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ABSTRACT

We introduce a notion of homological projective duality for smooth algebraic varieties in dual projective spaces,
a homological extension of the classical projective duality. If algebraic varieties X and Y in dual projective spaces are
homologically projectively dual, then we prove that the orthogonal linear sections of X and Y admit semiorthogonal
decompositions with an equivalent nontrivial component. In particular, it follows that triangulated categories of singu-
larities of these sections are equivalent. We also investigate homological projective duality for projectivizations of vector
bundles.

1. Introduction

Investigation of derived categories of coherent sheaves on algebraic varieties
has become one of the most important topics in the modern algebraic geometry.
Among other reasons, this is because of the Homological Mirror Symmetry con-
jecture of Maxim Kontsevich [Ko] predicting that there is an equivalence of cat-
egories between the derived category of coherent sheaves on a Calabi-Yau variety
and the derived Fukaya category of its mirror. There is an extension of Mirror
Symmetry to the non Calabi-Yau case [HV]. According to this, the mirror of
a manifold with non-negative first Chern class is a so-called Landau—Ginzburg
model, that is an algebraic variety with a 2-form and a holomorphic function
(superpotential) such that the restriction of the 2-form to smooth fibers of the
superpotential is symplectic. It is expected that singular fibers of the superpoten-
tial of the mirror Landau—Ginzburg model give a decomposition of the derived
category of coherent sheaves on the initial algebraic variety into semiorthogonal
pieces, a semiorthogonal decomposition.

Thus from the point of view of mirror symmetry it is important to investigate
when the derived category of coherent sheaves on a variety admits a semiorthogon-
al decomposition. The goal of the present paper is to answer the following more
precise question:

Assume that X is a smooth projective variely and denote by 2'(X) the
) bounded deriwed category of coherent sheaves on X. Supposing that we are given
a semiorthogonal decomposition of D*(X), is it possible to construct a semior-

thogonal decomposition of 2°(Xy), where Xy is a hyperplane section of X?
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Certainly this question is closely related to the question what does the operation of
taking a hyperplane section of a projective algebraic variety mean on the side of the marror?

In general one cannot expect an affirmative answer to (). However, there
is an important particular case, when something can be said. Explicitly, assume
that X C P(V) is a smooth projective variety, Ox(1) is the corresponding very
ample line bundle, and assume that there is a semiorthogonal decomposition of its
derived category of the following type

D'X) = (A, (1), ..., F_1( — 1)),
0C A CayC- - C C,

where (k) stands for the twist by Ox(k). A decomposition of this type will be
called Lefschetz decomposition because as we will see its behavior with respect to
hyperplane sections is similar to that of the Lefschetz decomposition of the co-
homology groups. An easy calculation shows that for any hyperplane section Xy
of X with respect to Ox(1) the composition of the embedding and the restric-
tion functors (k) — 2°(X) — 2°(Xy) is fully faithful for 1 < 4 <i—1 and
(A (1), ..., (i— 1)) is a semiorthogonal collection in 2’(Xy). In other words,
dropping the first (the biggest) component of the Lefschetz decomposition of 2°(X)
we obtain a semiorthogonal collection in 2°(Xy). Denoting by %j; the orthogonal
in 2°(Xy) to the subcategory of 2°(Xy) generated by this collection we consider
{€utnepvr as a family of triangulated categories over the projective space P(V*).
Assuming geometricity of this family, i.e. roughly speaking that there exists an alge-
braic variety Y with a map Y — P(V*) such that for all H we have %1 = 2°(Yn),
where Yy is the fiber of Y over H € P(V*), we prove the main result of the paper

Theorem 1.1. — The derwved category of Y admits a dual Lefschetz decomposition

2'(Y) = (B (1 =), Bio(2 =), ... Bi (=), By),
0CHCHoyC---CH CH.

Moreover, if L. C V* is a linear subspace and 1= C V is the orthogonal subspace such that
the linear sections Xy, = X Xpryy P(LY) and Y1, =Y xpr+) P(L), are of expected dimension
dimX;, = dimX —dimL, and dimYy, = dimY — dimL*, then there exists a triangulated
category 61, and semiorthogonal decompositions

-@b(XL) = <(gLs %imL(l)’ seey in—l(i - dlmL)>7
2" (Y1) = (B (dimL" —)), ..., Biim1 (—1), G1).
In other words, the derived categories of Xj and Y have semiorthogonal
decompositions with several “trivial” components coming from the Lefschetz de-

compositions of the ambient varieties X and Y respectively, and with equivalent
nontrivial components.
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We would like to emphasize the similarity of derived categories and cohomo-
logy groups with respect to the hyperplane section operation. Thus, Theorem 1.1
can be considered as a homological generalization of the Lefschetz theorem about
hyperplane sections.

A simple corollary of Theorem 1.1 is an equivalence of the derived categories
of singularities (see [O3]) of X, and Y. In particular, it easily follows that Yy, is
singular if and only if Xj, is singular. This means that we have an equality of the
following two closed subsets of the dual projective space P(V*):

{H e P(V*) | Xy is singular}
= {critical values of the projection Y — P(V*)}.

Note that the first of these subsets is the classical projectively dual variety of X.
Thus Y can be considered as a homological generalization of the projectively dual.
In accordance with this we say that Y 1s a homologically projectively dual variety
of X.

The simplest example of a Lefschetz decomposition is given by the standard
exceptional collection (&, O(1), ..., O(i — 1)) on a projective space X = P! (we
take oy = o = --- =g = (0)). It is easy to see that the corresponding homo-
logical projectively dual variety is an empty set, and we obtain nothing interesting.
However, considering a relative projective space we already obtain some interesting
results. More precisely, consider a projectivization of a vector bundle X = Pg(E)
over a base scheme S, embedded into the projectivization of the vector space
H'(S, E")* = H (X, Oxs(1))* with the following Lefschetz decomposition

2'X) =(2'(S), 2'(S) ® Oxss(1), ..., 7'(S) ® Oxs(i — 1)).

We prove that Y = Ps(E+), where EX = Ker(H’(S, E*)® 05 — E*), is a homologic-
ally projectively dual variety of X. As a consequence we get certain semiorthogonal
decompositions and equivalences between derived categories of linear sections of
Ps(E) and Ps(E*). For example, applying a relative version of Theorem 1.1 we
can deduce that there is an equivalence of derived categories between the follow-
ing two varieties related by a special birational transformation called a flop (it is
conjectured in [BOZ2] that the derived categories of any pair of algebraic varieties

related by a flop are equivalent). Consider a morphism of vector bundles F N o
of equal ranks on S and consider
Xp={(s,0 €Ps(E) | ¢](0) =0},  Yr={(s.f) € Ps(F) | ¢,(f) =0},
and Zy = {s € S | det¢, = 0}.

If dimXy = dimYyr = dimS — 1 then the natural projections Xy — Zp and
Yy — Zy are birational and the corresponding birational transformation Xg > Yy
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is a flop. We prove an equivalence of categories 2°(Xy) = 2°(Yy) if additionally
dim Xy x5 Yp =dim S — 1.

The next example of a Lefschetz decomposition is a decomposition of
2'(X) for X =P(W) with respect to Ox(2) given by &= == =
(Ox, Ox(1)) and either &, = (Ox, Ox(—1)) for dimW = 2i, or &/_, = (Ox) for
dimW = 2i — 1. In a companion paper [K2] we show that the universal sheaf
of even parts of Clifford algebras on P(S*W*) is a homologically projectively dual
variety to X with respect to the double Veronese embedding X = P(W) C P(S*W).
This gives immediately a proof of the theorem of Bondal and Orlov [BO2,BO3]
about derived categories of intersections of quadrics.

Let us mention also that the homological projective duality for Lefschetz de-
compositions with .27, generated by exceptional pair and o) = @ = --- = %_| was
considered in [K1]. There such decompositions were constructed for X = Gr(2, 5),
X = 0Gr4 (5, 10), a connected component of the Grassmannian of 5-dimensional
subspaces in k' isotropic with respect to a mnondegenerate quadratic form,
X = LGr(3, 6), the Lagrangian Grassmannian of 3-dimensional subspaces in k® with
respect to a symplectic form, and X = GyGr(2, 7), the Grassmannian of the Lie
group Gy, and it was shown that homologically projectively dual varieties for them
are Y = Gr(2,5), Y =0Gr_(5,10), a quartic hypersurface in P'3, and a double
covering of P ramified in a sextic hypersurface (in the last two cases one must
consider the derived category of sheaves of modules over a suitable sheaf of Azu-
maya algebras on Y instead of the usual derived category). Moreover, in a forth-
coming paper [K4] we are going to describe the homologically projectively dual
varieties to Grassmannians of lines Gr(2, W) (the Lefschetz decompositions for these
Grassmannians were constructed in [K3]).

Finally, we would like to emphasize that aside of its purely theoretical interest
homological projective duality provides a powerful tool for investigation of derived
categories of linear sections of a given algebraic variety. It was already applied
in [K1] for the description of derived categories of some Fano threefolds. Having
in mind the role played in Mirror Symmetry by complete intersections in toric
varieties it seems a good idea to investigate the homological projective duality
for toric varieties. This also may shed some light on the relation of homological
projective duality and Mirror Symmetry.

Now we describe the structure of the paper. In Section 2 we recall the
necessary material concerning admissible subcategories, semiorthogonal decompo-
sitions, mention an important technical result, the faithful base change theorem
proved in [K1], and check that the property of being fully faithful for a functor
linear over a base is local over the base. In Section 3 we define splitting functors
and give a criterion for a functor to be splitting. In Section 4 we define Lefschetz
decompositions of triangulated categories. In Section 5 we consider derived category
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of the wunwersal hyperplane section of a variety admitting a Lefschetz decomposition of
the derived category. In Section 6 we define homological projective duality and prove
Theorem 1.1 and its relative versions. In Section 7 we discuss relation of the
homological projective duality to the classical projective duality. In Section 8 we
consider the homological projective duality for a projectivization of a vector bundle.
Finally, in Section 9 we consider some explicit examples of homological projective
duality.

Acknowledgements. — 1 am grateful to A. Bondal, D. Kaledin and D. Orlov for
many useful discussions and to the referee for valuable comments. Also I would
like to mention that an important example of homological projective duality (the
case of X = Gr(2,6) which is not discussed in this paper) first appeared in a con-
versation with A. Samokhin.

2. Preliminaries

2.1. ANotation. — The base field k is assumed to be algebraically closed of
zero characteristic. All algebraic varieties are assumed to be embeddable (i.e. ad-
mitting a finite morphism to a smooth algebraic variety) and of finite type over k.

Given an algebraic variety X we denote by 2/(X) the bounded derived
category of coherent sheaves on X. Similarly, 27(X), Z*(X) and Z(X) stand
for the bounded above, the bounded below and the unbounded derived categories.
Further, .@(Z(X), .@qj(X), .@;(X), and Z,(X), stand for the corresponding derived
categories of quasicoherent sheaves, and 2P*"(X) denotes the category of perfect
complexes on X, ie. the full subcategory of Z(X) consisting of all objects locally
quasiisomorphic to bounded complexes of locally free sheaves of finite rank.

Given a morphism f : X — Y we denote by f, and f/* the tfal derived push-
forward and the fotal derived pullback functors. The twisted pullback functor [H]
is denoted by f* (it is right adjoint to f, if f is proper). Similarly, ® stands for the
derived tensor product, and RHom, R.Z%m stand for the global and local RHom
functors.

Given an object F € 2(X) we denote by J#%(F) the k-th cohomology sheaf
of F.

2.2. Semiorthogonal decompositions. — 1f o/ is a full subcategory of 7 then the
right orthogonal to &7 in .7 (resp. the left orthogonal to &7 in .7) is the full subcat-
egory /* (resp. *7) consisting of all objects T € 7 such that Hom#(A, T) =0
(resp. Homz (T, A) =0) for all A € &7.

Definition 2.1 ([BO1]). — A semuorthogonal decomposition of a triangulated category
is a sequence of full triangulated subcategories %, ..., %, in T such that Hom o (<, o) = 0
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Jor 1>7 and for every object 'T € T there exists a chain of morphisms 0 =T, — T, —
cor > Ty = Ty =T such that the cone of the morphism Uy — Ty is contained in <
Jor each k=1,2, ..., n

In other words, every object T admits a decreasing “filtration” with factors
in 2, ..., 9, respectively. Semiorthogonality implies that this filtration is unique
and functorial.

For any sequence of subcategories 7, ..., o7, in .7 we denote by (4, ..., 4,)
the minimal triangulated subcategory of .7 containing 7, ..., 4.

If . = (9,...,4,) is a semiorthogonal decomposition then & =
(Lists ooy D) NG oy i),

Definition 2.2 (|[BK,B]). — A full triangulated subcategory <7 of a triangulated category
T is called right admissible if for the inclusion functor i : .o/ — T there is a right adjoint
i1 T — o, and left admissible if there is a lefi adjoint * : T — <. Subcategory o/
ts called admissible if it s both right and lefi admissible.

Lemma 2.3 ([B)). — If T = (A, B) is a semiorthogonal decomposition then < is
lefl admissible and B s right admissible.

Lemma 2.4 ([B]). — If 9, ..., 9, s a semiorthogonal sequence of full triangulated
subcategories in a triangulated category 7 (i.e. Homg (4, o)) = O for © > j) such that
A, ..., G}, are lefl admissible and <4, ..., o, are right admissible then

(M’ ceey Jyks L(%s cees %) N ("Q{k—&-ls ceey %)L’ %—Ha ceey Mz)
s a semiorthogonal decomposition.

Assume that &/ C 7 is an admissible subcategory. Then 7 = (&7, +</) and
T = (o/*+, o) are semiorthogonal decompositions, hence *.¢ is right admissible
and o/* is left admissible. Let i1, : * &/ — 7 and iyr 1 Z+ — T be the

inclusion functors.

Defiition 2.5 ([B]). — The functor R, = zl%iL 15 called the right mutation
through &7. The functor Lo = i3, is called the left mutation through .o7.

Lemma 2.6 ([B]). — We have R /(7)) =0 and the restriction of Ry to </* is an
equivalence o/ — +of . Similarly, we have Lo,(/) = 0 and the restriction of Loy to ~of
is an equivalence ~of — o+

Lemma 2.7 ([B]). — If 9, ..., <, is a semiorthogonal sequence of admissible subcal-
egories T then Ry oy =Ry 0+ 0Ry and Ly oqy =Logo---0Ly.

n
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Lemma 2.8 ([O1l]). — If E s a vector bundle of rank r on S, Ps(E) s s
projectivization, O(1) s the corresponding Grothendieck ample line bundle, and p : Ps(E) — S
is the projection then the pullback p*: 2°(S) — D' (Ps(E)) is fully faithful and

Z'Ps(E)) = (p*(Z2'(S)) @ O ), p*(Z2'(S)) ® Ok + 1),
e (DS @ Ok + 1 — 1))

s a semiorthogonal decomposition for any k € Z.

2.3. Saturatedness and Serre functors

Definition 2.9 (|B]). — A triangulated category 7 is called \eft saturated if every exact
covariant functor T — D°(K) is representable, and right saturated if every exact contravariant
Sunctor T — D'(K) is representable. A triangulated category T is called saturated if it is
both left and right saturated.

Lemma 2.10 ([B]). — A left (resp. right) admussible subcategory of a saturated category
i saturated.

Progf. — Assume that &7 is a left admissible subcategory in a saturated tri-
angulated category .7, i: &/ — 7 is the inclusion functor and * : .7 — & is
its left adjoint functor. Let ¢ : & — 2°(k) be an exact covariant functor. Then
poi*: T — D'K) is representable since 7 is saturated. Therefore there exists
T € 7 such that ¢ o* = Homs (T, —). Then

b= ¢oi*oi=Hom,(T,i(—)) = Hom, (*T, —),

therefore *'I' represents ¢.

Let ¥ : & — 2'(k) be an exact contravariant functor. Then ¥ o ¢* :
T — 2"(k) is representable since 7 is saturated. Therefore there exists T €
such that ¥ o * = Homs(—, T). Note that *(*%/) = 0, hence Homs(+</,T) =0
which means that T € (*&)* = &/, thus T =Zi(A) with A € &/. Finally

Y =Y oif ol = Homy(i(—), 1((A)) = Hom,, (—, A),

since ¢ 1s fully faithful, therefore A represents .
A similar argument works for right admissible subcategories. ]

Lemma 2.11 ([B]). — If o is saturated then <f is admissible.

Progf — For any object T € 7 consider the functor Homg(T,i(—)) :
o — 2°(k). Since 7 is saturated there exists Ar € &7, such that this functor
is isomorphic to Hom,(Ar, —). Since Homg (T, i(At)) = Hom, (Ar, Ar) we have
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a canonical morphism T — i(Ay) and since ¢ is fully faithful it is easy to see
that its cone is contained in /. It follows that any morphism T — S com-
posed with S — i(Ag) factors in a unique way as T — i(Ap) — i(Ag). Since
Hom(i(At), i(As)) = Hom, (Ar, As) the correspondence T +— Ar is a functor
T — &/, left adjoint to ¢ : .o/ — 7. Similarly one can construct a right adjoint
functor. |

Lemma 2.12 ([BV]). — If X is a smooth projective variety then 2°(X) is saturated.

Corollary 2.13. — If X is a smooth projective variety and </ is a lefi (resp. right)
admissible subcategory in D*(X) then </ is saturated.

Definition 2.14 ([BK], [BO4|). — Let T be a triangulated category. A covariant
additive functor S : T — 7 is a Serre functor if it is a calegory equivalence and for all
objects ¥, G € T there are given bi-functorial isomorphisms Hom(F, G) — Hom(G, S(F))*.

Lemma 2.15 ([BK]). — If a Serre functor exists then it s umique up to a canonical
Sunctorial isomorphism. If X is a smooth projective variety then S(F) := F @ wx[dimX] s
a Serre functor in 2"(X).

Definition 2.16 ([BV]). — A triangulated category 7 is called Ext-finite if for any
objects ¥, G € T the vector space @,z Hom (¥, G[n]) is finite dimensional.

Lemma 2.17 (BK]). — If 7 is an Extfimte saturated category then 7 admils
a Serre functor.

Lemma 2.18 ([BK]). — If' S is a Serre functor for 7 and &/ is a subcategory of
T then S(*) = A+ and STNA) =L In particulw, if T = (<, o) is a semi-
orthogonal decomposition then T = (S(2b), ) and T = (s, ST () are semiorthogonal

decompositions.

