now separate cases:
Case k odd, k > 3: We estimate from (3.14)

k k

2
6.9 Wy, AQ)2 < p2H6 /J’_)’_ < pokH6
(6.9) (Wp. xnAQ)” S L2 142 ) ™~

A 2
(Ag, (AQ)@XM)2 S (/ ( i) ) / |IAQJ?
y<oM ) M<y<o2M

1 As
S L LT
: y<2M <1

J
where we used (B.4) in the last step. This concludes the proof of (6.3).
Case k even, k > 4: From (3.11):

)

2
(Wg, i AQ)* S 577 / S Y

and (6.9) still holds. This concludes the proof of (6.3).
Case k = 2: From (3.17):

e 2
D
(\IjBa XMAQ)Q S (/y‘ |:b4AQ+ bﬁ 1 +yk+l:|AQ«) 5 bs’

<2M

and (6.9) still holds. This concludes the proof of (6.3).
Case k = 1: From (3.20):

("IJB’XMAQ)Q
b 1 + |log(b
5(/ ) 2[ 0y, 4 p (e D,
h<om 1 +07 [ |logd| 1+ |log |
b M 2
o)
(logM)? 1 +y
4
< (logM)? .
~ QoM eer

For the linear term, we use (B.4) to derive:

A 2
(AS, (AQ)a,XM)Q S (/ ( i) ) f |IAQJ?
M<y<oM ) M<y<2M

§logM</ |V(A8)|2+f |Ae|2).
_)752]\/1 lf_yfl
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It is now crucial to observe the growth on the LHS of (6.8), specific to the £ =1 case:

2
w(f |A@2) > C(logM)?|5,?
y<2M

and (6.3) follows.
This concludes the proof of Lemma 6.3. U

6.2. Global and local H* bounds. — In this section we establish H? type bounds on
the solution w. The global bound corresponds to the energy £(#), while the local bound
is connected to the energy &, (¢) and provides an H? type estimate for the solution in a re-
gion slightly larger than the backward light cone from a future singularity. These bounds
rely on non-characteristic energy type identities for (4.13) and specific repulsive proper-
ties of the time-dependent conjugate Hamiltonian H;, given by (2.12). This estimate is
the second step in the proof of Proposition 5.6.

Lemma 6.5 (H? type energy inequalities). — In notations of (2.17), (2.18) and for b < b} (M)
small enough, we have the following inequalities:

(6.10) E{E (lbl2 |b.s|\/z+n15)}

dt | A2 A2 22

[|b|2 b2k+2+(|bs|+bk+l)\/§+n%8]’
d(& [ bIVE,  biE
(6.11) E{ﬁ ( ot

2 b2k+2 bk+1 g
b, } VE, +—|.
[' Tt ogir (' ' Togh] bl) +|logb|2:|

Remark 6.6. — It is critical that the constants involved in the bounds (6.10), (6.11)
do not depend on M provided by < bj(M) has been chosen sufficiently small.

>’|®

Remark 6.7. — Note that the logarithmic gain from the global bound (6.10) to the
local bound (6.11) can be turned into polynomial gain for £ > 2.

Proof of Lemma 6.5. — The proof is a consequence of the energy identity on (4.13)
and the bootstrap control of the geometric parameters. The key is the space-time repul-
sive properties of the operator H;.
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Step 1 Algebraic energy identity.

We recall the definition of the cut-off function op_given by (2.19) and of the local-
ized energy &, given by (2.18). In the sequel, we shall use the notation o generically for
both o =1 and o = o3, given by (2.19).

We claim the following algebraic energy identity:

1d ( , B4+ 142vD 4y
(6.12) —— /a (OW)? 4+ (VW)? + L S PR
2.dt 72
PG
__atV)L 8th
p
3b GWQ /! kQ r 1 "
=— [ = |AQ k' + 5 (¢¢ — ") )@
r 2 N

2
50" aai),

F+1+2Vi"+ VP WQ]

r2

+ % / 8;0[(8;W)2+(87W)2+

W (1)
-2 ( 0,0—09,V, 0w — [ 0,00,WoW
r

08[,Vf\1) oW "
+ [wo,W —2Wo,w] — 2 | —9,V, Iy,
r 7

+/08¢WAAFBI. ]

Proof of (6.12). — We proceed with the help of (2.12), (4.13):

F+1+2vy) +V;Q)W2]}

r2

6.13 MU [(aw>2+(aw)2+
( M ) th o t 7

B4+1+2v 4 v?
- A A WZ]

1
= f 9,0 [(a,W)M(a,,W)?Jr

r

_ f Vo - VWO,W + f o d,W(3,W + H, W)

1 [ oW?
o5 [ T san)

F+1+2Vi"+ VP WQ]

=3 f 8;0[(8[W)2+(87W)2+ 2

r
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1
3,V w
r

20,V 9,w 1 [ oW? (
T e ]+§ f —(20,Vi" +9,V(Y).
r T

- / 3,00, Wa,W + / GB,W[AAFBI +

The third term on the last line above requires integration by parts:

3,V
(6.14) f oo w20 0w

r

] )
dt r

W
-2 / —[3i09, VY 9w + 03, V{"dw + 09,V d,w]
.

(1)
:i{/oW—%M a‘w} —9 aawaf 3,V

dt r
W
—2/ 2 [0,V 0w + 8,V Fy | ~|—2/—8,V“)HA

where we used (4.10) in the last step. We now integrate the last term above by parts in
space using (2.5):

2/—8tV(1)H —Qf—atV(I)A*

1+ v
/—atv“’<aw+ Y W)

r

w2
— f [(1 + VD)o v — gala,.vg”]

/ —a EAURS

Inserting this together with (6.14) into (6.13) yields:

1d B4+1+42V0 4+ vP
ﬁ{fa[@wrﬂarwm T TN e
A

4 &)
- _alvx alwW

WZ
fa— [2 20,V +9,V?) + 2((1 +V)a v — %ata,.vS))]

72
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3,V w

r

. W ) (1
+ | 0, W|A,Fy, + 2 | o—[0.V; 0w+ 9,V; Fy, |
r

F+142Vi" + VY WQ]
72

W2 M 1y Wo,w
- | 0,00,WoW— | —0,00,V,” =2 | 0,00,V,  ——.
r

r

+ é / afo[(a,fW)2+(a,W)2+

An explicit computation from (2.6), (2.12) yields:

<6.15> a/V;I) — (AQg//(Q))A, a[vi?) — kQ (AQ[g/ 1 gg///] (Q)))L
and
Wy T 1 _ b ca @
VoV, — Eatarvx ZQT(AQ(&%’ - )(Q)) —8 V5,

and (6.12) follows.

Remark 6.8. — A fundamental feature of (6.12) is that the first term on the RHS
of (6.12) which could not be treated perturbatively fas a sign. Indeed, in the (WM) case,
g(u) = sin(«) and thus from (2.3):

?)b O—WZ ua k2 7 I n
7 [ S aai + S -a) @]

3k2b
= /o—sm (Q) <0.

In the (YM), we compute from g(u) = %(1 —u?) and (2.3):

% OWQ A (k /" kQ /i ///)
: r[Qg+2(g— )(Q)]
3b [ W
=—= 07(1—@(1—Q2)<0.

1
For future reference, we record here an estimate on 8[V( ).

b r
(1
(6.16) |9,V (7)|§x<1+72k)k’

which applies in both the (WM) and (YM) case. In the former, however, we also have a
strengthened estimate

b Pk
(D
(6.17) CAPREGIPS X(W);
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which follows from the vanishing properties of g(Q)) = sin(Q). We can unify them in the
following bound

b 2
6.18 VI < = .
( ) | tY A (r)|N)\‘(1+74>)\

As a consequence the last term on the LHS of (6.12) can be estimated as follows:

1 1
2 b [ (Gw)?\? )\
/o—atvg”atww <2 fﬂ /W2 !
7 A 72 1+2),

b
SCAVDL(18,WIi2 + AT W) [AT W12 S CM)—€

e
where we used (2.16), (B.19).
We now aim at estimating all the terms in the RHS (6.12).
Step 2 Control of the boundary terms in o.

We treat the boundary terms in o which appear in the third line of the RHS (6.12).
Observe from the explicit choice of op_ with B, = % and (5.28) that

3 1 b+bs 5.0) r\ - b(l—n)|a | r
Y 5 |09\ 5E ) = 27N\ )

B0 = — 1,01 — ) = Zjo0) (=
op | =—00|| — )| < —10,0|| —
BB P B, ) — 20" '\ AB,

and hence
3
0,08, < 3 |0,08,|.

This reflects the fact that r = CAb™" are space-like hypersurfaces for any choice of con-
stant G > 1. Recall also from (2.14), (2.15) that

FP4+1+2vP +vP >0

and hence:

1 K 4142V + VY
(6.19) 5/8;0[(8tW)2+(8,.W)2+ + 1+ V5 +V; Wz]

r2

— / 0,0 0,Wo,W
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1 ( :
= f 3,0 [(3W)* + (3,W)*].

The other term is estimated by brute force:

W B[ W 2
2/810—8,\/;1)8,11) 5—/ Dl (_r
7 A2 r 14+,
B[ @w?\ B
< K(/ i ) ATWI S COD 75E

< ibarg
)\‘3

where we used (2.16), (B.19). Finally, observe that AQg"(Q) < 0 and 9,0 < 0 imply that

2
_b/ a,UWT(/fAQg”(@)A <0

Step 3 aﬁvi” terms.
We compute:

(AQg”(Q)) + kQ—(AQ(g (Q)g"(Q) + g(Q)¢"(Q)),

0,V =

and hence using the bootstrap bound (5.28):

DR e
6.20 a V(l) < <
( ) |l‘t )Llr\./ )\‘2 1+74—/€ )LN)\‘Q 1+7’4k N

in the (WM) case and

b+ 62 7 /o
6.21 3,V < < ———
(6.21) R N T A2\ 4% )

for the (YM) £ = 2 case. We can unify them in the following bound:

(6.22) 19,V < C(
) ! 1+ r*

As a consequence, we obtain using (2. 16), (B.11), (B.19):

aaﬂv‘”
[wd,W — 2Wa,w]

(/(8‘W)> (f (7207;8)) )
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POl 7 )\
5 ()

bQ 82 %
§7mwm{ﬂ/7————7)
A DR+ [log yI?)

b* . 1 . 1
+ ﬁ(”atW”iQ + IAWIIE)? (R IATW12)?

b o b b,
< C(M)x[/(atW)Q + (ATW) ] SCODSES SHiE.

Step 4 Decomposition of Fg, terms.

59

We now decompose the term involving Fg , given by (4.10) in (6.12), as follows. We

first write:

1
(6.23) FB1 =F, —09F, with Fy = X(axPBI))\.

Recall from Remark 4.1 that there is no satisfactory pointwise bound for b and hence

for 0,Fy. We thus have to integrate by parts in time:

oW
—92 / —3,V\Fy, + / 00, WA, Fy,
r

W
=9 / "Ta[vg“(F1 — 3,Fy) + / o 9,WA, (F| — 3,F,)

= % 2 —3,5\/)\ FQ - GatWAxFQ
T

oW _ o
- 2 Fgaz —a[V)“ + A)LFQ (U a”W + ata 8tW)

r

oW

W 3,V
—2 | —3,V"F, + [ 03, WAF, + | oo, W
r

F,.
We then use the Equation (4.13) to compute:
/UAAFQ&[[W

:—/O’A)\FQI:I)\W

9, Vi"w  20,Vi"d
+/0MBQME—A@R+t‘Aw+ ‘A‘w)

r r
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— / (ATW)AS (0 ALF,)

a, v 9, V! 20,V g
+/0AAFQ<AAF1+ R LA} ‘w)

7
’t 2/0(1&)»12) 2/8[0 (lkXIQ) .

