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VIEWS OF PARAMETER SPACE:
TOPOGRAPHER AND RESIDENT

Mary Rees
Abstract. — 1In this work, we investigate the structure of certain parameter spaces.
The aim is to understand the variation of dynamics — in particular, of hyperbolic

dynamics - in certain parameter spaces of rational maps. In order to do this, we ex-
amine the topological and gecometric structure of larger parameter spaces, of branched
coverings of the Riemann sphere C, where some of the critical points are constrained
to have finite forward orbits.

We obtain a complete topological description of the spaces under consideration, from
two points of view, which we call the Topographer’s View and the Resident’s View.
The Topographer’s View is, in essence, a geometrising theorem. It shows that the
space in question is, up to homotopy equivalence, a countable union of disjoint ge-
ometric pieces, joined together by handles. The most typical geometric pieces are
varieties of rational maps, and tori. The Resident’s View is a view of the whole
parameter space from the dynamical plane of a map (a resident) in the parameter
space. This is necessarily a two-dimensional view, in which the geometric pieces of
the parameter space appear as disjoint convex regions in the dynamical plane.
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Résumé (Points de vue sur ’espace de parametres: le topographe et le résident)

Dans ce travail, nous étudions la structure de certains espaces de paramétres. L’ob-

jectif est de comprendre les variations de dynamique — en particulier de dynamique
hyperbolique — dans certains espaces paramétrant des applications rationnelles. Pour
cela, nous examinons la structure topologique et géométrique d’espaces plus grands
paramétrant des revétements ramifiés de la sphére de Riemann C, ou plusieurs points
critiques sont contraints a avoir une orbite positive finie.
Nous obtenons une description topologique compléte des espaces considérés, de deux
points de vue, que nous appelons la vue du topographe et la vue du résident. La vue
topographique est, en somme, un théoréme de géométrisation. Elle montre que 'es-
pace en question est, a une équivalence d’homotopie prés, une réunion dénombrable
de morceaux géométriques disjoints, reliés ensembles par des anses. Les morceaux géo-
meétriques les plus typiques sont des variétés d’applications rationnelles et des tores.
La vue du résident est une vue de l'espace des parameétres tout entier depuis le plan
dynamique d'une application (un résident) situé dans ’espace des paramétres. C'est
nécessairement une vue en dimension 2, dans laquelle les morceaux géométriques de
I'espace des paramétres apparaissent comme des régions convexes disjointes dans le
plan dynamique.
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PART 1

TOPOLOGY, COMBINATORICS,
VIEWS






INTRODUCTION

The objects of study in this paper are rational maps of the Riemann sphere C,
considered as dynamical systems. The basic problem is to understand variation of
dynamics in a given family of rational maps. The total dynamics of a rational map is
greatly influenced by the dynamical behaviour of its critical points. So it is natural
to consider families of rational maps in which some critical points are constrained
to be periodic, or eventually periodic. Thus, we wish to study a parameter space
of dynamical systems, with specified dynamics on some invariant set which varies
isotopically throughout the parameter space. A rational map with a finite invariant
set is a holomorphic map of a marked Riemann surface. So our object of study is
a topological space in which the points are both dynamical systems and geometric
structures.

Paths are important in topology. When the points in a topological space M are
themselves mathematical objects, then paths in the space reflect this additional struc-
ture. For example, let Sy be a compact topological surface, M = M (Sy) the moduli
space of Riemann surfaces homeomorphic to Sy, and let S € M. We get different
views of S from the endpoints of a closed homotopically nontrivial path in M based
at S. If we wish to understand a space of mathematical objects, then we need an
understanding of the different views of cach mathematical object. This involves un-
derstanding the extra structurc inherited by paths in A when the points in M have
additional structure. For example, if Al is as above, then closed paths in M based
at S, which avoid singular points, give rise to homeomorphisms of S, modulo isotopy.

Study of any parameter space of dynamical systems involves looking at relative
movement of points in the dynamical plane as a point moves in parameter space.
This simple-minded idea manifests itself in virtually every paper written on dynamical
systems. Sometimes the study of relative movement is local, as in, for example, basic
theory of persistence (or otherwise) of fixed points and corresponding local dynamics.
Sometimes it is global, as, for example in study of the Mandelbrot set for quadratic
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polynomials ([D-H1], [D-H2], [T2]), when, roughly speaking, it is possible to trace
the movement of the unit circle (invariant under z — 22) as the parameter varies
throughout the Mandelbrot set (and even outside it). In fact, the idea is especially
prevalent in holomorphic dynamical systems, where dynamics of all points are largely
influenced by the dynamics of critical points. It is also especially true in any parameter
space where the dynamics are constant on some isotopically varying set.

Now we consider movement in the dynamical plane as we move along a path in
parameter space. In many parameter spaces (as in many topological spaces), the
choice of path is important. It is possible to lose sight of this, because in the examples
just cited — of local movement, and of movement in the Mandelbrot set — the
choice of path is not important. Suppose for simplicity that we wish to consider the
movement of one continuously varying point in the dynamical plane, relative to some
other continuously varying point, where both are in the complement of an isotopically
varying set on which dynamics are constant. Then a closed path in parameter space
gives rise to a path in the dynamical plane minus the set with constant dynamics.
(We shall assume for the moment that this path in the dynamical plane is closed:
it depends on exactly how we make our definitions.) This gives rise to what I call
the Resident’s View of parameter space. This is a view which is comprehensive,
but is in terms of the dynamical plane of some fixed dynamical system resident in
the parameter space. It is really a view of the fundamental group of the parameter
space V, that is, a set-theoretic identification of this group with a subset of the
fundamental group of the complement C ~ Z in the dynamical plane of a set Z on
which dynamics are constant. This is a very simple identification, and as such can be
made for other of parameter spaces of dynamical systems. 1 do not know if there are
other situations in which it has the far-reaching properties which it possesses for the
parameter spaces considered here. It turns out that this map from one group to the
other is injective. The map then gives rise to a map from the universal cover of V' to a
subset of the universal cover of C~ Z. It is then possible to obtain information about
the variation of dynamics on V' —- from the resident’s view of the universal cover. This
is our aim. Some specific examples are given below (without full details or proof, of
course). This is yet another application of the idea that, for many topological spaces,
the fundamental group contains all the essential information about the topology, and
that, in a topological space with additional structure, all the essential information
can be obtained from a fundamental group with additional structure.

Given a topological space, a common aid to understanding structure is to show
that a topological space has a stronger structure up to homeomorphisim or homotopy
equivalence such as a geometric structure of a particular type. Let us call the
establishing of a such a structure a Geometrizing Theorem. Well-known examples
of such results are Thurston’s theorems [T1] producing hyperbolic structures on 3-
manifolds (under various conditions). I want to highlight two Geometrizing Theorems
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INTRODUCTION 5

which concern spaces of maps. One is the Nielsen-Thurston classification of compact
surface homeomorphisms up to isotopy ([F-L-P], [Cas]). This can be interpreted
as: a connected component of homeomorphisms of a compact surface contracts to a
set of homeomorphisms preserving a geometric structure. This structure is either a
hyperbolic metric on the surface, or a finite disjoint set of simple loops, or a pair of
transverse measured foliations. The details are unimportant. The point is simply that
the space of homeomorphisms is homotopically equivalent to a smaller space which
has a more exact description. The other result is Thurston’s Geometrizing Theorem
for critically finite branched coverings of the sphere. This result can be regarded
as a description of the topology of a connected component of orientation-preserving
branched coverings with forward orbits of a fixed finite cardinality, modulo Mébius
conjugation. In the presence of a certain combinatorial condition, the component is
contractible to the unique rational map within it. In the absence of the combina-
torial condition, the component is contractible to a space (usually a torus) of maps
preserving a stronger geometric structure. Note that the basic intention of this result
is arguably to use the larger space to study the smaller, so that this can be regarded
as a Geometrization Theorem in reverse. The smaller set was initially known to be
finite, and is shown to be singleton, but, of course, there is more to it than that.

There are other cases in which enlarging a topological space gives crucial infor-
mation about the original. A large part of the long tradition of studying topological
spaces of geometric structures comes from algebraic geometry. In such spaces, singu-
larities are important, and it is often appropriate to blow up the singularity in order
to understand the structure near it. In these examples, the enlarged space is often
homotopically larger than the original.

In smmmary, both enlarging and reducing have been found useful in studying topo-
logical spaces, in a wide variety of situations. Sometimes, a space is found to be
endowed with — or to be homotopically equivalent to a space endowed with a
geometric structure whose existence was not originally known. Sometimes a space
of geometric structures is found to embed homotopically in a larger space. of which
the points might be more easily constructed. This gives rise to what T shall call the
Topographer’s View of a Parameter space. Again, specific examples are given below,
without full details.

Some Key Examples. — Both the Topographer’s View and the Resident’s View
are important in understanding topological structure of a parameter space of rational
maps, and, more importantly, the influence of the topology on the scope and type of
variation in dynamical behaviour. These views are complementary. Neither is more
important than the other. Now we view a number of examples, in an attempt to get
a feel for the shape of the general results, which will be stated later. For the formal
statements of results, see Chapter 5.
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6 INTRODUCTION

Ezample 1. — Let V3¢ be the family of maps
(z—a)(z—1)
22
where the critical points of g, are ¢1(g,) = 0 and c2(g.) = 2a/(a+ 1). The critical
values are v1(g,) = oo and v2(g,) = —(a — 1)?/4a. Dynamics are constant on the set

Z ={0,00,1},

Jo ' 2 —

, a€C,a#0, £1,

which is the period 3 orbit of 0 under g,, for any a. Note that for a = 0, g, degenerates
to a degree one map, and a = £1 give v2(g,) = 0, 1 respectively. Let Bsg D Vi
be the family of orientation-preserving degree two branched coverings g of C with
critical points 0 = ¢1(g) and c2(g) ¢ {0,00, 1}, where 0 — oo +— 1 + 0 is a periodic
cycle under g. We shall see in Chapter 1 that the inclusion of Vi in Bz is a
homotopy equivalence. This is the Topographer’s View: that B3 ¢ is, up to homotopy
equivalence, the same as the subspace V3 g of rational maps within Bs . We shall, by
abuse of notation, sometimes identify Vi o with C ~ {0, £1}.

Now we consider the Resident’s View. The set Z is forward-invariant under g,
for any g € Bjso. By definition, c2(g) ¢ Z, where c¢2(g) is the second critical point
of g. This is equivalent to the statement that va(g) ¢ Z, where va(g) = g(ca(g)) is
the second critical value. The idea of the Resident’s View is to describe the space
B3 o in terms of C \ Z, which is the punctured dynamical plane of ¢, for any fixed
g € Bso. This is done by describing the universal cover of Bs, together with the
action of the fundamental group m(Bsj,), in terms of the universal cover of C ~ Z
together with the action of the fundamental group m1(C ~ Z). Since inclusion of
V.0 in B3z is a homotopy equivalence, inclusion induces an isomorphism between
m1(Bs,o) and m1(V3.0). We need to choose basepoints in the fundamental groups, and
we choose some g,, € V3, and then consider the fundamental groups m1(V3.0, ga, )
and 71 (C ~ Z,v2(g)). The Resident’s View includes an injective map

p:m(C~ Z,v2(9) — 71 (V3,05 Gag )-

The map p is not a group homomorphism, and not surjective. The idea of its definition
is as follows. If we move along a path in Bs o from g,, to ¢, then this determines a path
in C . Z from vy(g) to c2(g), which (up to endpoint-preserving homotopy), depends
only on the endpoint-preserving homotopy class of the path in Bz o. If we trace a
closed path in By starting and ending at g,, then we obtain in this way a closed path
in C~ Z starting and ending at vo(g,, ). This does indeed give a map between the two
fundamental groups. For a more formal definition, see 1.12. The fundamental groups
act freely on the universal covers. So if we fix lifts g, and v2(gq, ), we have an injective
map, which we also call p, from 7 (V3.0, gu,) - § to 71 (C N Z,v2(gay)) * 02(gay ). Now,
since gq, € V3.0, T1(V3.0, Jay ) Ga, can be regarded as a subset of the universal cover of
V3.0, while 71 (C \ Z,v2(ga,)) - D2(ga,) 18, of course, a subset of the universal cover of
C . Z. Both these universal covers are isomorphic to the open unit disc D: not just
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INTRODUCTION 7

topologically, but conformally as well, since the universal covers inherit structures of
complex manifolds from the complex manifolds V39, C ~ Z. So we can identify ga,
and U2(ga,) with points in D. The covering-group-actions of the fundamental group
11 (V3.0. Gay) and 71 (C N Z, v2(ga,)) on the unit disc are by Mébius transformations.
These actions extend to D. Then it turns out that the map p, which is now a map
between the subsets 71 (V3.0. Ja,) - Jau and 71 (C N Z.v2(gay)) - U2(ga,) of D, extends
continuously to a homeomorphism, also called p, of the unit circle 9D. We can then
use p to define a new action of 71 (Vs 0. ga,) = 71 (83,0, ga,) o0 0D by

(1) g-plz)=plg-2)

for g € m1(V35.0. ¢a,) and z € 0D, where the action on the righthand side is by M6bius
transformations. The left-hand action is by homeomorphisms. The map p is not
defined on the open unit disc, only on a discrete subset of it. It is, of course, possible
to extend it homeomorphically to D and to then define a new action of 7 (B33,0) on D
by (1). Although the extension is not unique, the resulting action of m (Bs9) on D is
unique up to isomorphism of topological group actions. This is what we mean by the
Resident’s View in this casc: an action of m(B35.0) = m1(V3,0) on the universal cover
of C ~ Z which is isomorphic the action of (V3,0) on the universal covering space
of V3.0.

In this very simple first example, the homeomorphism p : 9D — 9D has another
description. Consider the map

p1a— va(ga): Vo — CN Z,

which is actually a double covering. This then lifts to a map between the universal
coverings, and is simply a Mobius transformation. This Mébius transformation co-
incides on 9D — and only there — with p. The action of w1 (B3 0) on 9D defined
using p is therefore an action by Mobius transformations - and each of these Mobius
transformations is a Mébius transformation in some subgroup of 7 (C ~ Z,v2(ga,)
acting on 9D -— but the subgroup is not (p1)«(m1(V3.0, ga, ))-

Both V34 and C~ Z are punctured surfaces. The maps g4, are well-defined degree
two maps, with v2(g1) = 0 and v2(g—1) = 1, while gy is degree 1. Each puncture has
lifts in 9D. This works as follows. For any A C {0, £1}, let m1(V3,0. A, ga,) denote
homotopy classes of paths a : [0,1) — V3 where

tlin} a(t) € A,

and homotopy is through paths with this property. Let m(C ~ Z;, Z, v2(ga,)) be
similarly defined for any Z; C Z. Paths represented by clements of m1(V3.0. A, ga, ).
711 (C~Zy, Z,v2(ga, ) lift to paths in D starting from g, 2(g) respectively and limiting
on points in 9D lying in a countable set - which are, by definition, the lifts of the
points of A, Z; to dD. The fundamental groups 71 (V3.0 ga,) and m (C~ Z, v2(g)) act
on 71 (Vs.o, A, ga,) and 71 (C \ Z, Z1,v2(ga,)) on the left, respectively, by composition
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8 INTRODUCTION

of paths. If we identify a path with the lift of its second endpoint, then these actions
identify with the restriction to the sets of lifts of the natural actions of 71 (V3.9, ga,)
and 71(C ~ Z,v2(ga,)) on dD. Now we restrict to A = {£1} and Z; = {0,1}.
Similarly to the map p on fundamental groups, there is a map

P2 ,/Tl(‘/zf.()a {il}) I 7Tl(é ~ Z: {0* 1}7’“2(.(10.0))7

which is defined in much the same way as p: a path from g,, to g1, g1 gives rise
to a path from va(ga,) to 0, 1. So p2 can be regarded as a map from lifts of +1 to
lifts of 0, 1 again by identifying paths with the lifts of their second endpoints, that
is, as a map from one countable subset of 9D to another. Then ps is a restriction of
p:0D — 0D.

We shall return to the Resident’s View of this example in 1.15.

FErample 2. -~ Now we consider V31 and Bs.;. These are obtained by removing from
V3.0 and By g those maps g for which v2(g) € g71({0,1,00}) = Z(g), where vy (g) = 0o
and vo(g) are the critical values of g. The space Vi is simply Vi with finitely
many extra punctures. The inclusion map of Vi1 in By is no longer a homotopy
equivalence, although (as always, it turns out) it induces an injection of fundamental
groups. The group m1(Bs.1) which, of course, projects onto 71 (B3,0) & F3 — is
now infinitely gencrated and infinitely presented. Before describing the structure, we
consider the punctures 0, oc of Vi ;.
Note that if a = 0, then g, degenerates to the period 3 Mobius transformation

z—1

2

Let 1 be a simple positively oriented loop round 0 and close to 0 in V3 ;. Now we
consider g, in V3 for large values of a. Let

1
G,,(Z) = ﬁgu(\/a:)'
Then ! ) 1 {
(7(L(N) = _; + W(] + Z_2> — s
So

lim Gq(z) = —

The critical values of GG, are v; = o which is of period two under G, with orbit
{0, 0} (as for g,) and

’U‘z((;u) = _%—% = _;/6 + 0 (1\/;) .

Then
Ga ('UQ) =

ﬁ +0(%) G2 (vy) = 4? +o(%).

Let ~2 be a simple positively oriented loop round oo and close to oo in Vi ;.
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INTRODUCTION 9

The Topographer’s View of B3 1 and Vi 1 is as follows. Up to homotopy equivalence,
Bs,1 is the union of two pieces, joined together along a handle. One of the pieces is
Va1, and the other is ST x Wepi.1. Here, Wy 11 is a cyclic cover of Ver 1 1. The space
Ver1.a s the family of maps

b b

kl,:zr——>1+—-f =

be C, b0, 4.

2

The critical points of ky, are ¢i(ky) = 0 and co(kp) = 2. The critical values are
v1(ky) = oo = ky(0), and va(ky,) = 1+ b/4. Also, k¥(o<) = ky(oc) = 1. The “ef”
is for “eventually fixed”. The first index 1 means that the first forward image of
v1(kp) = oo is fixed. The second 1 means that va(hy) is not a first preimage of
v1(kp) = oo, nor of the fixed point ky(oc) = 1. The restrictions on parameters ensure
that for &, € Vigia. va(ky) € kh_l({ooﬁl}), and {oc, 1} = {o1(kp), kp({v1(hp)}) is
forward invariant. We take Wey 11 to be the cyclic cover for which the covering map
is exp : Wepi1 — Veri.1. Then we join 4 to the loop in S' x Wep 1 given by

t—s (e " 2) [0.27] — S' x Wes1.1, some fixed € Weyi.0-

to obtain Bz ;. We give a sketch of B3; below.

s
a = o0
/
Vi
[ ] [ ] [ ] [ ) [ ]
St x
Weri

Bli.I'

In particular, by the Topographer’s View, w1 (B, gq,) can be regarded as containing
1 (Va1) and 7 (ST x Wepq1).

Now we consider the Resident’s View, and we fix a resident g,, € V5,. The
sets Z(g) = {0,00,1,20(g),21(g9)} = ¢~ ({0, 1,00} and Y (g) = Z(g) U {va(g)} vary
isotopically as g varies over Bs . Here, 29(g) and z;(g) are preimages under g of 0
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10 INTRODUCTION

and 1 respectively. (The only preimage of oo is 0.) Write Z = Z(g,,). B = Bz and
V =V3,. We again as in Example 1 — have a map

p (B, gay) — m(C N Z.v2(ay))-

This map restricts to a map on 7 (V, gq,), which can again be regarded as a subset
of the open unit disc, but this time, p does not extend continuously to a map on 9D.
What happens is more interesting.

Let C denote the set of ends of B corresponding to degree two branched coverings g
for which v2(g) € Z(g). We can describe an end by having a family of neighbourhoods
U. (¢ > 0) such that for all g in U, there is a loop in C \ Y (g) of length < ¢ with
respect to the Poincaré metric on C~ Y (g). which separates v2(g). and one particular
point of Z(g) ~ {v1(g)} from all the other points of Z(g). We write 71(B, C, ga,) for
the set of paths in « : [0,1) — B with a(0) = g,,, and lim;_.; a(t) € C, modulo
homotopy through paths of this type. Let m(C ~ Z. Zva(ga,) be similarly defined.
Then, again as in Example 1, there is a map

p2 (B, C,gay) — T (C~ Z, Z,0(gu,))-

and by identifying elements of 7 (B, C, ¢4, ), m (C~ Z. 2, (ga,)) with lifts of second
endpoints, ps can be regarded as a map between countable dense subsets of 9D. But
T (V. VN, ga,), identified with lifts of its second endpoints, is not a dense subset
of 9D. Let X (V) denote its closure. Let H(V) denote the convex hull of X (V),
that is, the smallest convex subset of D which contains X (V). The homeomorphisin
of OD given by any element of m (DB, gq,) either preserves the set X (V), or maps
it to another set whose convex hull has interior disjoint from that of H(V'). Such
convex hulls are known as rational convexr hulls. The stabilizer in 7 (B) of H(V) is
m1(V, gay ). The action of w1 (V) on OH (V) is semiconjugate to the standard action
of (V) on the boundary of the universal cover of V', via a map which sends the
closure of cach component of OH (V) ~ X (V') to a point, but otherwise sends distinct
points to distinet points. The components in D of the complement of the rational
convex hulls correspond naturally to S* x Wey 1 1, or, at least, to its preimages in the
universal cover of B. These components are known as Levy conver hulls. Thus, the
Resident’s view of the universal cover of B, with the preimages of V and S' x Werin
in it, is D, decomposed into rational and Levy convex hulls. The correspondence is
consistent with the actions of 7, (3) on the universal cover of B and on 0D.

The geodesics in the boundaries of the rational or Levy convex hulls have special
properties. They all project down to the same simple closed loop (2 in C~ Z. The loop
(o is actually well-defined up to isotopy in C \ Y (gq,) (as we shall see in Chapter 3,
especially 3.13), and (3 C g”_“l (C2) up to isotopy in C~ Z(ga,). The loop (o is related
to the cusp at a = oo in Vi1 (which v is a simple loop round). Assume (without
loss of generality) that ag is near oo. Let ¢4 be a bounded simple loop separating 0
and oco. The isotopy class with respect to Y (G, ) is uniquely determined, because
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INTRODUCTION 11

v2(Ga,) is near co. The image of ¢} under the map z — (1//ag)z is 2. The loop (2
is a Levy cycle. For more details on Levy cycles, see Chapter 2. The isotopy class of
(o is illustrated below.

Qe
K
CO ZTo
le
Period 3 n = 1 bounding loop.
Example 3. — Now we consider Bj o and V3 2, which are similarly defined, this time

using Z(g) = g 2({0,0¢,1}). Then Bjo is a chain of three geometric pieces: the
pieces V32 and S' x Wy joined as in the case of Bj 1, and, in addition, a piece
V11,1, which is the family of maps

hb:z»——J)Z—I—Zz, be C,b+#0,4.

The critical points of hy, are ¢y(hy) = oo (which is fixed) and ex(hy) = —b/2, so that
the second critical value is vo(hy) = —b?/4. The set {oc, 0, —b} = hy({0, 00}) contains
two fixed points 0, oo, and —b is the other preimage of 0 under h,. The restrictions
on parameters in Vi ;; ensure that va(hy) & h,;l({(),oo})7 which may explain the
notation: there is one fixed critical point, one other fixed point, and v (hy) avoids
both these and their first preimages. Let v be the negatively oriented loop round 0
in V7 ,1,1. Then join St ox Wepaa to Vi11 by joining St x {x} and ~}, for any fixed
o € Weyr 1,1 to obtain B3 z. This is the Topographer’s View.

The Resident’s View is similar to Example 2. It comprises an identification of lifts
in E;u of two different subspaces of By with disjoint convex hulls in the disc D.
These subspaces are (up to homotopy equivalence) V35 and the join of S x W,y
with Vi 11. It would be possible to make a finer decomposition into convex hulls,
giving distinct convex hulls corresponding to the sets S' x Wepi1 and Vi1, but
we have elected not to do it in the main theorems of Chapter 5. The bounding
geodesics are, again, lifts of a simple closed loop called (5. It coincides with the loop
of Example 2 up to the appropriate isotopy, but the set Z(g) ha been enlarged, so it
is now defined up to a finer isotopy. Once again, the loop generates a Levy cycle.
rample 4. The space Bz is a union of four picces. The spaces Vi3 and
Sl X I/ngjl.g 1"(')})1&1(:0 V?;.Q and Sl X VVef.LI in Bg‘g. Here, ‘/V(,f.hg (llk() VVHfT|71 with
Ver..1) is the cyclic cover of Vop 1o given by the exponential map and Vig1 2 is the
family of maps ky, € Vey 1.1 for which vo(ky) € kb_’z({loc}) In general Vi1, will
be the family of maps ky, € Vey 1,1 for which vo(ky) € ky ™ ({1, 00}). The spaces V3 3,
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S x Wepi2 and Vi1 are joined as in Bj . Let Wi 11 be the cyclic cover of Vi 11
such that exp : Wi 1,1 — Vi1.1 is the covering. The last geometric piece is a copy of
St x Wy 1,1 which is joined to Va3 by identifying 41 with the loop

t— (e ", x):[0,27] — S* x Wy 1.1, some fixed z € Wy ;.

In the Resident’s View the unit disc D is partitioned into convex hulls which are
lifts to 533 of three different subspaces of B3 3. These subspaces are V3 3, the join of
SUxWep 12 and Vi g, and Wi 11 xSt We have Y (g) = ¢ 3({0. 0c, 1})U{v2(g)}, and
the convex hull boundaries project to simple closed loops ¢; and (s, which generate
Levy cycles. This loop (2 coincides up to suitable isotopy with the loop of that name
in Examples 2 and 3. The loop (; is associated with the cusp 0 of V3 3, in the same
way that the loop (2 is associated with the cusp oco. If we assume (without loss of
generality) that ag is close to 0, then we simply take ¢; to be a simple closed loop
bounded from 0, 1, oo, and separating oo from 0 and 1. Such a loop is uniquely
determined up to isotopy in C ~ Z(ga,). because all points of Z(g,,) are close to
{0, 00, 1} for ag close to 0. We can even choose ¢ to be approximately periodic under
Jay- because g, is approximately a period three Moébius transformation over most

of C.

Example 5. We omit By 4 and consider Bg s briefly. The space Vi 5 replaces Vi 3,
and Vi 12 replaces Vi 11 — where V) 1 2 is simply the family of maps hy, € V1 1.1 such
that va(hy) ¢ }LEQ({O,DO}). In general Vi, will be a family of maps hy € Vi1
such that va(hy) € by ™({0,00}). The space S! x W,y in Bz is replaced by a
union of two geometric pieces: S x Weya.s and St ox Wesa.1. These are joined by
identifying S* x {z} and S! x {y} for some fixed x and y. An extra copy of Vs 11
occurs, sandwiched between the copy of S' x W,s1,1 and a final copy of Vi 1. Let
~1 be the loop round 0 in V,yq,:. Then S x {z} in S x Wepa,1 is joined to ~f.
A simple loop round oo in Viy 11 joined to a simple loop round 0 in Vi 1.

For n > 5, Bj, is always a union of finitely many geometric pieces. We always
have copies of St x Wes1.m and S x W 4 (for varying m and m') joined directly to
Vi . The chain of spaces between St x Wes.1.m and the copy of Vi 1, (for varying r)
increases in length. The space Vi 1, is always the end of a chain of spaces.

The Resident’s View is basically unchanged from that of Example 4, because we
have chosen not to introduce a finer partition of convex hulls corresponding to the
lifts up to homotopy convex hull of the complement of Vs ,,: there are more convex
hulls, simply because the fundamental group is larger, but they are of the same types
as before.

Justification of String of Erxamples. One of the reasons for considering this string
of examples is to try to indicate that not only topological structure is being described.
The topological changes in this string of examples are not important. Successively
more critically finite maps become associated with cusps in the parameter space.
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The Resident’s View shows which of these are given by rational maps, and tells us
how to determine which are distinct, by using the set-theoretic identification of the
fundamental group 7 (B3 .,) into 7, (C ~ Z). The Resident’s View is actually similar
to a view obtained in [R3] and [R4], but is a finite version, which makes a better
transfer of information possible, including the identification of one fundamental group
into another.

Example 6. — We consider By . Note that Vj o identifies with the space of maps
c d
g(;‘,1:2'——>1+j+'7—2“
where (c,d) € C? and various points are removed. We compute these. The critical
points are 0 = ¢1(ge.q) and —2d/c = ¢2(ge.q), and 0o = g 4(0), 1 = ge a(00), 1+c+d =
ge.d(1), and the condition _q?,‘(,(l) = 0 yields

(1) (I+ec+d)(14+2c+d)+d=0.

It follows that V¢ is a 10-times punctured sphere. Degeneracy of g. 4 to a Mobius
transformation occurs when (¢, d) = (—1,0) or (—1/2,0), giving, respectively, period 3
and 4 Mobius transformations, and also as ¢, d — oo with either ¢ +d = o(c¢) or
2¢ 4+ d = o(c). In both cases, the conjugate of g.q4 by z — /cz is close to a period
two Mobius transformation. The condition that vs is not in the periodic orbit of v
yields another 6 punctures.

Then m(By) is infinitely generated. The space By is still the union of pieces
with a clearly-defined geometric structure, but this time there are infinitely many
picces. Fortunately, the pieces are of only finitely many different homeomorphism
types. One of these pieces is, of course, V4. Countably infinitely many are of the
form S! x S'. There is just one more, of the form S! x Wo1.0, where Wy 1 is an
infinite cyclic cover of Vy j g. Here, Vb | ¢ is the space of maps
(1 —=0)+bz

5 .

P
<

my @ 2 —

beC.b#0.1.2.

The critical points are ¢;(my) = 0 and co(myp) = —2(1 — b)/b. Then vy (my) = oo,
c1(my) is period 2 under my, and 1 is fixed by my. Then Wy | ¢ is the infinite cyclic
cover for which z — e* +1 is the covering map. The join between Vi o and S x Wa 10
is similar to those in previous examples. Let 3 be a simple positively oriented loop
round the end of Vj ¢ with ¢, d large and ¢ + d = o(¢). Then we identify 3 with the
loop in St x Wy 1 given by

t— (e " ). te€]0,2n] some fixed x € Wo .

We write Ty for this union of Vi and S' x Wa1,0 (in line with notation that we
shall adopt later). The space By g is an increasing union of spaces T}, , where {#,, }n>0
is an unbounded increasing sequence with kg = 0. For n > 1, the «,, = log A,,, where
An > 1 comprise the eigenvalues > 1 of hyperbolic matrices in SL(2, R), in increasing
order. The infinitely many tori S' x S! are indexed by &, for n > 1. For the n’'th
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torus, the loop e® — (1, €') (t € [0,27]) is joined to some closed (probably not simple)
loop 6, in T, , which intersects Vj o nontrivially. I know nothing about the loops
On, except that they are all homotopically distinct.

We give a somewhat symbolic sketch of the subset Ty of By below. This is the
Topographer’s View.

c+d=o(c)

Sl . . . . .

Waio

Period 4 n = 0: the subset Tj.

Now we consider the Resident’s View. Once again, the unit disc D is a union of
convex hulls which are associated in a natural way with lifts to By of homotopically
distinct subspaces of Bjo. But this time we have infinitely many such subspaces,
although all but two of them are tori. The boundary of any convex hull corresponding
to a lift of S x Wa 1 ¢ is, similarly to before, a union of lifts of a simple closed loop
generating a Levy cycle. The boundary of a convex hull corresponding to a torus is
different. Any geodesic in such a boundary projects to a simple geodesic in C ~ Z(g)
(for a suitable bascpoint g), which can also be regarded as a simple geodesic { in
C ~ Y(g), but this simple geodesic is not closed. Instead, its closure is a geodesic
lamination, which up to isotopy is contained in its preimage under g. One can then
use ¢ | 7 to define an isotopy class of a pseudo-Anosov homeomorphism on C ~. Z(g).
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Ezample 7. — We consider briefly By, for n > 1. For n > 1 there is an additional
geometric piece homeomorphic to St x Wet1,, (for varying m) joined to Vj ¢ round
the puncture 2¢ + d = o(¢) for ¢, d large. This is within the space Ty for By,

For n > 2 there is another copy of S* x Wes 1 ,, (for varying m) joined round the
puncture (¢, d) = (—1,0), and the space S! x Wy 1, which is replaced by a union of
finitely many pieces. These are also within the space Ty for By ,,.

For n > 4, there is a copy of S' x Wy 1,. (or, for larger n, this is replaced by a
chain of finitely many pieces) joined round the puncture (¢,d) = (=1/2,0), and the
infinitely many copies of S! x S! become St x St x W 1, (which is replaced by a
chain of finitely many pieces for larger n). No chains develop between Vi, and the
first adjacent spaces. This is the Topographers View. The Resident’s View is similar
to that in Example 6.

FErample 8. We consider one feature of Bg . Stimson’s calculations [Sti] indicate
that V5.0 is a punctured surface of genus 6. This time, onc of the geometric pieces
joined to Vg in Bgg is ST x Wi, where Wy o is a cyclic cover of Vi 19. In the
Topographer’s View, there are three handles joining S' x W3 1.9 to Vg.o. The join is
from loops round three different punctures in Vi o to the loop St x {r} in St x Wy
for any fixed @ in W3 ¢. This has consequences for the Resident’s View also. This is
one of the simplest paramecter spaces in which convex hulls corresponding to lifts of
one of the “subsidiary spaces”™  S' x Wy o in this case -~ have boundary geodesics
of more than one type, in fact of three different types in this case. The geodesics
project to simple closed geodesics which generate three nonisomorphic Levy cycles.

Ezxample 9. We consider an example of a different type. For ¢ € C let
folz) =22 +c.
and, for p > 2 let V be an irreducible component of
V ={g=feofqg:c.dc C,0has period p, ¢ & {¢g'(0): 0 <i < p}}.

quotiented by conjugation by Moébius transformations. (This actually means quo-
tienting by the equivalence relation (¢, d) ~ (we,w?d) ~ (w?c,wd), where w? = 1,
w # 1.) Let B be the larger space of degree four orientation-preserving branched
coverings with fixed critical point oc of multiplicity 3 and three other critical points,
including 0 and two others which map to the same critical value v2(g), such that
0 = ¢1(g) has period p, vo(g) & {¢°(0) : 0 <i < p} = Z(g). Such a space B is of poly-
nomial type because of the presence of a fixed critical point of maximal multiplicity.
The Topographer’s View is that the inclusion of V' in B is a homotopy equivalence.
The Resident’s View is that the identification of m (V) = 7, (B) into 71(C ~ Z(g)) is
injective and extends continuously to a homeomorphism of the boundary 9D of the
universal cover D of V' to the boundary 9D of the universal cover D of C~ Z(g), so
that the covering group m (V) can be regarded as acting on either circle 9D. (The
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Resident’s View is not actually proved for polynomial type in this paper, but it is
true.)

We give a very rough statement of the Topographer’s View and the Resident’s View
below. The results concern a space B of branched coverings of either polynomial or
degree two type. It is hoped that the examples above indicate roughly what these
words mean. Full statements are deferred until Chapter 5. The results are split
between five theorems in Chapter 5. All necessary concepts are defined in Chapters
1-4.

Topographer’s View

(1) Let B be of polynomial periodic type. Then the inclusion of the subspace V' of
polynomials in B is a homotopy equivalence.

(2) Let B be of degree two periodic or eventually fized type and V the subspace
of rational maps. Then the inclusion of Vi in B is injective on fundamental groups,
for any component Vi of V.. The space B is an increasing union of spaces By, . In
some cases, we have kg = 0 only. but in the other cases. {K,}nz0 s an increasing
unbounded sequence with ko = 0 and V. C By. For each n > 0, B, is homotopy
equivalent to a finite ordered graph of topological spaces. For each such graph, the
edge topological spaces are all tori. For n = 0, the node topological spaces include the
components of V.. For n = 1, the node topological spaces include the components of
By, _,. The graphs and their nodes and edges can be computed from the Resident’s
View.

Resident’s View. Let B be of degree two type, with one critical point periodic or
eventually fized for all maps in B. Let V' denote the space of rational maps in B. Let
G =m(B). Let B denote the universal cover of B. Let D denote the closed unit disc.
There is a partition P(B) of D into convex regions, and an action of G on 0D, such
that the following hold. The action of G on 0D extends to an action on the convex
regions. There is a G-invariant coarsening P, (B) of the partition P(B) restricted
to a subset of D, such that the quotient by the G-action of the dual graph of Py (B)
is the graph used to describe B, from V if n = 0. and By, from B., | ifn > 0.
Each lift Vi to B of a component Vi of V' corresponds to a single convex region C in
the partition P(B), whose stabiliser in G is m(V1). There is a monotone map from
ID = 0V to OD N OC minus countably many points, which is homomorphism of the
two w1 (V1)-actions. The inverse of this map extends continuously monotonically to
map OC to dD = V.

All structure can be computed from any f € B.

There is, implicit in the Resident’s View, a combinatorial condition for the space V'
of rational maps in B to be connected

The Topographer’s and Resident’s Views are proved using an iteration on a finite-
dimensional Teichmiiller space which is analogous to the technique used by Thurston
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to prove a geometrisation theorem [D-H3|, [T2] for critically finite branched coverings
of C. Both the method of proof and the results obtained can be regarded as a special
case of a generalisation of Thurston’s Theorem. We summarize a reformulation of
Thurston’s Theorem in Chapter 1. It is clear from the present work that the degree
two result that we obtain is indeed only a special case of a generalisation of Thurston’s
Theorem to families (rather than single maps) of branched coverings in which some
critical points are constrained to have finite orbits. In order to deal with the higher
degree case, one has to understand Thurston obstructions better than I do at present.
I believe that work of Shishikura (dating back to at least 1988) in which he derives
trees with expanding metrics from Thurston obstructions, essentially carries out the
classification of Thurston obstructions, but he has not yet written up this work.

Thurston’s theorem gives a way of projecting a critically finite branched covering to
a rational map which is actually semiconjugate to it, if a certain combinatorial condi-
tion is satisfied. (The method also gives much information even in the absence of the
combinatorial condition.) The present method also involves projecting branched cov-
erings to branched coverings which are either rational maps or preserve some geometric
structure. But there is not, nor was there cver intended to be, any relation between
the dynamics of individual branched coverings and their projections. However, pro-
jection along an entire path can, and often does, preserve dynamical information in
some sense. The present work, like Thurston’s Theorem, involves finite-dimensional
Teichmiiller spaces.

The organization of this paper is as follows.

Chapters 1 7. We develop the basic concepts and theory which enable us to state
the main results, the Topographer’s View and the Resident’s View, in Chapter 5. The
theory developed in these chapters is mostly combinatorial or topological in nature.
In Chapter 1, we summarize some basic material about mapping class groups of
punctured spheres, and adapt it to our purposes. We develop a theory of invariant
loop sets satisfying a Levy Condition in Chapters 2-4. This theory is suggested by the
theory of Thurston obstructions [T2] for critically finite branched coverings, which
has been extensively studied by many authors ([TL], [L] for example). In Chapters
6-7 we start to reduce the proofs and identify the main steps.

Chapters 8-16. — We develop the theory of Teichmiiller distance which we will need
in the proofs. The theory developed is specific to Teichmiiller spaces of marked
spheres, although some of it extends without any difficulty to the Teichmiiller space
of any compact marked surface. Some of the material appears to be new. Other
material undoubtedly is not, but in any case work is needed to get it into our context.
We start (Chapter 8) with a formula for the first derivative of Teichmiiller distance,
which is clearly related to Earle’s original formula [Ear| but in a special case where
very simple coordinates can be used. The proof also bears a resemblance to that
of F. Gardiner [Garl]. We then derive a formula (Chapters 10-13) for the second
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derivative. I am not aware of any existing analogue in the literature, although I am
sure the distance function is known to be generically C?. We actually show that the
distance function is C? everywhere at nonzero distance for marked spheres, a result
which appears to be new. Other topics covered include: an analysis of the distance
function in the thin part of Teichmiiller space (Chapters 9, 14-15); a characterization
of points on or near a geodesic between two points in Teichmiiller space (Chapters
14-15); triangles of geodesics in Teichmiiller space (Chapter 15); and a number of
results about when quadratic differentials can be expected to have the “same shape”
in the thin part of Teichmiiller space.

Chapters 17-24: Proof of the Topographer’s View. — The steps needing proof were
isolated in Chapter 7. Basically there are two of them, covered in Chapters 1721 and
2224 respectively. The first involves using a natural analogue of Thurston’s pullback
function [T2], [D-H3], together with pushing (a technique which forced much of the
development of the Teichmiiller theory) to homotope certain branched covering spaces
to subsets with a geometric structure, joined together by handles. The second step is
then an analysis of these handles. This analysis made necessary the interpretation of
the second derivative of the Teichmiiller distance function in Chapters 10-13.

Chapters 25-31: Proof of the Resident’s View of Rational Maps Space. — The proof
of the Resident’s View was reduced to this step in Chapter 7. This is basically a
result about extending a map from one disc to another to a map of one boundary
to another. Such a result is a key point in the proof of the Mostow rigidity theorem
[Mos], a result to be borne in mind, although in the present casc the map of discs is
very far from a quasi-isometry. The proof involves extensive study of how covers of
certain moduli spaces -moduli spaces of rational maps —- sit inside Teichmiiller space.
Thurston pullback has to be employed again, although this time it is “foreshortened”
in a certain way. The theory of triangles of geodesics, and the analysis of points near
geodesics between two given points (Chapters 14-15) is important in this proof.
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CHAPTER 1

THE TOPOLOGY OF SPACES OF HOMEOMORPHISMS
AND BRANCHED COVERINGS

1.1. Homeomorphisms of the Sphere. — It may be as well to start by stating
the obvious. We shall use C throughout to denote the two-dimensional sphere, even
when we are not considering the complex structure. We denote by Hom, (C) the
topological group of orientation-preserving homeomorphisms of the sphere. This space
is path connected and locally contractible. The inclusion within it of the group of
Mobius transformations is a homotopy equivalence. Thus, the fundamental group

of Hom(C) is that of PSLy(C), which is Zy. Hence, the quotient of Homy (C)
by left (or right) composition by Mébius transformations is simply connected. Let
X C C be a finite set. We can also consider the set Hom (C, X) of orientation-
preserving homeomorphisms fixing X pointwise. This topological group is, of course,
not connected, but locally path-connected and locally contractible. If X has one
or two points, without loss of generality, X = {oo} or {0,o0c}, the inclusions of,
respectively, affine transformations or scalings z +— Az (A € C*) in the identity
component of Hom+(6, X)) are homotopy equivalences. In these cases, the quotient
of the components of Hom (C, X) by right or left composition by these subgroup of
Mobius transformations are again simply-connected. If X has three or more points,
the components of Hom (C, X) are simply connected. The group mo(Hom, (C, X))
is, of course, the pure modular group PMG(E,X ), more usually described as the
group Hom (C, X) modulo isotopies fixing X. The larger group MG(C, X) is the
quotient, by isotopies that are constant on X, of the group of homeomorphisms of C
which map the set X to itself.

1.2. 0,. — As in [R3], [R4], we use the notation o, for a homeomorphism of C
which is defined by a path a, where « is any locally injective path in C, parametrised,
for convenience, by [0,1]. If « is injective, the homeomorphism o, is defined to
be the identity outside a small disc neighbourhood of Im(«), and to map «(0) to
a(1). In general, we write o as a product aj * - -+ * a, of simple paths, and define
Oq = Oq, O+ 00,,. Although this is not a very precise definition, if, for example,
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« is a closed loop with a((0,1)) ¢ C ~ X but «(0) = (1) € X for some finite
subset X, then o, is well defined up to isotopy constant on X, and depends only on
the homotopy class of o in C ~. X. Such homeomorphisms are commonly used to
generate PMG(C, X) ([Mag], [F-B], for example). Similarly, if X, (0 <t < 1)is a
continuous family of finite subsets of C, and # (X;) is constant, then there is a path
¢ of homeomorphisms with ¢y = identity and ¢:(Xo) = X, and if X¢g = X1, the
isotopy class of @1, relative to isotopies which are constant on X, is determined by
the path X;. Therefore, Hom, (C, X) is locally contractible.

1.3. Homomorphisms from Fundamental Groups and Pure Braid Groups
into Pure Modular Groups. — Let X C C be a fixed finite set, and first fix
7o € X. Then [a] + [0,!] defines a homomorphism of 7;(C ~ (X ~ {x0}), x0) into
PMG(E,X). Of course, if X has < 3 points, the image of the homomorphism must
be trivial, since PMG(C, X) is trivial in these cases. But it is not hard to show that,
if X has > 3 points, [a] + [0;!] is an isomorphism onto its image. (Here, [, ] denotes
homotopy class and isotopy class respectively. In future, we shall frequently confuse
loops and their homotopy classes, homeomorphisms and their isotopy classes.) For
example, we can use the following. If 3 is a simple closed nontrivial, nonperipheral
loop in C ~. X which has essential intersections with a, then o,(/3) and /3 are noniso-
topic. If X has 4 points, then [a] — [0 1] is an isomorphism onto PMG(C, X ), which
is thus a free group on two generators. For given an arbitrary [¢] € PMG(C, X),
there is an isotopy ¢, of C which is constant on X ~ {zg} with ¢ = identity, @1 = @.
We then take a(t) = ¢ (x0), and find that [o,] = [¢].

The path X; of 1.2 is a path in the topological space ) of ordered sets in C of
cardinality n (for some n). The fundamental group of this space is the so-called pure
spherical braid group. We can find a path o, through Mobius transformations such
that the first three elements of o, X; are constant in ¢. This induces a homeomorphism
between ) and Y/ PSL2(C) x PSLy(C), where V/ PSLy(C) denotes the quotient by
left Mobius composition, which is the pure modular space. We also have an isomor-
phism between the corresponding fundamental groups. But the fundamental group of
Y/ PSLy(C) is isomorphic to PMG(C, X ), where #(X) = n, and the isomorphism is
given by {5:X;} — [ '], using the notation of 1.2. Recalling that the fundamental
group of PSLy(C) is Zo, we thus have the well-known isomorphism between the pure
spherical braid group and PMG(C, X) x Zs.

1.4. The Presentation of the Pure Modular Group. — Although it is well-
known (see [F-B], for example), it seems a good idea to introduce here the presenta-
tion of PMG(C, X) for a finite subset X. This entire paper is concerned with certain
subgroups of the modular group or pure modular group for varying X, since these are
the fundamental groups of the branched covering spaces that we are studying.

ASTERISQUE 288



CHAPTER 1. THE TOPOLOGY OF SPACES OF HOMEOMORPHISMS 21

The very standard type of argument of 1.3 is all that is needed to derive the presen-
tation of PMG(C, X) in general. If X = {z; : 0< i<k —1},let D; (1<i<k—2)
be a decreasing sequence of closed topological discs, such that D; contains precisely
the points x; (j < 1).

Let H; (2 <i <k — 2) be the subgroup of PMG(C, X) generated by

{loa] : @(0) = (1) = x;, Im(a) C D;}.

Then, as we have already seen, H; is a free group on i (> 2) generators. It is easy to
choose a generating set, in terms of loops «, but we leave that to individual choice.
It is also clear that, for j < i, conjugation by and element of H; is an automorphism
of H;. For if 8 and « are closed loops based at possibly different points and ¢ = o3,

030040 0/;1 = Opa-

Increasing Discs.

Once again, it is easy (but very tedious) to write down the automorphism explicitly
in terms of any generating set of H,, for any generating set of H;. Finally, given any
isotopy class [¢], we can compose successively by unique ¢; € H; so that ¢ 0---0
Y2 o ¢ preserves the disc boundaries 9Dy (¢ > j — 1) up to isotopy. (Actually,
0D, _5 is automatically preserved.) Then we can compose successively with Dehn
twists & € H; round 9D,;_; (2<i<n—2)sothat {o---0& o000, 20 is
isotopic to the identity restricted to D;, modulo Dehn twist round 9D;. Then using
the normalisation of H; by H; (j < i), we can rewrite

[e] = [Wrlso-oustogston 0 grly]
as
[p] = [pn—20---0pa],
with ¢; € H;. Moreover, this representation is unique, because if
[pr—2 0+ 0@s] = [identity],

then we see by induction (for decreasing i), first, that ¢; preserves D;_, and then
that ¢; is isotopic to the identity. This defines the presentation.
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1.5. Some Useful Facts about the Presentation. — 1 prefer not to give an
explicit presentation of the pure modular group, but here are a couple of useful facts
concerning it.

(1) If X has > 5 elements, then PMG(C, X) has nontrivial commuting elements.
For example, o, and og commute whenever the loops o and /3 are disjoint. Thus
PMG(C, X) cannot be isomorphic to a Fuchsian group if #(X) > 5. (This might
seem irrelevant.)

(2) If « is a simple closed loop, then o, is, up to isotopy, a composition of Dehn
twists round the loops bounding an annulus neighbourhood of . If « encloses a single
point of X (but, of course, is based at another point of X'), then one of these twists is
trivial. If X has 4 points, this enables us to write o, for a based at g, in the form
og, for some /3 based at x1, given x; € X. We shall use this in 1.11.

1.6. Branched Coverings of the Sphere. — Let f : C — C be any degree d
orientation-preserving branched covering with critical value set Y. Then

f:CNfY(Y)—C\Y

is a covering. Let U denote the universal covering space of C \. Y with covering map
7m:U — C~Y. Then the fundamental group 7;(C \ Y) acts freely on U, and for
any subgroup K of m;(C \ Y), the quotient space U/K is also a covering of C . YV
with well-defined covering map mx given by 7k ([u]x) = 7(u), where [u]x denotes
the orbit of u € U in U/ K. The point of covering space theory is that all coverings of
C Y are of this form. In particular, f determines a conjugacy class of subgroup H of
71 (C\Y) of index d, consisting of those based loops whose based lifts to C~ f~1(Y)
are closed. Then by the standard covering space theory there is a homeomorphism

Yo : C~N fUY) —U/H

such that f = mgy o1. Now any covering space U/K of C Y also has the structure
of a complex manifold in such a way that 7wk is holomorphic. If K is of finite index in
71 (C\Y), then U/K must be C~ Wy, up to holomorphic equivalence, for some finite
set Wo. Any finite degree holomorphic map from one punctured Riemann sphere to
another extends to a rational map of the Riemann sphere. So there is a finite set
Wy € C, a rational map fo: C — C with f;'(Y) = W, and a homeomorphism

Yo : C\Y, — U/H

such that my = fooo. Moreover (again by standard covering space theory), fo, Wo,
1o are unique in the sense that if f;, Wi, ¢; have similar properties, then 1/)1_1 o g
is a Mobius transformation. So then write ¢ = 1y o 1. Then f = fy o ¢, and f and
( are unique up to right composition with a Moébius transformation, subject to this
identity, fo being rational and ¢ a homeomorphism. Conversely, all maps of this form
have critical value set Y and determine the same conjugacy class of subgroup H. If
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d = 2, so that Y has exactly two points, there is obviously only one choice for H in
any case.

If f and g are close branched coverings whose critical value sets have the same
multiplicities, then g = ¥ o f o =1, for some homeomorphisms ¢ and v which are
close to the identity. Recall that f is critically finite if #(X(f) < oo, where the
posteritical set X (f) is defined by:

X(f)={f"(c) : ¢ critical, n > 0}.

Now, if f and g are close critically finite branched coverings, and # (X (f)) = #(X(g9)),
and ¢, 1) are as above, then ¢, ¥ must map X(f) to X(g). Conversely, any map
o foe ™t with o(X(g)) = (X(f)) is critically finite. Thus, by 1.1, the set of
critically finite branched coverings with postcritical set of cardinality k& is locally
contractible.

1.7. Thurston Equivalence. — Thurston equivalence for critically finite branched
coverings f, g was introduced in [T1] (probably the first time that the study of
purely topological critically finite branched coverings was introduced into the study of
complex dynamics). In [R3], two equivalent conditions for Thurston equivalence were
given. In particular, recall that f ~ ¢ if and only if f ~, ¢ for some homeomorphism
¢ C — C with p(X(f)) = X(g), and f ~, g if and only if there is a path g,
of branched coverings with X (g;) = X(g) for all ¢, and po fop ™! = g9, g = 1.
Although ~, is not an equivalence relation, f ~, g if and only if g ~, 1 f. and
f ~yop h whenever f ~, g and g =, h. By 1.3, we can give yet another definition
of the Thurston equivalence class of f. It is the connected component of critically
finite branched coverings ¢ with # (X (g)) = #(X(f)) which contains f. This set is
path-connected. There is also an alternative definition of the set {g : g ~identity [},
which can be described as the connected component of {g : X(g) = X(f)} which
contains f. Again, by 1.3 it is clear that this set is path connected. By 1.1, if X (f)
has at least 3 points, the set is also simply-connected. Even if X (f) has only one
or two points, the quotient of {g : ¢ ~identity S} by conjugation by the appropriate
subgroup of Mobius transformations is simply connected, again by 1.1.

In 1.3 of [R3], we refined the concept of equivalence and defined (f,Yp) ~ (g,Y1)
for sets Y; that contain the postcritical sets and are forward invariant under f, g. The
definition of (f,Yy) =~ (g, Y1) differs from f >~ g only in that g, = g on Y3, for all £.
If f~,gthen (f. f~"(X(f)) ~,, (9,97 "(X(g9)), where ¢, is defined inductively by
o=, pno f=gowut1 and p, = ¢ on X(f).

1.8. Thurston’s Theorem for Critically Finite Branched Coverings

Thurston’s theorem for critically finite branched coverings of C can then be stated
as follows. We do not define the term associated orbifold, but we recall that the
associated orbifold of f is always hyperbolic if either # (X (f)) > 4 or the forward orbit
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of every critical point contains a periodic critical point.The term Thurston obstruction
will be defined — actually in a more general context, but with attention drawn to
the critically finite case — in 2.4. For now, we recall that a Thurston obstruction
for f is a positive linear combination of disjoint simple loops in C ~ X (f) which is an
eigenvector with eigenvalue > 1 for some lincar map defined in terms of f. For more
detail, see [D-H3], [T2] (or 2.4).

Theorem. — Let f : C — C be a critically finite branched covering such that the
associated orbifold is hyperbolic. Then the connected component of

{g: #(X(9)) = #(X ()}

containing f contains a rational map if and only if f has no Thurston obstruction.
In that case, the rational map is unique up to Mobius conjugation, and the quotient
of the component by Mdbius conjugation is simply connected.

Thurston’s theorem is stated in this way to make clear that the Topographer’s
View (see Chapter 5) is regarded as a special case of a generalisation of it. This is
not quite the usual statement but is certainly what is implied by the usual proof. For
notes towards the proof sce [T2], and sce [D-H3] for a complete proof. We shall also
be discussing the proof of Thurston’s theorem in Chapter 6. In fact the “if” direction
is essentially proved in 6.6-15, when a number of properties of the “pullback map” are
proved in more generality. (The “if” direction of the result has more implications and
is therefore more powerful, but the “only if” direction is surprisingly hard to prove in
full generality.) The proof of Thurston’s Theorem reveals a lot about the structure of
critically finite branched coverings and their Thurston equivalence classes even when
the associated orbifolds are not hyperbolic. or when Thurston obstructions exist.

1.9. Definition of B(Y, fy). — It is time to specify the parameter spaces with
which this paper is concerned. It seems a good idea to make definitions more general
than we need at present. So let fy : C — C be an orientation-preserving branched
covering. Let Z C C be finite, with fo(Z) C Z. Let Y = Y (fo) be the union of Z and
the critical values of fy. It may be that some of the critical values are already in Z.
In the cases studied in detail in this work, there will always be at least one critical
value in Z. We consider pairs (f, Y (f)) such that:

(1) f: C — C is an orientation-preserving branched covering of the same degree
as fo;

(2) Y(f) is the union of a finite set Z(f) with f(Z(f)) € Z(f) and the critical
values of f;

(3) there exists a (not necessarily unique) bijection 7 : Y — Y (f) which maps Z
to Z(f), and maps any critical value v of fy to a critical value v(f) of f. Moreover,
7o fo=foron Z, and v(fy) and v(f) have the same numbers of preimages, and of
the same multiplicities.
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Then we define an equivalence relation ~ by

(Y ()~ (9.Y(9)

if and only if there is a Mobius 7 : C — C such that:
g=Tofor™l, 7(Z(f) = Z(9).

Let [f,Y (f)] denote the equivalence class of (f,Y(f)). Then we let B(Y, fy) denote
the connected component of classes of [f, Y'(f)] containing [fo. Y (fo)]. We write f € B
for short, whenever possible. If f € B(Y, fo) then B(Y, fo) = B(Y(f), f). Of course,
this notation does not make very clear that the structure of Y includes the named
subset Z with dynamics and critical values of fixed topological type, but it is at least
reasonably simple. We write V(Y, f1) for the connected component of [f,Y(f)] for
which f is rational and containing [f1, Y (f1)].

Asin 1.6, g € B(Y, f) if and only if ¢ can be written in the form

o fopt

where ¢, ¢ are orientation-preserving homeomorphisms with (Y (f)) = Y(g),
o(f~HY(f)) = g7'Y(g). Thus, as in 1.7, B is locally path-connected.

In present applications, B(Y, fy) will usually be a family of degree two maps, that
is, fo will usually be a degree two branched covering. In that case, Y will contain
two critical values vy, v, with v; € Z and vy ¢ Z. We then say that B(Y. fy) is of
degree two type. Actually, our setting is more specific. The critical value in Z will be
either periodic or eventually fixed. There may be one other periodic orbit in Z, but if
so, it will be fixed. In these cases, we shall say that B(Y. fo) is of periodic degree two
type or eventually fixed degree two type. We shall also have to consider the case when
B(Y, fy) is a family of degree d maps (for some d) and Z contains one fixed critical
point of local degree d. and any other critical value in Z is periodic. In this case, we
shall say that B(Y. fo) is of polynomial type. Our real interest is in the degree two
periodic type, but studying this case leads to the study of the other cases.