Lemma 2.19 ([B]). — If T admits a Serre functor S and o/ C T is right admissible
then </ admits a Serre functor S,y =1 0 S o4, where i ..o/ — T is the inclusion functor:

Proof — If A, A € & then Homy (A, SiA’) = Homs(iA, SIA) =
Hom »(zA’, tA)* = Hom,,(A’, A)*. O

2.4. Tor and Ext-amplitude. — Let f : X — Y be a morphism of algebraic
varieties. For any subset I C Z we denote by 2'(X) the full subcategory of 2(X)
consisting of all objects F € 2(X) with J#*(F) =0 for k ¢ L.
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Defiition 2.20 ([K1]). — An object ¥ € P(X) has finite Tor-amplitude over Y
(resp. finite Ext-amplitude over Y), if there exist integers p,q such that for any object
G € 2¥NY) we have F ® f*G € QW+rt1(X) (resp. RHom(F, f'G) € 1t (X)).
Morphism [ has finite Tor-dimension, (resp. finite Ext-dimension), if the sheaf Ox has finite
Tor-amplitude over Y (resp. finite Ext-amplitude over Y).

The full subcategory of Z(X) consisting of objects of finite Tor-amplitude
(resp. of finite Ext-amplitude) over Y is denoted by Zyr,v(X) (resp. Zypqy(X)).
Both are triangulated subcategories of 2°(X).

The following results (Lemmas 2.21-2.25 and 2.27-2.30 below) are well
known in folklore. A useful reference where all of them can be found in a compact
form 1s [K1].

Lemma 2.21. — If 1 : X — X' is a finite morphism over Y then ¥ € Dyrqy(X)
& ,.F e @de/Y(X/) and F € -@fEd/Y(X) & ke -@fEd/Y(X/)-

Lemma 2.22. — If morphism [ : X — Y has fiute Tor-dimension (resp. Ext-
dimension) then any perfect complex on X has finite Tor-amplitude (resp. Ext-amplitude) over Y.

Lemma 2.23. — If [ : X — Y is a smooth morphism then Dyrqy(X) = ZP(X)
= Dy (X).

Definition 2.24. — A iriangulated category 7 is Ext-bounded, if for any objects
F,Ge T the set {n€Z|Hom(F, G[n]) # 0} is finte.
Lemma 2.25. — The following conditions for an algebraic variety X are equivalent:

(2) X s smooth;
(i) 2"(X) = 77"(X);
(i12) the bounded derived category 2°(X) is Ext-bounded.

Lemma 2.26. — Assume that T = (</, B) is a semiorthogonal decomposition. If
both o/ and B are Ext-bounded and either & or B is admissible then T is Ext-bounded.

Progf — Let F,G € 7. Then there exist exact triangles
BB'F — F - aa’F, BR'G— G — aa*G.

Computing Hom(F, G[z]) and using semiorthogonality of &/ and % we obtain
a long exact sequence

-+« = Hom(ae*F, BB'G[n]) — Hom(F, G[x])
— Hom(B'F, B'G[n]) ® Hom(«*F, «*G[n]) — - - -
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Since &/ and % are Ext-bounded, the third term vanishes for |z| > 0. On the
other hand, if &/ is admissible then Hom(aa*F, BB'G[n]) = Hom(a*F, o'BB'G[n]),
hence the first term also vanishes for |[z] >> 0. Similarly, if % is admissible then
Hom(aa*F, BB'G[n]) = Hom(B*aa*F, B'G[n]), hence the first term also vanishes for
[n|] > 0. In both cases we deduce that Hom(F, G[n]) vanishes for |n| > 0, hence
7 is Ext-bounded. O

2.5. Kernel functors. — Let X, Xy be algebraic varieties and let p; : X; x Xy
— X, denote the projections. Take any K € qu(Xl X Xy) and define functors

O (F) := po, (piF1 ®K), D (Fy) := p1, RAm(K, pyFy).

Then ®k is an exact functor @qj(Xl) — @q:(Xg) and CDi( is an exact functor
ZZ(XQ) — @(;’(Xl). We call @k the kemel functor with kernel K, and @y the

kernel functor of the second type with kernel K (cf. [KI1]). In smooth case any
kernel functor of the second type is isomorphic to a usual kernel functor: &% =

q>R%nz(K,wxl [dimX;])-

Lemma 2.27. — (1) If K has coherent cohomologies, finite Tor-amplitude over X,
and supp(K) is projective over Xy then @y takes 2°(X)) to D'(Xy).

() If K has coherent cohomologies, finite Ext-amplitude over Xy and supp(K) s
projective over X, then @y takes D" (Xy) to P'(X)).

(i) If both (i) and (ii) hold then @y is right adjoint to Px. Moreover, Dy takes
DPN(X)) o DP(Xy).

Lemma 2.28. — If K s a perfect complex, Xy s smooth and supp(K) s projective
both over X, and over Xo, then the functor ®x admits a left adjoint functor O which s
womorphic to a kernel functor ®x# with the kernel

K* := R#m(K, wx,[dim X,]).

Consider kernels Kjy € Z7(X; x Xy), Ky3 € Z7(Xy x X3). Denote by
pij - Xq x Xo X X3 — X; x X the projections. We define the convolution of kernels
as follows

Koz 0 Ko i= pi3, (01, K12 ® p53Kos).

Lemma 2.29. — For Ky € 7 (X, x Xy), Ko3 € 77 (Xy x X3) we have Py, o
cDKlQ = cI>KQ30Klz'

Assume that @, @y, P35 : I — P’ are exact functors between triangulated
categories, and « : &, — &y, B: Py — D, Yy 1 P3 — P[1] are morphisms of
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functors. We say that

a B

@, o, !

@4 @, [1]
iIs an exact triangle of functors, if for any object F € & the triangle

@, (F) 2 0,(F) 225 @,(F) 2 @, (1)[1]

is exact in &'.

Lemma 2.30. — If K, AN K, —ﬂ> K5 ERAN Ki[1] @ an exact triangle in
D~ (X xY) then we have the following exact triangles of functors

[o23 B %
Dy, —2> By, s Dy, —> Dy [1]
! B! ! o ! : !
Pl Dy, Py —— DL [1].

If additionally kernels K, Ko and Kg satisfy the conditions of Lemma 2.28 then we have
also the following exact triangle of functors

* B * o* * * *
Oy, —> O, —> Py, SEAEN O, [1].
Proof. — Evident. o

Let « : X — Y be any morphism. Consider the functor a*a, : 2°(X)
— 2"(X). Note that both the pullback and the pushforward are kernel functors
(with the kernel being the structure sheaf of the graph of «). It follows that a*o,
is a kernel functor as well. Let K, € 2°(X xX) be its kernel, so that a*a, = .

Lemma 2.31. — If a : X = Y s a locally complete intersection embedding then we
have

A*A‘JQ‘/Y, if 0 <t < codimy X

, otherwise,

AR, =

where Ny s the normal bundle and A : X — X x X is the diagonal embedding In
particular, if o s a divisorial embedding then K, fits into the exact triangle K, — A,Ox —
AOx(=X)[2].

Proogff — Let y = (1 xa)o A : X —- X xY be the graph of a. Then
a, = @, 4. Consider the diagram

X X x X
\y y P2
, XxY_ \X.
1 2 o
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We have o*a,(F) = o po, (pTF Q¥ Ox) = po. (1 x )" (HF Ry, Ox) = po. (1 x )" pIF R
(1 x @)*y,0%), so it follows that K, = (1 x a)*y,0x. To describe K, consider its
pushforward to X x Y:

(1 X a)*Koz = (1 X O{)*(l X Ol)*)/*ﬁx = (1 X O5)*6}00( & V*ﬁX
= )/*)/*(1 X Ol)*ﬁxxx.
Now py*(1 X o), Oxyxx = A*(1 x 0)*(1 X ®),Oxxx. Since o is a locally complete
intersection embedding we have J7'((1 x @)*(1 X @) Oxxx) = Ox XA Ay, hence
(A (1 x a)*(1 X a),Oxxx) = A‘JK&*/Y. Thus 777'((1 x a),K,) = y*A‘JKg*/Y =
(1 xa)*A*A‘J@‘/Y and the first part of the lemma follows since (1 x«) is a closed
embedding. Finally, if o is divisorial then K, has only two nontrivial cohomology,

A,Ox in degree 0 and A,O0x(—X) in degree —1. Therefore it fits in the triangle
as in the claim. |

2.6. Exact cartesian squares. — Consider a cartesian square

X xs Y —4>Y

]

X

Consider the functors ¢.p* and g%, : 2°(X) — 2°(Y). It is easy to see that
both are kernel functors. Explicitly, the first is given by the structure sheaf of the
fiber product Ox.sy and the second is given by the convolution of the structure
sheaves of graphs of f and g respectively. It is easy to see that the latter kernel
is a complex supported on the fiber product, the top cohomology of which is
isomorphic to Ox,.y. The natural map from this complex to its top cohomology
induces a morphism of functors g*f, — ¢.p*. A cartesian square is called exact
cartesian [K1] if this morphism of functors is an isomorphism. As explained above
a square is exact cartesian if and only if the convolution of the structure sheaves
of graphs of / and g is isomorphic to its top cohomology.

Lemma 2.32 ([K1]). — Consider a cartesian square as above.

(2) If ather [ or g s flat then the square s exact cartesian.

() A square s exact cartesian, if and only if the transposed square is exact cartesian.

(w) If g s a closed embedding, Y C S s a locally complete inlersection, both S and
X are Cohen—Macaulay, and codimx(X xsY) = codimsY, then the square is
exact cartesian.

2.7. Derived categories over a base. — Consider a pair of algebraic varieties X
and Y over the same smooth algebraic variety S. In other words, we have a pair
of morphisms /: X — S and g: Y — S.
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A functor @ : I(X) - Z(Y) is called S-linear [K1] if for all F € Y(X),
G € 2°(S) there are given bifunctorial isomorphisms

O(f"GRF) =G Q P(F).
Note that since S is smooth any object G € 2°(S) is a perfect complex.

Lemma 2.33 ([K1]). — If ® is S-linear and admits a right adjont functor ®' then
@' is also S-linear. If K € 27 (XxsY) then the kernel functors ®, x and CDE-*K are S-linear.

A strictly full subcategory ¢ C Z(X) is called S-linear if for all F € %,
G € 2'(S) we have [*GQ®F € €.

Lemma 2.34 ([K1]). — If € C 2°(X) is a strictly full S-linear left (resp. right)
admissible triangulated subcategory then its left (resp. right) orthogonal s also S-linear.

2.8. Fwithful base change theorem. — Consider morphisms f : X — S and
g:Y — S with smooth S. For any base change ¢ : T — S we consider the fiber
products

Xri=XxsT, Yri=YxsT, XrxtYr=Xx5Y)xgT
and denote the projections Xt — X, Yy — Y, and Xt X1 YT — X X5 Y also
by ¢. For any kernel K € 7(X xsY) we denote Ky =¢*K e (Xt x1 Yr).

Defiition 2.35 ([K1]). — A change of base ¢ :'T — S s called faithful with respect
to a morphism f : X — S if the cartesian square

Xr—=X

1

T—>3
i exact cartesian. A change of base ¢ : I — S s called faithful for a pawr (X,Y) of ¢ s
Jauthful with respect to morphisms f X =S, g: Y = S, and f Xsg: X XsY = S.

Using the criterions of Lemma 2.32 it is easy to deduce the following

Lemma 2.36 ([K1]). — Let f: X — S be a morphism and ¢ : T — S a base

change.

@) If @ s flat then it is faithful.
(@) If 'T and X are smooth and dim Xt = dimX +dim'T' —dimS then the base
change @ :'U' — S s faithful with respect to the morphism f : X — S.

Lemma 2.37 ([K1]). — If ¢ :' T — S s a fathful base change for a morphism [ :
X = S then we have ¢*(Zyrays(X)) C Zyrayr(Xn), and ¢*(Dyrass(X)) C YyearXr).
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Lemma 2.38 ([K1]). — If ¢ :' T — S s a base change faithful for a pair (X,Y),
and f s projective then we have ®g ¢* = ¢*Px, P = ¢ Pk, CD!K,1¢* = ¢* D}, and

Proposition 2.39 ([K1]). — If ¢ s faithful for a parr (X,Y), varieties X and Y are
projective over S and smooth, and K € 2°(X xsY) is a kernel such that ®x : 2'(X) —
DYY) is fully faithful then @k, : D"(Xr) — D' (Y1) is fully faithful.

Theorem 2.40 ([K1]). — If 2"'(Y) = (P, (2'(X)), ..., Pk (2" (X)))) is a semi-
orthogonal decomposition, with K; € 2'(X; xsY), the base change ¢ is faithful for all pairs
X1, Y), ... X,,Y), and all varieties Xy, ..., X,, Y are projective over S and smooth then
D"Yr) = (Pk, (2°(Xi1)), ooy Pk (2°(Xr))) is a semiorthogonal decomposition.

Note that though Xj,...,X,,Y are smooth in the assumptions of the the-
orem, their pullbacks Xr, ..., X,r, Yr under the base change ¢ are singular in
general.

We will need also the following theorem.

Theorem 2.41. — If S and Y are smooth and for any pont s € S there exists
an open neighborhood U C S such that 2°(Yy) = (P, (2 Xiv)), ..., Pk, (2 (X))
is a semiorthogonal decomposition then 2°(Y) = (®k, (2°(X))), ..., Pk, (2'(X,))) is also

a semiorthogonal decomposition.

Progf — We must check that for every i = 1, ..., n the functor ®g, : 2°(X;) —
2"(Y) is fully faithful. Equivalently, we must show that the morphism of func-
tors idgix, — Py Pk, is an isomorphism. Note that Z’(X;y) being a semior-
thogonal summand of an Ext-bounded category 2°(Yy) is Ext-bounded, hence Xy
is smooth, hence X; is smooth for any i. Therefore the functors @ are kernel
functors. Note also that the morphism of functors idgix,) = @i Pk, is induced by
morphism of kernels. Moreover, restricting this morphism of kernels from S to U
we obtain precisely the morphism of kernels corresponding to the canonical mor-
phism of functors idgix,,) = @i Pk, Since the latter morphism is an isomorph-
ism by assumptions for suitable U, it follows that the corresponding morphism of
kernels is an isomorphism over U. Since this is true for a suitable neighborhood
of every point s € S, we deduce that the morphism of kernels is an isomorphism
over the whole S, hence Pk, is fully faithful.

Further, we must check the semiorthogonality. Equivalently, we must show
that the functor <I>’KjCI>Ki is zero for all 1 <:<j <n As above we note that this
functor is a kernel functor. Restricting its kernel from S to U we obtain precisely
the kernel of the functor CDYK],L, ®g,,. Since the latter functor is zero by assumptions
for suitable U, it follows that the corresponding kernel is zero over U. Since this
is true for a suitable neighborhood of every point s € S, we deduce that the kernel
is zero over the whole S, hence CD!KJ,CDK[ =0.
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Finally, we must check that our semiorthogonal collection generates Z2°(Y).
Assume that there is an object in the orthogonal to (®k (2°(X))), ..., Pk (Z2°(X)))).
Then it is easy to see that its restriction from S to U is in the orthogonal to
(g, (Z2'Xiv)), oo, Pi (28 (X,1))). By assumptions we deduce that this object is
zero over U. Since this is true for a suitable neighborhood of every point s € S,
we deduce that the object is zero over the whole S. a

3. Splitting functors

Assume that &/ and Z# are triangulated categories and & : # — &/ is an
exact functor. Consider the following full subcategories of &/ and %:

Kerd = {Be Z| ®B) =0} C B,
Im® ={A=®B)|Be B C ..

Note that Ker® is a triangulated subcategory of %, and if @ is fully faithful then
Im® is also triangulated. However, if ® is not fully faithful, in general Im® is
not triangulated. If ® admits an adjoint functor then we have

Hom(Ker @, Im®') =0, if ® admits a right adjoint @',
Hom(lIm ®*, Ker®) =0, 1if ® admits a left adjoint ®*,

(evidently follows from the adjunction).

Definition 3.1. — An exact functor ® : B — of s called right splitting if Ker ®
is a right admissible subcategory in B, the restriction of ® to (Ker ®)* is fully faithful, and
Im @ is right admissible in < (note that \m ® = IM(PerpyL) @5 a tiangulated subcategory
of ). An exact functor ® : B — of is called left splitting if Ker ® s a lefi admissible
subcategory in B, the restriction of ® to +(Ker @) is fully faithful, and \m @ is left admissible
n .

Lemma 3.2. — A nght (resp. lefl) splitting functor has a rght (resp. lefl) adjomnt
Junctor:.

Proof — If Ker® is right admissible then (Ker®)* is left admissible and
we have a semiorthogonal decomposition Z = ((Ker ®)*, Ker ®) by Lemmas 2.4
and 2.3. Since ® vanishes on the second term and is fully faithful on the first
term it follows that ® = jo ¢ o i*, where 7 : (Ker®)* — % and j : Im® — &
are the inclusion functors, ¢* is a left adjoint to 7, and ¢ : (Ker ®)* — Im® is an
equivalence of categories induced by ®. Therefore @' :=io¢'oj' is right adjoint
to ® (functor ;' right adjoint to j exists because Im® is right admissible). ]

Theorem 3.3. — Let ® : B — o be an exact functor. Then the following conditions
are equivalent (1r) < (2r) < (3r) & (4r) and (11) & (2]) & (3) & (4]), where
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(1r) @ s right splitting;

(2r) @ has a right adjoint functor ®* and the composition of the canonical morphism
of functors idg — ®'® with ® gives an isomorphism ® = O D;

(37) ® has a right adjoint functor ®*, there are semiorthogonal decompositions

B =(md Kerd), = (Kerd' Im>),

and the functors ® and ' give quasiinverse equivalences 'm ®' = Im ®;

(4r) there exists a trnangulated category € and fully faithful functors o © € — <,
B € — B, such that a admits a right adjoint, B admits a left adjoint and
d = oo p*.

(1) @ s left splitting;

(20) @ has a lefi adjoint functor ®* and the composition of the canonical morphism of
Sunctors ®*® — idy with © gives an somorphism PP*P = P;

(8L) @ has a lefi adjoint functor O, there are semiorthogonal decompositions

PB = (Ker®, Imd*), & = (ImdD, Ker O*),

and the functors ® and ®* ge quasunverse equivalences Im ®* = Im P;

(41) there exists a triangulated category € and fully faithful functors o : € — <,
B 1€ — B, such that a admits a lefl adjont, B admits a right adjoint and
®=wop.

Proof. — (1r) = (27): using the formula of Lemma 3.2 for ®' we deduce that
O'® = i7" = . Composing with @ we obtain ®'® = jopi*i* = jepi* = ©.
(2r) = (8r): for any B € # let Ky be the object defined from the triangle

(1) Ky — B — ®'OB.