We finally arrive at the following identity:

w
(6.24) ) / "TatvngBl + / o 3, WA, F,
d W I (
_ E{Q GTalVS)FQ —/GBZWAAFQ _ §/U(AAFQ)Z}

—2 | =3, VF, + [ 09,WA,F,
r

W, o oW oy W, o
r r r

Fy +

r r r

o,V 9,V 20,V"9
+/0AAF2|:A/\F1+ LA L2 w-l— L2 lw]

1
+/‘8IO’A)LFQ|:85W+ EAAFQ] —/(AZKLW)A;:L(O’AAFQ)

We now treat all terms on the RHS (6.24).
Step 5 Iy terms.
In what follows we use the crude bounds:

) 1
10,Pp, | S ————————1,0p, + —1s B
(14, |logb| bt T =
(6.25) e 1
< < 0000000
Pl S T hoge v ¥ it o=

We treat all Iy terms on the RHS of (6.24).
First line in the RHS of (6.24): The crude bound [9,P, |1~ < 1 follows from (6.25).
Therefore, from (5.32), (6.18):

(6.26) ' f 3,V\"F,

blb| w2 oo\? A+ \?
ST o T
A reay 72(1+ 53) hom \ 1+ ),
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Iblb\/llog 1blbyloghl = Iblr
S S

1
s 1 1 ?
S . NEEANT mhgsl + o 41_<y<231
b, b,
S |)L||\/582VV|L2 | | 0’

A2 < |6,]? 1 . L., _IbP
U( A 2) ~ e (1 +))2)10ng ]§2B1+b2 n 0<y<2B1 = )2 .

Third line in the RHS of (6.24): From (6.18):

w
‘/ Fy9, a—atv“)

1

bzlb | (/ W2 )2
e 9B, <r<3:p, 7> (1 + (A1)?)
(f (m HQ)) )
X 8
9<2B) 1+7 A
b2|logb||b |

AW ! |b,” + ¢
22 =35 llog 5|2 )’

NN
Wi, -
7o |LZ(/y<2BI<VQ(1+78))A)

— VoWl S —Ib V&,

blb,|
A2

EALY
‘ / Foo—3,V"| <
r

blbl

and from (6.22):

‘/‘FQO—_aﬂva)

S ) (L)
A r<3xB, 72(1 -I— ) ' y<9B, 1 +8 A

v loo b||b b £
< Pllog blib '|A*W|Lz<— 1, + ).
A2 |log b]?

Fourth line in the RHS of (6.24): We leave aside the term involving F; which will be treated

in the next step. From (6.18):
AU bl 2 b
‘/O'AAFQ —Fy| S |5| / <774> < —lbl%
r 2 g \r(L+14) ), 7 A3
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From (6.25):

1

VO w| _ |50 ) rt 2
‘/OAAFQ » < v /w —72(1 =),
| 3
(L (a59))
y<om \(1+77) /;
2 2
< |b|b kQ/ I3
~oAt (1 +|log »|?)

le2

Nl

< CM)

b &
<E<| slz 2)
|log b

where we used (B.11) in the last steps. Finally, from (B.19) and with the help of slightly
stronger bounds

[ATW];2

k
(b(1 +y))? 1
|abPBl| —Z) —y IJSQBI + k1—<y<2B1
(L4+5)110g bl 1 4 (b(1 +y))? by
i1 1
J (b(1 4+ ))?
d;0,P < —1s
| b9 B1| (1 —I—y")llogbl I (b(l —{—-y))7 <2By + —F b 1+£ 0<y<2131
we obtain
3,V;"9
‘/JAAFQM‘
7

c 1
< b ( [ (&w)l)?
~o\2 r2
%
X < —1
<‘/):<2B1 (1 +)}8) ()/210g b -9<2B + — bz 4 0<);<2B1>)

b3 |b,| b £
<CM)———(|a,W AW — (15,2 .
S G( )|logb|)»2(|t 2, +1 17,)? S S5 <| | +|logb|2)

Fifth line in the RHS of (6.24): From (6.25):

1
'/ 8[UAAFQ |:8[W+ §A)LFQ:|
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b |b | | :
8t0 3;W|L2 ﬁ
9B, <y<3, \ (1 +7%)log" b/,

+b2|bs|2/ ( 1 )
2 Jopg<ap N1+

< |Vat03tw|i2+b|bs|2
~ [log b] A3

which is absorbed thanks to (6.19).

63

For the last term, we need to exploit an additional cancellation in the case £ = 1.

We compute from (3.65):

A" (UAB;,PBI) = UH(B;,PBl) + 90 GAE);]PBI
9,(6°T)) _ dlogB, y

:GH<XB] 8b 8[) 1 Bl(Qb )

+ a),O'AabPBl .

Using the estimate (3.61) on d,Pp, and its derivatives

‘ d aPB‘ _ D'l

dym ab

+ +CM)

b—yl+n11*<)<251 1 _|_y1+m’
as well as (3.19) for Ty, we can easily conclude that

9,(*HT 1
o D .

A (UAabPBl) =0 XB, b b| logblyg —<y<2B1

We use that HT, verifies the equation
HT1 = —DAQ+ CbAQXB_O s
:
which immediately implies from DA( ) =0 that [DAQJ < ; +)»4 and

,(*HT) _ by . by
— P _(
b 1+~ (1+?)|logh| "

As a consequence,

. by by
(6.27) A" (0 A9,Pg))| S So |: 1 +))3 ly<2B1 —|1y<2B1]

(1 +»*)|logh

Ilog 5] o< ¥ Hlogapen | $o=m

Sp=1-
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1 1
1B7] 8 1-

T ml%oﬁfﬂh + E L <y<om, Qo=

For o =1, this yields:

' f (ATW)AS (0 ALF,)

Nol—

;] / b*y* b*y* 1
S ATW];; — + >+ ——1
~OA2 A Whe <om, (1409 (14" (logh)? — 6%° o =2,
_ blh
For o = o3, observe that (6.27) on the set y < B(/2 is an improvement relative to a more
straightforward estimate

b
AW < ﬁmx/?.

by(1 + |log byl) 1
——————1 p+——1n_ _
(1+9?)|logh| 7=2 = bllogh|y? = ==B

|A* (0 AdPp))| S
b
+ C(M)Tﬁlygmo
which follows from (3.61). Such an estimate would imply that
[ 1x@anpE < Hliogl,
as opposed to the improved bound

(6.28) / |A* (0 Ad,Pg,)|* < b2

We also note that (6.27) and thus (6.28) follow similarly from Proposition 3.3 for all £ > 2.
Hence:

' / (A;W)A (0 ALF,)

< 0 nrwg / L)
~ 52 o, 2[log BF

2

X f B By :
AW/ — 1,3, + ————F—=1,2
22 |\/g 2 |L2 o, (1 +y6) y<2B (1 +y4)(10gb)2 -y<2B;

J

blb| |A"W]p2 b g
< — A*W S — bc gcr bSQ .
S5 (lﬁ Wl + gt )~ 16,1V E +1b] g b

+
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In the last step, we used the inequality
(6.29) (1+ VD) S +142V0 4 VO,
which can be verified by a direct computation. Hence:

1+vy" 71
fa(A;w)QZ/a[a,w+ S W]

r

B +1+2V" + VY
Sfa[(a,w)“r AR AL WQ]

r2

<A,

Step 6 I, terms.
We now turn to the control of F; terms appearing in the RHS (6.24). For this, we
first split I, into four different components:

1
(6.30) Fi=F,+F ,+F ;- ﬁ(‘DBI)A
with

1 kQ ! !
Fii= —ﬁ[bAaé-PBI + b, APy 15, Fio= 7—2[/[ Q) —f (PBI)]AW,
kQ
Fis= —QN(w)~
r
F.) terms: We estimate from Proposition 3.1

3 k

by B
< lyfggl + T))Ql‘

~ (L)Y loghl
which together with (6.25) yields:
ar I b5| bykfm —ykfm
Fi. S —=—"—F7——1- ——1,95, ), 0<m<I.
‘ & ‘ N ((1 T logh] = T gy -
Next, the cancellation A(AQ) = 0 implies the bound

(6.31) | APy, | 1,<om,

k—1 1
1}52]31 + —1s

k417 5 <y<2B;
y 2

b
AAPy | < —2
(1 +55|logb|

and thus:

1] bt 1
AFL] S e mbgm +F1370352B1 :
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From (5.32), (6.18):

—8[\])L F],]
,
2 \?
< |b.;{|b</o W i )
A3 21+ 5)
(1 +7) b? 2k 2
X 8 ; t m
/<98, 147 | log b| 147 N

b
gﬁwfu/?a,

'f O—alWA)LFl)l ‘

< |

o, rrawi (/ ( B o ) )
o 2 s E—— — 1B
~oA3 o y<om, \ (1 + ) log b 1t 7 <r<2B) .

blb,| b
N % Ix/gazWIsz,Flbslx/&,,

‘/ GAAFQAAFI,I

|bs|2/1 b)) 1
< Wb 1
= N +))]logh| )—QB‘—'_J, 5o <98,
J 1
) g 1, |
) ((1+)))|10gb| )*2B1+[,y }Z—”<y<zB1)

|b,|? b b
< gf T
Al = (1 4+»*)(og b) A

F, o terms: Take note that the term F, 5 i1s not localized inside the ball y < 2B, .
We first recall the estimate:

|Pg, — Q) =[(1 = x8,)(a = Q) + x8,(Q — Q)|

byt 1
s C(M)W%QBI + y—klyz‘%“

which follows from Proposition 3.1. It implies:

1
' (Po) —f(Q)| < [Py, — Q) f (P, + (1 = 1)Q) dx
0
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b2 2
S y

2 =25

1
)1<2B1 + —1 By .
J

In the last inequality we used that for the (WM) problem |f/”( + R)| < R while the (YM)
bound |/”(R)| < 1 only applies to the case £ = 2. Hence from (B.11):

CM) 0 N

A3 lﬁ&b(f(“rﬁ)) el

S G et
<98, 2(145?)

n 1 |‘9|2+ / |Ae|?
R N S U

S [PIAT A + B AT e 2] < G<M>—|A W,

(6.32) / |AF 9)? <

N

This implies:

W
VU aVIF | <

JE),

by 1
X — [C(M) )} 1_y<B +-y2 1}>B])\

leAeg|

M )_ 149

)12
147 14y

bA
S C(M)TIAZ‘WI@

bQ
‘/08;WAAF1,2 SC(M)IlAKWhﬂ\/gatWh?

b?
< COD—5 EE, < FM
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Finally, from (6.32):

‘/ O'AAFQAAFI,Q

- b 1 \?
C (M) — |ATW]; 2|5, S
S G( )A?l W2 I(LQBI 1+y>

b2 /Tlog b]|b, b7 b,
SC(M)%W{WWSJ ;'3 Nz

b
< F(|bj.|2+b%€).

F, 3 terms: We now turn to the control of the nonlinear term. In this section we will
also use the bootstrap assumption (5.35) in the form:

(6.33) A (JA*WIF, 4+ 19,WIf,) < Ch?

for some positive constant C. We may assume that C 1s dominated by the constant C(M),

. . . 1
which in turn, as before, can be assumed to satisfy C(M) < n~ 1.
We claim the following preliminary nonlinear estimates:

|u}|4 1 % 2
(6.34) =AW
and
|U)|4 3 * 2
(6.35) — < )2 |AAW|LQ.
r<3ABj; rt

Proof of (6.34), (6.35). — We rewrite
/ wl* _ 1 / el
Y ))4
and split the integral in three zones. Near the origin, we rewrite:
v € v —1
Ae = —0,e + —8:—y8y(;> + €
y g
2 2 M _ 12
[ (e +f VO 1P,
o=l

D
[.n()
<1 ? ~ =1 MQ ))4

We now estimate for £ > 2 from (2.16), (B.9):

Ae)’ VO —1p2 Ae)? 2 Ae)’
(8)+/| 4|825 (8)+f8—4§C(M)/(8)
=<1 D’P =<l J I)/|2 =<1V )’2

from which:




STABLE BLOW UP DYNAMICS FOR THE CRITICAL CO-ROTATIONAL WAVE MAPS 69
* 2
SCOATAeL,.