We shall continue to use the notation of the introduction for some periodic degree
two type spaces. We write

Bp.ru Bp,l.n» B(’f,'m,n
for the spaces of degree two branched coverings B(Y, fy) where fy has critical points
v1, vg with v1 € Z, vo ¢ Z. Furthermore the set Z and its dynamics are described
respectively by:

Z = fo "({folvr) 1 0 < i < p}), fE(01) = v, fo(or) # 01, 0 < i < p,

Z = £y ({fe(vr) 1 0 < i < pyu{x}), folx) = x, v; as above,

Z = fy {0 10 < < m), fI ) = f3 ), FE ) £ fi(en), 0 < i < m.
For the spaces of rational maps within these spaces, we write

‘/p,'n,a ‘/}), L,ns ‘/Pf,'m,.'n .
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It would be possible to vary the definition of B(Y, fy), and add extra structure by
numbering some of the points in Z or Y. We could then require the bijection 7 in the
definition of equivalence relation to preserve numbering. The examples we are chiefly
interested in do not necessitate such numbering. However, for degree two type, we
shall habitually refer to the critical values as vy and vo with v, € Z and ve ¢ Z.

1.10. Definition of (B(Y, fo), N). — It will also be necessary for us to consider
pairs of spaces (B(Y, fo), N), where B = B(Y, fy) is as in 1.9 and N C B is a finite
union of neighbourhoods of ends as follows. Fix gq less than the Margulis constant
for surfaces. Each component N; of N will be an open neighbourhood of a single
end, and if Ny and Ns are two such, then N; N Ny = @. For [ e ‘N, there is a set
T(f, N1) € C Y (f) of geodesics of length < g with respect to the Poincaré metric on
C . Y(f), which varies continuously for f € N, such that I'(f. Ny) € f~(T'(f, N1))
modulo Z(f)-preserving isotopy, f~'(I'(f. N1)) C I'(f. N1) modulo Z(f)-prescrving
isotopy and trivial and peripheral loops, such that the lengths of all geodesics in
I'(f, N1) have length < gq for f € Ny, and at least one of these geodesics has length
exactly ¢¢ for f € ON;. Then Ny and dN; are invariant under Mobius conjugation
as they need to be because, strictly speaking, B(Y, fo) is a set of Mobius conjugacy
classes. Furthermore the set I'(f, N1) is to have additional properties. Each loop
v € T(f,N1) bounds a disc D(y) C C such that D(y) N DY) = @ if v # +', 7,
~" € I'(f, Ny). If, for at least one f € Nj, each component of f~'(D(v)) is a disc
for all v € T'(f, Ny), then the same is true for all g € N;. Suppose that this is true
for Ni. We can then define a branched covering ¢g; and sets Z(g1), Y (g1), associated
with Nj. Fix any f € N;. Choose a set Z(g1) to consist of one point in each disc
D(v) (v € T'(f, N1)) intersected by Z(f), together with all the points of Z(f) which
are not in any such disc D(v). Extend this to a set Y (g1) by adding in a point
from each disc D(v) which contains no point of Z(f), and any remaining points of
Y (f) ~ Z(f) which are not in any disc D(y). The critical values of g, will then be
the points of Y (g;) which are either contained in discs D(v) containing at least one
critical value of f, or are critical values of f. We now choose the critical points of ¢;:
one in each component D) of some f~1(D(v)) which contains a critical point of f, in
which case the local degree at this critical point is the degree of f : Dy — D(7), and
the remaining ones are the critical points of f which are not in any f~'(D(y)). So
the critical points, critical values and local degrees at critical points have now been
specified. The map g; then maps points of Y (g1) so that a point in D(y) maps to a
point in f(D(v)), and g1 = f near any point of Y (g1) which is not in any disc D(7).
Then B(Y (g1),91) depends only on N, not on the choice of f € N|. If g; exists, then
Ny is the intersection with B(Y, fo) of a neighbourhood of B(Y (¢1),¢1) in a larger
space of branched coverings.

We are mostly interested in spaces B(Y, fo) when fj is degree two, one critical point
vy isin Z and Y\ Z = {va}. In that case, a natural example is when I'(f, N1) consists
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of a simple loop bounding a disc containing ve and exactly one point of Z ~\ {v1}, and
a simple loop bounding a disc round each of the other points of Z, for f € Nj.

We shall always consider the situation when all but at most one component of N
is like N7 above, that is, g; exists. The exception will only occur as follows. The
space B(Y, fo) will be of polynomial type with v; a fixed critical value of maximal
multiplicity. For the exceptional neighbourhood Ny and f € Ny, I'(f, No) will consist
of a single loop v bounding a disc D(y) containing v; and at least one other critical
value of f. Since v; has maximal multiplicity, f~1(D(v)) will not be a disc.

1.11. Modular Subgroup Interpretations of 7,(B). — Let B = B(Y, fy). As-
sume that Z = Z(fy) contains at least 3 points. Then each (not necessarily closed)
path t — g; in B (t € [0,1]) defines paths through sets Y (g:), g; 'Y (g:) starting
from Y, g5 'Y, with Y = Y(go). Thus, by 1.2, we have paths through homeomor-
phisms starting with the identity and ending with homeomorphisms fixing Y, go_lY.
The end homeomorphisms are uniquely determined up to isotopies constant on Y,
ggl(Y) by the homotopy class of the path in B, where we take homotopies fixing
endpoints. Note that the paths through homeomorphisms can be taken of the form

Pis 95 o Pi o go,
and ¢; and g[l oy 0 gy are isotopic via an isotopy constant on Z. We write ®1({g:}),
D5({g:}) for the isotopy classes of the end homeomorphisms ¢1, _ql_1 0 ®1 0 gp.

We now restrict to closed paths in B based at some gy € B, that is, elements
of m(B,g0). Again by 1.2, ®; and P, are antihomomorphisms of (B, go) into
MG(C,Y) and MG(C, g, 'Y). We prefer to keep these as anti-homomorphisms rather
than take inverses to get homomorphisms. Write ¢; = . We define

G = {[¢] € MG(C,Y) : g5 ' o0 9o gg is well defined and isotopic to ¢ mod Z(go)}.
Then @, (71 (B,go)) C Gy.
The following lemma will imply that if two paths in B with the same endpoints
give homeomorphisms which are isotopic via isotopies constant on Y (or go_lY), then
the two paths are homotopic in B.

Lemma. ®, is an anti-isomorphism onto Gy, and P4 is injective.

Proof. First we prove that ®; is injective. Injectivity of ®5 then follows imme-
diately. So suppose that ®1({g;}) = [identity]. Then we have a path ¢; through
homeomorphisms with ¢;(Y (g0)) = Y(g:) and ¢, is isotopic to the identity mod-
ulo Y (go). We can assume without loss of generality that ¢; is the identity. We
can also assume that {0,1,00} € Y(g;) for all ¢ and that these are fixed by all ;.
Since Homy (C, {0, 1, 00}) is simply-connected (1.2), there is a continuous family o,
((s,t) € [0,1] x [0,1]) with o+ = @1, ©1.¢ = @o,s = ¢1,s = identity for all s,¢. Then
define
9s,t = ‘Ps_g gt O Psit-
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Then g+ = g¢ but Y (go+) = Y(go) for all t. So there is a continuous family v fixing
Z(go) with
go,t = go © Pr.

Then, since Homy(C, Z(go)) is simply-connected, {;} is a trivial path in
Hom, (C, Z(go)), and hence both {go:} and {g1:} = {g;} are trivial in B.

Now we show that ®; is surjective. Let [¢] € G1. Let ¢ (t € [0,1]) be a path
from the identity to ¢. Then since ¢ and g, ' o p o go are isotopic modulo Z(gp), we
can choose a path ¢, from the identity to 90_1 oo go with ¥,(Z(g0)) = ©t(Z(go)) for
all £. Then

gt = ¥t 0y00’¢’t_1
is the required closed loop with ®;({g:}) = []- O
1.12. A Set-theoretic injection of 71 (B) into 7, (C~2). — Let Y~Z = {v} bea
critical value of gy, with just one critical preimage ¢, as happens in all the cases (mainly
degree two) which most interest us. Then the isotopy between homeomorphisms ¢,

and g; ' o s 0 go = ¢ given by the path {g;} in 1.11 can be sharpened: there is a
path «a; starting from v(gp) such that

Yt = Pt 004, In MG(C,Y).
We are particularly interested in this in two special cases.

Case 1. — Let go(v) = v and let {g; : t € [0,1]} be a closed path. Then oy = a is a
closed path. So GG; can be described as

(1) G ={peMG(C,Y): g, 0pogyoo, =¢in MG(C,Y),

for some a € 71 (C ~ Z,v)}.

Now using the above write ¢ = g()‘1 oo go. Then the image of ®3 is G2, where

(2) Go={y € MG(C,g;'Y): gy  01h 004090 =1 in MG(C,g;'Y),

for some a € 7 (C ~ Z,v)}.
Then we define p : 71 (B, go) — 71 (C ~ Z,v(go)) by

p{gi}) = e

We can also regard p as a map on Gy, since Gy and 71(B, go) are anti-isomorphic

Case 2. — Let g1 € N, with v(g1) near a point of Z(g;) which is not fixed. We can
choose the homeomorphisms ¢; (t € [0, 1]) so that @, is bounded except near v(g;),
when v(g¢) is near a point of Z(g,). This means that v, ! is bounded near v(g;), and
the second endpoint of ay is near the corresponding point of Z(gp). Then we define
p2 7 (B, N,go) — m(C~ Z,Z,v(go)) by

p2({gi}) = o
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Lemma. — The maps p and paare injective.

Proof. — Although p is not a group homomorphism, if ®1(51) = [p1], P2(51) = [¥1],
and 3 denotes the reverse of the path 3, we have

p(B1 * B2) = p(Br) = ¥7  (p(B2)) = p(B1) * (0,(3,) © 07 N p(B2)) = o1 (p(B2)) * p(B),
p(B1) = 1 (p(B1)) = 1(p(B1)).

Now let
p(B1) = p(B2).
Then
p(By * B2) = 1(p(B2) * p(B1))
is trivial. So write
[p] = 1(5, * B2)

Then

[¢] € {Ix] € MG(C,Y): [x] = [95 ' © x©g0]} = H.
But g is a polynomial and by Thurston’s Theorem (1.8) the Thurston equivalence
class By of gg is simply connected. But by 1.11, 71 (B, go) is anti-isomorphic to H,
which is therefore a trivial group. So [¢] is the identity and 8 = 52

The proof for p, is similar. Suppose that

p2(B1) = p2(B2)

for two paths 8y, G2 in m (B, N, gp) with second endpoints in ends Nj, Ny of B
near critically finite maps hy, hs. Then pz(/_?] x (J2) is trivial, and the isotopy class
(3, * (2) is represented by a homeomorphism ¢ mapping Y (k1) to Y (h) so that
hy'o@oh; and ¢ are isotopic via an isotopy constant on Y (h1), that is, h; >, ho
in the notation of 1.7. Then N; = N, so we can take h; = hy. Then by Thurston’s
Theorem as in the case of p, ¢ is isotopic to the identity, and so /,_32 x (J1 is a trivial
path, as required. O

1.13. An action of 7,(B,gy) on the unit disc boundary. — Once again, let
Y N Z = {v} and go(v) = v. Let [p] € Gy and o = p([¢]) and ¢ = p o o, '. Then, in
the notation of 1.7,

Oa © 9o =y gdo-
Similarly, for any go € B, if & = p2(3) for some g € 7 (B, N,go) and hg is the
critically finite map (up to equivalence) determined by N, then

Oa ©go = }LO
if v(ho) is preperiodic, and if v(hg) is periodic then

-1
O; ©0a0go ™ ho,

where ¢ is a path in C Z(go) with gp o ¢ = e up to homotopy preserving endpoints
and Z(go). To see this, we first note that the result is obviously true if we take go
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in B close to hg, because then « (and () can be taken as short paths. Then we note
that the equivalence remains true if we vary go continuously.

Let D be the unit disc and let my : D — C ~. Z be the universal covering map.
We assume that 72(0) = v. We are now going to show how (B, gg) acts naturally
on 9D. Let B € 71 (B, go). Let ¢ = ®1(5) and p = $o(3). Let p2(F) = « and let
@ :[0,1] — D be the lift of a with &(0) = 0. Let ¢! be the lift of 1»~! such that
QZ‘l(O) = a(1). Then Pl | @D depends only on the class of ¢y ~! in MG(C, Z) (which
is the same as the class of ¢~!). Then for z € 9D, we define

Bez=1y""(2).
Note that m; (6 N Z,Z,go) can be regarded as a subset of 9D, because if we have a
path a € 7, (C ~\ Z, Z, go) then we can take the lift & : [0,1] — D with &(0) = 0, and
a(1) € dD. Then if 81 € m1(B, go) and B2 € w1 (B, N, go), and we regard Im(pz) as a
subset of 0D, _
Br - p2(Ba) = pa(Br * B2) = &1 * by ' (da),

where ®o(31) = ¢¥1, a1 = p(B1), a2 = p2(F2) and @, is the lift of a; with a;(0) = 0.
This follows from the multiplicative properties of ps, as in the lemma in 1.12. Thus

p2 : (m1(B, go), (B, N, go)) — (m1(B, go),0D)

is a homomorphism of left-7; (B, go)-actions.

1.14. When Z has 1 or 2 points and B is degree two. — Now we restrict to
the case when gg is a degree two branched covering with critical values vy, va, and
critical points ¢y, ¢, with v; € Z and vy, ¢ Z. Write

Y=2ZU {’Ug}.

If Z has one or two points, then every branched covering represented in B is of the
form gg o ¢ up to equivalence, where ¢ fixes Z. This representation is unique if Z has
two points, but if Z has one point so that go(z) = z? without loss of generality,
and Z = {oco} — then ¢ can be replaced by z — A71p(A2z) for any A € C*. It follows
that G = m1(B) is trivial if Z has one point, and infinite cyclic if Z has two points.

1.15. Return to Example 1. — We return to Example 1 of the Introduction.
Thus, any element of Bj g is represented by a branched covering f with critical values
v1(f) = oo with period 3 orbit 0o + 1 +— 0 +— o0, and va(f) ¢ {o0,1,0}, and any
element of V3o is represented by a rational map with precisely the same properties.
Recall that V3 ¢ identifies with C ~ {0, £1}, where a € C \ {0, =1} identifies with the
map

(z—a)(z—1)

ai2r—

The second critical point and second critical value are
2a —(a—1)?
o = co(a) = , vy =wva(a) = galca) = ——(————

a—+1 4a

AS’I'F‘/R[SQUE 288



CHAPTER 1. THE TOPOLOGY OF SPACES OF HOMEOMORPHISMS 31

Now we claim that the inclusion of Vi in Bj o is a homotopy equivalence. In
particular, m(Bso) = m(Va). It suffices to construct a homotopy inverse to this
inclusion. Fix g € By with ¢1(g) = 0, v1(g) = oc and g(v1(g)) = 1. If vy # 0,1, 00
(which is true throughout Bs o), then there are exactly two valuesof a, a = a;, j = 1,2
such that g, ; has the same critical values as g. Then, as explained in 1.6, by standard

covering space theory, there is ¢; € Hom (C) fixing the critical point 0 such that
Y = Ya; © 'U//'.j‘ g =1,2.

In fact, since oo € ,(],,_/1(1), the covering space theory says that given either point
x € g (1), we can choose 1); so that ¢j(c0) = z. So since we can take x = oc,
we can choose 1; so that ¢;(oc) = oc. Write ¢7'(0) = {1.2/}. Then ¢; must map

La'} to {1,a;} = g, '(0). We have
J a;

—1
Yar = Ya, © 'l/yl o "/""2 .

It follows that ¢, o L/Unz“l is a Mobius transformation, but not the identity, because
Ya, # Ga,. S0 we cannot have ¢ o ugl (1) = 1, because if so then ¢ o ‘1/)2‘1 fixes the
three points 0. oo and 1, and must be the identity. If ¢;(1) = a; for both j =1 and 2
then ¢;(2') = 1 for both j = 1 and 2 and ¢n o ¢y does fix 1, a contradiction. So
exactly one of ¥y, ¢9, say ¢y, must fix 1 also. It follows that
Bso={foy:f€ Vso, ¢y € Hom, (C), ¥ fixes 0, 1, oc},
and both f and v, are uniquely determined by f o 4.
Then the map

fovr— f:DB3o— Vig

is well-defined and is the required homotopy inverse to inclusion.
Now we shall give an explicit description of the map

P T (B;;.()) = T (V‘;‘()) — Wl(a N {O, 1, OC})

Three values of a, one real and negative, and a pair of complex conjugates, give

polynomials, up to Moébius conjugation. For the sake of concreteness, we denote by

ap the value in the upper half-plane, and by a; the real and negative one. Thus,
—((L() — 1)2 2(L()

= = by, say.
dayg ap+ 1 Y

The Julia set of ¢,, includes the rabbit-like set sketched very roughly below.

Indeed, this Julia set is sometimes known as the rabbit. The important feature of it
is that g4, fixes the intersection point of the three ears and maps homeomorphically
arcs connecting the points 0, oo, 1 to the intersection point, permuting these arcs
(rotating in an anticlockwise direction). The Julia set of gz, is the complex conjugate
of that for g,,, and is sometimes known as the antirabbit. The polynomial which is
Mébius-conjugate to g, is in the upper half of the quadratic Mandelbrot set.
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bo

Rabbit.

We give below a very rough sketch of the parameter space C ~ {0, +1} with the
hyperbolic components containing ag, @, +1 and a;. In particular, note that the first
four of these have boundaries meeting at zero, while the last three have boundaries
meeting at two points, which are complex conjugates. A similar sketch is given in
[R3], and much better pictures in [W].

.
ay 0

Vgﬂo.

We consider a generating set for 7y (V, ag) consisting of simple loops round 0, +1
as drawn below. We shall call these loops v, 71, 7-1-

Even though p : 71 (Vs.0,a0) — 71 (C ~ {0,00,1},bo) is not a homomorphism, it
is sufficient to describe the map on generators, if we also describe the antihomomor-
phisms ®; and @) on generators in 7 (V3,0). Here, @, is &, followed by the natural
projection to MG(C,Y), where Y = {0,00,1,by}. Note that ®) is not injective, al-
though both ®; and @, are. The images Gy of @ and of ¥} are both in PMG(@, Y).
By 1.3, PMG(C,Y) is naturally anti-isomorphic both to 7, (C ~ {0,00,1},bg) and
to 7 (C ~ {0,00,b9}, 1) (for example). Here, we are using #(Y) = 4. Thus, we can
regard ®; and ®5 as homomorphisms from 71(V3 9, ag) to 71 (C ~ {0, 00,1}, bg), or
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g

Generators for w1 (Vs0).

equivalently to m(C ~ Y, ) for some other decomposition ¥ = Y’ U {yy}. Write
G = ga,- Then clearly the image of ®; in m (C ~ {0,00,b}, 1) (for example) is the
subgroup of loops whose lifts under g are closed. This gives reassurance that @ is an
isomorphism onto its image, because such a subgroup is the fundamental group of a
double cover of C ~ {0, 00, by) branched over oo, by, which is a four-times punctured
sphere (as is C~ {0, +1}).

The description of p in terms of @1 and @, is now particularly simple. Let
i€ m(Vso) (5 = 0, £1) with ®4(yy) = 3; and Ph(y;) = ¢ for 3;,( €
T (C ~ {0,050, 1},by). Then p(v;) = B; * ¢, where (as usual) ¢ denotes the reverse
of . It is easy to compute 3; by considering the image of v; under the map a — va(a).
Then one can comptte the loop in 7 (C~ {0.50, by}, 1) or 7 (C~ {1,050, by}, 0) giving
the same element of PNMG(C.Y), take its preimage under ¢ in 71 (C ~ {1,0.bg}.2c)
or 71 (C ~ {nc,0,b0}.1), and compute the loop in 71 (C ~ {0,00.1}.by) giving the
same clement in PNG(C,Y). This loop is ¢;. We carry out this process for cach of

the loops Vg, v+1 below.
> Qs
<\ A
L]

bo bo

Ao and equivalent.

It seems useful to interpret the path p(7o) in terms of the inadmissable shared
mating which is associated with the point 0. The concept of mating of critically finite
polynomials (of the same degree) is due to Douady and Hubbard, and subscquently
studied by Tan Lei [TL], and Wittner [W]. One takes two polynomials, each restricted
to a topological disc containing the finite critical orbit, and pastes the two together
along the bounding circle, to get a critically finite branched covering, which may or
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L]
by by

e

Pullback and (.

b

o of

[)”

31 and equivalent.

2
5o

Pullback and ;.

by

e

A-1 and equivalent.

may not be Thurston equivalent to a rational map. Note that gp is a period three
Mobius transformation (as has already been mentioned in the introduction). We can
construct a critically finite branched covering which is C? close to gg, with two distinct
period 3 critical orbits. The branched covering thus obtained has two invariant circles
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Y
> e
| "

Pullback and ¢-1.
up to isotopy (as we shall see) which makes it a shared mating, and is not Thurston

equivalent to a rational map, which makes it inadmissible. We are going to show that
the path p(70) helps us to identify the two matings involved.

In order to define the associated matings, it is easier to draw pictures if the rabbit
is converted to its disc model, as shown.

N %0

L]
by b

Rabbit and its disc model.

As well as converting the rabbit to its disc model, we can change g,, up to Thurston
equivalence to a critically finite branched covering which preserves the round circle
and permutes the set of three arcs bounding the triangle. In future, we shall call this
branched covering s;,7 (as we have in previous papers) and this is further explained
in Chapter 2. A similar branched covering which we call 55,7 is equivalent to the
antirabbit polynomial. Now we draw the antirabbit disc model on the exterior of the
round disc containing the rabbit disc model. Note that if 7 : [0,1] — C is the path
indicated, with 1n(0) = bo, then taking inverse images under o, o s1,7, the circle is
preserved up to isotopy in C ~ {0.1.0c.by}. and so are the two sets of arcs, one set
interior to the circle, and one exterior to it. We can take n(1) close to the triangle
vertex and perturb s;,7 so that (1) has period 3 under sy/7. Let § 2 [0.1] — C be
the path with s,/,7 0 & = n and (1) = .9::/7(7}(1)). Then O’gl 0, 0 5y7 is Thurston
equivalent to the critically finite branched covering we constructed from go. and also
equivalent to a branched covering which we denote by s, ,71156,7. We summarize this
notation (which was used in [R3] and [R4]) in 2.3.

Now we extend the path 7 above to the closed path 3y, we see that a new circle
is left invariant by og, o 51,7, as are the arcs of the old circle meeting the new circle
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"

by

e

- _—

Rabbit and antirabbit. Rabbit and new antirabbit circle.

which cut separate the points 0, 1, co from a central triangular region. The points
0, 00,1 are now arranged in a clockwise direction round this triangle, so that o, 05, /7
is equivalent to the antirabbit polynomial, that is, to gg,, and so is o3, © g4,. Thus we
have seen that the combinatorial properties reflect that we have traced a path from
Jay t0 g, which went past go.

In a similar way we can move round further from the antirabbit to the rabbit, as
shown in the diagram of the antirabbit and the new rabbit circle.

Antirabbit and new rabbit circle. Antirabbit with previous rabbit circle.

The closed loop drawn above goes clockwise round 0. The same is true for ¢, but
this in itself does not prove anything. However, we now draw the antirabbit with
the previous rabbit circle, and we see that with reference to this, the closed loop
goes clockwise round 0 and does not cut across the central triangular region (for the
original circle) except adjacent to 0. This shows that with reference to the original
rabbit puncture, the path being traced is ¢, and 0z, © T80 © Yay is equivalent to gq,.
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CHAPTER 2

LOOP SETS SATISFYING THE INVARIANCE AND
LEVY CONDITIONS

2.1. Let B = B(Y, fy) be one of our branched covering spaces. More precisely, the
elements of B(Y) are (f,Y(f)) (up to Mdbius conjugation) where f is a branched
covering and Y (f) = Z(f)UV(f) is a union of the critical values of f and a finite set
Z(f) invariant under f. For more precise definitions, sce 1.10. We usually write f for
(f,Y(f)),and Y, Z etc. for Y(f), Z(f) where no confusion can arise. In this chapter
we consider pairs (f,T), where T is a set of simple disjoint nontrivial loops in C\ Y (f).
The nodes and edges of the graph B which will ultimately be used to describe the
topology of B are described in terms of such pairs satisfying certain conditions. The
topological spaces associated to the nodes and edges, and identifications between
them, are also described in terms of pairs (f,I"). Important conditions which can be
satisfied by a pair (f,I') are the Invariance and Levy conditions. Important objects
associated to pairs satisfying these conditions are periodic homeomorphic gaps and

conjugacy of isotopy classes on these and one or two reduced map spaces.

2.2. The Invariance and Levy Conditions. — Let (f,I") be such that f € B
and I is a finite set of simple disjoint nontrivial loops in C \. Y (f). We do not insist
that all loops in I' be isotopically distinct in C~ Y (f). We consider the following two
conditions which can be satisfied by (f,T').

The Invariance Condition. —- (i) For any v € T" there exists v € I' such that v is
isotopic in C \. Z to a component of f~1(7).

(ii) For any v € I', any component of f~!(v) is either trivial or peripheral in C~ Z,
or homotopic in C \. Z to some loop of T.

The Levy Condition. For v € T, there are m > 1 and a finite sequence ~;
(1 <4< m)in I with v, =7, 9; is isotopic in C~ Z to a component v/ of f~(viy1),
at least one ~; is nonperipheral, that is, does not bound a disc containing just one
point of Y (f), and for some r > 1, v, (1 < i < r)is a Levy cycle for (f, Y (f), that is,
[ 17 is a homeomorphism and v = 5.
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Remark

(1) The definition of Levy cycle for (f,Y(f)) coincides with the usual definition of
Levy cycle if f is critically finite and Z = X (f) (= Y), where X(f) is, as usual, the
postcritical set of f. We allow I' to include peripheral loops (round a single point in
Y') because Y \ Z is not invariant under f in general.

(2) The following definition will be useful. It extends a definition in the critically
finite case. We say that a Levy cycle {v; : 1 <i < r} (91 = ;) is degenerate if there
is a disc D; bounded by ~; such that D; is isotopic via a Z preserving isotopy to a
component D} of f~'D;y;. It follows that each D; contains the same number (> 2)
of periodic points of Z, and none of these points is critical.

2.3. Examples

(1) Let f be degree 2 such that the forward orbit of vy is finite. Let Z(f) contain
the forward orbit of vy, but let vo(f) &€ Z(f). So Y(f) ~ Z(f) contains the single
point v2(f). Take any simple loop 79 which bounds a disc Ag containing v; and vs
but no other points of Y(f). We shall show how to use 'y to generate a loop set
satisfying the Invariance and Levy Conditions.

First, extend o to a set ' of disjoint simple loops by adding simple loops bounding
disjoint discs round all the other points of Z. Then f~!(Aq) is an annulus which
contains, up to Z-preserving isotopy, just the loop of I'g bounding a disc containing ¢y .
Then I'y, which is Ty U f ~1(I'g) up to Z-preserving isotopy is a set up disjoint simple
loops up to Y-preserving isotopy, is a set of simple disjoint loops in C ~ Y. Similarly,
by induction, I',, 41, which is T',, U f~1(v,) up to Z-preserving isotopy, is a set of
disjoint simple loops in C . Y. Then for some n we must have I'hy1 =Ty, modulo
trivial loops and copies. Then f~YT',,) C T, modulo trivial loops and copies and
Z-preserving isotopy. We claim that I',, contains a nonempty loop set satistying the
Invariance and Levy Conditions. If v; is not periodic then this is clear, because if
I'y € Ty is the set of loops bounding discs round the periodic orbit in the forward
orbit of vy, then I'y C f71(+()) modulo Z-preserving isotopy, and if I}, | is isotopic
to f~1(I'}) via Z-preserving isotopy with I', ¢ T 4, I, ., = I', C I, satisfies the
Invariance Condition for some m, and is generated by a degenerate Levy cycle in a
natural sense. If v; is periodic of period p, then we consider the annuli A; such that A;
is an annulus containing fP~%(vy), 1 < i < p, and A; is a component of f~/(Ap). Let
Zy = {fi(v1) : 1 < i < p}. Then all the A; are disjoint up to Z-preserving isotopy.
So at least one must have one trivial boundary component modulo Z;-preserving
homotopy. That means that there is a loop 7 bounding a disc D{ round a point
zp of Zy, and v/, isotopic to a component of f71()) via Z-preserving isotopy, such
that 7, and 7{ are isotopic via Z;-preserving isotopy. Then similarly we can define ~;
for all 7 > 0 so that all the loops ~! are disjoint modulo Y-preserving isotopy, and }
and v/, are isotopic via Zi-preserving isotopy, and v, bounds a disc Dj, round
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. ’ ’
zo with D, € Di;,yy, (i+1)p

Z ~ Zj. Then for some m we have 'yzmﬂ)p = Y- Then we have a Levy cycle
h= {’y':np L 0<i< p} which is nondegenerate, and contains I'g up to Y-preserving
isotopy if Z = Z,. In general it only contains I'g up to isotopy preserving Z; U {v; }.
Py 1 g 3 Y

and such that the only points of Y in D ~ D;P are in

(2) Let f be critically finite, and X(f) C Z C f~'X(f) for some i > 0. Let Iy
be any union of Levy cycles for f. Then we can find a loop set containing I'y which
satisfies satisfies the Invariance and Levy conditions, and is generated by Ty in a
natural sense. This is done in exactly the same way as was done in Example 1 in
more specific cases. We have I'y € f~1(I'g) up to Z-preserving isotopy. Inductively,
we define T4 to be f7IT, up to Z-preserving isotopy and trivial loops, so that
I, € I',oq. This uniquely determines I',, up to Y-preserving isotopy. Then for
some n, I'), = ', 1. For this n, I';, satisfies the Invariance and Levy Conditions.

(3) Now we specialise the second example. We use Thurston’s theory of quadratic
laminations [T2] (also described in 1.10 of [R3]), which was used to describe critically
finite quadratic polynomials (and many others) up to topological conjugacy. We
also use the notation we used to describe this theory in [R3] 1.10. For cach odd
denominator rational ¢ in (0,1), we have an énvariant lamination Ly on {z :] z |< 1}
with minor leaf p,, where y, has one endpoint at ¢*™¢ and other endpoint at a
point 2P where p # ¢ is another odd denominator rational in (0,1), and p and ¢
have the same period k& under the map « — 2x mod 1. We shall then have L, = L,
and (g = fip. A lamination is a closed set of chords in the unit disc with disjoint
interiors. The lamination L, is forward invariant in the sense that if € € L, is a
chord in {z : |z] < 1} with endpoints z;, z2 then there is also a leaf ? ¢ L where
¢? has endpoints :f and :22 If ¢ is a chord with endpoints wy; and ws, then —¢; is
the chord with endpoints —wy, —wsy. The lamination L, is also backward invariant
in the sense that if ¢ € Ly then there is ¢, € Ly with —¢, € L, such that (”? =/ In
any invariant lamination L the minor leaf is the image of the (one or two) longest

leaves in L. Then L, is by definition the smallest invariant lamination which has 1,
as minor leaf. Given q, y4 is also uniquely determined: p is the only odd denominator
rational of the same period as ¢ such that the leaf j, with endpoints €277 and 274
generates a forward invariant lamination in which it is the shortest leaf — and hence
the square of the longest leaf. In general, invariant laminations are allowed to have
diameter leaves, and hence also degenerate leaves (a single point on the unit circle)
since the square of a diameter is a degencrate leaf. But for ¢ an odd denominator
rational in (0, 1), L, has no diameter or degenerate leaves. It is an important result
from [T2] (and very useful for computation) that the different minor leaves ji,, for
odd denominator rationals ¢, are disjoint - with endpoints included.

There is a critically finite branched covering s, of C which is simply z +— 22 outside
the unit disc and on the unit circle, maps leaves of L, to leaves of Ly as dictated by the
map on the endpoints, and then maps each gap of the lamination - - component of the
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complement of UL, in the unit disc ~ to another gap, and is a branched covering on
cach gap of degree one or two, with at most one critical point, with degree as dictated
by the map on the boundary. If ji4 has endpoints e?™ and 2™ then s, = s,. It is
again part of Thurston’s theory [T2] that every gap is eventually periodic, and, for ¢
an odd denominator rational, there is exactly one periodic orbit of gaps for which the
return map is degree two. The only gap in the orbit which is mapped with degree two
by s, is the gap containing 0 and s, is defined so that 0 is the critical point. Then s, is
chosen so that 0 is periodic, of the same period as the gap itself. The minor leaf y, is in
the boundary of one of the gaps in this orbit, the one containing the critical value, and
the period of this gap under s,, and hence also the period of the critical point, is the
same as the period &k of ¢ under @ +— 2 mod 1. We also write o = p1 = 1 (the point
on the unit circle), take Ly = Ly to be the empty lamination, and s¢(z) = s1(z) = 22.
Each critically periodic quadratic polynomial is Thurston equivalent to s,. for exactly
onc minor leaf i, and corresponding odd denominator rationals ¢, p with 1, = ft,,.
Conversely, for each odd denominator rational q. s, is Thurston equivalent to exactly
one critically periodic polynomial in the family z — 22 + c.

An even denominator rational ¢ also determines a lamination L, and there is an
associated map s, which can be modified slightly to be a branched covering which is
Thurston equivalent to a critically finite quadratic polynomial. Any critically finite
quadratic polynomial is Thurston equivalent to s, for some odd or even denominator
rational ¢ in [0.1]. The situation is only slightly more complicated than in the odd
denominator case. For cach even denominator rational ¢ there is a clean invariant
lamination L, with a minor gap or minor leaf p,. which might be degenerate. with
vertex or endpoint at ¢279. There is a map 54 preserving Ly, which is not a branched
covering if ji, is a minor leaf rather then a minor gap, but has arbitrarily small
perturbations to a critically finite branched covering equivalent to a polynomial. The
polynomial corresponding to p and ¢ is the same if and only if L, and L), have the same
minor leaf or gap. Since minor gaps are always finite-sided, the map from rational to
polynomial is finite-to-oue.

In [R3] 1.10. we also introduced the inverted laminations L= on {z :| z [> 1}
~1. The critically finite branched
covering s, LI s, preserving L, U Lq_,l is defined to be equal to s, on {z : < 1 and
(s (z71) 7 for {z:]z] = 1} U {oc}. We did this in the case when ¢ and ¢’ are both

which is simply the image of L under z — =z

~

odd denominator rationals. This was our terminology for the mating of polynomials
introduced by Douady and Hubbard. If ¢ or ¢’ is an even denominator rational, we
have a map from L, U L;,l to itself such that a leaf with endpoint at @ € S' maps
to a leaf with endpoint at «?. Thus, we have a self-map on the set T' of closed loops
formed from the closures of leaves in L, U Lq_,l. If some leaf with a periodic endpoint
is part of a closed loop, then all the leaves in the loop will have endpoints of the
same period, and thus there are finitcly many leaves on the loop. Perturbing s, and
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Z (sq/(z_l))'l, we can make a branched covering f with I' € f~!'T up to isotopy.
So, for varying rationals g and ¢’ the sets L, U L;,l, and maps s, Il S/, or some minor
modification of this if ¢ or ¢’ has even denominator, give abundant examples of Levy
cycles, and hence of loop sets satisfying the Invariance and Levy Conditions.

For minor leaves or gaps ji,,, jiq (the gaps arise in some of the critically preperiodic
cases), we write p, < pu, if g, separates p, from 0 in {z :] z |< 1}, and po < p for all
J#£ jg. Since minor leaves never intersect transversally, this is a partial order. The
minimum g A g of two minor leaves always exists, although it might be 9. It is not
po if and only if g and y’ are in the same limb. (This can be taken as a definition
of being in the same limb.) It is a fact that if g, < jug. all periodic leaves in L,
(and many others) are in L,. So if p is an odd denominator rational with g, < jq
and 11—, < 1 then pi, U /lffp generates a Levy cyele for s, 1154/, or for a branched
covering f obtained by modification if ¢ or ¢’ is an even denominator rational.

Now let 1 — ¢’ be cither in the full orbit of ¢ under z +— 22, or a vertex of a
finite-sided gap of L,. with p such that

Hp = g A Hi—q' s Hp 7é 1o

Then we can generate a loop set I' so that (s, 11 s, T') satisfies the Invariance and
e
Below are all such possible T' up to homeomorphism in the case Z = {f'(¢y)

i =2 0} and ¢; has period 3 or 4. Here. (¢.¢') = (1/7,6/7). (3/7.1/3). (1/15.14/15),
(4/15.11/15), (2/5.1/3). (2/5.2/5) or (7/15.1/3). The black dots denote the -

orbit, with r denoting f"~'v;. and the white dot denotes vy. The unit circle is shown

Levy Conditions by using periodic loops in L, U L for any choice of Z.

(dashed) to indicate how the examples are computed.

(4) Eaxtreme Pairs Let [ be degree two. let Z(f) contain the critical value vy and
Y(f)~ Z(f) = {v2}. Let T consist of a simple loop bounding a disc¢ containing vs,
and a single point of Z~ {v;}. and simple loops bounding discs containing each of the
remaining points of Z. Then each component f~1(T") is a single peripheral or trivial
loop and I' € f'T’ modulo Z(f)-preserving isotopy. So T' satisfies the Invariance
Condition — but not the Levy Condition.

More generally the condition imposed on I'(f, Ny ), for Ny. f and I'(f, Ny) in 1.10.
is precisely that it should satisfy the Invariance Condition. It will not satisfy the
Levy Condition if for every 4 € T'(f. Ny) with corresponding disc D bounded by ~
and disjoint from T(f. Ny). every component of f (D) is a disc. These were the
circumstances (in 1.10) in which we could define a branched covering g1 associated to
Ny, such that Ny was the intersection of B(Y, fo) with a neighbourhood of B(Y (g;. g1)
in B(Y, fo) UB(Y (g1.91). We can then choose a path ¢ + ¢, 2 [0,1] — Ny U {g}
with go = f, g € Ny for t € [0,1). Then for ¢t € [0,1), ['(¢g;, N1) varics isotopically in
C and perturbing T'(g;. N) to I'; in the same isotopy class via an isotopy prescrving
Y (f:), we can ensure that T, converges to a set T'g of peripheral loops in C ~ Y (g0)-
We call (go,To) extreme.
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,
\ o3 ,

(1/7.6/7) (3/7,i}3)
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(2/5,1/3) (2/5.2/5)
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2.4. The Thurston Obstruction Condition. — The Levy Condition is mainly
useful for (f,Y(f)) € B if B is of degree two type. For critically finite maps f, a loop
set can be a Thurston Obstruction, and a Levy cycle is a special case of a Thurston
obstruction. The generalisation of Thurston obstruction to the partially critically
finite case might be necessarily messy. We give a definition below which is suggested
by the line of proof in Chapter 6. (See 6.13.)

Let (f,T') satisfy the Invariance condition. For v € I', let w(v) denote the same
loop up to isotopy in C ~ Z. So 7 is the identity in the critically finite case, when
Y = Z. Let [['] denote the equivalence class of I for the equivalence relation ~ such
that I'y ~ 'y if every nontrivial nonperipheral loop of I'y is isotopic via Y-preserving
isotopy to a loop of I'y and vice-versa, and I';, I'; have the same numbers of loops in
each nontrivial nonperipheral Y-preserving isotopy class. We define [r(I")] similarly,
using Z-preserving isotopy.

Then following Thurston [T2], we can construct a linear map f* : RIIT — RI*(]
regarding the isotopy classes [y] ([y] € [[']) as basis elements. If f~1v has nontrivial
nonperipheral components d;, and f | d; is degree n;, then we set

Ihl= 3,
—n,
and extend linearly. The only difference from the critically finite case is that f* does
not have a square matrix. We say a matrix A = A([y], [0]) with all entries > 0 is
compatible with f* if
Fhl= Y Al b))
[5]€lr]
If Y = Z is then there is only one matrix A compatible with f*. In general, there
might be more than one compatible matrix, because two loops 41, d> € I' separated
only by points of ¥ ~ Z will satisfy [7(d1)] = [7(d2)]. We define || A/« for A = (a; ;)

by
140l = Max; (S laisl)
J
Then || - ||~ is an operator norm, related to the || - || so-norm on the domain and range.
The Thurston Obstruction Condition. For any m > 1 there are matrices A;

(1 < i <m) compatible with f* such that

m
T4 =1
i=1 >
If Y = Z — that is, f is critically finite — then this coincides with the original

condition for a Thurston Obstruction. We then have 4; = A for a fixed matrix A
for all ¢, and therefore ]/
liminf,, .~ [JA™| < 1 is equivalent to the largest-modulus eigenvalue of A (which
is positive) being < 1. If T contains a Levy cycle for (f,Y(f)) then it satisfies the

A; = A", Since all entries of A are > 0, the condition
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Thurston Obstruction Condition. Our aim is to show that, in a number of cases, the
Thurston Obstruction Condition implies the Levy Condition. This generalizes known
results for critically finite maps ([L], [TL]).

2.5. Definition of I'y (f, '), T'o(f,I'). — Let (f,T') satisfy the Invariance condition.
If D is some set with boundary in UL, then the Z-preserving isotopy class of f~1D is
determined by the Y-preserving isotopy class of D. There are finitely many sets D,
such that 9D C I" and such that D; contains the union of nontrivial nonperipheral
components of f~1(D) up to Z-preserving isotopy, and is contained in the union of
nontrivial components of f~1(D) up to Z-preserving isotopy. The number of such
sets D) is bounded by #(Y ~ Z). Similarly and inductively, for each choice of D,,,
n > 1 there are finitely many choices for D, 4 such that 9D, +; C I' and such that
D,, 1 contains the union of nontrivial nonperipheral components of f~!(D,,) up to Z-
preserving isotopy and is contained in the union of nontrivial components of f~1(D,,)
up to Z-preserving isotopy. We define I'y = I'1(f, ') to be the set of loops v in I' with
the following property:

There is a disc D bounded by v such that, for all n > 1, all components of D,, are
discs, however defined.

If (f,Y(f)) is in a degree two type space, this is equivalent to saying that the
components of f~" D never contain both critical values, however defined.

Note that I'; contains no loop from any nondegenerate Levy cycle. We define
Ty = Ta(f,T) by

I'o =T~ T,.

2.6. Lemma. Let (f, 1) satisfy the Invariance Condition and letI' =T (f,I"). Then
(f,T) satisfies the Thurston Obstruction Condition if and only if I' contains a degen-
erate Levy cycle for (f,Y).

Proof. — The following argument is essentially the same as in the critically finite case
in [TL].

Let Z; denote the set of periodic points of Z. For v € I, since I' = T' (f, '), there
is at least one component D of C ~ + such that all components of f~"D are discs,
however defined. (See 2.4.) Let n(v, D) be the number points of Z; in D and let
n(y) be the minimum of the one or two possible numbers n(y, D). Let B, be the
set of isotopy classes of nonperipheral loops v in T with n(y) = r. Then for any A
compatible with f*,

A([7],16]) # 0 only if v € B, and § € B, for s < r.
Let A; be compatible with f*. Let A; ;) be the submatrix defined by
Ai.(r‘s) = (Al(h] [6])) (h] € By, [6] € Bb)
Let A;» = A; (). Then A; has a triangular form with respect to the submatrices

Aj (r,5), With the submatrices A;, down the diagonal. Then any product [T, A is
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also of triangular form, and the submatrix of ([y], [0]) entries for [y] € B, and [§] € B,
is 0if s > r, and if s < r it is a sum of < m"*® products of matrices of the form

m

H Ai,(ti,uf:)’
1=1

with ;41 < u; < t;. So we need to show that such products decrease in || - || like A™
for some 0 < A < 1. So it suffices to show that either I' contains a degenerate Levy
cycle for (f,Y) or, for some m and any choice of A;, and any r,

) |11 4.
i=1

We do this by showing that A, , splits further into subblocks corresponding to isotopy

< 1.

o

classes in C~ Z1, so that it looks like a permutation matrix. Write [[v]] for the isotopy
class of v in C ~ Z;. Write

A 181D = (A1, 1) (v € [Iv], 6" € [19]D)-

Then if A is compatible with f* and [y] € B, there exists at most one isotopy class
[[8]], for [0] € B, such that

A([] (1) # 0.

For such a [[4]], write [[6]] = 7([[¥]]). Then it suffices to show that either [[y]] contains
a loop in a degenerate Levy cycle, or, for sufficiently large m,

m

(2) | TTAG = - ap]| <1,

where this is interpreted as 0 if 77([[v]]) is not defined for some p < m. If 77([[7]]) is
defined for all p > 0 then we can take m to be the period of [[v]] under 7. Now we
notice that the row sums of each matrix A;(7*~*([[v]]). 7'([[7]]) are < 1, and < 3 if
a disc D bounded by § € 77=1([[+]]), for which all components of f~"(D) are discs,
contains a periodic critical value of Z;. So either (2) holds, or, iterating backwards,
some v € f7"(v) with [[7/]] = [[v]] intersects Z in Z;, and is in a degenerate Levy
cycle. O

2.7. Corollary. If B is of polynomial type and (f.I') satisfies the Invariance Con-
dition, it satisfies the Thurston Obstruction Condition if and only if T contains a
degenerate Levy cycle for (f.Y).

Proof. Fix a critical value v; € Z of multiplicity d = degree(f). For any v € T’

let D = D(v) be the component of C ~ v not containing v,. Then all components of
f7"D are discs, however defined, and I' = T'; (f, T"). So then we apply 2.6. O
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2.8. Definition of P. — For the rest of this chapter, let B = B(Y,, fo) be of degree
two periodic or eventually fixed type and let f € B. Then Z contains at most two
periodic orbits. If it contains two periodic orbits then one of these is a fixed point. If
it contains a periodic orbit of period > 1 then this periodic orbit contains the critical
point ¢1. Also, Y\ Z = {v2} = {f(c2)}.

Lemma. Let f € B and let (f,1") satisfy the Invariance Condition. Then there
exists a set P with the following properties.

(1) P is either a loop of ' or a component of C ~. (UT') which is not a disc.

(2) There is a component P’ of f~1P such that P' C P up to isotopy preserving Z.

(3) If P is aloop of T, then f : P’ — P either reverses orientation or is degree two.
If P is a component of C~. (UI') and f | P' is a homeomorphism, then the boundary
component of P which separates it from vy and ve is not fived up to isotopy.

If in addition P satisfies

(4) f | P is a homeomorphism

then P is the unique set satisfying properties 1 to 3.

Proof. — After composing f on the right with a homeomorphism isotopic via a Z-
preserving isotopy to the identity, we can assume that I' C f~!'T". Let Al be the
component of C ~. (UT") which contains v; - this is consistent with notation we
shall use later. Then f~!(A}) is connected. If Aj N f~1(A}) # @ then we can take
P = A}. So now suppose that AjN f~1(Af) = @. The following argument is basically
a discrete version of the result that a continuous order-reversing map of the interval
contains a fixed point and is similar to arguments used previously, by Tan Lei for
example [TL]. Number the loops of I and components of C ~ (UI') which separate
Al and f71(A}) in order, AL, 1 < i < r, with A} nearest to Aj. Then there is a
component A of f~'A} which separates A} and f~'(A}). For if not, the component
Dof C~ f “L(A}) containing Aj must be mapped strictly inside itself by f — to a
component f(D) of C~ Al disjoint from f *(Af). Then D and df(D) are distinct
loops in I' separated by vy, and the sequence of discs (D) would have to be strictly
decreasing, with f*(D) and f*+!(D) separated by f*(v1), which is impossible. Now
inductively we define a component A, of f='Al |, if A} a component A} of f~1A]
has been defined, does not intersect A and separates AL and f~1(A{). We take AY, |
to be the component of f~'A’,, which is adjacent to A}, If A7, | N A}, = @ then
A, | must separate A/ and f1(Af). because AY, | is adjacent to AY. We cannot
have A? defined and separating f~'(A{) and A} for all 1 < i < r, because A]. is
adjacent to fT1(Af) So for some i < r we must have A, N AY # @. Then since
I' C f7'T", we must have A C AL, We then take A} = P and A7 = P’, and property
2 holds. We have that f | P’ is a homeomorphisin if and only if A either contains
vy or separates vo from f1(A(). In that case, the component of C ~ P’ containing
fTA} is mapped to the component containing A{. So property 3 holds.
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If. in addition. P satisfies 4, and U is a component of C ~ P with U N f~'U # @,
then by 3 for P, U does not contain vy, v, and hence cannot contain any set satisfying

1 to 3. It follows that P is unique satisfying properties 1 to 3. O
2.9. Corollary.  Let f € B and (f,1') satisfy the Invariance Condition. Let P be

defined for (f,T) as above.

(1) Suppose that f | P’ is not a homeomorphism. Then I' = T'('). In particular.
(f,T) does not satisfy the Thurston Obstruction Condition.

(2) Suppose that [ | P’ is a homeomorphism. Then OP contains a Levy cycle for f
and (f.T) does satisfy the Thurston Obstruction Condition.

Proof

(1) For any v € T take D(7) to be the component of C ~ ~ disjoint from P. Then
by induction on n, any nontrivial component of f~"D(~) is disjoint from P. So
~v € I'|((T'). Since B is of periodic or eventually fixed type, there are no degenerate
Levy cycles in T for (f,Y).

(2) Each component of 9P is isotopic in C\Y to a unique component of dP’. So for
each v € T in 9P there is a unique loop that we call f,v € T'in 0P with v € f~1(f.7)
up to Y-preserving isotopy. There is at least one periodic cycle under f, in 0P, which
is a Levy cycle. O

2.10. Definition of Aj. — Let (f,1") satisfy the Invariance Condition and let
Iy =Ty(f.T') # @. Then I's C f~'T'y. up to isotopy preserving Z. Let A be a disc
component of C~ (Ul'y). Then for some least n > 0, a component of f~"A is a disc
component of C ~ (UI'y) containing v; and va, up to isotopy preserving Z. We call
this component Ag, and Ag N P = @, A € I's. Then we have the following lemma,
very similar to both 1.4 of [R4] and an argument in [TL]

2.11. Lemma. Let v # 0Ag, v C Ag, and let D C Ay be the disc bounded by ~.
Then cither v € T'y, or ~ is periodic, and v = 0Ag and D = Ag up to isotopy
preserving Z (but not'Y ).

Proof. Let D = D(%) be the disc in Ay bounded by v. We define the nesting depth
of v to be the maximum number n such that there exist dises D; (0 < @ < n) with
boundaries isotopically distinct in C Y with 9D; € I' and D, © D;. If 4 # 7
up to isotopy preserving Z then the nesting depth for « is less than that for any loop
which is vy up to Z-preserving isotopy, any component D’ of f~'D is a disc, we can
define the nesting depth of 9D’ using D', and it is < the nesting depth for 4. Then
by induction we prove that all components of f~" D are discs whose boundaries have
nesting depth less than that of any loop which equals vy up to Z-preserving isotopy.
We can also use this induction for v equal to vy up to isotopy preserving Z but not Y,
unless for some least n > 0 a component of f~"~ is isotopic to v up to Z-preserving

isotopy. O
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2.12. Corollary. — The loop set I'y satisfies the Levy Condition, and T' satisfies the
Levy Condition if and only if I' = U, >of"I'2, up to isotopy preserving Z, copies,
trivial and peripheral loops. Consequently, if (f.T') satisfies the Invariance Condition,
then (f,T') satisfies the Thurston Obstruction Condition if and only if (f, 1) satisfies
the Invariance and Levy Conditions for some I C T.

Proof. Let v € 'y, Write v = 79. Then since Ty € f ', we can inductively
choose v, € 'y (i = 0) so that 4; is isotopic in C~ Z to a component of f~ 5,4, Then
Vr = s for some 0 < < s, and {v; : 7 < i < s} is a Levy cycle. Thus, Uysof "I
satisfies the Invariance and Levy Conditions. As we have already noted, any Levy
cycle in ' is contained in I's, so the proof is finished. O

2.13. Gaps. — Now let I' © C < Y be any set of simple disjoint loops.

Definition. Ais a gap for T'if A is a component of C ~ UL such that A~ Z is not
an annulus.

Now suppose that (f.I') satisfies the Invariance Condition. If A is a gap for T,
then choose A’ such that f~!(A’) contains a component A” intersccting A essentially
modulo isotopy preserving Z. By the Invariance Condition, every component of QA"
is either trivial or peripheral isotopic to a loop of T" via a Z-preserving isotopy. Again
by Invariance, no component of A can be in the interior of A” modulo Z-preserving
isotopy. So the nontrivial nonperipheral components of A and A” coincide modulo
Z-preserving isotopy. So A’ is unique with this property and we write A" = f. AL If
f I A” is a homeomorphism, then f.A has at least as many boundary components
as A, and we say A is mapped homeomorphically. Since there are only finitely many
gaps, cach is eventually periodic under f,. If A has period A and cach fIA is mapped
homeomorphically, we call A a periodic homeomorphic gap. Then there is ¢ isotopic
to the identity relative to Y such that ¢a = f¥ o ¢ maps A homeomorphically to
itself, and [¢a] € MG(A) is uniquely determined, where MG(A) is the group of
homeomorphisms of A modulo isotopies that preserve A, but do not necessarily fix
it pointwise. We call this the conjugacy of isotopy class of A.

We say that a connected union A of loops of T, gaps of I and annulus components
of C~ (UT'UY) is a maximal periodic homeomorphic union if all gaps in A are periodic
and homeomorphic and A is a maximal union satisfying these properties. Then we
can define f,A in the same way as for gaps, A is periodic under f, of some period k,
we can again define a conjugacy of isotopy class [¢¥al.

2.14. Classification of Gaps. — Let (f,I') be invariant and let To(T, [) # @. Let A be
any periodic gap for T'. Then there are three possibilities:

(1) A is homeomorphic,

(2) the gap A} with Al C Ao, 0A¢ C Af up to isotopy preserving Z, is periodic,
and A is in the forward orbit of Ay,
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(3) A is contained in a disc D bounded by a loop of I', where D intersects the
forward orbit of ¢1, which is periodic. If T satisfies the Levy Condition, then A = D.

Proof. — We shall consider separately periodic gaps with a boundary component in
To =TT, f), and those with no such boundary component.

First, suppose that A has a boundary component in I'y. Then the same is true for
FUA), i = 0. So fiA is never properly contained in Ag up to Z-preserving isotopy,
by 2.11. So either f(A) = Al for some least i > 0, or f{(A) N Ay =@ for all i > 0.
In the latter case, A is a homeomorphic gap.

Now suppose that no boundary component of A is in I's, that is, every boundary
component is in I'y. Then there is a disc D with A C D, 9D C 0A such that all
components of f~"(D) are discs. Then if A = fI'(A) for a least integer n > 0, we
have that D is a component of f~"(D) up to Z-preserving isotopy. Suppose that A
is not homeomorphic. Then D is not either. If n = 1 then D = f~'(D) up to Z-
preserving isotopy. But then C~. D = f~1(C~ D) modulo Z-preserving isotopy, and
I'>(T, f) = @. Son > 1. Then D must contain a point in Z of period > 1, which
must be in the forward orbit of vy, and since v; is either periodic or eventually fixed,
v; must be periodic.

Finally, if I" satisfies the Levy Condition, A = D, because any loops in the interior
of D are not in f~"(T';) for any n > 0. O

2.15. Important Gaps. — As above, we denote by A/} the component of C~ (UT)
with Ay C Ag, 0Ag C Aj up to isotopy preserving Z, and such that Af is either a
gap or intersects Z. Then we might have vy € Ay~ Af. It can also happen that v,
and vy are both in Ay but in different components of Ag ~ Aj. If Ay has period ng
under f., let Aj be the component of f ™Al with Al C A{, OA{, C A]. Let E;
be the component of C ~ (UT') containing v;. Then E; might not be a gap. But if
it is, we write FY for the component of f~PFE; containing v;. We also write Ag(f,T'),
E,(f,T) etc. if confusion can arise.

2.16. Extra Conditions on Loop Sets. — Let (f,I') satisfy the Invariance and
Levy Conditions throughout this section. We now define some extra conditions on

(f.1).
Node Condition. ~ The set Eo(f,T') is a gap, that is, the component of C~ (UI'U Z)

containing vy is not an annulus. If this holds, we also say that (f,T") is a node.

Edge Condition. —— The set Eo(f.T') is not a gap, that is, Es(f, ')\ Z is an annulus.
in this case, we also say that (f,I") is an edge. We say that (f,I') is an extreme edge
if Eo(f.T) is a disc.

Maximal Reduced Condition. Any maximal periodic homeomorphic union is a
single gap. If Ay # Fs, and (f,I7) is obtained from (f,T') by adding additional loops
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to the full orbit of Af, then (f,T”) does not satisfy the Levy Condition. If two loops
are isotopic modulo Z but not modulo Y, then neither is peripheral.

We remark that if (f,T') does not satisfy the Maximal Reduced Condition, then we
can remove loops from the full orbits of interiors of maximal periodic homeomorphic
unions, remove at most one peripheral loop, and possibly add loops to the full orbit
of Af, so that it does. We shall see in 3.3 that there is exactly one such loop set,
which we call the Maximal Reduced Version of (f.T").

For the remaining conditions, we take (f.I") satisfying the Maximal Reduced Con-
dition, and we shall define (f,I") to have one of the following properties if its Maximal
Reduced Version does.

If £} is periodic and By # E| but fiEy = Fy for some i > 0, then (f,T') is a capture.
We say this capture is periodic or preperiodic, depending on whether Ey is periodic or
preperiodic. These alternatives can only occur if B (with (f, Y (f)) € B) is of periodic
type rather than eventually fixed type. If (f.I') is a capture then Fy # A[. By 2.14,
if (f,T') is not a capture then either E; = A is periodic or E; is preperiodic. In the
latter case, fiEy = fiEs up to isotopy for alli > 0, and f | f!Fs is a homeomorphism
for all i > 0, unless v1 € f7+!' By, which can only happen in the fixed type case. In any
case, f | fiFEy is a homeomorphism for all sufficiently large i. We then say that (f,T)
is preperiodic homeomorphic. We give no special name to the case when E> = Ay is
periodic, although this is arguably the most important case.

If OAo(f,T) € OP then (f,I') is minimal nonempty. (The reason for this termi-
nology will become clear in Chapter 3.) If this is not true, but

(1) I'=I', wherel' = Unsof "OP

up to Y-preserving isotopy, modulo copies of loops and trivial and peripheral loops,
then we say that (f,I) is primitive.

Let (f,T7) also satisfy the Invariant, Levy and Maximal Reduced Conditions. We
say that (f,T7) is a tuning of (f,T) if T < TV and IV # I'. If this happens then
there must be loops of I in the interior of A{(f,T'), which must then be periodic
and equal to Ea(fo, '), since (f,T) is Maximal Reduced. If (f,T") satisfies just the
Invariance and Levy Conditions then we say that (f,1) is a tuning of (f,I") if its
Maximal Reduced Version is.