Applying the functor @ to this triangle and using the assumption we deduce that
d(Kp) = 0, e. Kg € Ker®. Thus any object B can be included as the sec-
ond vertex in a triangle with first vertex in Ker® and the third vertex in Im ®'.
Since these categories are semiorthogonal, we obtain the desired semiorthogonal
decomposition for A. Moreover, it follows from (27) that for A € Im® we have
A Z ®P'A, hence we have an isomorphism of functors id = ®®' on Im ®. On the
other hand, if B € Im®' then Ky = 0 since Kg is the component of B in Ker ®
with respect to the semiorthogonal decomposition % = (Im ®', Ker ®). Therefore,
id = ®'® on Im®'. Thus ® and ®' are quasiinverse equivalences between Im ®
and Im ®'. Finally, we note that for any B € Im®', A € & we have

Hom,, (®B, A) = Homy4(B, ®'A) = Hom,, (OB, dD'A)

since @ is fully faithful on Im®', hence ®®': & — Im® is a right adjoint to
the inclusion functor Im® — &7, hence Im® is right admissible, we have &/ =
(Im @)%, Im®) and it remains to note that (Im ®)% = Ker ®".
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(37) = (47): take € = Im® with « being the inclusion functor Im® — &7
and B being the composition of the equivalence Im ® = Im ®' and of the inclusion
functor Im ®' — 2. Then « admits a right adjoint because Im ® is right admissible
in &/ and B admits a left adjoint because Im®' is left admissible in % and we
evidently have ® = o o *.

(47) = (17): Im P = (%) is right admissible because @ admits a right adjoint
functor; on the other hand Ker ® = Ker(8') = *8(%) is right admissible as the left
orthogonal to B(%) which is left admissible because B admits a left adjoint functor.
Finally, ® = a0 B* restricted to (Ker ®)* = B(¥) is isomorphic to the composition
of an equivalence B(¥) = € and of a fully faithful functor « : € — &7, hence
fully faithful.

The equivalences (1/) & (20) & (3/) & (4/) are proved by similar argu-

ments. O

Corollary 3.4. — If ® is a nght (resp. lefl) spltting functor and V s s right (resp.
lefl) adjont then \V s a left (resp. right) splitting functor.

Proof. — Compare (3r) and (3/) for ® and W. O

Lemma 3.5. — If ether o/ or B is satwrated and ® : B — o/ s a right (resp.
left) splitting functor then ® s also a left (resp. right) splitting.

Progf. — Assume that 4 is saturated and @ is right admissible. Then Ker ®
and (Ker ®)* are saturated by Lemma 2.10. Moreover, Im® = (Ker ®)*, hence
Im® is also saturated. Hence by Lemma 2.11 both Ker® and Im® are left ad-
missible. Moreover, it is easy to see that the restriction of ® to *(Ker®) is iso-
morphic to the composition of the restriction of @ to (Ker ®)* with the mutation
functor Liero

Lkero

(Ker @)+ L (Ker @).
S
Im ®
But the upper arrow Lge ¢ is fully faithful on L(Ker ®) by Lemma 2.6, hence &
is fully faithful on *(Ker ®). O

We will also need an analog of the faithful base change theorem for splitting
functors.

Proposition 3.6. — In the notations of Proposition 2.39 if ¢ :'T — S s a faithful
base change for a pair (X,Y) over a smooth base scheme S, X and Y are projective over S
and smooth, and K € 2°(X xsY) is a kernel such that the functor ®x : 2*(X) — 2°(Y)

is splitting then the functor ®x, : 2'(Xr) — 2'(Yr1) is also splitting
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Proof. — Analogous to the proof of Proposition 2.42 of [K1] using crite-
rion (2r) or (21) to check that the functors are splitting. m]

The class of splitting functors is a good generalization of the class of fully
faithful functors having an adjoint. Recall that it was proved by Orlov in [O2] that
any fully faithful functor having an adjoint between derived categories of smooth
projective varieties is isomorphic to a kernel functor. It would be nice to prove
the same result for splitting functors.

Comjecture 3.7. — A splitting functor between bounded derived categories of coherent
sheaves on smooth projective varieties s isomorphic to a kernel functor.

4. Lefschetz decompositions

Assume that X is an algebraic variety with a line bundle Ox(1) on X.

Definition 4.1. — A Lefschetz decomposition of the derived category 2'(X) is
a semiorthogonal decomposition of D'(X) of the form

(2> 9b(><) == ('%’ 'Qfl(l)’ seey ‘Q{i—l(i - 1)>’
0C A, CoyC- - Ca CyC DX,

where 0 C | C Ay C -+ C A CAy C D"X) is a chain of admissible subcategories
of DY(X). Lefschelz decomposition is called rectangular if | = g = -+ = | = .

Let a; denote the right orthogonal to 7y, in . The categories ay, a;,
..., @i— will be called primitive categories of the Lefschetz decomposition (2). By
definition we have the following semiorthogonal decompositions:

(3) 'Q%k: (ak, ak+1,...,ai_1>.

If the Lefschetz decomposition is rectangular then we have ay =a;, = -+ = a_y
=0 and a_, = Z_,.

Assume that the bounded derived category of coherent sheaves on X, 2(X)
admits a Lefschetz decomposition (2) with respect to Ox(1). If X is smooth and
projective then its derived category 2°(X) is saturated and admits a Serre functor.
Therefore for every 0 < £ <i— 1 the category % is saturated and has a Serre
functor too. Moreover, for every 0 < £ < i— 1 the primitive category a; is also
saturated and has a Serre functor.

Let o @ (k) > 2"(X) denote the embedding functor and let «f, o' :
2"(X) — (k) be the left and the right adjoint functors. Let Sy denote a Serre
functor of 2°(X), Sx(F) = F ® wx[dimX], and let S, denote a Serre functor
of .
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Consider the restriction of the functor of : 2"(X) — % to the subcategory
A (k+1) C 2"(X). It follows from (2) that (4 i(k+ 1)) =0, hence it factors
through the quotient (/% 1)k + 1).

Lemma 4.2. — The functor o : () A1)k + 1) — s fully faithful.

Progf. — It is clear that ay(k+ 1) is the right orthogonal to . (k+ 1) in
(k4 1), hence we have to check that « is fully faithful on a,(k+ 1). For this
we note that

4) ap(k+ 1) C{r (k+ 1), oy Z (= D) = (e, A1), oo, F(R)),

since for [ > k+ 1 we have Hom(%(l), a,(k + 1)) = Hom(=«(/ — 1), a;(k)) and
(=1 C G (—=1), a(k) C k), while Hom(, (k + 1), ar(k + 1)) =
Hom(%1, a;) = 0 by definition of a;. On the other hand, we have

(9) a(k+1) C H (), ..., Z(F)),

since for 1 <[ < k we have Hom(a.(k + 1), .«7(l)) = Hom(a,(k), </(l — 1)) and
(1 —1) C (= 1), ap(k) C (k). It follows from (4) that the functor of
restricted to a;(k+1) is just the left mutation of a,(k+1) through (7 (1), ..., @ (k)).
But the left mutation through an admissible subcategory induces an equivalence of
its left orthogonal to its right orthogonal by Lemma 2.6, and a,(k+4 1) lies in the
left orthogonal to (% (1), ..., & (k)) by (5). O

Lemma 4.3. — We have the following semiorthogonal decomposition of <7,
(o5 (ag(1)), o5 (a1(2)), ..., ag (@i (D).
Progf. — Yor any F € o, I € a;, we have
Hom(a;(F'(1 + 1)), F) = Hom(F'(/ + 1), F) = Hom(F, Sx(F'(/ + 1)))*
= Hom(F, o, Sx (F'(Z + 1)))",
therefore (af(a,(1 + D))+ = L(ozE)SX(Cll(l + 1))). Thus for the semiorthogonality
we should check that for any & < [ we have Hom(aj(a;(k + 1)), oy Sx(a,({ + 1)))

= 0. For this we note that the inclusion (5) (with £ replaced by /) implies that
a4+ 1) C{dy(+1), .., (—1),8' %) by Lemma 2.18, hence

Sx(a,(I+ 1)) C(Sx(Ap1 (I + 1)), ..., Sx (A, (i — 1)), ).

Comparing this with the inclusion (4) for a,(k41) and taking into account that by
Lemma 2.18 we have a semiorthogonal decomposition 2°(X) = (Sx(4;,([+ 1)),
o Sx (o (i = 1), A, (1), ..., Z(l)), we deduce that Hom(eg(ax(k + 1)),
aéSX(al(l—l— 1))) = Hom(a,(k+ 1), Sx(a;(/ 4 1))) which by the Serre duality is dual
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to Hom(a,(/ + 1), a,(k + 1)) = Hom(a,(/), a;(k)) which is zero since a,(/) C @Z(l)
and a(k) C (k).

Now assume that I lies in the right orthogonal to the collection (o (ay(1)),
o (a(2)), ..., o (a1 ())) in o%. By adjunction ay(F) is in the right orthogonal
to (ao(1), a;(2), ..., g1 () in 2°(X). But ay(F) € o = (A (1), ..., F_,(i — )",

therefore
ao(F) € (ag(1), Z (1), a1(2), (2), ..., tio(i — 1), F_1( — 1), ai_y (i)

It remains to note that by definition of subcategories ay,...,a_; we have
(ag(D), A (D) = (D), (a1(2), #(©2)) = HA(©2), ... (a0 — D, (- 1) =
_o(i—1), and a;_, () = _,(i), so we see that ay(F) € (A (1), 2 (2), ..., Z_ ()*
which means that F = 0 since (24(1), #(2), ..., %_1(i)) is evidently a semior-
thogonal decomposition of 2°(X). a

Lemma 4.4, — We have o (Ay(1), ..., (1)) € (i (ao(1)), ... &% (1 (1))

Proof — We have < (k+1) = (a,(k+1), &1 (k+1)) and o (i (k+1)) =0
for any 0 <k <r—1. |

Lemma 4.5. — Triangulated subcategory of 2'(X) generated by <Ay, (1), ...,
2y(r — 1) coincides with (A, <, (1), ..., ,_(r — 1)).

Proof — It is clear that the latter category lies in the former. On the
other hand, it is clear that 2, (1), ..., (r — 1) C (), ..., T (i — 1))t =
(A, (D), ..., 1 (r = 1)). O

5. Universal hyperplane section

Assume that X i1s a smooth projective variety with an effective line bundle
Ox(1) on X and assume that we are given a Lefschetz decomposition (2) of its
derived category. Let V* C I'(X, Ox(1)) be a vector space of global sections. Put
N =dimV. We assume that

(6) N >i.

Consider the product X x P(V*). Let (k) X 2°(P(V*)) denote the trian-
gulated subcategory of 2°(X x P(V*)) generated by objects FXXIG with F € (k)
C 2/(X) and G € 2(P(V*)). Note that

(k)R PPV =
(A (k) B Opvsy, (k) B Opyy (1), ..., (k) B Opeyy (N — 1)).
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Indeed, the RHS is evidently contained in the LHS. On the other hand, take any
FX G with F € @ (k) and G € 2°(P(V*)) and consider the decomposition of G
with respect to the semiorthogonal decomposition 2°(P(V*)) = (Opxry, Opp (1),
eees Opeyry(N = 1)). Tensoring by F we deduce that FIXG is in the RHS.

Every category 7,(k) X Opy+)({) is equivalent to 7%, hence saturated, hence
admissible, therefore .o7.(k) X 2°(P(V*)) is also admissible and saturated. Moreover,
it i1s clear that we have the following semiorthogonal decomposition

2'(X x P(V¥)) =
(% R 2" ®V)), (1)K PNVY), ..., d_1 (i — 1) R D" PVY)).
Indeed, semiorthogonality in the RHS follows from the Kiineth formula
RHomXxP(V*) (F1 X GI’ F2 X GQ) = RHomx(Fl, FQ) ® RHomP(V*) (GI’ GQ)

for all F|,F, € 2°(X), G, Gy, € 2(P(V*)) and admissibility of components of
the RHS was verified above. Finally, taking any F € 2/(X), G € 2'P(V")),
considering the decomposition of I' with respect to (2), and tensoring it by G we
deduce that FIX G is in the RHS. Since 2°(X x P(V*)) is generated by objects
of the form FX G we see that the RHS equals to the LHS.

Consider the universal hyperplane section of X, that is the zero locus 2| C
X x P(V*) of the canonical section of a line bundle Ox(1) X Opw+(1). Let
7: Z — X and f: Z — P(V") denote the projections, and let ¢ : 2 —
X x P(V*) denote the embedding. Note that 2] C X x P(V*) is a divisor of
bidegree (1,1) and we have the following resolution of its structure sheaf

The following lemma is useful for calculations of Hom’s between decompos-

able objects in 2'(.2).

Lemma 5.1. — For any F,Fy € 2/(X), G, Gy € 2*(P(V*)) we have an exact
triangle
RHomy (F, Fo(—1)) @ RHomp(y+ (G, G2(—1))
— RHomx(Fl, FQ) ® RHomP(V*) (GI’ GQ)
— RHomy, (*(F, X Gy), " (Fy X Gy)).
Progf. — Tensoring resolution (7) by (Ff ® Fy) M (G} ® Gy) and applying R’
we obtain the following exact triangle
RI(X x P(VY), (F] ® Fo(—1)) K (G} ® Go(—1)))
— RCX x P(VY), (F] @ F,) K (G] ® Gy))
— RE(Z, 7 ((F] ®@ Fo) B (GT ® Go))).
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Rewriting RI' in terms of RHom’s and applying Kiineth formula we obtain the
desired triangle. |

Corollary 5.2. — The functor w* : D' (X) — D*(X1) is fully faithful. Moreover, for
any ¥, Fy € 2"(X) and 1 <k <N — 2 we have RHomy; (n*F,, 7*F, ® f*Opy+y(—Fk))
=0.

Progf. — Take G| = Op+, Gy = Opy+(—k). Then we have isomorphisms
s ¥ G) = 7F, and #F, X Gy) = 7#F, ® f*Opn+(—k). Since
RHomp(w)(ﬁp(W), ﬁp(v*) (—/f)) =0 for 1 < k =< N—-1 and RHomP(V*)(ﬁP(V*), ﬁP(V*))
=k, the first term in the triangle of the lemma vanishes for 0 < £ <N —2 and
the second term equals RHomy (I, Fy) for £ =0 and vanishes for 1 <A <N -1
whereof we obtain the claim. |

Lemma 5.3. — For anp 1 < k < i— 1 the functor (k) X 2'®(V*)) C
2'(X x P(V*)) LN DN is fully faithful, and the collection
(A () RD' PV, ..., d1(i— 1) KD PV)) C Z'(2)

i semiorthogonal.

Proof — Let 1 <k <[ <i-1, take F| € (), Fy € k), G|,G,y €
2'(P(V*)) and consider the triangle of Lemma 5.1. Its first term vanishes since
F, € @) and Fo(—1) € o (k— 1) C o_,(k — 1). Therefore, in the case k£ = [
we see that the functor * : (k) X 2°(P(V*)) — 2°(2)) is fully faithful. On the
other hand, for 1 < £</[<i—1 the second term vanishes as well, since F, € .&7([)
and Fy € o7 (k). Therefore the above collection is semiorthogonal.

It remains to check that categories (k) X 2'(P(V*)) are admissible
in 2°(Z)). For this we note that they are saturated, hence admissible in 2°(2)).

O

Let € denote the right orthogonal to the subcategory (<7 (1)K 2" (P(V*)), ...,
(i —1) R Z2'PNVY))) in P'(Z)),
8) ¢ = (A K D PN, ... (i — 1) K Z RNV

L
2" 2"
Let ¥y : ¢ — 2°(Z)) denote the inclusion functor. Since the subcategories
(1) X 2P PV)), ..., T (i — 1) X 2'(P(V*)) are admissible it follows that € is
left admissible, hence the functor y has a left adjoint functor y*: 2(27) — €.
Note that the subcategory (7 (1) X Z2'P(V*)), ..., (i — 1) K 2°@P(V*)))
C 2°(Z)) is P(V*)-linear. In particular, the functor F — F @ f*Opn+ (1),
PNZ) — P'(Z)) restricts to an endofunctor of % which we denote simply
by F i F(1).
Consider the composition of functors 7, 0y : € — 2°(X).
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Lemma 5.4. — The wmage of the functor mw, oy s contained wn the strictly full
subcategory <ty C P'(X).

Proof — If F € k), 1 < k < i—1, and FF € € then we have
Hom(F, 7. (y(F"))) = Hom(*F, (F')) = 0 since 7*F € (k) X 2°(P(V*)). Thus
7. (y(F)) is contained in the right orthogonal to the subcategory (2 (1), ...,
&_1(i— 1)), which by (2) coincides with .2%. O

Consider the functor y* o * : 2°(X) — % which is left adjoint to 7, o y.
In Proposition 5.7 below we will show that the restriction of this functor to the
subcategory 7, C 2°(X) is fully faithful. We start with two lemmas.

For any object F € 2°(X) consider the decomposition of 7*F € 2°(2))

9) Fiy > 7'F — Fy

with Fg € €, Fig € € = (A (1) K 2’ P(VY), ..., Z_1 (i — 1) K Z'(P(V"))). Then

it is clear that
(10) Fy = yy*n*F.
Lemma 5.5. — If RHom(F, 7, (F. (0, k))) = O then we have a canonical isomorph-
sm
Hom i) (T*F, 7*F (0, k)) = Homy (y**F, (y*7*F) (k).
Progf. — Applying the functor RHom(z*F, —) to the exact triangle Fi (0, k) —
7*F(0,k) — F,(0,%) and taking into account the isomorphism RHom(x*F,F. (0, £))

= RHom(F, 7, (F.(0,%))) =0 we deduce Hom(r*F,*F (0, k)) = Hom(rr*F, F,. (0, £)).
It remains to note that

Homgs( 2, (T*F, Fo, (0, k) = Homgi ) (" F, yy*m*F (0, k))

= Homg (y*m*F, y*m*F (k)). g

Recall the semiorthogonal decomposition %% = (o (ap(1)), ..., o (@ (i))) con-
structed in Lemma 4.3.