In the £ =1 case, we use the cancellation [V (y) — 1| < y (in fact »%) for y < 1 and (2.16),
(B.11):

Ag)? VO 112 Ag)? g2
(Ae) +/ M= e o u+f & Lconiva.
=1 =1

=1 DI " “ et DI
We thus conclude from the standard interpolation estimates
)t e\|* £)? £)?
6.36) © [ / a(;) +f %] © < acel,
<1 Y y<2 y<2 /y<2 ba
SCM)B A Ael?, S b? |A*Ael?,

where we used (B.11) and (6.33) in the last step. For 1 <y < 4B, we have from (B.2),
(B.11) and (6.33) that:

(6.37) |8|I°°(l<)<4-B]) B2|logb| |A*A8| < C(l\/[)[')ﬂlogbrr
and hence:
|8|4 &’ 2 61 A* A 0|2
1<y<4B; JV y<4B; Y

< CM)B [A*Ael? S b7 [A*As

L2~

where we used (B.11). This concludes the proof of (6.35). It remains to control the integral
in (6.34) for y > 4B. For £ > 2, we have from (B.9), the orbital stability bound (6.1) and

(2.16):
le* Els .
f EL <l [ 50 < commiaracl?,
J J
which yields (6.34) for £ > 2. For £ =1, we need to deal with the logarithmic losses in

(B.11) and have to sharpen the control. We argue as follows. Let ¥rg, (y) = W(%) be a
cut-off function with ¥ (y) =0 for y < 1 and ¥ (») = 1 for » > 2. We compute:

/wgl &) ——/wm(e) ), (})

— 2/ [(©)*0 s, + 4vs, () 0,¢]

4
cof e
B =<y<2B,



70 PIERRE RAPHAEL, IGOR RODNIANSKI

( )4 le|?
<G —— +Cleliw | ¥ —
B <y=<2B, \

3
—Q/wgl%[;erAs]
D
I AKA )2 (e)°[1
< CO A" AL, —wamy—g “etAe

where we used that [V (p) + 1] < yl (in fact ]%) for y > 1, the orbital stability bound (6.1)
and (B.11), (6.38). We now use Hoélder and Sobolev inequalities to derive:

( )4 < * (8)3 < * 2
%— COM7*|A"Aelf, + I/fsly—SIASI S nlAAe|p

4\ i
+( / w&%) Ae
D

e @\, ;
SnlA*Aell, + (/ I/fsly—4) |Ael/ |V (Ag)l],

(e )4 .
S 1/fBI — AT Ae[},

where we used the orbital stability bound (6.1)which implies

2
2
<;7.

~

&

2
|Aelf, S IVelf, + ‘—
12

This concludes the proof of the global bound (6.34) for £ = 1. 0J

We now claim the following controls:

; L sxans
(6.39) f ool < nfIATWLL,,
(6.40) f ool < BHATWE,,
r<3AB
(6.41) f OF, 512 < —|A*W|L2

Proof of (6.39), (6.40), (6.41). — First recall the formula:

k2
Fis = 5 [ (®o)s 4 w) =/ (i) = (Po )2 )w].
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We thus derive the crude bound
lw]|?
IFisl S —
r

and hence (6.39), (6.40) directly follow from (6.34), (6.35). Next, we compute:
kQ ! 4 1/
0F 5= r_Qat(PBl)k[f ((PBl)A + w) —f ((PBl)A) =/ ((Pp)s + w)]
1 / 4
+ r—zatw[f ((Pp)s +w) —f ((PBl)A)]
which yields the bound:

1 o L1y, 1 .
10.F 151 S r_Qlat(PB1)k||w|z + 7—2V ((Py)2) |[[wl[d,w] + r_Qlatw||w|2'
We now square this identity, integrate and estimate all terms. From (6.25), (6.31), (5.28):

9Py,

ab

bbb
~ooA T

1
10,(Pg)alie S X'(bj + bAPB]>

a
and thus from (6.34):

214 2 ! 22
R
r<2AB;

rt ~ A2 )2

Next, we have from (B.19):

t

o,w
(6.42) |atw|ioc 5 [Vo,wly2

< COD (IATWIE; + 18,WI72).

12

For k£ > 2, we then use the fact that |[/”(Pg,)| S 1 and is supported in y < 2B, with
additional help of (6.33) and (B.9) followed by (5.31) to estimate:

1 1 2 % ; 1 1 ]
/:V ((Pw),)] |w|2|atw|2§C<M>(|AAW|iQ+|aZW|iQ)—,/ —Jef*
r )\‘2 }SQB)}
bt Bhr
S GO A ASl, S S ATWE

For £ =1, we use the improved bound |/ (P, (»)| < H}r—}z and (B.11):

1 1
/ 7—4[f”((PBl)A)|2|11)|2|3th2 SCOD(IAWI, + Iatwliz)ﬁ

2
D c
x/ —— |’
1<y<2B.) (14"
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bt b2b?
SCAD TIA*Ael], S —|A*W|§2.
Finally, from (6.34) and (6.42):
[dw*|w|* Lo e lw|*
f ST SCODn (IATWE, + 10WE) [ <5

b , b )
S C(M)ﬁlAiwle S FIAIWILQ-

This concludes the proof of (6.41). O

We are now in position to control the I, 5 terms in (6.24). First from (6.39), (B.1):

b 4 ;
6.43 [ Soven s o[ () )
Vb
S0 IAWIEL S Agn*c‘f
W b i %
(6.44) ‘/03{782\/;1)1:1,3 S E|F1,3|L2(?‘<3ABI)</ (m)kwﬁ
< %|A*W|LZ < %b“‘i

The second term in (6.24) requires an integration by parts in time:

d
\/‘O'atWA)VFI‘:g: E{'/‘O'WA)\Fl,g}

—fW[OAA85F1,3+a

dt{/Fl 3 aA*W+8aW]}

W__
OF 5[0 AW+ 0,0W]| — [ 0—0,V, Fy ;5
r

3,V

Fis+ 3f0AxF1,3]

| QU

f F)3[00ATW + 3 0 W].

Case 0 = 1: From (6.39):

1
. Low n:&
‘/ Fl,i%AAW’ STIAWIE, S 2
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From (6.41) and (6.43):

W
‘\/‘atFl’gA:W‘ + ‘/ _85V§\1)F1,3 S
r

Case 0 = op,: From (6.40),

1ho b 1
774X|AAWI£25F745-

bik.
Az

‘/GB€F1,3A;W' S b%|AiW|iz S

From (6.40) and (B.1):

W2\ ?
‘ f Fl,sa,oBﬁW' < BT AW ( f —) < b [log bIATWI,
B.<r<3AB

2
. biE

<b AWE, S — VI
Arguing similarly from (6.41) and (B.1) yields:

3

. ot Lo
L 5[5 ATW + 8,05 W]| S — 1AW

bt W2\ 7
r<r<saB T

bb% ey b
< T|AAW|£2 < sze.

From (6.44):

Y bbi b
‘fo&?atvg”m < TlAjW@ < Fb%&

From (6.40):

b bbi b
‘/ Fl,zazUAj{W‘ < —(/ |Fy 3] ) IATWI2 S —|A*W|L2 S
A r<3AB, )\‘

1 1
2 W2\ 2
‘fﬁ 30, UW‘ (/ |F1,3|2) (f —2)
r<3AB, r<r<3iaB, T

bbi|logh| . bbt b
S W2, < —-lA W2, S ﬁbzg

73

3

bTE,
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The last F, 3 term to bound in (6.24) is estimated for the either choice of 0 =1 and
o = op, with the help of (6.28), using (6.40) and the fact that F; 1s supported in y < 2B;:

‘/ UAAFQAAF1,3

= ‘/Fl,zAj{(UAAFQ)
| bl

|F1 3 |L2(7<2AB1) |A (UAAabPBl)lLQ(rSQABI)

Ib Ibb‘

W|Lz<—|b|b f<—(|b| +b2E).

N

Step 7 I'| terms involving Wy, .

We now turn to the control of the leading order term on the RHS of (6.24) which
is given by Wy, in the decomposition (6.30). These estimates will be sensitive to the choice
of 0 =1 or 0 = op, with a decisive improvement in the latter case. Indeed,

op, W, = 0p, V).

As a consequence, the slowly decaying leading order flux terms, localized around y ~ By,
in the estimates of Proposition 3.3 disappear.
Case k even, k > 4: We estimate from (3.56), (5.31):

(6.45) ' f TW o v (P
) r A2

§_</ ) (/' 31'21: ) _

b . )} bk+4yk 2\ 3
S ﬁlAKWlLQ (/ 1458 |:1 + phtl L,<on, + 0" 1p, <, <om,

k+3

. b
< 7|AAW|LZ < ﬁbk”\/g.

Next, there holds from (3.56):

W), \1*_ 1 LT by b2 :
[ (5] 55 Laglimmten o0 e

2k+4
< b
~ )\’4 ’

/G \ (Uy); 2<if 1 Bk . 2< p2+8
Bl #2 7e N con 02 LT DSBS T
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from which:

/] bk+2
‘f tWAA(( B])A)‘N—|3W|L2N Sbkﬂ\/g’

(\I"B])A bk+4 i
o d,WA, N—|\/_atW|Lz 31; VE, .

Finally, we derive from (6.25) the crude bound valid for all £ > 1:

bl (1
(6.46) A <2 Ly
~ )\2 l+y )=2b1

Y b, 1
o ()
A A0 Jy<om, (1 + )

bk+
% v
|: 1 + yk+

bk+2|b|
N )\‘5 [b2k+2+|b| ]

(S
B, AL 24039 22 ~ )3 = ))(l +y) 1+_yk+l

b/c+4|b |

which yields:

1 1}<2131 + b lBl<}<QBl]

[b2k+b+|b| ]

Case k odd, k > 3: We estimate from (3.58):

1
UW (1) (\I'IBl))L \/\72 2 2
A N |Wg, | 1
+
: N s
it 2\ 3
+ 7181352131] )

b/c+3 [7
S~ 1AW S Fbk”\/?:.

~

Next, from (3.58) there holds:

2
[Ta(S2Y L[ Lo ?
22 ~ A3 ngBIJ’Q 1+y/c+2 J=DB1
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bk+ 1

9
+ mlmﬂsm]]

b2k+4

/U A (\pBl)A 2<if i bk+3’yk . 2< p2k+6
U R TX ocom 0P LT M R

/] bk+2
‘ / a,WAA<( B‘”)‘N EANYIES 31)“1«/5,

9

from which:

A2
(lIJ ) bk+3 (
|fGB atWAA( ;21 A N )\‘2 ,—O_B atwlL’ Sbk+2 /ga'
Finally, from (6.46):
(Wg,)
‘ / AAFQAA<$
|bA| 1 |: bk+3))k bk—H ]
< 1o + —1,<<
A3 y<QBIJ’(1 T S e T
bk+2|b |
p2r+2 b
S Sn Ty
v by 1 Fr3k
U/AAFQAA(( BQI)AN i [ : 2]
A A0 Sycop, (1 +p) [T +M
bk+3|b |
N I Nk[b2k+4+|b|]

Case k = 2: The chain of estimates (6.45) is still valid even taking into account the
term ¢,b* AQ in (3.60) and leads to:

(‘If l)
[

Next, we use in a crucial way the cancellation

b/c+5

< —|A*W|LZ 3b’“+2\/5.

AAQ)=0
to conclude from (3.60) that for £ = 2:

v ! 1 .
f A)L ( B ))\. S o / o C (M) b/{+4 )) 1),<QBI
22 A3 )fSQBJ)Q 1 +yk+1 =
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2
k+2
+ 0 1315}'5231:|

2k+4
<

(lIJ ) 2 1 bk+ 2 P27
/UBL[AA( n): 5—3/ COD 1,0y, | ST
A A )’SQBI.)) I+ A

Observe that without the cancellation we would expect to have an additional term
4,k
lij — 1,<98,, which would not disappear after application of the cut-off function op_and

therefore destroy the extra gain in the localized estimate. Thus:

1] bk+2
‘/&‘WAA(( ff*)‘ TR 3b’f“«/?,

( B)A bk+7/2
o (2] < < e

Finally, using (6.46):

9

k+4 k

(Ps)2\| 15
‘/A‘FQAA< e k)‘ / (1+y)‘ M )1+f+1 r=b

k+2
+ 6 1, <y <o,

b2 b (
S % FV’M* 16,07].
/] b bk+4 k
UfAAFQAA<( B;)A)‘ | | )/:1
A (1 —I—y) 1 + it
Ibslbl“r3 b
< [ka+4 |by|2] )

~ A3 )»3
Case k = 1: We estimate from (3.62):

W v :
‘/" v | < 7 (/ |av<”|) (/wgf - )
;

A2
W bR R

b2 9y 2
|log 4| 1+y2]
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W2 b
< [ WVoigve L 2
NC/U 2 OV 5 g

for some small universal constant ¢ > 0. By the Remark 6.8 the first term on the RHS
above can be absorbed in the energy identity (6.12).
Next, we use again the fundamental cancellation:

1
IAG(m AQ)] 5}—21%5}5@

which implies from (3.62) and ¢, ~

.
[log ]

[l+(%5)]

1 1 [ 2 b
<= —| —1p,y<om, + CM)B*
At mw?[y mzm + OO L+t
1 + |log(b b2 S
54( + og(y)l)y . 1, Sb—,
[log b] =7 |loghly Y= At
W)\
/UB(|:AA( ;21 2
1 1 1 log(b
<1 Heanst B b‘*( + [log(b)|) o
A S <on ? I+t |log b] =3

b ?
" Tiog bul?ﬂf““}

6
P
™~ |log b?A*t
from which:
(Wg,) b’ b
Va,wm( ;‘ S 1W< ﬁbQ\/E,
7 b N
/oawAA ( 1?)* < VoW < — :
A2 |log b|A? A% |log b
Finally:

fuea ()
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J
14t

bl 1T 4
~ 93 y(l —I—y) ;1315)’5231 +C(M)b

4t [og(®)D)
|log 4]

B,
1=

2
g e | 5

< ||

2% Jyzon, (1)

bQ
ey
b,|b® b bt (
N U S5 + 16,07 .
[log b|A% ™ A3 | |logb|?
Note the sharpness of the above estimate. Its most significant contribution is generated
by the second term in the square brackets above.
Step 8 Conclusion.