If T # @, and (f.T) satisfies the Invariance and Levy Conditions, then (f,I)
is exactly one of: nonempty minimal, primitive, or tuning. This follows from the
definitions.

2.17. Nodes and Edges. — The following lemma gives a simple passage from an
edge to a node, and vice versa.

Lemma. Let (f, ') satisfy the Invariance, Levy and Edge Conditions, but such that
(f,T) is not an extreme edge. Let v1 be the loop which is isotopic to vo = 0Dg(f,T')
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up to Z-preserving isotopy, but such that va is between vo and ~v1. Let T be obtained
from T' by removing those loops in the backward orbit of v which are not also in
the backward orbit of T~ {y1}. Then (f,I") satisfies the Invariance, Levy and Node
Conditions.

Conversely, let (f,T) satisfy the Invariance, Levy and Node Conditions. If Ey =
Ay, let v1 be isotopic to yo up to Z-preserving isotopy, but let vo be between yo and 1.
If By £ A, so that Es is a disc, let 1 be isotopic to OFs up to Z-preserving isotopy,
but let vy be between v, and OF.. Let IV be the union of T' and the backward orbit
of v1.Then (f,T") satisfies the Invariance, Levy and Edge Conditions.

Proof. — Immediate. O

2.18. Reduced Branched Coverings and Map Spaces. — Let (f,T') satisfy
the Invariance, Levy and Maximal Reduced Conditions. Suppose that Aj exists as in
2.15. If A} is periodic of period ¢ under f., we define a reduced branched covering g
of A} by
g=f"on Ay,

and then g is extended by mapping components of C . A} to components of C . A}
as dictated by the boundary maps, and each component of C ~. A/ contains exactly
one point of a set Y (g), where the remaining points of Y (g) are AjNY. We also
choose g so that f, g have the same critical values vy, v2, and so that g(Z(g)) C Z(g),
where Z(g) =Y (g) ~ {g(cz2)}. Thus we continue to have a labelling of critical points
and their orbits. A reduced branched covering for E; is similarly defined whenever E;
is a periodic gap.

This construction for Aj is the same as that of critical branched covering in 1.9
of [R4] for critically finite branched coverings except that there we used f~'A}
rather than A{), but it makes no difference.

The reduced map space B(f,T,A}) for Ay (or B(f, T E;) for E;) is B(Y (g),9),
where g is a reduced branched covering. Note that, if the Edge Condition is satisfied,
then B(f,T', Aj) is an equivalence class of critically finite branched coverings if Ay is a
periodic gap, and similarly for B(f,T', Ey). If Es is a periodic gap, then either Ey = A
or Fy is in the periodic orbit of F;. In the latter case, B(f,I', F1) and B(f,T", Eq)
are naturally identified. Note also that if A is periodic and g € B(f,T,A), A = A
or Ej, then

3< #(4(9)) < #(Z(f))

Now we consider B(f,T", F1), in the cases where Fj is a periodic gap. If (f,T)

is preperiodic homeomorphic or a preperiodic capture, then B(f,I', Ey) is critically

—

finite, v; is periodic and ve is eventually fixed under g € B(f,T', Eq). If (f,T) is
a periodic capture, then B(f,T',E;) = B(Y’, f'), where f’ is degree 4, Z(f') =
{vo} Uorbit(vy), Y =Y (') = Z(f') U {vz}, v is fixed and of local degree four, v;
is periodic and of local degree two, vo has two critical points in its preimage, both
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mapping with local degree two. If (f,T') is minimal nonempty — or, more generally,
whenever A, = E; = Ey — then B(f.I', E) is of degree two periodic type. (This
includes some cases when (f,I") is primitive.) If (f,T) is not a periodic capture, and
E; # Aj then B(f,I', Ey) is critically finite and equivalent to a polynomial.

Now we consider B(f,T', Aj) when Ay is a periodic gap, but £ # Af. If (f, 1) is
a capture, or preperiodic homeomorphic with Ey # A{), then B(f,T', Aj) is critically
finite with both critical points eventually fixed. The Maximal Reduced Condition
ensures that the critically finite maps in this space are irreducible, that is, either
equivalent to a rational map or to

[z] — [A;I:—!—b]:RQ/N —~+R2/N

where [z] is the equivalence class for ~, * ~ y if v = £y +m (m € Z?), and A
is an integer matrix with determinant 2 and eigenvalues A, u, [A| < 1 < 2 < |ul,
20 = 0 mod Z2. If (f,I') is primitive and E; # A}, — or more generally whenever
E; = Al # E; — then B(f,T, A}) is of degree two eventually fixed type.

2.19. Examples of Reduced Branched Map Spaces
(1) We consider the cases listed in 2.3, so that f = s, U sy and I' C Ly U L;,l.
Then B(f,T', Aj) contains the subset
{gr: 2+ Az + 2% X #0}

whenever 1y = 1114, and is homotopically equivalent to this subset. These maps have
a distinguished noncritical fixed point at 0. Now let (¢,q") = (3/7,1/3) or (4/15,6/7)
or (7/15,1/3) or (7/15,3/7). Then B(f,I', Aj) contains the subset
224 Az — A
{h ADZ },
for which the second iterate of the critical point 0 is fixed. In all these cases,
B(f,T, Ey) is the Thurston equivalence class of z — z2. Now let (¢,q') = (2/5,1/3).
The reduced map space for Af, contains the subset

{k,\:zr—»

for which ¢; = 0 has period 2.

z

1+ Az
22 }

In all these cases, it can be shown that the reduced branched map space is actually
homotopically equivalent to the given subset.

(2) We give an example of a reduced map space of polynomial degree four type
for Bip,0. There is no such example for B,, with p < 10. We consider s;;/3;,
which is equivalent to a polynomial with critical point of period 5. Let s, denote
the tuning of this, with critical point of period 10. Write [[a.b]] for the leaf with
endpoints e27@ 27 Then priiys1 = [[11/31,12/31]]. This leaf is separated from
the minor gap of Ly,3 by the leaf [[17/48,19/48]] of L,,3, while the forward image
[[13/31,17/31]] is separated from the minor gap by [[5/12,7/12]]. Let f = s, U s, for
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any odd denominator rational ¢’ € [5/12,7/12]. Let " be obtained by taking inverse
images under f of the loop fi,,3 U /1173. See the diagram. As in 2.3, the unit circle
is shown (dashed) to indicate how the example is computed. Then (f,I") satisfies the
Invariance and Levy Conditions and B(f,I', Es) is of degree four polynomial type.

Degree four polynomial type.
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CHAPTER 3

NODES, EDGES AND ENHANCED LEVY SETS

3.1. Throughout this chapter, f € B(Y) = B, where B(Y) is of degree two periodic
or eventually fixed type. We shall use the group G = m((B, f) in this chapter,
which, as we recall from 1.11, has interpretations as subgroups of MG(C.Y) and
MG(C, f~'Y). The purpose of this Chapter is to examine the structure of the set
of pairs (f.I"). We define an equivalence relation on the set of pairs and an action
of G on the set of pairs. The equivalence classes are called enhanced Levy sets.
We also associate pairs (f,I") to convex regions in the unit disc, which are disjoint
(after restricting the set of pairs slightly), and show that boundary convex regions
in components of the union correspond to minimal nonempty pairs. This is the
groundwork for the Resident’s View of B.

3.2. We use the gap notation of 2.10, 2.15.

Lemma. — Let (f.T'). (f. ') satisfy the Invariance and Levy Conditions, with
ES(f,T) = Ex(f, 1), Let (f,T) satisfy the Maximal Reduced Condition. Then a loop
of I is contained either in I' or in the full orbit of a periodic homeomorphic gap of
T", up to isotopy preserving Y .

Proof. — Write v9 = 0Ao(f,I"). If T satisfies the Edge Condition, let v; be the unique
loop of I which is isotopic to vy in €~ Z but not in C\ Y. Let § = §, € I, and let
8 € IV (1 <i < n)satisfy: §; € f=1(di41), 6, = 0, up to Z-preserving isotopy, with
1 < p < n, and such that {J;, : p < i < n} is a Levy cycle. By the Levy Condition,
any 0 € TV satisfies these properties. Suppose that any intersections of §; with U’
are essential in C Y and hence also in C ~ Z, since Fy(f,T') = Ea(f.T'). The
number of transverse intersections with UI' can only decrease under taking inverse
images. So the number of intersections of ¢; with UI' must be constant for p < ¢ < n.
Similarly, the numbers of intersections with gaps, periodic homeomorphic gaps, and
periodic gaps, must be constant. So for p < 4, J; can intersect only periodic unions or
gaps, and only periodic sides of periodic gaps which are not separated from the fixed
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set by Ao(f.T'). Suppose Aj = Aj(f,T') is periodic (and hence not homeomorphic).
Suppose §; has an essential arc of intersection with Af. Then the arc must have both
endpoints in yo (or possibly v; if I" satisfies the Edge Condition), since this is the only
periodic boundary component. Then A # FEy and va ¢ A{. So then the reduced
branched covering for A{j has no Levy cycle. But we can form a Levy cycle by joining
essential arcs of d; along o (or 71), and taking the full orbit. This is a contradiction.
So §; has no essential intersections with Ag), if A{) is periodic. So the only possibilities
are that §; € T', or J; lies in a periodic homeomorphic gap of I'. Then we obtain the
required conclusion for § = §; O

3.3. Corollary. - If (f,T") satisfies the Invariance and Levy Conditions, then there
is a unique (f,I") satisfying the Invariance, Levy and Maximal Reduced Conditions
with Ey(f.T") = Ex(f,T) such that:
(1) every loop of I' ~\T" is in the full orbit of a periodic homeomorphic gap of I'",
(2) T N T = @ unless A, # Ey and A{) is periodic, in which case every loop of
I T s in the full orbit of AJ).

Proof. — If Ajj is periodic and A} # FEs, then the reduced branched covering f; for
A} is critically finite degree two (2.18). If there is a loop set satisfying the Invariance
and Levy Conditions for fi, then we can add the full orbit of this loop set to T'" to form
a larger loop set satisfying the Invariance and Levy Conditions. There is only space to
do this finitely many times. So now we assume that I cannot be augmented in this
way. Any connected union of homeomorphic gaps is again homeomorphic. So first
form I'; by removing from I any loops in the interior of a maximal homeomorphic
union. It is possible that the preimage A of a maximal homeomorphic union might
include E; or Ey and not be homeomorphic. If that is the case, we also need to
remove loops in the interior of A and the backward orbits of these in ', to obtain I'5.
If Aj(I2) is periodic then Aj(I'2) = A((I) and if A # FEa. So I'y satisfies the
Maximal Reduced Condition as well as the Invariance and Levy Conditions.

So suppose that both (f,T) and (f,T) satisfy the Invariance, Levy and Maximal
Reduced Conditions with Ey(f,T") = Eo(f,T) = Ex(f,T"). Apply 3.2. ]

3.4. Definition. — We call (f,I") as in the Lemma the Maxzimal Reduced Version
of (f.T).

3.5. The next two lemmas are preliminary to defining the group associated to a

pair (f,T).

Lemma. --- Let (f,T') satisfy the Invariance and Levy Conditions. Let A be a periodic
gap of I of period k under f. such that f* | A is a homeomorphism. Then cither f*
cyclically permutes all the components of OA, or it fires one and cyclically permutes
the rest. If A contains a point of Z, then this point is fized, and the components of
IA are cyclically permuted.
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Proof. — Replacing A by some fJ/A if necessary, we can assume that all f!A # A are
in the same component of C ~ A. If some component of C \ A intersects Z in only a
fixed noncritical point of Z, then A is fixed by f. Take any component D of C ~ A
bounded by v € A which contains no f*A, and which intersects the forward orbit
of v1. Thus, at most one component of C ~ A is excluded. Inductively, let Dy = D,
and let D;41 be defined as the component of f~!D; whose boundary is common to
some ffA,if f(e1) € D;. Then for a minimal j, D; contains f(c1) and no f'A. Thus,
the boundary is uniquely determined, and has v in its forward orbit. Hence all but
at most one component of JA are in the same cyclic orbit under f. By the nature
of Z, A can contain at most one point z of Z, which then has to be fixed, and by
the specified properties of Z, is the only fixed point of f in Z. Suppose that A does
contain such a point. So A is also fixed. Then D, as above, can be any component of

C ~ A and all components of A are in the same orbit. O
3.6. Classifying the Gap Homeomorphisms. — The next Lemma uses

Thurston’s isotopy classification of surface homeomorphisms [F-L-P]. Let S be
any compact surface with boundary and f : S — S an orientation-preserving
homeomorphism. Then f is irreducible if there is no set T' of simple closed disjoint
non-boundary-homotopic loops such that f(I') is isotopic to T'. For every (S, f).
either f is irreducible, or there is a sct of I' of simple closed disjoint non-boundary-
homotopic loops such that f(I") is isotopic to I' and such that if .S; is any component
of S~ UI' and m is the least integer > 0 with f"*(S;) isotopic to S;, then f" | S; is
irreducible. An irreducible homeomorphism is either isotopic to an isometry for some
complete hyperbolic metric on S or is isotopic to a pseudo-Anosov. This means that
S is isotopic to a homeomorphism which leaves invariant two transverse measured
foliations on S; which have finitely many singularities of specified types [F-L-P].
One of the foliations is called stable (or contracting) and the other is called unstable
(or expanding). The fact that the foliations are measured and transverse means that
there is a measurement of length on all leaves of both foliations. Then there is A > 1
such that f" multiples length of leaves of the unstable foliation by A and length of
leaves of the stable foliation by A~ 1.

3.6. Lemma. — Let F' : A — A be a homeomorphism of a holed sphere with bound-
ary, which either cyclically permutes boundary components or fixes one and cyclically
permutes the rest.

(1) Write

where the S; are closed subsurfaces with disjoint interiors that are permuted by F,
the loops OS; are all isotopically nontrivial and distinct, and such that the first return
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map F" to S = S5 is, up to isotopy, either an isometry for some complete hyperbolic
metric on S or a pseudo-Anosov. Then this decomposition is unique.

(2) Let PMG(A) denote the group of isotopy classes preserving each component of
JA, where isotopies preserve QA bul do not fix it pointwise. The centraliser of F in
PMG(A) is free abelian, of rank ni + ny, where ny is the number of cycles of S; in
the above decomposition for which the return map F™ | S; is pseudo-Anosov, and ns
is the number of cycles of loops 0S; in the interior of A.

Proof

(1) This uses a technique that we have applied previously in both Chapter 8 of
[R3] and 3.3 of [R4]. Note that at most one subsurface S; = S is fixed by F and that
F'"™ | S has the same property as F' : A — A, namely it either cyclically permutes the
boundary components or fixes one and cyclically permutes the rest. If h = F™ | §
is an isometry, we can find an arc « joining distinct components of 95 such that all
arcs hic are (up to isotopies preserving 9S but not fixing it pointwise) either disjoint
or equal, and Int(S) ~ (U;zoh'a) consists of two discs. We simply take a to be a
geodesic arc of minimal length joining any two distinct components of 05 if h
cyclically permutes them all -~ or between the fixed component and any of the others

if h fixes one component. Then the set U;soh‘a consists (up to isotopy) of simple
disjoint cyclically permuted arcs, and h? = identity, where p is the least integer > 0
such that AP fixes all components of 9S. If h is pseudo-Anosov, there is no such arc
set in S. So any F-invariant set of simple disjoint loops I' in A can only intersect
05 essentially, for S in the decomposition, if F™ | § = h is an isometry, and then
all components of 95 must be intersected. If 9S is intersected transversally by T
for some S, then 95’ is intersected transversally for some S’ with 95’ N OA # @,
which is impossible. So there is S in the decomposition such that I' N .S is a set of
disjoint simple loops invariant under h. This is impossible if h is pseudo-Anosov,
unless I' NS C 0S5 up to isotopy. We get the same conclusion if h is an isometry
by considering intersections of I' with the h-orbit of a. Hence no simple loops, apart
from the 0.5; components, are mapped periodically by F' and the decomposition of A
into the S; is unique.

(2) All components of all 95, are fixed by any ¢ € PMod(A) in the centraliser of
F, as are any arcs h'c. Since the centraliser of any pseudo-Anosov is cyclic, we obtain
the result. O

3.7. The Group G(f,T"). — Let f be our chosen basepoint in B and G = 7 (B, f).
Then as we have seen in 1.11, m(B. f) identifies with the set of [p] € MG(C,Y)
arising from closed loops in B based at f. Let (f,I') satisfy the Invariance and Levy
Conditions. We define G(f,T’) to be the subgroup of those ¢ in G for which o(I") =T
up to isotopy. Our Lemmas imply that G(f,T") = G(f,I") if (f,I") is the Maximal
Reduced Version of (f,I").
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3.8. The Equivalence Relation on Pairs and Enhanced Levy Sets

Let f, g € B and let (f,I') satisfy the Invariance and Levy Conditions. Then any
path from f to g induces a homeomorphism ¢ : C — C with o(Y (f)) = Y(g). As we
have seen in Chapter 1, if pg and ¢ are two choices for o, then there is an isotopy ¢
between ¢y and @1 with (Y (f)) = Y(g) for all t. Then (g, (")) also satisfies the
Invariance and Levy Conditions.

We define ~ to be the equivalence relation generated by: (f,T') is equivalent to its
Maximal Reduced Version, and, if (f,T’) satisfies the Invariance, Levy and Maximal
Reduced Conditions, then (f,T) ~ (g,I") if, for some path, from f to g and associ-
ated ¢ defined up to isotopy constant on Y (f), ¢(I') = I'V. We let [f,T] denote the
equivalence class of (f,T"). Thus, if we fix f, [f,T] is simply the orbit of (f,T") under
the action of GG. We can transfer all the definitions of 2.16 (Edge, Node Conditions
and so on) from (f,T) to [f,T']. For the later definitions, except for the definition of
tuning, we need to take (f,I') satisfying the Maximal Reduced Condition. If [f,T]
is a tuning of [f,I"] and both (f,I') and and (f.IT") satisfy the Maximal Reduced
Condition, then loops of I are either in T" or in orbits of periodic homeomorphic gaps
of I'. If we do this, then Reduced Map Spaces and Conjugacy of Isotopy Classes also
depend only on [f,T] (and not on (f,I')). The group G(f,T') depends only on [f,T]
up to isomorphism. Therefore, we shall often write G[f,T].

We call the equivalence classes [f,T'] enhanced Levy sets.

3.9. Theorem. — Let (f,T) and (g,1") satisfy the Invariance, Levy and Maximal
Reduced Conditions. Then, for some Dehn twist composition T round loops of T,
[for,T] =g, "] if and only if the following hold for some orientation-preserving
homeomorphism ¢ : C — C.

(1) (Y () = Y(g). p(vi(f)) =vi(g) (i =1,2), ¢(I') =I" and g o f = goy on
Z(f).

(2) The elements [Ya] and [Yon] of MG(A), MG(pA) are conjugated by some
homeomorphism which maps each component b of OA to b, for at least one gap A
in each periodic homeomorphic cycle.

(3) The reduced map spaces for A{(f), AG(g) are the same, as are the reduced map
spaces for E;(f), Ei(g), i =1, 2, whenever these gaps are periodic.

Proof. — Suppose that 1, 2 and 3 hold for (f,I') and (g,I’). Then we can change
the definition of ¢ on each periodic homeomorphic gap A so that ¢ conjugates [1)a]
and [¢),a]. Then we can change the definition of ¢ on all but one gap in each cycle so
that p o f = g oy up to isotopy constant on JA. Then we can change the definition
of ¢ on preimage gaps so that o f = g o ¢ on any gap in the backward orbit of a
periodic homeomorphic cycle. Then we can change the definition of g on whichever
of Ay(g) E1(g), E2(g) are periodic, and change the definition of ¢ on gaps in the full
orbits of these, so that ¢ o f = g o4 on each gap A, for ¢ and v isotopic via an
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isotopy constant on JA and Z. Then

goy=pofor,

where 7 is a composition of Dehn twists round loops of T'. O

Remark. — In general, if 7 is a Dehn twist round loops of T, [f,T'] and [f o 7, T'] can
be distinct. However, we do have the following.

3.10. Minimal Isometric Nodes and Edges: characterization

Lemma. — Let (f,T') be minimal nonempty isometric. Then [f,T'] = [s, 1T 54,T"],
where s, 1 s, preserves I, g U /L;lp € I', pp is minimal and pi—p < pg, and
c1(sp I 8q) = 00, v1(8p T Sq) = ($p 11 84)(00). (See 2.3 for the notation.)

Proof. — Assume without loss of generality that f preserves its fixed set P and that
/| P is an isometry with respect to some metric. Let 0P have k components. Let o
be an arc of minimal length joining components of OP. Then { f'a: 0 <4 < k} is a set
of disjoint simple cyclically permuted arcs with endpoints on 9P (as in 3.6). Choose
a fixed point xg of f in P. Let 31 be an arc from the critical value vs of f to x¢, which
crosses OP exactly once, and is disjoint from the arc set U; fia. Let 8, = 8o € f1(51)
be the arc joining x( to the critical preimage co of ve, which is in a different component
of C~. P. Then similarly define an arc 8; C f~1(B;11) for k > i > 2, with one endpoint
at zo. Now [f,T'] = [0, 0 £, T}, for any path ~ : [0,1] — C~ (ZU(UI')) with v(0) = vs.
To see this, note that [o, o f,T'] = [0 o f.T], where v, = v | [0,t]. Replacing f by
o4 o f if necessary for suitable v, we can assume that 8; C f ~18,. Thus we have
made f critically finite. There is an invariant circle separating the critical orbits,
formed as follows.Take the boundary of a small disc neighbourhood of U;/3; where
Bo = Br and B; C f~1Bix1, 0 < i < k. The loop set IP gives Li_, U L;l up to
isometry, for some p with p, minimal. See the diagram in the case k = 3. The arcs
5o and (31 need not be adjacent in general.

V1

Minimal Isometric.

Hence [f,T] = [s, I 54, "], for some ¢ and I'". O
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3.11. Equivalence and the Edge Group. — Again, let pu, be minimal and
H1—p < fiq. For the moment, write [s,11s4] for the (unique) equivalence class [sp11sy, T
where I' contains upU/Llilp and (splisy, I') satisfies the Invariance and Levy Conditions,
and the Edge Condition. Let I be the loop set defined similarly for s, 11 s4.. The
question which naturally arises is: when is [s, 1154] = [sp 154/]7 We must have p’ = p
or 1 —p, by considering the isotopy class [¢p] (2.13) where P = P(s, 1 s,) is the fixed
gap. This corresponds to looking at the rotation order of the arcs 3; of 3.10. Equally,
given [s, I s4], there is at least one ¢’ such that [s, 11 s4] = [$1_p W s¢/]. The invariant
circle which realises [s, I s4] as [s1-p I S¢/] can be drawn in exactly the same way
as the rabbit and antirabbit circles in 1.15, that is, by a half-twisting the circle for
sp 11 5, round the fixed set. See the pictures in 1.15.

So now suppose that p = p’. It turns out, in the lemma below, that [s, Il s4] =
[sp U s¢) if and only if s, 11 s, and s, I 4 are Thurston equivalent as critically finite
branched coverings. This equivalence is considered in Stimson’s thesis [Sti]. It is
claimed incorrectly in [Sti] that if s, sq o s, se then piy = pigr. The true result is a
little different, and is shown by the same method (after correction) that is employed
by Stimson.

Lemma. — The group G[sp U s4] is cyclic. The number of different leaves pq such
that [sp0s,) = [sp 1 sq] is the same as the number of g such that s, sq is Thurston
equivalent to s, 11 s, as a critically finite branched covering, and is N, where N > 1

is the integer such that the generator of G[s, U s,] is og 0 o1, where oy is an N-fold
—1

Zp
twists round loops isotopically distinct from and disjoint from the loops of T'y.

Dehn twist round the forward orbit I'y of pp, U and oy is a composition of Dehn

Remark. — Write f = s, us,. Let I' € C~ X (f) be the smallest loop set containing
I'; such that f~YT') < I' modulo trivial loops and homotopy in C ~ X(f). Let
f* : RI' — R' be the usual linear map for critically finite maps, (with the same
formula as in 2.4). Then N is also the least integer > 1 such that there is an eigenvector
of f* with entry N in the entries corresponding to I'; and integers in all entries.

Proof. — The proof, a slight modification of Stimson’s method, is combinatorial. We
first note that if s, I 54 ~, s, I s, where this denotes Thurston equivalence as
branched coverings, then [s, 11 s,] = [s, 11 s4/]. The converse takes a little more work.
So now suppose that [s, 11 s4] = [sp 11 54, '] = [sp 1 54,T"] = [sp 1 54/]. Let ¢ be the
homeomorphism with ¢(I') =T, po (s, 1s,) 0p™1 = s, 11 5, for ¢ isotopic to ¢ via
an isotopy constant on Z(s, 1sq) D {(s, 11 84)*(c0) : i = 0}.

We have

P(spisy) = P(splisy) =P, Ey(s,lsy) = FEa(spUsy)= Es,
O(AY(sp M sq)) = Al(sp U sg), ©(E1(spsy)) = E1(s,s,).
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The reduced branched coverings for A} -— which are critically finite since we are
considering edges — are Thurston equivalent, and similarly for F,. (See 2.15, 2.18).
If Ay = Ey, then the reduced branched covering is a critically periodic polynomial,
and we deduce immediately that p, = py. If A # Ey, then the reduced branched
covering for A{ is a polynomial with the finite critical value eventually fixed. The
Thurston equivalence classes of these are in one-to-one correspondence with rationals
in (0,1) of the form r/2" for n > 0 and integers r, 0 < r < 2". It follows that
A(spusy) = Aj(sp sy ) = Ap. Then since m (B(A]) is trivial, the homeomorphism
 is the identity on A up to isotopy, and fixes all boundary components. Consider

Q=PUFEsU (Uigg (Sp 1 Sq)l(Aa))

Then () = Q, and ¢ |  must be isotopic to a composition of Dehn twists ¢;, tg
times round the loops v; (0 < i < k—1), 7, where v; C OP with vi11 C (sp1sg) ' (74)
and 7o, 7}, are separated by vo = 0, but are isotopic in C~ Z(spusy). Then we obtain
ti=tip1 for0<i<k—2,th zto—l-%t(),givingt’o =0,t;,=tfor0<i<k—1. So
then we can adjust ¢ to induce a Thurston equivalence s, 11 5, >~ S, 11 S¢. S0 now,
given p and g we need to determine how many different pg there are with s, 11 5,
Thurston equivalent to s, 11 sq.

The claim in Stimson’s thesis was that, by taking inverse images under s, I s, and
splsy, @ is isotopic to the identity on all gaps in the full orbit of Af. But this is only
true so long as gaps are pulled back homeomorphically, or so long as a gap is in the
forward orbit of Af. (This is how the mistake arose.) The map ¢ is the identity on
the full backward orbit of Aj(s, 11 s4) if and only if V| t. Distinct homeomorphisms
are given by 0 < t < N. We write ¢; for the homeomorphism corresponding to t,
so that ¢q is the identity. Each such ¢ does determine a puy = p(t), because if v is
the loop of I" nearest to p,, then v is homotopic to OE; (s, 11 s4) and ¢ () must be
homotopic to OF, (spsq ). If s, is not a tuning then these boundaries are homotopic
to g U/l,;l, Hi—g U /L(;}l. If s4 is a tuning, then the fact that the reduced branched
coverings for Ey(s, 11 s,) and E;(s;, 1 s4) are equivalent under ¢; shows that pg is
uniquely determined by ;. O

3.12. Examples. — This integer N must always be 2" for some m > 0. We can
sce this by analysing the types of matrix A which can occur for f* : RI' — RY with
respect to the standard basis. Take the first few rows and columns to be indexed by
the loops of I';. There may or may not be a second periodic cycle of loops I's in T'.
If T'y exists, it is not a Levy cycle, and we take the last few rows and columns to be
indexed by the loops of I'2. Then

P 0 0
A:(f‘ A0>01‘ Aot Ass 0
e Az Az P
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where Agg is lower triangular with 0's on the diagonal, Py is a permutation matrix and
P, alimost is, but one of the entries is multiplied by 1/2. All entries of the matrix A
are integers or half-integers. Then det(Aze — I) = £1, and (if P exists) det(Py — I)
has two terms, one of which is (—1)" and the other is %(71)7"“, if Pobisanr xr
matrix. So det(Py — 1) = i% and (P, — I)7! has integer entries. So the inverse of
the matrix Aoy — I has all entries in Z/2"”/ for some m’ = 0, It follows that N = 2™
for some m = 0

The picture illustrates L, for ¢ = 55/127 or equivalently ¢ = 56/127, since these
are ends of the same minor leaf. In this case . = 1. The point 2"¢ mod 1 on the
circle is labelled n for the least possible n > 0 The period of ¢ under @ +— 22 mod 1
is 7, while the period of p = 1/3 is 2. This gives the lowest possible period of ¢ with
m > 1.

q=55/121.

Writing f = s, 1 s,, and letting vo = pp, U /-M_—]p as before, there is one nonperiodic
component v; of f~1(vy) and for i < 3 we can inductively find one nontrivial nonpe-
ripheral component of f~!(vy;). Taking these five loops v; (0 < i < 4) to index the

rows and columns, the matrix of f* is

10000
10000
01000
1
00400
00010

The smallest eigenvector for eigenvalue 1 with integer entries, written as a row vector,
15 (2,2,2,1,1), that is, N =2 = 2" and m = 1. The ¢’ with pgy # pq and s ,3 15, ~
s1/3 U sg is ¢ = 72/127 (or equivalently ¢ = 71/127).
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3.13. The sets C(f,I'). — Fix a basepoint f. We are going to construct a convex
hull C(f,T) in the unit disc D, regarded as the universal cover of C~ Z, for each (f,T")
satisfying the Invariance and Levy Conditions, or Invariance and Extreme Conditions,
such that C(f,T') = C(f,T) if (f.T) is the Maximal Reduced Version of (f,T'), and
such that C(f,T2) C C(f,T'1) if (f,T1) < (f,T2). We shall call C(f,T") a Levy convex
hull if (f,T') satisfies the Levy Condition.

Let oy : D — C ~ Z be the covering map, with m(0) = va(f). Let Es (f,T") be the
lift of Es(f,T') with 0 € ETQ(,)"7 I'). Let Aq(f,T') be the disc with Ea C Ay, 0As C 0F»
and A, disjoint from the fixed set of (f,I'). Let A, be the lift to D with E» C As.
If (f,T) is a node, we simply take C(f,1") to be the geodesic version of Eg, that is,
C(f,T) is the geodesic convex hull of Eyn St If (f,T') is a edge, which is not minimal
or a minimal tuning we take C'(f,T") to be the geodesic version of OA,. The geodesic
version of an extremal edge (f,T') is a point on S'. In fact, this point coincides with
p2([8]), where ps is the map defined in 1.12 and [3] € 7 (B, N, f) is defined as follows:
B(t) = 04, o f where a is the (unique) path in C ~ (UT') from v, to a point of Z, and
ay = a | [0,t], where a is parametrised by [0, 1].

Now suppose that (f,I') is an edge which is minimal or a minimal tuning. Then E»
is adjacent to a periodic homeomorphic gap @ such that [1)g] is irreducible. If [¢g] is
isometric, we define C'(f,T") as for the other edges. Now let [1)¢] be pseudo-Anosov.
Then there are two transverse measured geodesic laminations on C ~ Y which are
preserved by 7/)(;1 up to isotopy with transverse measures multiplied by a scalars A,
A7l 1 < A, We take the lamination whose transverse measure is multiplied by A
and let Qo = Qa(f,I") be the complementary component which contains both critical
values. Up to Y-preserving isotopy, we have Ay C 3. See the diagram, which is a
sketch in the case when v; has period four.

5 and As.
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Then we take C'(f,T') to be the geodesic version of the lift Qo N Ay of Qy N Ay
which is adjacent to Fy. Then OC(f,T) contains countably many geodesics projecting
to 922, and one projecting to dAs.

3.14. Lemma. If C(f.T)NC(f. ") # @&, then one is contained in the other, in
which case one is a tuning of the other, or C(f, 1), C(f,T") intersect at most in a
boundary component.

Proof. - - This is similar to the Parameter Laminations Theorem 1.16 of [R3], but
in the present finite situation the proof is simpler. It is also similar to 3.2. The
basic idea, in any case, is that Levy cycles for a critically finite degree two branched
covering do not intersect.

We can assume, replacing f by o3 0 f for 3 : [0,1] — C ~ Z with 3(0) = v
if necessary. that E, (f,T) and E)(f I'’) have geodesic boundaries. So suppose that
[vg(f, rn Ez(f I'7) # @. We can assume that I' and I have only transverse inter-
sections, and that both satisfy the Maximal Reduced Condition. Then replacing f by
f o1 for a homeomorphism f o, we can assume that f preserves both I' and T, We
can also assume that f is critically finite. Then a periodic loop of I' can only intersect
periodic loops and periodic homecomorphic gaps of TV, and vice versa. Then, by the
Maximal Reduced Condition, there are no transversal intersections. So (f.T UT)
satisfies the Invariance and Levy Conditions. So

AG(f.TUTY) = AL(f.T) € AG(f.T).
without loss of generality. So either (f, 1" UT") satisfies the Edge Condition, in which
case C(f,T) N C(f,T7) is a common boundary component, or AL(f, 1) = AL(f,T)
and ' = I up to isotopy, or
AG(f.T7) = Ex(f.T7) C AG(f.T) = Ex(f.T),

and IV C T up to isotopy, in which case, (f,I”) is a tuning of (f, '), without loss of
generality. O

3.15. An action of G on Convex Hull Boundaries. — Fix a basepoint f of
B. Remember (1.11) that G = my(B) is antiisomorphic via ®; to the subgroup G of
PMG(C,Y) of ¢ such that ¢ and f(,‘l opo fyoo, are isotopic via an isotopy fixing Y
for a closed path a in C ~ Z based at v2. Then [a] = p([¢]). Then if (fo,T') satisfies
the Invariance Condition and ¢ € G, so does (f() o (")), and similarly for the Levy

Condition or the Extreme Condition. Let ¢™! = 04 0 ¢~ ! as in 1.13, and let ITJ be
the lift to D as defined there. Then ¢! (Ey( fo, )) is homotopic to Ex(fo.o (I)).
It follows that, with the notation of 1.13, if [¢] = ®([3]).

Cfo.p” ') NSt = [6] - C(fo.T) N S

In particular, the action of G on S defined in 1.13 preserves the set of boundaries of
convex hulls.
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3.16. Adjacent Convex Hulls. — We now know that if each of (f,T") and (f,T")
is primitive or minimal nonempty, then the sets C'(f,T') and C(f,T”) have disjoint
interiors. The following theorem gives us important information about the union of
the sets C(f,T"). It is an analogue of the Parameter Gaps Theorem of 1.16 of [R3],
and the idea of the proof is the same.

Theorem. The boundary of a connected component of Levy convex hulls is a union
of convex hulls C(f,T') where (f,T) is a minimal nonempty isometric edge, and of
components of OC(f.T') lifting to geodesic lamination leaves, where (f,T') is a minimal
nonempty pseudo-Anosov edge.

Proof. Suppose that (f.1") is minimal nonempty or primitive and satisfies the
Node Condition. Fix a boundary component 5’ of E‘z(f, I') projecting to a boundary
component v of Fo(f,T). Let Q be the gap on the other side of 4/. Let Q be the
lift of € adjacent to E,. If (f,T) is minimal nonempty and € is the fixed set, then
~"is also in the boundary of (f,T7) for (f, 1) minimal nonempty satisfying the Edge

Condition. The corresponding convex hull is either 5/

or §2. depending on whether
the fixed set is isometric or pscudo-Anosov.

So now suppose that €2 is not the fixed set. Then we shall construct (f. ) such
that

3 COUf.T) and QNC(f.T) N7 # @.
Let I'p be the set of loops v € T with the following property. There exist n and ~v; € I’
(1 <4< n)with v =~ 9 C f Y vi41) up to Z-preserving isotopy, vi # ' up to
Z-preserving isotopy for 1 < i < n, and 7, is not in the interior of Aqo(f,I'). Then
~" € I'1, because we are assuming that (f, ') is either primitive or minimal nonempty.
In the latter case, we are assuming that 4/ is not in the boundary of the fixed set. Let
o be a path with first endpoint at v and the sccond in the gap of Ty adjacent to v/
and intersecting €2, such that « intersects v just once. Then inductively define
Livi = (0a0f) 1)

We assume inductively that o has second endpoint in the gap of T'; adjacent to ~/
and intersecting €. We have I'y € I'y and then I'; € Ty by induction. Then for

some 4, I'; = I';41. So (f,1';) satisties the Invariance and Levy Conditions, and we

take (f.T7) = (f.T). O

3.17. Tunings of (f,I') and convex hulls of pairs for B(f.I', Aj). — Let (f.T)
satisfy the Invariance, Levy and Maximal Reduced Conditions. Recall that tunings of
(f,T) exist only if By (f.T) = Ea2(f,T") = Aj(f.I'), in which case this set is periodic.
Recall that B(f,T,A}) is a component of B(Y (f.T',A{)). where Y (f, T, Aj) = Y’
is obtained from ® : C — C which is a homeomorphism on A{, but collapses each
component of C ~ A/} to a point in Y’. We can assume that f? maps Aj into A(,

where A C Ay and all loops of OA{ ~ OA(, are trivial or peripheral. Let g be any

ASTERISQUE 288



CHAPTER 3. NODES, EDGES AND ENHANCED LEVY SETS 67

branched covering which equals fP on Al and preserves Y’ and maps C ~ A{ to
C . A). So we have a natural map

(f.T") — (9. 7" N AG)

which maps tunings of (f,T') to pairs for B(f, T, Ap).

We can lift @ to @ : Eg(f I') — D, since D is the universal cover of C~ Z(f, T, Af).
Assume without loss of generality that Eg( f.T) = C(f,T) and suppose that P is
chosen with E)(O) = 0. Then from the definitions, it follows that

O(C(f.T") = Cg.T" N AY).

3.18. A Partial Ordering on Enhanced Levy Sets. — We now define a partial
ordering on enhanced Levy sets. We take

(f.0) < (£.1)

if

a) C(f,T") is properly contained in C(f,T") and (f,I") is not an edge; or

b) if C(f,I") is adjacent to C(f,T') or in OC(f,I') and is properly contained in
AQ(f7 F); or

¢) C(f.T) = dAa(f,T).

We then take the partial order generated by this, and then define [f, '] < [f,TV] if
this is true for some representatives (f, ) and (f,I”). This is a well-defined partial
order, because the original ordering is clearly G-invariant.

3.19. Examples in period three. — Now we describe the nodes and extreme
edges and the ordering on enhanced Levy sets, for B(Y) when Y (f) = Z(f)U{v2(f)},
vi(f) € Z(f) has period 3, and

Z(f) = fTH{f () i = 0}

for 0 < n < 5. Recall that we described the structure of B(Y) in these cases in
the Introduction. All our enhanced Levy sets will be of the form [f,T'] where f is
critically finite. This means that Y (f) can be regarded as a subset of the full orbit
of the postcritical set of f, but Y(f) may not be forward invariant under f. Let
Y'(f) denote the forward orbit of Y(f). Then (f,I') will satisfy the Invariance, Levy
and Maximal Reduced Conditions for (f,Y”'(f)). By 3.2 (and 3.3-3.5 in general but
3.2 suffices in the present case), I' is uniquely determined up to Y'(f)-preserving
isotopy by f. So we shall simply write [f] rather than [f, '], remembering that for the
moment, these are all either nodes or extreme edges. For this current definition, we
can have [f] = [g] for two critically finite branched coverings which are not Thurston
equivalent and may even have postcritical sets of different cardinalities. In fact (since
we are only dealing with primitive Enhanced Levy Sets) it is easy to generate I' by
considering the backward orbit of P where P is the fixed set.
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We use the notation for matings sq 11 s, as in 2.3 (recalled from 1.10 of [R3]). We
shall also need captures originally introduced by Wittner [W]. I shall use a notation

slightly adapted from [R3]. Given s,, for an odd denominator rational ¢, suppose

first that the endpoints of p, are not in the same orbit under z — 22, Take ¢ in

the full orbit of ¢ under x — 2z mod 1. Then 2™’ is in the boundary of a unique
gap G of the invariant lamination L, in the full orbit of the central gap. Let c, be
a simple path starting at oo, crossing S! at e2™i4" into G and ending at the point xg
in G which is in the full orbit of 0 under ¢. Write

0'(,‘, =0q .

1

Then oy o 5,4 is a capture. If the endpoints of pg lie in a single orbit, then e2mid’ will
be in the boundary of two gaps in the full orbit of the central gap. We then simply
use more points to uniquely determine the gap, and write, for example o, for a

. . . . . 9 ’ < sa’! .
homeomorphism given by a path which crosses into a gap with e?7 and 27" in

its boundary (if this uniquely determines the gap).

It will also be necessary to consider matings in which the critical points are not both

. . 5 AP o S ST . . . .
periodic. For example, if €™ | 2™ and 2™ are the vertices of the preperiodic

triangular minor gap 7" of the lamination Ly then we write sq/ ¢ o for a branched

, e

covering preserving L, and with preperiodic critical point whose eventual period is
the eventual period of T'.
In all our examples, the fixed set P is either the closed loop py,3 U /117/13, or (up

to homotopy) A U A~!, where A is the triangle with vertices at e27i(1/7)  ¢27mi(2/7)

£2mi(4/7)
Case n = 0. — The 3 enhanced Levy sets, and the ordering, are:

[53/7 I 81/3] < [83/7 I 31/3] and [.5‘1/7 11 56/7] = ['5'6/7 I .5‘1/7}.
(The last equality arises because s1,7 56,7 is a shared mating. There is a homeomor-
phism ¢ which fixes both critical orbits of s;,7 I 56,7, but for which sy,7 1T 6,7 =~
56/7 11 8177.) These are all extreme edges.
Case n = 1. The ELS [s1/3 11 s3/7] is a node for for n > 1, and Ea[s) ;3 II s53/7]
is periodic with degree two eventually fixed type reduced map space. The following
enhanced Levy sets and orderings are added:

[$3/7 1 s1/3] < [T 00514 0 53/7),

where 7 is any integral Dehn twist round the loop ;3 U /‘17/]3' All integral twists do
give distinct enhanced Levy sets. The ELS [7 0 0514 © 53/7] is an extreme edge, and
remains so for all n > 1.
Case n = 2. — The ELS [s3/7 11 53,7 is a node for n > 2, Fa[sg7 11 s3,7] is periodic
and the corresponding reduced map space if of periodic degree two type. We add in
one more extreme edge and ordering:

[s3/7 Ws37] < [013/28 © 83/7)-
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It will become clear in Chapter 4 why we do not need a Dehn twist in this example.

Case n = 3. — The ELS [s; /7 1 547] is a node with Fa[s;,7 i s5,7] periodic, and the
corresponding reduced map space is of periodic degree two type. The new ELS’s and
orderings are

[53/7 Hsy/3 T O 019/56 © 33/7]~ [s3/7 s3] <[To T23/56 © 53/7]~,

<) / 2 5 - ! J
[91/7 1 Sg/7 T osy7 U «59/56,11/56,15/56] <o 09/56,11/56 © 51/7]-,

/

I <

(01328 © 83/7] < [027/56 © 83/7);
I<|
| < [7' ©011/56,15/56 © 51/7]7

[T/ o $1/7 U 89/56,11/56,15/56
where 77 is any integral Dehn twist round g, /7 U ug/17, and 7 is as in case n = 1. All
of the new ELS’s are extreme edges, except, for [77 0517 115956 11/56,15/56], Which are
preperiodic homeomorphic. The ELS [o13 /28 © 83 /7] is now a preperiodic capture, and
Fy [(713/25 o 5’3/7] . Z is a once-punctured annulus although it was a disc for n = 2.
It develops more topology as n increases. For n = 6, for example, it will be a once-
punctured four-holed sphere (since it maps under the degree two map (s3,7 U 53/7)1
to the annulus Ey[ss,7 11 s5/7] for n = 2).

Case n = 4. — It is time to stop listing all the new extreme edges. There are 5 new
ones.
Case n = 5. We have 8 new extreme edges, and some of the previous new ones

become preperiodic captures. We do not give a systematic list, but

[83/7 Wsy 3] < [83/7 Wsys/31] < [S3)7 1183)7],
(837 11 513/31] < [003/224 © 83/7).
Here, [s3,711513/31] is of degree two eventually fixed type, while [0g3/904 0 53/7] is one of
the extreme edges. As indicated by the ordering, AQ[N;;/7 1 .s’;;/ﬂ and Ag[(fg;;pm o .‘;;;/7]
arc in different components of C~ E [s3/71513/31]. This confirms that Ey[s;/71813/3]
is not an annulus: it is, in fact, a 3-holed sphere. There are also tunings of [s3,7 1157 /3]
between [s3/7 11 s13] and [s3/7 11 s13/31], which we have not listed.

3.20. Examples in Period 4. — We consider only the case when B = B(Y).
and for [f.Y(f)] € B, Y(f) = Z(f) U {va(f)}, where Z(f) is the period four orbit of
v1(f). Then the primitive node Enhanced Levy Sets, and the extreme edges, are

(54715 W 86/7) < [Sa/15 0 s11/15)s [S275 T0S1/3]s [S7/15 10 s1/8] < [57/15 1T 87/15],

[po S1/15 U 514/15]~,

where ¢ is the identity off the four holed sphere P which is the fixed set for s;,;5 11
514/15, and is either the identity or such that ¢ o sy,15 1151415 | P is pseudo-Anosov.
All the pseudo-Anosov ones contribute to the topology of B(Y'), (without increasing
Y to f7"Y for some n > 0), as we shall see.
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CHAPTER 4

THE GROUP OF AN ENHANCED LEVY SET

4.1. Let B be of degree two periodic or eventually fixed type. In this chapter. we
examine the subgroup structure of G = m1(3). We introduced the subgroup G[f.T]
associated to an Enhanced Levy Set in 3.6. We describe this subgroup in 4.5 below in
terms of a topological space B[f,T']. It turns out that G[f, I'] is the fundamental group
of a fibration over a covering space of B[f,T'], with torus fibres. We also examine, in
4.16. intersections between subgroups, arising from Edges (i.c. Enhanced Levy Sets
satisfying the Edge Condition) joining Nodes. For such an intersection we obtain a
handle between the Node topological spaces. Finally, we make some remarks about

computing examples, and give some exainples.

4.2. Characterization of G[f,T]. — In this chapter, it will be convenient to
consider only (f,T') satisfying the Invariance, Levy and Maximal Reduced Conditions.
It will also be convenient to choose f to preserve the point set U not just up
to isotopy. We may nced to have parallel copies of some loops in I' to achieve this.
Throughout this chapter, we use the characterisation of G as a subgroup of MG(C.Y)
(1.11). Then we can characterize G[f.T'] as the set of [p] € MG(C,Y) such that:

p preserves UL (pointwise) and ¢ is isotopic to f~!opo f via an isotopy preserving
Z U (ur).

We can take the isotopy to preserve UI', because f does.

4.3. The spaces B(f,I') and (B,N)(f.I'). — We continue with the standing
hypotheses on (f,I'). We describe the topological space B[f,T] = B(f,T').

Periodic Case. Suppose that FEs(f.T") is periodic. Then B(f,1") is simply the
reduced map space B(f,T', E3). See 2.17.

Preperiodic Capture. B(f.,I') = Ex(f.I')\ Z.

Preperiodic Homeomorphic. Let A be any gap, and let ¢ be a homeomorphism
of A. Then we use [¢ | Al to denote the isotopy class of ¢ | A modulo isotopies which
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leave OA and A NY invariant. Let MG(A, A NY') denote the group of such isotopy
classes, and PMG(A, ANY) denote the group of isotopy classes of homeomorphisms
which fix ANY and each component of 9A (not necessarily pointwise).

First, supposc that B is degree two periodic type. Then f | fiEy(f,T') is a home-
omorphism for all i > 0. Let p be the eventual period of Fy under f. Then we can
regard the centraliser of [f7 | fi(E2)] on f!Es as a subgroup of MG(FEy, By NY).
Then we let I be the intersection of this centraliser with PMG(Fy, Fo NY). We
recall from 3.6 that the centraliser is free abelian. We can choose representatives

in Hom (Fs, E5 N'Y') so that this group which we continue to call H — is also
abelian, using the classification of surface homeomorphisms [F-L-P]: we can take free
generators ; of H (1 < j < r) so that for j # k, the sets where ¢; and ¢y, # identity
are disjoint. Then we take B[f,T'] to be the mapping torus of H on Ey: that is

B[f.T] = (E2 x R")/ ~
where ~ is the group orbit equivalence relation generated by:

(9j(2). 1) ~ (z.L+¢)

where ¢, € R" is the vector with 1 in the j'th position and zeros elsewhere.

If B is degree two eventually fixed then the only difference is that f*: Ey — f'Fs
may be degree two. and f'Ey may be fixed and contain a fixed point zo of Z, in which
case we have to consider PMG(f*Es, {z0}) and lift to the double cover PMG(Es, {2;}),

where z) is the prelinage of zo in Es.

Edge Condition. If (f.1) satisfies the Edge Condition, B(f,T") is a point

Note that, in all cases. m; (B[f,T']) identifies with a subgroup of PMG(Fsy,Y N Es).
In the preperiodic capture case, we identify [o] € m(B[f.T]) = m(F2 ~ Z,v2)
with [0,]. In the preperiodic homeomorphic case, Y N Ey = {vy} or {z1,v2}, and
the subgroup of PMG(FEs2, Y N Ey) is a semidirect product of H with 71 (Fa, v2) (or
w1 (F2 ~ {z1},v2)). This makes sense even though H is initially described up to iso-
topies which can move wvsy.

4.4. The groups H;. — Excluding the forward orbit of F, if F, is preperiodic
homeomorphic, let A; (1 <i < r) be a set of connected periodic homeomorphic gaps
for (f.T") which includes precisely one gap from each periodic orbit. (Forget about
the use of As to denote a disc containing Fs in the last chapter — we do not need
it in this chapter.) Let m; be the period of A; under f, so that f™ : A, — A
is a homeomorphism. Then H; is the intersection of the centraliser of [f™] with
PMG(A;,A; NY). Of course, A; NY is at most a single fixed noncritical point of Z.
Then, as we have seen in 3.6, H; is free abelian, and the rank of H; can be computed in
terms of the number of irreducible cycles of components of f™ | A;, and the number
of pseudo-Anosov cycles.
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4.5. Elementary Structure of G[f,T). Let Ty = To(f.T) as in 2.5. There is an in-
Jective homomorphism

,
0 =01 x 0y x O3 : G[f.T] — m(B[f.T]) x [ Hi x 2"
i=1
with the following propertics.

(1) a) Ker©; is central in Gr.

b) Ker(0©1 x02) is a group of Dehn twists round loops of I', and is isomorphic under
O3 to Ker(f* — I)NZ", where f* is as in 2.4. The kernel is infinite cyclic if (f,T)
is minimal nonempty, and the projection [¢] — Os([¢],v) € Z is an isomorphism on
the kernel, for any loop v in the boundary of the fized set.

(2) The image of ©1 has at most finite-by-abelian index. More precisely we have
the following.

a) It is of at most infinite-cyclic-by-finite index if E5(f,T) is periodic degree two.

b) It is of at least infinite cyclic index if B is periodic degree two and [f.T] is
minimal nonempty satisfying the Node Condition.

¢) It is of finite index (< 3) if [f.T] is a periodic capture.

d) If [f.T] is preperiodic homeomorphic, then the image contains an index two
subgroup of the normal subgroup 7 (Ex[f,T]).

(3) The image of Os is cyclic if [f.T] is minimal nonempty pseudo-Anosouv.

Remark. It does not scem to be possible to say anything more precise about the
image of ©4, nor about Ker(©;) in general. See the discussion of an example in 4.17.

4.6. First step in the proof of Elementary Structure: Construction of ©

Let [p] € G. We can assune without loss of generality that o preserves UL point-

wise. Also, ¢ preserves Z. and must fix all periodic points of Z. So ¢(A) = A
if A is any periodic gap, or if A = Fy, Fy or Aj. Let A be any periodic home-

omorphic gap. Then each component of C ~ A contains periodic points of Z. So
[¢] Al € PMG(A,ANY).

Let A be any connected periodic gap union, of period p under f, and let A’ € A be
the set with 0A C JA’ such that fP(A’) = A. Then our characterization of G[f, 1]
in 4.2 implics that

(1) @ | A’ is isotopic to fPopo fP

modulo isotopies of A which are constant on A N Z. Thus, we can regard [¢ | Es] as
an element of 7y (B[f,I']) (since this identifies with a subgroup of MG(Ey. Y N Ey)).
Then we define

1([e]) = o | B2,
02[] (e A e AL,
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Let Y7 denote the union of the periodic points of Z and v2. These points are fixed
by all elements of G. Let v € I's. Fix two points of Y] on each side, giving 4 in all,
and call this set Y (v): it does exist. Take any nonperipheral loop 7' in C ~\ Y (v)
which cuts v exactly twice. Orient the loops 7, 7/, and fix the crossing where the
"is in (0, 7). Take any [¢] € G(f,T"). Then
regarded as an element of PMG(C, Y (7)). ¢ fixes v and twists 4/ an integer number

angle between the directions of v and ~

O3([p].v) times round . This integer does depend on the choice of Y(v), but then
not on the choice of v and on the choice of orientations of ~, ~'

depend on the orientation on C). Define

O3([]) = (O3([¢].7))-

Then © = O X O, x O3 has been defined.

(although it does

4.7. Lemma. Let A = A}, or Ey be periodic of period p, with va(f) & [IA, for any
i = 0. Then if ¢ | A satisfies (1) of 4.6,

[¢ | A] = [identity | A].

Proof. Note that, under these hypotheses, the reduced map space B(f, I, A) con-
sists of critically finite maps of degree two. If A = E. this reduced map space contains
a polynomial, and branched coverings in this space admit no Thurston obstruction.
If A = A, the Maximal Reduced Condition implies that branched coverings in this
space admit no Thurston Obstruction. In both cases, it follows that = (B(f, ', A))
is trivial. It A = Af), B(f.I'.A) might be a Thurston cquivalence class with a Eu-
clidcan, rather than hyperbolic, orbifold. But that happens only in one special case
previously referred to in 2.17. In that case we can identify C with R?/ ~ (where ~
denotes the relation z ~ x +m, and m € Z?) and maps in B(f. T, A) are equivalent
to g : [z] — [Az + b] for a fixed A € GL(2.Z) with irrational cigenvalues and deter-
minant 2 and b with 20 = 0 mod Z2. There are no homeomorphisms of R?/Z? which
commute with the endomorphism given by A. even up to homotopy. But any element
of the subgroup of MG(C, Y (g)) which identifies with 7 (B(f.T', A)) would have to
lift to such a homeomorphism of the torus. So w1 (B(f,T,A)) is trivial in this case
also. Thus, in all cases, using the identification of 7 (B(f.T", A)) with a subgroup of
MG(A,ANY), we have the result. O

4.8. Elementary Structure: identifying the kernel of O,

Proof of 1a) of 4.5. — First, we need to show that © is injective. Let [¢] € Ker(©).
Then ¢ fixes all boundaries of all periodic gaps, and in addition preserves E, Ey
and Aj. Since ¢ € Ker(0), [p | A;] and [¢ | E2] are trivial in PMG(4;) and
PMG(Ez, Ex NY). By 4.7, if Ey or A is periodic and not in the forward orbit of
Es, [¢ | B1] and [¢ | Aj] arve trivial in MG(Ey, By N Z), MG(Af, Aj N Z). Using the
characterization 4.2, we obtain that ¢ | A is isotopic to the identity for all periodic
gaps A. By continuity it follows that ¢ fixes all gaps and loops of I'. In particular,
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 fixes all boundary components of all gaps. Using 4.2 again, we deduce that ¢ | A
is isotopic to the identity for all gaps A. Hence ¢ must be a Dehn twist composition
round loops of T'. Since [¢] € Ker(©3), the twists round all loops of I'y are zero.
Hence, using the characterization of 4.2, the twists round all loops of I are trivial. If
[f,T] satisfies the Edge Condition and « is the simple loop (in either direction) based
at vo in Fs, then we use the fact that o, is isotopic to a composition of Dehn twists
round the components of 0F5. Hence [¢] = [identity], as required.

Let [¢] € Ker(04) and [¢] € G[f,T]. Then [¢] is the identity on the full orbit of
E>, A}, E1, and [p] and [¢)] commute on the full orbit of any periodic homeomorphic
gap — where we take isotopies which are constant on gap boundaries. Hence [¢] and
[¢)] commute.

Proof of 1b) of 4.5. The first part is obvious. The claims in the case of (f,I)
minimal nonempty are proved in 3.11. O

4.9. The image of ©. — Let Ey[f,I] = A{ be periodic of period p. We need to
exhibit a subgroup of 71 (B[f,T]) of at most finite-by-cyclic index which will be in the
image of ©;. Recall that m (B[f,T]) is regarded as a subgroup of MG(Af, Ay NY).
Therefore, the elements are regarded as isotopy classes [¢ | Aj]. We define L to be
the subgroup of elements of w1 (B[f,I']) satisfying (1) to (3) below. We shall then
show that L is in the image of ©;.

The first property of an element of L is the simplest:

(1) o | AY] € PMG(A). Ap N Y),

This property is even a little stronger than is needed. Since A{NY is finite and JA]
has only finitely many components, this is a finite index condition.

Now let v9p = 0Ag C A, and let Ag = A(f~!F3) be the annulus bounded by the
two components of f~!vy. The sccond defining property for an clement of L is

(2) Composing ¢ with a Dehn twist round ~q if necessary, in Ao, f~'opo f is
isotopic to the identity.

Suppose simply that f~! oo f is isotopic to 72", some n € Z, where 7 denotes a
single Dehn twist round Ag. This is clearly an index two condition. Note, however,
that if this holds, and 7y denotes a single Dehn twist round 7, then f~o (75" op)o f
is isotopic to the identity. So the representative 7, o ¢ satisfies (2). So (2) is an
index two condition.