Lemma 5.6, — Let F € (g (ao(1)), ..., a(a,(k + 1)) C o C D'(X). Then

(1) X Opyey (—k), (1) W Opyy (1 = k), ..., (1) K Opyny (—1)
P e < D) R Opey(| — B o (2) B ﬁm(—1>>

«dk(/f.) X Opr+ (1)

Proof. — Consider the decomposition of 7*F with respect to the semior-

thogonal decomposition 2°(.27) = (€, @ (H)KZ'P(V*)), ..., Z_ (i—1)KZ'(P(V*))).
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Then Fiy is glued from its components in the subcategories <7 (1)K 2°(P(V*)), ...,
H_1(i — 1) K 2°P(V*)). First of all let us compute the component of 7*F in
A_1(i— 1)K 2 P(V*)). It is given by applying to 7*F the right adjoint functor to
the inclusion functor #_,(i—1)X 2°(P(V*)) — 2"(2Z7}). To compute this we take
Fie d (i—1), G € 2°(P(V")), F; =F, Gy = Opr+ and consider the triangle
of Lemma 5.1. The second term of this triangle vanishes because F, € @%_;(i— 1)
and F, € o, and the first term vanishes because

RHomx (Fy, Fo(—1)) = RHomx (I (1), Fy) = RHom, (er; (F; (1)), Fy)

and since I, € &_1(i—1) = a_;(i— 1) we have o}(F,(1)) € o(ai_(i)) which
is orthogonal to the category (og(ao(l)), ..., o (ax(k+1))) by Lemma 4.3. There-
fore the component of the object 7*F in the category #_ (i — 1) X 2°(P(V*))
is zero. Similar arguments show that the components of 7*F in @4 ,(i — 2) X
2PNV, .., D (k+ 1) X 2°(P(V*)) are also zero.

Now let us compute the component of 7*F in (k)X 2" (P(V*)). It is given
by applying to 7*F the right adjoint functor to the inclusion functor 7 (k) X
P2'P(V*)) — 2°(Z)). To compute this we take F, € k), G, € 2'P(V*)),
Fy =F, Gy = Opv+ and consider the triangle of Lemma 5.1. Note again that the
second term vanishes because F; € «7.(k) and F, € ., hence

RHOTT'IgLV1 (F1 X Gl, 7T*F) =
RHomx (I, F(—1)) ® RHomp+) (G, Oppv+ (—1))[1],

and since the embedding of @(k) X 2°(P(V*)) into 2°(Z)) is fully faithful by
Lemma 5.3, we conclude that the component of 7*F in (k) X 2°(P(V*)) equals
a0, (F(—1)) B Opys (— D[]

Now let us compute the component of 7*F in «_,(k— 1)K 2'P(V*)). It is
given by applying to the fiber of the morphism oy} (F(—1))XOppysy(—1)[1] — 7*F
the right adjoint functor to the inclusion functor #_;(k — 1) X 2°(P(V*)) —
2"(%Z)). To compute this we take F;, € «_,(k— 1), G, € 2"(P(V*)), and either
Fy = ayal(F(—1)), Gy = Opr(—D[1], or Fy = 7*F, Gy = Opp+. Repeating the
above arguments we see that the projection of the target equals oek_lot}f_l(F(—l))ﬁ
Opv(=1)[1], and the projection of source is the cone of the morphism
Olka}f(F(—1))(—1)®ﬁp(v*)(—2)[1] - Olk—lol}f_laka}f(F(—1))®ﬁ1’(v*)(—1)[1]~ Both pro-
jections are contained in % (k — 1) X (Opr+(—2), Opry+)(—1)), hence the same
is true for the corresponding component of Fig.

Proceeding in the same manner we deduce the rest of the lemma. ]

Now we can prove

Proposition 5.7. — The restriction of the functor y* o t* : P'(X) — € to the
subcategory <ty C D"(X) is fully faithful.
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Proof. — Take F,I' € 4. Then F, € T(2"'(X)) ® (Opps(1 — i), ...,
Oprv+(—1)) by Lemma 5.6. On the other hand, by Corollary 5.2 the pushforward
functor m, : 22 — 2°(X) takes the subcategory 7*(2'(X)) ®
(Opv+ (2 — N), ..., Opryr(—=1)) to zero. Since N > i by assumption (6), we con-
clude that m,F., = 0. Therefore, by Lemma 5.5 we have Hom(y*7*F, y*m*F') =
Hom(m*F, m*F’) which is isomorphic to Hom(F, }’) by Corollary 5.2. O

The following corollary is not needed below, however we put it here as an
illustration.

Corollary 5.8. — The functors w,y : € — 2°(X) and y*n* : D'X) - € e
splitting.

Proof. — The first functor is right adjoint to the second one, hence it suffices
to check that y*m* is splitting. Since Im(w,y) C o by Lemma 5.4 and y*7* is
fully faithful on <% we deduce that Ker(y*n*) =t = (# (1), ..., F_ (i — 1))
hence is admissible. Moreover, Im(y*m*) is equivalent to % and 4 is saturated,
hence Im(y*n*) is admissible. O

Let
1) j=N—1—max{k| % = %)
(note that j >0 by (6)). Then a;, =0 for k<N —1—j. Consider the subcategories

(12) G = v (@ (o (Ao (1)), ..., ag(an—j—o (N — £ = 1)))))
C 6o = y" (" (H)),

where we put @, =0 for /> i for convenience. Note that

(13) ¢ =0 for k>]|.
If the initial Lefschetz decomposition is rectangular then j = N —i and %4_, =
Co==% =%,

Lemma 5.9. — The chain of subcategories
0=%¢-,1C69C---C6 CCCTE
is a chain of admissible subcategories i .
Proof. — The category (og(ag(1)), ..., of(an—s—o(N — &k —1))) is generated by
a semiorthogonal collection (see Lemma 4.3) of admissible subcategories of .27,

hence admissible in o7, hence saturated. Therefore its image under fully faithful
functor y*r* : o/, — € is admissible. |
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Almost the same arguments show the following

Proposition 5.10. — The collection (6,—,(1—)), €,—9(2—)), ..., €1(—1), Co) s semu-
orthogonal in €.

Proof — Take F € o, ' € (aj(ag(1)), ..., af(an_—o(N — £ — 1))). Then by
Lemma 5.6 we have an inclusion F., € 7 (2°(X)K(O(0, k+2—N), ..., 0(0, —1)),
hence 7, (F. (0, —£)) = 0 by Corollary 5.2. Therefore, by Lemma 5.5 we have
an isomorphism Hom(y*m*F, y*7*F (0, —k)) = Hom(r*F, 7*F' (0, —k)) which equals
zero for 1 <k <j—1 by Corollary 5.2 (note that j—1 <N —2 by (11)). |

In the following section we prove that the semiorthogonal collection of the
proposition generates % . For the proof we use some additional assumptions, though
the fact must be true without them. It would be interesting to find a direct proof.

We conclude the section with a couple of lemmas that will be useful later.

Lemma 5.11. — We have Imm,y = o, Kery*n* = (o (1), ..., o_(i—1)), and
similarly Im y*n* = 6, Kerm,y =65~ D (6-1(1 —}), ..., 61 (—1)).

Progf. — Since Imm,y C 9 by Lemma 5.4 and the functor y*m* (which is
left adjoint to m,y) is fully faithful on % by Lemma 5.7, we deduce that Imm,y
= oy, Keryn" = Loy = ((1), ... i (i — 1)), and Imy*n* = y*7*(ah) = G,
Therefore Kerm,y = 65" D (6-1(1 —}), ..., €1(—1)) by Proposition 5.10. O

Lemma 5.12. — We have y*m*((y(1), ..., d,_o(r — 1)) C En_,-

Proof — Since (@ (1), ..., (i — 1)) = Ker(y*nr*) we have y*n*(F) =
y*m*ay(F) for any F € 2"(X). On the other hand, by Lemma 4.4 we have
ot ((y (1), oo, o (r — D)) C (o (ag(1)), ..., ai(a,_o(r — 1))) and by definition
of éx—, we have y*m*({ogf(ap(1)), ..., of(a,_o(r — 1)))) = G-, |

Remark 5.13. — Consider any smooth base scheme S (not necessarily com-
pact) and assume that p: X — S is an algebraic S-variety, projective over S with
an S-linear Lefschetz decomposition. Then all results of this section can be proved
by essentially the same arguments. We only should replace RHomy by p, R#omx,
and the Serre functor of X by the relative Serre functor of X over S (see [KI1]).

6. Homological projective duality

Recall the assumptions of the previous section: we have a smooth projective
variety X with an effective line bundle Ox(1), a Lefschetz decomposition (2) of
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its derived category, a vector space of global sections V* C I'(X, Ox(1)) such
that (6) holds, .e. N = dimV > i (i is the number of terms in the Lefschetz
decomposition). Assume also that the space V* generates Ox(1), so that we have
a regular morphism [ : X — P(V).

Recall that we denoted by 2 C X x P(V*) the universal hyperplane section
of X and by ¢ the right orthogonal to the subcategory (<7 (1) X 2'P(V*)), ...,
(= 1)K Z'PNV)) in P'(2),

L

¢ = (A KD PNV, .o, (i = D E D' RNV -

Note that the category % is a module category over the tensor category 2°(P(V*)):
if Fe ¢ and G € 2°(P(V*)) then F® f*G € ¢.

Now we need some additional assumptions. Assume that € is geometric, mean-
ing that ¢ is equivalent to the derived category of coherent sheaves on some al-
gebraic variety Y. Let @ : 2°(Y) — 2°(2) denote the composition of the equiv-
alence 2°(Y) — € with the inclusion functor y : € — 2°(2)). Further assume
that the module structure on % is geometric, meaning that there is an algebraic
morphism g:Y — P(V*), such that there is an isomorphism of bifunctors

PF®FG) =PI G, Fe2(Y), Ge2'®PNVY)).

In other words, the functor ® is assumed to be P(V*)-linear. Note also that the
functor ® : 2(Y) — 2°(2)) is fully faithful, hence by Orlov’s Theorem [O2] it
can be represented by a kernel on Y x 2}, at least if Y and X are projective.
Moreover, it is easy to see that P(V*)-linearity of the functor ® implies that the
kernel of @ is supported set-theoretically on the fiber product Y Xp+ Z]. Actually,
it is natural to conjecture that the kernel is supported even scheme-theoretically on the
fiber product (this must be a relative version of the Orlov’s Theorem). However, we
don’t address this question here, taking this as an additional assumption. Finally,
note that

Y xpovy Z1 =Q(X,Y) := (X X Y) Xpypras Q,
where Q = {(v, H) € P(V) x P(V*) | v € H} is the incidence quadric.

Defimition 6.1. — An algebraic variety Y with a projective morphism g : Y — P(V¥)
ts called homologically projectively dual to f : X — P(V) with respect to a Lefschetz
decomposition (2), if there exists an object & € @b(Q(X, Y)) such that the functor ® =
Op: DY) — D'(Z) is fully faithful and gives the following semiorthogonal decomposition

(14) P'(X) =
(@(Z2'(Y)), (1) B P ®NY), ..., H1 (i — 1) K] D' (PV))).
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In the next section we will explain the relation of homological projective
duality to the classical projective duality, and now we will state and prove the
main theorem about homologically projectively dual varieties.

For every linear subspace L. C V* we consider the corresponding linear sec-
tions of X and Y:

X; =X xpwy PLY),  Yi, =Y xps PL),
where I C V is the orthogonal subspace to L. C V*.

Definition 6.2, — A subspace 1. C V* s called admissible, i

(o) dim Xy, = dim X — dim L, and
() dimYy, =dimY +dimL — N.

The main result of this paper is the following

Theorem 6.3. — If 'Y is homologically projectively dual to X then
(@)Y is smooth and 2°(Y) admits a dual Lefschetz decomposition

P2'(Y) = (B-1(1 =), ... Bi(=1), By),
0C B\ C-CH CH DY)

with the same set of primitwe subcategories: By = (g, ..., AN_j—_2);
(@) for any admussible linear subspace L. C V*, dimL = r, there exist a triangulated
category 61, and semiorthogonal decompositions

-@b(XL) = (CgL’ '52{7(1)’ ceey 'Q{i—l(i - T))
-@b(YL) = (%—I(N —Tr—= ])7 ceey %N—r(_l)a CgL)

This theorem can be illustrated by the following picture:

Bis Bi7 Big Bis Bia Bis Bi2 Bii Bio By Bs By Bs Bs By Bz B2 Bi By

ap

ap

az

as

ay

as

Ao A1 Ay A3 Ag A;
Fic. 1. — Illustration of Theorem 6.3: N =20,i=6,j=19,r=3
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The bold Young diagram on the left represents the Lefschetz decomposition
of 2"(X) and the rest of the rectangle represents the dual Lefschetz decomposition
of 2°(Y). We divide the picture by a vertical line after the column with number
r = 3. The hatched area on the right of this line represents the part of the
Lefschetz decomposition of 2°(X) which is present in 2°(Xy), and the hatched
area on the left of this line represents the part of the Lefschetz decomposition of
2'(Y) which is present in 2°(Yy).

In fact the Lefschetz decomposition of 2°(Y) was constructed in the pre-
vious section. Indeed, by definition of homological projective duality the -cate-
gory 2'(Y) is equivalent to 4 and we have constructed a Lefschetz collection
G- (1 =), ..., 6 (—=1),6 C € in Proposition 5.10. The additional claim of the
first part of the theorem is that this collection generates 2°(Y) = €.

The claim of the second part of the theorem can be reformulated as fol-
lows. Derived categories of orthogonal admissible linear sections of homologically
projectively dual varieties admit semiorthogonal decompositions, one part of which
comes from the Lefschetz decompositions of the ambient varieties, and the addi-
tional parts are equivalent. This behavior, analogous to the Lefschetz theory for
cohomology of linear sections, was a motivation for our terminology.

Remark 6.4. — Actually, to prove the claim of Theorem 6.3 we don’t even
need to know that Y is homologically projectively dual to X. Instead assume
that 'Y is an algebraic variety, ¢ : Y — P(V*) is a projective morphism,

& e 9])(% Xpv+) Y) and

(1) the functor ®g : 2'(Y) — P°(2Z)) factors as &g = y o @e, where @ :
2'Y) - € is fully faithful;

(2) the functor ®ir* : 2"(X) — 2°(Y) is fully faithful on the components
aj(a(k+ 1)) of the semiorthogonal decomposition of the category &% C
2"(X) constructed in Lemma 4.3;

(3) the subcategories %, = Prm*((af(ap(l)), ..., af(an_—o(N — £ — 1)))) =
e (6,) C By = ¢5(6;) form a semiorthogonal collection (%_;(1 —)),
B2 =10, .., Bi(—1), By) in 2°(Y).

Then we prove that ¢g : 2'(Y) — € is an equivalence (so that a posteriori Y
is homologically projectively dual to X) and that the claims of Theorem 6.3 hold
true. Note also that if Y is homologically projectively dual to X then the assump-
tions (1)~(3) above are satisfied, so our arguments prove Theorem 6.3 as well.

From now on we take the assumptions 6.4(1)—(3).

6.1. Unwersal families of lnear sections. — 'To prove the main theorem it is
convenient to consider the universal families of linear sections of X and Y. All
r-dimensional subspaces L. C V* are parameterized by the Grassmannian Gr(r, V*)
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which we denote for short by G,. Let .Z, C V* ® Og, be the tautological rank r
subbundle on the Grassmannian G, and let £+ = (V* ® Og /%) C V® U,
be the orthogonal subbundle. Then the universal families of linear sections of X
and Y are

Z, = (X x G,) Xpw)xg, Pg, (£ C X x G,
% = (Y x G) Xpvx6, Pe (L) CY x G,

It is clear that both 2, and %, are fibred over G, = Gr(r, V*) with fibers X,
and Y, over a point corresponding to a subspace L C V*.

Consider the fiber product 2, Xg, %, and the projection w, : Z, Xg, ¥, —
XxY. Since for any vector subspace L. C V* the product P(L*) xP(L) is contained
in the incidence quadric Q C P(V) x P(V*) it follows that m, factors via a map
;2 xe, % —> QX Y) c X xY.

Consider the object & = *& € D'(Z, xg, %) as a kernel on 2, x ¥,. It
gives the following kernel functors ®, = @5 : 2(%) - 2"(Z2,) and @' = CD('@ :
DL, — P(%). We will check below that the functors @, are splitting for all r
and that there exist the following semiorthogonal decompositions

PNL) =%, A1) R DNG,), ..., oy (i — 1) B DNG,)),

D@ = (BN =1 = DR DG, ... B (~1) R 7(G,). E),
where €, = Im®,. After that we deduce from this the main Theorem 6.3 using
the faithful base change Theorem 2.40.

For the proof of the above decompositions we use induction in r. Note that
for r =1 we have G| = P(V*), %] =Y, %] is the universal hyperplane section
of X and & = &, hence the base of induction is given by the definition of
homological projective duality (6, = ¢ = 2°(Y)).

To compare the universal families Z,_,, %,_; and Z,, %, we take for a base
scheme

S, =Flr—-1,n V) CGr(r—1,V") x Gr(r, V’) = G,_; x G,,

the partial flag variety The scheme S, parameterizes flags L,_; C L, C V* such
that dimL, ; = r — 1, and dimL, = . Let ¢ : S, > G,_; and ¥ : §, —> G,
denote the natural projections. Let £, = ¢*%,_,, & = y*%, L+ = ¢* L+,
.ifL = ¢Y*Z+. Then we have the universal flags of subbundles

(15) L CcL V' ®0s, LC L VR0,

Denote
L =21 xg 8 CXxS, 2 =2 x¢8 CXxS8,
Y | =% %6, 8 CYXS,, F =%xg8 CYXS,
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Note that
21 =Xx8,) XP(V)xS, Ps,(%fl), 2, =XxS8,) XP(V)xS, Ps,(«i%l),
%= x8,) XP(V*) xS, Ps7.($—1), % =(Y x8,) XP(V*)xS, Ps,(Z)-

Therefore the embeddings (15) induce embeddings & : 2, —> Z_, and
n:%_, — %. Consider the following commutative diagrams (the squares marked
with are exact cartesian by Lemma 2.32, because the maps ¢ and ¥ are flat)

&r ~ n ~ 8r—1
S, 9 Y S,

| @] e

E &r—1
Gré% %—1 L>(;'r—l

(16) \ \
S, <l g s,
J@ @

i Jr—1

Gré % %—1 —G,_,

where f_y, f, g1 and g are the natural projections and ¢ = po&, ¥ =Y on.

Let 6,1 € XZ-1 xs 1) and &, € D(Z, xs, %) denote the pullbacks
of the objects &,_, and &, via the projections Z,_; Xs %_, — Z,_1 Xg, , -1,
Z. XS7.@: — Z, X, %,. Then we have the corresponding kernel functors o,_,, D,
e.t.c. between the derived categories of Z,_,, %_,, %, and @;

The induction step is based on relation of the functors ®,_;, ®,, ®,_, and
®, to the base change functors ¥*, ¥, ¢*, ¢, and to the functors of the push-
forward and pullback via & and 5. The relation to ¥*, V., ¢* and ¢, is given by
Lemma 2.38. The relation to § and n in a sense is the key point of the proof.
We prove that S*&),_l = &D,.n* and that the “difference” between é*cb,. and &);-—177!
is given by a very simple functor.

Other results in this section (e.g. the above semiorthogonal decompositions)
are proved by similar arguments using (either ascending or descending) induction
n 7.

The section is organized as follows. We start with some preparations con-
cluding with a description of the relation of the functors ®,_; and ®, to the
pushforward and pullback via § and n. Then we use induction in r to prove the
semiorthogonal decompositions.