The collection of all previous estimates now yields the claimed bounds (6.10), (6.11)
and concludes the proof of Lemma 6.5.

[C(M)b‘*l B) +b4(1 + [log(by))

+5' logs] 7 1==t

+

6.3. Proof of Proposition 5.6. — We are now in position to complete the proof of
Proposition 5.6. The key will be to combine the a priori bound on the blow up acceler-
ation given by Lemma 6.3 with the information provided in (6.10), (6.11). The smallness
of the coupling constant (logM)~" in Lemma 6.3, linking the behavior of the blow ac-
celeration b, with the pointwise behavior of the local energy &,, provides the mechanism
allowing us to combine the two estimates and obtain the desired bounds. Equally crucial
to this strategy is the independence of the constants in (6.10), (6.11) on M noted in the
Remark 6.6.

Step 1 Control of the scaling parameter.

We begin with the proof of (5.33). First observe from (6.3) and the bootstrap esti-
mate (5.28) that

b b
= .
|logb| — 100k

(6.47) b] <K

This implies:

d bk+2 bk-‘rl )
5 )= +E+vn]=0
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and hence from (5.5):

bk+2(l‘) - bk+2(0) -
A T A0 T

and (5.33) follows. We derive similarly

bk+1(0) - bk+l(t)

(6.48) < :
A(0) NG

B(0) A0, N S O R

6.49) logbOIO) = logboi” | Vg ="

Step 2 Bound on the global energy.
We now turn to the proof of (5.35).
In this case we use the bootstrap assumptions (5.28), (5.29) to obtain from (6.10)

EQ) < £(0) +ftJKb2k+3 P2 B2(0)
0

(6.50) A2(0) ~ 22(0) PR A2(0) A2(0) '

Note that we used the inequalities U%K <1 and |logs|7'K < 1. We then derive from

(6.47):
/t b2k+3 . ft k/b2k+2 B b%+2(t) b2k+2(0) (k N 1) /t blb2k+l
o A o AR 2x2() 2A2(0) e

b2k+2 (L‘) t |br|b2k+l
< +(k+1) f —
0

BRI A
b2k+2 (t) 1 t b2k+3

oL

BRPRI0)) 2 o A3

and hence the bound:

t b?k+3 kaJrQ(Z/‘)
< .
fo A3 =2 A2 (1)

(6.51)

Note that the fact that the above inequality holds is derived under the assumptions of the
regime under consideration. We now insert (6.51) into (6.50) and use (6.48) to conclude:
Vte[0,T)),

< 2%+2 242 2\
(6.52) ) < AZ(0)8(0) + VKA (1) + 642(0) 0
2
<2 W) 4 VR0,

%0
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Observe now from the initial bound (5.15) and (6.49):

)»Q(L‘) )LQ(L‘) b2k+2 < b2k+2(l‘)

A2 O3 2 ~ 2
(0) 2=(0) [log bo|* ™ [logb(D)|

and thus (6.52) implies:

(6.53) E(t) S VERP*2(0).

This yields (5.35) for K large enough.
Step 3 Bound on the local energy and b,.
First observe from the b, bound (6.4) and the bootstrap bound (5.30) that

|b |2 < b2k+2 L+ K
"™ |logb)? logM

which implies (5.34). We now substitute (5.34), (5.35) and the improved bound (6.53) into
(6.11) and integrate in time to get:

ga ([) 5(0) ¢ b2k+3
< s
(6.54) 2230 ~ 22(0) + o |logb|223 (1 + VK +

b2k+2 (t) b2k+2 (0)
log? b(0)A2(2)  log? b(0)A2(0)

o)

We now estimate from (6.47):

¢ b2k+3 _ t )»/bgk+2 < b?k+2(t)
o [logb2A® —  Jy [logb|2A3 ™ 2|log b(£)|2A2(¢)
g g g
| b | b2k+1
k+1
+(+)/1W%WM
b2A+2 (i) 1 t b2k+3

< 7 _ [
T logb()|1PA%() 2 Jy |logb|?A3
and substitute this into (6.54) together with (5.14), (5.27) to get:

pk+2 (L‘) K leH—Z(L‘)
ES(1+vVK+ ) S -
. ( Jog ) Togb)F = 2 Tlog b(0)
for K = K(M) large enough, and (5.36) follows.
Step 4 Finite time blow up.
We now have proved that T} = T. It remains to prove that T < +00. From (5.27),
the scaling parameter satisfies the pointwise differential inequality

(6.55) A, =b>ART > /A
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from which:
Vie[0,T), —2JA() +2vA(0) > 1.

Positivity of A implies T' < 4-00.
This concludes the proof of Proposition 5.6.

7. Sharp description of the singularity formation

This section is devoted to the proof of Theorem 1.1. We will provide a precise
description of the dynamics of the parameter b and the scaling parameter A, as required in
(1.11)~(1.12). In particular, we will prove that 6 — 0 as ¢ — 'T’, which together with (5.35),
(5.36) implies dispersion of the excess of energy at the blow up time. These estimates are
crucial for the proof of the quantization of the blow up energy as stated in (1.13). The first
step of the proof relies on a flux computation leading to a sharp differential inequality for
the parameter 4. The leading contribution to the flux is provided by an explicit behavior
of the radiative part of the Q, profile. To identify it as a leading contribution we exploit
the logarithmic gain in the local energy bound (5.36). This analysis can be thought of as
related to the L? flux calculation in [29] leading to the log—log blow up law for the 1.2
critical (NLS).

7.1. The flux computation and the derwvation of the b, lawo. — In this section we derive
the precise behavior of the parameter 4(f) modulo negligible time oscillations. This is
achieved by refining the analysis of Lemma 6.3 and projecting the & equation (4.4) onto
the instability direction of the linearized operator Hp, associated to Pg,.

Define

5 b 0Py, ~
(7.1) G(b) = b|APBO|L2 + /0 b W, APy, )db
and

oP
(7.2) Z(s) = (0,e, APy,) + b(e + 2Ae, APy,) + b, (8—11:0’ APB0>
0
- b& %(PBl - PB[))v APB() .

We claim:

Proposition 7.1 (Sharp derivation of the b law). — For b < b} small enough, there holds:

BIAQIZ,(1+0(1) fork>2,

(7.3) G(b) = {
4b|loghl + O()  fork=1,
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and

(7.4)

7)< b2|logb| Jor k> 2,
~ b ork=1.
Je

The functions G, L satisfy the following differential inequalities:

(7.5) ‘E{G(b)+z(s)}+zkb% < .
ds |log 4|
with
L forkodd, k> 3,
(7.6) o= @ for k even,

2 fok=1.

Remark 7.2. — Observe that (7.3), (7.4), (7.5) essentially yield a pointwise differen-
tial equation

b for £ > 2,
b.Y ~ = b2
Tiogd] fork=1

which will allow us to derive the sharp scaling law via the relationship —% = b. Note also
that for £ > 2, with a little bit more work, the logarithmic gain in the RHS of (7.5) may
be turned into a polynomial gain in b.

Proof of Proposition 7.1. — We multiply (4.4) with APp,—the instability direction of
Hpg,—and compute:

(6,APg, + b(3,Py, + 2A9,Pp)) 4+ 37 Py,, APy,)
= _(lIJBp APBU) - (HBl& APBU)

9 o N(e)
— (8% + b(d& + 200,8) + b Ae, APy) — k2 ——., APy, ).
y

We further rewrite this as follows:
(7.7) (bSAPBO + b6(0,Py, + 2A0,Pg,) + E)fPBO, APBU)
= —(‘I’Bl, APBO) - (HBl& APBU)
— (bA (P, — Pp,) + b(0,(P, — Py,) + 2A0,(Py, — Py,))
+ af(PB| - PBO)’ APBO)



84 PIERRE RAPHAEL, IGOR RODNIANSKI

2 o ( N(e)
— (3% + b(0,6 + 2A9,e) + b,Ae, APy)) — k , APy, ).
)

We now estimate all terms in the above identity.
Step 1 Transformation of the LHS of (7.7).
We claim that the LHS of (7.7) may be rewritten as follows:

(7.8) (6, APy, + b(3,Pp, + 2A0,Py) + 3Py, APg,)
d dPy APy, |?

= —|G() + b, —2, AP bP|—=
ds[ &)+ <8b BO)}H iy 0

with G given by (7.1) and the bound:
2 h2k

w2~ Tlogdl?

dPg,

7.9 b?
(7.9) 16| =

Proof of (7.8). — Let

¢(t,9) = (Pg ),

then:
duep = %[afPBO + b(d,Pp, + 2A0,Py,) + b*D APy, + b,APy, | .
Using the cancellation
(DAPg,, APy,) =0,
this yields:
(7.10) (6, APy, + b(3,Py, + 2A0,Py) + 37 Py, , APg,)
=2%(3,0 (W), AP (W) = (Budp, Ag)

d d )
= @[(3@, AQ)] — (39, Adp) = E[(atd)’ Ag)] +/(8z¢) :

We now compute each term separately:

d l1d
%[(3@, Ag)] = X%[)"(asPBo + bAPy,, APp)]
d ) 9Py,
= % blAPBolLQ + bx W’ APBO

2 aPBo
—b b|APB[,|L2 + b, 55 APy, | |.
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On the other hand,

/(3@)2 = /(&-PBO + bAPy)?

3Py, |”

= [b,J*
ab

ab

opP
+ QbAb<_BO7 APBO) + leAPBO |]2_2

1.2

Substituting these two computations into (7.10) yields:

(6, APy, + b(3,P, + 2A0,Py,) + 3Py, , APg,)

_4 b|APg |2, + b 9P, AP +bb 9P, AP
_dé’ Bol12 s 8b ) Bo s 8[7 ) Bo

2

9Py
+br2_0
0|55
d 9Pg dPg, |”
=ZGw) +b,[ =2 AP e h
ds[ &)+ ( b B“)]H" b |2

which gives (7.8). To prove (7.9), we first estimate from (6.25):

2
B ! !
| b BolL2 ~ l<2B()<(1 —i—y2)|10gb|2 + bQ_))Q %<J<QBU) ~ p2

and hence (7.9) follows from (5.34). U

Step 2 The flux computation.
We now turn to the first key step in the derivation of the sharp 4 law. It is the
following outgoing flux computation:

1
(7.11) (Wp,, APg) =01+ 0O as b— 0.
| log b

The error in this identity is determined by the (non-sharp) choice of B, in (1.23). The
universal constant

k262
Tﬁ for k even,
2
G©=1%  forkodd, k>3,
2 fork=1.