To give the third property, recall that there is a continuous map ® : C — C which
is injective except on C~ A/, and that each component of C Aj maps to a point in
Y (f,T, A}), while the points of YNA{ map to the remaining points of Y (f,T", E»). Let
© be a homeomorphism of OA] which fixes boundary components and is semiconjugate
under ® to an element of 7 (B[f,T]) (under the natural correspondence). Then we
have:

(3+)  is isotopic to T o fTP oo fP
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via an isotopy which is constant on Z N A{ and on 0A} where 7 is a composition of
integral twists round all but one loop of 9A(, and a half integral twist round at most
one loop v, of A} (which is at least a second preimage of vy). The loop 2 (if it
cxists) is in the preimage under fP of the loop in JA(| separating v, from AJ, if this
exists. (Note that f~P o ¢ o fP is initially only defined on A{/, but can be extended
to A{, by mapping disc components of Aj ~ Aj as dictated by f~P o ¢ o fP on their
boundaries.) Then our third defining condition of [¢ | Aj] € L is

(3) composing ¢ with integral twists round nonperiodic loops of OA[ if necessary,

@ is isotopic to f7P oo fP

via an isotopy which is constant on Z N A{) and on A].

Now ~q is fixed by f? and all other loops in A are in the full orbit of . For any
homeomorphism ¢ of A{ fixing boundary components, (3,) must hold for some 7.
The condition of 7 having zero twist round ~q is clearly of at most cyclic index. Now
suppose that 7 has 0 twist round 79, and let (3;) hold for ¢. Then 7 corresponds
naturally to a vector mu = (m) € R, where T'; is the set of components of DA,
excluding g, m~, € Z for v # v, and m,, € Z/2. Then (3) holds for 7’ o ¢, if 7/
corresponds to the vector n € Z" and n is a solution to

(A=Dn=m,

where A is f* restricted to RI''. The matrix A is strictly triangular. with zero
diagonal entries, and all entries are integers, except for one in the row indexed by 72,
if 45 exists. Then the set of m € Z' for which there is an integer solution is of finite
index. So (3) defines a subgroup of at most cyclic-by-finite index.

4.10. Proof of the image property of ©; when (f,I') is periodic degree two

The following lemma completes the proof of 2a) of 4.5.
Lemma. L is in the image of ©.

Proof. Let [ | Ay] € L, that is [p | Af] satisfies the defining properties (1) to
(3) of 4.9. Then we can choose the homeomorphism ¢ so that (2) and (3) of 4.9
are satisfied. This is possible, because for (2) we choose an appropriate Dehn twist
round g, and then given that, for (3) we choose an appropriate Dehn twist round
the remaining loops. We can assume that ¢ is the identity on JA{, by property (1).
We are going to extend ¢ to fix all loops and gaps of I'. We define ¢ inductively on
the full orbit of A{. Suppose that ¢ has already been defined on the gap A, and A’
is a gap which contains a component of f 'A with A’ € f~'A. Then we define
on AN f~1A by
fop=ypof

and extend ¢ to discs of A’ ~ f7'A if necessary. This uniquely determines ¢ on
A’ unless A = A}, when there are two choices: we make the choice which fixes all
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boundary components (rather than inducing a permutation of order two). Then ¢
fixes all boundary components of all these gaps, and we extend ¢ to be the identity
elsewhere. By property (2), if A is a gap in the full orbit of Aj and A’ is a component
of f7'A such that all components of A’ are cither trivial or homotopic to a single
loop of I, then f~! o o f is the identity. Using this and property (3), we see that
characterization 4.2 does hold for ¢. So [¢] € G[f,T], and [¢ | Ay] € Im(O,). as
required. O

4.11. Proof of the Image Property of ©, in the degree two periodic minimal
nonempty case (2b) of 4.5. — Now let B be period two and let [f, '] be minimal
nonempty satisfying the Node Condition. We want to show that (3) of 4.9 defines a
subgroup of m (B[f,T]) which is of infinite index. The gap F, is periodic, of some
period p. Let «; be the simple nontrivial loop in Es ~ Z based at vy which is freely
isotopic in C~ Z to vy = dAg. Let v, be a simple loop in E, ~ Y such that o lics in
the annulus bounded by o and ;. Let 7; denote Dehn twist round v, appropriately
orientated. Let o« = oy xv;. Then oy, is isotopic via a Y preserving isotopy to T(forfz.
Of course this is isotopic to the identity via an isotopy preserving A{ N Z and OA(.
But f~? o0, o fP is isotopic to 78 o Tfl, and hence to 7y via an isotopy preserving
AN Z and OA[. Thus, ol satisfies (3;) of 4.9, where 7 has a nonzero twist round 7o,
for any n # 0. If 77 is any twist round loops of I" such that f~P o (7' o olt) o fP | A}
is isotopic to 77 o o7t | A, then 7/ o o7 also satisfies (3,). This is because (f,T") is
minimal, and hence f~P(I' ~ 9P) N OP = &. Thus, there is no choice of 7/ such that
7' ool satisfies (3) of 4.9. It follows that [o] ¢ Im(©,) for n # 0. Hence Im(©,) has
infinite index in m (B[f,T]), as required.

4.12. Proof of the Image Property of O, in the Periodic Capture case (2c)
of 4.5. — We can prove a stronger property this time, partly because Es is a disc.
Take any element of w1 (B(f,T'. E2)) represented by ¢ on Es. Let Es be of period p.
Initially, we only have

f P oo fPis isotopic to 7" o ¢ on Ey

via an isotopy fixing Fa> N Z, where 7 is a single Dehn twist round 9FEs. However, fP
is degree four on 9F,. So now assume n = 3m, and we can replace ¢ by 774" o ¢
and hence eliminate 7. We can take ¢ equal to the identity on dFs and extend the
definition of ¢ to the full orbit of Ey as in the previous case. Since all components
of the full orbit are discs, there are no awkward annuli. We then take ¢ to be the
identity outside the full orbit of F5. Then the characterization of 4.2 holds for ¢, so

[¢] € G. So the image of O is of index at most three. O
4.13. Proof of the Image Properties of © in the preperiodic capture cases

(2d) of 4.5. — Take any closed loop in E3 . Z based at vy which lifts to a closed
loop in f~!Fy. Then o, defines a homeomorphism of E» which is isotopic to the
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identity via Z-preserving isotopy, and lifts under f to another such homeomorphism
of f71F3. We can take o, to be the identity outside Fs, and then ©([o4]) = [a], as
required. O

4.14. Proof of the Image Property of ©5 in the Minimal Nonempty Pseudo-
Anosov case (3 of 4.5). — Let P be the fixed set for (f,I") which is minimal
nonempty pseudo-Anosov. Then there is n such that for any component of f~(+1p
which is not in f~" P, all boundary loops are trivial. (This is not true for a general
(f,T), when components can degenerate to loops of I'.) Take any element [p] of
PMG(P) in the centraliser of f | P, and define ¢ on the full orbit of P so that
fow = o f, fixing all components. Then extend ¢ to be the identity elsewhere, and
O2([p]) = [¢] as required. O

4.15. Edge Subgroups and Adjacent Nodes. — Let [f,T] satisfy the Edge
Condition and let [f,I”] be an immediate successor or immediate predecessor node,
using the ordering of 3.16. Then, replacing (f, ') by an equivalent loop set if necessary,
we can assume that IV C T', and therefore G[f,T] € G[f,T']. We can also assume
that (f,T') and (f,T”) satisfy the Maximal Reduced Condition. Now we define a set
C[f.T.I"] € BIS.T].

Periodic Case. — Suppose that Fs(f,I”) is periodic of period p. Then we can use I"/
to define a critically finite branched covering go as follows. Let

Q= Ez(f F/) ~ E‘Z(va)7

and let ' be the component of f~PQ in Eo(f,T’). Then let go = fP on € and map
the disc components of C ~ ' to components of C ~ € as indicated by the map on
their boundaries, so that the following holds for a finite set Z(go) which is the union
of Z(f) N Ex(f,T) and one point in each component of C ~ Q: Z(go) is invariant
under gg and contains all critical values of go. If [f, "] is a successor of [f,T"] then
go is simply the reduced branched covering of (f,T') for Aj(f,T') and is a polynomial
of degree two or four. If [f,17] is a predecessor of [f,I'] then, naming as va(go) the
critical value of g in the same component of C ~ Q as va(f), v2(go) is eventually
fixed.

Then B(go,Y (go)) is disjoint from B(f, I, A}), but B(go.Y (90)) U B(f, T, Af) is
connected and locally contractible. Let C[f, T, T'] be the intersection with B(f, I, Ap)
of a tubular neighbourhood of B(go, Y (go)) in B(go,Y (g0)) U B(f,T". Aj). The con-
struction of such a tubular neighbourhood is given in 1.10.

Preperiodic Capture. C[f,T,T'] = Exo(f,T) C Ex(f,T7).

Preperiodic homeomorphic. Recall that B(f,T’) is a fibration over a torus with
fibre Eo(f,T'). Then C[f,T,1"] is the subspace fibration with fibre Es(f,T').

4.16. Proposition. The image ©1(G[f,T]) is in m (C[f,T,T"]).
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Remark. —— The Topographer’s View implies that the inclusion of C[f,T,T'] in
B[f.I] is injective on .

Proof of Proposition. — 'This is basically definition-chasing. Take a path (f;,T';) re-
alising an element of G[f,I']. Let I'; € I't be the corresponding path through loop
sets starting and ending at IV. We can assume that f; preserves I'y and T} (not just
up to isotopy). The periodic case is obviously the most substantial. We consider the
case when Es(f, 1) is periodic of period p degree two. We think about our explicit
construction of the tubular neighbourhood in 1.10. Let @ be the map which collapses
components of C ~ FEay(f.I") to form the reduced map space for Ey(f.T7). We can
embed @ in a closed path of maps ®; where ®; collapses components of C~ Ey(f;. T}).
We can also assume @, maps Es(f;, ') close to the corresponding collapsed point.
If [f,T'] is a successor of [f,T'], then the annulus Ey(f,T') is periodic, as is Ea(fi.Ty)
and Ey(f;.T'4) is equal to a component of f, ?(Eo(f:,1't)). This gives us a path of the

reduced branched coverings in the tubular neighbourhood that we constructed. O
4.17. Computation of Examples. — The statement of the Elementary Structure

Theorem is a little vague. In many examples, the following holds:
(1) O X O is injective, and the image is of finite index.

We have scen that this fails to be true but in an orderly way if [f.T] is
minimal non-empty. I initially hoped that it would be possible to characterize those
[/.T] for which (1) fails to be true, but this hope now seems ill-founded. To sce why,
it is necessary to discuss the computation of examples.

First, we consider the computation of Ker(©; x @) for a node [f,T']. A Dehn twist

composition o is in the kernel if and only if
(2) Jltooof=0.

This is a straightforward lincar equation in variables indexed by I'. In fact, we obtain
the kernel up to finite index by considering Dehn twists round loops of I'y, where
I'o = I'2(f.T) is as in 2.5. In fact, one can reduce further, considering loops to be
cquivalent if they are not separated by a periodic gap. Hence we obtain annuli R;
(I <i<m). Then let A = (a; ;) where a;; is the number of components of f"']?.,-
in R; (assuming f leaves T' pointwise invariant). Then a solution to (2) corresponds
to an integral solution x to

(3) (A=1Ix=0.

This is precisely the equation we considered (with I's = 9P) in 3.8. Of course, kernel
and image are related in linear algebra and (A — 1)Z™ is of finite index in Z™ if and
only if the 2 = 0 is the only solution to (3). Further, (A — I)Z™ = Z™ if and only
if det(A — I) = +1. These statements imply, correspondingly, that Im 0, x O- is
of finite index and that ©; x O3 is surjective. The converse implication is not clear,
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but in examples computation of det(A — I') plus some auxiliary calculation leads to a
description of G[f,T]

There is a neat and quick way to compute det(A — I). First, we need a quick
computation of A. We have such a computation for the examples [s, I 54] that we
considered at the end of Chapter 3 for Bj, for various n > 0. To compute A4, take r
with i, = pip A pi1—q (as in 2.3), and consider the finite set s¥ (i) (K = 0). If p, is
minimal, equivalence classes of loops of I'y correspond to the leaves s¥,. Otherwise,
equivalence classes of loops of T'y correspond to rectangular regions of D~ (Ugs1,.),
that is, with two bounding leaves. If these arc numbered I?; then a; ; is the number

of components of s '(R;) N R;. In fact. this is always cither 0 or 1. For the explicit

2mir 2mi(1—r)

examples we consider, juy /3 < i < piyy2, fir joins e and ¢ , and 5%, joins

2™ and 20" where o = 2% mod 1. We can project these leaves to points on
an interval, and the rectangles between them to intervals between the points. In the
examples below, we draw {y : 0 < y < 1/2} with 1/2 to the left of 0, because we
are considering this interval to be the projection of the circle {e?™¥ : 0 <y < 1/2}.
The orbit of g, then becomes the orbit of the critical value of a unimodal interval
map. The critical value is the leftmost point, and the image of the critical value is
the rightmost point. We number the intervals I; (1 < i < n) from right to left. We
write i — jU---Uj+k.ori— ¢for j <0< j+k, if the image of I; is [; U--- Ul
This is equivalent to a; ; = -+ = a; 1 = 1.

Ezample 1. Consider [s3,7 I s3/7] or any capture [0, o s3/7] with 3/7 < p < 4/7.
Then » = 3/7. This gives orbits

3/7 — 6/7 — 5/7 — 3/7

4)7 = 1)7 — 27 — 4)7

r=3/7.
1—-1U2,2—1.

Ezample 2. Consider [s3/7Us13/31] (considered in 3.19 in the period 3, n = 5 case).
Then r = 13/31. This gives orbits

13/31 — 26/31 — 21/31 — 11/31 — 22/31 — 13/31
18/31 — 5/31 — 10/31 — 20/31 — 9/31 — 18/31
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r=13/31.
1—4,2—-2U3,3—1,4—1U2.

Ezample 3. — Consider [s7/15 1 s116/255]. Then r = 116/255 (which has period 8).
This is an extension of the examples of 3.20 - - and would occur in the period 4 case
for n sufficiently large. It is primitive in the sense of 2.16. We omit the denominator
255 below.

116 — 232 — 209 — 163 — 71 — 142 — 29 — 58 — 116

139 — 23 — 46 — 92 — 184 — 113 — 226 — 193 — 139

r=116/255.
1—-7,2—-4U5U6,3>2U3,4—1,5—-1U2,6—3U4,7 — 5.

Now we give a formula for det(A — I) which is simply derived from the usual
definition of determinant in terms of permutations of indices. Our formula actually
gives det(B), where B is any matrix which has only 0’s and 1’s off the diagonal and
only 0’s and —1’s on the diagonal. For this we need to define a set of permutations
3(B) of {i: 1 <i < m}. The condition for ¢ to be in X(B) is

()i,ﬂ(i) 75 0.

In general, it is possible for the set £(B) to be empty. If B = A — I for A as above,
then b; ; # 0 equivalent to: exactly one of i = j, i — j holds. We remark that for
the above examples there is precisely one ¢ with ¢ — ¢, and this always happens if
My 2 fl1/3 but this is a peculiarity of the leaf ;5. If u, is = any other minimal
leaf, there is no such ¢t. Note that X(A — I) is always nonempty. In general, let ny be
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the number of elements of ¥(B) with s disjoint nontrivial cycles. Then our formula
is

det(B) = (=1)" > (~1)"n,.

The sum is interpreted as 0 if ¥(B) = @.

Example 1. We have t = 1 and the only element of X(A—1T) is the cycle 2 — 1 — 2,
and det(A—1I) = —1 (as we can easily check, of course). As in all three examples, there
are no groups H;, so Oz is trivial and Gss,7 L s3,7] is isomorphic to 71 (B[sg /7 Uss)7])
(for n > 2).

If we take one of the captures [0, o s5/7] with 3/7 < p < 4/7, then we can check
that Glo, 0 s3/7] is isomorphic to m (Ea[op o s3/7]). This actually has nothing to do
with det(A — I). It has more to do with the fact that, if f = o}, 0 53,7 then only two
components of C . f~!FE, intersect Z.

Example 2. -~ We have t = 2. The only nontrivial cycle containing 2 is 2 — 3 —
1 — 4 — 2. So this is the only permutation in 3(A — I), and det(A4 — I) = 1. So,
again G[sz/7 I 513/31] is isomorphic to w1 (B[s3/7 U s13/31])-

Ezample 3. — We have t = 3. The only nontrivial cycle containing 3 is 2 — 6 —
3 — 2. The only cycle disjoint from this is 1 — 7 — 5 — 1, which is included in
one of the two elements of (A — I) and not in the other. So ny = ny = 1 and
det(A —I) =1 —1 = 0. We can easily check that the kernel has dimension 1 by
showing that the determinant of the matrix obtained by replacing some column of
A — I by another column is non-zero. If we can insert the column with £1 in the last
entry and 0’s elsewhere then this shows that the image of ©; is of infinite-cyclic by
finite index — and the image has infinite cyclic index if the determinant is +1. If we
replace the seventh column of A — I, and call this matrix B, then elements of X(B5)
must fix 7, and otherwise the rules are the same as for X(A — I): there is then one
element of ¥(B), with nontrivial cycle 2 — 6 — 3 — 2, and so the determinant of BB
is 1. So Ker(©;) is one-dimensional and Im(©;) is of infinite cyclic index.

There are also examples with similar features to this one of the form [s3,7 11 s,],
which occur in the period 3 case for n sufficiently large, but higher period of p is
required. I found one of period 12. The nature of the example is similar to Example 3
in the following sense (although Example 3 was originally found by trial and error).
The orbit determined by 116/255 can be constructed by taking the standard period 3
orbit --- generated by 3/7 - taking a period two tuning of this, and then giving an
extra “twist” to destroy the tuning but keep the property of two disjoint cycles of
intervals. Similarly, the period 12 orbit can be constructed by taking the period 5
orbit determined by 13/31, taking a period two tuning of this and then giving an
extra “twist” to destroy the tuning.
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CHAPTER 5

GRAPHS OF TOPOLOGICAL SPACES AND THE
TOPOGRAPHER’S AND RESIDENT’S VIEWS

5.1. In this chapter, we state the Topographer’s and Resident’s Views concerning the
topological structure of the space B(Y, fy) of branched coverings, where B = B(Y’, fy)
is of polynomial of degree two periodic or eventually fixed type. More generally, in
order to carry out an inductive process, we describe the topological structure of the
pair (B, N) (see 1.10), where N is a deleted tubular neighbourhood of finitely many
spaces of critically finite branched coverings with one critical value eventually fixed.
From now on in this chapter, except in the statement of the Polynomial Type Theorem
in 5.9, we take B(Y, fy) to be of degree two type.

5.2. Some graphs and their duals. — A topological space S is a graph of
topological spaces if there is a finite graph G such that the following hold.

(1) To each edge node v, and edge € of GG, there are associated closed subspaces
S, and S, of S.

(2) There is a closed equivalence relation ~ on

Up ((Sy x {r}) U (U Se x {€}))

generated by relations of the form (x,v) ~ (f,..(x),€), where v and € are an adjacent
node and edge and f, . is a homeomorphism from a closed subset of S, to a closed
subset of S..

(3) The space S is homeomorphic to the quotient space

(Uu(Sy x {r}) U (UeSe x {e}))/ ~ .
Up to homotopy equivalence, S is also the space
S1 = (Up(Sy x {v}) U (UeSe x [0,1] x {e}))/ ~1,
where, if we call the nodes attached to € vy, vy (in whichever order we like) then ~
is such that (x,v;) ~1 (fu.(z),j,€) for j = 0, 1. A possible advantage of the space
S is that there is a continuous map from S; onto G which maps each space S, x {v}
to v and each space Se x (0,1) x {€} to e.
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A graph of topological spaces is a useful way of describing T if the sets S, and S.
have a particular structure. There is no distinction, in the definition above, between
the forms that can be taken by the topological spaces S, and S. for nodes and edges
v and e.

There are two complementary views of the topological space B = B(Y, fy). The
topographer’s view is that B(Y, fo) is homotopic to an increasing union of graphs
G,(B) of topological spaces, each with a clearly recognizable geometric structure.
The resident’s view is that the universal cover B of B(Y, fo) is a union of pieces
projecting down to sets in a partition P(B) of the resident’s space -— which is the
unit disc D, regarded as the universal cover of C . Z. Each set in the partition is
the geodesic-convex hull of a subset of D (using the Poincaré metric). We need to
describe P(B), and to obtain the graphs from it. In order to do this, we shall use the
pairs (fo, ') examined in Chapters 2-4.

In Chapter 1, we described an action of G = 71 (B, fo) on dD. This clearly gives
an action on the set of geodesic-convex hulls of subsets of 9. We shall see that P(B)
is invariant under the action of G. We shall then take coarsenings P, (B) (n = 0) on
various subsets, and dual graphs gn(B) We then define

Gn(B) = G.(B)/G.

with some nodes removed, as described below in 5.6: after quotienting by the G-
action, only two edges meet at these nodes, so it makes sense to remove them. The
tree QNH(B) is not the universal cover of G, (B), because the stabilizer in G of a node
of QN,L(B) is always nontrivial, and the stabilizer of an edge is often nontrivial.

5.3. The Partition P(B). — By partition, we mean that the interior of a set in the
partition is disjoint from any other set: some of the sets in the partition are closures
of single geodesics, or points on dD. We also mean that the union includes the whole
open unit disc. The partition may not be locally finite: it is likely that sets in the
partition accumulate on others. The sets in P(B) include all closed sets C( fy, ') (3.13)
where (fo, ') satisfies the Invariance and Levy Conditions and is minimal nonempty
or primitive (see 2.16), or (fo,I') satisfies the Invariance Condition and is extreme
(2.3.4). We have seen in 3.14 that the interior of any such set C(fo,I") is disjoint from
any other such set. The remaining sets in P(B) are the closures of complementary
components. The collection P(B) of sets is then clearly invariant under G. We shall
see in the Resident’s View Theorem that these complementary components are in
natural one-to-one correspondence with components Vi in B of the preimage of the
set V' C B of rational maps. We shall also see in 5.5 that there is a natural way to
define the component C' (‘71) from V4, although it is not at all obvious that is then a
complementary component of the union of sets C(fy,I').
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5.4. Putative Nodes and Edges of the covering graphs: Singletons and
Pairs. — At least some of the putative nodes and edges of our graphs C~¥,L(B) can
be defined independently of the partition P(B), as follows.

We shall refer to (fo.I') satisfying the Invariance, Levy and Maximal Reduced
Conditions as a pair. Let T' be obtained from I" by adding in loops to the full
orbit of the fixed gap P of T', so that the fixed gap P’ of IV is irreducible. Let ¢p/
be the homeomorphism of P’ as in 2.13. If ¢p/ is isotopic to an isometry, define
k(f,T') = 0. Otherwise, 1ps is isotopic to a pseudo-Anosov with invariant transverse
measured foliations, which are expanded and contracted by ¢¥p. by A*! for some
A > 1. Then let k(fo,I') = logA. The possible numbers k(fp.I') (for f € B) form
an increasing discrete sequence {k,}n>0 with ko = 0. If #(Z) < 3, then k = 0 is
the only possibility. Otherwise, the sequence {k,}n>0 is infinite and unbounded. If
(fo,T) is minimal nonempty or primitive, and &(fo, ') = K, then (fo,I") is a putative
node or edge of the graph é,,,(B). The alternatives node or edge depend on whether or
not it satisfies the Node or Edge Condition, except in the case of minimal nonempty
pseudo-Anosov edge pairs (fo, '), which are putative nodes of g~,,,(B ). This is because
the associated convex hull C(fy,I") has nonempty interior. These give all the edges
of 5,,( B), and some of the nodes.

We now introduce singletons, which give the remaining nodes of @)(B). Let B
denote the universal cover of B, and V the set of rational maps in B. Singletons are
simply the components ‘71 of the preimage of V' in B. In future, we shall tend to use
V to denote the full preimage of V' in B.

5.5. Convex hulls C(\~/1) — We are now going to make a connection between the
singletons and the remaining sets in the partition P(B). For cach singleton \71, we
are now going to define a subset P(IZ) of the closed unit disc D, which will be the
geodesic-convex-hull of its intersection E)C’(Vl) N oD with 0D. So we only need to
define C(Vy) N aD.

Recall from 1.10 that there is an associated set of ends N € B = B(Y, f), such that
N . N counsists of critically finite maps. We need to know that the space of rational
maps V) covered by Vi intersects at least one of the components of N. Using the
notation of 1.9, this is equivalent to: V' contains at least one map ¢ with critical point
c2(g) in the forward orbit of ¢1(g). where V is a component of V, o, V;, 1.0 or Vesm.o-
Something similar was proved in 2.4 of [R3], where we showed that V contained a
polynomial. We can use exactly the same idea here. Our standard normalisation is
to regard V as a space of rational maps
d

C ]
Ged:z— 14—+

z
satisfying a polynomial equation in ¢ and d. This normalisation gives ¢1(ge.q) = 0
and vy (ge,a) = 00. If v1(ge.q) is never a critical point for (¢,d) € V, then the function

lim /:Qg:_’d(z) = —c

200
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never vanishes on V. Then (¢, d) — 1/¢ is bounded and holomorphic on V', and hence
constant. So there is ¢y such that ¢ = ¢p on V, and d varies freely on V. Taking
d = —1 — ¢g gives an element of V with 0 of period 3, which means that V must
consist of maps with 0 of period 3. This is clearly not true with ¢ = ¢y and d varying
freely. So we have obtained the required contradiction.

By the definition of universal covers, V; corresponds to a homotopy class of some
path v from f (B = B(Y, fy)) to Vi, up to homotopies keeping first endpoint at fy
and second endpoint in Vj. Fix such a path ~, with second endpoint f;. Then

7T1(V1,‘/1 NN, fl) # &. Then define

oC(V)NOD = {pa((y *a]) : [o] € m(VA, Vi N N, f1)}.

This definition is clearly independent of the precise definition of ~

We shall refer to the sets C (‘71) as rational convexr hulls. It is not clear that the
set C(V]) is a single set in the partition P(B), nor that the union of all sets C(fo,I")
and C' (\71) covers the interior of D, but this is part of our statement of results, and
will be proved. Note that, in analogy, lifts of cusps are dense in the limit set of a
Fuchsian group. Note also that 8C(\71 )NAD is invariant under the action of the image
of m1 (Vi, fo) in G = w1 (B, fo). (This action was defined in 1.13.)

5.6. The partitions and the graphs. — We define partitions P, (B) of subsets of
the disc inductively, then take G, (B) to be the dual graph (actually a union of trees)
and G, (B) to be the quotient of G,,(B) by the G-action (with one minor modification).
We take

Po(B) = {C(V1) : Vi singleton}
U{C(fo,I') : (fo,I') putative node or edge of Go(B)}.

This is clearly G-invariant. Then we define P,,(B) inductively by

Pn(B) = {C(fo.T) : (fo,T') putative node or edge of @,,(B)}
U{U : U is a component of Upgi<pn Pi(B)}.

We may as well call such components U singleton. The graph G,,(B) is g,,,(B)/G with
the minor modification that as follows. If (fy, ") is pseudo-Anosov satisfying the Edge
Condition, with k, = &(fo,I'), then it is a node of g,,(B), because the corresponding
set C(fo,I') has nonempty interior. But after quotienting by the G-action, only two
edges meet at this node. So in PG(B), G,(B), we delete this node, and denote the
resulting edge by [fo,T].

Part of our statement of the Resident’s View (in 5.10) is that P, (B) is a locally
finite partition of any component of UP,, (B), and hence g,L(B ) is a locally finite graph.
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5.7. The Topological Spaces associated to Nodes and Edges. — We describe
topological spaces associated to the singletons and pairs and which are the nodes and
edges of the graphs G, (B). Let v = [\71] be a singleton node of Gy, where Vi projects
to a component Vi of rational maps in B. Then S, = V;.

Let v = [f,T] be a node or edge of G, for some n > 0. The definition of the
topological space S, is suggested by the Elementary Structure Theorem 4.5, which
gives an injective homomorphism © from G/[fy,T] to 7 (B(fy.T)) x Z? (q = 0), where
we can obviously choose ¢ so that the projection of Im(©) to Z7 has finite index.
We choose S, to be the corresponding covering space of B(fy,I') x T9, where T9
denotes the ¢g-dimensional torus. The Elementary Structure Theorem shows that the
appropriate space is an abelian-by finite covering space. Thus, S, is a torus of some
dimension (actually > 1) preciscely when v is an edge. Note that this includes extreme
edges. If v is a minimal isometric or pseudo-Anosov edge, then .S, is a circle or two-
dimensional torus respectively. If v = [fy,T'] is a node then S, is a fibre bundle over
a covering space of B[fy, '] with a (possibly 0-dimensional) torus as fibre.

The topological spaces corresponding to the singleton nodes of G,,(B) for n > 0
have to be defined inductively, using the Topographer’s View of 5.11. The compo-
nents of G,,_1(B) are in 1-1 correspondence with the singleton nodes of G,,(B). The
Topographer’s View at level n — 1 associates a topological space S, to each compo-
nent v of the graph of G, (B). These are also the topological spaces associated to
the singleton nodes of G, (B).

5.8. Natural identifications between Node and Edge Spaces. — Let v =
[fo,T] and € = [fo, ] be a node and edge of PG(B) or G(B), with v and ¢ adjacent,
which means that I' C I. Write By = B[fo,['] and Gy = G[fo,T], G} = G[fo,I"].
Then the abelian group G identifies with a conjugacy class of subgroups of G| con-
taining the centre of G[f,T], that is, the preimage under © : Gy — 7 (By) x Z7 of
{1} x Z% (see 4.5, 4.6), and this preimage is of at most cyclic index in G. Further,
by 4.16, the image under projection to 7, (B) if By is a map space is m (N),
for some deleted neighbourhood of critically finite maps in B, ~. B;. So the torus S.
identifies with a subspace of S,. Recall that S, is a fibre bundle with torus fibres
over a covering space of Bj. Then S. identifies with the subbundle over either a
point or homotopically nontrivial loop in the covering space of B;. We thus have an
equivalence relation ~, which is a union of equivalence relations ~,,, where ~,, is an
equivalence relation on on

H{S“ : p is a pair node or edge of G, }.
The Topographer’s View will involve an extension of the equivalence relation ~,, to

H{S,, : 0 is a node or edge of 5,,}.
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5.9. Polynomial Type Theorem. — This is relatively easy to prove, and its proof
is completed in Chapter 6.

Polynomial Type Theorem. — Let B = B(Y, fo) be of polynomial type. Then under
inclusion, B is homotopy equivalent to V- =V (Y, f), where V is the space of rational
maps in B.

Let B be of the polynomial degree four type with fixved critical value vy of mazimal
multiplicity, vy periodic, and vy the image of two critical points. Let N C B be the
subset in which the Poincaré distance between vo and vo is less than e, for some fized e
less than the Margulis constant. Then under inclusion, (B, N) is homotopy equivalent
to (V. N'"), where N’ is a tubular neighbourhood of oc in V.

This theorem implies that the set of polynomials in B is connected. The second
part of the theorem for polynomial type is included simply because it is needed for
the results about degree two type.

5.10. Theorems for Degree Two Type

Theorem: Injective on 7t1. — Let B = B(Y, fy) be of degree two type. Let Vi be any
component of the rational maps in B. Then the inclusion Vi — B induces an injection

7T1(V1) nd 7T1(B),

Let B denote the universal cover of B. The theorem implies that any component Vi
of the preimage of V7 in B is simply connected, and is (as the notation suggests) the
universal cover of ‘71. In 5.5, we chose a point f; € V| and a path v in B from fj to f;
so that the lift of the path identifies a component in B of the preimage of V. By
Injective on mq, this preimage component is simply connected and identifies with Vi.
Then using v, p2 : 71 (B, N, f) — 9D restricts to a map pg : 1 (Vi, ViNN, f1) — 0D.
The map p2 on m (B, N, fu) was shown to be injective in 1.12. By Injective on 7y,
it is also injective on w(Vy, Vi N N, f1), which we can regard as a countable subset
of dD, identifying Vi with the disc D.

Theorem: Resident’s View of Rational Maps Space. Consider
P2 - W](Vl, Vl NN, f1> — 0D.

(1) p2 extends continuously to 0D except at countably many points, where right
and left limils exist.

(2) A point of discontinuity of the extension on 0D = 8\71 s either an endpoint
of a path lifting a geodesic to a puncture of Vi, or is an endpoint of a lift of a closed
geodesic in V.

(3) The right and left limits at such a point are either the endpoints of C(f,T)
for some minimal nonempty isometric (f,I') satisfying the Edge Condition, or are
the endpoints of a geodesic in OC(f, ') projecting to a geodesic lamination leaf, for a
minimal nonempty pseudo-Anosov (f, 1) satisfying the Edge Condition.
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(4) The inverse map pgl of the extension extends across such geodesics to map
dC (V1) continuously and monotonically to 0D, and injectively except for mapping
the closure of each geodesic in OC(f,T') to a point. Moreover

o3 (g 2)=g-p;'(z) forallze 80(‘71) NoD, g e m(Vi, f).
Remark. We can also regard m(V1, f1) as a subset of Vi =D, m (C~ Zo) as a
subset of D. Then 1.12 gives a map p : w1(Vi, f1) — D. The theorem holds with ps
replaced by p, that is, we can show that p also extends continuously to dD. The proof
for p is not greatly more difficult than that for p2, but one has to prove the version
for p, first, and then the proof for p has an extra step at each stage. I have therefore
omitted the proof for p. The proof for p; will be given in Chapters 25-31.

We call this theorem the Resident’s View, because it gives an identification of Vi
with a subset C(f/l) of the universal cover of the dynamical plane C~ Z. In particular,
the topology of V; is recorded in the action of 71 (V1) on the boundary of 0(171).

We call the following theorem the Topographer’s View, because it identifies B, up
to homotopy equivalence, with a union of spaces with a strong geometric structure.

Theorem: Topographer’s View of B. — Let B be of degree two type and N C B a union
of tubular neighbourhoods of critically finite spaces B' C B ~ B. Then (B,N) is
homotopically equivalent to

(UnZoSn(B), UpZoSu(N))

» ~n=(

with either Sp(B) = Sy (N) =@ forn >0, or {Sn(B)}n>0. {Sn(N)}nso are increas-
ing families of spaces, and the following hold.

($u(B) $u(V)) = ((L15,)/ ~n: 115, )

where v runs over the nodes and edges of a graph G, (B), p runs over the extreme edges
[f,T] corresponding to components of N, and the equivalence relation ~,, relates only
points from spaces indexed by adjacent nodes and edges of G,,(B) and is an extension
of the equivalence relation of 5.8, as follows.

(1) Let v = [Vi] and let & = [f.T], where (f,T') is minimal nonempty satisfying the
Edge Condition. Let € be isometric. Then Se is a circle and identifies with a simple
loop round a puncture in Vi = S,.

(2) Let ¢ = [f,T] be pseudo-Anosov, with x(f,T') = k,. Then S- is a two-
dimensional torus, and a simple homotopically nontrivial loop in Se (corresponding to
an element of G(g) = m(Se) with a pseudo-Anosov component) identifies under ~,
with some homotopically nontrivial loop in S, for some singleton node v in G,(B).
[Remember that S, is a component of Sp—1(B).]

The structure of G, (B) is described completely by the following.
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Theorem: Resident’s View ofé. — Consider the sets C(\Z), C(fo,T'), for all single-
tons Vi, and pairs (fo, ') satisfying the Invariance, Levy and Mazimal Reduced Con-
ditions, and which are either primitive or minimal nonempty. Thus, P(B) is a G-
invariant partition of D. Furthermore, Py(B) is a locally finite partition, restricted
to any component of UP,,. Then the quotient G, (B) = g,L(B)/G of the dual C;,L(B)
of Pn(B) is the same graph as in the Topographer’s View.
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CHAPTER 6

AN ITERATION ON A TEICHMULLER SPACE

6.1. Definition of standard Teichmiiller space. — Let Y C C be a finite set,
#(Y) = 3. Then we write 7(Y) for the Teichmiiller space of C with marked set Y.
This space (as usual) is described as follows. Let ¢; : C — C be homeomorphisms
(i =1, 2). We say that @1 ~ s if, for some Mobius transformation o, ¢; and o o @
are isotopic via an isotopy which is constant on Y. Let [p] denote the equivalence class
of ¢ with respect to ~. Then 7(Y) is the set of all [¢], and has a natural topology.
If #(Y) = n, then 7(Y) is homeomorphic to R?"%. We have a natural projection
from the quotient of Hom (C) by Mobius left composition onto 7(Y'). Note that the
inverse images of points are homeomorphic to quotients of Hom(C,Y), and hence
contractible, by Chapter 1.

If W CY with #(W) > 3, then there is a natural projection from 7 : 7(Y) —
T (W), given by m([¢]) = [p]w, where [¢]w denotes ¢ modulo isotopies constant on
W, and left composition by Mo6bius transformations.

6.2. The Teichmiiller space of B, and the Projection of the universal
cover. — Now let B = B(Y, fu) be as in 1.9. Suppose that #(Y) = #(Y(fo)) = 4.
Then T(Y) = T (Y (fo)) is the Teichmiiller space of B, also denoted 7 (B). If we fix
basepoints, then there is a natural projection from B to 7T (B), as follows. We identify
the elements of B as homotopy classes of paths in B starting at fy. Then, as we have
seen in 1.11, a path f; (¢ € [0,1]) gives rise to paths [¢] € T(Y), [p)] € T(f, 'Y),
with o] = fidentity] and (Y (fo)) = wo(Y(f0), @i(fs ‘(Y (o)) = Fi (Y (fo)),
[oidz =[]z, fi =i o foow™". In fact the map

m: B — T(B): [fi] — [p1]

is well defined, and is the natural projection.

Let V' denote the space of rational maps in B, with preimage Vin B. Then 7 | V
is injective, so we can, and shall, regard V as a subspace of 7 (Y), which, in general
will be disconnected. According to Injective on 71 of 5.11, the components of V are
simply connected in the cases that most concern us. But this is very far from being
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6.3. Modular Group Actions. — Classically, MG(C,Y) can be regarded as a
discrete subset of 7(Y'), and acts on 7(Y'), on the right, by

el - [W] = [p o 4]
Here, we are using [] to denote both equivalence classes in 7 (Y) and in MG(C,Y).
Recall (1.11) that the group G = w1 (B) also identifies with

G ={[¥] e MG(C,Y) : [0z = [fy ' oo folz},

and thus also acts on 7 on the right. But G = 7, (B) also acts on B on the left. (See
1.1.) We easily verify that

w(g-[fi]) = =((fi]) 97"

In fact, this is an extension of the fact that the map ®1 of 1.11 is an anti-isomorphism.
Thus we have a quotient map

7] : B—T/G

which is, in fact, also a homotopy equivalence. (To see this, we need to choose the
section of w to be G-invariant. This can be done.)

6.4. Teichmiiller metrics. — Once again, we recall the standard theory. (See
[Gar2], for example.) For a quasi-conformal homeomorphism x : C — C, let Dy
denote the derivative of x at z, and (Dx.)T is its adjoint. Let K(x)(z) be the
quasi-conformal distortion A\/u of x at z, where A? > pu? > 0 are the eigenvalues of
(Dx:)TDx.. Let

lIx[lqe = ess sup{K(x)(2): z € 6}
The Teichmiiller metric dy on 7 (Y') is defined by

dy ([¢1]; [2]) = inf{(1/2)log lIxllqe : [p2] = [x 0 ¥1]}-
Note that the action of MG(C,Y) on 7 (Y) is isometric with respect to dy. In the
case when #(Y) = 4, and 7 (Y) identifies with the upper half plane H, then the
Teichmiiller distance is actually half the Poincaré metric.

The following standard information was important in the proof of Thurston’s the-
orem, and will also be important here. The infimum in the definition of dy ([1], ¢2])
is attained by a unique y, with quasi-conformal distortion which is constant (say, K)
almost everywhere. Moreover, there are coordinate systems on C ~ 1 (Y), C~\ ¢2(Y)
such that, in these coordinates, x has the form

x(x +iy) = (K20 +iK~1/2%y).

These coordinates are given by quadratic differentials on C ~ ¢ (Y), C~ p2(Y), and
thus are defined except at finitely many singularities. If these quadratic differentials
are q1dz?, qadz? respectively, then the coordinates are given locally by

/\/Edz,
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whenever ¢; is finite and # 0. Here, g;(z)d2? is holomorphic on C \ ¢;(Y), and
q;(z)dz* has at most simple poles. This ensures that the path integral is bounded. If
z = 1/w, then dz = —dw/w?. So g; is a rational function with at most simple poles,
occurring only at finite points of ¢;(Y'), and at least 3 more poles than zeros, up to
multiplicity. If oo is a simple pole of ¢;(z)dz?, then g; has exactly three more poles
than zeros, up to multiplicity. If oo is a zero of ¢;(z)dz? of multiplicity m, then g;
has exactly m + 4 more poles than zeros, up to multiplicity. So ¢;(z)dz? has exactly
4 more poles than zeros, up to multiplicity. It is usual to normalise g; so that

Jlal=1.

In this case, q;(2)dz? and g2(2)dz? are uniquely determined by x. We shall say that
q1(2)dz? is the quadratic differential at [p1] for d([¢1], [p2]). Using this definition,
—q2(2)dz? is the quadratic differential at [p2] for d([p2], [¢1]). We say that go(z)dz?
is the stretch of q1(z)dz? at [pa].

6.5. Thick and Thin parts of Teichmiiller space. — For cach [p] € T(Y),
there is a unique Poincaré metric p, on C ~ p(Y). We write 75.(Y) for the subset
of T(Y') for which all closed geodesics have py-length > e. It is well-known [T1] that
the quotient of 75.(Y') by the action of MG(C, YY) or PMG(C,Y) is compact, for any
e>0.

The Margulis decomposition [T1] tells us that for some € = ¢, depending only on
#(Y), for any [p] € T(Y), geodesics of length < gy in C ~ (Y') cannot intersect,
nor even self-intersect. We then have a thick-and-thin decomposition of the surface
C . o(Y) into sets (C~p(Y))<e, and (C~ @(Y))se,, where (C~ p(Y)) <, is the set
of points x such that there is a closed nonperipheral geodesic segment in C ~ P(Y)
of length < gy with both endpoints at z, and (C ~\ ¢(Y))s., is the complement of
(C~ @(Y))<s,- Then (C~ p(Y))<e, is a union of disjoint homotopically nontrivial
and nonperipheral cylinders in C ~ ¢(Y). A cylinder homotopic to ¢(v) has modulus
within O(1/go) of 272 /e, if € is the length of the geodesic homotopic to p(¥).

Given a set T of disjoint simple nonperipheral loops in C Y, we write 7 (I, ¢) for
the set of [¢] in 7 such that p(v) has length < € for all v € T.

6.6. Properties of the Pullback Map. — We now come to the key object of this
paper, namely, our pullback map

7: T — T

which is a generalisation of Thurston’s pullback on a Teichmiiller space [T2]. Indeed,
our pullback reduces to Thurston’s (essentially) in the case when B(Y) is a space of
critically finite maps (that is, Y = Z). The basic properties of 7 are more important
than its definition, so we give them first. For the third property, we say that B =
B(Y, fo) is exceptional if Y = Z, #(Y) = 4, Z contains no critical points, but every
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point of fo_l(Z) N\ Z is critical and all critical points of fy are in fo_l(Z) N Z. As
usual, we let V' denote the space of rational maps in B. From now on, given Y we fix
a constant €9 > 0 such that the Margulis decomposition (6.5) holds.

1. The Commuting Property. — 7 :7T — 7 commutes with the G-action.

2. The Fized Set. — The set {z : 7o = x} is 7r(‘~/), where V is the preimage of V
in the covering space B, and 7 : B — 7 (B) is the natural projection defined in 6.2.
The fixed set is all of 7 if #(Z) < 3.

3. Distance-Decreasing along Iterates. -— For any x, the sequence

{d(" (@), 7 (1))
is decreasing. Moreover, if #(Z) > 4 and B is not exceptional, then for an integer k
depending only on Y and some 1 < m < k,

d(r" (@), 7+ (2) < Al@)d(z.7(2)),
where A\(y) < Me, M) < 1if d(y,7(y)) < M, and y € T>..

4. The Thin Part Invariance Property. — For L, €1 < g¢ depending only on #(Y)
and a given constant M > 0, the following holds. Suppose € < ¢y, d(z,7(z)) < M
and © € 7-.. Then there is (fy,I') satisfying the Invariance Condition such that
x e T(T, Le).

5. The Thin Part Levy Property

Polynomial type. — Let B(Y, fo) be of polynomial type. If e; > 0 is sufficiently small
given g and M, and = € Ts.,, d(z,7(x)) < M, then 7" (z) € T, for all n > 0.

Degree two type. — Let B(Y, fo) be of degree two type. There is an integer m > 0
depending only on (fq,Y) such that, given M > 0, there are €, < g9 and L’ such that
the following hold. Let e < 1, let d(x, 7(x)) < M, let 7(x) € T>. for 0 < i < m,
and let there be a least integer n > m with 72 € 7. Then there is I satisfying the
Invariance and Levy Conditions such that 7"a € T(T", L'e).

6. Close to zero distance. — Let B(Y, fo) be of degree two type. Given € > 0, there
is & > 0 such that if d(z,7(x)) < §, then either d(z,y) < ¢ for some y € V, or
x € T ([, e) for some (fo,I") satisfying the Invariance and Levy Conditions.

6.7. Definition of the Pullback Map. — Now we define 7. We fix a space
B(Y, fo) as in 1.9. Let Z C Y be as in the definition of B(Y, fo) in 1.9, and let
#(Z) = 3. Then go fo : C — C is a branched covering. Let [p] € T = T(B(Y, fo)) =
T(Y). So there is a holomorphic branched covering s : C — C and an orientation-
preserving homeomorphism ¢; : € — C such that ¢ o fo = s0 @1, s is uniquely
determined up to left composition with a Mébius transformation, and [¢;] € T(f;'Y)
is uniquely determined. By abuse of notation, we shall often write

[pr] =[s7" oo fo].
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Now Z(fo) = Z C Y N f '(Y) (see 1.9). So [¢1]z € T(Z) is uniquely determined,
where this is the natural projection to 7(Z) (see 6.1). Then 7([¢]) will be a lift of
[p1]z to T(Y), as follows.

We consider [p1]z and the projection [p]z of [¢] to T(Z). So by 6.4 we can find a
unique x : C — C such that ¢1(Z) = x 0 (Z), [¢1]z = [x 0 ¥]z and

dz([e). [e1]) = (1/2)log ess sup]|lqe-

Then [y o @]y is uniquely determined, and and we define

m([e]) = [x o]y
6.8. Remark. — 1f Z =Y —— that is, if B(Y, fo) is a space of critically finite maps
then the definition of 7 is precisely the same as Thurston’s original definition [T2]. If
Z #Y we may still have chosen fy so that Y C f;1(Y), and thus [¢1] € T(f; *(Y))
projects to [¢1]y, but even so, it is definitely not the case that in general [p1]y =

[x o ely
6.9. Proof of Property 1. — Let [p] € T(Y) = T(B(Y, fo)) and [¢] € G <
MG(C,Y). Then if s is as in 6.7,

[stopodofolz=1[s" opofo)o(fo' oo follz=[(s""opofo)ov]z
So if x is as in 6.7, so that [x o plz = [s7 oo fo]z

[s7hoporofolz =[xopoy]z,

and 7([¢] - ¥]) = 7([¢]) - [¢], as required.
6.10. Proof of Property 2. — Again, let s be as in 6.7, given [p] € T(Y),
Y = Y(fo). It is clear that 7 fixes [p] if and only if [s ' o p o fo]z = [¢]z, that

is, if and only if ¢ o fy = s 0 @1 with ¢ and ¢ isotopic via isotopy constant on Z
(composing s on the left with a Mobius transformation if necessary). Then

s(p(2)) =s(01(2)) =9(2Z). s=¢ofooyr’
So s € V and 7(3) = [¢] where 3 is a preimage of s in V and 7 is as in 6.2. The

converse is also clear, that is, if § € V then 7(7(5)) = w(3). It is also immediate that
7 fixes all points of 7 if #(Z) < 3. O

6.11. Proof of Property 3. — Let [¢] € T(Y). Let s be a holomorphic branched
covering whose critical values are in ¢(Y). Let ¢(z)dz? be a quadratic differential on
C . ¢(Y). Then

sq(2 )dz q(s(2))(s'(2))dz?

is a quadratic differential on C ~ s~ 'p(Y) (the pullback). If s has degree d then

/|bq|—d/1q|
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Now assume that #(Z) > 4, where, as usual, Z is as in the definition of B(Y, fo).
Write 7([¢]) = [p1] € T(Y). Let x : C~ ¢(Y) — C ~ ¢;(Y) be the homeomorphism,
as in 6.7 minimising quasi-conformal distortion, in both 7(Y) and 7(Z), so that
([¢]) = [p1] = [x o ¢]. Let qo(z)dz? = q(z)dz? be the quadratic differential at
[] for d([¢], [¢1]) and let p(z)dz? be the stretch of g(z)dz? at [p1]. (See 6.4.) Let
Llog K = d([¢]. 7([¢])) Then x takes the form

(1) (z,y) — (K2, K~'/%y)

with respect to the singular local coordinates given by q(z2)dz2, p(z)dz? on (C, ¢(Z),
(C, 1(Z)) respectively. Let the holomorphic branched covering s = so be as in the
definition of 7([¢]) in 6.7. Let s1 be the holomorphic branched covering at [7([¢]) used
to define 7(7([p])). This means that the critical values of s; are the images under x
of the critical values of s. Then the homeomorphism that we denote by .sfl oxos has
the form (1) with respect to local coordinates given by s*q(z)dz? and sip(z)dz?, and

mz(T*([¢])) = [s7' o x 0 504z,

using 7wz : 7(Y') — 7(Z) to denote the natural projection. So

(2) d(r([]), 2 ([¢])) < log K = d([¢], 7([¢2]))-

Let d be the degree of fy. Let qi(z)dz? be the quadratic differential at 7([p]) for

¢

d(7([¢]), 72 ([¢]). We have strict inequality in (2) unless

1
as*(](z)dz2 = q(2)dz>.

Define [@;] = 7%([¢]) for i = 1. Let s; be the holomorphic branched covering with
[s7' o pio folz = [pir1lz. Let qi(2)dz? be the quadratic differential at 7([¢]) for

d(r([¢]), 7T ([])). Proceeding inductively, we have either

(3) A ([e)), T ([e]) < dlle) 7([e])
or
(4) %sfq,(z)dzz = gis1(2)dz? for 0 <i < k.

If (4) holds, and if ¢; (W;) is the pole set of gi(z)dz?, then for all 0 < i < k,
(5) THWi) € Wi U{c: ¢ critical }.
We have #(W;) > 4 for all i, as explained in 6.4. Then f; ' (W;) contains # (W;)d

points up to multiplicity. So if f()"l(l/l/}) contains nj; points of multiplicity j, for
1< j<r, then

r

D gy =#(Wod, Y (G- 1)n; <2d -2,
j=1

Jj=1
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because the number of critical points is 2d — 2 up to multiplicity. It follows that

#(Wd < np+ 207 — Dny < np 4 4d — 4,
j=1

with strict inequality unless n; = 0 for » > 2, and unless fo 1(W5) contains all critical
points of fy. Then

(W) =m = (V) = Dd+ 4> 24 (W) —4 > # (1),

with strict inequality if # (17;) > 4. So if (5) holds for all 0 < i < k. and k is large
enough given #(Z). # (W) =4 for all 0 < i < k. It also follows that W; = 117 for all
0 < i<k fo(W)cW.all points in W are noncritical. the points in f, (W) ~ 11
arce preciscly the critical points of fi. all of local degree 2. and B(Y, fy) is a space
of critically finite maps. In fact, the set W contains cither 2 or 4 periodic points,
depending on whether d is even or odd. So we are in the exceptional case.

So (3) holds in the nonexceptional case, for A sufficiently large, depending only on
#(Y'). To obtain Property 3. we have to refer to an estimate which we shall prove in
8.3. There is a constant €' = C'(M) such that the following holds. Let

0;(z) = argsi(q;)(z) —argq, 1 1(2).

Then. by 8.3, using the homeomorphism .s*;_l] o yios;. where [y 0w =[] and y;
minimizes distortion. if d({p]. 7([¢])) < AL

A D2 () < (1= € f Bl ) ()7 (o)

By compactness of the space of the corresponding space of quadratic differentials. we
see that. except in the exceptional case, for some 1 <@ < Ao if d([p]. 7([]) < M and
lo] € T>..

A ([2)- 7 H([]) < MALe)d (T[] 7' ([2]))
for A(A.e) < 1.

This proof is basically the same as Thurston’s original proof in the critically finite
case [T2]. The exceptional case is the case of Euclidean orbifold.

6.12. Proof of Property 4. — By 6.5, therc is a constant C' such that the following
holds. for all sufficiently small 2. Given p : C — C. any geodesic on C ~ ¢(Z) of
length < ¢ is isotopic in C ~ ¢(Z) to at least one geodesic in C ~ ¢(Y) of length
< ('e. Conversely. a geodesic in C ~ ¢(Y) of length < ¢ is isotopic in C ~ p(Z) to a
geodesic of length < (= in C ~ o(Z).

So now consider @ = [p] € T with d(x,7(2)) < M and 7(x) = [p1]. Let s
be the holomorphic branched covering used to define 7([¢]) = [¢], so that [¢1]7 =
[s7towo folz. So ¢1(Z) C s~ He(Y)). So for e > 0 sufficiently small, a geodesic
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on C~ s H@(Y)) of length < ¢ is isotopic in C . | (Z) to at least one geodesic on
C 1 (Y) of length < C?=. and vice versa. Now

s:C s (V) — C~p(Y)

is a local isometry. So if 4 is a loop such that ¢(v) is isotopic to a geodesic of
length < e, and v, C f”*l(ﬂ,’) is nontrivial and nonperipheral in C ~. Z, then ¢, (71)
is homotopic to a geodesic of length < 2z in C < ¢ (Z), and @(71) is isotopic to
a geodesic of length < %= on C ~ £(Y). Also. 2 (5) is isotopic in C ~ ¢1(Z) to a
geodesic of length < (%2 in C ~ s~ 'p(Y). and so there must be v € C N Y such
that 4 C fy '(72) in C ~ Z and p(72) is isotopic to a geodesic of length < (< in
C ~ ¢(Y). Repeatedly applying this procedure. we obtain an invariant (fy.I') with
~v € I and [p] € T(I'. Le) for a suitable L depending only on #(Y). The process
has to terminate after finitely many steps, because short loops have to be isotopically
disjoint.

6.13. Proof of Property 5. — Once again, this actually mimics Thurston’s orig-
inal proof in the critically finite case [T2]. [D-H3|.

Given (fo.Y). there is an integer m with the following property. Let (fo.I7) be
any invariant set such that T (f).T7) = @ (sce 2.5). Let A; = (A;(7.0)). (. d € T.
i =2 1) be positive entry square matrix with

f50) =Y Ai(7.0)m(9).

where 7(d) denotes the isotopy class of 4 in C ~ Z. Then for any vector v = (v;). if

lellse = Max; o],
H ”' 1
=1 A
x

Ly = A(#(Y) deg(fo))™.
Now let 7/ (1) € T-. for a least n = . Write [py] = 7" " () and [@a] = 7/ (x).
Let e be sufficiently small. There is Lo, depending only on Ly and #(Y') such that

el

2

<

Now choose L so that

the following holds. We can find ¢/ with Lye > &/ > ¢ and ()‘() I'") satisfying the
Invariance Condition such that 77" (x) € T(I".&') and 7" " («x) ¢ T (v, Le’) for
~ ¢ T, This is achieved by using property 1. If 77" () ¢ T (5. L]:,) for any loop ~
then we simply take IV = @, If at least one loop v exists with 7" 7" (x) € T(y. L€)
then we enlarge to an invariant set '), and take 2 to be the length of the longest
of these loops (g2 < LLig). We then repeat the process if there is a loop " ¢ T
with 7" " (&) € T(4'.L1z2). Since loops of length < the NMargulis constant are
disjoint, the process must terminate. So IV exists (even if empty). We then have

") € T(I,L'e) for a constant L’ depending only on M, fo and M. So it suffices
to show that Ty (fo.T7) # @. This will ensure that T" # @. In the Polynomial case,
this is impossible, and we will deduce that 7" () € T>..
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Suppose on the contrary that the set I'a(fo,I’) = &. Let s, be the holomorphic
branched covering of degree (deg(fy))™ such that [¢2]z = [s;.} o 1 0 fi*]z. Now
take 7o with 77(z) € T(70.£). Consider the component A(v) of (C ~ w2(Y))<e,
homotopic in C \ p2(Y) to ¢2(70). Then by 6.5,

(1) modulus (A(vy9)) = 272 /e — O(1/ey).

But to within < (deg(fo))™ #(Y) annuli of moduli < 27%/Lie + O(1/gg) with bound-
aries of bounded distortion, A(vp) is a union of preimages under s,, of components of
(C ~ 1(Y))<e, homotopic to loops of @1 (I"). (A similar argument was used in [R2]
7.5. See section 2 of that paper for an explanation, if needed, of why the boundaries
have bounded distortion.) So for v with |[v]j~ < 272/ + O(1/g0),

(2) modulus (A H e, A vH (deg(fo))™#(Y)(2n?/Lie + O(1/20))
<72 /e+ 7% /2e + O(1/ep).

But (1) and (2) are incompatible if € < ¢ for £; small enough. So Ia(fo,I) # &,
and Property 5 is proved.

6.14. Remark. The precise statement of Property 5 is a source of some considerable
technical difficulty in the case of degree two type. Although we have shown that a
sequence 7"z which enters the thin part must first enter 7 (I, Le) for (fo, ') satisfying
the Invariance and Levy Conditions, it is not clear that this property will persist
as long as 7"x remains in the thin part. This necessitates the construction of a
modification 7’ of 7 in the thin part in the proof of the Topographer’s View (and,
less directly, in the proof of the Resident’s View). This, in turn, is one of the reasons
for the development of the theory of Teichmiiller distance, in the second part of this

paper.

6.15. Proof of Property 6. — Let L; and Ly be as in the proof of Property 5.
Let € > 0 be given. Let 6 > 0 be sufficiently small. If d(x,7(x)) < § and x € T5.,y,.
then

y= lim 7" (z) e V

n—oc

exists, and
d(y, ) <5/(1 = N),

where A = A(g,1). So now suppose that x € 7./, and d(x,7(x)) < J. We proceed
much as in the proof of Property 5. Construct I, as in the proof of Property 5,
such that @ € T(I',¢') and « ¢ T (v, L1e’) for v ¢ T’. This time, we can ensure
that ¢/Ls < & < g, and, for sure, I' # @. Then we consider 7" (x) = [ps]. Now
suppose that I's(fo, V) = &. Arguing as in the proof of Property 5, we see that if
A(7) is the component of (C . ¢2(Y)) <., homotopic to pa(7), then the modulus of
A(7y) is < 7/8 of the modulus of any component of (C ~ ¢1(Y))<¢,. This contradicts
d(z, 7" (x)) < md, if § is sufficiently small. So I'y(fo, ") # &, as required.
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6.16. Proof of the Polynomial Type Theorem. — Now we use Properties 1-5
to prove the Polynomial Type Theorem 5.9. We shall use the same basic idea to
prove the Topographer’s View for degree two type, although the additional technical
difficulties in that case are considerable.