6.2. Preparations
Lemma 6.5. — Y s smooth.

Proof — By assumption 6.4(1) the category 2°(Y) is a full subcategory of
2"(Z}). On the other hand, it is easy to see that the projection 2, — X is
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a projectivization of a vector bundle (the fiber of 2] over a point x € X consists
of all hyperplanes in P(V) passing through f(x) € P(V) which is nothing but the
projectivization of the fiber of the vector bundle f*Qpn,)(1) at x). In particular, the
map 2] — X is smooth, hence 27 is smooth as well. It follows that the category
2"(%Z)) is Ext-bounded by Lemma 2.25. Therefore 2°(Y) is also Ext-bounded,
hence Y is smooth again by Lemma 2.25. |

Recall that G, = Gr(r, V) is the Grassmannian parameterizing linear sections
of X and Y, and Z,, %, are the universal families over G, of linear sections. For
any variety equipped with a map to X x Y (e.g. for Q(X,Y) or Z, Xg, %) we
denote by O'(k,[) the pullback of Ox(k) X Oy(l) for brevity.

Lemma 6.6. — The projections X, — X, % — Y and ¢, : X, %6, % — Q(X,Y)

are smooth. In particular, %, and %, are smooth and
dim Z, =dimX +dimG, —r, dim%, =dimY 4+ dimG, +r — N,
dim Z, xg, % = dimX +dimY 4 dim G, — N.

Moreover, the maps f, : X, — G, and g, : %, — G, are projective.

Proof. — Note that we have the following isomorphisms

% = er(T, ,VX)’ % = GrY(r - 1’ 7/Y)’
2, xq, ¥ = Grox v —1,7%)

with the relative Grassmannians, where the bundles %%, %y are defined from exact
sequences

0—> % —>V'"® Ox— Ox(1) — 0,
0— Oy(—=1) > V'® Oy - ¥ — 0,

and 7 is the middle cohomology bundle of the complex
ﬁQ(X,Y)(Oa -1)—=>V'® ﬁQ(X,Y) — ﬁQ(X,Y)(l, 0).

From this and Lemma 6.5 we easily deduce the smoothness and compute the
dimensions. It is also clear that the fibers of the projections 2, - G,, and %, —
G, are linear sections of X and Y corresponding to subspaces L € G,, so they are
projective. O

Lemma 6.7. — In parts (1) and (i2) below k stands ether for r or for r — 1.

(2) ﬂgk is the zero locus of a section of vector bundle Ox(1) @.,ZZ; on X X 8S,;
() @; is the zero locus of a section of vector bundle Oy (1) @.,2’?;* on' Y X S,;
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(1) 3{ is the zero locus of a section of lne bundle Ox(1) ® (f/f_l)* on ,9//_1,
(i) @_1 is the zero locus of a section of lne bundle Oy(1l) ® (fi /,,?l)* =

Oy(1) ® (-’%/-’g/ﬂr—l) on @;

All these sections are regular.

Proof — The parts (1) and (z) evidently follow from the definition of Z : C
X x 8,. The parts (uz) and (i) follow from the exact sequences

0> (L)L) > L - L, —0,
0= (ZH/ L5 > (L) = (LH 0.

Finally, it follows from Lemma 6.6 that dim Z._, = dimX + dim$, — (r—1),
dimﬂ&i =dimX +dimS, — 7, since the base changes §, - G,_; and S, - G, are
flat. Therefore the sections in the parts (:) and (u#z) are regular. The sections in
the parts (#) and (i) are regular by similar reasons. O

Lemma 6.8. — For any r < k <i—1 the functors <K 2'(G,) C 2'X x G,)
— PNZ) are fully faithful, and the collection (<7, (1) K 2°(G,), ..., Z_ (i —r) K
P"(G,)) C D"(X,) is semiorthogonal.

Similarly, for any N —r < k < j— 1 the functors B, X 2"(G,) C 2°(Y x G,)
—— DX ae fully faithful, and the collection (Bi—(N—r—)XRD'G,), ..., Bx_,(—1)
X 2(G,)) C 2°(%,) is semiorthogonal.

Proof. — Analogous to the proof of Lemma 5.3 using the Koszul resolutions
of 0y on X x G, and of Oy on Y x G, (for the second part we use assump-
tion 6.4(3)). O

Now we describe the maps ¥ and ¢.

Lemma 6.9. — The maps ¢, V, b and ¥ are projectivizations of vector bundles.
Explicitly, ¢ is the projectivization of V* @ O] Ly, ¥ s the projectivization of L7, b is
the projectivization of Vx/Z,—\, and Iﬁ is the projectivization of (£,/Opvs)(—1))*, where
the embedding Opy+)(—1) — £, is induced by the projection %, — Pg (£,) — P(V*).

Proof. — By definition of S, the fiber of ¢ is the set of all lines in V*/L,_,
and the fiber of ¥ is the set of all hyperplanes in L,. Similarly, the fiber of ¢ is
the set of all lines in V*/L,_; contained in ¥,, where 7, is the fiber at x of the
vector bundle % on X defined in the proof of Lemma 6.6, and the fiber of v
is the set of all hyperplanes in L, passing through a point y € P(L,). m]

Applying results of [O1] we deduce the following.
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Corollary 6.10. — The functors ¢*, ¥*, ¢* and 1&* are fully faithful and we have
Gp" =id, Yyt =id, $d=id, PP =id

Recall that we have defined the objects & on 2, xg, %] as the pullbacks of
&€ 2"(QX,Y)) via the map Z;xg % — Q(X,Y), and the objects &_, and &
as the pullbacks of &_, and &, via the maps ¢ : Z._ Xs, Y - X, Xe,_ Y
and ¥ : 2, Xs, Y - 2 Xg, %. The functors @, |, ®,, @' ,, O, CI),_I, o,
®'_, and @' are kernel functors of the first and second type correspondlng to

the kernels éi_l, &, éi._l and é", respectively.

Lemma 6.11. — The functors ®,_;, ®,, &, | and ®, have right adjoint functors
o, ®, D, and D, and lft adjoint functors ®* |, dF, O* | and D*. All these
Junctors ta/fe bounded derived categories to bounded derived categories.

Progf. — First of all note that & = ¢*& is bounded because ¢, : 2, Xg, %, —
Q(X,Y) is smooth by Lemma 6.6. Since 2, and %, are smooth by Lemma 6.6 it
follows that the pushforward of &, to Z, x %, is a perfect complex. In particular
it has finite Tor and Ext-amplitude over 2, and %,. On the other hand, the
projections of 2, Xg, %, to the factors are projective because the projections of
Z, and %, to G, are projective by Lemma 6.6. Therefore by Lemma 2.27 the
functor @' is right adjoint to ®, and by Lemma 2.28 there exists a left adjoint
functor ® to ®,. Moreover, all these functors take bounded derived categories
to bounded derived categories. The same arguments prove the rest of the lemma.

O
Proposition 6.12. — We have functorial isomorphisms
¢*<Dr—1 =0, 9", YO, =Dy,
$. D, 2O, 1., YD, =Dy
Proof. — Note that the base changes ¢ and ¥ are smooth, hence they are
faithful by Lemma 2.36 and we conclude by Lemma 2.38. ]

Now we go to the relation of the functors ®,_, and P, to the pushforward
and pullback via § and 7.
Consider the following diagram

3;7 Xs, @;—1 —— 3;7 xs, ¥
| |
3&—1 Xs, @:—1 — 3;7—1 Xs, g:—ﬂ>X xY

where 7 is the composition %_1 Xs,?i, - :%;,._1 X @: C(XxS)x(Y¥YxS,) > XxY.
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Lemma 6.13. — The maps & and n in the above diagram are divisorial embeddings
and

() =) ®0(1,0)® (L)L ) -1],

(17) , .
(=) =n"(-)®00,1)® (Z/ZL-DI-1]

Moreover, we have the following scheme-theoretical equalities

(Zio1 x5, D) N (2, xs, D) = T, xs, D,

18 - - - -
i (Zro1 x5, D) U (2, x5, ) = 771 (QX,Y))

and the following square 1is exact carthesian

(2 Xs, 7)) U(Z, Xs, ) i 21 X, Y,
(19) ls l
QX Y) i X x Y.

Progf. — Consider the projections of 35;, Xs, @:_1, %ﬁ_l Xs, @:_1, 3&;, Xs, @:
and 2| X5, % to X x Y. It is easy to check that their fibers over a point
(x,9) € (X,Y) are subsets of the flag variety FI(r — 1, 7; V*) =8, consisting of all
flags L,_; C L, satistying the following incidence conditions

»C L yCcL_,Cc
N , N )
| a4 L,
L, L, C7
N and N
yCL C¥ yCL,

respectively. In particular, the first three fibers are empty if (x,y) € Q(X,Y). On
the other hand, over Q (X,Y) the first three fibers are irreducible, have dimension
r—DIN=7r—1, ¢ =1DN—=r) and (r — 1)(N —r) respectively, and the first of
them 1s the intersection of the other two. The fourth fiber is irreducible and
(r — 1)(N —7)-dimensional if (x,y) € Q(X,Y) and for (x,7) € Q(X,Y) it coincides
with the union of the second and the third fibers (if y C #; and y ¢ L, then
L, = (» L) C 7%). It follows that images of & and 1 have pure codimension 1.
Since they are also zero loci of line bundles by Lemma 6.7(z) and (w), we
conclude that & and 7 are divisorial embeddings.
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The above arguments also prove the first equality of (18) on the scheme-
theoretical level and the second equality on the set-theoretical level. Taking into
account that the RHS of the second equality is the zero locus of the line bundle
Ox(1) ® Oy(1) by definition of Q(X,Y), and that the LHS of the equality is

the zero locus of the line bundle (Ox(1) ® (Z/.Z-)*) ® (Oy(1) Q@ (L)L) by
Lemma 6.7(zz) and (w), and noting that these bundles are isomorphic, we deduce
that the second equality is also true on the scheme-theoretical level.

Finally, we note XXY is Cohen—Macaulay, and that it follows from the above
description of fibers of 7 that Z. —1 Xs, @ is Cohen—Macaulay as well. Therefore
the square (19) is exact cartesian by Lemma 2.32(u). O

Consider the pullback & = *& of & from QX,Y) to (3&” | Xs, Y U
(Z. Xs, %). The following lemma gives a relation of &,_; and &,

Lemma 6.14. — We have the following exact triangle on Z._\ Xs, XY
20 86,0, -D® (L)L) — i — 0.

Moreover, we have an isomorphism on Z, Xs, % :

21) 7'E = 86

and an isomorphism on Z,_; Xs, ¥,

(22) LE = RLE.

Proof. — Since the square (19) is exact cartesian we have z*@?"\ = ("6 =
*1,& which gives us (22). Triangle (20) can be obtained by tensoring the resolution
(the twist of the left term is determined by Lemma 6.7(w))

0— ﬁ%Xs,”j,(O’ _1) ® ("2/"5’5—1)* - ﬁ(%qu,@—lN(%“,%)

- ﬁ%quf«”iﬂ — 0

with & and applymg i, since the pullback of & to Z_, xs, #_ and Z, x5 %,

coincides with &,_; and &, respectively. Finally, (21) is evident, because both sides
are 1somorphic to the pullback of & ]

Corollary 6.15. — We have the following exact triangles of functors belween 7€ 28
and D'(%)):

(23) CT>,_177! — S*&)r g q’iﬁ((},l)@(ﬁ/ﬂ-l)’
(24) o N JE T i

i+&0,)(L/L-1)
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and the jfollowing canonical isomorphism of functors from DN\ 1o DNZL):

(25) ED,_ = .,

Proof. — Twisting triangle (20) by (0, 1) ® (L)L), considering its terms
as kernels, and taking into account the second formula of (17) we obtain trian-
gles (23) and (24) by Lemma 2.30. Finally, isomorphism of kernels (21) gives an
isomorphism of functors (25). |

Lemma 6.16. — (1) The map Z, %6, % — % xyQ (X,Y) nduced by the projection
X, xe, ¥ — % and by the map ¢, @ X, xg, ¥ — QX,Y) w5 a closed
embedding and its tmage s a zero locus of a regular section of the vector bundle
(Z/Ov(=1))" @ Ox(1) on & xy QX,Y).

(@) The map Z, xg, %, — X, xx Q(X,Y) induced by the projection Z, X, ¥,
— 2, and by the map ¢, : Z, %6, % — Q(X,Y) w5 a closed embedding and ils
image is a zero locus of a regular section of the vector bundle (£*]Ox(—1))* ®
Oy(1) on Z, xx Q(X,Y).

Proof. — Recall the notation of the proof of Lemma 6.6. It is clear that we
have

2, xg, ¥ = Groxv(r— 1, %),
Y xy QX,Y) =Grox v —1,7%), and
2 xx QX,Y) = Grgx.v (7, 7%).

Also, the tautological bundle on Grgxy)(r — 1, %) is isomorphic to .Z,/0x(—1),
and the tautological bundle on Grgx v)(7, %) is isomorphic to .Z,. Moreover, by
definition of vector bundles 7%, 74 and %, we have 7, = Ker(%y, — Ox(1)) =
Coker(Oy(—1) — 7%). Finally, it is clear that the map 2, xg, % — % xyQ (X,Y)
is induced by the embedding ¥, — 75, hence it is a zero locus of a section of
the dual tautological bundle on Grgxy)(r — 1, %5) tensored by Ox(1), which is
nothing but (£,/0y(—1))* ® Ox(1) in this case. Similarly, the map %2, x¢, ¥, —
2, xx Q(X,Y) is induced by the projection #x — 7, hence it is a zero locus
of a section of the tautological quotient bundle on Grgx v)(r — 1, %) tensored by
Oy(1), which is nothing but (Z+/0x(—1))* ® Oy(1) in this case. The regularity
of both sections is evident. O

Lemma 6.17. — We have

D) Mm@, C [(F(1), ... Fa(i — 1) B PNG)]" € PN
@) (B (N —1—1]), ..., Bxn_,(—1)) K Z)(G,) C Ker®, C 2°(%)).
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Proof — (1) Consider the following commutative diagram
2, - 2, x¢, U — 2
| :
Y~ W xy QX Y) .
Y QX.Y) : X

(the square marked with i1s exact cartesian by Lemma 2.32 since the map
w:% — Y is smooth by Lemma 6.6). One can check that the functor m, o ®, :
PN%) — P"(X) is a kernel functor with kernel /& on %, xy Q(X,Y). Further,
by definition & = (7w 0))*& = j*n*&, hence }.&, =), )" 7*E = 7% & ju O, 1,7 On
the other hand, by Lemma 6.16 we have a Koszul resolution

0—> A'(ZL/Oy(—1) @ Ox(1 — 1)
— o> N(ZL/Ov(=1) ® Ox(—2)
— (L /0y(-1)) ® Ox(—1) — ﬁ%x\rQ(X,Y) %].*ﬁ,%;m,% — 0.

Considering 7*&® A'(Z,/Oy(—1)) ® Ox(—t) = (& ® Ox(—1))  ¢* A'(Z,/ Oy (—1))
as a kernel on % xy Q(X,Y) we note that the corresponding kernel functor
W, : Y% — P"(X) takes form

G > pr, (176 ® Ox(—) ® "N (L) Ov(—1) ® ¢"G)
= p.(6® Ox(=1) @ Mg (N(ZL/ Ov(=1)) ® G))
= (6 ® ¢ (N(Z/ Ov(=1)) ® G) ® Ox(—1))
= O (7, (N(ZL/Ov(—1) ® G)) ® Ox(—1)

(in the second isomorphism we used exactness of the square marked with
symbol). Note that the kernel functor @ : 2°(Y) — 2"(X) given by the ker-
nel & € 2°(Q(X,Y)) is isomorphic to the composition of the kernel functor
Os: P(Y) - 2°(Z)) (which coincides with y o ¢ by 6.4(1)) and of the push-
forward functor m, : 2%(2)) — 2"(X). Therefore ImW¥, C (Imm,y) @ Ox(—1)
which coincides with % (—¢) by Lemma 5.11. It follows that Im(w,®,) C
(A1 — 1), ..., d(—1), ). But the latter subcategory of 2’(X) coincides with
(1 = 1), e, 1) = (H(1), ..., F_,(i — 1))t by Lemma 4.5. Therefore we have
Im(,®,) C ((1), ..., (i —r)t. Since the functor ®, is G,-linear it follows
that Im(®,) C [(A(1), ..., Z_, (i —r)) K 2°(G)]*.
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() Similarly, consider the following commutative diagram

2, - 2, %6, ¥ ! 2
! |

. 2, xx QX Y) —— 2;
NE

Y ! QX Y) ! X

(the square marked with is exact cartesian by Lemma 2.32 since the map
7 : %, — X is smooth by Lemma 6.6) and functor ®, o 7* : 2°(Y) — 2°(Z,)
which is a kernel functor with kernel 7€ ® .0y «o 5 on Z, xx Q(X,Y). On
the other hand, by Lemma 6.16 we have a Kozsul resolution

0= ANH(LH/Ox(=1) ® Oy(14+7—N)
— o> AL O (1) ® Oy(—2)
= (L1 0x(=1) ® Ov(—=1) = Opixaxv) = JxOnixe, % = 0.

The kernel functors ¥, : 2°(Y) — 2°(2,) given by the terms of this resolution
tensored by m*& take form

U, : G 1 0u(G(—0) ® N(ZL/Ox(=1)), t=0,...,N—r—1.
IfGe(B_(N—r—j),.., Bx_,(—1)) then for any t=0,1,...,N—r—1 we have
G(=0) € (B (1 =), ... Bi(=1)) C By = (¢(Go)*
by assumption 6.4(3). By adjunction we have ¢s(G(—t)) € €;-, and by Lemma 5.11
this implies that ®gs(G(—1) = . y9s(G(—1t)) = 0. In other words, we have

W,(G) = 0. Thus we obtain an inclusion (B_ (N —7r —})),..., Bn_,(=1)) C
Ker(®, o *), and the claim follows since ®, is G,-linear. O

Lemma 6.18. — We have CD;“g(O 1)([((52/,_1(1), v i—r+ D)X 2°(S)]H) C
’@N—r(_l) X 9b(sr)

Proof. — First of all we note that the claim is equivalent to

O ({1 (1), s Fa (= 1+ YR P'S)]) € B, B P'(S))
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which we will prove. Consider the following commutative diagram

q

@; %—1 Xs, Y, 1
Ji lj
Y xS, ! 3&7,_1 xY ! ~,_1
ni N
q V4
Y XxY X

(the squares marked with are exact cartesian: the first by Lemma 2.32(xz) and
the second by Lemma 2.32(:)). Note also that mw o j = 7, hence & = j*n*i,&
by (22). It follows that

9,5(6) = p.(uF @ 4C) = (TLE © ) E (706 B jug'C)

that is ®; 7 = ®ns 0 jx, whereof by adjunction we have @7, = j* o @7, ,.
Therefore 1t suffices to check that

0% ([( A (D)oo i — 7+ D) B ZYS)]7) € B, RS,
in 2°(Y x 8,).