Proof of (7.11). — Let us define the expression, which in what follows we will refer
to as the radiation term,

(7.12) ¢y =P, — Py, = (x5, — x8,)(Q; — a)
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with ¢ = 7 for the (WM) problem and a = —1 for the (YM). It satisfies:
(7.13) Supp(&) C {By <y < 2B},

and the equation:

S Py, + &) — f(Py,)

—Ag+ DAL + K - — Wy — Wy,
which we rewrite:

(7.14) —Ag+ ' DAL, + /f?j—j =Wy — Wy — M(Z)

with

(7.15) Mgy = 2/ B+ 8 =S Pu) =/ Pu) 4+ " Pry) = DG,

)/2

We now manipulate the identity
(\I"Bl ) APBO) = ("IJBN APBl) - (wBla Aé‘b) = _(\IjBl ) A{b)'
In the last step we used the Pohozaev identity (3.46):

P
(\IJBI’ APB]) = <_APB1 + bQD/\].)B1 + /fo( QBI) N APB]) = 0’
J

which holds for APy, of compact support and g(Pg, (»)) with the boundary value
lim,_, 1, g(Pg, (»)) = 0. We now integrate by parts, use the formula (3.66) and the lo-
calization property (7.13) to conclude:

9B, By

ACb‘IJBJd)/—/ NG xs, Wy

By

(7.16) —(ACb, \I]Bl) = —/

B,

2B, By
= —/ NG (W, — g )ydy — f NGy xp, Vyydy
B

1 Bo

QBI ‘ &
:/ A;b[AQ — I’DAg, — k2—2j|}dy
B J

2B1 Bl
—/ AQM(QU@’_/ Ay xs, Yydy.
B, By

In the last step we also used (7.14). The first term on the RHS above produces the lead-
ing order flux term from the Pohozaev integration (3.46) and the boundary conditions

&(2B)) =¢,(2B)) =0:

2B ;b 1 k?
/ Afb[ACb — ’'DAg, — /f:;])@/ = |:§(be2 —DIAG] + 5(;] (By).
By
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Now from (7.12) and the estimates on Q) from Proposition 3.1 with the choice B, =
@ > %, there holds: Vy € [%, B,1,

c”b/C 1(1+O(|lO bl)) for k odd, £ > 3,
(7.17) 0)=Q,—a)(y) = cpb/‘(l + O(llogbl)) for £ even,
)27(1 (|1ogb|2)) fork=1

from which

" ; ”ﬁka(lJrO(m)) for k odd,
( )

(7.18) /Bl A;b[Ag—szAg — Pz :|,vd_ kfp (1+O(“0b

2b2(1 +O0(p))  fork=1.

‘2)) for k even,

It remains to estimate the error terms in (7.16). For this, first observe the crude bound:

Pl

“— for £k odd,
(7.19) Yy €[Bo, 2B1], 150 +1ALGDIS Y ]

b for £ even

and from (7.15):

(7.20) Yy € [Bo, 2Bi1,  IM(G)I S [IQI2 ljbl]

Case k> 3 odd: From (3.14):

Bi By zk—1 7k+3
/ AL, X8, Vslpdy S / —— S < pkHS
B sy

0 0

Next, (7.19) and (7.20) imply

2B 2B bk—l 1 ka—? bk—l
/ IAGME)Ddy < / —2( — Hl)jd < p
B, B, I J D

Case k> 4 even: From (3.11), (7.19):

B B bk+4 o
f AL Uy < / oty < 4.
B B J

0 0

From (7.19) and (7.20):

2B 2B b/; bk
/ |ALME) pdy S f 5 (b% + _k)ﬂzy <ot
Bl Bl _y _y
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Case k = 2: From (3.17), (7.19):

B B . pt o pt ket
/ |Acbx31wbwy5f b [C<M)y—2+y_2]ﬂgy it

By By

From (7.19) and (7.20):

2B 2B bk bk
/ |AGME) Ddy S / - (b% + —k)w <5t
B B J J

Case k = 1: We recall that according to (3.51), |W,| < fory > By. Therefore,

Nl+

By B, b
/ |AGxs, Vi S / ——ydy < b*|logh| < b’
Bg BO .y.y

Next, (7.19) and (7.20) imply

2B 2B, 11
[ mavcopss [ S (} )ﬂgy<b%
B,

This concludes the proof of (7.11). U

Step 3 Second line of (7.7).
We first observe

byA(Pg, — Pg,) + 17(35(1)131 — Pg,) +2A0,(Pg, — PBO)) + 987(Pg, — Py,)
= b, A, + b(9,5, + 2A0,8) + 33@'1;-

We further rewrite
(b,Agy + b(3,8, + 2A0,85) + 07¢y, APy,)

d
= z(asfln APy + (b.sAfb + 03,85 + 2A0,8,), APy,) — (8,5, AD,Py,)

d
= z[bx(ab;b’ APy) | + b(AL, + (3,8, + 2A0,8,), APy,)
— 62 (s, AOyPy,).
We use crude bounds similar to (7.19), Vy € [By, 2By],

1)+ [ALGO)] + 613,500 + bIADE ()] S 8,
| APg,| + |A0, Py, | S 8
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As a consequence,

bk+1 oh_3 ka—Q
b |1(0,¢p, AP )| < P38 <
10,11(05¢5 B S Tog | = Tlog/]
and
bk—i—l o b%k—l
(7.21) 16, (MG + b(@35gs + 208,5), APg,)| S Pt < :
|log | |log 4|
) 2%+2 - B2
7.22 b*1(0;&,, A0, P < bM< —.
(7.22) 1@ AP S b S

Step 4 The main linear term.

APy, 1s only approximate element of the kernel of Hy . The corresponding linear
term (e, Hy (APg,)) on the RHS of (7.7) is therefore potentially a highly problematic
term. The control of this term requires the improved local estimate (5.36). We claim:

b?k
|log 6]

(7.23) |(Hg,&, APg)| S

Proof of (7.23). — Let us first compute Hy (APg,). Observe first from space local-
ization that

o' (Py) —f(Pg,)
S:=pL 0 . B

Hj, (APy,) = Hj, (APp,) + S, .

APy,
with S supported only on the set y € [By, 2Bg].
Rescaling (3.53), we find that (P, ), satisfies:

b* P W
A(PB(]))L — EDA(PBU)A _f((y];[)))») _ _( ;2())1'

Differentiating this relation with respect to A and evaluating the result at A = 1 yields:
Hg, APy, + 26°D APy, = 2Wg, + AWy,

or equivalently from (6.5):
Hy, APg, = 2Wg, + AWg,.

We thus rewrite the main linear term in (7.7):
(Hg,&, APg) = (e, Hj APg)) = (&, 2Wy, + AW, + S).

Let us now define
B QWg, + AVg, + S, AQ)

7.24 e
7.24) ' (AQ, xuAQ)

b
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we claim that we can find X, solution to:
(7.25) HY, =2Wy, + AW, + S — e AQ.
with the property that
=3+ %,
where Supp(Z}, AZ}) C {y < 2By} and

(7.26) 121 O) e S O,
k+1 k+1
(7.27) IAT; )| S @IJSQBO + @bsm + 0 1 <y <om, -

Assume (7.26), (7.27). We then use the orthogonality condition (5.12) and (B.4), (B.5) to
estimate:

Case k> 2:

(7.28) (e, 2Wg, +y- VW)
= (e, 2Wy, +- V¥, — e xmAQ)|
= (A*Ae, 3,)

< pk * 2 % %
N (A*Ag) 1
y<2Bg 9<2Bo
. (Ag)? 1
+ bk+l (/ S <op,
<om, 7 \llog®6] 7"

1 3 ) 3
+71v< +IB<<B>) </ )
logQM = n=E _ySQBo-y

1 1
2 Ael?\ 2
gbk—l(/ |A*A8|2> +bk—1(/ | il ) )
7<2Bg =28y

From (6.29):

(7.29) / IA*Ae|? = f
9=<2By 9=<2Bg
E+14+2VH 4V )
142V VO AS)Z]

S / [|ay(As>|2+ 2
2=2Bg J
SAE,

1+VO

d,(Ag) + Ae
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and thus from (5.36) for £ > 2:

|Ag|? 2k+2
(7.30) / > + / |A*A8|2 S )\250 5 -
y<2By 'y<2By |log b]

Inserting this into (7.29) yields:

(bR 3 P2
£, 2Wy, +- V)| < b5 < ,
(6,29, - V) 3 (uogw) ~ Tlogi
which gives (7.23).
Case k = 1: We first obtain the bound

%2\ 3 ok
(7.31) ‘(8, 2Wp, +y- V\IJBO)‘ < bk_l( b ( )2 < b .
|log b]? |log b]

Using (7.26), (7.27), the orthogonality condition (5.12) and (B.4), (B.5) we obtain:

(7.32) (e, 2Wp, +y- VW)
= [(e, 2, +y- VW, — 4 xuAQ)| = (A*Ag, )

2\ ? 3
L) (1)
9=<2By 7=<2Bg
+ 4! (/ (AS)Q(;L 9B, 1 #1 <oM
= llog?sl "= " log®M 7=
1 1
2 2
+ lB()<y<QBo>> (/ l)
y<2Bg
1
gbk—l</‘ |A*A8|2>
=<2By

+bk_1\/|logb|</ |Ae|2+/
=1 0

<2Bg

1
2

|VA8|2)

Since by (7.29) and (5.36):

. ( b2k+2
(7.33) f |Ag|? +f |VAeg|? +/ |A*Ag|? <A%E, < -
=<l y<2Bg y<2B | log bl

we obtain

. pUH2 N\ 2 P2k
(e, 20 +y- V)| <1 /]lo b|< ) < .

91
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To obtain the stronger estimate
2%

(7.34) (e, 2Wp, +9 - V)| S 7oy
|log b|

we claim that we can redefine the decomposition ¥, = % L+ f)bQ so that (7.26), (7.27) are
replaced by the estimates

(7.35) PHEY)
2 b2

(7.36) IAZ2(y)| < + ——1 o\

—1 <
llogb] "= " logM

The absence of the term 61 - —op, in (7.36) eliminates the additional logarithmic di-
vergence in (7.32) and leads to the desired bound. We omit the straightforward details. [

Remark 7.3. — The gain in (7.34) with respect to the simpler bound (7.31) will

allow us to obtain the O(@) estimate on the remaining terms in the RHS of (7.5).

This in turn will lead to the O(1) term in the derivation of the blow up speed (1.12) after
reintegration of the modulation equations, see in particular (7.65).

Proof of (7.26), (7.27). — Let
& = Q\IIBO + A\IJBO + S - ebXMAQ;
so that

(7.37) (@, AQ)=0
from (7.24). Then, as in (A.16), a solution to (7.25) is given by

") )
() = F(y)/ AQgjudu — AQ(y)/ gludu=3%, + %;.
0 1

The compact support of Wy, and hence of g, in y < 2By and (7.37) ensure Supp(Z,) C
{y <2By}. On the other hand, using that A(AQ) =0,

(7.38) AY} = AQgTYy

and the property Supp(AZ}) C {y < 2B}. follows. We now turn to the proof of the L™
estimates (7.26), (7.27).
In what follows we will use the bound

<7'39) |S| S_; b2k+2 lBof_}'SQBo )
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which easily follows from
S (Pp) =/ (Py,)
5
Case k > 3: We use the bound from (3.56), (3.58):

APy,

1
=< —2|P131 — Py, ||APg,|.
W

|\IJB0| + |A\IJB0| 5 bk+31}'§230 + bk+2130§y§2}30’

which yields:

bk+2yk
¢ </7 d <bk+2,
les] S A

1+ 2%k 2B bk-i—? k
13,0 < —=2 f L odu < B
D

e 1+ u?
On the other hand, taking into account that |AQI'| < 1,
|A252(y)| = |AQng.y| = bk+2 1)‘5230 + bk+1 1305)5230'

Case k = 2: We estimate from (3.60):

~1

4.2
W+ AW | < 221y 441
Bo Bo +)/4 7=Bo Bo=<y=2Bo>

and hence:

k 4,2
J by
|eb|§,/ 1+y2’f[1+y4 +b4130§y§2Bo,]}@)5b4,

1 4 2B 2 b4 2
|2b1 ()/)| Sj —i;y / u |: ¢ + b4lB0§u§2Bo]udu S bQ’
J 'y

14+ut [ 14wt
IAZ; )] S gl S 0" Lcom, + 6" Ly <p<om,-
Case k = 1: We estimate from (3.62):

b2 b?
Wy, |+ [AWg, | < 2 Ly,

1.
™~ |logb| 1+ »? V=20

and hence:
2

b b? .
logM|e, | 5/ 2 [ 2 + _IBOS)’SQBO’ ]ﬂf)’ N bz,

<om, 1 +27 L11ogbl(1+5%)

14 /QBU u bu b’
21 < + _1 <u<
| b(y)| ~ y B 1 +u2 |10gb|(1 +u2) " Bo<u<2Bg

93
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b2
+ ———1,con |udu S b,
logM(1 +u) = ~

b? bQ
|AEZ(J’)| Sl S ———1,<op, + ——Lcon + 17213035230-

|log b] logM
This concludes the proof of (7.26), (7.27).
Proof of (7.35), (7.36). — As before let
& =2V, + AV, + S — e xuAQ,

so that
o0 )
20 = —F(y)/ AQgudu — AQ(y)/ aTudu.
g 1
We now recall that according to (3.66)
k?
\IJB() = XB() lyb +P {f(PB()) - XB[J(Qb)} - (Qb - T[)AXB() - QX]QOQ;