We are given a polynomial type space B of branched coverings in which the space of
rational maps is V. We are also given an end N with N’ = VNN, of the type described
in 5.9. The spaces B, V' and the pairs (B, N), (V, N’) are homotopy equivalent to
locally finite simplicial complexes, or pairs of such, and hence are homotopy equivalent
to CW-complexes [Mi], or pairs of such. The spaces B, V are also K(m,1)’s, and B
is trivially homotopy equivalent to 7 /G Hence, by 7.8 of [Spal, it suffices to show
the following. Let o : (A, 0A) — (7 /G, Vp) be continuous, where A is an interval of
disc and Vy C V (possibly Vo € N’). Then « is homotopic to map into (V, Vp), via a
homotopy which is constant on 9A.

To show this, we have

(A) C (Tzey N{x 1 d(x,72)) < M})/G

for suitable M and g9 > 0, since A is compact. We can regard 7 as a map on 7 /G by
Property 1. Then by Properties 4 and 5, since B is Polynomial type, there is £ > 0
(depending only on g¢ and M) such that 7" (a(A)) C T,, for all n > 0. Then for
all z € a(A), lim,, o 7"*(x) exists, by Property 3, and is in \7, by Property 2. By
Property 2, 7(z) = z for x € a(0A), and in fact this is true if we lift « to 7. So
7"« is homotopic to « for all n > 0, and lim,, ., 7"« is homotopic to . This is the
required homotopy. O
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CHAPTER 7

HOW TO APPROACH THE TOPOGRAPHER’S AND
RESIDENT’S VIEWS

7.1. In this chapter we give the first outline of the proofs of the main results for degree
two type spaces. In 5.11, we split the results up into four theorems — Injective on .
Resident’s View of Rational Maps space, Resident’s View (of the whole space), and
Topographer’s View. In this chapter, we shall state other results. and show that the
four original theorems are equivalent to: the Resident’s View of Rational Maps space,
the Level x tool. and Descending Points.

7.2. Subspaces of 7 /(G associated to pairs and singletons. — Fix B =

B(Y. fo). Let T = T(B). Let (B.N) be of degree two type. As usual, let B denote
the universal cover of B, and G = 7w;(B). Let V denote the space of rational maps
in B. with preimage V in B. We can also (6.2) regard V as a subset of 7. and V as a
subset of 7/G. Let G, = G, (B) be the graphs defined in 5.6. The putative nodes and
edges include pairs [f, '] which are primitive or minimal nonempty. and singletons V4
in the case of Gy. In fact, these are all the putative nodes and edges in the case of Gy.

We are going to define a space T), C 7 /G for each pair [f.T'], and for cach single-
ton Vi. Let = V1 be singleton. This means that V) is a connected space of rational
maps, and V1 is a connected component of the preimage of Vi in B. Define

T, = Vi.

Now let pt = [fo, '] be a pair. Fix any d > 0 less than the Margulis constant, so that
any nontrivial nonperipheral loop of length < § is simple and any two such isotopically
simple loops are isotopically disjoint. We define

T, = T(.6)/G = T(N.2)/G(fy.T

since G( fy.T') is the subgroup of ¢ € G for which ¢g-7(I'.0)N7T (', §) # &. Sometimes
we may wish to vary 4, in which case we shall write 7},(6). But the spaces T,,(3) for §
less than the Margulis constant are all homeomorphic. Also. the definition of T, is
independent of the choice of (fy,I') in the equivalence class, up to homeomorphisim.
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Let < be the ordering on nodes and edges defined in 3.18. For the same p, we define
Ty, =U{T,:v>=p}, Ssp=U{S, :v>u}

where the unions are over those pairs with are primitive or minimal nonempty. Thus
if 1 is a node or edge of G,,, the union is over some nodes and edges of G,, Let N be a
union of deleted neighbourhoods of codimension one critically finite spaces in B ~ B,
with associated edges £(N), and define

Ty = (T 1 = € E(N)).

In 5.4 we defined a number x(f,I') > 0 for pairs (f,T') satisfying the Invariance
and Levy Conditions. We define K[f,I'] = (f,T'). This definition makes sense. Note
that if p < v for pairs y, v then x(p) = k(v), because k(u) is determined by the fixed
gap. We also define (V7)) = 0 if V1 is a singleton node of Gy

We define

To=W{Ty:k(p) =0}, TH=To~V. So=U{S,:k(u)=0}/~.

Here, ~ denotes the equivalence relation given by identifying edge spaces S, into node
spaces S, for adjacent ;1 and v, as in 5.7. Then we have the following. 1, 2, 3 and 4
are essentially obvious. 5 and 6 will be proved shortly.

7.3. Theorem. The following hold, if, in the case of 5 and 6, identifications between
loops in sets S,,, for pairs p with k() = 0, and singleton spaces V', are suitably defined.
(1) T, and S, are homotopy equivalent. for any putative node or edge of Gy and
any putative node or edge pair of G,,, n > 0.
(2) Let v = [fo,T] be a pair which is a node of G,, for some n, and let ¥ be any set
of adjacent edges, so that we have an inclusion S. C S, fore € 3. Then the following
are homotopy equivalent:

(T, U{T: : e € £}) and (S,.U{S::e€X}).

(3) T>, and Sx, are homotopy equivalent for any pair node i

(4) Given (B,N), (T>,.T>, NTn) and (S>,,S=, N SN) are homotopically equiv-
alent for any pair node ji.

(5) Ty and Sy are homotopy equivalent.

(6) Given (B,N), (Ty,Tn NTy) and (So, So N PSn) are homotopy equivalent.

Most of the Proof. —- We consider 1-4. Since the spaces involved are homotopy equiv-
alent to locally finite simplicial complexes, and hence homotopy cquivalent to CW-
complexes [Mi], and are K (m, 1)'s, it suffices ([Spa] 7.8) that the fundamental groups
be isomorphic, under an isomorphisin that preserves subgroups in the case of 2 and 4.
This is true, simply by the construction of the spaces PS,, PS>,. O
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7.4. Proofs of 5 and 6: Intersections between V and T). — The following is
basically in Stimson’s thesis [Sti]. We outline the proof given there.

Proposition

(1) If 6 is sufficiently small. and VNT, # & for some pair node v, then k() = 0,
so that T,, C 1>, for some minimal nonempty isometric edge ju.

(2) Let p be a minimal nonempty isometric node. Then the components T, NV
are homotopic in T, to the circles T. for the minimal nonempty edges € < ji, and
m 'V to simple loops round punctures of V.. This gives a one-to-one correspondence
between minimal nonempty isometric edges and punctures in V.

Proof (outline)
(1) First, we identify punctures in V', as in Stimson’s thesis. Consider the maps
¢ d
Jed 214+ —+ -
z

The critical points of g.q are 0 and —2d/c. Fix any integer & > 3. There is a
polynomial F' such that F'(c,d) = 0 if and only if 0 has period k under g. 4. Similarly,
there is a polynomial G such that G(c.d) = 0 if and only if g¥ ,(0) is fixed by ge.a,
for any k& > 2. Owr space V is cither the zcro set of such a polynomial, minus finitely
many points, or a finite cover of such a zero set, minus finitely many points. The latter
occurs if V' is one of the spaces V, 1 of 1.9. The excluded points include points above
(c.d) for which the critical value g ,(=2d/¢) lands in Z(g..q). and, more importantly,
those values for which g. 4 degenerates to a Mobius transformation. Whenever this
happens, the Mobius transformation is periodic, with period bounded by the size of
the orbit of the critical point 0 of g. 4 (which is constant over V). A periodic Mobius
transforimation is an isometry, and hence we arc in 7 (17, 9) for some isomectric [fy. 1'].
It only happens when cither d = 0 or ¢, d are both large. In the latter case, by
conjugating by z +— /c¢z we get the period two Mobius transformation z — 1/z. So
at these singularities, the limiting Moébius transformation has two fixed points whose
multipliers are roots of unity (# 1). Fix one of these fixed points. For some nearby
maps in V', the multiplier will be inside the unit circle. Thus, any such puncture of V°
is in the closure of a hyperbolic component of some polynomial. The main result
of Stimson’s thesis [Sti] is that the puncture is in the closure of precisely two such
hyperbolic components if the corresponding Moébius transformation has period > 3,
and precisely one if the period is two. This is actually wrong. However, the method
of Stimson’s thesis (which is outlined below) gives a combinatorial rule for computing
the number of polynomial hyperbolic components limiting on any puncture in terms.
The number is always a power of two, as we showed in 3.12. This rule and Stimson’s
method (together with a correction of the mistake in the combinatorics) are outlined
below. Tt is also shown in [Sti] that the only singular points of V' are these Mébius
transformation punctures (and this is correct).
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(2) Now suppose that p = [fo, ] is a minimal isometric enhanced Levy set satis-
fying the Edge Condition. See 2.3 for a summary of the following notation, or 1.10
of [R3]. By 3.10, there are odd denominator rationals p and ¢ such that the corre-
sponding minor leaves ji, 1, satisfy: ¢ has the same period under z +— 22 mod 1 as 0
under maps in V, p, is minimal and g, < pi7, and there is I such that

[fo.T] = [sp s T

Let f be the polynomial (up to Mébius conjugation) in V' which is Thurston-equivalent
to s,. Let g be the polynomial z — 2% + ¢ equivalent to s,. Let h be the polynomial
with a parabolic fixed point in the boundary of the hyperbolic component of g, and
let ¢ be the multiplier at that fixed point. Let H be the intersection with V' of the
hyperbolic component of f. Let R be the ray in H of maps which have multipliers ¢
(r € (0,1)) at the attractive fixed point. Then IR limits on a (unique) puncture in V,
for which the corresponding Mobius transformation has a fixed point with multiplier (.
(If the limit of the ray was a rational map, it would have a parabolic fixed point with
multiplier ¢, and we could draw a “Levy cycle” round the forward orbit of the critical
points which was contracted under inverse images.)

So now we have a correspondence between the “degenerating” punctures of V- and
minimal isometric edges. It is not yet clear (as is claimed) that the correspondence
is one-to-one. But now we analyse maps in V' near a degenerating puncture. Let
be the corresponding primitive A’th root of unity (& > 2) — not uniquely determined
if & > 3, since we can replace o by ;. Let p = p(¢y) be such that s, is Thurston
equivalent to the unique critically finite polynomial 2 +— 22 +¢ such that the boundary
of the hyperbolic component of this polynomial contains a polynomial with parabolic
fixed point and multiplicr jg at this fixed point. Then up to Mobius conjugation, the
maps in V near this puncture are of the form

heptz— C:;(l — —2i3> (1 - Lz) 1 = (zP,(2).
2(1+ p) 24p
where ( is close to (y and p is close to 0. This map has fixed points at 0, oo, multiplier
¢ at 0 and critical points at 1, 1+p. If b = 2. this representation is not unique, because
conjugation by z — 1/z allows us to replace ¢ by 1/¢ and p by (1/1 + p) — 1.
For z near 1, the k’th iterate of this map is of the form

20— CM2(P,(2) + O(p?)).
So for bounded b (and small p) we have

1+b/)l—>Ck(l+l)/)—|— 5 +()(/)2)>.

p

(26— 1)
Since 1 is supposed to be periodic for maps in V., we see that ¢¥ = 14+ O(p). By
standard theory of singularities of algebraic curves, ¢ has an expansion in powers of
/)]/"” for some integer m > 1. So for some a € C, we can write

(1) F=14ap+o(p).
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So then we have

1+bp— 1+/)((1+1)+ 1)) +o(p).

1
2(20 —
The map

1
b atbt—
A TPy

has fixed parabolic point at > and critical points at 0, 1 (corresponding to 1 and
1+ p). If @ =0 then both critical points are attracted to 0. But 0 is supposed to be
periodic of bounded period (since the same is true for 1 under he ). so a # 0. and
only the crit i(‘al point 1 is attracted to >x. It follows that given A > 0 there is N
such that h ( + p) is distance = Alp from 1. (For more detail see [Sti].)

Again. we ()uthn(\ from [Sti]. As ((.p) traces a circle in 'V round the puncture
of V. the straight line segment 7, = 7,(C. p) joining lzi )H (1 + p) and /z"‘( + p)
does not intersect the periodic orbit of 1 under he, for n > N. The 11111111])1191' of
the fixed point 0 of hic , is ¢. So if [¢| < 1. 0 is an attractive fixed point. So in the

case |¢] < 1. hi¢, lies in the hyperbolic component of a rational map which is Mobius
conjugate to a polynomial. Choose an odd denominator rational ¢ = ¢(C. p) so that
this polynomial is Thurston equivalent to s,. There are actually two choices for ¢

given by the two endpoints of ji,.) Let ¢ = @¢, be the uniformising map so that
P0) =0 2(62) =he,p(p(2)). 1T+ p=n(C).

Now supposc. further, that ¢ = Ay for real A, 0 < A < 1. Then for sufficiently
large n. the image under o of the straight line segment joining A" +DF and A is
isotopic to 7, relative to the forward orbits of 1. 1 + p. It follows by induction that
the same is true for all n = N. and that there is a preimage 7 = 7(C. p) of 7o under
BV which joins he ,,(1 + p) aud /1A H (1+ p), and is disjoint from the periodic orbit
of 1. Mor cover, T = T¢ , varies cont 11111()11%1\/ with ((, p). All the critically finite maps

-1
o ohe,

are Thurston equivalent and are also equivalent to s, s, for p = p(¢y) and ¢ = ¢(¢. p)
for any (C. p) in a polvnomial hyperbolic component near the puncture. Let T" be the
loop set containing L, U Ifll,, such that (s, 11 5,. ") satisfies the Invariance, Levy
and Edge conditions. By abuse of notation. use IT' to use the same loop set in the
complement of the critical orbits of (‘77;;]/) o h¢ . It follows that the homeomorphism
corresponding (under @5, as in 1.11) to a simple closed loop round a puncture pre-
serves [T, and of course. 1+ p and the forward orbit of 1. It remains to show that the
homeomorphisim represents a generator of m (1) = Gls, 11 5,. '), where e = [, 115,,].
We have seen in 3.11. 3.12 that Gls,115,.T] is a cyelic group generated by Dehn twists
round the loops of I', and that the Dehn twist round cach of the loops of 0P is the
same. say L. and L has to be a multiple of 2™ for some m > 1. If & > 3 then L is also
the degree of p | U’, where U’ C V is a neighbourhood of l,he puncture, and the set U
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of maps h¢,, which are Mobius conjugate to maps in U’ under conjugacies mapping
1 to 0 has two components, cach mapped homeomorphically to U’ under this map
of conjugacy identification. So the degrees of p and ¢ — (g on U and U’ are all L.
If k£ = 2 then the set of maps he, mapping to U’ in this way may have one or two
components. We claim that there is one component if m = 0. and that there are two
if m > 1. Let U be one of these components, and let 7 : U — U’ be the projection.
Since twists of the critical point 14 p and the critical value —1(1 4+ (1 + %(1)/} +0(p?)
round the fixed point —1(1+ %u‘p +O(p?) both contribute to the Dehn twist round 7.
the degree of p | U and of (C+ 1)U s %Ldug(r{) If m = 0. then ¢ must trace
a complete path round —1 on a circuit in U round the puncture. A hyperbolic com-
ponent is passed through cach time cither |¢] < 1 or [¢(7'] < 1 — O(p?). This is only
possible if the two hyperbolic components are conjugate. that is, deg(¢ +1) | U) = 1,

deg(m) = 2, and henee L = 1. Now let m > 1. Then the homeomorphism ¢ is a
-1

e
o5 is a composition of Dehn twists round strictly preperiodic loops (3.11). The Dehn

composition oy o gy, where oy is an L-fold twist round the loop vo = 1, U p and
twist o) can be written as o) o 0.2, where the oy and o) are L/2-fold twists
round loops parallel to. and cither side of. 5. Then o and (s, 11s,) ' opo (s, 1 s,)
are isotopic via an isotopy fixing vo U X (s, 11 5,). It follows that the lift of a closed
path in U’ going once round the puncture and starting in a hyperbolic component
is indeed a closed pathi: because fixed points are preserved, it must end in the same
hyperbolic component. not just in a Mobius conjugate of it. Then the map from U
to U’ is a homecomorphism. So if & > 3, on a simple path round the puncture in U
or U'. ¢ passes through L different regions with modulus < 1 that is. L differ-
ent hyperbolic components of maps which are Thurston equivalent to maps s, with
sp 11 s, Thurston equivalent to s, 1 s,. In the case of & = 2. that is, p = 1/3. s0
that s, = 51,3 = $2,3 = 51 . and if m = 1. the number of hyperbolic components is
actually 2deg(C+1) | U = L, because such a hyperbolic component is passed through
cach time cither |¢] < 1 or [ < 1 — O(p?). But the munber of distinet ¢ is L
in each casc. So, for all k. the hyperbolic components passed through always give L
different ¢’ such that s, s, ~ s, s, By 3.11. there are exactly 2" such ¢, giving
L < 2" We already have 2" | L. So 2" = L. So the path round the puncture is

indeed a gencrator of m (7%). J
7.5. Rational Convex Hulls. — We have now completed the proof of the Topog-

rapher’s View “to level 07, given the Injective on mp result of 5.10. The next step is to
prove the Resident’s View “to level 07 given Injective on o and the Resident’s View
of Rational Maps Space (RVRMS). So we need the following. This, with RVRMS
completes the proof of the Resident’s View to level 0.

Lemma. Assuming ijective on my and RVRMS, the conver set C(Vy) defined in
5.5 is a single component of the complement of the Levy convex hulls C(f, ).
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Proof. — Identify Vi with the open unit disc with boundary dD. The RVRMS says
that a map po maps 9D to 9C' (\71), with right and left limits existing at every point,
and these coinciding except when the limits are 9C(fo, ') for some minimal nonempty
edge pair (fo,T). (In fact, 9C(fy.T') = C(fo.T') if (fo,T) is isometric.)Then every
geodesic in 0(7(171) is of the form OC(fy,T") for some minimal nonempty edge (fo,T").
We shall call a connected component of the union of Levy convex hulls a Levy compo-
nent, and shall call a complementary component just that. Thus, C(f/l) is a union of
Levy components and complementary components. Their boundaries are permuted
by m1(V1). B

Now we nced to show that C'(V7) is a single complementary component. First, we
claim that it cannot be contained in a single Levy component or its boundary. This is
simply because (7(\71) is defined as the convex hull of points C'(u) for extreme pairs g
which do not satisfy the Levy Condition. In fact, these sets C(u) must be dense
in 6)(7(‘71) NdD. So now suppose that C(f’l) contains a Levy convex hull C'y. Then
(‘)C’(Vl) intersects infinitely many components of 9D ~ (7, because it cannot have
open intersection with 9C|. Moreover, for any extreme pair j, with C(u) € C(f/l).
C'(p) ¢ 9Cy. Now let g be the parabolic element of 7(V}) fixing the parabolic
point x¢ with pa(zg) = C(p) (using the realisation of (V) as a group of Mobius
transformations). Let I be the component of 0(7(\71) ~ 0C containing C(p). Then
g-1NI# @ because C(p) € I. Then g-1 C T or g~ I C I, because g- Oy = C; or
g-CiNCy = @. Then g-py (1) € py () or g~ py Y1) € py '(I). This is impossible.
because /);1([) is an open neighbourhood of xg, and x( is a parabolic point. So we
have a contradiction, and C (61) is a single complementary component. O

7.6. Corollary. - If po : OD = oV, — (')(?'(f’l) is continuous except at the specified
exclusions. then ps is injective.

Remark. — This shows that 4 of the RVRMS follows from 1-3.

Proof. We now know that 6)(7'(‘71) is a single complementary component. If pg is
not injective, then we can find an open interval I C 0D, and, for @ € I, a point
y(x) ¢ I such that pso(x) = p2(y(r)). Let & € I be fixed by a hyperbolic element g of
m1 (V7). that is, g has precisely two fixed points on 9D. We can assume without loss
of generality that a is an attractive fixed point of g.Then lim,, ..~ ¢ " (y(x)) = a2’
is the repelling fixed point of g. We can approximate any point of I x 9D by such
pairs (. a’), since pairs of fixed points of hyperbolic elements are dense in 9D x 9D
[G-H]. So pa(a) = pa(2’) for all @’ € D, x € 1. So pa(ID) is a single point. This is
impossible, because py is injective on parabolic points by 1.12. O

7.7. The Level x Tool and Descending Points. — We now state two results:

the Level 1 Tool, and Descending Points. We shall show that these, together with the
Resident’s View of Rational Maps Space, imply Injective on 71, and the Topographer’s
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and Resident’s Views, that is, all the results of 5.10. Write
F(x) =d(x.7(x)).
This can be regarded as a function on 7 or on 7 /G. Define

&) = UITu(e) : nlu) < ).
The results depend on constants D; > 0 and scts K, for 0 < i < 2 which will be
defined explicitly in 18.11. The number £y > 0 is smaller than the 1\'1(1,1 gulis constant.
The constants E; satisfy F; < E;41. We do not define the sets K; yet, but we write K
indiscrinately for a subset of 7 /G and for the preimage in 7. We have K; € K4 for
0<i<2, and K; C 7, (or C 7-.,/G). The K is supposed to indicate compactness
in 7 /G. (We shall use “C” for something clse shortly.) If Ey > 0 is large enough, and
k() > 0, then k is bounded from 0. and. as we shall see in 17.4, for all sufficiently
small £, depending only on # (Y'),
Tu(e)N{x: F(r) < k(i) — Eye” 2”2/5} =0g.

The Level x Tool then says that a certain subset of Ky acts as a “plug” between the
disjoint sets T/ () and {z : F(x) < x — Ege™ 2™ /}. Write

Ki(p.e) =K, 0T, (s/(1 — Eie)) N {a: F(x) < r(p) — B e 27 /<)

if K(p) > 0, and, if k(p) = 0, simply take K;(p.£) = @. We shall assume in future
that E; is chosen given Ey so that, if ¢/ < e, then

Ko(p,e') € Ki(pe) UT,(e),
Ko(p.e) C{w: F(a) <n— E()f’”z’Tz/E/} UKy (i, €).
We then define

T () = U{K1( : j1 minimal nonempty, £(u) < x}
UT.(e)ufr: Fa) <k — E()e“zﬂz/e}«
T (e,¢") = U{Ko(ut ) 1111111111(11 nonempty, x(p) < k, & <&’ <&}
UT.(e)U{x: F(x) < k — Fope™ 2752/6}.

Then we have

T!(c.ey C T/ (e)NTI(E.

Level 1 Tool. - Let 1o be given. Let € be sufficiently small, and /¢’ sufficiently large,
given rqg. Let 2E0("2”2/E <k < kg, Let ov: A — T /G be continuous, where A is the
unit interval, disc or circle, and 9 C 0N with

a(d) C T)(e.€), d(a(x). Tow(x)) <k forall z € A,
Then o can be homotoped, via a homotopy constant on « | J, to o' : A — T /G, with

o (A) C T (2).
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Moreover, for k1 depending only on k, ", if a(x) € Tser,
d(e(z), o (1)) < k1.

Descending Points. - The following holds for any minimal nonempty node p = [ fo, ]
with ko = k(p) > 0, and for ¢ sufficiently small given ko. Let P be the fived set for
(fo,T) and let p > 1 be the least positive integer such that f fizes the components
of OP.

Then each component C of K;(jt.€) is contractible within K,y1(p, €) to a nontrivial
closed loop v, = v,(g) for a minimal edge v < p such that the following holds. The
loop ~, () varies continuously with . The group m(7,) (which is determined up to
conjugacy in G) is the same central subgroup of G(fo,T') for all such v. Using the
usual representation of elements of G as homeomorphisms, the generator g, of m1(7,)
satisfies g, = f§ on P, up to isotopy. This gives a one-to-one correspondence between
components of K;(j.€) and minimal edges v < p.

7.8. How to obtain Injective on 7m; from the Level x Tool and Descending
Points. — Let o : A — 7 /G be continuous with a(0A) C V. Then there is k > 0
such that d(a(z), 7 o afz)) < k for all @ € A, If k is sufficiently small given dp > 0
and € > 0, then by Property 6 of 6.6,

a(A) C Ti(e) U{w : d(, V) < do}.

Then we can homotope « to a’, by a homotopy constant on JA. so that «'(A) C
V UT, = Ty. Then since the inclusion V < T} is injective on 7, by 7.4, we can
ensure that o/ (A) C V.

Now let k be bounded from 0. Let ¢; be sufficiently small given . It suffices to
show that « is homotopic to o” with a = " on JA and

(1) F(r) € v —mn forall x € ’(A),

where
- Y 2 I
m o= Ey lem? /5,

For we can then repeat the argument until we obtain a path homotopic into V. First,
we obtain o’ as in the Level « tool. Then we consider the boundary of the set

W= {x:d(x) € U{T>,(c1) : ¢ minimal nonempty, x(p) > 0}}.

Perturbing o’ slightly if necessary, we can assuime that OW is a finite union of disjoint
topological circles disjoint from 0A, since a(9A) C V. Then there are finitely many
disjoint topological discs A;, 1 < i < r such that

W Cc U, UJA; C OW.
By the Level x Tool,

0A; C U{K1(p, 1) : ¢ minimal nonempty }.
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Some components of W may be interior to some of these discs. Then by Descending
Points we can redefine o’ in each A; to obtain o, where

"(A;) C U{K2(p,€1) : pp minimal nonempty} C {z: F(x) < Kk —n1},

as required. O

7.9. How to obtain the Topographer’s View. — We show how to obtain the
Topographer’s View from the Level £ Tool, Injective on m; and Descending Points.
The space T /G is obviously the increasing union of sets 7,./G where

7, = {w: F(x) <},

and F' is as in 7.7. Let Ty be the subspace of T/G defined in 7.2. Recalling that F’
can equally well be regarded as a function on 7 /G, we define

Tny=Tn O Fla) <k}

Let Ty be as in 7.2. For k > 0, we shall choose T}, inductively to have the homotopy
type of T!/(e) for any e sufficiently small given x. By Descending Points, the com-
ponents of K (&) are in 1-1 correspondence with minimal nonempty edges v < .
Then by Descending Points of 7.7, we sce that T)/(¢) is homotopy equivalent to

(T,:.,(e) U 7::'*71/(;)/ )

—277/¢ and ~ identifies a closed loop 7, (1) from each component of

where n = Eye
T! (e) with some closed loop in 7,,_,,/G. Then, by induction, T/ (¢) is also homotopy
equivalent to a space

T, = (T'(e) UTx_y/G)/ ~n

Here, by abuse of notation, we use ~, to denote the two naturally corresponding
equivalence relations. In fact, this makes sense, because we can regard all the spaces
T, as being embedded in 7 /G x (—1.1). We also see by Descending Points that T/ (¢)
is homotopy equivalent to TV (g,¢’) for all &’ < . via a homotopy with image in 7,. /G

Let o : S' — T/G or « : ([0,1],{0,1}) — (T /G.Tn) be continious. Then we
have o : S' — 7. /G or a : ([0,1],{0.1}) — (7,,/G. Ty h) for some x > 0. Then. by
the Level w tool, for all sufficiently small € given s, « can be homotoped to o, via a
homotopy constant on {0.1} in the second case. with

o'(A) C T(e).

Now let a : A — T /G be any continuous map with «(9) C T/ (e,). where A is
the unit disc, and 0 € 9A. Then by compactness of A, there is x; > & such that
a(A) C T, /G. Let ¢ and £’ be as in the Level & tool with s replacing k. Applying
a homotopy if necessary (not constant on d), we can assume that «(9) C T)/(e,£')
a(A) C 7., /G. Then by the Level & tool, we can homotope « to o, via a homotopy
constant on J, with o/(A) < T/ (¢). Then by Descending Points, and the same
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technique as in 7.8, we can homotope . via a homotopy constant on d. to o’ with
o"(A) C TV (¢), where

ko = Max(k, ~1 — Egl({—‘zwf/f).

Then by applying the Level ~ tool and the technique of 7.8 finitely many times. we
V. applying ) )
can homotope « to o, via a homotopy constant on 9, so that

a""(A) C TV (g).

Now 7 /(' is homotopy equivalent to a locally finite simplicial complex, and hence is
homotopy equivalent to a CW complex [Mi]. Since 7 /G is a w(m. 1) and Ty — 7 /G
is injective on 7y, by [Spa] 7.8, the above homotopies on maps « show that (7 /G, Tn)
is homotopy to the increasing union of sets (7. Tx ) and hence to the inereasing

union of sets (7y. Tn.). This completes the proof of the Topographer's View.

7.10. How to obtain the Resident’s View. — We have now realised T}, as a
eraph of topological spaces over a graph G,,, and the universal cover as a graph of
topological spaces over a graph é,,. To prove the Resident’s View, it remains to show
that Q;,, is the dual of P,, and that P, is a locally finite partition of a subsct of the
disc. and that P is a partition of the disc.

By 7.4. and the Resident’s View of Rational Maps Space. él, is the dual of Py.
which is a locally finite partition of any connected component of UPy. The stabiliser
in GG of cach compouent of UPy is m(Ty). up to conjugacy. Now supposc inductively
that we have proved this for é,,, P, and (T}

n

). Then consider the case n 4+ 1. So
we have to consider identifications between components of 5‘” and §2,, in §,,+1. Here
¢ is a minimal nonempty pseudo-Anosov node pair of G r1, with w(p) = Ky 41, and
5',,. S:;),, are the preimages of S,,. S-,, in the universal cover g',,ﬂ of S, +1. Let P
be the fixed set of g with p boundary components. Let [¢p] be as in 2.13: this is a
pseudo-Anosov isotopy class on 2. Let [x] = [¢,"]. We can choose x up to isotopy to
preserve two transverse geodesic laminations on 2. corresponding to the stable and
unstable foliations of the pseudo-Anosov. There is a unique g € G (regarding g as an
clement of MG(C. Z). using the anti-isomorphism ®; of 1.11) which equals \ on P.
and is the identity off 2. with zero Dehn twists round components of 9. (The map y
is specified on the two geodesic laminations. which include 9P up to isotopy. Hence ¢
is also specified on 9P.) Let ¢ he the component of

ULC(fo. 1) = [fo. T] = [}
which contains C(p). Here. (1] = [fo.T1]. if = (fo.T1). All components of 9C'
project down to the same geodesic 7 in the unstable geodesic lamination. adjacent
to the compouent of the complement of the lamination which contains v € Z. This
geodesic corresponds to a singular leaf of the unstable foliation of the pscudo-Anosov.
and is fixed by \. Now. considering the action of ¢ € G on the unit dise D. g acts as a
lift of the homeomorphism on C~ Z, fixes all components of OC'. Considering g as an
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element of 7, (S3,) = m(T%,) < 7 (T/G) = G, the closed loop in S5, determined
by ¢ is the once which is freely homotopic to at least one closed loop in S, and in fact
to finitely many, in 1-1 correspondence with minimal nonempty edges v of G, with
v < [pl].

It remains to show that cach component of 9C' is adjacent to a component of UP,,.
which is fixed by ¢g. There is a unique half geodesic ¢t in the stable lamination,
starting from (7, corresponding to a singular leaf in the stable foliation. Let U be
any compounent of D~ C. Then oU NIC is a lift of £ . and by abuse of notation
we write €7 = 9U N OC. Take the lift of ¢ which starts on 9U N OC and lies in U.
By abuse of notation we call the lift (7 also. Let ap be the (umique) endpoint in
AU NID. Then g -y = ar. and for all w € 9D N U ~ {ap ).

(1) lim ¢" - e oC.

n-=——00
We sce this as follows. We can assume that ¢ fixes the start point of /T on /7. We
identify & with a half-geodesic £ which starts on 7. at the same point as 7. and
with a lift in U which starts on 0C" and ends at x. We call lift € also. The lifts and
projections are shown in the diagram.

P

U and C'.

Regarding g as a homcomorphisin of C ~ Z. ¢’'(. the initial segiient of ¢4 ap-
proaches ¢ as n increases. Then regarding g as a homeomorphism of the closed disc.
_q"/T approaches 9C' in the Euclidean metrie. This gives (1). Hence, if U contains a
compounent of UP,, which is fixed by g, then that component must be adjacent to €.
There must be such a component. because the orbits (under G) of such components
are in 1-1 correspondence with minimal nonempty edges v of G,, with v < [p]. This
completes the proof that the graph GV,H ( is the dual of P, 4.

It follows that sets of P, 41 do not accumulate on C'(p), if w(pt) = Kyp41. Hence
the partition P, is locally finite restricted to any component of UP, 4. Finally,
we need to sce that P is indeed a partition of the disc. We already know that any
two scts of P have disjoint interiors. First we show that the open disc contained in a
single component of UP. We use the map

P2 1T (B, ]V, f()) — T (E N 2,7, ’U])
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of 1.12. This is map is trivially surjective. because
p2([t = oq, © fo]) = [a].
Here, we take oy = o | [0.#], a : [0,1] — C. But regarding 7, (C ~\ Z,Z.v1) as a

subset of 8D = C ~ Z. it is clearly dense. Up to homotopy. the path t — o, o fo lies
in 7. /G for some x > 0. It follows that pa([]) € U, where U is a component of UP,,,
for some n. Hence a single component of U,, (UP,,) contains the whole open disc. Any
set in P is in P,, for a least n. So P is indeed a partition.
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TEICHMULLER DISTANCE






CHAPTER 8

L' ESTIMATES ON THE DISTORTION AND THE FIRST
DERIVATIVE OF TEICHMULLER DISTANCE

8.1. All of the following nine chapters are concerned with Teichmiiller distance on
Teichmiiller spaces of marked spheres. Some of the theory generalizes easily to other
Teichmiiller spaces of finite type surfaces. We use the notation introduced in Chap-
ter 6. Thus, if Y  C is finite, then

T(Y) = {¢] : € Hom..(C)}.

Here [p1] = [¢2] if and only if there is a Mobius transformation o such that ooy and
@9 are isotopic via an isotopy constant on Y. We shall occasionally write [¢]y if more
than one Teichmiiller space is being considered. We use the Teichmiiller distance,
introduced in 6.4, defined by

d([¢], [¥]) = illf{% log || x|[qe [x ° @] = [¢]},
where

X llae = K (XMl K (X)(2) = A=)/ p(2).
where A(2)2 = p(z)? > 0 are the eigenvalues of Dx? Dy., and Dx. is the derivative

of x at z (considered as a 2 x 2 matrix). We shall occasionally write dy if more than
one Teichmiiller space is being considered.

The theory says, of course, that the infimum in the definition of distance d above
is attained uniquely by a quasi-conformal homeomorphism y with the following form,
if d([¢]. []) > 0. There are quadratic differentials ¢(z)dz2, p(z)dz? of unit arca with
at most simple poles, at most at the points (V). ¢(Y) respectively, such that if a
coordinate ¢ = & + i1 is given by

()= [Vt
JZo
and similarly for a coordinate ¢’ and p, then x can be expressed in these coordinates
as

E+in— VKE+in/VK.
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Thus, K(x) is the constant K. In this situation,we shall say that q(z)dz? is the
quadratic differential at [p] for d(([¢], []), and p(z)dz? is the stretch of q(z)dz? at
[¢]. We may also say that p(z)dz? is the stretch of ¢(z)dz? by factor VK. It follows
that —p(z)dz? is the quadratic differential at [¢)] for d([¢)], [¢]), and —q(z)dz? is the
stretch of —p(z)dz? at [¢], by factor VK.

The standard proof that the infimum of quasi-conformal distortion is achieved
uniquely gives a bound on the distortion of any quasiconformal homeomorphism Yy,
in terms of how close it comes to achieving this minimum distortion. The bound is,
in fact, an L' bound. Some of the results in this chapter elaborate this principle. We
also use the principle to give a formula for the first derivative of Teichmiiller distance
(for marked spheres). While a general formula is known [Ear], both the formula given
in our special case of marked spheres, and the simple-minded proof, appear to be new.
At the end of the chapter, we specialise to consider the first derivative of the function
d(z,Tx), where 7 is one of the pullback functions on 7 (Y') defined in 6.7.

We want to conserve y for elements of Y. For this reason, we shall write the
standard arca element in the plane in the form

dz Ndz
2i
simply to avoid writing z = = + iy and using dxdy. If it seems reasonable, we shall
avoid writing the area element altogether.

8.2. An Estimate of Quasi-Conformal Distortion. — The following lemma is
gleaned from [Abi], and will prove very useful.

Lemma. — Let Y C C be finite, and let [o], W] € T(Y). Let x, x1 be two quasi-
conformal homeomorphisms with [x10¢] = [xop] = [¢]. Let x be the homeomorphism
minimizing distortion K(x), so that K(x) = K is constant. Write K (x1)(z) = K1(2).
Let q(2)dz? be the quadratic differential at [o] for d([]. [¢]). Then

o dz Ndz
(1), K< /Al(l)|Q(3)1T
with equality if and only if x1 = Xx.

Remark. — The proof is much as it is given in [Abi], where it is used to show simply
that K < ess supK (x1), which clearly follows.

Proof. -— We use the coordinate & + in as in 8.1, and similarly for the range. Write
f= X_l O X1, SO that, if f = fi+if2, x1 = x1.1 +ix1.2 for real f1, f2, x1.1, X1.2, then
1
f1 = —=x1.1.- Then, as in [Abi],
VK Abi]

(2) 1< /‘%,dﬁdm
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and hence

9]
(3) VK < ggldf(h/ < / \/;m{<D(X'1)?D('X'1)C""' ) fjo]] = 1}dedn

< / A(Q)dedn,

where 0 < 1(¢)? < A(¢)?are the eigenvalues of D(XI)ZJD(XI)Q But, for A = A((),
= p(C).

@ A:ﬂm

The squares of the terms on the right are, respectively, K'(x1)(¢) and det D(x1)c. So,
by Cauchy-Schwartz,

(5) ([ M@ean)” < [ Kooagan [ det Dex)edéan,

By the choice of coordinates (with ¢ and p both having mass 1),

(6) /,(letD(,\l)a]&h/ = 1.

Then (2) to (6) give (1), becau:s'e d&dn = (1/2i)]q(z)|dz A d=z. O
8.3. Lemma. - Continue with the same hypotheses and notation as in 8.2. The fol-

lowing holds for a constant L > 0. Let 0(z) be the angle in (—w/2,7/2] between the
directions of mazimum dilatation of x and x1 at z. Then

K< / Kylal - L/|e|‘2<1«'1 ~Dgl.

Remark. — Suppose that K is constant. Let M > 1 be given. Then, by taking logs,
it follows that there are constants C'} (M) > 0, Co(M) > 0 such that, if K} < M then

(el ) < $1og K (1= cran) [ 10P1al).
and if Ky > M then .
(o). () < Flog K1 = C201) [ 16l
The first of these has already been used. in 6.11. .

Proof. The proof is simply a more painstaking version of 8.2. Use the same co-
ordinates ¢. ¢’ as before on domain and range. Let 6'(¢) be the angle between the
“Tand y; ! at x;(¢). Then

Dx;' = (1/0\/E ) ) :

directions of maximum dilatation of y
¢ K

0 i - ) .
D(x1)¢c = \/W(COS() s1n()> (VAI 0 ) ( cosd s1n&> .

sinf’ cos @’ 0 1/VEKi) \—siné cosf
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So we find that, for f; as in the previous lemma,

28 [P (- + (e - ) s

Write

a(¢) = /det D(x1)¢.  b(¢) = Jeos(|0(C)] = [0"(O)].  c(¢) = [sin(¢) sin 0’ (C)].
Then
0<a, b,e, be<l, |afl =1
Write )
(k,m) = / k(C)m(Q)dEdn,
(all functions involved are real-valued), and
[kl = (k. k).
So

VK + \/K/ — l)df(h} <\/Ea,b+ (%1 — 1)(:>.

So by (2) of the lemma,
= > 1
VK < <\/ Kia. b+ (A—,l — 1)(‘>.

So we obtain

(VEKi.a) = VK > <\/r'1(1.1—b—|— (1 — [\1,1>('>.

Now for any k, m,
_ [Hbllk — Q1AL |
20\ k[ ]|

Apply this with k = a and m = VK. Remember that ||a|| = 1. We write

A=lml = \/ﬁ

)\——\/E:<\/_1,(1> \/—_—i—)\—(a \/E)
> (VEia1- b+ (1-%)c>+%nm— VE|.

The righthand side is a sum of positive terms. We now assume that A/ K is bounded,
because otherwise the proof is finished. So if we write VKJ = A — VK, we obtain,
for a constant M,

[Vkl| [frnel} = (k)

|Aa — VE|| < MVE 6.
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So
><\/Ea-,1—b>:</\a.@/\l__ﬁ>
- 5117 [ Kia-n - eValVEG - )

for constants C'; > 0, Cy > 0. Since (1 —b) < (1 —b)'/? < 1, we deduce that

/ Ki(1 —b) < MyoK.
Similarly. we deduce that
/(K, —1)e < M3dK.
So we have '
/ K10 — |0'|]* < M4SK, /|9()’](K1 —1) < MyiK.
Now write
017 = 16116"| + 0](16] — 16"]). T = / 0] (K — 1).

This gives, using Cauchy-Schwarz,

I < MK + /MOKVI.

So I < M50k, that is,

/19] (K1 —1) < M3K6 < A/MTE(W— ﬁ) < L7 (/Kl — K),
as required. O
8.4. The Derivative of the Teichmiiller Distance Function. — Let [¢] €

T(Y). Let h = (h(y)) € CY 1>} with all ||k We define [¢ + h] to be
[p'] € T(Y) close to [¢] in the uniform topology, w1111 O(y) = o(y) + h(y). To
simplify subsequent notation. if oc € Y, we define h(oc) = 0. Similarly, we write
[¢) 4+ h']. Thus we have charts round each of [p], [¢)] in 7(Y). Fix any ¥; C Y such
that Y~ Y] contains 3 points, and oo ¢ Y;. Then

{ly+ 0] :h(y) =0fory¢Yi}

is a very natural chart for the complex manifold structure of 7(Y) at [¢]. Of course.

such simple charts are not available for Teichiniiller spaces of other finite type surfaces.

Using these natural coordinates. we now give a formula for the first derivative of
Teichmiiller distance. The formula obviously recalls the result of [Ear]. that the first
derivative is essentially given by the quadratic differential. Since Earle’s result was for
the Teichmiiller space of a general finite type surface, it naturally used the formalism
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of Beltrami differentials, and the duality between quadratic differentials and Beltrami
differentials. But there is no reference in the following statement, or in the proof, to
Beltrami differentials.

) > 0. Let g(z)dz? be

The Derivative Formula. —— Let [p], [W] € T(Y) with d([g]. [¢]
22 be the stretch of q(z)dz?

the quadratic differential at [@] for d([]. [¢]). and let p(z)d=
at [Y]. Write
I (h.q) =27 Re ( Z Res(q. o(y) /1(1/))

yey

Then
d(le + bl [0 + 1)) = d([&]. [¢]) + L1 (h.q) = Di(B'. p) + o(h) + o(h).
In particular, (@, ) — d(w.¢) is differentiable.

Proof. — Tt suffices to prove the formula with A" = 0. provided the o(h) and o(h’)
terms arc uniform on compact subsets of ([¢]. [¢]), because

Al + ). [0 + 1) = d([¢ + ). [ + B]):

This is the familiar fact that a function with continuous partial derivatives is continu-
ously differentiable, together with the fact that —p(z)dz? is the quadratic differential
at [¢] for d([g], [¢]), with stretch —q(2)dz? at [p]. So we are using the continuity of
the map
([#). []) = (a(2)dz". p(2)d=?).,
which is proved, for example. in [Abi].
Furthermore, we need only prove that

d(p + b [0)) < d(e. () + T () + o(h).

again, provided the o(h) term is uniform on compact subsets of ¢. For let ¢ (z)dz?,
p1(2)dz? denote the quadratic differentials at [¢ + h], [¢] for d([p + A]. [10]). Since ¢
is close to ¢ for small h, we obtain

d([), [¢]) < d([¢ + bl [¢]) = I1(h.q) + o(h).

which gives equality, as required. We shall also assume that all residues of ¢(z)dz?
at points (V) (y € Y) are # 0, since the result will then follow at points with zero
residues by continuity. (This is just for convenience: it is not hard to do the exact
calculation in that case also.)

We use 8.2. Let y and K(yx) be as in 8.2. Note that K(x) is constant, and,
as in 8.2, we write X' = K (x). We shall construct a family x; of quasi-conformal
homeomorphisms with the following properties.

1. Xo = X, (e + h)(w)) = ¢ (w)

(1 A (l,a

2. /<K<,m<~> K)lg| S 1w
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is real-analytic in h.
3. |K(xn)(2) — K| = O(h)

uniformly in z, h and = 0 near the poles of q.
Let g denote the quadratic differential for the minimising quasi-conformal home-
omorphism from [p + h] to [¢]. Then 3 will imply

[ (5 o) = B)lan Z5 = = 1) + o)
This will then imply, by 8.2, that
I(h
i+ . ) < dlel. [01) + D2 4 on).

It is probably worth noting that this alone implies that (1] — d([¢1], [¢]) is dif-
ferentiable at [¢1] = [¢] with derivative DI(0). So any mistakes in our subsequent
calculation do not greatly matter. Anyway, the result will be proved if we can con-
struct xp so that. in addition,

1. I(h) < 2K 1, (h, q).

We shall, in fact, work locally. Fix y € Y and assume without loss of generality
that o(y) = ¥(y) = 0. Also assume without loss of generality that Res(q,0) =
Res(p.0) = 1. We write h for h(y), and for ¢ > 0 sufficiently small we consider |h| < ¢
only. Then it suffices to construct

Xh : C —C
with the following properties.
5. xn = x except in {z: |z| < ri}.
6. xn(z) =x(z—=h)in{z:|z] <ro}
1 dzndz
7. / (K (xn)(z) — I&)m(z—L =4nK Reh + o(h), [|K(xn(z)— K| = O(h).
JA

Here, 6 < ryg and ry is small, and A = {z : ro < |z] < r1}. Then x,, is defined as
follows.

xn = (1= f(2))x(z) + f(2)x(z = h)
where

rn — ‘Zl

f=1lon|z|<rg, f=0onl|z|=2r, f[f(z)= for ro < |z] < ry.

T —To

It remains to prove 7. It is convenient to consider the functions ¢, and { = (p, where

(=% = Vxa(2).

SOCIETE MATHEMATIQUE DE FRANCE 2003



124 CHAPTER 8. L' ESTIMATES ON THE DISTORTION

Thus, K (Cn)(21/2) = K(xn)(z) for z # 0. The advantage is that ¢ is given in |z| < ri/?
by a (real)-linear map with matrix

(JUK 1/3?) -

Let A’ be the double cover of A. If t(z) = z'/2 then the determinant of ¢ is 1/(4|z]).
So it remains to prove

s [ K@) - 1)

Now we see that
() = () + :5(22) ((o(=- 52))" = () + 00y

We can rewrite this as

dz/\dz

=7n7K Re(h) +o(h), [K((n)(z)— K| =0(h).

Ch(z) = ((2) = F(2) D¢ (ﬁ> +O0(h?),

where

and D, denotes the derivative of the (real)-differentiable function ¢ at z. Write

C 3) = EB(z) = D(Gn = Q)

Thus, for fixed h, a, b, ¢, d are functions of z.
8.5 Lemma. - K((,)(z) = K+ VK(a— Kd)+ O(h?).

Proof
trace(D + EYT(D + E) = K + [ + 2(@\/K+ \/_IT—) + O(h?),

det(D+ E) =1+ \/—1_5 + dVK + O(h?).

The ratio of these is s + s}, where s = K((3,)(2) is the distortion. Then
¢

1 d
s+ —-Ix—l——,—!—?a\/l-Aa K- —dKVEK — —— + O(h?).
oy K RV N
> 1 11 1
S+;:]\+E+\/—?<A K>(

Writing s = A’ (1 + p), we have

,u,(K - 71\;) = \/% (K - %{,)(a — Kd) + O(h?),

which gives the required result. O

a— Kd)+ O(h?).
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8.6. Now we return to the proof of the derivative formula, that is, of 8 of 8.4. Then
it remains to prove

/ VK (a— Kd) = KxRe(h) +o(h), |a— Kd| = O(h).

Write
G(z) = Culz) = ¢(2).
Of course. G depends on h, but we simplify the writing. We have

0G L 0G L 9G 0e
0z oz 0z 0z
So oG oG
VE(a - Kd) = VK Re ((1 ~ K)o+ (14 K) 0_)

Now we have
z) = (\/F +

and for any complex number w,

D¢w = (g—cw + %u)

(K ‘1)1).

o5 (4) - g+t

G(z) = L(z) + M(z) + O(h?),

It follows that

where
1 . _ i —
L(~) = m((}\ + 1),LZ + ([\ - l)h,Z),
oy T NN
M(z) = o= m)ﬁ((h +1)7 + (K 1)3)
Then
— oL . OL 1 . . -
VE Re ((1 — K+ A);_) = oy Rl + 1)2h — (K — 1))
__K Re(h),
T —To

independently of z, and

- OM OM (K% - 1)ry h h
VERe((l-F l1+K)—)=-——"—Re(—= - =) =0.
CRe (1= 1) + (14 K) 5 40 = 10) Re(-z) =0
So a — Kd is actually constant on A’, up to o(h) (and < O(h)). So

| VK (a — Kd) = 7K Re(h) + o(h),
Jar

as required. O
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Remark. — An argument in the same spirit can be used to obtain the semi-directional
derivatives of (p,v) — d(p, ) at a point ¢ = .

8.7. Corollary. — There is C > 0 such that the following holds. Let Y C C be finite
with {0,1,00} C Y and #(Y) > 4. Let [yn], [t2] € T(Y) and let d([t1], [12]) < €.
Given y € Y ~ {0,1,00}, normalize so that 0, 1, oo are fized by V1, 2, and assume

without loss of generality that 1y (y) is bounded and bounded from 1. Then
1) — 2]
1 (y)]
Remark. -— Although this is obtained as a corollary of the Derivative Formula, it is,

of course, well-known.

Proof. — We can assume without loss of generality that Y = {0,1,00,y}. Then the
quadratic differentials of integral 1 at [11] are all of the form (q(z)dz? for |¢| = 1
and a fixed q. Let Res(q,v1(y)) = A. Then A (y) is bounded and bounded from 0.
Let [¢¢] be such that d([v1]. [pc]) = 1 and (q(z)dz? is the quadratic differential for
d([¢1], [¢c]) at [¢1]. Then consider the function
Fe([0]) = d([¥]. [c])
near [¢p] = [¢h1]. We see that
Fe([ve]) — Fe([on]) < e
By the first derivative formula, we deduce that
| Re(AC(2(y) — w1 (y)))] < (1 +o(1)).

Since this is true for all || = 1, the result follows. O

8.8. We now give two results which we shall use later. See, in particular, Chapter
17 and 25.2. These are both results about quadratic differentials for nearby geodesics
or quasi-geodesics. The results are basically consequences of 8.3, but 8.7 is used in
the first result.

Close Points Lemma. Let [p], [n], [we] € T(Y) with 1/M < d([¢], [¥1]) and
d([tn], [¢2]) < €. Let i be the homeomorphism minimizing distortion such that
[noy1] = [¢e]. Let gj(z)dz? denote the quadratic differential at [p] for d([¢], [¥5]),

and let p;(z)dz? be the stretch of q;(z)dz* at [v;]. Let 6, 0" be defined a.e. on C,
with values in (—mw/2,7/2], by

0(z) = 3(arg(qi(2)) — arg(ga(2))),
0'(2) = L(arg(pi(2) — arg(pa(2)).
Then for C depending only on M, and j =1, 2,

[ 16710, < .
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Now let go be < the Margulis constant. Let S be a component of (C ~ 1 (Y))se, or
(C ~ ¢ (Y))eey. Take a suitable normalisation as follows. Let {0.1,00} C ¢ (Y)
with 1(0) = ©¥o(0). vi(1) = vu(l). Yi(ox) = (). If S is a component of
C 1 (Y))sey. let these three points all be in different components of C~ S. If S is
a component of (C~ vy (Y))<z,, let T be an adjacent component of (C~ ¢ (Y))se,

and let the three points all be in different components of C ~ (SUT). Then if e > 0
is sufficiently small given gy, and j =1 or 2.

[ 10l < ce.

Proof. — Let x; be the quasi-conformal homeomorphism of minimal distortion with
Ixj o] = [¥;]. Let n minimize distortion with 5o 4] = [¢»]. Then 6 is the angle
between the directions of maximal dilatation of x1, x2. Then 6 + O(/2) is the angle

between the directions of maximal dilation of x1 and 77" o x4, or of y» and 150 y1. To
see this, let » be a unit tangent vector at z in the direction of maximum dilatation

for xs, let v be a unit vector, perpendicular to v and let
v = (cos ) + (sina)vt
with || < 0. Then for a constant C7 depending only on M,
[D(x2): ()] < [ID(x2)= ()| (1 = C16?).

So there is a constant Co such that. if ©" makes angle > Cy /¢ with v, then v/ cannot

"o x2. The bounds on the integrals

be in the dircction of maximum dilatation of 7~
of #” then follow dircctly from 8.3.

Now let S be a component of (C~ (Y ))se, or (C~ v (Y))<.,, normalised as
explained. Isotoping » if necessary, but keeping the distortion 1 + O(g), and keeping
[oyn] = [¢2], we can ensure that » is within O(¢) of the identity in the C'' norm. If
S has only three complementary components, this is trivial. Otherwise, we use 8.7.
Then ¢ + O(/2) is the angle between the directions of maximum dilatation of x;'.
X5 ' 0. and 6" o1 + O(/Z) is the angle between the directions of maximal dilatation

of xo ' and y; ' o5~ '. Then the results follow directly from 8.3. O
8.9. Triangular Lemma. — Let o, Uy, o, 0, q1, p1, q2, p2 be as in 8.8, but this time,

let both d([¢]. [¢¥1]) and d([yn]. [v2]) = 1/M. Let x; (1 < i < 3) minimize distortion
with [xi o] = [Wi]. i =1, 2. and [x3 0 1] = [¢a]. Write

d(le]. [n]) + d([un]. [v2]) = d([¢]. [¥2]).

Let g3(z)dz? be the quadratic differential for d([y)], [v=]) at [¢1]. Let

£

Il

0" = L(arg(qs) — arg(p1)).
Then

(1) /}91%1 < Ce
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(2) / 10 0 xa Plaa| < Ce

3) /w' o x5 Plpel < Ce.

Proof. Write K; = K(x;), j = 1, 2 or 3. These are all constants. We shall obtain
(2) first, by an application of 8.2. Note that K (x3 0 x1)(z) is A? where A2 > A2 >0
are the eigenvalues of A*A where 6”7 = 6’ o x| and

A VK 0 cos "’ —sinf” VI, 0
0 1/VK3/ \sinf" cos8” 0 1/VK,)~

Then
A2 4 A2 = trace A'A = (K K3 + (K1 K3) ') cos® 0 + (K1 Ky '+ KyK; 1) sin® 0"
So
NN SR Ky + (K K3) ! — Cob" Ky (K3 — K3Y).
So
K(x10x3) =\ <K K3(1 —C10"%).

By 8.2 we have

Ko [ Kookl < Kk (1-01 [ 0006 al).
Since
d([]. [¥n]) = 5 log K. d([]. [2]) = 5 log Ka, d([¢n], [ih2]) = 5 log K,
(2) follows. Then (3) is exactly similar, with [¢] and [¢2] interchanged.
We shall obtain (1) by an application of 8.3. Let 6, be the angle between the

directions of maximal distortion of yg and x3 o x1. To obtain (1) by an application
of 8.3, it suffices to show that

(3) 0 =0+ 0(0").

This seems natural, since 0; = 6 if ¢ = 0. Arguing much as in 8.8, let v be a unit
tangent vector at z in the direction of maximum dilatation for y;. Let v1 be a unit
vector, perpendicular to v and let

v = (cosa)v + (sina)v
with |a] < §. Then for a constant Cy depending only on M,
ID(x1)= () < 1D Ox)=(0)[[(1 = C162).
Then if K16 = C3]0”]. we obtain
1D (xs © x1):()IF < 1D (xs © x1)= (0]l

So if ¢/ is in the direction of maximumn dilation of y3o0x1. we must have § = O(0” /K ).
which gives (3), as required. O
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8.10. Pullback and Pushforward of Quadratic Differentials. — Let ¢(z)dz?
be a quadratic differential on (C,Y). This means that any poles of ¢ are in Y, and
are at most simple. Let s : C — C be holomorphic. Then s*q(z)dz?, the pullback of
q(2)dz? under s. is defined by
s q(2)dz? = (5'(2))q(z)dz2.
Then any poles of s*¢(z) = (5'(2))%q(s(2)) are in s~1(Y), and arc at most simple. So
s%q(2)d=? is a quadratic differential on (C. s~ H(Y)).
We define the pushforward s.q(z)dz* of q(z)dz* by

= 2 e

s(w)=z
if z is not a critical value. Then s.¢ is meromorphic with poles at most at the critical
values of s and the images under s of the poles of ¢. 1t is easily checked. that. since ¢
has at most simple poles, so does s,.q. In fact, if § > 0 is sufficiently small.

./|:~1,_-5(/4 b)seq(z)dz /“_“ l

s (w)
Therefore s,q(z)dz? is a quadratic differential on (C. s(Y)). Furthermore:
Res(s*q.a) = Res(q. s(a)) - s'(a).
Res(s.q.0) = Z Res(q/s’ . a).

s(a)="b
Both formulae are pretty casy. The scecond needs a change of variable, like the one

/|_ A Z ((/I(‘l’[ Z /k

=0 s(w)=z s(a)=b

v = 0.
s()=b"

above. Thus

—al=9 s’

which gives the result. Note also that if s has degree d. then

/'| |</1| 1/'m
S.q| < ql = - s%ql.
‘ ] ' q (/. ]

Equality holds in the lefthand inequality if and only if all terms g(w)/(s'(w))? in
the sum defining s.¢(z) have the same argument. In this case. thov must also have
the same modulus. Q() lefthand equality holds if and only if ¢ = (1/d)s*(s.q). The
equality ¢ = (1/d)s.(s*q) always holds.