The LHS is evidently S,-linear, hence this is equivalent to

1@ o ([ (), e T (=1 + D) R P(S)]7) € B,
in 2'(Y).

But

D e (T*G) = po (7,8 @ ¢'1*G) = p (771, & @ T ¢*G)
Zpa" (8 QR ¢G) E 71,8 R ¢°G) = 17D, £(G),

~

that is ®,+,0 0o T* = 7% 0o @, » whereof by adjunction we deduce my o QL =
@7 o o my, where my is the left adjoint functor to 7*. Now note that for the
projection 7 : Y xS, = Y we have 7*(F) = 7'(F) ®w;l[— dimS,], hence m(G) =
7,(G ® ws, [dim§,]). On the other hand, the projection 7 : C%;,._l — X factors as
Z, 1 > X x 8, — X, hence by Lemma 6.7(:) we have

m(F) = 1,(F® Ox(r — 1) @ ws, ® det £ [dim S, — 7 + 1]).
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Since line bundles ws and det‘,?z: are pullbacks from §,, it remains to check
that

O} (A1 (D), ooy A (D)D) C By, I DY)

But it is clear that @}, = ¢%y*n*, hence we have @Zg((ﬂf,._l(r),...,JZZ_l(i))L):

(p}y*n*(<£{r—l(7)’ ceey M—I(D)L) - §DZ@(C€N—;~) bY Lemma 5123 and §DZ@(C€N—;-) = %N—r
by 6.4(3). O

Lemma 6.19. — For all r we have

* N - ~ — . < .
cbz'*ﬁ(o,l)@(,%/zfl) °o®,1 =0, yr=N-]

- h ' _
—~ S . = >
©r 0P 20vez/Z 0, frzitl
; . i
O L B0 E) © &, =0, i other cases.

Proof — Note that by Lemma 6.17(z), we have, by base change to S,, that
Im®,_; C [(F_1(1), ... 1 (i—r+ 1)K P'S)I* and if r>i+41 then the RHS
equals 2°(Z,_1). On the other hand, by Lemma 6.17(i1) we have %x_,(—1) ®
P'S,) C Ker®, and if r <N —j then N—7r>j hence %n_, =0 by (13). Thus it

suffices to check that for all » we have

! coneczz o [(Fa (D, s 1= r+ DR ZS)])
C B (DRI

This easily follows from Lemma 6.18 (the functor & differs from

. 80, (Z/ L)
. Zo.) by the (£ /% _))-twist, and the line bundle (£ /%_;) is a pullback
from §,). |

6.3. The induction arguments

Proposition 6.20. — The functors ©, are lefi splitting functors for all r.

Proof. — We use induction in 7. The functor &, is fully faithful and its
image is left admissible by 6.4(1) (we have % =Y and ®, = ®s : 2°(Y) —
€ C 9°(21)), hence @, is left splitting. Assume that ®, | is left splitting. Then
the functor ®,_; is left splitting by Proposition 3.6. Now consider the functor
d,d*d,n,. Composing the isomorphism of functors (25) with ®,®* we obtain an

isomorphism

&)r&);kci)rn* = &)V&)f%-*&)r—l .
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Composing the exact triangle of functors (24) with ®, (on the left) and ®,_; (on
the right) we obtain an exact triangle of functors

4 *
CDV(DZ‘*(?(O, DL/ L-1)

&)7—1 - &)r&)jg*&)r—l - &)rn*&)j_lci)r—l-
Composing (25) with ®* @, ;| we obtain an isomorphism
&)rn*&)f_lér—l = s*&)r—léf_lér—l-

Using the induction assumption, criterion 3.3(2/) and isomorphism (25) we deduce

On the other hand, &)’¢j*f(o,1)®(,??/2,l)&>7—l = 0 by Lemma 6.19. Summarizing,

we deduce that
&, &b, = by

Finally since W*U*I/A/* = 1%1/}* =id by Corollary 6.10, we have

A~k

D" D, = &0 D, Y, = Y, b, 0,
=y, oy =0y =0,

by Proposition 6.12. Therefore ®, is left splitting by Theorem 3.3. O

Corollary 6.21. — We have the following semiorthogonal collections in 2°(Z,) and
) 7y 4 g
D(¥):

(Im®,, (1)K 2"G,), ... (i~ K PG)) C 2'(Z)
(B 1(N—=r—DEKD'G,), ... Bx_.(—1) K D'(G,), Im®*) C Z'(¥).

Moreover, the functors ®, and ® induce an equivalence Im ®, = Im P*.
Proof. — Combine Theorem 3.3 with Proposition 6.17 and Lemma 6.8. O

It remains to check that these semiorthogonal collections are full, i.e. that
they generate the derived categories of 2, and %,. We begin with the case of %.

Proposition 6.22. — For all r we have

2"() = (B 1(N—r—)DRD'(G,), ..., Bx_,(—1) R Z'(G,), Im D).
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Proof. — Note that for s > j we have %A, =0 by (13). Hence for r < N —j
the RHS coincides with Im @7, and since we already know that ®, is splitting, for
r <N —j it suffices to check that Ker®, =0, that i1s that ®, is fully faithful. The
arguments are the same as in the proof of Proposition 6.20, the only difference is
that we use the first equality of Lemma 6.19 instead of the third.

We use induction in 7. In the case r =1 we have % =Y and @, is fully
faithful by 6.4(1). Now let 1 <7 < N —j and assume that ®,_; is fully faithful.
Then the functor ®,_, is fully faithful by Proposition 2.39. Now consider the
functor ®*®,n,. Composing the isomorphism of functors (25) with ®* we obtain
an isomorphism

by, = e, .

Composing the exact triangle of functors (24) with ®,_; we obtain an exact tri-
angle of functors

* F F\ ok &% T k5
qu*r?(o,l)@(.zZ/Z;l)cD’—l = QEP = 0P P

Since the functor ®,_; is fully faithful we have
n*&)f_ld}r—l = M-

On the other hand, ‘I’Zao,u@(z/z,n&’f—l = 0 by Lemma 6.19 since r < N —j.

Summarizing, we deduce that
O d,n, =,
Finally since w*n*l/}* = lﬁ*ll}* =id by Corollary 6.10, we have

DD, = DD Y, = Y, DD, = Y = idy,

by Proposition 6.12. Therefore ®, is fully faithful.

For r > N—j we also use induction in r. However the arguments are slightly
different in this case. Assume that » > N —j+4+ 1 and the claim for » — 1 is
true. Assume that G is in the right orthogonal to the category (%,_1(N —r —j)
X2'(G,), ..., Bx_,(—1) K Z"(G,), Im ®*). By Proposition 6.12 we have ®,(¥*G) =
V*®,(G). But ©,(G) = 0 since G € (Im®*)*, hence ®,(y*G) = 0, thus ¥*G €
(Im &Df)l. On the other hand, for any F € By_, ., (—1 — 1), H € 2°(S,) we have

v R7Zom(Yv*F @ H, v*G) = ¢, (R#Zom(Y*F, v*G) @ HY)
= Y. (" RAm(F, G) @ HY)
= Rstm(F, G) @ ¥ (H")
= RAm(F @ (Y.(H")", G)
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whereof we deduce that ¥*G € (By_,pu(—1 — 1) ® 2°(S,))*. Combining these
two inclusions we see that ¥*G € (B (N —r —j) X 2°(S,), ..., Bn_,(—1) K
2°6S,), Im éf)L. Recalling Lemma 6.18 we note that ¥*G is in the right orth-
ogonal to the image of the first two terms of the triangle (24) applied to the
subcategory [(,_ (1), ..., Z_ (i —r + 1)) K 2°(S,)]*. Therefore ¥*G is in the
right orthogonal to the image of 7,®* | applied to the subcategory [(#_ (1), ...,
(i —r+ 1)K 2°(S,)]*. But from Lemma 6.17 it follows by adjunction that
Wt (1), ooy D (i — 7 + 1)) K D%(S,)] C Ker &Dj‘_l. Therefore ¥*G is in the right
orthogonal to the image of the functor n,®* |. By adjunction we deduce n'y*G €
(Im®* )t
On the other hand, by Lemma 6.7(&v) we have the following resolution

0= 05 (=)@ (L)L) — Oy — 0,05 — 0

which implies that 7,(Bx_,. (=1 =) R P'(S,)) C (Bxoypi(—2 — 1), Brnopr(—1 = 1))
X1 2(S,) for any ¢, and since we have %Bn_,4; C Bx_rim1 we conclude that

N (B (N=r—j+ 1), ..., Bx_1 (=) K P (S,)
C(B AN =71=]), ... B (—1D)) K D'(S).
Therefore n'Y*G € (B i(N—r—j+ 1), ..., Bx_,1(—1)) K 2'(S,)]*. Summarizing
we deduce that n'¥*G = 0 by the induction hypothesis. But n'y*G = n*¢y*G ®

Ov(D)®(L)Z_)[—1] by Lemma 6.7(iv), and n*y* = is a fully faithful functor
by Corollary 6.10, hence G = 0. |

Corollary 6.23. — We have 2°(Y) = (B_1(1 =), ..., Bi(—1), B).

In particular, we deduce that s : 2°(Y) — € is an equivalence, hence Y
is homologically projectively dual to X.

Progf — Note that Gy is a point, %5 = Y, Zx = ¢, and apply Prop-
osition 6.22 for r = N. ]

Fullness of the semiorthogonal decomposition of 2°(%;) will be proved by
a decreasing induction. The base of induction is given by the following

Lemma 6.24. — We have Im On_y = P°(Zn-)).

Progf. — Note that Zx_; = X and the projection 7 : Zy_; — X is the iden-
tity. Therefore, the functor m, o ®nx_; considered in the proof of Lemma 6.17(z)
coincides with ®y_;. Further, note that by Lemma 6.6 we have %(_; =
Gry(N — 2, 75) = Py(74), the projection to Y coincides with 7w and, moreover,
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On ,v(—1) = L |, where Oy y(—1) is the Grothendieck line bundle. It easily
follows that

Q. (D) ZKer(h — L3 ) = Loy /Oy(—1).

Therefore, we have m,(A'(Z-1/Ov(=1)) ® SY(Ly ) = 7. (2, y(t — w) for
any ¢, u. It is easy to check that for 0 < ¢ u <N —2 we have

ﬁy[—l‘], if t=u

0, otherwise.

T (Qz@N_l/Y(t — u)) = {

Hence in the notation of the proof of Lemma 6.17(:) we have

U (TG ® S"(Li ) =

~ | Ps(G) ® Ox(—[—t], if t=u
0, otherwise.

It follows that
Pt (TG ® S' (L)) = D4(G) ® Ox(—s).

But Im®, = o by Lemma 5.11 and Corollary 6.23, hence Im®y_; contains
y(—u) for 0 <u <N —2. It remains to note that Im®y_; is triangulated subcat-
egory of 2°(X) since ®y_, is a splitting functor by Proposition 6.20, and on the
other hand by Lemma 4.5 we have (2 (2 —N), ..., o) = (22 —N), ..., (i +
1 — N)) (note that N > i by assumption (6)), and the latter category evidently
coincides with 2°(X) = 2°(2Zx-1). O

Proposition 6.25. — For all r we have
2'(Z) =(Im@,, Z() K P'(G,), ..., (i — 1) K D'(G,)).

Proof. — The arguments are analogous to those used in the proof of Prop-
osition 6.22.

Note that for s > i we have &/, = 0. Hence for r > i the RHS coincides
with Im®,, and since we already know that ®, is splitting, for » > i it suffices to
check that Ker ®* = 0, that is that ®7 is fully faithful. For this we use descending
induction in 7.

In the case =N —1 we know that Im®y_, = 2°(2x_1) by Lemma 6.24.
Now let i <7 < N —1 and assume that &, is fully faithful. Then the functor
®, is fully faithful by Proposition 2.39. Now consider the functor £*®, ®* .
Composing exact triangle of functors (24) with ®, we obtain an exact triangle of
functors

o,

F ks 4 T ok
weovei gy~ PP > PPl
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Composing isomorphism of functors (25) with ®* | we obtain an isomorphism
O, 0" | =ED, D

Since the functor ®, is fully faithful we have
O, drEr =

On the other hand, CI> oF = 0 by Lemma 6.19 since r > i+ I.

O NR(L/ L)
Summarizing, we deduce that

s q)r—ch* 1 —%-
Finally, since ¢*s*¢* = ¢ ¢>* =id by Corollary 6.10, we have

D, OF | = EPD, D =P ED, D 9= P E P Zidy

by Proposition 6.12. Therefore ®* | is fully faithful.

For r <'i we also use 1nduct10n in 7. However the arguments are slightly
different in this case. Assume that r < i and the claim for r 1s true. Assume
that I is in the left orthogonal to Im®,_; and in the right orthogonal to the
category (,_(1) ¥ 2°(G,_)), ..., Z_,(i — r + 1) K 2*(G,_))). Then by the same
arguments as in the proof of Proposition 6.22 we check that ¢*F is in the left orth-
ogonal to Im®,_; and in the right orthogonal to the category (#_,(1)XZ"(S,), ...,
A_1(i—r+ 1)K 2°S,)). Note that by adjunction it follows from Lemma 6.18 that

1
qu‘*(?(o,l)@(gi/z,l)([«@N—r(—1) X 9b(sr)] )
A BD S, ), .o i — 7+ DB 'S, ))
We deduce that ¢*F is in the left orthogonal to the image of the first and the
third terms of the triangle (23) applied to the subcategory [#x-,(—1) X P2'S)H]*.
Therefore ¢*F is in the left orthogonal to the image of &,®, applied to the subcat-
egory [Bn_,(—1) XK 2°(S)]*. But [Bn_,(—1) K P(S,)] C Ker @, by Lemma 6.17,
hence ¢*F is in the left orthogonal to the image of the functor &®, and by

adjunction we deduce that £*¢*F € *(Im ®,).
On the other hand, by Lemma 6.7(izz) we have the following resolution

0= Op (D@L L) — Op  — .07 — 0
which implies that &,(4,(1 + t) X 2°(S,)) C (F., (), Z,(1 + 1)) K 2°(S,) for
any ¢, and since we have 7 ,, C ., we conclude that
ENA ()R DS,), o 1i— N PS)
C(F "D S, 1), s Dy (i — 1) K D'(S,2)).

Therefore £'¢*F(—1) € (Z,(H) K DS, ..y D1 (i — 1) K 2°(S,))*. Finally, we have
E'PF(—1) Z P FQ (L)L) 1] by Lemma 6.7(z). Summarizing we deduce



HOMOLOGICAL PROJECTIVE DUALITY 203

that £*¢*F = 0 by the induction hypothesis. But &*¢* = ¢* is fully faithful by
Corollary 6.10, hence F = 0. ]

6.4. Proof of the main theorem. — In this subsection we prove Theorem 6.3
and describe some of its generalizations.

First of all, the first claim of the theorem is proved in Lemma 6.5 and
Corollary 6.23. Yor the second claim, let L. C V* be an admissible subspace,
dimL = 7. Then the map A : Speck — G, induced by L is a faithful base change
for the pair (%, %)) by Lemmas 2.32(uz), 6.7, 6.6 and the definition of admissible
subspace. Therefore we can apply the faithful base change Theorem 2.40. Then
Theorem 6.3 follows from Proposition 6.25 and Proposition 6.22. |

Remark 6.26. — An interesting question is what can we say about derived
categories of X, and Y when L is not admissible. Certainly, in this case the base
change A is no longer faithful, so we cannot apply Theorem 2.40. Looking into
the proof of this theorem one can see that the problem consists in nonexactness of
some cartesian squares. A natural way to fix this problem is by defining “derived
fiber products”, which are DG-schemes with underlying topological space being the
usual fiber product carrying appropriate sheaf of DG-algebras, and by replacing
all fiber products by the derived fiber products. The definition of the derived fiber
product should imply exactness of all derived cartesian squares, so it would give an
analogue of Theorem 2.40 for any base change. Applying it to the base change A
we would obtain semiorthogonal decomposition of Theorem 6.3 for the “derived

L

linear sections” of X and Y (ie. for the derived fiber products X Xpyy P(L1)
L

and Y Xpw+ P(L)). However, up to our knowledge, the theory of derived fiber

products is not yet worked out.

The same argument with Speck replaced by any base scheme T proves
a relative version of Theorem 6.3:

Theorem 6.27. — Assume that T s a smooth algebraic varety and £ C V* @ Oy

is a vector subbundle, rank £ = r, such that the corresponding families of linear sections of X
and Y

Xy =X xT) Xpayxr Pr(LH) C X x T,
Yy = xT) Xpyyxr Pr(€) CY x T,
and thewr fiber product Xy X1 ¥y have expected dimension
dimZy¢ =dimX +dimT —», dim%y =dimY +dimT +r — N,
dim Z¢ x1 %y =dimX +dimY + dimT — N.
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Then there exist a triangulated category €y and semiorthogonal decompositions

-@b(%f) = (gf! M(l) D¢ -@b(T)a ceey M—l(i - 7‘) X -@b(T)>
2" ¥y) = (B \(N—r—)RD'D), ..., Bx_,(—1) K DNT), Cy).

Remark 6.28. — Another relative version of Theorem 6.3 can be obtained
as follows. Consider a base scheme S (not necessarily compact), assume that X
and Y are algebraic varieties over S, replace the assumptions of projectivity of the
maps [ : X — P(V) and g: Y — P(V*) in the definition of homological projective
duality by projectivity of the maps X — S x P(V) and Y — S x P(V*), and
assume that we are given a Lefschetz decomposition of 2°(X) which is S-linear.
We will say that Y is homologically projectively dual to X relatively over S if there
exists an object & € 2'(Q(X,Y) Xsxs S) (the fiber product is taken with respect
to the canonical map Q(X,Y) C X xY — S x S and the diagonal embedding

S 25 S x S) such that the functor ®, is fully faithful and gives semiorthogonal
decomposition (14). One can prove by the same arguments that Theorem 6.3 and
Theorem 6.27 are true in this case as well.

7. Properties of homological projective duality

We believe that phenomenon of homological projective duality deserves to
be thoroughly investigated. In this section we will discuss some basic properties of
homological projective duality.