+ bQ{(@ — 1)DAxs, + 2)}2)(]’30@}‘

Set
2 L ,
Wy, Z;AXBO —y—QXB0 - T{DAXBO — X4, )
1 2
\IJIQ)’U = XB(]\IJb +-); {f(PB()) - XB(,]F(Qb)} - (Qb — 7T +}>AXB[)
, 2\, 2
=25 | Qo+ =) +6°{| Q — 7+ = |DAxs,
D D
2.,/ 2 /
+ 2y xp, Q, —;
and define

o0 1 )
2,,1 () = —F(y)f AQgyudu — ZAQO}),/ au(uzllféo)udu,
'y 0

1
() =—AQ0)) / 3, (W, )T du
0

")
— AQ(y)/ (& — 2W, — AWy )T udu
1
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) u
- AQ(y)f au(mgo)(r - 1)du.
0
Therefore,

AZ;(0) =—(g — 2¥y, — AV, )AQIY
= (25, + AVE +S — 6 xuAQ)AQIy

—3,("w,) <r —%)AQ

and thus we need to show that

1 y <
; a)’(yQ\IJIli[)) (F - Z) ‘ +))|2l11123[) + A\Ijéo + S— ebXMA@

b b
< —1 <9 —1 < .
S Tlogdl "= ¥ ioght =M
From (3.20) we have that on the support of xg,

2

LAERINARS kam 1 in.
Furthermore, (7.39) gives
SIS 57 1<y <omy
and
Y
lesxmAQJ S Tog M| T)}QIJ‘SQM'

Using that f(7r) =0, f'(7r) = 1, we also obtain

)%(f(PBo) - XBJ(Qﬁ))' + I\L’l2 (f (Py,) — XBaf(Qﬁ))]

1
= —;ay [f(PBU) - XBJ(Qb)]

1
:;ay[PB() -7 — XB()(Qb - 7T):l

1 1 1
+;a),[ / . / (" (t2'Py,) (P, — 7)° — s (7'Q) (Qy — 71)2)]
0 0

95



96 PIERRE RAPHAEL, IGOR RODNIANSKI

1 : 1 1/ / 1 / p
:;ay[/ 1'/ (f (‘L"L’ PBO)(PBO — 1) — xp.f (‘L"L’ @)(@ — 71)2):|
o Jo
1
»”
Since f (Pg,) — x3,/ (Q;) vanishes outside the interval By < y < 2B, the above bound can
be replaced by 61y, <,<op,. The estimate for the remaining part of \Iléo follows from the

bounds
d" d"
" B dy" B

< 1 n 1 ’
Ny3+m | 10g blyl—i-m

2
b_ F_y_ <1
4N

~ l+m’
J

S

m

T

aj)m

dm
Cb)m

1
By

which hold for By <y < 2B, (in particular on the support of xy ) and follow from (3.19),
(A.9) and (A.14).

These estimates imply the desired bound (7.36).

To prove (7.35) it suffices to show that AQ(y) fg 3, (u*Wy )T du is supported in
» < 2B, and establish the bound

<b.

‘AQ();) /j 3, (u* Wy, )T du
0

We argue that a careful choice of B, ensures that
(7.40) / 3, (W, Judu=0.
0

Assuming this we immediately conclude the statement about the support, since W}, is
supported in By <y < 2By. Furthermore, from (3.67) and (3.68) for y > 2B,

|AQ();) f: 3, (W )T du

14 d?
< ? / oy o, du S b,
14+)2 )y u -
To show (7.40) we rewrite
Wy, = 2(1=07) x5, — 2,
/ 3, (1’ Wy, Yudu = —/ Wy du = —f (2(1 = %) xi, — 2x3,)
0 0 0

=—2+ Qf (1= 36°) xg, dy
0
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=4+ 12b2/ IXBdy = —4+ 12192133/ DX .
0 0

Therefore, the choice
9 1
0— [e)
86 [, yxdy

gives the desired property.
Step 5 Lower order linear terms in &.
We are left with estimating the third line on the RHS of (7.7). We first claim:

(7.41) (0% + b(3,6 + 2A9,8) + b,Ae, APy,)

d
— —[(@e, APy) +b(e + 2A8, APy))]

b?k

< .
™~ |log b]

Indeed, we integrate by parts to obtain:

(7.42) (07 + b(d,e + 2Ad,6) + bAe, APy,)

d
= Z[(agg, APy) + b(e + 2Ae, APp)]

5IB0 P aIBU
bs 08 bz i(c,‘, JAN 8, AN BO bzi

Py,

ab

d
+ b(As, A ) + (Ae, APBO):|
d
— Z[(asa, APy) + b(e +2A¢, APy)]
S

aPg,
— b,| | 0, + bAe, AW + (g, @)

with
; doPg ,0Pp
(7.43) CD}J = _APB() — AZPB(] _ bA ab(] _ bAZ ab(] )
We now estimate the RHS of (7.42). To wit, let
Dy, A
(7.44) = (OnAQ

T (AQ, xuAQ)’
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we claim that we can find ® = &, + q~>2 such that

H® =&, — r,xuAQ, Supp(®,) U Supp(Ad,) C [0, 2B,],

and
- < 1 for k> 2,
<7°4-5) |CI)I|L°0 ~ % for k= 1,
B for k> 2
(7.46) ICHOTESE R -
T);Q[l))SQBO + |10g b| 1)/521\1] for k=1.

Let us assume (7.45), (7.46) and conclude the proof of (7.41).
Case k > 2: First recall from (5.34) the bound:

b, S &
Moreover, (3.57), (3.59) imply:
(7.47) |A'9, Py, | S C(M)bL,<op,, 0<[<2.

We conclude from (B.19), (5.34), (5.35):

(7.48) 1b,|

P
(ELS—I—bAe,A a;“)‘gC(M)bk“Mazwhm/ b

7<2Bg
1
< CODA (ATWE, + 19 W)’
5 C(M)b2k+l .

Next, from (7.45), (7.46) and the choice of the orthogonality condition (5.12):

1
(f y2k+2})2 ) 9
1.2 y<2By 1 +y4k

|b.r||(8s cDb)l = |bY|

(A*Ae, @,)|

Ae

J

1
S bk+lz|A*A8|L2 4 b/f-l-l

< b2k+2l < b2k+1

b

where we used (2.16), (5.35).
Case k=1: By (3.61)

|A"9,Pp| S 1cop,, 0<[<2.
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Thus, using (B.19), (5.34), (5.35), (6.25):

oPg, b?
0,& + bAe, A < A0, w |y pdy
b |log | /<98,

S

4]

5 bQ
(IATWIE, + 18WIF,)* S

[log |
Next from (7.45) and the choice of the orthogonality condition (5.12):
[b.l1(e, @)| = 14| (A*Ag, D))

b’ | log b]
~ |logbl | b*

)’6 2 :
—1 <2B + IOg b1 <9M ) :|
o ([ e gt

We then observe from (7.33) and (B.5):

|A*Agly2 (»<2By)

Ae
D

2

(7.49) < |log b|

Sb
L2(y<2Bp) |log b

‘Ae
J

and hence from the refined bound (7.33):

b? logh| b2 .1 b?
16,11(e, )| = [Log ] +0—| <
|[logh| [ b* |logb b?

This concludes the proof of (7.41).

Proof of (7.45), (7.46). — We let

|log |

99

~ Y )
(7.50) b, = F(y)/ AQ(DP, — n)xmAQ)udu — AQ(y)/ '(Py — 1 xmAQ)udu
0 0

:&)1 +&)Q

The support of @, belongs to the set y < 2B,. Therefore Supp(él) C [0, 2By] by the

choice of 7, in (7.44) and Supp(A&DQ) C [0, 2By] which follows from the identity

Ay = AQI (@, — 1, xmAQ)y.
Case k> 2: We derive from (7.43), (3.59), (3.57) the bound:

k

|q)b| SJ I l}SQBO,

_r
1 +?
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and hence 7,, given by (7.44), satisfies:
Il S 1.

We then estimate:

B 1 2k r2Bo k k 1
&) S —2 / LI <1
y ) 1+u2k1+u2k 1+))k_2

and (7.45) follows. Similarly,

k1
A®, ()] S|P, — 7 xnAQ) S —— et
and (7.46) follows.
Case k = 1: We estimate from (7.43), (3.61):
J
[P S rﬁlySQBU
from which 7,, given by (7.44), satisfies:
| < [log bl
and
~ 1+ /QBO u |log b|
P < 1+ |log b|1,<\pludu S
RSIOIPS 5 ) 1_'_21_’_2[ [ log bl 1, <mludu S )
and (7.45) follows. Next,
2 52

b
|Aq)2(y)| .quDb - TbXMAQJ ~ +))2 1}<2Bo + |10gb| ))2 y<2M

and (7.46) follows.
This concludes the proof of (7.45), (7.46).

Step 6 Control of the nonlinear term.
Case k > 2: There holds from (B.9), (5.31), (5.35):

k 2
<7.51> |<N(8) APBO)‘ /l Fﬁ f |8| <)\,2|A* |2 < b2k+2.
> J

Case k = 1: From (6.35)

N 4
(7.52) ‘(@ APB(J)‘ < (/ | ) |[APg |12 S IlogbI/ﬂ?\IA*WIL2
J y<2Bg
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< B
Step 6 Control of G(b) and Z.
Using estimates (7.8), (7.11), (7.21), (7.22), (7.23), (7.41), (7.51), (7.52) in conjunc-

tion with the algebraic formula (7.7) concludes the proof of (7.5). It remains to prove (7.3),
(7.4).

Proof of (7.3). — Recall the formula (7.1) for G(4). We compute
APB() = XBOAQb + AXBO(% - d)
= XB[JAQ+ XBUA(Qb - Q) + AXB()(Qb - a)-

It then follows from Proposition 3.1 that for any £ > 1

k

J
|APB() - XB[)AQ SJ C(M)bQWIJSQBO'

As a consequence,

AQE, + 00 =1AQE(+0o(1)  fork>2,

7.53 APg, |}, =
759 Auhs {IXBOA@iz+O(1)=4|10gb|+0(1) for k=1.

Similarly, using (6.25):

9Py,
— AP
‘( 9b )

b 3Py
/4 O APy |ab
fo ( db B“)

which together with (7.1), (7.53) concludes the proof of (7.3). UJ

</« oy < {|llogb| for k> 2,
~ y<2By 1 +.y2k ~ b for k= 1’

from which:

< b*|logh| for k> 2,
~lb fork=1,

Proof of (7.4). — We integrate by parts in space in (7.2) to rewrite:

aPBO 2
(7.54) Z(s) = (3, + bAe, APy,) + b, 5, APy, ) — b(e, APg, + A°Py,)

0
- b.r(%(l’s1 — Py, APBU)-

The last term above has been estimated in step 3. We let

_ (APy, + APy, AQ)

7. 7,
(7:53) ' (OnAQ, AQ)
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and claim that we can solve:

LO, = APy, + APy, — 7 xmAQ
with ®;, = 0, + Oy, Supp(®,) U Supp(A®,) C [0, 2B,] and
1 for k> 2,

Mgl for k=1
b 9

k1
142 IJJSQBO for k£ > 2,

(7.56) O ]1 S {

(7.57) ICHOIER B
W[IJSQBO + | lOg b|1j§2M] for k= 1.

The proof of (7.56), (7.57) is completely similar to the one of (7.45), (7.46) and left to the

reader.
Case k> 2: From (B.19), (5.35):

(3,8 + bAe, APy)| S A wli~| APy [11 S [log bl < 8%

Next, from (5.34):

aP (
b<8—;° APBO)‘ < W APy, |1 < b2

Finally, from (5.35), (7.56) and the choice of the orthogonality condition (5.12):

9 9k49N\ 4
(/ yzyszrZ)z
12 \Jy=<2By 1+y4k

l<bk+1 <b2.

b|(8v APB() + AQPB())' = b|(A*A‘9’ ®b)|

1A
< BA*Ag|pa~ + b0
b )

. 1 Asg
< bIA*Ag|i2— + b|—
b b

Case k= 1: From (B.19), (5.35):

b?
(8,6 + bAe, APg)| S Ad,wlie| AP 11 < " < b.