8.11. The derivative formula for d(x.72x). — Let 7 : T(Y) — 7(Y) be a
pullback map for a space B(Y. fy). as defined in 6.7. We have seen that. roughly
speaking,

T(le]) = 57" opo fo]
for a suitable holomorphic function s, given ¢. Then we have the following. We use

local coordinates as in 8.4.
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The Derivative Formula for d(xr.1.x). Let q(2)dz?% be the quadratic differential at [¢]
for d([@], 7([]) and let p(z)dz? be the streteh of q(z)dz? at 7([9]). Then

Ao+ 1.7 + b)) = d(le], 7l + 1)) + 27 Re (37 Res(a = sap o ()h()) + olh)
yey

Proof. It suffices to prove this formula for i = (A(y’)) where. for just one y € Y,
h(y) # 0. Of course, we normalise so that. for this y, ¢(y) # oc. Then write h(y) = h.
Write [¢'] = 7([]). Let s be the holomorphic branched covering with [v'] = [s Yoo fy]
(by abusc of notation). Then there is a holomorphic branched covering sy,. depending
on h and the choice of y € Y, such that
m([p+ 1)) = [s;" oo fol.

If y is not a critical value of fy then s, = s. In any case, h — s, and h — k(h)
arc holomorphic functions in 2 near 0. We normalise again so that. for & = (k(y')),
k(y) = 0if v (y') = oc. This essentially follows from the Riemann Mapping Theorem.
There is a quasiconformal homecomorphism y of distortion 1 + O(h) mapping ©(y) to
w(y) +h and fixing ©(y') for ¢’ € Y ~ {y}. Then we consider the covering space of C
using the branched covering x o s, with a complex manifold structure with respect to
which \ o5 is holomorphic. The covering space is conformally equivalent to the sphere.
with holomorphic covering map s,. Clearly, s, is unique up to right composition by
a Mobius transformation. Then s;] oy o s also has distortion 1+ O(h). It follows by
8.7 that the critical points of s, are within O(h) of those of s. after right composition
by a suitable Mobius transformation. So I+ sy, and I — k(W) are Lipschitz. But s,
and A(h) ave implicitly defined by a set of holomorphic functions. So h +— s, and
ho— k(h) arc holomorphic near 0.

We obviously want to apply the general derivative formula 8.4. This means that if
([ + 1)) = [¢ + k]. we want to show that

Z Res(p. (' Nk(y') = Res(sep.o(y))h.
y'ey
But o
sep(z) = Z M
EY. Py ) Ex - vl
So by the formula of 8.10 for residues of s,p. it suffices to show that for ¢ € Y,
w(y') # .
(1) k(y') = Z hRes((s(2)(z — () ow(w)).
Jolw)=y
We now know that & = O(h). Since h +— s, is holomorplic, we can find polynomials
r. t, o, 3. where deg(/3) < deg(t) and r and + have no common factors such that
r 7+ ha + O(h?)

ot —rf3 N
s=1 g = e S ) T o).
S=T S Tgroue S thegE o o)
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Of course, o = 3 = 0 if y is not a critical value of fy. Now for 4/ € Y,

(2) sn((y') +k(Y) = o(foly") + 0oy, 1,0)
where 9, ,, denotes the Kronecker 4. Write
at — fBr

2
Then expanding (2), and using s(¢¥(y')) = ¢(fo(y')), we obtain
(3) ' (WY NEWY) + iy (") = hdy ) + O(R?)

Suppose that ¢ is a critical point of fy of multiplicity m. Here, multiplicity m = 0

v =

means that 3’ is not a critical point. Then
s (y) = sl(j)(’lj)(y/) + k@) =0, 0<i<m, s""T(y)) #£0.
Expanding, and using k(y’) = O(h), we obtain
YD Wy) =0, 0<i<m,
k(y)s T ((y") + by ((y') = 0.
Thus, (1) reduces to: if ¢’ is critical of multiplicity m (including m = 0),
(m) nen
(4) S Res((5/(2)(z — () b))+~ W)

Jo(w)=v SR )
For this, we consider the function
(=)
s'(2)(z —¢(y)
By the choice of v, this function is meromorphic with poles only at points ¢(w) for
fow) = y and at ¥ (y), and is O(1/z?) for large z. So the residue sum is 0. Moreover,
(v —1)/s" is holomorphic at points ¢ (w) with fo(w) = y. So the lefthand side of (4)
is the residue sum, as required. O
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CHAPTER 9

PRODUCT STRUCTURE
IN THE THIN PART OF TEICHMULLER SPACE
AND TEICHMULLER DISTANCE

9.1. Product Structure in the Thin Part. — We continue to use 7 (Y) to
denote the Teichmiiller space of a sphere C with finite set Y of marked points. Let I’
be a set of disjoint simple nontrivial loops in C Y. As in 6.5, we write

T(I',20) = {[¢] : p(7) has length < g for y € T'}.

Here, length is with respect to the Poincaré metric on C ~ ¢(Y). Having fixed a
suitable €g (< the Margulis constant), the thin part of 7(Y) is the union of all such
sets 7 (I, ep). There is a particularly simple way to give a component of the thin part
of T(Y) a product structure, as follows.

Let 3 denote the set of all loops of I', and of all components « of C ~ (UT') such
that o Y is not an annulus. We call such components gaps, as in 2.13. We choose
a set A(a) C Y such that each component of C ~\ « contains exactly one point of
A(w«). For v € ¥NT, we choose A(vy) C Y containing exactly two points on each side
of v. If § € ¥ is nearest to 7 on one side, the two points of A(v) on that side are in
different components of C ~ S. If v C dav, we also choose A(a) and A(v) to intersect
in three points. This is possible, by starting with some S or v € ¥ and then working
outwards from this base. Let [¢] € 7(Y). Then we have a map

7(V) — [] T(A(e)
ael
given by
[p] — ([¢al),
where [pq] is the class of [p] in T (A(a)). We write 7, for the projection into 7 (A(«)).

It is not clear that the map (7, ) is a homeomorphism. However, if we now restrict
(ma) to T(I',6) for § sufficiently small, it becomes injective (and hence open). The
reason is roughly as follows. Each point of Y occurs in at least one A(a). If a
and 3 are an adjacent loop and gap, then A(a) N A(3) contains 3 points. Hence, if
[pa)] = [¥a] for all a, we can normalise so that o(Y) = ¢(Y), and if v € T, then
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@(77) = () up to isotopy. So 1)~ ! o is defined, and fixes all loops and gaps of T', up
to isotopy. Then 15! o, is isotopic to the identity via an isotopy preserving A(«)
for each gap or loop . This means, in particular, that ¢! o ¢, has zero Dehn twist
round each loop o of T'. So [¢] = [¢].

If « is a nonperipheral loop, then A(a) contains precisely four points and 7 (A(«))
identifies isometrically with the upper half plane. To make an identification we need to
choose two simple nonperipheral nonisotopic loops a1, e in C~ A(a) which intersect
precisely twice. It is natural to choose oy = a. There is some choice for as, but we
choose it so that intersections between o and ap are positively oriented. Having chosen
these loops, we can define a torus branched cover of each [p] € T(A(«)) such that
the covering map is a homeomorphism from each preimage loop onto o and a double
covering of a single preimage loop «o onto «g. Let the covering transformations
determined by « and ay be z +— z + % and z — 2z + a. Then Im(a) > 0. Then
[p] — —a is our chosen identification of 7(A(«)) with the upper half plane. It may
seem perverse to take —a rather than a, but this ensures that right action on 7 (A(«))
by the mapping class group of the torus translates to left action on the upper half
plane by SL(2,Z). So we can identify m, with a map from 7(Y) to the upper half
plane. If we restrict to 7 (Y )(I",d) then the image is open, and contains a half plane
of the form

z:Im(z) > (272/6) — C}

for a suitable C' > 0 independent of §. We have chosen this normalisation because,
if [p] € T(Y) and the geodesic homotopic to ¢(w) has length §; for 61_1 - SJ] >0
and bounded from 0, then 272/8;, + O(1/2y) is also the modulus of the component of
(C~ w(A()))<e, homotopic to w(a). In future, especially from Chapter 16 onwards,

we shall often use the quantity

ma([]) = log Im(7a ([¢])-

Let C > 0 be suitably chosen. Let 1/8’ = 1/6 — C. We see that a point ([¢4]) in
the image of 7(I',d) is in the interior of the image if [pa] € (7 (A(@))>s for all gaps
a and [ps] € {z : Im(z) > (272/5) — C}. Each such set is connected. It follows that
the image of 7(T',§) contains

[T @A@)zs x [ {z€C:lm(z) > (27°/6) — C}.

@ a gap « a loop

9.2 The Teichmiiller metric as a maximal metric. — Let d, denote the Te-
ichmiiller metric on 7 (A(«)), and dy the Teichmiiller metric on 7(Y). Then d, is
a semimetric on 7 (Y), that is, nonnegative, symmetric and satisfies the triangular
inequality, but it is possible to have d,(z,y) = 0 for x # y. Then, clearly,

da < dY‘
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This chapter is concerned with refinements of this. We consider how to estimate
Teichmiiller distance in the thin part of Teichmiiler space using the natural product
structure there. The very rough idea is that the distance dy- is approximately the
maximum of the distances d, on 7 (I'. ey). We give a procedure for estimating distance
depending on precisely what coordinates in the product give dominant distance. These
results are summarised in the Same Shape and Maximal Distance Lemmas.

9.3. Subsurfaces, semimetrics and associated quadratic differentials

Definition of Subsurfaces. Let o = [p] € T(T. 2). with = < the Margulis constant.
Let X denote the set of loops and gaps (as in 9.1). We shall usually write S = C~p(Y).
Then S-o. denotes the set of points through which it is possible to draw a nontrivial
and nonperipheral closed loop of Poincaré length < =, and S>. = S~ Sc.. Then
for a € X, we define S(a.[p]. 2)- also called S(A(a).[]. ) as follows. If a is a
loop. then S(a. [2].2) is the component of Sc. homotopic to p(a). If «a is a gap.
then S(a. [¢].€) is the union U of components of S=. and S—. homotopic to @(a).
with components of S>- adjacent to QU. In particular, if 4 C da is peripheral, then
S(av. [¢].2) includes the component of Sc. homotopic to (7). We may write S(a)
it ¢ and [p] are fixed.

We can also define S(A. =) for any A C Y: we take S(A) to be the union of all
components T of S». and Sc. such that eachi component of C ~. T contains a point
of A, and at least two points if T'is a component of S« . If A = A(«). this definition
agrees with the previous one. Of course. if A C A C Y. then S(A7) € S(A).

Let U be any connected subsurface of S such that 90U € S-- consists of round
circles up to bounded distortion (under the natural normalisation of S<.). We shall
sowmetimes choose A(U) C Y to intersect cach component of €~ U in precisely cither
one or two points. If U is an annulus A(U) will intersecet cach component in two
points. If U is not an anmulus, then A(U) will intersect each component in one point.
Then

S(AU)) € U.

Semimetrics and Other Metrics. For any Y/ C Y, we have a natural projection
T(Y) — T(Y). and consequently a semimetric dy on 7 (Y'), which also identifies with
the Teichmiiller metric on 7(Y’). If Y/ = A(«). we shall also call this semimetric d,,.
If U = S(Y’) (as above). we shall also call this semimetric dir. More generally, for
any U for which we can define A(U) (as above) we shall write dyy = d 4. Of course,
this depends on the choice of A(U), but in fact the different choices do not change dy:
much.

Quadratic Differentials. For any Y/ C Y, let myr : T(Y) — T(Y’) denote the
natural projection. For any [p]. [¢] € T = T(Y), there is a quadratic differential
gy (2)dz% at wy ([p]) for dy([p]. [¢]). (See 8.1.) This can also be regarded as a
quadratic differential on C,p(Y)), since poles occur at most at the points (YY) C
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©(Y). One of the subjects of this chapter is the relationship between gy (2)dz? and
the quadratic differential ¢(z)dz? at [p] for d([p], [¢]).

9.4. Good Boundary, the Pole-Zero Condition, and Dominant Area. — We
need to make some definitions which we shall use several times. Let & = [p] € T(T.¢)
and S = C ~ (V).

We say that a subsurtace U has Cy-good boundary it OU C S<.,, and all components
arc images of planar round circles under maps with derivative of modulus between
Cp and Oyt We say that an aunulus T C S is a Co- good shape annulus if T is an
annulus with good boundary of modulus > 'U_l. There is Cy such that. whenever
2o 18 sufficiently small. there are (j-good shape annuli adjacent to cach boundary
component in every component of Sc.,. The constant Cy is independent of [¢], and
even of Y. This follows from standard distortion results for univalent functions. Sce.
for example, section 2 of [R2]. We say that a subsurface U C S has Cy-good shape
if U contains disjoint cmbedded Ch-good shape annuli adjacent to cach component
of QU .

From now on in this chapter, we fix Cy and g4 > 0 such that Ch-good shape annuli
exist in Sc., adjacent to boundary components, and we shall simply talk of good

shape.

Areas. Lot ¢(2)dz? be a quadratic differential at [p]. If v is a gap. of T and U € S
is a subsurface, let a(a. U. ) denote the g-arca of U, that is,

/ )
JU

We write a(o, U) if it is clear which quadratic differential is being used. If v is a gap,
write a(a) = a(a. S(a. [@].20). q) i €0, [¢] and ¢ ave fixed. We may also write a(a. ¢).
and so on. If a is a loop. let a(a) = ala.q) = ala.s.q) denote the minimal area in
S(ev. [¢], €) of a good boundary annulus of modulus 1.

Pole-Zero Condition. It D c S, let pr. zp be the nubers of poles and zeros of ¢
in D. Then we say that U C S satisfies the Pole-Zero Condition (for ¢) if. for every
component D of C~ U. if U is not an annulus.

ro —zp < L
and if U is an annulus,

P —ip =2
Let U C S with good boundary. First suppose U contains at least one component of
Sz, We say that U has C'-dominant arca for ¢ if the following holds for any good
shape annulus 7 C U adjacent to the houndary of modulus < Cy and any good shape
T' C Q separated from QU by at least some points of S».:

Cra(T, g

1a(T. q) <
a(T’. q)
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Now let U C S(a.gp) for some loop «v, and be homotopic to S(a,=y). Then U has
C1-dominant arca for q if U satisfies the Pole Zero Condition for ¢ and has modulus
> ma(l —1/C)). Here, my = ma([p]) 1s as in 9.1,
Boundedly Proportional. Again, fix a suitable Cy > 0. We say that ¢ and gy are
boundedly proportional on U if there is a constant C' > 0 such that the following holds
for any good shape annuli 7. 7”:

a(T’.q) - a(T". qr) o Ca(T".q)

Ca(T.q) = a(T.qu) = a(T.q)

We are now ready to start stating and proving results about the closcness of

quadratic differentials for d and d,,.

9.5. Same Shape Lemma. Let Cy be given. Let Cy and C) be sufficiently large given
Co. Let [@]. [0] € T(Y). and M = Slog K = d([¢]. [¢]). Let q(z)d=? be the quadratic
differential at [©] for d([p]. [v)]). Let S = C~ p(Y). Take any connected good shape
U C S. satisfying the Pole-Zero Condition. such that each component of U M S<-,
which adjoins QU has modulus = C (M 4 1). Let Q@ be U minus a good shape annulus
of modulus C'y (M +1) adjacent to cach boundary component. Let Q have Cy-dominant
arca for either q or g .

Let ¢y (2)dz? be the quadratic differential at [p] for di([o]. [¢)]) = % log Ky. Let 01(2)
denote the angle between \/q(z) and \/q\(z). Let b be the marimum of the a(T,q).
and by the maximum of the a(T.qy). for T running over the annulus components of

U~Q. Then
(1) N+ 7Y (K —1) / CANAESY
(2) K< K+ Clb(K—1) — (K — 1)/ 1012 |qu -

Also, ¢ and g1 are boundedly proportional on Q. Let T C Q be of good shape. and
of modulus < Cy. if an annulus. Normalisc so that T is bounded. and at least two
boundary components have diameters bounded from 0. Let a(T.qy) = ay. Then any
zeros of q in T are distance < CU\/bi/ay from the same number of zeros (up to
multiplicity) of qi. and similarly with ¢ and q, interchanged.

Proof. (1) is immediate from 8.3 (although the roles of ¢ and ¢; have been inter-
changed). In fact, to get (2). we shall also use 8.3, this time with ¢ playing the same
role here as there. Let B = U~ Q. Let y. \1 be the quasi-conformal homeomorphisis
with [x o @y =[]y, [x1 0@]awn = [W]a@y. Then we claim that we can construct
a quasi-conformal homeomorphism o which is y; on (. and y on C ~ U, aud with
K(x2) =1+ O(KN — 1) on B. We shall do this in the lemna below. Then 8.3 gives

K < /_ Klq| + / Kilgl +a(UN Q)+ C3(K —1)b— Cy(K — 1) / 16117 1q].
JCu JQ JQ
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This gives
(3) / Klq| < / Kilg) — Co(K — 1) / 101 1%q] + b + C3(K — 1)b.
Ju JQ

Note that a(C ~ Q.q1) = O(b;). So we can derive (2) from (3) if, for a suitable
constant Cly,

_bl_ < a(Q.q1) < by

(&) a(Q.q) b

So it remains to show that ¢ and ¢; are boundedly proportional on @ (sce 9.4). If U

(4)

is an annulus, this is automatic, by the Pole Zero Condition. So now suppose that U
is not an annulus. Then we shall prove (4) by proving (4) for good shape surfaces
T C Q. by induction on the distance of T from QU. If T is an annulus. we take it
of bounded modulus. The idea is that if ¢ and g7 are boundedly proportional on T’
adjacent to T'. then they are also boundedly proportional on T with a somewhat worse
bound., which we can then improve. Let T C @ be any good shape surface which is
cither a component of Ss., or bounded modulus annulus in S, N Q). Normalise so
that 7" is bounded. and at least two components of C ~ T are bounded apart. with
diameters bounded from 0. Then by (3)

(5) / 16:1%]q] < Csb/Cy.
Jr

If 77 is a component of U ~ Q. and T C Q is a good shape annulus of modulus
adjacent to T7. then a(T7.¢) = O(a(T”. Q) by the Pole-Zero Condition for ¢. By the
inductive hypothesis, and the C'j-dominant area condition for ¢ or g;. we deduce from
(5) that C30/C'y = o(a(q.T)) if (' is large cnough. So any zeros of ¢ in T are close
to zeros of ¢ in the normal plane metric. and vice versa. It then follows inmnediately
that ¢ and ¢, arc boundedly proportional on T. with a better hound. and we can
continue the induction. Let a; = a(T. ¢1). as in the statement of the Lennma. We also
obtain, by Cauchy-Schwartz on (5). and using bounded proportionality of ¢, q:

(6) /W Ngr] < Cyv/bray.

The bound on the distance between zeros follows immediately. So the last statement

of the lemma is also proved. O
9.6. Lemma. Y2 can be constructed as in 9.5.
Proof. Continue writing S = C~ p(Y). and also write S = C~ ¢ (Y). We need to

construct y» on cach component T of U ~ Q. to be x; on one boundary component.
and y on the other. Normalise p and ¢ so that the boundary component 9 of S
homotopic to T satisfics

2

0 C{z:Cye” 2wt/ < [z] < C’;;(’"Z”Z/f”}
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with T nearer 0. Take the same normalisation for the component of S’<EO homotopic
to x(9). Now we can find annuli T, 7o C T of comparable modulus which contain
no zeros of ¢ or gy, with T separating T, from U.

There are X, and holomorphic coverings s1(z) = A1 27, s2(z) = Ag2? for an integer
p =1 and |A;] = |X2] = 1 such that if T, = sy '(s1(Th)), then

Vil +iy) = (VEiz +y/VE)(1+0(1)).
DY) = (V{)‘_ 1/%> YN
We can further reduce T}, again to an annulus of comparable modulus. and assume
that
Ty C{z:e b <|z| <e ®}

for Kie ® = o(1) and b — a > A, if C; is large cnough. Now we claim that we can
construct y2 which is x; on the outer boundary of T} and the identity on the inner
boundary. We do this by constructing x2 on Ti.

We take p = /22 + y2, s = log(1/(log p)) and ¢ : [~b, —a] — [0, 1] to be a function
of bounded derivative with ¢ = 0 near b and 1 near a. This is possible if b — a is large
enough, that is, if C is large enough. Then we define

- ~ x

Tale) = (1= s + 105600 (1)
Then s'(p) = —1/(plogp), so ps'(p) — 0 as p — 0. Note that, writing x1(z,y) =
@y,

Dx = (1-1) (@ (1/\(}[‘—,19 +tl +o(1/\/K1)

@x
+t'(s(p))s’(p <
(o' () ((
It follows that Dy is invertible and
K(DXx2) = K((1 —t)Dx1 + tI) + o(1),

and we get the required estimates.
Similarly we can construct x» on 75 to be x on component of 975 furthest from U.

) Dp(r,y) - il (*Cv y)Dp(l,q))

Then the construction of x5 is complete. O
9.7. Maximum Distance Lemma. — The following holds for a suitable constant Cs de-
pending only on #(Y). Let [p], ] € T(,e) C T(Y) with M = d([o], [¢]) and
CoeM < 1. Let [¢] ¢ T(v,Cs¢) for v ¢ T'. Let £y denote the set of gaps of T. (See
9.1.)

There is at least one aw € ¥4 UL of Cy-dominant area. For any such a,
de([0), [10]) + e~ 12 if o € 24,

d([‘p]v [/lv/)]) < {da([‘p]v {w]) + CyMe ifael.
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Remark. — The conclusion of this lemma means that the Same Shape Lemma can
then be applied. As we shall see, we also use the Same Shape Lemma to prove this
lemma.

Proof. — We need to find Q and U as in the Same Shape Lemma 9.5, such that either
U < S(v) for some v € T, or U ~\ S<., = S(«) for some gap v of I'. (See 9.3.) Let
b1, Cy be as in the Same Shape Lemma. For some Cs, we also need C1by < CoMe
if U ¢ Se.,, and C1by < e~ /% if U ~ S—,, is S(a) for some gap a. If Cy is
sufficiently large given Cy of 9.5, @ will have Ci-dominated area, from the condition
[p] & T (v,Cs¢) for v ¢ T'. So it remains to find such a U

Suppose there is a good shape annulus A C S(v) of modulus > 72 /e satisfying the
Pole-Zero Condition. Then by < 2C;Me. Then if Cy/C| is large enough, we can take
U = A. So now suppose that no such A exists. Then we can construct a sequence
of good shape surfaces S; (0 < i < N, N < #(Y)) such that Sy is our required
surface U, as follows. Take Sy = S. Suppose S; has been constructed. Inductively
we assuwe that S; satisfies the Pole-Zero Condition, and that an annulus of modulus
> 72 /3¢ in S..,NS; adjoins each component of 85;. We take i = N if S; is homotopic
to S(a) for some . Suppose not. Then there is v € I" and a S(y) C S; which is
not homotopic to any boundary component. At least one component of S; ~ S(v)
can be extended by adding an annulus of modulus > (72/2¢) — O(1/g¢) in S(v),
so that the Pole Zero Condition is satisfied. Then assuming C5 is sufficiently large
(again depending only on '} ), we simply take S;1 to be this extended component of
Si~S(7). Then S;y; satisfies the inductive hiypotheses. The condition C1by < e G2/
then follows simply for Cy large enough depending on Ci. |

9.8. Another Maximum Distance Lemma. The following holds for some C3 > 0 de-
pending only on #(Y'), My > 0, and for e > 0 sufficiently small given #(Y), My > 0.
Let d([¢],[¥]) = M < My. Let g(z)dz?* be the quadratic differential at [p] for
d([e], [¥]). Let [x o ¢] = [¢] with x minimizing distortion. Let [¢'], [@'] € T(T,¢).
Let &, & (t € ]0,1]) be isotopies with [¢'] = [§o 0 @']. [W'] = [y o ¥']. [¢] = [€&1 0 ¢'].
W' = [& o). For allt, let

J st + K€ ox gl = m. o < 7 Minga(T. o).

where the minimum of T is taken over all Cy-good shape (see 9.3) subsurfaces of
C -~ @(Y) Then

(1) d([¢'], [v']) < d([#]. [¥]) + Can.
Proof. This is rather similar to 9.5. We shall prove more generally that
(2) d([we], [1e]) < d([]. [¥]) + Cane-
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Write q:(z)dz? for the quadratic differential for d([¢:], [¢+]). By 8.2 (as in 9.5) it
suffices to prove that

(3) /I‘(f; oxo&)|al <M1+ Cymy).

Clearly, (3) will hold so long as ¢;: and g are boundedly proportional (see 9.4), and this
has to be true for ¢ sufficiently small. Let x; minimize distortion with [x; 0 & o ¢] =
[€/ o4p). Then [] ! o x;0& o] = [¢]. As in 8.8-9, we see that the angle 8; between
the directions of maximal distortion of x and E;_l oxto& at z is controlled by 6(q, ¢:)
(the angle between ¢ and ¢;) and K (&) + K (& o x~1).

Then by 8.3 if 6; denotes the angle between ¢ and ¢ we obtain

d((e). [¥]) < / K(& " o xio&)lal - Ca / 62q]
< d(l& o o). [ 0 u)) + Cs / (K(&) ox~ + K(E))]g - C4 / 62lq]

which yields
/9((1t.(1)2|q[ < CgCsmy < C:;l(,,'b- 115@11 (T, q).

So then, if Cj is sufficiently large, we obtain that the angle is very small and (3) will
hold for a ¢/ > t. if t < 1. |
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CHAPTER 10

THE FORMULA FOR THE SECOND DERIVATIVE OF
TEICHMULLER DISTANCE

10.1. The purpose of this chapter is to give a formula for the second derivative of
the Teichmiiller distance function d for the Teichmiiller space of marked spheres of a
set of real codimension 2 in 7(Y') x 7(Y). We start with a simple proof that it is
real analytic off this set. This first proof is based on the methods of Chapter 8. The
explicit formula 10.16 for the second derivative fails to make sense at precisely the
points identified in 10.2. We shall sce, however, in Chapter 12, that the Teichmiiller
distance function is C% on {([p]. [¢']) € T(Y) x T(Y) : [¢] # [¢']}.

10.2. Lemma. Let [p] # (], Let q(2)d=? be the quadratic differential for d([2]. [])
at [@] (see 8.1). Supposc that q has only simple zeros. and nonzero residues at all
points of p(Y'). Then d is real analytic in a neighbourhood of ([2], [v'])-

Proof. We assume without loss of generality that 0, 1. oc € Y and, for all [¢,] €
T(Y). we choose pp to fix 0. 1. <. A quadratic differential ¢, (2)dz? near ¢(z)dz2. with
poles at ¢y for )] near [¢]. is determined up to scale by its poles and zeros. and by the
residue at one pole, up to positive scaling. A Beltrami differential is then determined
by ¢1 (up to scale) and by a distortion A} near K, where %l()g K = d([¢]. [v]). We
paramecterize the set of K near K and ¢; (up to scale) near ¢ by A where A is an open
subset in R*A7—12,
(K. qy) for the distortion and quadratic differential up to scale. The corresponding

For convenience, we take 0 € A corresponding to (4. ¢q). Write

Beltrami differential vy then satisfies
wa(z) = (Kx = Dgx(2)/((Ix + Dga(=)])-

This is clearly well-defined for all z apart from the poles and zeros of ¢y.

Let p(2)d=? be the streteh of ¢(2)dz? by factor VK. and let py(2)dz2 be the stretch
of qa(2)d2? by factor Ky. (See 8.1.) Parametrize quadratic differentials near p simi-
larly by an open set A’ C R* 12, We are now going to show that the map

Fi(Rx,qn) — (Kx.gn, W, pa) : A — Ax A
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is real-analytic. There is a similar real-analytic map
G:N(CAN)— AxN
and we shall also be interested in the map
A —T(Y)xT(Y)

obtained by projecting A, A’ to ncighbourhoods of [¢], [v] € T(Y) by using the
standard projection of quadratic differentials to 7 (Y'). This map is well-known to be
injective [Abi]. and hence a homeomorphisin onto its image.

We want to use the real analytic version of the Measurable Riemann NMapping
Theorem [A-B]. We cannot apply the theorem to the family A — vy : A — L>(C)
because this is not even continuous, let alone real analytic. However, we can find
a family of homcomorphisms ¢y of C such that ¢y maps the zeros of poles of ¢ to
those of gx, (i is pure translation in a neighbourhood of the zeros and poles of .
(o = identity, (A z) — Ca(z) : A x C — Cis ™. and real analytic in A\. Then let
fix = (v, that is. identifying vy with the corresponding Ricmannian metric.

pia(u.v) = vy (DG D).

Then the singularities of ) are the poles and zeros of ¢, and A — px(z) is constant
for = near the poles and zeros of g and X+ 1y 1 A — L>(C) is real analytic. Let o
be the standard Beltrami differential (that is, corresponding to the standard metric).
Let &y be the quasi-conformal homecomorphism. normalised so that &y fixes 0. 1. x,
for example, with (x)«00 = pia. We can normalise so that §(p(Y)) = «(Y). By
Theorem 3 of [A-B], it follows that A — &x(2) is real analytic for all z.

In particular. A — &,(z) is real analytic when z is a pole or zero of q. We note
also that the points () (¢(y)) are the poles for ¢y, while the points &\ (¢(y)) are the
poles of pa. and the images under €y of the zeros of ¢ are the zeros of px. Moreover.
(A z)—&no C;'(:) is real analytic in (A, 2). and a diffcomorphism in z, away from
the poles and zeros of ¢y. To see this. if we identify complex numbers with 2 x 2 real
matrices in the usual way. we have

VIV 0 - N
< ()\/\ 1/\/[\&) Varo G o6yt = VaD(Ex o () 1)005;]'

So now (z,A) — (o 5;1(:) is real analytic away from the poles and zeros of py. So
(2. \) — pa(z) is real analytic in annuli round the poles of py. which are near the
poles of p. Then let Ay be an annulus of fixed internal and external radii centred on
a pole zy of py. bounded from all zeros and poles. Then for a constant a,

Res(pa, za) = u,/ DA

J AN
It follows that the residue is real analytic in A. This completes the proof that F is
real analytic.
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Now we consider the real analytic local homeomorphism F}. The distance function

is the log of the first coordinate of Fl_l. So the distance function is real analytic at

([¢]. [v]) if the derivative of F is invertible at F '([]. [¢)]). We use the notation
[p1] = [¢ + hy] of 8.4, where b, € C"~3. Then it suffices that

(1) F (o) [+ k) = Fy (o ho). [0 k) = o(llhy —hol|'/2) +o( 1k — ko l/?)

It suffices to prove this in each of the cases k; = ky and iy = h,. We consider first the
case k, = ko, and for simplicity of writing, we assume that &, = ky, = 0 and h; = 0.
hy = h. If [p] and [¢ + h] are obtained from [¢] by different stretches of the same
quadratic differential with poles at ¢(y) (y € V), then d([¢], [v]) — d([¢ + h], [¥]) =
O(|l2]]) (which can be estimated straightforwardly, although of course it also follows
from the Derivative Formula of 8.4). Then (1) follows because [ is C'°°°. and we
ge‘t O(||h]]) rather than o(||k]|'/?). This means that it suffices to prove (1) with

d([¢]- [¢]) = d([¢ + h].[¥]) and ky = ky = 0. or similarly with i, = hy, = 0 and

(], [v]) = (). [ + k).

Now let x be the quasi-conformal homeomorphism of minimal distortion such that
[x o @] = [¢]. and let x; be as in 8.4, so that [x, o (¢ + 1)) = [¢/]. The term I(h) of
8.4 is 0. So the calculation there shows that

’ 1z Ndz
Kg/mwnﬁ ELE K tol),

2i

Let 6 denote the angle between the direction of maximum distortion for x, at z, and
g2(z), where q2(z)dz? is the quadratic differential at [p+ h] for d([» + h], [¢)]). Then

it follows from 8.3 that ‘
[ 181l = o).

But over all but small neighbourhoods of the points ¢(y) (y € Y). the direction of
maximum distortion for xj at z is the direction of \/q(z). It follows that ¢s is within
o(||R)|*/?) of q. and hence that

F (g [0]) = F~ (e + B 1) = of[11])/2)

as required. In the case hy = hy = k; = 0, ky = k. let ¢, g2 be the quadratic
differentials for d([¢]. [¢]) and d([¢]. [¢ + k] at [¢] and let p. pa be the stretches at [¢],
[¢) + k]. We show in the same way that p and py are o(||k||'/?) apart. Then because
G is real analytic. ¢ and g2 are o(||k]|'/?) apart. and the proof of (1) is finished. as
required. O

10.3. Standing Assumption and Notation. — For the rest of this Chapter.
we fix [p], ] € T(Y), #(Y) =n > 4, and quasi(‘onfornml homeomorphism y with
[0] =[x o] and K(x) = K minimal, so that £ log K = d([p], [¢']). Thus. y has a
linear form with respect to singular coordmates given by the quadratic differential
q(z)dz? for d([], [¢]) at [¢], and the stretch p(z)dz? of q(z)dz? at [¢)], as in 8.1. We
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also suppose that ¢ has only simple zeros and nonzero residues at all points o(y).
y € Y. (Thus, similar properties hold for p also.)

We assume without loss of generality that three fixed points of Y are mapped by
both ¢ and ¢ to 0, 1, oco. We write b; (1 < j < n — 3) for the other points ¢(y). that
is, the other poles of ¢, and bfj for the other poles of p. We write

aj = Res(q.bj) and @) = Res(p, b))

10.4. The Second Derivative. — We have seen in 8.4 that a neighbourhood of
([¢]. [¢]) identifies with a neighbourhood of 0 in C* 3 x Cn—3 =~ C2n=6 > Rin-12,
Therefore, the second derivative of the Teichmiiller Distance Function d identifies
with a real symmetric matrix of real dimension 4n — 12. The Derivative Formula of
Chapter 8 tells us that the first derivative of d identifies with the row vector

o e _ —y —
27['((1/[. ey 3, “U'l """ 7(1'”/73)’

where @; denotes complex conjugate, and we identify a complex number ¢ + id with
(c.d) in the usual way. Then the derivative Da; of @; is a 2 x (4n — 12) real matrix,
and the second derivative of d (if it exists) is

27r(D61, ey Dﬁ,,_;;. wD?I_,/l, PPN ~DE:,,3).

Note that this matrix is not obviously symmetric. Before stating a more illuminating
formula, we need to describe our framework and establish notation.

10.5. Holomorphic 1-Forms associated to ¢, p. — We can write
n—3
[)J'([)/' - ].)
q= ajqy, @ = ——
; PR (2 = 1)(2 = by)

and similarly for p in terms of functions p;. Let S be the closed nonsingular Riemann
surface

{(z.u) € c. q(z) = u?}.

Thus S has genus n — 3. Let 7 : .S — C be projection onto the first coordinate. Thus
7 is a 2-fold covering branched precisely at the zeros and poles of ¢ (including oo),
that is, at 2n — 4 points. Let S’, 7’ be similarly defined for p. Then
. q;(z)dz
™ ((q;/Va)dz) = JT
is a (single-valued) holomorphic 1-form on S. Note that ¢;(z)dz/u is holomorphic at
the preimages under 7 of 0, 1, oc, b; and the zeros of ¢, since ¢'(z)dz — 2udu = 0
on S. Similarly, ¢;(z)dz/u has zeros at the preimages under 7 of the other poles
of q. So 7 ((gj/\/a)dz) # 0 at w'(by) if and only if j = k. It follows that for
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1 < 7 < n— 3 these forms are linearly independent. In fact they form a basis for the
space of holomorphic forms over C, since this has dimension n — 3 [Gun]. We have
n—3

" (/qdz) = Z " (%(12).

J=

10.6. Harmonic 1-forms. — Now given any meromorphic 1-form on S, given
locally by
f(2)dz = (u(x,y) + iv(x,y))(dr + idy),
we naturally define
Re(f(2)dz) = udx — vdy, Im(f(z)dz) = Re(if(2)dz) = vdx + udy.
We call the real part of a holomorphic 1-form harmonic. Equivalently, a C! form
given locally by vdx + udy is harmonic if and only if
ov  Ju
— + — =0.
or oy

Note that a nonzero harmonic form on S cannot be a coboundary — for if it were,
it would be dh for a harmonic function h — and since S is compact, it admits no
nonconstant harmonic functions. Now let fi(z)dz and f2(z)dz be meromorphic 1-
forms and define Re(f;(z)dz), Im(f;(2)dz) as above. Then we also have the following.

Re(fi1(2)dz) A Re(fa(2)dz) = Im(f1(z)dz) AIm(f2(z)dz) = Im(fi(2) f2(2))dx A dy.
Re(f1(z)dz) Alm(f2(2)dz) = —Im(f1(z)dz) A Re(f2(2)dz) = Re(f1(2) f2(2))dx A dy.

10.7. Definition of v;, 113, wj. — We define

v2j—1 = Re (ﬂ'* ((%)dz)), v2; = Im (71'* ((%)dz)), 1<j<n—3,
’l,'éj~] = ;\'*(Ro (W’*(([).j/\/ﬁ)(iz))), vy = x*(Im (7'(/* ((%)dz))), 1<j<n-3,

where x : S — S is a lift of x : (C.¢(Y)) — (C,%(Y)) (by abuse of notation) chosen
so that v/ Kv = o, (rather than vV Kv = —uv), where
v =Re(r"(\/qdz)). v =x*Ren*(/pdz)).

Define
a;q;(z
fiz) = L)

zZ — bj

wa;-1 = Re <7r* ( * (—f\/jr_])dz)) wy; = Im (7‘('* ((%)dz)), 1<j<n-3.

Note that 7*((f;/\/q)dz) is a meromorphic form on S with just one singularity - a
double pole at 71 (b;).
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10.8. The Cup Form. — The v; (1 < j < 2n — 6) are linearly independent, since
the set of vo;_1 + ivgy, for 1 < j < n — 3, is lincarly independent. They form a basis
for the space of harmonic forms on S, which intersects the space of coboundary forms
trivially. Hence they form a basis for (S, R). Similarly, the X*’U;' form a basis for
the harmonic forms on S’. So the v = (X‘l)*x*v; also form a basis for H!(S,R),
although these forms are not harmonic. (They can be treated as differential forms
even though x is not differentiable at the preimages of zeros of ¢, because y can be
approximated by diffeomorphisms.) Since each w; is the real part of a meromorphic
form with zero residue, it also defines an element of H'(S,R). The cup form

U: H'(R) x HY(R) — R

is nondegenerate antisymmetric and for differential 1-forms w, v’ we have

wUu = / uAu'.
s

This also holds if u or u" € {v}; : 1 < j < 2n —6}. It follows that

qiqs
Vo1 Uvgp_1 = voj Uwvgg =2 /Im 1‘|’q!]",
’ . q
i
V251 U v = —V2j5 U vop—1 = Q/RC ﬁ

We also have
/ / / / / !
v Uvp = Xx0j U XaU, U U = XUy U XUy
Note that therc is no rcason to suppose that v; Uwg = fS vj A wy, and in fact this is
not true in general. I shall be doing the calculation in 11.10. However, we do have

qjak,
Woj—1 N Voj— :Z/Im———,
/ por e (z = b;)ldl

and so on. If j = k, this has to be interpreted as an improper integral.

10.9. Definition of .J, .J'. — We define a linear map .J on H'(S,R) by: u + iJu
is the unique holomorphic form with real part u. Then J? = —I and J preserves U.
Note that

.]’U‘z]‘;] = U2y, J’l,’gj = —U25—-1-
We define J' by: if u' = x*u for u harmonic and u + iz holomorphic on S’, then
J'uw = x*x. Then, again, J'> = —I and .J’ preserves U. We see that

i J
v+ LJV _ 71"“(\/6(12)7 X*,U/ + 'l’X*(]’U/ = 7{‘/*(\/1_)d2) = X*(\/X'U -+ ;%)»
SO J J
o =VEKv, Jv = T[L\ Jv= ]_S J'Jv=—Kuv.

Note also that ‘
vUJu =2 / lq| = 2.
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10.10. Definitions of V, W, V', W/, U, U’, T. — Define
V=(vij)=(v;Uv), W= (wiy)= (/’u,rj A 'l,y,;), T = (v Uui)

We define V/, W’ similarly using v and w). For any X € H'(S,R), let

Xt ={u:uUr=0forallze X}
Of course & € {x}* for all x. Now let u; (or u}) be the projection of v; (or v}) onto
{v, Jo}t = {v', JW'}+ along sp(v, Jv) = sp(v’, J'v'). Then let U, U’, Ty be obtained
by deleting the last two rows and columns from the matrices with (7, j)-entrics

w; Uy, u", U, 'u,;- U ;.

It can be checked that

Vi=-T'v7IT, U =-TIU'T).

Since U is nondegenerate, V' is invertible. Also, for any j, ugj—1 + iug; can be

expressed as a complex linear combination of uog 1 +iugy for k # 7. It follows that U
is invertible. The space spanned by

{ug : kb #25—1,25}% or {ug:k+#2j—1,2j}
is {v, Ju}t, (and the same as the space spanned by all uy, or all u}). In particular,
T is invertible.

10.11. Definition of A, A’, B, B’, 1I, ¥;, E;. — The matrix A is the 2n — 6-
dimensional row vector

(61, . 75.,,,,3),
where we identify the complex number ¢+ id with the row vector (¢, d) in the usual
way. The matrix A’ is defined similarly. If we write M (c—+id) for the 2 x 2 real matrix

¢ —d
d ¢ )’
then B is given by the matrix which has the matrices
A (1,‘7’(2[)]' — 1)
bj(b; — 1)

down the diagonal (1 < j < n — 3) and zeros elsewhere. The matrix B’ is defined
similarly using o and V. The (2n = 6) x (2n — 6) matrices 3, 11 have the 2 x 2

01 10
(1 0>_M(’)‘ <0—1>

respectively down the diagonal, and zeros elsewhere. The matrix (2n — 8) x (2n — 8)

matrices

matrix ¥; is defined similarly to 3. The matrix F; is given by deleting the last two
columns of E, where
E=1-A'AVY — S AAV.

The matrix £’ is defined similarly.
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10.12. Symmetric and Positive Matrices. — The matrix —VE = (v; U Jv;) is
symmetric and positive, since

Voi—1 U .]’Ugj,,l Uoi—1 U J’Uzj - M /2(12'6]'
vo; U J?Jgj_l Vo; U .]?}2]' ‘ q l ’

In fact, —V'X is positive definite, since it is invertible (even though it is an integral
of rank one matrices). Similarly, —V'Y, —UX,, —U’Y are symmetric and positive
definite. So the same is true for the inverses V!X, V/7'¥, U1y, U'71%,.

The matrices I1B and 1B’ are symmetric and of zero trace (and hence not positive).
We shall see in 11.11 that —V ~'WII and V/~'W'II are also symmetric — that does
not seem to be obvious, although it is clear that they have zero trace.

10.13. An Inner Product on Harmonic 1-forms on S. — We define a positive-
definite inner product (, ) on harmonic 1-forms on S by

(x,y) =z U Jy.

Of course, we can also regard this as an inner product on H'(S).Then {v, Jv}+,
defined as before, is also the orthogonal complement of {v, Jv} with respect to (, ).
Note that the linear maps JJ' and J'J are symmetric with respect to this inner
product, while .J is skew-symmetric and J’ has adjoint —.J.J'.J. Write

C =—JJ on {v,Ju}*.
Then it is easily checked that C' is positive with respect to this inner product. In fact
we shall see later (in 11.8) that

I
— < KI.
% <C<

If we defined C on the whole space H!(S) we would have to replace < by <. Note
that we have

(wivuy)) = =USy,  ((u, Cul)) = =U'S1, ((uf,u5) = =TiSh,
((ui, Cuy)) = 2171121(]7‘1@1’

10.14. Rules Relating Linear maps on H'!(S) and Matrices of Integrals
Let
X R 8 — (v, Ju}t
be defined by
X ((x;)) = w if (u,u;) = x; for all 7.
Then, if P : {v, Ju}*+ — {v, Ju}* is any linear map, the matrix of X ' PX : R?"~% —
R?"~8 (with respect to the standard basis on R?"~8) is given by

((ui, Pus YU Sy = (u; U JPuj)U ™',
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To see this, note that if (w,u;) = a; for all i, and
u = E biu,.
J

then

(Zb-j“'f) UJu;=u; == (y;UJu)b=u0 = -5 Ub=uw+=b=U "Y1
J

where & and b denote the colwnn vectors (x;) and (b;) respectively. The result then

follows. since
X 'PXa = ((Puw)) = ((u;. Pu)) = ((ui. Puj))b = ((u;. Puj))U 'S 0.

As a conscquence, we have the following:

Rule 1. - ((1;. Py Pyujy) = ((u, Pru)U 'S ((ui. Pauj)).
Rule 2. I=((u;. Pu;) ) U 'S ((wi. P u))U e

10.15. Some Symmetric Positive Linear Maps on H!(S). — We define the
following linear maps. all of which are rational functions of €' as in 10.13, and hence

comumnte.
C C —20D!
D=I-2 F=D (1+A) G= e H=CF.

Note that
. . C\? C
D>0. FH-G=p2C((1+ ) —az)=C>0,
K K
assumning Lemma 11.8. Now we are ready to describe our formula for the second
derivative of Teichmiiller distance.

10.16. The Second Derivative Formula. — The second derivative formula 27 R
is given by

R=R, + Ry + Rj3.

where
Ry — —-V-'wl - 1B 0
e 0 VW 4+ 1IB )
2 K?+1 2K AY 0
Ry = ——P! . . P, here P = ,
2T KT ( 2K KZ+1> e (() 7A’2>

o (Fuicug)) ((Guisuf))\ _  (EWUT'E, 0
Ry = 4n@Q (((Cu ) (Hl o >)> @', where (@ = ( 0 E{U"'Z]> .

The kernel K @ Ky in R?"~ 63 R2=6 of O above is such that K has dimension 2.
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10.17. Remark. — We have already noted symmetry of Ry and Rj3, and have indicated
that symmetry of R will be proved in 11.11. It is also clear that Rs is positive (of
rank two). Also. by 10.15, Rs is positive. but has a kernel, as stated in 10.16. We
shall sec in 11.8 that the kernel is as claimed. We shall also sce that the kernel
of Ry + R3 has dimension 2. We expect something like this to be true, for the
following reason. Let [x] be a pseudo-Anosov isotopy class. Then we know that the
critical points of [¢] — d([¢], [ o x]) are minima, and lie on a geodesic in Teichniiller

space. Therefore, we expect the second derivative of this map to be positive, with a
nullspace of dimension one. This means that if 27 R is the second derivative matrix
of (w,y) — d(w.y) at (x,y) = ([¢]. [¢ o x]), then we expect

wuyr(}) =0

with equality for h in a one-dimensional subspace. At such a point we have B = B/,
V =V, W = W’'. So the first term in the Second Derivative Formula vanishes.

10.18. Start of Proof: the Equation for the Second Derivative Matrix

Let h = (h;) and b’ = (h"j) be small. Let x; be the quasiconformal homeomorphism
of minimal distortion with v o (¢ + h)] = [ + k']. Let qi(2)dz? be the quadratic
differential at [+ h] for d([+ b]. [+ k']). and let p;(z)dz? be the stretch of gy (z)dz?
at [ + h']. Let the residues at b; + hy. b"i + ”./1‘ for ¢1. p1 be a; + kj, aj + /sj Let
K(1+2) = K(x1) (recalling K = K(x). log K = d([],[1])). Then if k = (k;) (where
EJ' denotes complex conjugate), the second derivative matrix 27 R (if it exists) is given
by

(SDE1) G) =R (;f) + o(h) + o().

Conversely, if R exists satistying (SDE1), then 27 R is the second derivative. We claim

that (SDE1) is implied by the existence of a unique solution (x,2’,¢) to (SDE2) and
similar cquations involving i, where
n—3 n—3
€ +4iJr = Z kj(vaj—1 +iva). o +iJ = Z 1«"./]-('115_/- L+ 'i’U’QJ).
j=1 =1
n—3
w it = ; hj(waj—1 + tws;), b+iJb= Z be(;; __ 11 Jhe (V26—1 + Tv2¢).

(SDE2) <;‘> B <J?K \/OK ) (/ICI’> e <—lf 1,> T <.;)b> ; ({;) '

rUJv=-bUJv — / w A Ju.
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Here, (SDE2) is to be regarded as an equation for real and imaginary parts in
HY(S): we are not requiring pointwise equality for the forms on each side of the
equation, which is clearly impossible, since singularities occur on the righthand side
only.

Proof. — Take h), = 0 for all m. Write
S ={(z.u) € c’. 7 (z) = u*},

and let S| be similarly defined using p1. Let m : S, — C, 7w} : S; — C be the
projections onto the first coordinate. By abuse of notation write x; : §; — 9] for the
lift through m, 7} of x1 : C — C. Then the relationship between q1 and p; can be

expressed as
L/VE) (1 —e)l/? 0
1 (Vqdz) = ( ) T (/prdz),
1 (Vaidz) ( 0 \/K(1+€)1/g x1m (VE )
where we identify complex-valued forms with column vectors of real-valued forms,
just as we had similar equations involving ¢, p, x. 7w, ©’. This can be rewritten in the
following way. Let v be any loop on S;. and let v/ = y;v. Then

> _51/2 .
W [t = (VIOUST O [ e

We also have

(2) /‘i(11|:1.

We can assume 7, 7" are bounded away from the zeros and poles of ¢, p (and hence
also from the zeros and poles of ¢;, p1). Then, projecting, (1) gives

: ' (VUK =9' 0 B
(3) /” Vaidz = ( : \/F(1+s)l/2> -/m' Jpidz.

Now
(2 =be—he) "= (z2—=be) "+ he(z—be) 2 4 o(hy).
So
(I,y((b( + h,y)z — (hg -+ hg)) ) (1,[(2(){ — l)h(‘
=aiq+ hefo + ——————q¢ he),
21 — b —Tp) aeqe + hefe + bror = 1) qe + o(he)
and

n—3 n—3

0 (2) = || a(z) + ZA o+ (hm %’—’1) + o(h) + ok)
=1

@) =+ Z‘:‘ Aq] +”Z“ hm (2b¢ — Dagheqe +o(h) + olk)
N 2 2/q(z 2!);(1);—1)\/(1(2) - -
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n—23 n—3
_ ~ kg hefe  (2be — V)acheqe _
© ol =l +laRe | 23 37 (G5 DGR ) | ot ot

We have a similar expression for p; in terms of p except that there is no h
for any m, since h!, = 0 for all m (and no h,, term for any m either). We also have

VI/K(1 =)V = 1K = /1/K(/2) + o(z).
VE(1 +2)2 = VK + VK (s/2) + o(2).

(7) <\/10/A \/OA—,) . 7;;7' Vp(z)dz = /ﬂw Va(z)dz.

Putting (4) to (7) in (3), (2), and then lifting up via m, 7', we obtain (SDE2), up to the
addition of a term o(h) + o(k) + o(k") + o(e). The solution to (SDE2) is unique if and
only if. for any solution (z, 2. &) which is correct to within o(h) + o(k) + o(k') + o(¢),
x, 2’ and € are all O(h). So the existence of a unique solution to (SDE2) implies

(SDE1). O

Jj=1
/
o term

n

(6)
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CHAPTER 11

SOLVING THE SECOND DERIVATIVE EQUATION

11.1. In this chapter, we shall prove the Second Derivative Formula of 10.16 by
solving equation (SDE2) of 10.18. We also give an independent verification of the fact
that the matrix R of 10.16 is symmetric. This essentially means showing that the
matrix R; of 10.16 is symmetric.

Throughout this chapter, we shall use expressions such as (h;) to denote column
vectors. Row vectors will be denoted by expressions such as (h;)?.

11.2. Splitting up the Equation (SDE2). — To solve (SDE2) of 10.18, it clearly
suffices to solve in the case when h; = 0 for all j, and the case when h; = 0 for all j.
Apart from briefly in 11.8, from now on we suppose that h’J =0 for all j. Write

/Ij = 92‘,;1 + ?:92.]'.

Consider the righthand side of (SDE2). We are going to write it as a sum of 3 terms.
Let w(!) be the unique element of H'(S) with

wD U, = /“;/\1;]»’ 1<j<2n-6.

Write w(? = w — w®. Then the righthand side of (SDE2) can be written as

—b n —wM) n —w?)
~Jb —Jw® —t4+ JuwH )

We let (SDE2.1), (SDE2.2), (SDE2.3) be the equations with the same lefthand side
as (SDE2), and first, second and third terms, respectively, from the righthand side
of (SDE2). Then it is clear that (SDE2.1) and (SDE2.2) can be solved immediately
by taking 2/ = 0 and z = —b, z = —wV) respectively. So to solve (SDE2), we
only need to solve (SDE2.3) and add the solutions to (SDE2.1), (SDE2.2), (SDE2.3).
Specifically, we write

E S(l,l) S(‘Z,l) 5(3,1)
¥)TS\ o )T U0 ) T sea) ) )
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(SDE2.1) (o) S0 (62) = =,

(SDE2.2) (0;)t82D(0,) = —wV.
We shall show in 11.5 and 11.9 that

t=Juw" = Juw®.

r\ (v ytgB3:.1) ()
) ('v;)tS(B'Z) !
give a solution to

) x V1/K 0 a! v\ ~w® o
(SDE2.3) (]T) - < 0 \/K) <J’.T,’> +e <—Jv> = (.]ZU(2) ., zUJuv=0.

We also need to show uniqueness of solutions. So to solve (SDE2), we need to solve
(SDE2.3), as well as giving the form of S and (2D,

Then, £ and

11.3. The form of SV, SZ1, — Let B be as in 10.11, and V and W as in
10.12. Let

a;(2b; — 1) , , ‘
G\ ) g g 1< j<n-—3,
b0, — 1) 251 + 1325, J<n
Then
n—3
()" STM(0;) = = > ((Bar-102k—1 — Barbar)var—1 — (Bakbar—1 + P2k—102k)v2),
k=1

which gives
St = —11B.
Taking cup product with (v;) on the left gives
-vsEh =wi, S = Vv IWIL
It follows that S(1 4+ S(21) i the top left quarter of R; in 10.16. So in solving

(SDE2.3), we shall want to sec the left half of the matrix Ry + R3 from the formula
of 10.16.

11.4. First Solution of (SDE2.3). — To solve (SDE2.3), write

—w® =~ Jv+ 6v + z,
r=aJv+m,

p o

/
Juv+ AVEKv+m
VK ‘A

/ / / ol !
=o' Jv+ 0 +m =
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with z, m, m’ € {v, Ju}*. (We have incorporated the information x U .Jv = 0.) Then
(SDE2.3) gives two equations, which become six when we equate the components in
the span of each of v, Juv, and in {v, Ju}*. Altogether, we obtain

/

(y—%:'y, —a+ Ko =7,
~BVEK 4e=6 B s
s bl \/? 3
m’
m — =z, Jm—VEKJm =—Jz.
vVE
From these, we obtain
K?+1 29K X
a:’y—,L o = i 8 =0 e=6.

K2 -1 K21

The last two equations give

_L’_\/—[TJJ/ m =2z, 1+i/£1m: 1‘£Z~
VK K K

Remembering C = —JJ’ and —J'J = C~! and using the notation of 10.15, we obtain
C e F
m—( —?\;) ( +F)z— z,

m' = %(C - —[I‘—,)ﬂz \}%D‘lz.

11.5. More Information about the Righthand side of (SDE2.3). — 1t follows
from the lemma below that

w$ | U vy = —dn, w Uwu=0, k#2j,
ng) Uwgj_y = —4, 'u).g) Uue =0, k#2j—1.

This implies that, for all j, k,

w (2)

ZJ—I U -]’U;‘, = 'UJQJ_ (2) (2)

. , _ 20 (2)
Uwg, so wy) = —szj_l, Wy —Jw :

Thus

n—3 n-—3 n—3 n—3

Z 92.,-_111/;'?) -+ Z 921»11!;31 = — ]( Z 9217111)% Z 92.1(1)2] ),
j=1 j=1

which justifies the righthand side of (SDE2.3).

Lemma. Let p be a meromorphic 1-form on a compact Riemann surface S with
zero residues at all singularities and at worst double poles. Let v be a holomorphic
1-form on S. Let p; € S (1 < j < r) be those singularities of ju which are not zeros
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of v. At pj, choose local coordinates so that v = d¢ and the (™2~ term in the Laurent

expansion of [ is C—;d(. Write v = v + vy, where vy, vy are harmonic. Then
" T T
/J/UV]_://L/\Vl—ﬂig (Lj,/J,UI/QZ//L/\Z/Q—TFE a;.
S =1 S j=1

We shall prove this lemma in 11.10. Here, we explain why it gives the required

identities for ’w;z) Uwvg. We take pp = woj_1 + iwse; and v = vyi—1 + tvg,. The only

singularity of u is a single double pole. If k£ # j then this double pole coincides with
a zero of v, and the lemma gives

/1,U1/1:/,u/\ul,/LUuz:/u/\uz.
S S

This gives all the required identities involving 102)71, wg), vok—1 and wvok for k # j.

So now suppose that & = j. Then at the double pole of p, if v is expressed in local
coordinates as d¢, we see that p takes the form (4/¢?)d¢. So the lemma gives

nUu —/,u/\l/l = —47ri,,uU1/2—/,u/\1/2 = —4m,
S s
or, as required,

wa; U V2j-1 —/ W2 N V2j-1 = —4r = W2j-1 U’Ugj — / W2j—1 A V2.
S JS

11.6. Interpreting the Solution of (SDEZ2.3). — We have obtained expressions
for v, @’ m, m’ in terms of v, §, z. (We do not yet have expressions for v, d, z in
terms of known quantities.) The relation to the matrix S is given by

aJv+m (v;)t 0 3)
= ; 21 (By).
(1) (#a’.l'v’ - m’) < 0 (v))* §(0)
Let A be the matrix of 10.11, which is a row matrix. We can write

n—3
v+iJv = Z aj(vj +iJv;), v = (v;)A", Jvu = (v;)LA",

=1

and similarly for v/, J'v', using A’ instead of A. Let U, U’ be as in 10.12. Then for
any y € {v, Ju}*, we have

y = (u)' U™ (yUuy) = (W)U~ (yUu)).
Here, we have 1 < j < 2n — 8, since U is a (2n — 8) x (2n — 8) matrix. So
m = (uj)U_l(m Uug) = (u;)U N (FzUu;) = (u;)UH (Fug U u; ) U (2 Uug)
= (u))U 'S ((uy, Fug)) U~z Uuy),
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2D 'z
! — ~1( _ ¢ —1
m’ = (uj)U' " (m" U u/;) = (u))U’ ( Ve U )

= (u)) U™ 1( - U )U“l(zU'u;,')
1
s zzh
U —
%T
:(uﬂU“4E«u};ﬁ?CD_WM>U_W:UuU.