The first natural question is when a homologically projectively dual variety
for a given algebraic variety X exists. From the definition of the homological
projective duality it follows that it always exists on a categorical level, we always
know the derived category of the homologically projectively dual variety. On the
other hand, the question of existence of a homologically projectively dual variety on
a geometric level seems to be of a philosophical nature. Indeed, in some sense every
sufficiently good triangulated category can be considered as the derived category of
coherent sheaves on a noncommutative algebraic variety. In fact, this is one of the ways
to understand what a noncommutative algebraic variety is. From this point of view
the question of existence of a homologically projectively dual variety as a usual
commutative variety does not seem to be very natural and it is hard to expect
a nice answer (especially if we remember that the notion of homological projective
duality depends on a choice of a line bundle and a Lefschetz decomposition).

The next question is whether a homologically projectively dual variety is
unique. Certainly this is true if it is a Fano variety by the Reconstruction Theorem
of Bondal and Orlov [BO4]. However, in general it doesn’t need to be Fano, so
there are examples of several different homologically projectively dual varieties.
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Another important question is how one should construct a homological pro-
jectively dual variety for a given variety X. A natural approach is to consider
a moduli space of objects in 2°(X) with a given class in Ky(X) and supported
on hyperplane sections of X. However, there are two problems with this approach.
The first one is of a technical nature — we don’t have a good theory of moduli
spaces of objects in triangulated categories yet (moduli spaces in a “good theory”
should depend on a choice of stability conditions and should be “noncommutative”
in general). The second problem is more complicated — how to choose a correct
class in Ky(X). There is a trivial restriction on this class — it should be orth-
ogonal to subcategories @7 (1), ..., &/ (i— 1) of the Lefschetz decomposition of X.
Sometimes, these restrictions determine unique class in K¢(X) up to a multiplicity.
However, examples considered in [K1] show that the choice of correct multiplicity
turns out to be quite mysterious.

Now we turn to more specific questions.

7.1. Dusjoint unions and products. — 1f algebraic variety X is a disjoint union,
X = X' uX” then its derived category is a completely orthogonal direct sum,
2'X) = 2"X) & 2°(X"). If we are given Lefschetz decompositions 2/(X') =
(o), A1), ..., o (I —1)), P'X") = (o), '), .., (i"—1)), then we have

a Lefschetz decomposition

P2'X) =y & o), (] & A1), .., (A, ® )i — 1)),

i = max{i’,i"}.

If we know homologically projectively dual varieties to X' and X", it is natural
to ask what the homologically projectively dual to X'UX"” will be? The answer is
quite simple.

Proposition 7.1. — If Y' and Y" are homologically projectively dual to X' and X’
respectively then Y =Y UY" s homologically projectively dual to X = X' 1L X".

This immediately follows from the fact that the derived category of a disjoint
union has a completely orthogonal decomposition into the derived categories of the
disjoint components. In other word, homological projective duality commutes with
disjoint unzons.

Now assume that X = X' x F and take Ox(1) = p*Ox (1), where p: X — X’
is the projection along F. Then we have a Lefschetz decomposition

2'X) = (o, R P'(F), (/| D' F))(D), ..., («,_, D' (F)) (i — 1))

Proposittion 71.2. — If Y' s homologically projectively dual to X' then Y =Y' x F s
homologically projectively dual to X = X' x F.
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Proof — Note that the universal hyperplane section of X can be repre-
sented as 2 = £ x F. Tensoring semiorthogonal decomposition 2'(Z]) =
(DY), /(1) K 2" ®PVY)), ... ([ — 1)K 2P(V¥))) with 2°(F) we get

7'"(2) =(2'Y)Y R Z'(®), (o4 B 2" (1)) (1) K Z"(P(VY)),
e () R2'M)) ([ — 1) K D"PVY)))

which shows that Y = Y’ x I is homologically projectively dual to X = X’ x F.
O

7.2. Duality. — In this subsection we are going to check that the relation of
homological projective duality is a duality indeed.

Theorem 7.3. — If g : Y — P(V*) s homologically projectively dual to [ : X —
P(V) then [ : X — P(V) is homologically projectively dual to g: Y — P(V¥).

Proof. — Indeed, let 2°(X) = (), F (1), ..., 4 (i — 1)) be the Lefschetz
decomposition of 2°(X) and let 2'(Y) = (%, (1—)), ..., B1(—1), %) be the dual
Lefschetz decomposition of 2°(Y) given by Theorem 6.3. Dualizing, we obtain
a Lefschetz decomposition 2°(Y) = (%, B (1), ..., A (j—1)). Let us show that X
is homologically projectively dual to Y with respect to this Lefschetz decomposition.

Indeed, consider Zn_; and %4_;. Note that Gy_; = Gr(N — 1, V*) 2 P(V),
Zn-1 =X (its embedding into X xGr(N—1, V*) = XxP(V) is given by the graph
of /) and #4_; C Y x P(V) is the universal hyperplane section of Y. Dualizing
the decomposition of Proposition 6.22 with » =N —1 we obtain a semiorthogonal
decomposition

P(Oi) =
(25", B ()R DRV, .., B (- 1) R P ®V))).

Moreover, the embedding functor 2°(Zx_1) = 2"(%_1) is obtained by conjuga-
tion with the duality functor of the functor ®%_,. Note that #L_; Xpr) Ino1 =
Q(X,Y) and it is easy to check that the embedding functor 2°(2x_1) = 2°(%_1)
is a kernel functor with kernel scheme-theoretically supported on Q (X, Y). Thus X
is homologically projectively dual to Y. ]

7.3. Dimension of the dual variety. — It is natural to ask, what can we say about
the dimension of the homologically projectively dual variety to a given variety X.
This question can be answered precisely in the special case of rectangular Lefschetz
decomposition of X (ie. when &) = o = ... = ).

Proposition 7.4, — If g: Y — P(V*) s homologically projectively dual to f : X —
P(V) with respect to a rectangular Lefschetz decomposition with i terms, then the number of
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terms j in the dual Lefschetz decomposition of 2'(Y) and the dimension of Y equal
j=N—i, dimY =dimX+ N — 2i,
where N = dim V.

Proof. — The formula for j follows immediately from (11). To get the formula
for the dimension we note that in the case of rectangular Lefschetz decompositions
for any i-dimensional admissible subspace L. C V* we have by Theorem 6.3 an
equivalence of categories 2°(X;) = 2°(YL). It follows that dimX; = dimYy. But
dimX; =dimX —i and dimY, =dimY — (N —). m|

Remark 7.5. — In general however it seems that it is impossible to give an
explicit formula for j and dimY in terms of i and dimX. The only thing we can
get is an inequality

which follows immediately from (11). It also seems very plausible that we have in
general an inequality of dimensions

dimY > dimX + N — 2i,

where N = dimV. The proof could go as follows. Consider a generic i-dimensional
admissible subspace L. C V* and note that by Theorem 6.3 we have a fully faithful
functor 2°(Xy) — 2°(YL). Since dimX; = dimX —i and dimYy, = dimY — (N —i)
it would be sufficient to check that dimX; < dimY;. However, it seems that
there is yet no proof for the inequality of dimensions of varieties whose derived
categories admit a fully faithful functor between them.

Another question is the relation of the number of terms of a Lefschetz
decomposition to the dimension of X.

Proposition 7.6, —  Assume that X is connected, D'(X) = (<, (1), ...,
o1 (i— 1)) is a Lefschetz decomposition and < # 0. Then dimX >i— 1 and equality
is possible only if f : X — P(V) is birational onto a linear subspace P—' C P(V) and
Ay = d_\. If moreover oty = A, then X =P,

Proof. — Consider generic subspace L C V* of dimension i — 1. Then X, is
a complete intersection of i— 1 hyperplanes in X. By Theorem 6.3 the restriction

functor _, C 2/(X) - 2*(Xy) is fully faithful. Therefore 2°(Xy) # 0, so Xj, is
not empty. Since this is true for generic L. we conclude that dimX >i— 1.
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Assume that dimX =i—1 and consider generic subspace L. C V* of dimen-
sion i—2. Then Xj is a complete intersection of i —2 hyperplanes in X, so Xj, is
a smooth connected curve for generic L. By Theorem 6.3 the restriction functors
Ay C P'X) - 2°Xy) and F_, C 2"X) - 2"(Xy) are fully faithful and
(A_9, _(1)) is a semiorthogonal collection in 2°(Xp). But by Lemma 9.2 the
only smooth connected curve admitting a nontrivial Lefschetz decomposition is P!
and the decomposition necessarily takes the form Z2°(P') = (Opi(k), Op (k + 1)).
Therefore X;, ZP' and Opn(1)x, = Ox, (1), hence f restricted to Xy, is an iso-
morphism onto a line P! € P(V). Since this is true for generic L, it follows that
the degree of f is 1, hence f(X) = P! Cc P(V), and the map f : X — P! is
birational. Moreover, taking any indecomposable object E € 47 | we deduce that
its restriction to D’(Xy) is isomorphic (up to a shift) to Opi(k) (the only indecom-
posable object in (Opi(k))). Hence E is exceptional and (E, E(1),...,E@{—1)) is
an exceptional collection on X.

Finally, if & = #_, then 2(X) = (E,E(1),...,E(i — 1)), hence the
Grothendieck group K¢(X) is a free abelian group of rank i. On the other hand,
it is easy to see that if the birational map X — P'~! is not trivial then the rank
of Ky(X) is strictly greater then i. Hence X =P, O

Remark 7.77. — 1If X =P(W) C P(V), a linear subspace, dimW =i, consid-
ered with the Lefschetz decomposition 2°(X) = (f*Opwy(k), ..., [*Opevy (k+1— 1)),
then it follows from Corollary 8.3 below that Y = P(W*) C P(V*) is homologic-

ally projectively dual to X, where W+ C V* is the orthogonal subspace (just take
S = Speck and E =W).

Corollary 71.8. — If g : Y — P(V*) s homologically projectively dual to [ : X —
P(V) then ether dmX 4+ dimY = dimV — 2, o dimX 4+ dimY > dimV. Moreover,
the first case is possible only when X = P(W) C P(V) and Y = P(W*) C P(V*) where
W C 'V s a vector subspace.

Proof — Note that i4+j > dimV, hence if dimX > i and dimY > j then
dimX + dimY > dimV. Assume that dmX =i— 1. If @ # &/, = &/_, then
i+j>dmV + 2, hence dmX+dimY > (i—1)+(—1)=i+j—2 > dimV.
Finally, if @ = &/, then X = P(W) and Y = P(W*) by Proposition 7.6 and
Remark 7.7. O

7.4. Homological projective duality and classical projective duality. — Given a pro-
jective morphism f : X — P(V) we denote by XV C P(V*) the set of all points
H € P(V*) such that the corresponding hyperplane section Xy of X is singular. It

is clear that XY is a Zariski closed subset in P(V*). Note that if /' : X — P(V)
is an embedding then X" is the classical projectively dual variety to X.
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The main result of this subsection is the following

Theorem 1.9. — Assume that g : Y — P(V*) is homologically projectively dual to
[ X = P(V). Then the set sing(g) := {cnitical values of g} coincides with X, the
classical projectively dual variety of X.

Progf — Consider the universal hyperplane section 27 of X and the maps
St & — P(VH) and g : Y — P(V*). Note that by definition of homological
projective duality we have a semiorthogonal decomposition (14). Note also that
XY =sing(f;) is the set of critical values of the map f;. Thus we have to check
that sing( ;) = sing(g).

First of all, assume that sing(g) ¢ sing(f;). Let H € P(V*) be a point in
sing(g) such that H ¢ sing(f;). Then it is clear that there exists a smooth hyper-
surface D C P(V*) such that H € D, Yp :=Y Xpr+ D has a singularity over H,
and dimYp =dimY — 1. Let T =D\ sing(f;). Then He T, Y1 :=Y Xpy+ T has
a singularity over H, and dimYy =dimY — 1. On the other hand, f; is smooth
over T, hence 2\t = Z Xp+ T is smooth and both Zir and 21 X1 Yt have
expected dimension. Therefore the base change T — P(V*) is faithful for the pair
(Z1,Y) and we obtain by the faithful base change Theorem 2.40 a semiorthogonal
decomposition

(26) P D) = (P Vo), A (1) R D (T), ..., i (i — 1) ® Z'(T)).

But category 2°(Z)t) is Ext-bounded since 21 is smooth, while category 2°(Yr)
is not Ext-bounded since Yt is singular (see Lemma 2.25). This is a contradiction,
which shows that we must have an embedding sing(g) C sing( ;).

Similarly, assume that sing(f;) ¢ sing(g). Let H € P(V*) be a point in
sing(f;) such that H ¢ sing(g). Then it is clear that there exists a smooth hyper-
surface D C P(V*) such that H € D, Z\p := 2] Xpr+ D has a singularity over H,
and dim Zp =dim 2] — 1. Let T = D\sing(g). Then H e T, 21 := 2] xpr T
has a singularity over H, and dim Z}r = dim 2} — 1. On the other hand, g is
smooth over T, hence Yr =Y Xpr+ T is smooth and both Yt and Zir X1 Yr
have expected dimension. Therefore the base change T — P(V*) is faithful for
the pair (Z7,Y) and we again obtain by the faithful base change Theorem 2.40
a semiorthogonal decomposition (26). Now we note that category 2°(Yr) is Ext-
bounded since Yr is smooth, and categories <7 (1)K 2°(T), ..., @_,(i—1)X 2°(T)
are Ext-bounded because T is smooth. Therefore category 2°(Z)r1) is Ext-bounded
by Lemma 2.26. But this is a contradiction with the fact that 21 is singular.

O

7.5. Homological projective duality and triangulated categories of singularities. — Re-
call that in [O3] to every algebraic variety X there was associated a triangulated
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category Zs(X) := 2"(X)/ 2" (X), the quotient category of the bounded derived
category of coherent sheaves by the subcategory of perfect complexes, which was
called the triangulated category of singularities of X. This definition easily generalizes
to any triangulated category.

Definition 7.10 ([O4]). — Let D be a trangulated category. An object ¥ € P s
homologically finite if for any G € & the set {n € Z | Hom(F, G[n]) # 0} s finute.

The full subcategory of Z consisting of homologically finite objects is denoted
by Zy. It is a triangulated subcategory. The quotient category sy 1= I/ Dy is
called the triangulated category of singularities of .

Lemma 7.11 ([O4)). — If D = (D, Do, ..., D) s a semiorthogonal decomposition
of D then ils triangulated category of singularities has the following semiorthogonal decomposition

-@sg = (-@1399 -@2399 ooy -@msg>~

Theorem 7112, — If g : Y — P(V*) s homologically projectively dual to f: X —
P(V) and L C V* is an admussible subspace then Psg(X1) = Dsg(Y1).

Proof. — Since X is smooth by assumptions and Y is smooth by Theorem 6.3
it follows from Lemma 7.11 that
%sg = fQ%lsg == 'Qf(i—l)sg =0 and
%Osg = <%lsg == %(j—l)sg =0,
where 2'(X) = (o, (1), ... % — 1)) and 2'(Y) = (B (1 =), ...,

B\ (—1), B,) are the Lefschetz decompositions of X and Y respectively. Using

again Theorem 6.3 and Lemma 7.11 we deduce that Zs(X1) = (61)sg = Peg(YL)-
O

8. Projective bundles

Let S be a smooth (not necessarily compact) base scheme with a vector
bundle E of rank i. Let X = Pg(E) be a projectivization of this vector bundle with
the projection p: X — S, and let Ox(1) be the Grothendieck line bundle on Pg(E)
over S (such that p,0x(1) = E*). Let V¥ C I'(S, E*) = I'(X, Ox(1)) be a space
of global sections generating E*, and let f : X — P(V) be the corresponding
morphism. Let @ = p*(2°(S)) C 2°(X). Then by the result of Orlov [O1] we
have a semiorthogonal decomposition

with == =g =p(PO).
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Let 2 C X x P(V*) be the universal hyperplane section of X. Since X x
P(V*) is the projectivization of the pullback of E to S x P(V¥), it follows that the
fiber of 2, over the generic point of S x P(V*) is a hyperplane in the projec-
tivization of the fiber of E over the corresponding point of S, and over a certain
closed subset of S x P(V*) the fiber of 2] coincides with the whole projectiviza-
tion of the fiber of E. This closed subset Y C S x P(V*) is the zero locus of
the section of the vector bundle E* X Opny~ (1), corresponding to the identity in
IS x PV, E*X Opr+ (1)) =T'(S, E*) @ T(P(V*), Opy+ (1)) D V*® V. Note that

Lemma 8.1. — We have Y = Pg(E1), where EX = Ker(VF @ Oy — E*). In
particular, Y 15 smooth and

(28) codimsXp(V*) Y =i

Proof. — The fiber of Y over a point s € S consists of all sections H € V* C
H(S, E*), that vanish at s, i.e. which are contained in the fiber of E+ over S. O

Let /: Z1 — S xP(V*) be the canonical projection. Let g: Y — S x P(V*¥)
be the embedding. Let Z =Y Xsxpv+) Z1 be the fiber product, and denote by
¢:7 — Y and 1 : Z — Z| the projections. So we have the following cartesian
square

Py(E) =7 Z' 2
/| |
Y ’ S x P(V*).

Note that by definition of Y we have Z = Py(E) = X x5 Y. We consider the
kernel & = (¢ x 1),0;, € 2°(Y x Z}) and the corresponding kernel functor ®g :
2'Y) - 2°(Z7). Note that the functor @z is (S x P(V*))-linear.

The main result of this section is the following

Theorem 8.2. — In the above notation and assumptions we have a semiorthogonal
decomposition

P2 =
(©4(Z'(Y)), (1) B D @), ... iy (i — 1) B ZBNV)).

Comparing this theorem with the definition of relative homological projective
duality (see Remark 6.28) we obtain the following

Corollary 8.3. — If E is generated by global sections then Y = Ps(EL) is homologic-
ally projectively dual to X = Pg(E) relatively over S.
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We start the proof with some preparations. Denote by 7 : 2] — X the
projection.

Lemma 8.4. — The subscheme 7. C 2 is a zero locus of a section of the vector
bundle *Q2x;s(1) @ f*Opryey (1) on 2, where Qxys is the sheaf of relative differentials.

Proof. — Note that it follows from the definitions that Z7 is a zero locus of
a section of the line bundle Ox(1)X Opw+ (1) on X xP(V*) and Z is a zero locus
of a section of the vector bundle p*E* X Opn+ (1) on X x P(V*). Moreover, it is
clear that the canonical epimorphism p*E* X Opr+ (1) — Ox(1) X Opy+ (1) takes
the latter section to the former. Therefore, the latter section restricted to the zero
locus of the former section is contained in the kernel of the epimorphism which
is isomorphic to (Rx/s(1) X Opr+(1))127 = 7*Qx/s(1) ® f*Opy+ (1), and its zero
locus coincides with Z. O

Corollary 8.5. — The sheaf 1,07y s quasisomorphic lo the Koszul complex,

07 = Kosz(m* T'xs(—1) ® f* Opy+ (—1))
= A (" Txys(=1) @ f Opv+(—1)).