Next, from (5.34):

0Py
b, —0, AP
( 3b BO)

Finally, from (7.56) and the choice of orthogonality condition (5.12):

2
< T AP <
~ |logb|| BQ|L1 ~

|[log b|

bl(e. APy, + A%Py)| = bI(A"Ae, ©))|
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1
. |log b| (A8)2 2

S BIA"AS |22 —ot + b 2
b y<2By

9.4 5
JD 2
x L+ loghl*1, oy )
(lgmo 1+)’4( ’ )

2
|logb|+b b |logb|<

5 |A*A8 |L2 (y=<2By)

b [logh| »*
where we used (B.5), the improved localized bound (7.33) and (7.49).
This concludes the proof of (7.4). UJ
This concludes the proof of Proposition 7.1. UJ

7.2. Proof of Theorem 1.1. — We are now in position to conclude the proof of The-
orem 1.1.

First recall that finite time blow up is a consequence of Proposition 5.6. This cou-
pled with the standard scaling lower bound:

A <T—t
implies that the rescaled time s is global:

ds 1

—=—>—— andhence s({) > +o0 ast—T.
a  rx— T—t

Step 1 Derivation of the scaling law.
We begin with the proof of (1.11), (1.12), which are consequences of (7.5).

Proof of (1.11). — For k> 2 let G, Z, ¢, be given by (7.1), (7.2), (7.6) and

J=G+T.
From (7.3), (7.4), (7.5) we have that:
(7.58) J(b) = bIAQiQ +o(b) and J,+ b = o(ka).

In particular, this yields:

2k
~ _ 2k
j““’“(m%) =)

Dividing by J %, which is strictly positive by (7.58), (5.33), and integrating in s yields:
1 B 1 n G
2k=DITHs)  2k=DIT* (%) |AQ)

s ().
12
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Together with (7.58), this provides the asymptotics:

[AQJE, \*T

(7.59) b(s) = ((Qk — I)Eks> . (1 + 0(1)) as s — +00.

We now integrate the law for the scaling parameter —% = b to obtain:

—logA(s) =

%—1( |AQ), \TT ,,
ok 2((2|k@1L)22> S+ o) a5 oo
- - k

In particular, taking into account (7.59):
1
d AQJ?, 7
b=——"—(1+0(1)) withd,= (ﬁ) .
| log A |72 (2k — 2)¢;
As a result A satisfies the following differential equation:
q
(7.60) —hy=b=—"T—(140(1)) withA(t) > Oast— T.
|log A| 72
Integrating this in time yields:

ap = —4L=0 (14 o(1)).
| log(T' — 1)[ 7=

This gives (1.11). O

Proofof (1.12). — Let k=1, then (7.3), (7.4), (7.5) imply:

j2 jQ
7.61 b) = 4b|logb| +O(b d f =0 — .
761 JO)=lloghl+O0) and Tt G e TP <|1ogj|5)
Let
J J

48 = — | | ,

P = Tog 7l ™ Tiogar 8118V

logB =logJ —log|log J|+ O(1)
so that
7.62 y 4b|log b| + O(b) 4b|log b| + O(b)

- [log b+ log |logb| + O(1)] - (logb +log|logb| + O(1))?

log|log b
« (1og10g 5] + O 088l
[log
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b
=4p+0 .
* (|logb|)

J. logllogjl) ( 1 >
46, = - osllos T | 7 ).
= Tiog T ( g1 ) I\ log 77

1682 J? 2J%log|log J|

We compute

|log B - llog J 12| log( /Ilog TD|  [log JI*|log(J /llog T )|

\72
O -
* (uogjﬁ)

and therefore

i+ T (1—71()%“0%‘7')
" |logBI? 8llog J|[log(J /|log T DI? [log 7|
j?

+
8log J|*|1og(J /|1log T D

B J?log|log J| +O( B? )
4[log J*|10g(TJ /|log T )| log B?

_ J? <1_310g|10gj|>
8llog J|? |log J|

J? 10g|10g7|> ( B )
— |l =3 O
" 8|log J1° ( [log | i log 2

2
~o(i25)
log B*
To solve the problem

g ( g )
= — O
P = 50081 T O\iog P

we multiply by % so that

Blogh 1 ( 1 )
=—4+0(—).
g2 2 O\ Tlogp]

loeu 1Y lo
(00) -
u u u

Now

105
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_logB+1 f (/ )
p |log B

To leading order, this leads to:

and thus

2logs
B = (l—i-o(l)), log B =loglogs —logs+ O(1)
from which
—1 1 —21 1
(7.63) ¢f _:(i4+0 p="212F(1 o L))
B T2 logs s log s
Therefore,

f= 2logs 2loglogs n O(l)

S S S

Using (7.62) we also conclude that

1 log] 1
(7.64) p 2085 log °g5+o(—>.

$ $ s
We now integrate the law for A:

A b 2logs 2loglogs +O(l>

A s s S

resulting in

—log(*) = (logs)? — 2(log s) loglog s + O(log 5)

log1 1
— (log5)2<l — 928981 +o<—>)
log s log s

which implies:

logl 1
(7.63) V—logh = logs<1 ~ BBy o(_>) = logs —loglogs + O(1)
log s log s
and thus
7.66) S RO—pn = Jologhe/ e,

We now observe from (7.64):

(7.67) \/—logkzg-l-()(l):—%s—i-()(l)
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and thus

s=2+o(l).

A
e
Taking into account (7.66) gives the differential equation for A:
(7.68) —Ae VToghl+0(1) _ 2+0o(1) andequivalently — kte\/m =0,
Integrating this in time gives:
(7.69) J(D) = (T — e V/1oT=01+00),

It remains to prove the strong convergence of the excess of energy (1.13) which
easily implies the quantization of the focused energy (1.14).

Step 2 Sharp derivation of the 4 law.

Let us start with the following slightly different control on 4:

(7.70) b(1) = L(1 +o(1)) ast—T.

For £ > 2, this follows directly from (1.11), (7.60). We need to be more careful for £ = 1.
Indeed, (7.68) and (7.69) imply:

(7.71) b(1) = O(1)eV NlosT=0I,

but this together with (7.69) is not sufficient to yield (7.70). However, we compute:

T T T
/52=f —bkt:b(t)x(t)+/ Ab,
t 13 . t .
= b(OA() + / bj.:b(t)k(t)+o< f 52)

where we used (5.34) in the last step. Hence:

(7.72) KO0 /tT P=1+0() ast—T.
On the other hand,
2 T
773 ‘ (T - t)b?(t) / ‘ (T t)b?(z) / =o

b b(T—r1)
N(T—t)bQ(t); |logd]  A(7)




108 PIERRE RAPHAEL, IGOR RODNIANSKI

We now observe from (7.61) that

P _, PO
[logb(z)| —  |logb(1)]
and hence (7.73) yields the bound:

VT e[t,),

.
(7.74) ‘ / ' / ol —7)
(T - t)bz(t) (T =pllogb®|J, A7)

We now claim

fT (T —1)
(T=DllogbO] J, A7)
Assume (7.75), then (7.72) and (7.74) yield

(7.75) dt =o(1) ast— T.

T
/bQ:bA(l+0(1))=(T—t)b2(1+0(1))
which implies (7.70). 0

Proof of (7.75). — We compute:
TWT-7)  (TaT-1) '

We now substitute (1.12) which implies

log A(#) = log(T — t) — y/[Tog(T — )] + O(1)

and derive from (7.76) after some explicit integration by parts:

fTMdr =0((T—1) ast—T.
¢ A(7)
We hence conclude from (7.71) that:
f (T —1) Jr— < 1
(T =nllogb| J, A7) | log (1)
and (7.75) 1s proved. UJ

)zo(l) ast— T,

Step 3 Strong convergence of (w, d,w) in H.

We are now in position to conclude the proof of (1.13) which is a consequence of
the sharp asymptotics (1.11), (1.12) and (7.70) and the control of the excess of energy
(5.33).
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Statement (1.13) is equivalent to the existence of the strong limit for (w(¢), 0,w(t))
mHast—T.

Let ¢ be a cut-off function with ¢(r) =0 for r < 1 and ¢(r) = 1 for r > 2 and let
¢r(r) = ¢ (Rr). The non-concentration of energy of the full solution u outside the origin
1s well known and follows by a simple domain of dependence argument combined with
the results in [36]. Therefore, using the decomposition (5.11) we obtain existence of «*, g*
such that

(7.77) VR>0, [er(w®—u*).tr(dw—g")],,—~0 ast—T.

The proof of the strong convergence (1.13) is now equivalent to the non-concentration of
the energy for w or equivalently:

(7.78) E(«*, ¢") = }i_{rTlE(w(t), dw(t)).
Proof of (7.78). — We adapt the argument from [28]. For ¢ € [0, T) define
R(®) =Bi()A(1)
and

2
Ex (4, v)=/;R[v2+(a,u)2+k2g (“)].

2
Integrating by parts using the Equation (1.3), we compute:

d . . . 2
‘EER@ ((©), Bty 0 + (0,0* + /##]

R(®) Jrpy<r<or

L
~R®)

where in the last step we used conservation of energy. Integrating this from ¢ to T using
(7.77) yields:

T—t_ T—1¢
RO AMOB()

(7.79) ‘ER(;) (u*,g*) — Erq (u(t), atu(t))‘ S

We now observe from (1.23), (7.70) that:

T—t b(T—0 1

= —0 ast—T.
A(H)B (1) A b(OB()

Letting ¢t — T in (7.79), we conclude:

Er() (u(t), 8tu(t)) — E(u*,g*) ast— T.



110 PIERRE RAPHAEL, IGOR RODNIANSKI

(7.78) now follows from:
(7.80) Er (u(t), d(0)) — E(w (@), dw (D)) > 0 ast— T.
Indeed, observe that:

|Exe (202), (D)) — E(w(@), dw(®))]

2
5/ |:(8tw)2 + (dw)* +k2g(—2w)].
R()=r<2R($) 14

For the first term, we have from (B.19), (5.29):

0 2
(7.81) [ @w)* SR / ( ”f) SBIOE®
r<2R (1) 14
log b|*
g'onglb4—>0 ast— T.
Similarly, from (B.11):
), &w) 2 2 2
. W — o
(7.82) (Ow)” + =— < R7|logd| (VW)
2r<2R (1) r r<2R (1)
log b|*
<! Ong ) = Oast — T.
This concludes the proof of (7.80) and (7.78). 0J

Step 2 Proof of the quantization of the blow up energy (1.14).
From the conservation of the Hamiltonian:

Ey= E((PBl)A +w, 3;[(PB1)A + w])

We develop this identity. The construction of Py implies from direct check

E((PBl)Aa 3;[(P131)x]) — E(Q,0) ast—>T

and the crossed term is easily proved to converge to zero using (7.81), (7.82) and the space
localization of Py, .

(7.78) now yields (1.14).

This concludes the proof of Theorem 1.1.
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Appendix A: Inversion of H

We formulate the following lemma about solutions of the inhomogeneous problem
Hv = & with the linear operator

H= a4l

)/2

associated to Q). Hamiltonian H is a standard Schrodinger operator with the kernel gen-
erated by the H' scaling invariance:

Ker(H) = span(AQ),

see [34] for a further introduction to the spectral structure of H. The following Lemma
is elementary but crucial for the construction of Q:

Lemma A1 (Inversion of H). — For k>4 let 1 <j < g — 1 and let hj(p) be a smooth
Junction with

(A.1) (hj, AQ) = 0.
and the following asymptotics:

)6 +00") asy— 0,

A.2 h(y) = i ,
a2 50 ¢ (1 +L+0(L)  asy— +oo.

Then there exists a smooth solution Hv;y, = h; with

<A-3) (U;‘+1, XMAQ) =0

and the following asymptotics:
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(W) forj+1 <4, for0<m=<2,

@410+ O0D) asy — 0,
B ™1+ 22+ O(5)] asy — +oo.

W) for7+1="2% with k even:
J 2

d m
A.4) d“@_

o +O0?) asy— 0,

A-3) l“iwz{ﬂﬁdb+mﬂ+0(ﬂ asy — +00.

Forl<m<?2

A.6) d"vi1 () _ _yk_m(aj+l,m:)|_ 0(?) asy— 0,
s BtV G +OGs)  asy— +oo.
Moreover, if
k_ykil(ej—l-O(yQ)) asy— 0,

A7 ‘() = . % .
A7 T 4@ -+ L 10 ay— +oo,

then (A.4), (A.6) hold for m = 3. The constants oy, Qjy1 , Vi1 implicitly depend on

d;, ¢ and Bjyy can be found from the relation:

d

(A.8) Bi+1 =

4G+ D= G+ 1)

Progf: — The proof relies on the accessibility of the explicit expression for the
Green’s function of H.

Step 1 Solving the linear equation.