To proceed further, we need more information about z. v, d.

= ()Hu'! 1( U(ﬁ]')u;)U—l(zU’u;\;)

= (u)U’ 121(11 J(—=JJ")D ’ll,/,»)(f_l(ZUuk)

11.7. We first note that
—(w® Uwy) = 472(6,).

Next we analyse F, defined by

(0))E = (uy, ..., u2m—¢)
Now for all j,
v JJou U
Uj = v; — '2 5 Jo

since v U Jov = 2. So

:<rl,,vj>—<mA‘(ﬁ%£) +lmal(B0),

where (v;). (v¢) are row vectors. Applying Uvy; on the right, we obtain

v L0 U Je v U
VE=V-vA (L) v veal (S,
or
AtATV . SAAV I ALAVY n SA'AV
2 2 2 2
So E is as defined in 10.11. It follows that X E = EX, and E(VX)~! is symmetric. or
EV'S =V 'SE.

E=1-

So
Y=VV IS =VEV T+ V(- E')Vle.
where

VEV'S =VVTISE' = SE',
V(I -E)W 'Y = %VA"‘A — éVEAtAZ = %(1' Uwv;)A— E(]u Uwv;)AX.
So the component of —w®) in sp(v, Jv) is

2w (A(6e))v — 2w (AX(6y))Jv.
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So
v = -2 AX(0;), O =2mwA(by).

Since § = &, we recover the First Derivative Formula 8.4. We also obtain, for 1 < i <
2n — 8,

(zUw) = (—w® Uuy) = B (—w® Uwy) = 47EIS(0) = 475 EL(0,).

So we obtain

K?+1 ty At K?+1 tyot At oS
aJv = -2 7o 1('15) SA'AY(0¢) = 27 T (vj) ST A" AX(0¢)
and similarly
o Ju =27 73 ‘_ 1(£’})"E*A”AZ(9£),

m = 4n(v;) E\U 'S (uj, Pup)U 'S EL(0y),
m' = 471'(’1)‘;-)ij Uiy, ((u. —~Gup) ) U 'S EL(0e).

Then (1) of 11.6 gives an expression for S . This agrees with the left half of the
matrix Ro + R3 of the Second Derivative Formula 10.16. Thus, as far as the first
half of the matrix R is concerned. the proof of the Second Derivative Formula is now
reduced to proving the lemma of 11.5.

11.8. The Second Half. — Now we consider the changes nceded to solve (SDE2.3)
in the case when h; = 0 for all j, but b} # 0. (The changes to (SDE2.1) and (SDE2.2)
arc clear.) These are obtained from the first half by interchanging J and J' and
replacing w; by J'u}, u} by Ju;. Thus U is replaced by U’ (since J’ preserves U) and

(uj, Fug) = uj U JFuy is replaced by
Ju U I (T F(=J)J u) = u; UJCFuj, = (u}, Huj,),

since

o= ) e Y05

Similarly
(), Gug) = ujy U JGuy,
is replaced by
Ju; UJ' T G(=J) T uf, = uj U JGuy, = (u;, Guy,)
since

JG(-0") = (=30 (1 + J};’,/)_l(g,ﬂ)‘
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11.9. Lemma. Define an inner product on harmonic forms by
(w,w) =wU Ju'

Then with respect to this inner product on {v, Ju}t, the symmetric lincar operators
JJ" and J'.J satisfy

1
I < —-JJ', -JJ<KI
K
Proof. It is easily checked that JJ' and J'.J are symmetric with respect to this

inner product. It suffices to show that
0<—JJ <KI

since, after transferring to S’ by x., the corresponding inequalities for J'.J are proved
similarly. The sharper lower bound on —J.J' is obtained by using —J'.J = (—.JJ')~ L.

So we need to show that for any harmonic form w # 0 in {v. Jo}+,
0<wUJ(=JJw) =wUJw< KwUJw).

We have the lower bound. because if w’ is the harmonic form on S’ which is cohomol-
ogous to x*w, then x*J'w is cohomologous to the harmonic conjugate J”w’ of w’, and
wUJw=uwUJ"Ww >0. We use {.) to denote the inner product {u, vy = pU J"v
on harmonic forms on S’ also (by abuse of notation). Write € +in = ¢ = ((7~'2) for
the coordinate for the singular Euclidean structure on S, S’ given locally by

C(r1z) = /‘~ Vg(t)dt,

and similarly for S’ using p, so that the matrix of Dy with respect to these coordinates
is (\/OT‘ 1/%). Then for each of 5. 5’. (. ) is the restriction to harmonic 1-forms of

an inner product defined on C° forms by

{(p.v)y = /((1,13)1 + azbo)d&d.

where g, v are given in local coordinates by a1d€ + axdn and by d€ + badny respectively.
If 1 is cohomologous to i/ and v is harmonic, and v/ is the harmonic conjugate of v,
then

() = U/ = U = (i v).
Now we have
(Xaw, Xxw) < K{w,w),
with strict inequality since w is not a multiple of d€ in local coordinates (because
w € {v,Jo}t). By Cauchy Schwarz.
(W w2 = (yew. W) < (Xaw, Xaw) (W' W) < K{w.w) (W w').
So
(W < K{w,w),
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that is.

wUJw=0'UJ'W < K(wU Jw),
as required. O
11.10. Proof of Lemma 11.5. — Write g = py + ipo, where gy and po are real
and define elements of H'(S.R). So let wi be a harmonic 1-form with i, = wy

in HY(S.R). Fix any xo € S. Then a function f; is well-defined except at the
singularities of j by

1) = [ (= ).
JA,

where 7, is any path from @y to 2. Then we have

g = wi + dfy.
and f; is harmonic with singularities at the singularities of y. It is important to note,
however. that f; and fy are not usually conjugate harmonic functions. In fact, there is
usually not a conjugate harmonic function to fj. defined globally on S. Since dfy, = 0
in HY(S.R), we have df;, Ur = 0. However,

wpUr = wir A v = lim wi N\ v,
Js 6—0 /g,

where Sy is a surface obtained by deleting d-parametrised neighbourhoods of the
singularities of y, and these neighbourhoods converge to the singularities as o — 0.
S() v g g
pE U — / U AV = Ur — lim / up A v = —lim / dfi N v.
Js 6O—0 S d—0 Sy

Now, on Ss, dfi, Av = d(frv). So, if we let v;(d) be the boundary component of S
excluding the j'th singularity, and oriented anticlockwise around the singularity,

U — AV = li 2
&L Uv /SEA v ZOLH(I)L M_).fAI/
: - i

If the j'th singularity is a zero of v, take a; = 0. So to prove the lemma, it suffices to
prove, for each j,

—mia; = lim / (fi +ifa)vi, —ma; = lim / (fi +ifa)va.
0=0 550 75(9)

-0, 5—0.,

First, suppose that p; is not a zero of v, and choose a local coordinate with v = d¢.
Write ¢ = € +in. Then vy = d§, vo = d. By linearity, we can assume that a; = 1.
Take v;(d) to be a square of sidelength 26 and centred on 0. Then the ¢! term in
the Laurent expansion of fi +ify about 0 is —¢~'. This is the only term which gives
a nonzero contribution in the limit. Then
— / ) /Ao M = —Ti,

Ji(8) Jos &2 +07

J
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o .
§ d
,/ C_luzz_z/ @tindy _
+,(8) s mP+0
as required.

If p; is a zero of v then for some n > 0, v = (v + iy)" (dz + idy) in a suitable local
coordinate, while fi + 7 f2 locally has only a simple pole singularity. So the limits of
the integrals round v;(6) as § — 0 are 0. O

11.11. Introduction of Singular Harmonic Functions to show that V~'WII is
symmetric. — Observe that V! is essentially a complex matrix, that is, V~'I¥
is divided into 2 x 2 submatrices C; j, all of the form M («—i3). Let —4xV !X = D
and D = (D, ) for 2 x 2 matrices D; ;. Then V'3 is also essentially a complex

matrix, and symmetric, with resulting consequences for the D, .

Lemma. — There are harmonic functions g;, hj with singularities only at 7r’1(b‘,-)
such that if the local coordinate ¢ = € + in is given locally by
n2Z
_ gr(t)dt
((m (=) =

- Jbr q(1) .
then g;(¢) +Re(4/¢) = G;(¢). h;(¢)+Tm(4/¢) = H;(¢) are continuous near 7= 1(b;).
Let k # j. The (k,j) block Cyj + Dy of VW —4xV=ISIL is given by

(95)¢(0.0) (h_i)s(()~0)> _

Cuj + Dij = = <<gj )(00) (1;),(0.0)

Let k= j and let

(s) — q(z)
)= ey
Then

o ((GDe0.0) (H)e(0.0)
Coa+ Dss = ((Gbn(o.m <H§)r,,<o,o>> M5 bs)/3).

Remark. - Using the notational convention He = (He —iH,))/2. Hy = (H¢ +iH,) /2.
and if M is as in 10.11, this becomes

Ciw = —=M((g; +ih;)c(0))" if j # k.
CJ'._/‘ = *1‘\[((6.1 + ’L'Hj)g(()))l - 17\[(’1‘.;“)]')/3).
DIl = =M((g; + ih;)z(0))" if j # k,
D; 1T =—-M(G; + iH,)Z(()))'.
Proof of the lemma. It follows from 11.5 (proved in 11.10) that, in H'(S),

(wj)t = (v))"(V'W — 47V~ 1810).
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Then the following equation holds pointwise for harmonic functions g;, h; with sin-
gularities only at 77!(b;), that is, only at the (common) singularity of wsj_1 and
waj.
(1[72];1 ’ng) = Z (’Ugg_l '1721) CgAj + Z (’Uzgfl /l)zg) Dp,j + (dgj dhj) .
¢ ¢

First assume k # j, and evaluate both sides at 71y, using the local coordinate & +in
with 0 corresponding to 7= !(by). The lefthand side vanishes, and on the righthand
side terms involving v,, for m # 2k — 1 or 2k also vanish. The term (U%Al 77%) is
simply (df dr/) So we have the required formula.

Now let k = j. Again we want to evaluate at (0,0). We have to subtract off the sin-
gularity (Re(4/(€ + in)?)d€ Im(4/(€ + in)?)dn) from both (wa; 1 wo;) and (dg; dh;).
The evaluation of the sum of the ('172(71 UN) is as before. This time there is a possibly
nonzero constant term in ('ngﬁ ’102‘,-), which we need to calculate. We have
4(Z - [)j)

aj

¢? = (L+0(1)). a; =Res(q.b;) = Rcs(q/q_f.bj) =r;(b;).

We need to calculate ¢ more accurately from the formula
o’
ri(by)(t — by)

z 1 z 1
C B /b_, \/ (t - bj)?'j(ﬁ)dt B ,/[,J \/aj(t - bj) (1 B Q(Lj

PN (1- B Z0) o - »))

+O((t = b;)%))dt

a; (j(I,J‘ J
z—b; r'(b;)¢? 1
2 a; ( 24 +0(¢ ))
So
aj 4o ' (b)¢? a2 _ 4 r5(b;) 2
z—b; (2 (1 24 +0(¢ )) T2 3 + O,

_ejpdz__ AdC i0)dC oo

(z=bj)va ¢ 3
which gives the result. O

11.12. Introduction of Green’s functions to prove that V~!WII is Symmet-
ric. — First, we recall some properties of Green’s functions on Riemann surfaces
and establish some notation. Fix j, k, 1 < j, k < n — 3. Choose charts
w0 {C ¢l <dot — S, o1 i {CH ¢ =1 <o} — 5.
00(0) =7 by, @i(1) =7 "b;,
0o (Vag—1 +dvor) = dC. ¢l (vej—1 +iva;) = dC.
Let
Ss =S~ (po{C: ¢l <) Upr({C: ¢ = 1] < d})),
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and let G5 be the Green’s function of Ss, so that G5 is defined on S5 x S5~ diagonal.
If we use a holomorphic coordinate ¢ on Ss as above, then Gy is real-analytic off the
diagonal, and in a neighbourhood of the diagonal, Gs((1,(2) + log|(; — (2| is real-
analytic. Locally, if j # k, in the product of the charts for ¢y and ¢, we can consider
G as a function of (¢1,1 + () for

6 <Gl 1G] < do.

We also have
Gs(C,1+¢) =0 if[¢| =06 or |G| =0
By considering Fourier series, we see that we have an expansion of G of the form

o0

G511+ G2) = Re (D (Cn@)fu(@fur(C) + doon (D) Fn (G2 fun(C1)) )

n.m=0

where

fo(Q) = 1og(IC1/8).  ful¢) =¢" =8¢ " form > 0.
The coefficients ¢, ,, and d, ,, are uniquely determined if we specify that ¢, o and
co.n are real and d,, o = dp,, = 0, for all n.
If j = k., we take ¢1(1 + ¢) = po(¢), and expand G§((1, () and then we have a
similar expansion except that we have in addition a term
IC1 — Gl
62 — ¢l

11.13. Verification of symmetry of V !WTI

— log

Lemma. - Fix j and k. Then
(0/9¢)(g; + ih;)(0) = %ill’(l) 2dy 1(9).

By 11.11, this is enough to prove symmetry of V"'WII (and confirms symine-
try of V=1, which. of course, we already know). To sce this, note that because
G(1+ (2, ¢1) = G(C1, 1+ o), the coefficient ¢y, of f1(¢1)f1(¢2) in the expansion of
both functions is the same.

Proof of the lemma. Now. g; and h; are harmonic functions on the surface Ss, and
hence they and their derivatives can be expressed in terms of the Green’s function G
and their values on 9S55. We use the local coordinates ¢;, 1 + (2 as already indicated.
We are only interested in the values of the derivatives of g; and h; (and hence of the
functions themselves) for small ¢, and need to consider Gs(¢, (') for small ¢, and ¢’
near 0 or 1. If ¢ is any harmonic function on Sy, then Green’s Theorem gives, for any
¢ e Ss,

(1) 279(Q) = = [ g daGalc.)

JOSs
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where xdaGs((,.) is the conjugate harmonic form to daGs and d2G denotes d of the
function & + ing — G((, & + ine), that is, if (o = & + ing, then
0G5 0G 0G’5 6G5
#d2 G5 (G, G2)) = ——(C Go)dés + —— (C Ca)dnz =
and similarly if (3 = 1 + & + in2, and we orient 955 anticlockwise round 0, 1 (in the
local coordinates). Now let gg be a continuous function defined on

{C ¢l < b0 U{C: ¢ — 1] < do}

Then for any § > 0 we can define a harmonic function on Ss by the formula

- / go * daGs(C,.)
855

which is bounded between the maximum and minimum values of go. Taking limits as

dC 2

& — 0, we obtain a bounded harmonic function on S itself (since a bounded harmonic
function cannot have isolated singularities), which must, therefore, be constant. Now
g;(¢) and h;(¢) are bounded for || < dg, and g¢;(1 + ¢), k(1 + () differ by bounded
harmonic functions from —4 Re(1/¢). —4Im(1/¢) respectively for |¢| < dp, since, in
our local coordinate 1 + ¢, wa;—1 + iws; takes the form (4/¢?)dC. So taking limits as
d — 0, we obtain, for || < ¢, and constants A, Nj,

7g,;(¢) = 2 lim / Re(1/¢2) * doGs(C, 1 + C2) + Mj,
12| =5

6—0

wh;(¢) = 2 lim / Im(1/¢) * doGs(C, 1+ C2) + V.
[G2|=4

0—0

The convergence is locally uniform in (. So if ( = £ + in, we can differentiate the
formulae with respect to & or 7, and the constants will disappear. The derivatives of
g; and h; are continuous for |¢| < dy. So we obtain

dg, " d¢ [ 13]
72 222(0,0) = lim i / — Re(1/¢2) == (#d2Gs (¢, 1 + C2)).
e (00) = Jim Ty T o(1/G2) g (+d2G (G, 1 4 C2))s
and similarly for the other terms. So
57 0g oh; ¢ 10
2
bt} = hat:3 -z 1

m (()5 (0,0) + i o 2 (0, 0)) Jim lim /CM, i s ()5(*(12G5(C +C2)),

0
and similarly for (— So
N

‘ 4 s 0
2)  7(8/9C)(g; + ih;) = 11310;13(1)/4\ % /Qi O C_z(gz)(*dz(*g(g 1+ ().

Now

/ A forn £ -2, / ¢"ld¢ =0 for n # 0.
=5 € I¢|=5
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. . — . 0%Gs . 0%Gs

So we only need to consider the ¢, -term in ——= and the constant term in ——.
OCOCy 9CIC2
Then we obtain
——2 —

2/« . . . ' dc —‘i(fl 1((1(2 - (;QC‘ (']C‘ ) .

2/ . 2 2 2
7(9/IC)(g; + ih;)(0) = lim 11111/ o =drcy .

/ J J 6’ —06—0 [¢l=0" ‘I,C |C2|=0 C2

D*Gs  0?Gs
JCOC,  ICOC

Now suppose that j = k. Then our expressions for are augmented

by B
U
(02 -3,02 '
because of the log termn. Both contribute nothing to the double integral. So in this
case also we obtain the formula.
The case of 9/JC is similar.
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CHAPTER 12

THE SECOND DERIVATIVE OF
TEICHMULLER DISTANCE IS CONTINUOUS

12.1. The main purpose of this chapter is to prove the following theorem.

Theorem. - The function
d: ([l [V]) — d([e]. [v]) - T(Y) x T(Y) — [0.0)

is C? at any point ([¢], [v]) with d([@], []) > 0. Furthermore, if #(Y) = n and the
multiplicities of zeros of q are ki, 1 < i < s, then the hernel of the term R + Rz of
the second derivative (in the notation of 10.16) has dimension

T,
24y {—2—] :
i=1
We shall also obtain bounds on the second derivative D?d in certain cases: of
quadratic differentials with zero residues (in 12.9). as distance approaches 0 (in 12.11)
and for quadratic differentials of a certain shape in the thin part of Teichmiiller space
(in 12.10).

12.2. Extending continuously is enough. — To show that Teichmiiller distance
is % at ([p]. [¢']) with d([2]. [¢"]) > 0. we only have to show that

Proposition. D?d extends continuously from the set of ([¢].[¢]) for which the
quadratic differential q(2)dz? for d([¢]. [0)]) at [¢] satisfies the Standing Assumption
of 10.3.

We now show why this is enough. We claim, first, that the set of [] for which
q(2)dz? at [p] does not satisfy the Standing Assumption is a union of real analytic
submanifolds, all of codimension at least 2. This is because the set of ¢(z)dz? with
zero residues or multiple zeros is a union of real analytic submanifolds. Let M be one
of these submanifolds. Let {(gx. Ky) : A € A} be a parametrisation of M x (1.00).
Let {ux : A € A} be the real analytic family of Beltrami differentials determined
by (gx.Ix) : A € A} as in 10.2. Then as in 10.2. Theorem 3 of [A-B] gives a real
analytic submanifold of [1\] such that ¢y (z)dz? is the quadratic differential at (o] for
d([e). [a]). with $log Ky = d([¢]. ['a]). Then for any ([¢], [¢]) with d([¢], [¢]) > 0.
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for almost all vectors (R, k) of length < § for ¢ sufficiently small, D?d is defined at
([ip + th], [v + tk]) for almost all ¢ € [0,1]. Now if g is a function for which ¢”(t) is
defined almost everywhere on [0. 1] and extends continuously then ¢”(0+) exists and
is defined by the formula

-6
g"(0+) = lim ! g" (t)dt,
5—0 o
and thus coincides with the continuous extension. Thus (for suitable choice of di-
rections), all second order partial derivatives exist and coincide with the continuous

extension. So D2d exists and is continuous.

12.3. The Main Reduction. — Let ¢(z)dz2, be the quadratic differential at [p],
and p(z)dz? the stretch at [¢]. Let g satisfy the Standing Assumption of 10.3. Let
v,v" be as in 10.7. J, J"  as in 10.9, V. W, T as in 10.10. The following is the main
step needed to prove that Teichiiller distance is C?. It will be proved in 12.7.

Proposition. — Let (0] € (T(Y))se,. The functions V=1, VLW extend continuously
to all ([¢],q). and are bounded by a constant C'(zy). If a; = Res(q.by) = 0, then the
Jth row and column of V=1 are 0.

12.4. We shall also need the following.

Lemma. —— Let [¢], [] € (T(Y))se, with 1/M < d([¢].[¢]) = §logK < M. The
linear map (K + J'J)~' on {v, Ju}* is bounded by C(eo, M), using the cup form
mner product of 10.8.

Proof. - We examine the proof of 11.9. We see that it suffices to show that for any
harmonic w € {v, Ju}t,

Xaw UJ" xow < (K — B)(wU Jw).

Asin 11.9, J” denotes harmonic conjugate on S”. This is proved similarly to 11.9, but
we just check the conditions. We assume without loss of generality that w U Jw = 1,
and that w is the real part of r(z)dz/+/q(z) in local coordinates. Then the condition
w € {v, Ju}t gives
My,
J ldl

and hence
gl
4l
The functions 12/q and ¢ have a bounded nunber of poles and zeros, and the poles

2.

are bounded apart and simple. The integral of modulus of cach function is 1. It
follows that we can find a bounded disc of size bounded from 0 on which arg(r/,/q)
is bounded from arg ,/g. Then we can complete the proof as in 11.9. O
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12.5. Proof of 12.1 given 12.3. — By 12.2, we only need to show that the
second derivative extends continuously. We consider the terms Ry, Rs, R3 in the
Second Derivative Formula 10.16. Clearly R; extends continuously, and by 12.3 Ry
also extends continuously. It remains to consider R3. The projections E and E’ of
10.11 are continuous because the entries of AV are

(/%)

lal
and similarly for A’V'. The top left quarter of Ry is U 'Xq(Fu; Uu;)U 'S, with
others similarly defined (see 10.15). We claim that these extend continuously because
V~=tand V7! do.

First, we show continuity of U ™!, and, similarly, of U’~! (see 10.9). We assume,
renumbering if necessary, that a,,_3 # 0. Let S be the (2n — 6) x (2n — 8) matrix
which has the (2n — 8) x (2n — 8) identity matrix in the first 2n — 8 rows and the
matrices

M( —4 ) (1<j<n—4)

Ap—3
in the last two rows. We claim that
(1) U™'y, = S'V'ES, or, equivalently, I = —S'V™'SSUY,.

This is because S'E; is the (2n — 8) x (2n — 8) identity matrix, and
VEE, = (Jv; Uv)E) = (Ju; Uw) = (Juj Uu,) = SUE,.
Multiplying on the left by —St*V ~1% gives (1). We also have
VoITVIISTYV b = Vo (g e Uy )V L
U N JJ u Uuj U™ = S'EV- Y (JJ v; Uv; )V LELS.

Now we consider the continuity of U 1%, (Fu; U 'u,j)U""IXh. and the other quarters
of R3. We consider these as functions of g. Note that, when the Standing Assumption
is satisfied,

U™y = ((ri,25)) = (2 U Jay),
for harmonic 1-forms x; € {v, .]'u}i with xo; = Jae,_1. Since U™, extends continu-
ously to the set of all ¢, x; U Jx; remains bounded for all <. So x; must be a harmonic
1-form on the corresponding (possibly degenerate) surface S = S; (sce 10.5), even
if ¢ does not satisfy the Standing Assumption. Moreover, Jxo;—1 = x2;. Now let
q(2)dz? be the quadratic differential at [¢] for d([¢], [¢]), with stretch p(z)dz? at [].
Let S” = S,. Then by 124, C = —JJ" and D~! = (I + JJ'/K)~! are defined and
bounded on the span of the x;, even in the absence of the Standing Assumption,
and are continuous in (g, p), that is, in ([¢]. [¢]). Let 2 be similarly defined. using
U’. It follows that F', G, H (see 10.15) are defined on the span of the x; or 2/, and
the matrices ((Fay,2;)). (Gl x;)), ((Haj,a))) are defined and continuous in ¢. p.
These are the four quarters of R3. So Rj3 extends continuously, as required. O
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12.6. How genus reduces. — Let g(z)dz? be any quadratic differential at any
point of 7(Y'). Let S be obtained by removing singularities and then filling in punc-
tures on
{(z,u) € c’. q(z) = u?}.

If g, dz? are quadratic differentials satisfying the Standing Assumption with ¢, — ¢,
then the corresponding surfaces S,,, degenerate as m — oo, reflecting the fact that the
genus of S is lower than that of S,,,. In fact, the genus S is described by the following
formula.

Lemma. — Let n' be the number of poles of q (all simple, possibly < n in general).
Let z; (1 <i < s8) be the zeros of q, with z; of multiplicity k;. Let s = s1 + s2, where
s1. 82 are respectively the numbers of zeros of odd and even multiplicities. Then the

genus of S is
n' + s ;. *\ Tk
e k)

=1

Proof. — We have

XS: ki=n' —4.

i=1

2& B ® ki slyn’ésl;Q
21 2 2 2 ’

i=1 i=

So

So the two different claimed expressions for the genus coincide. As usual, define
m(z,u) = z. Let A denote the set of zeros and poles of ¢. Then

7:S~7 (4 —C~ A
is a covering. So the Euler characteristic of S is 2(2 — #(A)) + # (7 '(A)), and the

genus is #(A) —1— %# (m='(A)). The crucial point of the calculation is that 7=1(z;)
has one point if k; is odd, and two if k; is even. O

12.7. Proof of 12.3. — Let ¢,, — ¢. We need to show convergence of V,;l and
W,,V.-L. Recall that the matrices W,,V.-! and V=1 give the coefficients of the v;,,

m m m
(1)

J.m

that these coefficients are given by the linear terms in the expansions of gjm, hjm

in the expressions of the singular forms w and 11‘53,. In turn. we showed in 11.11

in local coordinates given at 71 (b;) by ¢i.m//Gm, with an extra term 7/, (bj.m)/12

m J.m

giving 2 x 2 matrices down the diagonal of W, V-1, where

qm (7«)
((],j.'lrz (:))2(2 — bj,,"> '

The term 'r"]-.,m(bj_,,,) is easily seen to converge: to 0 if b; is a zero of ¢. Here. gj.m hjn

"‘j.m(z) =

are harmonic functions with singularities at m,,' (b; ) of a certain form with respect

m
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to local coordinates given by ¢;n/+/@m- Thus, in order to prove 12.3, it suffices to
prove the following.

Lemma. — Let g, — q where q,, has only simple zeros and all residues non-zero.
Let m be a real parameter. Then the linear terms of g m, hjm in expansions in the
appropriate local coordinates at m,, (bi,m) do converge. If the limit b; of b; ., 1s a zero
of q then these limits are 0 for all j, and for all j # i if b; is not a pole of q. If b; is
not a pole of q and not a zero of q, then the limit for j =i is —ri(b;)/3.

Proof. — The idea is to produce a nonconstant harmonic function on a compact
surface without boundary, if the linear terms do not converge, and thus to obtain a
contradiction. Let .5,,, be the surface which is the usual double branched cover of

{(z.w) : @ (2) = w?}
with branched cover m,,. Fix ¢, j, that is, fix convergent sequences b; ., b;.,, of poles
of ¢,,. We may as well take ¢ = 1. Let by, b; be the limits, which may or may not be
poles of ¢.

Now use the local coordinate ¢ near m,,' (b1 ), where (7, (b1 ,,)) = 0 and

(:(7'(;11(3)) = ‘/b QL m/\/ Qm (If

Then there is an embedded disc K, = {C: [(] < ry} in Sy with 7y, = g > 0 with 1
depending only on ¢. In fact, if by is a zero of ¢, we can take r,, — 00, because we can

1 .
take 1, = C\/|bim — z2,m| . where 22, is the second nearest zero of ¢, to by .

Thus. ¢1.,, and hi,, can be regarded as functions on K, = {¢ : |¢| < r,} D Ko.
such that (by 11.11)

gim(wy) +4Re(1/(x +iy)),  him(xe,y) +4Im(1/(x + iy))
arc harmonic functions on K,,.
The general Fourier series expansion of a harmonic function g in {re? : r € (0.r¢)}
(as used in 11.12) is of the form
Z ’,n((y”ein(') + a”e—ﬂ'nﬁ) +ag + (16 10{.’;"',
n#0. n€Z

where

27
2m (™ @, r ") = / ‘q(7'c’:9)(f_i"0(l9 if n#0,
0

2T
/ g(re®)ds.
Jo

So the coefficients can be computed from integrals for just two values of r, say r = r/2

27 (o + oy log 1)

and r = ro/4. Let v, 1 be the coefficients for g1 ,,,. We have a1, = 0 for n < -2,
i m = =2, &), = 0. We need to show that lim,, oo @y 1.m exists: and = 0 if
b1 is a zero for ¢, and similarly for the coefficients for hy ,,. We also need to prove
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convergence of corresponding coefficients in Fourier expansions of g1 m, k1 m in discs
round points 7, (bj.m) for j # 1.

For the moment we continue to consider ¢, and 0 € Ky (corresponding to
74 (b1.m)). We only consider gy ,, from now on, since the arguments for hj ., are
exactly analogous. Choose real 0 < A1, < 1 and c¢1,, such that A\ g1,m + c1,m is
bounded on 9Ky -and bounded from constant if we have to take lim,, oo A1, = 0.
Then Al mgi.m+ €1.m is harmonic on Sy, ~ {7} (b))} and bounded on S, . K. Take
a convergent subsequence. The limit function g; can be regarded as a function on: S
(if by is a pole of q); or C if by is not a pole of q. If by is a zero of ¢, then

C= lim K,,,

m—2o0C
and
g1+ lim 4X;,, Re(1/(z + iy))
m-—0oC

is also a well-defined bounded harmonic function on C. Thus in all cases, Ky =
{C : || € ro} can be regarded as a subset of the domain of ¢g;. In all cases, the
function is harmonic in the complement of 0 € Ky, and bounded in the complement
of Ky. Moreover the Fourier series coefficients satisfy the same restrictions as those of
the gi ..., because we simply take limits in the integral expressions for the coefficients.
Then if lim,;, —oc A1.m = 0, we see that g; is nonconstant and extends continuously
to 0, giving a nonconstant bounded harmonic function on C or S, which is impossible.
Therefore {A; ., } is bounded from 0, and we can take a subsequence so that

g1 = 1im g1, + Clomg-
k—oc

If g; is a function on C (that is, if b; is a zero of ¢), we deduce that g;(z + iy) +
4Re(1l/(x + iy)) is constant, and thus limy_. @i.1,m, = 0. Because there are no
nonconstant bounded harmonic functions on C, or S, we see that all subsequences of
Gg1.m + c1.n have the same limit by suitable choice of {¢; ;,}. Hence we can choose
C1.m 8O that lim,, oo 1. + €1.m exists, and thus lim,, oc 1.1, exists, as required.

We compute lim,, .o 1.1, when by is neither a pole nor a zero of q. Then
by = lim,, oo b1 = limy, —oc 21.m Where 2z, is a zero of g, but all other zeros of
gm are bounded from b,,. Write

T':” = /"/1,7”(!)1,!71)’ ay.m = RCS(q'm- bl,'m) = 7'1,7:1,(bl,'m,)~

(This is the usual definition of ay ,,.) We have

gm(2) 22(z —1)?
— =112 =) =
((Il,wt(:))2 r1m(2)( o1.m) b (bim —1)?

L.
for a constant A. We deduce that

(Z — Zl.'rn,)(A -+ ()(2 - bl,m))

Tl.m(bl,m> = A(bl.m - Zl,m) = a1,m, 7“1”' = 7'a_m(bljn) =A+ O(bl.m - Zl,m)~
So
rl,m(z)(z - b,'m) = r;n(z’ - blzm)(z - Zl,m)(l + ()(3 - bl.m) + ()(zl,m - bl,m))-
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Note that 7/ is bounded from 0 (since the limit is nonzero), and that 21, — b1, =
mnm

O(ay n ). Then define

(b1m — z1m)u/2 =2 = (z10m + b10)/2 + \/(z —21m)(z = brm)-

Then the v coordinate describes a branched cover of the z coordinate. The branch-
points are u = +1, and for |z — by ,,| < C4. for a suitable constant C', u takes all

values in
{uw:larml/o < |ul < d/larml}

Also, we have

du dz
u \/(3 - bl,m)<3 - :1.111) .
So
= g (t)dt
Jbi G (1)
[ dt
Jby \/";,,(1L - bl,m,)(t - Zl.m,)(l + ()(/ - bl.m,) + ()(Zl,m, - bl.m))
= 7 10{.{ ”’(:’>(1 + ()(Zl.m - bl,m)) + ()(Z — bl“,“),
So

w = exp(y/r, (1 + Oz m —bim)) + Oz — bim))

So now in the u coordinate, gy ,, and h; , must converge, respectively, to the real
and imaginary parts of —4\/77 /(u — 1). We have z — by, = O(a;_,,¢?) for small
zZ—bim. SO g1, by, are given to first approximation by the ¢ term in
—4 r;n —4
(—,‘Xp( V "’:n,C) -1 C(l + V I':HC/Z + ,~;”C2/6)
(—4/) (1 = \/r1,C/2 = 11,62 /6 + 11,2 /4 + O(¢?))
“4/< +2 V Tﬁn, - ':né/g + O(CZ)

So the limit of the ¢-term is as required.

Now we consider the Fourier series expansion of g1 ,,, in a disc round 7T,,’,‘,' (bjm) for
J # 1. Taking limits of A; ., g1,m + ¢ for suitable Aj,, <1, ¢, as before, we obtain
a harmonic function on a surface which is a compact minus finitely many points, and
bounded on the complement of Ky. As in the previous case, we can deduce that
{Aj.m} is bounded and therefore take A;,, =1 for all m. The surface is disjoint from
Kq if by is not a pole of g. or if b; is not a pole of ¢. Therefore in these cases the limit
function is bounded and for the Fourier coefficients, lim,, . a1 jm = 0. If by and b;
are both poles of ¢, then lim,, o a1, exists, just as for {1, }. (]
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12.8. The Kernel. — The following lemma gives the dimension of the R2 + Rj
term of the sccond derivative of the Teichmiiller distance function that was claimed
in 12.1. This will complete the proof of 12.1.

Lemma. — Write

X; = lim V,,;lﬂf',,l,. —47 lim
m—0oC m-—2C

VoIS = Xo.

m
Then, using the notation of 12.6,
2 x genus(S) = rank(X,).

Proof. The substance of 12.7 is that linear terms in the expansions of the harmonic
functions g;.,n, hjm converge to linear terms in the expansions of limiting harmonic
functions on S. We have seen that if b; is not a pole of ¢, then C;; = D;; =0 =
Cf~f = [)JZ for all i.

So now we can assume, after deleting some points, that the residue of ¢ at each
point b; is nonzero. We use 11.11 and take limits. So then if we write X = (C} ;).
Xy = (D; ), we can interpret the nonzero 2 x 2 matrices C 5, D; j as follows:

(1) n=w(Ci;+D;;)+« +uw" in H'

where 1), w, W and w” have the following properties. Let ¢ be the local coordinate at
7w (b)) with ¢ = 0 at 7 1(b;) and d¢ = 7 (¢;dz/,/q). Then 1 is any meromorphic
1-form on S given in this local coordinate by d¢(4¢ 2 + O(1)) (which is the same
form as 7 (f;dz/\/q) see 11.5.) Now let ¢ be the local coordinate at 7=1(b;) with
¢ =0at 7 '(b) and d¢ = 7*(¢;dz/\/q). Then w and w’ are holomorphic 1-forms,
W' is antiholomorphic vanishing at 77 1(b;), w = d¢(1 + O(¢)) ncar 7~ 1(b;). and
W' =1 = 0(0)d¢ near 77 (b;). Although w. W’ and w” are not uniquely determined,
the 2 x 2 matrices Cyj and D, ; arc.

Let S have genus N + 3. Fix a rational function @ whose poles are 0, 1, b;,
1 < j < N, and whose zeros are the other poles of ¢ and the distinct odd order zeros
of ¢. Then S is biholomorphic to the surface {(z.u) : Q(z) = u?}. Then as in 10.5,
7 (q;/VQ) (1 < j < N) are a basis for the holomorphic 1-forms on S. and thus are
linearly independent in H(S, C). Forall 1 < j < n—3, let w; be a holomorphic 1-form
such that in the local coordinate ¢ at 7= 1(b;), w; = (1 + O(¢))d¢. For 1 < j < N,
we can choose w; to be a (nonzero) multiple of 7*(¢q;dz//Q). For 1 < j < n —3
(n—3 = N), let n; be a multiple of #*(f;dz/+/Q) such that in the local coordinate
Cat w1 (b)), T (f;d=/V/Q) = (4¢ % 4+ O(1))d(¢. again agreeing to first order with
7 (fjdz/\/q). Then by 11.5 (applied to Q).

n; Uwp = =8midjp. 1< j. k<N

So {wy, 1, 1 1 < 4,k < N} form a basis of H1(S.C) (over C). So any meromorphic
k bl Js y
1-form on S with zero residues at any poles can be written as a complex linear
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combination of these, as an element of H!(S, C). In particular, this can be done for
ne for any n —3 > ¢ > N. So

N
ne = thﬂlj + &

j=1
for some t;, € C and holomorphic 1-form . For any 1 < k£ < n — 3, we also have.
in H!
e = wi(Choo + Die) + Wi p + Wil g
n; = wi(Crj + Dij) +wp; +wij, 1<j<N

where these expressions satisfy the same conditions as in (1). So then, we have

N
wi (Do — Z tieDy ) =0 at 71 (bi),
Jj=1
and hence
N
Dk‘p = Z fj,/Dk-‘j-, 1 < k < n—3,
Jj=1

and this gives the bound on the rank of X,. The lower bound on the rank is clear
from the linear independence of {n; : 1 < j < N}.

12.9. When X; can be bounded by X5. — We saw in 12.8 that, in the presence
of multiple zeros or zero residues of ¢, X» has a kernel, which can be computed. It
does not appear to be the case, however, that X; also has a kernel in general. If one
examines the proof in 12.8, then it is clear that X (Ker(X32)) can be computed. and
that one can find a basis of this subspace, such that coordinates of vectors in this basis
are rational functions of the a; and b;. It appears to be possible for X, | Ker(X32) to
have maximal rank. However, 12.8 shows that a reduction in the rank of both X and
X, is associated with zero residues of . We now give a more precise estimate. We
write X = (C; ;) and Xo = (D; ;) as before. The result has content when a residue
is small, when the result of 12.8 implies that for some i the i'th row and column of
both X and X, are small, for some 1.

Lemma. — As usual, let aj = Res(q,b;) with all poles bounded and bounded apart.
If at most one zero of q is close to by, then Cjy and Dy are O(a;) for all k # j.
In general, Cj . and Djy. are O(\/ay) for all j # k and C;; and Dj; are Ofa;/e;).

where ¢; is the distance from b; of the closest zero.

Remark. — The proof will show that better estimates are possible, but it does not
seem worth pursuing them.
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Proof. There is nothing to prove if a; is bounded from 0. To simplify notation
we take j = 1. We assume that ¢ satisfies the Standing Assumption 10.3, since the
general result follows by the continuity arguments of 12.7. We need to consider the
harmonic functions g; and h; which have singularities 4 Re(1/¢). 4 Im(1/¢) for a local
coordinate

¢= b VI/ar(t —b1)(1 + Ot — by))dt = O(/(z — b1)/a1)(1 + O(z — by)).

As usual we take the surface S branched over the zeros and poles of q. If by is
approximated by at least one zero of ¢ then S is close to a degencrate surface S
which might be disconnected. If £ is the distance of the nearest zero of ¢ from by,
then ¢; = /(z —b1)/e; = Vai/e1¢(1 + O(C)) is a local coordinate which is close
to a coordinate bounded and bounded from 0 on S;. It follows from the type of
continuity arguments used in 12.7 that \/e1/a1(g1 + ih1) is bounded with respect to
coordinate (;, away from the singularity 7#=1(b;). So g1 + ih; = O(/a1/e1) away
from the singularity, which means that ¢, and h; have expansions in the (3 coordinate
about ¢; = 0 in which the coefficients of ¢; and Zl are O(y/ai/ey). So if we expand in
terms of ¢, the coefficients of ¢ and ¢ are O(ay/e1), that is, Cy 1 and Dy 3 are O(ay /e1).
Of course, this has no content unless by is approximated by at least two zeros of q.

Now we consider & # 1. There is a finite union of disjoint annuli in S separating
77 b, from 77 1h; such that any path from 771y to 7~ by crosses annuli with sum of
moduli > %10g(]/€1) — O(1). If by is approximated by just one zero of ¢, then there
are just two annuli, both of modulus Olog(1/z,) — O(1). The functions g; and hy
are bounded on all of these annuli. Moreover, annuli which are the same distance
from 7 1b; that is. separated from 7~ !b; by the same number of other annuli —
are preimages of the same annulus under 7. So it suffices to prove the following.
Let Sy be a surface with finitely many boundary components, and let there be an
annulus embedded in Sy of modulus m homotopic to and adjacent to each boundary
component. Let S5 C Sy be the complement of the annuli. Let g; be harmonic
on Sy and varying by at most L on 955, where any boundary components of 953 are
preimages under 7 of a the same annulus. Then g, varies by at most O(Le™"™) on Ss.
We shall then apply this to a decreasing family of surfaces S containing 7= 'by but
not containing 7~ b;. This will complete the proof.

We consider the lift of g1 to the universal cover of Sy, taking this to be the unit
disc D. We continue to call the lifted harmonic function g,. Then

) 1 27 ) 1— 7,.2
(1) au(rei®) = / n(ety——"
0

T or. reid — eit]2

where g | S! is invariant under the action of Fuchsian group I' which has zero measure
limit set and there is a fundamental domain for the action of T' on the domain of
discontinuity in S' which is a finite union of at most two intervals of length O(e™").
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If there are two intervals I; and I then

f]l g1 f1291

A (10,

Also
-!’711 g _ fIl g1
[v1] ]

This means that we can write the integral (1) up as a countable sum of integrals over

(1+0(e™™)).

the orbits of one or two intervals, and we obtain

gu(re) = |’ ;1"'” (1+0(™))

for any such interval, as required. O

12.10. Another continuity result. — Let ¢, (2)dz?, p,,(2)dz? be quadratic dif-
ferentials with p,,(2)dz? a stretch of g,,(z)dz%. Assume for the moment that they
satisfy the Standing Assumption with corresponding bases of harmonic 1-forms v; ,,
(Xm)*(v}m), as in Chapter 10, and wj »,, w"j’m for real and imaginary parts of mero-
morphic 1-forms. Let Ty, = (v}, Uvi ), like T in 10.10. We use matrices Vol vt
V;;] I/Vm, V/—l W/

S 7ns as usual.

Lemma. — Let g,, — q, pm — p with p # q. Then {V.,'T,, V)~ '} is precompact,
the kernel of any limit contains the kernel of V'=1% and the image is orthogonal to
Ker(V~1%).
Proof. -— First we claim that, for a constant C, for all vectors z = (), y = (y;),
STz )| < C(E"Vz. ) (S Viy, y).
To see this, write
&= Z:rjv_;-, n= Zyjuj.
J J
Then, by Cauchy Schwartz,
(ZT,”,E_, g>2 = (5 U JT?'17])2 g (€ U Jm,f)(” U Jm7]) g C(f U J’m('"J'mJylng))(n U J'm,"])
= C(EU T8 (U Jmn) = C(EVa, 2)(E'Viny. y).
Then replacing z by £V, 'z and y by £V, 1y yields

(Vo " T Vi ' Sz, ) P < CEV i, 2) (S, y ).

m m m

This gives the result. O
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12.11. We use V! and V7'W, V-ITV'~! even in degenerate cases, when V and
W are not actually defined (because, as we have seen, V-1 and V7'W still make
sense, by taking limits).

Lemma. Let qs(2)dz? be the quadratic differential at distance § along the geodesic
given by q(2)dz? = qo(2)dz?, with corresponding Vs ' and Vi 'Ws and Ty = (vj s Uv;).
Then

T V™ =Vt =0, lim VW -V 'Ws =0, lim VTV -Vl =o.
5—0 d—0 —0

Proof. — The first two limits follow from 12.7. To get the other limit, we use the fact
(2 -) in terms of the v,. As § — 0,

(5 5) U vk.s, and because

that the matrix V*IT(;V gives the coefficients of w,”

wf) — 117( ) in homology (because of the formulae 11 for w;

Uk,s — v in homology). This, together with the bound on 1111&ge from the previous
lemma, gives the result. O

12.12. Another result about bounds on entries of X;, X3. — The following
lemma (as we shall see) is proved by a very similar method to 12.7. It will be needed
towards the end of the proof of Descending Points in Chapter 22.

Lemma

(1) Given Cy > 0, there is a constant Ca > 0 such that the following holds. Let
the poles {b; : 1 < j < n —3}, and zeros {z; : 1 < j < n —4} of q¢ be bounded, and
bounded from the poles 0, 1, and let

e M/Cy < by — b S Cre” ™, by —zi| < Cre” ™ for all j, k.
Then all entries in V=1, WV ™! are < Che™
(2) Let q be as in 1, and let ¢’ = g5 be similarly defined, with residues within § of
those of q, and poles within e~"§ of those of q, and with corresponding matrices V{l,
V{lVV(;. V—1T(5V571. Then there is £(0) with lims_.g£(0) = 0 such that

eV — e < <),
le=mV W — eV W < 2 ().
e T PR
Proof
(1) It suffices to look at an arbitrary sequence {q,,} satisfying the (:onditions‘ of ¢,

WV,

Lare < Che™

and to show that all entries in the corresponding matrices V,,, !,
for some Cy. We use much of the notation of 12.7. Again, the terms rJ m(bjm) are
easily seen to be O(e™): we are considering the z — b;,, term in the Taylor series
expansion of ¢, (2)/(z — b;.m)(gm.;j(2))?. Expand out only one term at a time. There
are the same number of terms within O(e™™) of b;,, on top and bottom, all terms

on the bottom are ¢~ /C at b;,, and those on top are closer to b; .y, if anything.
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So now we only need to consider the coefficients in the harmonic functions. We
take an embedded disc in S, round 7,,t(b;,,). In the ¢-coordinate we only know,
now, that K, can be chosen to have radius > rge ™/2. Let Ko = {C : [¢| < 7o}
Then we consider the harmonic functions

Giym(C) = e " 2g1(e7™%0). ¢ € Ko~ {0},

and similarly for hj ,,. If j # 1, these functions are harmonic on all of Ky. If j = 1,
and 4Re(1/¢), 4Im(1/¢) are added to these functions, we obtain harmonic functions
on all of K. The Fourier coeflicient expansions for these functions are {e™"" @y, j.m}
(n > —1) where {a,, j.m } are the coefficients in K ,,, for g1 ,,. We can then take limits
along subsequences of the functions )\jJ,Lc‘m/zgun +¢j,m for suitable constants ¢; ,, on
limits of the Sy, which contain the disc K, which is a local chart at lim,, . 7, (bjm)-
Arguing as in 12.7, we can take Aj,, = 1 for all m. In local coordinates the limit
function is the limit of G ,, ;, and thus we obtain that lim,, .~ ¢”™a; ;. cxists.
Then for the entire sequence, {(I,LJ-,W} is bounded, as required.

(2) For the first two inequalities, it suffices to take a sequence g, as above for
which poles and residues converge. The S, converge, and the harmonic functions
/\jvm€~m/2

harmonic functions (without singularities) in the limit. So lim,, . €™ ™a1 jm

g1,m + ¢j. must converge, because otherwise we obtain nonconstant

exists for all j. The limit of the z — b;,, term in the Taylor series expansion of
gm(2)/(z — bj,,,l,)(qm.,'(z))? exists. So lim,,— o e””V,;l, litmyy oo €MV, W, exist,
and this is enough for the first two inequalities.

The last inequality is proved similarly to the last limit in 12.11. For this we do need
T By

12.10 we know that {e=™V, 17, V/~1} is precompact, with bounds on image space

to take Gm, ¢, with the same limiting residues and corresponding V,,,, V/

m?

of any limit. Then we obtain the result as in 12.11, using convergence in homology on
the appropriate subsurface.
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CHAPTER 13

THE SECOND DERIVATIVE AND THE SOLUTION OF
A DIFFERENTIAL EQUATION

13.1. In this chapter, we give yet another interpretation of terms in the second
derivative of the Teichmiiller distance function for marked spheres. Continuing with
the notation of Chapters 10-12, let ¢(z)dz? be a quadratic differential on C with at
worst simple poles at the points 0, 1, oo and b, 1 < j < n—3, and let a; = Res(q, b;).
Assume in this chapter that a; # 0 for all j, that residues at 0, 1, oo are also # 0
and that all zeros are simple. We again call this the Standing Assumption, as in 10.3.
Let S be as in 10.5, with genus n — 3, v;, w; as in 10.7, V, W as in 10.10, II, ¥ as in
10.11 and 2 = XI1. Then let

X =X(q) =V W —4zvViqQ.
We have seen in 11.11 that, if (v;) and (w;) denote row vectors, then
(w;) = (v;)X.

We showed that XTI is symmetric, and, indeed, that both of V"1WII and V'Y =
V ~1QII are symmetric (although the second is obvious by inspection). In this chapter,
we shall exhibit X as a solution of a differential equation. One of the consequences
is another proof of the symmetry of XTI. Recall that the proof in Chapter 11 used
Green’s functions. The proof given here is more elementary, but heavier computa-
tionally. It is the proof that one expects to find first, because the only technique used
is integration by parts. In fact, it was not the first proof to emerge. The reason is
that, although the forms v; form a basis for H!(S) over R, in order to get a basis of
meromorphic 1-forms over C, we have to include all of vo;_1 4 tve; and waj_1 + twa;,
1 < j < n—3. This is related to the fact that X is not a complex-linear matrix.
Instead, it occurs as the solution of a differential equation in which the coefficients
are complex-matrix-valued functions.

13.2. A notation convention. — Let P = (p;;) be an m x m matrix with
complex coefficients. We shall denote by P the matrix (p, ;). Note that P can also
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be regarded as a real 2m x 2m matrix, by replacing each entry a + ib (as usual) by
M(a + ib) = (¢ ,”). By abuse of notation, we shall write products such as PY,
where Y is a real 2m x 2m matrix, not necessarily associated with a complex m x m
matrix. Note, for example that
IIPII = P,

where P = (P;;) as a complex matrix. If we regard P as a 2m x 2m real matrix,
and then P! denotes the real transpose. Thus, P! = (P)*, by abuse of notation. So
P = P if and ouly if PII = (PII)t.

13.3. The form of the differential equation

Quadratic Differential Equation Theorem. — Let X be a real variable, and let grdz? be
any Ct family of quadratic differentials on C satisfying the Standing Assumption.
Write X (X) = X (qx). Then X () is a solution of a differential equation

dy :
(1) E)T:YPY+QY+YQ"”—I—R
where P, @, R are complez-linear-matriz-valued functions of A\ with P = P¢t,

R = RCf'.

13.4. Remark. — 1t follows from (1) that

(2) d(dX,\H) = (XID(IIP)(XTI) + Q(XTI) + XTI(IIQ'TI) + RII,

where (IIP)! = IIP, (RI1)! = RII and IIQIl = Q. It follows immediately that
if X(Ao)II = (X(Ao)II)! for some Ao then X (MNII = (X(MNII)* for all \, because
both X (MII and (X (A\)II)" solve (1). Note also that if Y is a solution of (1) on a
connected open set of A and Y (Ag) is complex linear and Y (\g) = Y (\g)<, then
uniqueness implies the same two properties hold for Y (A) for all A\. The following
lemma shows that, given the theorem, X (¢)IT is symmetric for all ¢ satisfying the
Standing Assumption. Hence, by continuity, X (¢)II is symmetric for all ¢.

13.5. Lemma. — There exists q(z)dz? such that
X (@I = (X (q)T)".
Proof. — Choose ¢ so that all poles b; (1 < j < n—23) and all zeros z; (1 < j <n—4)
lie on the real line, and so that the following hold, where
T, ={0,1}U{z;:1<j<n—4}, To={oc}U{bj:1<j<n—3}

(1) Points from Ty, T3 alternate, so that any two adjacent points of T are separated
by precisely one point of T, and vice versa.

(2) Under some Mobius transformation of R U {oo} to {z :| z |= 1}, points of
T, U Ty are mapped to points equally spaced around the circle.
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It follows from 1 and 2 that there is a group of Mdbius transformations of Ty U 75
which acts transitively, whose action is isomorphic to that of the dihedral group on
2n — 4 letters, and any transformation in the group which maps one point of T into 1%
leaves both Ty and Tb invariant. Write X = (E; ;) for the decomposition of X into
2 x 2 submatrices. Thus, £ represents the coefficients of vg;_1 and vg; in wop—1
and wsyk. We need to show that for all j # k,

Ejk = Ep.;j.

So fix k # j. By our choice of ¢, there is a Mobius involution o which interchanges b;
and b and leaves each of the sets T}, Th invariant. Let b, be such that o interchanges
oo and b,. Write o also for the lifted involution to the surface S. Then for all
¢ < 2n—6, o,wye can be written as a real linear combination of o.v,, (1 < m < 2n—6)
and F; ; represents the coefficients of o,v2;_1 and o,v2; in o,war—1 and o,wsay. Let
7 : S — C denote the natural projection (as before). Then the following hold.

a) For any m < n — 3, va,,, 1 + iV2, vanishes at 771 (b¢) except for £ = m.

b) For any r # p, 04 (va, 1 + ivg,) vanishes at 771 (b;) except for ¢ = p, t, where
o(b,) = by for r # p and ¢ = p if r = p. In particular, t =k if r = j.

¢) The meromorphic form o, (wor—1 + twak) has a single double pole singularity at
7~ 1(b;) and vanishes at 7! (b) for ¢ # j, p.

Therefore, o, (var—1 + iv2,) can be written as a complex linear combination of
Vop—1 + ivgy and vap 1 +ivgy. Similarly, o, (war—1 + fway) can be written as a complex
linear combination of woj_1 + twsy, vaj—1 + iva; and v, +ivay. It remains to show
that the coefficient of vog_; + tvgr in 0, (vej-1 +ive;) is the same as the coefficient of
Woj—1 + dwaj in o (Wap—1 + iwak).

Because o2 = identity on S, the coefficients of vap_ + ivgy in 0. (V251 +ivay) and
of voj_y + vy in 0. (vop—1 + ivgy) multiply to 1. In fact, these coefficients (which
depend, up to sign, on the choice of the lift o on S) are given respectively by

() \/O'/([)/,;)(LJ' ’ \/U’(bj‘)a};.
Ak a;

where the signs of the square root are such that the product is 1. (Note that

a'(bj)o’(bx) = 1.) Let vaj_1 + iva; be of the form d§ for a local coordinate & near
71 (bj). We saw in 11.10 (and can check again) that in this coordinate, wqj_1 + iws;
is of the form

(2) (652— + 0(1))<15.

We could also use € as a local coordinate for o, (va;—1 + iva;) near 7 (bg). Then
0. (waj-1 + dws;) is also given by (2) in this coordinate. The same holds with j
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replaced by k, and a local coordinate ¢ near m—*(by). It follows from (1) that

d<=( Mw(l))d& <=< L(b’“—)%m(l))é,

Ak ap

4 o' (bg)a; 4

e = N 1) | =dC.

ot = (|| 2 o)) e
and hence the coeflicient of wo; 1 + twsy; in o, (wak—1 + iwaey) is

o' (bk)a,
ag

with the same choice of sign as in (1), as required. g
13.6. First Reduction in 13.3
Lemma. — To prove Theorem 13.3 it suffices to show that we have complex linear

equations (using colummn vectors)

(1) ((l(vgk,l + 9k )
d\

d(wak—1 + tway)
dA

) = C'(vag—1 + ivar) + D(wag_1 + twar),

(2) (

with

) = G(vag—1 + ivog) + H(wop—1 + tway)

C"=—-H, D=D" G=G".
Proof. -~ Assume that (1) and (2) hold. We have
(wr) = (vi) X.

Then
dwp\  dug S dX

3) () = ()X + oy
Then reverting to real row vectors and using the abuse of notation explained in 13.2
we have

duy, t t t t
(4) (5%) = @C* + (@)D = (w)(C" + X D),

dwy t ¢ ¢ ¢
5 — ) = (vg)G"* = (vp)(G*+ X HY).
(5) (T55) = OG" + (w) H' = (0)(G" + X H')

Then from (3), (4) and (5) we obtain

(0e) (Gt + XHY) = (0)(Ct + XD'X + (wk)%—)j—.

This gives

¢
Write P = —D! = - D (see 13.2), Q = —C' = —C" and R = G”. Then P = Pt
H!' = Q° and R = R as required for 13.3. O
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13.7. Second Reduction: in Choice of Family. — Let q(z)dz? be any quadratic
differential, as usual with poles at 0, 1, oo, b; (1 < j < n — 3) and zeros at z;
(1 <j<n-—4). Thus, for some o # 0,
—4
H;’lzl (z = 25)
(](Z) =a n—3 '
z(z—1) Hj:l (z —b;)

If ¢ is any C! family satisfying the Standing Assumption, then «(\), b;(\) and z;(\)
are all C! functions of A and

d 9 da = 0 db; <= O dz
D Oad 2 b o

It follows that we can restrict to considering complex parameter families in which
only one of the functions «, bj;, 2; is nonconstant. For each such parameter we need
to satisfy (1) of 13.6. So we need to prove the following Reduced Theorem.