In particular, 1,07 is a perfect complex on 2y and i : 7 — Z\ has finite Tor-dimension.

Progf. — Since 2] has pure codimension 1 in XxP(V*) it follows from (28)
that Z has codimension i — 1 in 2], therefore the corresponding section of the
vector bundle 7*Qx/s(1) ® f*Op+ (1) is regular and .0, is quasiisomorphic to
the Koszul complex. In particular it is a perfect complex. Finally, it follows from
the projection formula that 7,i*F = F ® 1,0, for any F € 2°(2)), and since i, is
exact and conservative it follows that the Tor-dimension of ¢ is finite. ]

Proposition 8.6. — The functor g s fully faithful.

Proof. — Note that & = (¢ x 1),0; is perfect on Z, Z is projective over Y
and over 2], and & has finite Ext-amplitude over 2| by Corollary 8.5. Therefore
by Lemma 2.28 the kernel functor ®g+ : 2°(27) — 2°(Y) with the kernel

& = RAom((¢p x 1), 07, w2, xY/Y[dim 210
(¢ x 1) RFom(O7, (¢ x i)!(w%ixY/Y[dim 200)
(¢ x 1), wzy[dimZ/Y]

~
~

is left adjoint to ®,. Further, the composition @ g+ 0 De : Z2°(Y) — D!(Y) is given
by

(29) Fi> ¢.(",.¢'F ® wzy[dimZ/Y]) = ¢ (P (¢*'T) ® wyy[dimZ/Y])
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where K € 2"(Z x 7) is the kernel of the functor i*i, : 2°(Z) — 2'(Z). By
Lemma 2.31 we have 77'(K) = A A" A7) 5., where A 17 — ZxZ is the diagonal
embedding. On the other hand, by Lemma 8.4 we have Jl/z”; 2 = (@ Txs(=1) ®
S*Opr+(—=1));z and since Z =Py(E) =Y xs X we have (7*Tx,s)z = Ty/y, so we
conclude that
A7 (K) Z AL(N Tyx(—0) @ ¢*g* Opvey (—1)).
Consider the functor 2°(Y) — 2'(Y) defined by the RHS of the formula (29)
with K replaced by #7(K). This functor takes F € 2°(Y) to
(30) @ (P -1k (¢'F) ® wZ/Y[dim Z/Y])
= ¢ (¢ F @ A Ty (—1) ® ¢ g" Opryey(—1) ® wyyy[dim Z/Y])
=FQ 9. (At Tz (=) @ ¢°g" Opv+ (—1) ® wzyy[dim Z/Y])-
Note that
(0B (At Tz (=1 ® ¢*g* Opyy (—1) @ wy/y[dim Z/Y])
= ¢, RHom (Qtz/y(t), P'(g ﬁP(V*)(_t)))
= RAm (9. (v (1)), & Orvey (1)

But for ¢ # 0 we have ¢.(Q2;,, (1)) = 0, while for £ =0 we have ¢,(Q2;,y(1)) = Oy.
It follows that the functor (30) is zero for ¢ # 0 and is identity for ¢ = 0. Using
a devissage argument we deduce that the functor (29) is the identity. But as we
have seen above this is the composition of @z with its left adjoint. Therefore ®s
is fully faithful. |

Denote by « : 2] — X x P(V*) the embedding.

Lemma 8.7. — The functor f*g, : D"(Y) — D'(Z) is a kernel functor, [*g, =
O (0, and ils kernel K(f,g) € D'(Y x Z)) fits into exact triangle

K(f, 8 — (¢ X 1,07 — (¢ x 0).("7"Ox(=1) ® ¢"g" Opy (—1))[2].
In particular, for any ¥ € D*(Y) we have an exact triangle in 2°(2))
SeF = 1.¢"F - 1.¢"(F ® g Opryy (— 1)) @ 7* Ox(—1)[2].

Proof. — Consider the following commutative diagram
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Note that Z =Y Xsxpv+) (X x P(V*)) and the square in the diagram is exact
cartesian, because p is flat. It follows that

f*g* = Ol*l)*g* = O{*(Ol © l)*¢* = (X*O{*i*¢*.

On the other hand, it is clear that o is a divisorial embedding and 27 is the
zero locus of the line bundle Ox(1) X Opn+ (1), therefore a*a, is a kernel functor
and by Lemma 2.31 its kernel K, € 2°(2) x Z)) fits into the exact triangle

K, — A*ﬁ% — A" (Ox(—1) X ﬁP(V*)(_l))[Q],

where A 2 — 2 x £ is the diagonal embedding. Computing the convolution
of this triangle with the kernel (¢ x17),0; of the functor #,¢* we obtain the desired
triangle for the kernel K(f,g) since *a*(Ox(—1) X Opn+(—1)) = *n*Ox(—1) ®
L Opevey (1) and i * Opyey(— 1) = ¢*a* Oppye (— 1), O

Proof of Theorem 8.2. — Note that by (27) we have (k) X 2°(P(V*)) =
F*2(S x P(V*) @ m*Ox(k), and that ®x(2°(Y)) = ,¢*(2°(Y)), so we need to
prove that we have the following semiorthogonal decomposition

(31) 2'(2) = (1.d"(Z' (), [(Z'(S x P(VH)) @ w*Ox(1),
(DS x PVH)) @ w*Ox (i — 1)).

The semiorthogonality in question is verified quite easily. Using Lemma 5.3 and
Proposition 8.6, the question reduces to checking that Hom(/*F ® n*Ox(k), 1.¢*G)
=0 for all Fe 2°(SxP(V*), Ge 2°(Y) and 1 <k <i—1. But

Hom(/*F ® " Ox(k), i,¢"G) = Hom(f*F, (1.9"G) ® 7" Ox(—k))
= Hom(f"F, 1,(¢*G ® Oy,v(—Fk)))
= Hom(F, £i.(¢"G ® O7/x(—k)))
= Hom(F, g.¢.(¢"G ® Oy (—k)))
= Hom(F, g.(G ® ¢.07,v(—k)))

and ¢.07y(—k) =0 for 1 <k <i—1 since ¢ is a projectivization of a rank i
vector bundle.

It remains to check that the RHS of (31) generates 2°(.27). First of all we
will show that it contains 7,¢*(2°(Y)) ® n*Ox (k) for 0 < k < i— 1. Indeed, for
any F e 2'(Y) the triangle of Lemma 8.7 twisted by 7*0x(1) takes the form

S @t Ox(1) » i,¢"F @ 7 Ox(1) = .¢"(F ® ¢ Oprv+y (= 1)[2].

Note that its first term is contained in f*(2°(S x P(V*))) ® m*Ox(1) and the last
term is contained in 7,¢*(2°(Y)), therefore the middle term is contained in the
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RHS of (81). Twisting this triangle by m*0x(l) we get
[aFQn*0x(2) — 1,¢0"'F ® n* Ox(2)
= 4" (F Q g Oprv+(—1)) @ m* Ox(D[2].

Note that its first term is contained in f*(2°(S x P(V*))) ® m*0x(2) and the last
term is contained in 7,¢*(2°(Y))®n*Ox (1), therefore the middle term is contained
in the RHS of (31). Continuing in this way we deduce the claim by induction.
Now assume that G is contained in the left orthogonal to the RHS of (31).
Then it follows from above that for any 0 < £ <i—1 and any F € 2°(Y) we
have Hom(G, ,¢*F @ m*Ox(k)) = 0. But by adjunction it equals to Hom(*G, ¢*"F®
Oy,v(k)) and since by [O1] the subcategories ¢*(2°(Y))®Oyv(k) with 0 < k <i—1
generate 2°(Z) it follows that *G = 0. This means that G is supported on 27\Z.
But 27\ Z is a P"2-bundle over (S x P(V*))\'Y, hence the orthogonality of G to
the subcategory (f*(2'(SxP(V)) Q@m*Ox(1), ..., f* (2" (SxP(V*))) @ t* Ox(i— 1))
implies that G = 0. o

Now we are going to apply Theorems 6.3 and 6.27 for this special case of
homological projective duality.

Let F be another vector bundle on S, rank(F) = r, and let ¢ : F — E*
be a morphism of vector bundles. Consider the projectivizations Pg(E) and Pg(F).
Let p: Ps(E) — S and ¢ : Ps(F) — S be the projections and let Opygys(1)
and Opyr)s(1) denote the Grothendieck ample line bundles. Note that ¢ induces
a section of the vector bundle p*I* X Opyy),s(1) on Pg(E), and a section of the
vector bundle ¢*E*X Opy)/s(1) on Pg(F). Let Xy C Ps(E) and Yy C Ps(F) denote

their zero loci.

Theorem 8.8. — Assume that codimp gy Xy = rankF, codimp,y) Yy = rankE and
dim Xy xs Yyp =dimS — 1. Then there exist semiorthogonal decompositions

2" Xy) =

(Z'Y0), 1D’ (S) ® Opyiiyys (1), oos D' (S) ® Oryyysi — 1), if 7<i,

2" (Yy) =

(72" (9) ® Obyiyysi = 1), ey ¢ D' (S) ® Orpyayys(—1), 2'(Xp)), of 7> 1,
and an equivalence 9" (Xy) = 2°(Yy) if r =1.

(32)

Proof. — TFirst of all, consider the case when the morphism ¢ : F — E* can
be represented as a composition F — V*® 05 — E* of a monomorphism of vector
bundles to a trivial vector bundle followed by an epimorphism of vector bundles.
In this case the claim of the theorem follows from Theorem 6.27.

Indeed, take r =rankF, T = Grs(r, V* ® O5s), the relative Grassmannian, and
let £ C V*® Or be the tautological subbundle of rank r. Then Zy and %
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in the notations of Theorem 6.27 are the universal families of linear sections of
X = Pg(E) and Y = Ps(E!) respectively. It is easy to see that the dimension
assumptions of Theorem 6.27 are satisfied, hence we have semiorthogonal decom-

positions
P Xy) =
(2" Py), p* D" (T) @ Opyiys(1), .o p* D" (1) @ Opyiyys(i — 1)), if 7 <i,
2"(Yy) =
(q*gb(T) ® Opyryys(i — 1), ..o, 72'(T) ® Opyrys(—1), 9b(«%ﬁ)%

if r>i,

and an equivalence 2°(Zy) = 2°(Yy), if r=1.

The embedding F — V*® Oy gives a section o : S — T = Grs(V* ® Os)
such that F = 0*.Z. Consider o as a base change. Note that Z¢ X1 S = Xp.
On the other hand, %% x1 S is the zero locus of a section of the vector bundle
Opgtys(1) ® F+* on Pg(EY). But looking at the commutative diagram

LR Oy —2— 0, P

| |

ELgﬁs—>V*®ﬁsxﬁg—>E*®ﬁs

| i

ﬁs&F:ﬁng

it is easy to deduce that it also can be represented as the zero locus of a section
of the vector bundle E* ® ﬁps(lr)/s(l) on Ps(F), le. that @J XT S = YF

Finally note that the dimension assumptions of the theorem and Lemma 2.36
imply that this base change is faithful for a pair (Zy, #¢). Applying the faithful
base change Theorem 2.40 we deduce the claim.

The general case follows from the above case by Theorem 2.41. Indeed,
all inclusion functors in the desired decompositions are S-linear and for every
point s € S there exists an open neighborhood U C S over which the morphism
¢ Flu = Ej; can be represented as a composition Fip - V*® Oy — Ef; of
a monomorphism of vector bundles followed by an epimorphism of vector bundles.

O

Consider the case » = i. Then the dimension assumptions of Theorem 8.8
can be rewritten as
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Note that D := p(Xyp) = ¢(Yr) C S is the degeneration locus of ¢, i.e. the zero
locus of det¢ : detF — detE*. Since dimD = dimS —1 it follows that p: Xy — D
and ¢ : Yp — D are birational. Therefore ¢~' o p is a birational transformation
Xp——>Yp. It is easy to check that wx, = wy, = wp = ws®@det E* @ det F*, hence
this transformation is a flop.

Corollary 8.9. — If dim Xy =dim Yy = dim Xy xXs Yy = dimS—1 then the kernel
Sunctor with kernel given by the structure sheaf of the fiber product Xy Xp Yy = Xy Xs Yy s
an equivalence of categories 9" (Xy) = 2°(Yr).

For example, let S=P* E = Os(—1)®Cs(—1), F= Os®0s and ¢ : F — E*
given by the matrix ¢ = (), where (x : » : z : u : v) are the homogeneous
coordinates on S. Then D C S is the cone over P' x P' (given by equation
xu — pz = 0), Xy and Yy are small resolutions of D and Xp—-->Yp is the
standard flop.

9. Examples

In this section we will give several examples of homologically projectively
dual varieties.

9.1. A stupid example. — Let X be any smooth algebraic variety with a pro-
jective map f : X — P(V). Then taking @ = 2°(X) we get a Lefschetz decom-
position with only one term. We will call it the stupid Lefschetz decomposition.

Proposition 9.1. —  The unversal hyperplane section %, C X x P(V*) with the pro-
gection X, — P(V*) is homologically projectively dual to X — P(V) with respect to the
stupid Lefschetz decomposition.

Progf. — Just take & to be the structure sheaf of the diagonal in 2| x Z7.
O

Alternatively, one can consider the stupid Lefschetz decomposition as a par-
ticular case of the decomposition (27) since any algebraic variety can be considered
as a projectivization of a line bundle over itself.

Let us describe the claim of Theorem 6.3 in this case. Let Y = 2, be
the universal hyperplane section of X. Let L. C V* be a vector subspace. Then
Yy, is the family of hyperplane sections of X parameterized by P(L). It is fibered
over X with fiber equal to P(L) over Xj, and a hyperplane in P(L) over X\ X..
Theorem 6.3 implies that we have a semiorthogonal decomposition

2’ (Y1) = <@b(X) ® Op(ry(1 —dimL), ..., 72"X)® Opay(—1), 9b(XL)>-
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E.g. for dimL = | we have Y, = X; and for dimL = 2 we have Yy is the
blowup of X|, in X. In the latter case the obtained semiorthogonal decomposition
coincides with the standard decomposition of the blowup.

9.2. Curves. — Now, assume that X is a smooth projective curve.

Lemma 9.2. — The derved category of a smooth connected projective curve X admats
a nontrivial Lefschetz decomposition with respect lo an effective line bundle Ox(1), only if
X =P In this case Ox(1) is the positive generator of PicX, and the decomposition takes
Sform 2°(X) = (Op1(k), Op1 (k+ 1)) for some k.

Proof — Assume that we have a nontrivial Lefschetz decomposition of 2°(X),
so that o] # 0. Let F be a nontrivial object in @7. By definition of a Lefschetz

decomposition we have
RHom(¥(1), F) = 0.

Since X is a curve, every object in 2°(X) is a direct sum of its cohomology
sheaves, and every sheaf on X is a direct sum of a torsion sheaf and of a locally
free sheaf. If G is a nontrivial torsion sheaf some shift of which is a direct sum-
mand of F, then G(1) = G, hence Hom(G(1), G) # 0, hence Hom(F(1), F) # 0.
Therefore F is a direct sum of shifts of locally free sheaves.

Since 7 is closed under direct summands and triangulated, there exists a lo-
cally free sheaf F € /. Then

RHom(F(1), F) = RI'(X, F ® F*(—1)).

But F® F* has Ox as a direct summand, hence the condition RHom(F(1),F) =0
implies that the line bundle Ox(—1) on X has no cohomology. By Riemann-Roch
this is possible only if deg Ox(1) =1 —g, where g is the genus of X. So, if g>1
then Ox(1) cannot be effective. Therefore for g > 1 we cannot have a nontrivial
Lefschetz decomposition.

Now assume that ¢ = 0, so X = P'. Then the above arguments show that
Ox (1) is the positive generator of the Pic X. Moreover, since any locally free sheaf
on P! is a direct sum of line bundles, it follows that 2/ = (Opi(k)) for some
k € Z. Then

(Opi (k) = o, C dy C (1) = (Opi(k+ D))" = (Op (b)),
and we are done. |

The above lemma shows that the only way to get a homological projective
duality for a curve of positive genus is to consider the stupid Lefschetz decom-
position. Then as we have shown in Proposition 9.1 the homologically projectively
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dual variety is the universal hyperplane section. Note that in this case the map
Z1 — P(V*) is a finite covering (of degree equal to the degree of X in P(V))
ramified over the classical projectively dual hypersurface XY C P(V*).

The case of X = P! with the Lefschetz decomposition 2°(X) =
(Opvy(k), Opyy(k+ 1)) was considered in Remark 7.7.

9.3. Hirzebruch surfaces. — Let S = P! and E = 05 ® Os(—d), so that X =
Ps(E) is the Hirzebruch surface F,. Take V* = H°(S, E*) = k®k‘™!. Then f : X —
P(V) = P maps X onto a cone over a Veronese rational curve of degree d
(the exceptional section of X is contracted to the vertex of the cone).

In this case E+ = Ker(V* ® 05 — E*) = Os(—1)%, hence Y = Py(E') =
P! x P!, The map g:Y — P(V*) is a d-fold covering onto the hyperplane in
P! C P(V*), corresponding to the vertex of the cone.

9.4. Two-dimensional quadric. — Let S = P' and E = Os(—1) ® Os(—1), so
that X =Pg(E) = P! x P! is the two dimensional quadric. Take V* = H’(S, E*) =
k*. Then f:X — P(V) = P? is the standard embedding.

In this case E+ = Ker(V* — E*) = O4(—1) @ Os(—1), hence Y is also
isomorphic to P' x P! and the map g: Y — P(V*) = P? identifies it with the
projectively dual quadric to X.

In a forthcoming paper [K2] we will describe homological projective duality
for all quadrics.

9.5. Springer—Grothendieck resolution. — Let G be a semisimple algebraic group,
S = G/B the flag variety of G (the set of all Borel subgroups in G), g the Lie
algebra of G, and b C g® O, (resp. n C g ® Os) the vector subbundle with fiber
over a point of G/B given by the corresponding Borel subalgebra (resp. nilpotent
subalgebra) of g. Take E = n, which is, in fact, isomorphic to the cotangent bundle
of S, so that X = Ps(E) = Pgp(n) = Pp(T5p), and V¥ = g* = H°(G/B, n*).
Then f : X — P(g) maps X onto the projectivization of the nilpotent cone in g
and 1s well known as the (projectivized) Springer resolution of the nilpotent cone.

In this case E* = Ker(g* — n*) = Ker(g — g/b) = b (we identify g with g*
by the Killing form), hence Y is isomorphic to Pg/(b) and the map g:Y — P(g)
is known as the (projectivized) simultaneous Springer—Grothendieck resolution. Its
generic fiber consists of |W| points where W is the Weyl group of G.
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