From (1.4) in the Wave Map case Q) has the following asymptotics

. | 2ra+o0h) asy— 0,
A.9) Q)= 7 —3(1+0(5) asy— oo
and:

26" (1+00")) asy—0,
(A.10) J=A :{j—f(l—i-o(ﬁ)) as y — 00.

Similarly, in the (YM) case (k£ = 2, not covered by the Lemma) we find

(1 +O(yk)) asy— 0,

a1 Q@:{@4+O¢» as y — 00
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and:

=2k (14+00")) asy—0,

(A.12) J=AQ= {_%(14_0()%)) as_y — 00.

Let now

I'( )—J(y)/yﬂ
V= IR €Y

be the other (singular) element of the kernel of H, which can be found from the Wron-
skian relation:

(A.13) ) . o L
y

From this we can easily find the asymptotics of I":

—ﬁ(l +O0") asy—0,

(A.14) o) = { 1+ O(;)  asy—> oo,

in the (WM) case. In the (YM) case

@(l +00) asy—0,

A.15 '@y =
( ) ) { %2(14—0( ;) asy— 00.

Using the method of variation of parameters and (A.13), we find that a solution to
Hw;y, = 4 is given by:

"y "y
(A.16) w1 () =J(y)f B (x) T (x) xdx — F(y)/ By (x)] () xdx.
1 0

Step 2 Asymptotics of wj;,
We compute the asymptotics of w;y; near +00. In what follows we restrict our
analysis to the (WM) case. For the second term in (A.16), we use (A.1), (A.2) to derive:

y
0

+00
—ro) [ B
y

y/‘ 1 +oo /{dszj i 1
dy I\ [ I
i(HO(j ))/) — (1+ +O( ))dx



114 PIERRE RAPHAEL, IGOR RODNIANSKI

; Q)
= 4 7 AL} 1
4k(k— G+ 1) » )

In the above jjﬁ(rll) is a constant dependent only on f, £ and ;.
For the first term, we estimate

JO) f ()T (x)xd
1
k 1 Y xh dx¥ f 1
SE(o(3) [t (4L ro())e
d 1 o £ 1
=5 (1+0(3)) [ e (1 Eo() )

and (A.4), (A.5) and (A.8) follow for y — 4-00.
We compute the asymptotics of vy near the origin. First,

—r0) [ et = (14 00) [ s (14 0() s
0 2/‘52)’/‘ 0
=) (0(?)).

For the other term in (A.16),

JO) /y/lj(x)r(x)xdxz —/gyk(l + O(yk)) /)’ @-x%%(l + O(xQ))dx
1 1 x

_ 1
—— 2= [ +orpa+o)]
2k 0
and (A.4) and (A.5) follow for vj;; as y — 0.
Step 3 Estimates for the derivatives.
For 2j < k — 2, the estimates for the derivatives (A.4) are derived similarly and left

to the reader. For £ even and j = g — 1, there holds an extra cancellation as y — 400
leading to (A.6) which we now exploit. Indeed,

+00 'y
w]/‘+1 0)=T"(») / ()] (x)xdx +J' () / ()T (x)xdx.
y 1

For the first term,

+00
r'o) f hi(x)] () xdx
'y

kykfl 1 400 kdijj—H J]r 1
L (1+o@7))/y i (1+;+O(E>)dx
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(2)
d : 1
=2 (1+Z+0(=)).
2/@) ))2 3
) 3 k2 1 ) d].x21'+1 1
JO) /1 hy(x)H(x)xdx = S (1 + OG)) /1 o (1 + O<E>)dx

:_i0+ﬁﬁocg)
hy 5?2 3
resulting in the cancellation leading to (A.6). The constants ]fl) , jff depend only on f;, £
and .

The second derivative w, | is estimated using the equation and the asymptotics for
(Wt1, w; 1), this is left to the reader.

Step 4 Satistying the orthogonality condition.

We now let

Similarly,

(i1, xMAQ) AQ
(AQ, xmAQ)
so that (A.3) is satisfied. Moreover, L(AQ) = 0 implies Lv;;, = Lw;;; = /. It now remains
to observe from (A.10) that the behavior of v;;; near the origin and +00 is the same as
of Wjt1-

This concludes the proof of Lemma A.1. O

Vi1 = Wjt+1 —

Appendix B: Some linear estimates

Lemma B.1 (Logarithmic Hardy inequalities). — YR > 2, Vv € H}a J(R?), there holds the

Jollowing controls:

(B.1) / Zlv—FQ}@'yS/ |U|2@'y+/ IVl
)/ERJ) (1 + |10gy|) 1§]§2 ]SR
|Vol®
B.2 e e S
1<y=<2 D
(B.3) f IUIQJ@,SW(/ IUIdeyHOgR/ IVvIQJM_iy),
=R =2 =R
|U|2 < 2 2
(B.4) —db < | whd+logR [ Vo,
R<y<2R J <2 y<9R

|v|? 2 2 2
B.5) Py SlogR [ vl +1og’R [ Vvl
}’EQR .)} )/52 jf?R
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Proof. — Let v smooth. To prove (B.1), let f(y) = —m so that V- f =
m fOI')) > | and \% f: —m fOI')) < 1. We then haVC
B.6) [ o= v se- [ s
s<y<R) (1 + [logy]) 1<y<R 5<y1

_ [ |v]? T+[ |v]2 ]1
L+ Tog0! ], " LT+ [1og0)! |,
R 1
+2/ V0,V ———— '
s U ogal)y

<P + (/ il d>%
~ v 5,1 11 I~
| P+ logD® 7

1

2
x (f IVvlgydy> :
<R

On the other hand, since v is spherically symmetric,

2 2
|v(1>|2§/ |v|2ydy+/ |Vu|*pdy
1 1

and the result follows by letting 6 — 0.
To prove (B.2), let yy € [1, 2] such that

lv(o)l? S/ vy
1<y=<2

Then: Vy € [1, R],

lvO)| =

MY
5|v<yo)|+R(/ )

1
2
Slv(yo)|+(/ IVUIQJ@> vIogR,
<R

and (B.3), (B.4) follow by squaring this estimate and integrating in R. Finally, (B.5) follows
from (B.4) by summing over dyadic R-intervals. U

v() + /] v'(ndr

Jo

and (B.2) follows. Similarly,

lvO)| =

V() + /j V' (r)dr

il

Lemma B.2 (Hardy type estimates with A). — Let M > 1 fixed. Then there exists ¢(M) > 0
such that the following holds true. Let u € H' with

(u, xmAQ) =0,
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then:
(1)
B.7) /(lv e )<C(M>f|Au|2
ba
() of
B.S |u|? |Vu)?
< . > y—4 —+ yQ < +OO,
then:
|Vu|? |u)? IAuIZ
(B.9) + —< (M)
(ii1) o
|ul? )
(B.10) /y‘*(l + |log y|)? +/|V(AU)| <Feo,
then:
(B.11) /%+/L
' 22(1+1logyD)? J »*(1+ [log)?

A 2
sc(M)U s =+ |V<Au)|2ydy]

< e(M)[A*Aul?,.

Remark B.3. — The norm (B.8) is finite for u = w for £ > 2. For £ = 1, the finitness
of the H? norm implies that

SO 1
VAw)eH', —eH
J
and hence the norm (B.10) is finite using (B.1).

Proof. — (B.7) 1s equivalent to (2.10) i.e. the coercitivity of the linearized energy. The
proof of the global Hardy type inequality (B.9), (B.11) with ¢(M) follows as in Rodnianski-
Sterbenz’ [34] Appendix for £ > 3. The cases £ = 1, 2 require some more attention. We
treat £ = 1 which is the most delicate case and leave £ = 2 to the reader.

We claim the key subcoercitivity property:

Al :
B.12 [ s+ [ 1wl
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—CU |3,ul? ‘+f Juf? ‘f Juf? ]
22(1 4 |log y)? 2t +[log yl)? 147

Assume (B.12), then (B.11) follows by contradiction. Let M > 0 fixed and consider a
sequence %, such that

(B.13) /QLAZZ +/‘4L|22 =1, (4, xmAQ) =0,
(1 + |log y|) 1+ [log yl)

and

B.14) fM+/|v<Aun>|2 <L
21 +5?) n

. . . l
then by semicontinuity of the norm, u, weakly converges on a subsequence to us, € H,,

solution to Aus, = 0. us 1s smooth away from the origin and hence the explicit integration
of the ODE and the regularity assumption at the origin us, € H} implies

loc
Uso = ¢ AQ),

On the other hand, from the uniform bound (B.13) together with the local compactness
of Sobolev embeddings, we have up to a subsequence:

|u, |? |too |?
- = and  (u, xMAQ) = (4o, XMAQ).
We thus conclude that

a(AQ, xmMAQ) = (U, xmAQ) =0 and thus « =0.

On the other hand, from the subcoercitivity property (B.12) and (B.13), (B.14)

A 2 002
a2/| Q =/|” C S C>0 andthus 0.
1+y5 l_i_y)

A contradiction follows. Finally, the last step in (B.11) 1s a direct consequence of (2.16) 1.e.
the structure of the conjugate Hamiltonian H. U

Proof of (B.12). — Let a smooth cut off function x(y) =1 for » <1, x(») =0 for
9> 2, and consider the decomposition:

u=1u +uy = xu+ (1 — xu).
Then from (B.1):

s [ [varef [
. o1 1 o~ U - ¢ c c 2 |
1+ A+ (1 +[logyl)®
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For the first term, we rewrite:

/ |Au|? / IAu1|2 (Au) (Auz)
(4% (452

[y, ()] VO — 12 A
zc[/—j—/%zw-/ |u|2]
,y .y 15))52

where in the last step we integrated by parts the quantity:
(Aw) (Aug) = (xAu— x'u) (1 = x)Au+ x'u)
/ /! / 2
> x (Au)x'u— x'u(l = ) (Aw) — (x) .

We hence conclude from [V () — 1| < y for y < 1 and the Hardy inequality (B.1) applied
o “ that:
”

| Aul* | |? )
(B.16) T 2C | T | |.
(1 +0%) (14 ogyD*  Jy<o
Similarly we estimate:
Aul?
(B.17) / %
p*(1+ [logyl)

Auy|? Au) (Awe
2/2 |u2| 2+2/ 2( u)( U2)2
2*(1 +[log yl) 2*(1 + [log yl)
1 uy | [V 4 12
ZC[/ﬁ _2 _/—|u2|2
2*(1 +[log y|)

Y 22(1+ [log y|)?
—/ IuIQ]
1=<y<2

CU 19,1’ +/ s _/ o }
=L pa+110gn? TS A+ Tlogon? ) 0+ Tlog)l)?

where we integrated by parts for the last step and used the bound [V (y) + 1] < )% for
y>1.(B.15), (B.16) and (B.17) imply:

B.18 | Aul? /VA / |u|? f Ju?
(B.18) /2(1+2) VADF 2 [ (14 [logy)? 1+ﬁ]

This implies using again (B.1):

/ |9,ul” f | Aul? / Juf?
< [ s
(14 [log y])? 221+ |log y)? V(1 4+ [log y])?

8}, ug +
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</|V(Au)|2+/—|Au|2 +f i
~ y?(l _i_yQ) 1+y5

which together with (B.18) concludes the proof of (B.12).
This concludes the proof of Lemma B.2.

Lemma B.4 (Control of the 0, derivative). — There holds:

9 |8tw|2 2 KYAT|2
(B.19) /|V3tw| +f7—2§C(M) /(atW) +f|AAW| .

Progf: — We compute from (2.7):

AU
W = A(dw) + > %

and hence:

(1) 2
(B.20) / (Adw)? < f (BW)? + / (afv* w) .
r

We now recall the following coercitivity property of the linearized Hamiltonian:

/ (Ad,w)?

>c<M)<f|va o [ - A
2 (MDA (W, (XM r) -

From the choice of orthogonality condition (5.12):

(@0 A, = 0 Grer ) | = 1o (ACnAQ),)

1

< c(M)bA(/ |e|2>2.
y<2M

Combining this with (B.20) and the pointwise bound (6.18) yields:

dwl® _ b bl
(B.21) /|vat *+ f f(atW)2 /Isl [J»<M+ 2(1+y8)]'

We then estimate from (B.11):

4 2

J le|
el | Law + 5= S,f—
/' ’ [ = 2(1+y8>] (1 + |logy?)

§C(M)/|A*A5|2:A2/|A*W|Q,

which together with (B.21) concludes the proof of (B.19).
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