13.8. Reduced Theorem. There are complex-matriz-valued functions C;, D;, Ej,
F;, G;, Jj, such that, in H'(S), if (var—1 + iver) and (wak—1 + iwax) denote column

vectors,

1o} . . .
—— (Vop—1 + tv2) = Cj(var—1 + ivor) + Dj(wor—1 + twar),

(92]-
0 ) . .
57(1021%1 + dwak) = G (vag—1 + ivak) + Hj(wak—1 + iway),
~J
where
ct — ct — (e
Cs'=—-H;, D;=Df, G;=G5"
Similarly,
W(/U%:wl +ivar) = Fj(vak-1 + tva) + Fj(war—1 + iway),
j
0 . . . .
5b—_('w2k_1 +iwar) = Jj(var—1 + dvar) + Kj(war—1 + iwar),
j
where
ot e _ ct _ t
B = —Kj, Fy=F7, Jp=Jj.
Furthermore,

—1
_(’U2k—1 + i’l)gk) = —“('UQk—l, + 2'1}2k),
Jda 2a

1
— (Wag—1 + twag) = — (Wak_1 + twag).
toe 2c
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The specific formulae are as follows.
aebi (b — 1)be(be — 1)

Cith, 0) = 2(by = 2j)(be — 2)223 (1 = 2;)2¢' (2;) (k#6,
Y N akb (bk — 1) 1
AT 2)*23 (1 = 2j)%¢ (%) )
" _ br (b, — 1)be(be — 1)
i) = S ) b — )22 (1 = 2,20 ()
Bk k) — 1 3 E 2b; — 1
J(»)—m #J, (J,J) = m
E;(j, k) = bi(br — 1) k#j, Ej(kt)=0ifj#kandk#¢
I S — bbb, — 1y S PR TR o
Fy(h k) = 5\ Fy(k,0) =0 k£ £,
. —akagbk(bk — 1)()@(0/ — 1) i
Gj(kvf) - 2(by, — zj)Q(b/ _ )2 2(1 _ 73)2q'(2j)’ k#¢,
—a2b2 (b — 1)? ax
R (e L (R e BT e L
A *akbk(bk — 1)

Jj(k'sk‘):wvj#kv Ji(k,j) = J;(J. k) = s J# Kk,

ij([)j - ].)(bk - bj)2
i -2 akbk bk - 1) 1 1 - 1 . a;
J](]’J) o (Z bj b - 1 b - bk) (bj - bk bj bj — 1) bj(bj - 1))

13.9. Remark. As one would expect, this is an extremely tedious calculation, and
the reader will probably want to skip the rest of this chapter, at least in the first

instance.

13.10. Calculation of C;, D;, E;, F;. — Recall that

. . <de2’>
Vog—1 F g = T .
Va

Now
0 (m). Lon_ Lo
9z, \Va) T Vidz  2/iq 0z
Using
o H;In 41( Zm)
q=a n—23 ’
z(z—1) szl (z —bp)
we have
dqx, 1 Jq -1
= = O', A = .
0z; qO0z; z—z;
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So

_5_<Q_k>_ qk _ 1 qx be(bk—1) g
92; \Va) ~ 2yalz—z) 20w —2) va  2(bx —z) /@
where
1
9i(2) = (z—zj)z(z — 1)’
So the formulae for C; and D; then follow from Lemma 13.14 below. Now remember
that (
bi(br — 1) arbr(br — 1)
an(2) = 2(z = 1)(z —by)’ fu(2) = 2(z — 1)(z — by)?
So if k # j, we have

i(I_k L lﬁ _ —dk _ by (b, — 1)g; _ Qi
Ob; g 2y/qq0b;  2(z—bi)\/q  2(bk —by)bi(b; — 1)/ 2(bk — b;)\/T
and
0 q; _ (2b; —1)g, i fi o (@b -1)g f

93 b -1V aja 2054 b~ 1)@ 204

This immediately gives the formulae for E; and F}.

13.11. The 0/0« Calculations. — We have
Aqy; 0 19qg 1

da O qda  a
Recall that
Hn - (bk ~m)
br (b, — 1) Hp;ék(bk - bp)’

ap —

and hence

Jap,  ay
da o
So
O ax _ —ak 99 _ —ak O fu _ fu e fr

Ao \/7 2q/q 0a  20/q’ Ao Vi og 2003 20./q

which gives the 9/0« calculations required for 13.8.

13.12. Calculation of G, H;, J;, K;. — From the formula for aj given in 13.11,
we have
Oay, —ag oay,

S f
0z, br—2z; Ob; bk—blk#J’

0 1
g, (@it = 1) = =asbs oy = 1) (5 + - +Z,)J_bk)
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So
o fu _ — [k n Tk
9z @ (e —z)va  20z—z)Va
B — [k - akqr n aibi(by — 1)g;
20k — zj)v/a 20k —2)2/a - 2(bk — 2)*/q
using
1 1 1 1
(1) =

= + — .
(2 =be)2(z —25)  (bk —z)(z —b)?  (be —2)%(2 — 25)  (be — 2;)%(2 — bk)
The calculation of G; and H; then follows from 13.14. If j # k, we have

9 fu _ fr B fr
b 7 (bk—b))va 20z —b))Va
. fr N akqk B arbi (b — 1)g;
20be = bj)va 20k = ;)2 2(bk = b;)%b;(b; — 1)\/q’
using
2) 1 1 1 1

(002G —by)  (n— b))z — b (b — b2z — b) (b — b,)%(z — bw)’
This gives the formulae of 13.8 for J;(k,¢) and K;(k,¢) if k # j. Finally, we have
n—4 n—3

9 fi 1 2b; —1 N f; 3a;b;(b; — 1)
= —~ + 2Ly —
Ob Va (Z bj —z; = bj — bk bj(bj_l))\/a 2z2(z — 1)(z = b;)3/q
=y
Then the formulae of 13.8 for J;(j,¢) and K;(j,¢) follow from 13.15 and 13.16.

13.13. Lemma. — In H(S),

n—3 n—3

z — ./ dz 2

(1) (Zakbk> <——d1)_f) :;W (bkkfkl q:»f + by, ff/d‘ )
(2)

= ) dz = . fedz  ag(l —by) a

(S ) et - (- o - 2202
Proof. — We have

n—3 _
EEVD =V =V g ma( S - o )

:—\/5_ 1 ni(akq/c+akbk%)

z—1 Z—bk

Then using

1 1 ( o 1)
(z—1)(z—bp) bp—1\z—by z-—1/
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and rearranging, we obtain (1). Similarly,

d (z— 1)q' 1=l 21 21
—(-DVo) =i+ —FF——=V1i— 5= Akqk + 1+
dz( Vi Va 2./q 2\/61; ( z z~bk)
_ Ve 1 f (amk (b = 1)%%)
2 24 =\ 2 z — by, '
Using
1 1 1 1
Z(Z~ bk) n b_k(z —bk - Z)’
and rearranging, we obtain (2). O

13.14. Lemma. In HY(S),

) ‘ dz obplbr = 1),/ fedz\ = arbe(be — 1), /qudz
22(2-1)2¢ (z)m* (Z22) = = i L - —5 :
7% )(I(-’)W(\/g) g b — 2 (\/G) A; (bk—?i)zﬂ(\/a>
Proof
d 4 —q q

) R

Now we write

7(’7 _ 1)(] ¢ n—3 ¢
2 ~\~ . _ - + “k
(2) (z —z5)? z—zj ;z—bk
Then
e — lim z(z — 1)(1(2)(2 — by) _ by (b, — 1);%
2=y (z=2j) (bk = zj)
z—1 z) —q(z
c= lim Na(2) = (%)) =z(z; — D)q'(z))
z—z; z—Zj
Now write
Z(Z o 1)(1/ d e f n—3 P n—3 th
3 — —_— - e ———
3) z— 2z z—z]-+z+z—1+zz—bk,+z(z—bk)2
k=1 k=1
Then
d= lim z(z = 1)¢'(z) = zj(z; — 1)¢'(z).
Zﬁ?Z.l‘
Since

' (z) = b (b — 1) (—1 1 1 )

T2 -DeE-b)\ 2z 21 z—by
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we have
2 — 1 -3 2 — D'
e = lim FAET )R (z )7'(2) = lim a2 )4i(2)
z—0 z — Zj z—0 pl z — Zj
n—3 akbk(bk o 1 1 n—3
i = S bl 7D 7l b —1).
0 ; (z=2))(z —bx) 2 Zak( *
Similarly,
n—3 n—3
. . apbe (b — 1) arby
f=lim — — = .
z—1 ; (z—bk)(z—zj) ;_1 1—21
Also,
2(z — 1)(z = bp)2q’ (b, — 1 —arbu(br — 1
t = lim 2z =) —-0)q(z) _ lim apbp(by — 1) —ay i (b ).
z—by z— z; z—by z— 2z by — z;

Finally, sy is the coefficient of 1/(z — by) in the partial fraction expansion of

arz(z — 1)q; _ —agbp (b — 1) ( 1 n 1 N 1 )
z—zj (z—zj)(z—br)\z—by, =z 2z-1
So
sp = arbi (b — 1) ( 1 B l - 1 >
) bk — Zj bk —Zj bk bk —1

Now substituting (2) and (3) in (1), we obtain, in H!(S),
@ 2-DdG) . (97(14) Z Sk — Cr (‘dez>
2 bi (b — 1) NG

— duk kAl - —  aibg - dz
Z (z (z—l ) Z 2(1 — z;) ((z—l)Qz\/G)

k=1 k=1

Then using (1) and (2) of 13.13, we obtain

n—-3

%2 = Da (z)m ( ~) Zbkkb:qu (qi}%z>
+1_12J(7§1;:kfk1 <(Ikdz) Zbk ()‘de))
n—3 n—23 _
L () ) s

k=1 k=1
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Then the coefficient of ©* (fkdz) is
Va

q
by n bpy—-1 1 —bi(by — 1)
1—ZJ‘ Zj bk;—Zj Zj(Z_j—l)(bk—Zj).
. . * (]A:dZ .
The coeflicient of 7 ( ) is
Va
Sk — 2(’k T (l,kb;,n a,k(bk, - 1)
b (br, — 1) (bp — 1)(1 — 25) z;by
- A ( —1 1 1 ) (I,kb/,; + (I,k,(bk — 1)
N bk - Zj b;,. - Zj b,l\; bk -1 (I);\; — 1)(1 — Zj) Zjl)],:
—apb (b — 1) O
(b; zi)%zi(z; — 1)
13.15. Lemma
n—3 n—4 n—3
arbr(bp — 1)
1
(1) ; ajb;(b; —1)(b; — by) Z b, -z Z b; — bA
k) V2
Proof. — We claim that both sides of (1) represent
d
T (a(z= 1) by)a(2)
lim 42
=b, 2z — 1) (z—=bj)q(z)
This is clearly true of the righthand side of (1). For the lefthand side, note that
d , 1 1 1 3
B Lt 10) B s R
2z = 1)(z = ba(z) q(z)
Then the limit of (2) as z — b; is
1 , 1 1 1
o o (= - )0+ (S g+ z_—bj)q“))
1 n—=3 n—3 (lkbk(()k 1)
a, :gll:, ; axai(2) kgl a;bj(b; —1)(b; — by)
k#j kg
as required. (]
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13.16. Lemma. — In H'(S),

« 3(l]bl(bJ — 1)(12,’
O € e AN,

n—23
- akbk(bk — 1) ij —1 « fde
- et (J,J‘bj(bj — 1)([)] - [1/,;) i bj([)j — 1)>7T ( \/a )
[
n—23 ;
apbp (b — 1) 1 1 1 aj L[ 4jdz
4 _ 4 _ : (4
(kz_; by — by (bj ~b. by b — 1) bi(b; — 1)) (2\/5>
k#j
n—3 . n—3
. [)1\:(1)/\7 — 1) « f/,.(lz (L/\;b/\f(bk - 1) . q;,,dz
— T — — 7 .
kz::l 2(bx — b;)b;(b; — 1) ( Vi ) g 2(br = b;)?b;(b; — 1) ( Vi )
k#j k#7
Proof. We have
‘_’( Vi ) e q
dz\z—b;/)  (z—=b;)2/q (*—b:)\/_
n—3 n
o s L Ap (11,
g —b;)%/q Z —b)Va
So
. d q 3a;b;(b; — 1)
(2) dz (: — bJ-> + 2(z—~0j)%z(z — 1)\/q
o f arbp (b — 1) ( 1 n 1 )
n — 2(z—=1)(z=br)(z = bj) /g \z=0b;  2(z—by)
k#j
n—3
apbp (b — 1) l 1
; 22(z = 1)(z = bj)(z ~bk)( * z - 1)'
Now, if k # j,
1 1 1 1
(3) = -+ + )
2(z = bp)(z = b)) bpbjz bp(be —bj)(z—br)  bi(b; —br)(z — bj)
1 1 1
4 = — +
) (z=1)(z=bp)(z—b;) (b —1)(b; = 1)(z—=1) (b — 1)(br — bj)(z — bg)
1
+ s
(b; = 1)(bj — b)(z — bj)’
while
r S SR SRS U
(5) 2(z—b;)2  bi(z—b;)? bfz bf(z —b;)’
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) 1 B 1 N 1 B 1
(z=D(=b)2 (b —1(—=b)* (b, —1)°GE-1) (b —1*z=0b;)

Using (3) to (6), and (2) of 13.12, the righthand side of (2) above becomes

M _fj_( B = aibi (b — 1) 1 ___1__)

Vi = agbi(b; — 1)(b; —bx) 205 2(b; — 1)
k#j
n—3

q; agbi (b, — 1) 1 B i - 1 aj a;

+2ﬁ([g ( 1)(1)j—bk)(bj—()k bl b'-l) b2 + (b —l) )

n—3
Ak 1 1
— + —

]; (bk—bj)\/ﬁ<bk—bj b k—l) ZQ k—bJ\/‘
k#j3

B "ij Qg (bk -1 N by )
P 2z(z —1)/q\ bjz (b; —D(z—1)

Now we use Lemma 13.13 to substitute for the last two terms of (7). The f and gk
contributions to the last two terms are, respectively.

(b;‘fl by )i (_ak~(1‘bk> akby ) qk
2b; 2(b; — 1)/ \/q 2b by 2(b; — )bk — 1)/ /g
The last two terms give
RSO i bicfi
2bj p— \/6 2([)j — 1) P \/a
1 g (I,k(l - bk)ﬂb_ . X_: (lkbk (]_k
ij — i NG b - 1) P 1)1(71\/6'
oo S k . o
So the coefficients of and are given respectively by
Vi
b — 1 b —ar(1 —by) B apby O
2b; 2(b; = 1)° bjby 2(b; — 1)(br, — 1)’
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CHAPTER 14

DISTANCE BETWEEN GEODESICS

14.1. Let {1 = {x; : t € [0,T]} and €3 = {y, : t € [0, T]} be two geodesic segments in
the hyperbolic plane parametrised by length, with d(xo,y0) < 9, d(zp,yr) < 4. Then

d(:L‘t, l/[) < Cde™ min(t"["ff,)‘

Of course, a similar statement holds in hyperbolic space of any dimension. How-
ever, we cannot prove such a strong statement in Teichmiiller space with the Teich-
miiller distance d. This is related to the other well-known ways in which Teichmiiller
space differs from hyperbolic space, such as, for example, there being several different
boundaries of Teichmiiller space, each of which inherits some, but not all, of the char-
acteristics of the boundary of hyperbolic space. We do, however, have the following.
We use the notation S(a,[¢]), a(a,q), mq of 9.3, 9.4, 9.1 for quadratic-differential
areas and moduli of the appropriate subsurfaces.

14.2. We shall prove the following in 14.9. The diagram shows the situation under
consideration.

The geodesic and y.

Proposition. — Given g9 > 0, M > 0, there ws My > 0 such that the following hold.
Let [z, w] be a geodesic segment in the Teichmiiller space T(Y), with respect to the
Teichmiiller metric d. Let y € T(Y'). Suppose that y' = [¢'] € [z, w] with d(x,y’) =
d(z,y). Let q(2)dz? denote the quadratic differential at y' for d(y',w). Let

d(z,y) + d(y,w) — d(z,w) < M.
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(1) Let y' € Tse,. Then d(y,y') < M.

(2) Given € > 0 there is €’ > 0 such that if y € T theny’ € T...

(3) The following holds given C > 0, for M, depending on o, M and C. Suppose
that y' € T<e,, T is the set of loops v with ©'(v) of length < €9, and « is a loop or
gap of T with a(a,q) = C if o is a gap, and a(a,q) = C/ma(y') if o is a loop. Then
all geodesics homotopic to @' () have length < My at y, and

da(y, y/) < M.

Remark. — 1t can happen that y € 7., but ¢y € 7.., with ¢ arbitrarily small if
d(z,y) is large enough.

14.3. Poincaré Length and a Modification. — Let v be a loop in C . Y.
Then we denote by |o(7)| the length of the geodesic homotopic to (), with respect
to the Poincaré metric on C \ o(Y). We normalise so that C ~ ¢(Y) has area 1.
o], but it should be clear
from the context that we are using the Poincaré metric on C ~ ¢(Y'). Let p denote

Strictly speaking, we should use a notation of the form |o(v)];

the Poincaré metric. We need to consider another length with respect to another
measurable Riemannian metric p’ on C ~ ¢(Y) when studying Teichmiiller distance.
We fix g9 < the Margulis constant. We define p’ to be p on (C ~ ¢(Y))se, and
peripheral components of (C~¢(Y))<.,. So it remains to define p’ on a nonperipheral
component A of (C~p(Y))<.,. Let 4/ € C\Y be the nontrivial nonperipheral simple
loop such that A is homotopic in C ~ @(Y) to ¢(7’). We map A biholomorphically

to an annulus of the form

{x+iy:0<y < 1/Ve}/(x+iy~ax+iy+ Ve).

Here, ¢ is, of course, uniquely determined, and is boundedly proportional to the
Poincaré length of the geodesic homotopic to ¢(v'). Then we take p’ to be the image
of the standard Euclidean metric dz? + dy? in A.

Let v be any simple geodesic. Then we define |¢(v)|” to be the p’-length of the
Poincaré geodesic homotopic to ¢(y). Note that ¢(v) is bounded from ¢(Y'), so there
is no problem with the definition of p’ near p(Y). Let a be a loop or subsurface such
that () is homotopic to a component S(«) of (C ~ ¢(Y))se, or (C~ o(Y))<e,.

We also define |p(y N a)|” to be the p’ length of the geodesic homotopic to () with
S(a).

We have
(1) p<Cply oM< CleMI, ey na)l < Clo(yna)l’

for a constant C. The reverse inequality does not hold in general. This is because
the shortest Poincaré length of a path between the components of A is O(log(1/¢),
while for p’ it is O(1/+/€). However, we obviously have p’ = p if [¢] € Ts.,. We have
()] = |¢(v)]" whenever either of these quantities is bounded.
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14.4. The metric p’ and Teichmiiller distance. — We can use |- |’ to estimate
Teichmiiller distance. Let v+ € C ~ Y be any simple loop. This ensures that, for
a suitable gg > 0, and any [p], the geodesic homotopic to ¢(v) does not intersect
peripheral components of (C~ ¢(Y))<.,. Note that 1/[¢(v)|’ is, to within a bounded
constant depending on g, the maximum modulus of an annulus in C~¢(Y) homotopic
to ¢(). Then there is a constant C' > 0 (depending on &¢) such that the following

holds. Let x : C — C with ||x||qc = K (8.1), and let [p] € 7(Y). Then
x o) < CVElp()I'.

So if x minimizes distortion up to isotopy constant on ¢(Y'), we obtain

(1) Ix o ()l < Cedlle)[xoe))
(NI
We shall sce below (in 14.7) that we have a reverse inequality also. In fact, we shall
see that, for a suitable constant C' we can find ~ such that
cd(le)[xovl) _ Ix o ()|
o el

14.5. Q-d length. — We need to recall some facts about length of loops with
respect to the singular metrics induced by quadratic differentials. We consider 7 (Y').
Let g(2)dz? be a quadratic differential at [¢], let {[x: o ¢] : t € [0,00)} be the half-
geodesic determined by q(z)dz?, and let Fi be the corresponding foliations, so that vy
multiplies length on leaves of Fy by ett. Let 4 be any siimple nontrivial nonperipheral
loop in C\ Y. Then ¢(v) can be chosen up to a homotopy which is a limit of isotopies

(2)

to be a union of segments which are each at constant angle to Fy. If there is more
than one segment, they can be chosen so that any two are between zeros of ¢ or points
of o(Y). with angle > 7 at any zero outside ¢(Y). We shall then say that ¢(v) is in
good position. Good position is unique, up to reparametrisation. Morecover, no two
segments intersect transversally, and the number of isotopically distinct segments is
< #(Y) — 3. We then define
with respect to the singular metric p, = |¢(r + iy)|(da? + dy?). Then |p(7)
only on the isotopy class of . Then for a constant C' depending only on g,

(1) Pq < Cp'. le()lg < Clo()'-
This follows from simple analysis of the metric pg. For suitable C' depending on &g,
we have p, < Cp’ (equivalently p, < Cp) on any component of (C ~ ¢(Y))s.,. For a
nonperipheral component A of (C~¢(Y))<.,, if we use the biholomorphic equivalence
o A—{r+iy:0<y<1/Ve}/(x+iy~x+iy+ e}

then we see that ¢.p, < dz? + dy?, and thus pg < p2 on A, which yields p, < Cp'.
We are using the fact that the pg-area of C \ (V) is 1, that is, [ |g| = 1.

Let [¢], ¢, a be such that a(a,q) = Cy if « is a gap, and a(«, ¢)ma([¢]) = Cp if
« is a loop. Let [¢] € (T (A(a))se, if o is a gap. We can always find at least one «

@(7)|q to be the sum of the lengths of the segments

q depends
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such that these conditions hold, for g5 and Cy sufficiently small (depending only on
#(Y)). Then for a constant C7 = C1(Cp,gp), and any loop ~ in «

(2) lo(N)] = le(M)I" < Crle(y)lqg-

This holds whether « is a loop or a gap. It follows immediately from the definition
of p,. To see this in the case when « is a loop, note that the Pole-Zero Condition
of 9.4 must be satisfied for S(«, [p], ) for all sufficiently small e, depending on Cj.
By (1) and (2), pq is then boundedly proportional to p’ on S(a. [¢],£0), with bound
depending on Cj.

If v is a closed loop in C \ Y and « is a subsurface of C . Y, then we also define
lp(y N a)l,. To do this, we simply put ¢(a) and ¢(v) in good position to compute
lo(y Na)ly

14.6. The Q-d Length function along a geodesic. — Let {[x:o¢]:t € [0,T]}
denote the geodesic in 7(Y) joining [¢] and [x o ¢]. Let xo = identity, xr = x,
d([¢], [xt o ¢]) = t. Let qi(2)dz? be the quadratic differential for this geodesic at
[\t © @], with gy = ¢. Let v € C ~ Y be any simple loop. Then |y, o o(V)g, 1s
relatively casily computed. because if ) is a segment at angle § with . and with

lq = L,

Ixtoe(y1)lg = LV et cos2 0 + e 2 sin? 6.
So
.
, — 2,2t 2,—2t
Ixeo ()| = \JaZe? + b2
J=1
for suitable a;, b; > 0 and r. In fact, » < #(Y) — 3, but this does not matter. Write

a = i(z,‘,-. b= z’: bj.

=1 j=1

Then we have
aet + be™?

2
It follows that t — |x; o ©(7)]4, has at most one essential minimum in the following

< xr o p(M)lg < V2(aet +be™t).

sense. There is a constant C' such that the following holds. Given v, there is s € [0, T']
such that

(1) o ()l < v o @(la < Cel a0 p()g, for t € [0.7].

14.7. The upper bound on Teichmiiller distance in terms of Q-d length
and modified Poincaré length. — We are going to use (1) of 14.6 and (1) of 14.5
to obtain the upper bound (2) of 14.4 on Teichmiiller distance. If 7 is such that the
essential minimum s = 0 or s is bounded, then we have, for suitable C”,

etl([p].[xo¢]) < Cv/ ‘X o “p(fy)‘(i’l‘ )
le()lq
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If v also satisfies (1) of 14.5, then we obtain
el Ixoe]) < o Ix 0w
P (NI
which gives (2) of 14.4 (with C” replacing C) as claimed. So it remains to find such
a v. As we have seen, if S is a component of (C ~ ¢(Y))s-, or a nonperipheral

s

component of (C~ p(Y))-.,. of g-arca bounded from 0, and satisfying the Pole-Zero
Condition of 9.4 if S is an annulus, then (1) of 14.5 holds for any simple loop v with
(M) /1e(y) N'S]" bounded. So we need to find such a loop for which the essential
minimum s = 0.

First, let S be a component of (C~ ¢(Y))s., homotopic to ¢(«) for a subsurface
of C\ Y. Consider a set I' of v € a such that o~ (Y U (UI') is a union of topological
discs with at most one puncture and annuli parallel to da, and such that [p(v)] is
bounded for v € T'. If |x; 0 p(7)|q, < &1 for some ¢, then this happens for some ¢ < T,
for T} depending on e;. Then |xt o @(y)| < Ce;. If this is true for all loops adjacent
to a component of a ~ (Y U (U')), then the area of that component is O(¢2). So if
e is sufficiently small, given the g-arca of «v, for cach #, there is at least one loop
v € I with |¢i(v)]|g, = 1. So there is ¢} (depending on 1) and v € I' such that
li(V)|q, = €} for all t. So then the essential minimum for ~ is within a bounded
distance — depending on & of 0.

Now let S be a nonperipheral component of (C ~ ¢(Y))<.,. Let S be homotopic
is bounded and vy intersects 4" exactly twice.

to ¢(v'). Fix v such that [o(q0) ~ 9
Let 7, (n € Z) be obtained from by Dehn twist n times round /. Then we have the
following formula for |xs o (v )lq, -

Ixt © 0(Yn)la, = V(a1 4+ ne)2e2 + (by + nd)e=2" + Z (13(’2" + bf("?’

J=2

where

X0 p(Y g = Vet + dPe2,
laj| + ;| < Clar]+ 1bi]). e +d <C, 1/C < ajd—be<1.
So either [¢| > [d|C? or || < |d|/C?, and we can choose n so that |by + nd| < |d|/2.
Then

d? 1
[(by + nd)e| < Yes < 20

1 > 1( > |by + ndl‘
2C|d| ~ 2C* C

It follows that 0 is an essential minimum for either v or for ~,,, for some n.

lar +nd| >

14.8 Stable and Unstable lengths. — Let [p] € T7(Y) and let ¢(z)dz? be a
quadratic differential at [¢], with corresponding expanding and contracting foliations
Fyi, F-. At each nonsingular point, the tangent space of the surface C ~ ¢(Y) is
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the direct sum of the tangent spaces of ., and we have corresponding seminorms
|| - []«+ on tangent vectors. Again, let p(7) be in good position. Let Dp(v)(t) define
the derivative of ¢(v) at t. Then we define

()]s = / Do) (@)l du,

and similarly for |¢(v)|-. Again, this definition depends only on the isotopy class
of v, and good position gives the minimum value of the integral, in the homotopy
class of @(v). We shall write |p(v)[q,+ if we are considering more than one quadratic
differential.

In the notation of [F-L-P], we have

o+ = i(y, F-),

where i is the intersection function. We shall need, in Chapter 25, to use the inter-
section number between two measured foliations. If F and G are measured foliations
on surfaces S and S, and x : S — S’ is a homeomorphism, then i(xF,G) is a con-
tinuous function. Indeed, it is Lipschitz [R1] with respect to a natural metric. It can
be defined as lim,, .~ i(F,,G) by taking any limit of a sequence {F,} of measured
foliations supported on simple loops [F-L-P]|, [R1].

As for | - |,, we can define |o(y N )|+ if « is a subsurface of C \ Y.

14.9. Proof of 14.2. — Let ¢’ € [z, w] with d(x,y’) = d(x,y) = t. Write

{xsowlss € 0.7} = o wl. @ =gl v = 0wl w=[xrogl =€ y=[¢].
and let g4 (2)dz?, be the quadratic differential at [x, o @] for d([xs © ¢|, [xT © ¢])-

Let y' € T>.,, in which case take I' = @, or let I" be the set of loops such that ¢ (7)
has length < g9. fI' = @, let a = C. If I' # @, let @ be a loop or gap of I' with
ala,q) = Cy il ais a gap, or a(a, q) = Ci/ma(y’) if ais a loop. We call such an «
a good component. Then we claim that, for any nontrivial nonperipheral loop v with
nontrivial intersection with «, either

NUERTS) N/
e o lo(v)]

1 < ,
) C Ixt 0@y Na)l

or similarly for w, yr o ¢ replacing x, ¢. If & € I' we we claim that, further, either
(1) or its equivalent for w holds for y’ = [x; o ¢] replaced by any y1 = [xs © ¢] in
[z, w]NT (v, g9). To see this, we consider the function s — |xs0¢(7)|q, for any simple
loop 7. Then because this function has just one essential minimum (14.6) we have

either ,
€ < lo(V)lgo
C 7 xe o)l
or ]
e2(T—1) < |XTO‘/9('7)‘(1'1'

C T xeoe(W)g
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But we also have, by (1) of 14.5,

le(Mlgo < CleN)I's  Ixz o 0()] < Clxr o p(y)!'.

|”. The area lower bound gives that

This allows us to replace | - |4, |- |qr by | -
Pq. is boundedly proportional to p’ on S(a). If « is a loop, then p,, is boundedly
proportional to p’ on S(a) for all [xs o ¢] € T(a,e0). This allows us to replace
Ixt ©@(V)lg, by [xe o w(vna)l’

We claim that, for a constant C; depending on M, and any good component «,
and any nontrivial nonperipheral any loop ~ intersecting o nontrivially,

(2) IXtop(yNa)l < Crlp(y)l

This would be enough to prove 1 of 14.2 (with a = C) and most of 3 of 14.2. To see
(2): by (1) of 14.4,

:imti < Cellel W) = Cet — Cedles),

IxT o () < CelWlxToe)) « M (T8 _ cipM pd(ey")
el o '
Then (2) follows from (1) above.

If [¥(7)|" (equivalently |¢(7)]) is sufficiently small then we deduce from (2) that v
has no essential intersections with «. This proves 2 of Proposition 14.2, namely, that
for suitable e, if y = [¢)] € T, then y' = [x; 0 ¢] € Tcc,. We also see from (2) that,
if () is bounded, then |xt o w(y N )] is bounded and hence so is #(9a N ~). Then
we can homotope da into a finite union of segments of loops 7 such that [ip(v)] is
bounded. Hence [¢(Oa)| is bounded. This gives part of 3 of Proposition 14.2.

Now we need to consider two cases of . First, suppose that « is not an annulus.
Then we can find a set of loops I' in « such that all components of « ~ (UI' U Y)
are at-most-once-punctured discs or annuli parallel to a, and with |i(7)| bounded for
v € I' (but also, as we have seen, bounded from 0). Then we also have, by (2), that
[xt 0 ¢(7)| is bounded for all v € T, which gives the bound on du(y,y’). Now let «
be a loop. Let [y],y5] be the maximal interval on [z, w] such that z € T (a.gg) for
z € [yl y5]. Let yy € [z,y] and y2 € [y, w] with d(z,y;) = d(x,y}). What we have
proved above for y and y’ holds equally well for y; and y, because the triangular
equality still holds. Write y; = [¢]. If y; = x or w, then d(yi,y}) is bounded. Then
suppose that y; # 2 or w. Then |¢;(«)] is bounded above. Then there is a subsurface
Bi O a such that dg, (i, y;) is bounded (in terms of M). It follows that d, (y:,y}) is
bounded for ¢ = 1, 2. Since (7 (A(w)),dy) is isometric to the upper half plane with

the Poincaré metric, we deduce that d,(y,y’) is bounded. O
14.10. The function d,. — This is a concept which will be needed in Chapters

25-31, and also in 14.13 below.
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Let = [p] € T(Da,ep) and y =[] € T(Z). Let x € (T(A(x)) e, if ais a gap. If
« is a gap, we choose a set of loops T',,, as follows. Take I',, to be a set of nontrivial
nonperipheral loops in a with |¢(I's)| < C(ep) (for a suitable constant C(gg)) and
such that every component of C . (UT'y, U Z) is a topological disc with at most one
puncture or an annulus parallel to the boundary. We then define

dy(x,y) = sup{|log(| ()" + 1) — log(le(¥)I' + 1)| : v € Ta}.

Of course, this definition depends on the choice of T',,, but only to within a bounded
constant, depending on g¢. If « is a loop, we choose 2’ nearest to y on the geodesic
[z,y] with 2’ € T(«, e9). Then we define

do(2.y) = da(.2") + [log([v(e)| + 1) — log(l¢" ()| + 1)].

By 14.4 and 14.5 (applied to 7 (A(«))), this differs by a bounded constant from
do(z,y), it y € T(0a,gp) also. Now let 3 be a loop or gap, and let S() be as in 9.3.
If y € T(98,¢0), we can also define, if « is a gap,

dy, (x,y) = sup{[log(|Y (v N S(B)|" + 1) = log(Je(y) + 1)| : v € Ta}.

To measure |1(yNS(3))|’, we choose 1 so that any component of 1(7)N(C~\1(Z)) e,
intersects the boundary of (C ~\ ¢(Z))s., perpendicularly. If o is a loop, let ' be as
above. We define

do g2 y) = da(2,2") + [log(|(a N S(3))" + 1) —log(|¢'(a)|" + 1)|.
Thus,

dl(a,y) = d', ().
14.11. Lemma. For a constant C,

ldit‘ﬂ(x7 y) - d,//i,(x(yv 7‘.)| < C.

Remark. — This can be applied, in particular, with 3 = C.

Proof. If « and 8 are gaps then this follows immediately from the fact that
exp(d,, 5(x,y)) and exp(dj ,(y, x)) are both boundedly proportional to # (I'aNlg). If

ais a loop, and {3 is not, then both exp(d,, (=, y)) and exp(dj ,(y,r)) are boundedly
proportional to #(« N Tg)expda(x,2’) for 2’ as defined above. If both a and 3 are
'y oy, x)) are boundedly proportional to

e

loops then both exp(d;, 4(z,y)) and exp(d
(#(an )+ 1) exp(da(r.2’) + ds(y.y'))

for 3" similarly defined. |

ASTERISQUE 288



CHAPTER 14. DISTANCE BETWEEN GEODESICS 205

14.12. Comparing Geodesics in Two Teichmiiller Spaces. — Throughout
this work, we are interested in the relationship between Teichmiiller spaces 7 (Y),
T(Z)withZ C Y, #(Y N Z) = 1. The following lemma is concerned with this set-up.

Lemma. — Let Y = Z U {v}. Given ¢y > 0 there is C' such that the following holds.
Let [p1], [p2] € T(Y). Let q(2)dz? be the quadratic differential for dz([p1], [p2]) at
[p1], and | - |+ the corresponding measure of unstable length. Let [@2]z = [x © v1]z,
where x minimizes distortion up to isotopy constant on p1(Z). Then

[p2ly = [0, 00y, 00y, 0 xO@1]y =[x 005001y,
where the paths 7v; have the following properties:
(71|/ < Cv(‘,dy([sm]v[(,ﬂz])7 |73l/ < Cedz([‘PIHWZD.

The path o is trivial unless [¢1], [w2] € T(n,€0) for a loop n such that ¢1(v) €
S(n, [p1],€0)- In that case, v2 is a single segment in S(n, [¢2], €0)-

Proof. We consider the surface C ~ ¢y (Y). If [p1] € (7(Z))se,, let o be a path
joining v to z for some z € Z such that |p;(a)| is bounded. Now suppose that
[p1] € (T(Z2))<e, and that ¢1(v) € S(C, [@1],€0) US(n, [p1],0) for a gap ¢, and a
loop 7 adjacent to ¢. Suppose that ( contains at least one point z of Z. Then we
choose a path a = «a¢ joining v and z such that

e1(a) € S(C 1], 20) US(a, [p1], €0),

lp1(a) NS, [w1],£0)] is bounded, 1 (a) has at most one component of intersection
with S(n, [p1],€0), and then only if ¢, (v) € S(n, [p1],€0). Now suppose that ¢ does
not contain a point of Z. Let N be the modulus of the Euler characteristic of (.
Decompose ¢ into < 2N cells, using a set I' of arcs in ¢ with endpoints on d¢, and
such that each component of J¢ is some v € T', up to homotopy. Choose these so
that @1 (I')[, is bounded, and @1 (v) is in good position with respect to the quadratic
differential for dz ([¢1], [¢2]) for all 4 € I'. Then choose «v with one endpoint at v and
the other in some disc bounded by UI', and otherwise to have the same properties as
before.
First, we assume that either [¢1] € T, or v € ¢ for a gap (. By 14.4, both

la(a)|” = O((zdr([amHsazl))7 xopi(a)] = O(Gdz([me]))’

and similarly for I'; where defined. If « ends at a point of Z, we deduce that v =
wala) * x 0 @1 () also satisfies

|ﬁ/|’ — O(edY([tpl]s[%’z]))7

as required. If I' is defined then the sets w2(I") and x o ¢ (') intersect. It follows
that there is an isotopy mapping ¢2(I") to x o ¢1(I'), and ¢2(9¢) to x o v1(9¢), which
moves all points distance O(e?> (#1122} We can then improve this isotopy further
to map @2(v) to x 0 »1(v), and the distance moved is again O(e® (#11:[#2])) So then
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take v3 = x o ¢1(«) and 71 to be the union of ¢2(«) and a homotopy arc between
w2(I") and x o 1 (I'). Then =, and 3 have the required properties.

Now we suppose that ¢1(v) € S(n, [¢1],€0) for a loop 1. Let 1y, n2 be the loops in
C Y such that [p1] € T (n1,€,)NT (12, €h): this is, in fact, true for ) = 2e¢(1+0(1)).
First, suppose that [p2]z ¢ T (n,0). Then, by numbering 1, and 7, suitably, there is a
first point [¢/] on the geodesic in T (Y") joining [p1] to [p2], such that [p]] & T (n1,ep).
Assume without loss of generality that ¢ (used in the definition of a) is adjacent to
71. Then

G (@) < Coetr erdetl),
Let [¢Y] be the first point on the geodesic joining [p1] and [pe]in 7(Z) with [pf] ¢
T(n,20). Then

0} (a)] < Coetzlollenh),

and hence
‘¢2(Q)’/ < (716(“'([“"]’[“"2]), Ix o 991((1”/ < CledZ([“"]’[W})‘

Then again let v3 = x o p1(a) and let v; be the union of w2(a) and an arc joining
p2(T") and x o 1 (I") if necessary. Then v and 3 have the required properties.

Now let [p2] € T(n,€0). A point [¢]] on the geodesic in 7 (Y) joining [¢1] and [p2]
as above might still exist, in which case we still have a bound as above on |pa(a)|.
Let [4,0’1’] be the first point on the geodesic joining [¢1] and [¢2] in T(Z), if it exists,
with ¢ (v) € S(¢', [¢]].€0) for a gap ¢'. If ¢’ = (, then we can bound |¢}(«)|” and
[x o p1(x)|” as before, and can define 7, and ~3 as before. If ¢’ # ¢, then ¢’ is the
other gap adjacent to 7, then we write o = o} U oy, U oy where we have

|4P/1/(O/;)| < Cedz(lerllef])

for j = 1, 3, and ¢ () is a single arc in the component of (C ~ ¢/ (Z)) <., homotopic
to @/ (n). Then up to homotopy we can assume that x o ¢1(cb) is a single arc in the
component of (C ~\ ¢2(Z))<-, homotopic to ¢s(n) and for j = 1, 3,

o2 ()] < Cedz el le2])
This gives the required estimates. O
14.13. Another Comparison. — Here is another lemma similar to the last, which

is, again, a result about comparing certain paths in 7 (YY) with geodesics in 7 (Z) with
the same endpoints. This will be needed in Chapters 25-30.

Lemma. — Let [po] € T(Y) and let [p1] = [x1 0 pol, [p2] = [x2 0 ¢1] € T(Y), where
X1, X2 minimize distortion up to isotopies constant on wo(Z), ¢1(Z) respectively. Let
[p2] = [x © @, where x minimizes distortion up to isotopy constant on wo(Z). Then

[Pl = [y o x 0 poly
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where v = 5 % - - -y and the following properties hold for the paths ;:
ERES < Cledz(lpolile2])
C’((idz([w’]’[‘”]) + ()Ulz([tPl]a[w]))7

IN

,’Y:;!I

| !

Cledzei]ile2])

N

|’75

The path 7o is trivial unless oo(v) € S(no, [pol,€0) for a loop ny with [wolz, [p2]z €
T (n9,20), in which case v is at most a single segment in S(ng, [w2].€0). The path v,
T
is trivial unless ©1(v) € S(n1. [p1],€0) for a loop mi, with [p1)z. [w2]lz € T(m,e0) in
which case 4 is at most a single arc in S(n1, [p2],€0)
More generally let 3 be any loop or gap with [p2] € T(98,e9). Write S(3) =

S(8, [p2],€0). Then

|fy| N S(p’)|/ < Ce ,dy([eo], vz])

lvs N S(B)| < (v((,d s(lpolileaD) 4 pdis(enl, [w]))‘

lvs N S(3)| < Cedsleililez])

Here,

v1 N S(B)| is measured as in 14.10.

Proof. — This is a very similar method to 14.12. This time we need to define paths
v and «p, and a loop set I'g. We start with the loop set I'g. This is like the loop
set I' of 14.12 (which is not always defined). Choose a gap (p and adjacent loop 19 so
that

wo(v) € S(Co. [ol. €0) US(no. [0l €0)-

In addition we can choose (y so that the following holds, if ¢g(v) € S(no, [¢o]:€0)-
Let 1, 7 be the loops in C ~ Y homotopic to 79 in C ~ Z such that [poly €
T(n).ep) NT(ng,ep) for e = 2e9(1 + o(1)). Let £ be the union of the geodesic in
T (Z) joining [pp]z and [p1]z. and the geodesic in 7(Z) joining [p1]z and [p2]z. We
can regard this as a path in 7(Y), and we can regard points in ¢ as points in 7(Y).
Let [¢'] be the first point on ¢ such that [p'] ¢ T (n).c() N T (nd, (), if this exists.
Number so that [¢'] & T (), ;). We can choose (y so that (y is adjacent to ;.

We choose a loop set I'g in {p such that |¢o(I'0)] is bounded, and each component
of ¢op~ (Upo(T) Upp(Z)) is either a disc or punctured disc round a point of ¢ (Z) or
parallel to the boundary. We choose ['g so that ¢o(I'g) is in good position (14.5) with
respect to the quadratic differential at [¢g] for dz([¢o]. [p1]). As in 14.12, we choose
«ag ending at v so that

wo(ao) C S(Co, [wol,€0) U S(no. [¢ol.€0).

[po(c0)NS(Co, [¢o], €0)] is bounded, ¢o(ap)NS (N0, [¢o], €0) has at most one component,
and then only if po(v) € S(no, [¢o],€0)-
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Then p3(ayp) has the same properties as xo; (a) in 14.12, with the same differences
depending on whether or not o (v) € S(no, [¢o],€0). The paths v1, y2 (which may be
trivial) and part of 3 come from @s(ag).

Now we choose aq. Let T be obtained from (o) by a bounded homotopy, so
that ¢, (I') is in good position with respect to the quadratic differential g;(2)dz? at
lp1] for dz([p1], [2])- Then choose o ending at v so that:

a) p1(ap) = ¢1(ao) * @1(@1) has a bounded number of intersections with 1 (T)
and is in good position with respect to q;(z)dz?, and p;(af) ends in (C~ ¢1(Z))sz,,

b) [@1(1)|>e, is bounded and ¢ () has at most one intersection with a compo-
nent of (C ~\ ¢1(Z))<, — and only if ¢, (v) € S(n1, [p1],€0) for some loop 7.

All this is possible, because ¢1(g) has only boundedly many intersections with

»1(Tg). Since |pa(ag)|” is bounded by |p2(Ig)|’, we obtain
[palah)l! < Cetz(loollond)
Arguing as in 14.12, either
lp2 ()] < Cedzerlle2))

or ay = (vy,1 * vy 2 % oy 3 where ¢ (v 2) is a single segment in S(n1, [p1],€0) for some
loop 1y and for j = 1, 3,
‘@2((“.‘1_”/ < Cedzeille2])
The path ~3 then comes from pa(ay), parts of ¢a(ay.3) and ¢a(ap) and their joins
along p2(Tg) to p2(g). The path v5 comes from o (a 1).
The estimates on |y; N .S(3)|" are proved in exactly the same way, by bounding
lp2(ay NV S(BNIs p2(ar N S(3))]" and [p2(aq,; N S(8)) O
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CHAPTER 15

TRIANGLES OF GEODESICS

15.1. In this chapter, we continue the study of geodesics in Teichmiiller space. The
results include: a way of recognizing bounded loops at some point of a given geodesic ¢,
in 15.9, and a theorem about triangles of geodesics in 15.8. The latter generalizes the
following result about triangles of geodesics in the hyperbolic plane H for a suitable
constant C' independent of the geodesics being considered. Given geodesics between
any two of the points x1, x2, x3 € H, there is a point y € H which is distance < C
from a point on each of the three geodesics. As usual, any difficulties in generalizing
this result concern the thin part of Teichmiiller space. The first lemma gives the
generalization in a relatively easy case, using the results of Chapter 14. Throughout
this chapter, we continue to use the notation my, S(«), a(a) of 9.1, 9.3, 9.4.

15.2. Lemma. — Let [x1, 23] be a geodesic segment in T(Z), and let
Ty € [Zl?l,:ll;;] M TZE()-

Let vy € T(Z). Then for a suitable constant C > 0, at least one of the following
holds:

d(zxy, xe) + d(ra, x4) < d(ry1,24) + C,
d(rs, wve) + d(xa, x4) < d(xs, x4) + C.
Proof. Write x; = [¢;]. Let |q.+ denote the unstable length for the quadratic

differential ¢(z )(142 fol (1 X2, 11) at xy. Let
lengths for the quadratic differential p(z)dz? for d(xe,x3) at xo. Let r(z)dz? be the
stretch of p(z)dz? at x3. By 14.7, there is v such that, for a constant C},

o2 (NI = Cred2) |y (7).
But since [¢2] € Tse,, l@2(7)] = |lp2(7)]" is boundedly proportional to |¢2(v)|, (see

Z€07

14.5), and hence to one of [p2(7)[p.+ or [p2(7)|p,—. Assume without loss of generality
that it is the former. Then

l3(7)]; = Coeldlmama)td@nza)) | (1)),

- |p,+ denote the unstable and stable
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Then by 14.4, 14.5, we have

62(1(:{:;;,:1:4) > 03 i(p3(7)l: > C4€d(:n3.;r2)+d(.1:2,m4)’
ea(7)]
which gives the result. O

15.3. Thick and dominant over long distance. — The result 15.2 does not
quite imply that x2 in 15.2 is a bounded distance from one of the geodesics [z1, z3],
(3, x4], even if x5 € T>o,. But we want to head towards such a result. If 75 € 7., in
the lemma above, then the approximate triangular equality of 15.2 is clearly not likely
to hold, and a suitable analogue needs to be sought. For this, we need the concept of
long, (v)-thick and dominant gaps. This is more special than the concept of dominant
area introduced in 9.4, and also more special than a common type of restriction that
we make: x € 7(0c,e) N (T (A(@))s, for e << v.

Fix a geodesic segment ¢ in 7(Z), a point & € ¢, and a gap « with @ € T (9« &o),
for eg < the Margulis constant. Fix functions 7 : (0,1) — (0,1), L : (1,00) — (0,00)
and s : (0,1) — (0,1). Let « be a gap. Let +q(z)dz? be the quadratic differential for
d(z,2') at x, any o’ € £. Write a(a. q) = a(a) = ala, z), a(da, q) = a(Oa) = a(da, ).
Note that this is boundedly proportional to the square of |p(da)|, if = [p]. Then
« is long (v)-thick and dominant along a segment ¢; of ¢ (for given functions r, A, s)
if 64 € T(0a,r(v)) N (T (A(a))s, and a(Oa.z) < s(v)a(a,z) for z € £, and ¢; has
length > 2A(v). If x is the midpoint of some such segment ¢, we say that « is long,
v-thick and dominant at w«.

It was shown in 9.7 that there is always at least one gap or loop of dominant area.
The following is similar.

15.4. Lemma. — Let functionsr, A s, and a constant Dy be given. Then the following
holds for suitable functions r' and A’ and v(r,A,s) > 0. Let 2’ € ¢ N T (96, (V)N
(T(A(B))zr with a(08) < r'(V'), and ¢ of length = 2A'(V"). Then either 3 contains
a loop of Dy-dominant area, or x’ is within A'(V') of a point x, such that some gap
« is long distance thick and dominant for x, ¢ r, A, s, and for v = v(r, A, s).

Remark. This lemma can always be applied with 3 = C, no matter what r’ is.

Proof. Let
r(v) =r(v)e oW

for a suitable constant C. We can assume without loss of generality that r(v) < v.
Put N = #(Z) and choose 1’ so that 1/(n) < ¥ (n) for all n, where this denotes
N-fold iteration. Take vy = eg and v;4+; = 71(v;). Assume without loss of generality
that v’ < 9. Then (V') < r1(vn-1). If either segment of length A(vy_1) starting
from 2’ in ¢ is in (T(A(8))>vx_., then we can take z = 2’ and a = 3. If not,
there is a nonempty loop set I'y_1 in 3, and xn_1 within A(vy_1) of 2’ such that
xn-1 € T(n—1,vn—1). Then inductively we can construct an m, 1 < m < N,
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points x; and loop sets I';, for m < i < N, with I'y =@, [0 C 5, Iy £ Tiga, ;s
within L(v;) of x4, x; € T (I, l/z) and T, is the centre of a segment of ¢’ of length
2A(Vpm41) in

T(Cons (V1)) N T (s vimt1 1y € T}
If r is sufficiently fast decreasing given s and D; (as we can assume) then we can
cither find a loop a of Di-dominant area, or a gap o with a(da) < s(vpm41)a(a). O

15.5. Subdominant Area. — There is another measurement of area which
is sometimes more useful in measuring area that a(a). Let a be a gap. Let
{wy :t € [0,T]} be a geodesic segment in T (Oa,e9) C T(Z) with length as the pa-
rameter t. Write 7, for the projection to 7 (A(a)). Write ¢;(2)dz? for the quadratic
differential for the geodesic at w; = [x: o o], where x: is the quasi-conformal
homeomorphism minimising distortion. Choose a subsurface Si(a) = x:(So(a)) of
C ~ :(Z) which is homotopic to ¢¢ () such that the boundary components y(da)
are in good position (14.5). The surface S;(«) may, however, be degenerate, in that
it may not be the closure of its interior. Write s:(«) for the gi-area of Si(«). Let
¢4(Jda) be the gi-length of da. By 14.6 this has an essential minimum. So there is to
such that
Cre'o™ e, (0a) (0a) < Cye'*™, (Oa) for t < to,

14
Cre' ™4, (9a) < £(0a) < Cae'™ "4y, (9a) for t >t

In contrast, the function ¢ +— s’t((y) is constant. So, given constants Dy < D; with
D1 /D2 bounded,there are 0 < u; < ug with ug — w1 bounded such that

s(a) < Dg(f,‘(doz))2 for t ¢ [to — ua, to + us),
si() = Dy (€,(Oa))? for t € (to — uy,to + uy).

<
<

The case u; = 0 is allowed. In (tg — uz, to + u2), st() is boundedly proportional to
a(a, gt) of 9.4. If Dy is sufficiently small and [x; o ¢| € (T (A(«))>e, then « is of Dy-
dominant area for t € (to — uy, to +wu1). We shall refer to o being of Dy- subdominant
area for t ¢ (to — uz,to + uz). Then we have the following.

15.6. Corollary. — Take the same hypotheses as in 15.4, and in addition a constant
Dy > 0. Then a segment £ of length 2A(v) starts within A'(V') of @', and a loop set
I', such that the following hold.

eCcTTorw)~ U T(,v).
v¢r

For every loop of I', either v is Di-dominant at all points of £, or Ds-subdominant
at all points of £. For each gap « of T', either a(Oa, x) < s(v)a(a,x) for all x € ¢,
or a(a,x) < Doa(da,x) for all x € €. If no loop is Di-dominant, then at least one
gap satisfies a(Oa, x) < s(v)a(a, x) for all x € €. Put briefly, every gap is thick, and
either dominant or subdominant along the entire length of €
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Proof. — Arguing as in 15.4, find a segment ¢’ of length > A;(v) in 7(T,r(v))
Uygr7 (v,v), for a suitable Ay = Ay(v) > A(v). Define the quantities s(a), £;(dcx)
along this segment, as in 15.5. Take ¢ = 0 as the centre of this segment. There are
only finitely many gaps. We consider the functions (¢;(c))?/s:(c), as a varies over
the gaps. As we have already noted, s:(«) is constant and each function behaves
like cqe2lt=tal for different constants ¢, and t,. So each function takes values in
the interval [s(v),1/D5]] only on at most a union of two intervals, each of length
log(1/Dys(v)). So if Ay (v) is sufficiently large given Dy and s(v), we can find ¢ C ¢”
on which all functions take values outside [s(v),1/D3]. We know that either there
is a dominant loop, or at least one function must take a value < 1/D3, and hence

< s(v). [

15.7. Projections look like geodesics. — We saw in 9.5 that projections of
geodesics to dominant area gaps look like geodesics. But in fact this is true more
generally. We have the following.

Lemma. — Let « be a gap of T', and let [w,u] be a geodesic segment in T (T, ep).
Let the projection to T (A(a)) be in (T (A(«)))se,- Then the projection of [w,u] to
T (A(@)) is within a bounded distance of a geodesic segment.

Remark. — We are not assuming that d, (w, u) is close to maximal.

Proof. — Write
[w,u] = {w : t €[0,T]}

with w = wg, v = wyr and with length as the parameter. Let w; and us be
as in 15.5. We claim that, for suitable choice of D; and Dy the projection of
{wy : t € [to —ur,to + u1]} to (T(A(«))se, is within a bounded distance of a geodesic.
This follows from 9.5, because for t € [to — ui,to + u1], si(@) = ai(a)(1 + o(1) and
a;(0a) = O((£;(8a))?), so the Dominant Area Condition of 9.4 holds. Then we claim
that the projection of each component of {w; : t € [tog — u1,to + u1]} is bounded. It
suffices to prove that the projection of each component of {w; : ¢ ¢ [tg — ua, to + us2]}
is bounded.

It is obviously sufficient to consider the case ¢t € [0,ty — us], since the case t €
[to + w2, T is exactly similar. It suffices to find a set of loops 'y in Sp such that
every component of Sp ~ (UI'p) is a disc or an annulus parallel to 95y, and such that
Ixt(To)] is bounded for all t € [0, to — uz). Let |x¢(7)lq, denote the g-d length of x(v)
for the quadratic differential ¢;(z)dz2. Let S] be the component of (C ~ ¢¢(Z))se,
homotopic to ¢;(a). Then S; is a limit of isotopies in C \ ¢¢(Z) from S;. Let D; be
a union of discs in the interior of S} round the zeros of ¢;. Then for any loops 71, 72
with v C St~ Dy,

7] < 17114, < Clhl\.
Cilval ~ 72l 12|
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Note that the loops of 9.5} are not particularly short in the Poincaré metric, although
they might be homotoped — outside S} — to be of very short Poincaré length. For
any loop 71 in Sj, the minimum of |v4l,,, for | homotopic to 71, is achieved on S,
But the minimum can be achieved to within a bounded proportion on S;. So for
geodesics in the interior of Sy, their Poincaré lengths are boundedly proportional to
the g; g-d lengths of good position homotopy representatives in S;. The loops of 9.5}
are bounded in the Poincaré metric. So bounded loops in S} are those whose homotopy
representatives in S; have g;-lengths bounded by a multiple of the g;-length of 9.5;.
So it suffices to find a constant C and I'g such that

|Xt(110),(1f < ClastQr

for all ¢ € [0,t9 — uz]. There are unstable foliation arcs connecting the components
of 95y cutting Sy into cells and of lengths bounded by the lengths of 9S;. So we
simply take I'g to be any set of bounded loops in Sy cutting Sy into cells. Such loops
can be arranged up to homotopy along finitely many segments of 9.5y and transverse
unstable segments, Then the required bound on |x¢(I'o)|q, follows.

15.8. Triangles of Geodesics. — We need a little notation to explain the following
statement. A loop v is a Ag-Pole-Zero loop along a geodesic segment ¢; if for all
[¢] € 1 there is an annulus in S([¢],v,£0) of modulus > Aq satisfying the Pole-Zero
Condition 9.4. Also, if v is a nontrivial nonperipheral loop in C ~ Z, we need to
be more precise than in 9.1 about the identification of 7 (A(vy)) with the upper half
plane. We need to fix a loop ¢ € C ~ Z which intersects v exactly twice and such
that each component of C ~ (yU() contains exactly one point of A(vy). Then we take
Re(m,([¢])) to be within a bounded distance of n such that |02 o ¢(¢)] is minimal.
Up to bounded distance, this normalisation is independent of the choice of (.

Theorem. — Let yo, y1, y2 € T(Z) with y; = [p;]. Take any y = [¢] € [yo, y1].

(1) There exist Ko > 0, mg > 0 such that the following hold. Let « be a loop which
is mo-Pole-Zero on € C [yo,y1] € T. Then { is a union of two segments {y and £y,
such that for all y € €; there are y', ¢ with y' € £ C [y;, y2] such that y' € T (a, o),
and

| Re(ma (y)) — R()’(W(w(@//)ﬂ < K.

In addition, given m) > 0, there exist K1 > 0 and my > 0 such that if « is m;-
Pole-Zero along ¢ then either a is m'-Pole-Zero along £}, or {; and l; have length
< Krl .

(2) There exist parameter functions r, s, A such that the following hold. Let «
be a long v- thick and dominant gap along ¢ C [yo,y1] C T for parameter functions
r, s, A. Then £ is a union of two segments €y and {1, uniquely determined up to
moving the endpoints a bounded distance, such that for all y € ¢; there are y', £'; with
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y' €1 C ly;,y2] such that y' € T(da,e0), and
da(y,y') < C(v).

In addition, if parameter functions r', s', A’ are given then for suitable choice of A,
r, s given these, and two more functions vy, Ay : (0,00) — (0,00), either « is long
vi(v)-thick and dominant along ¢’ for parameter functions A', r', &', or {; and e
have length < Aq(v).

(3) If y € £; and y are as in either 1 or 2 above and w € ly,y;] with w, B, p
satisfying the conditions of y, c, j in 1 or 2 above, and aN B # @, then w € pu;, and

w' € [y, y;], where u; are defined relative to ji as the £; to £.

Idea of the proof. — The key is a characterisation of loops v such that |p(v)] (equiv-
alently |p(y)]") is bounded, because in order to find y’ with d,(y,y’) < C(v), we need
to find y’ such that |¢'(y)| is bounded whenever v C « and |p(v)] is bounded. We
need the following definition for the proof of 15.8.

15.9. Almost-bounded loops, and a lemma. — For a loop « and [¢] € T(Z),
define

eI = lp(1) N (C ~ @(Z))5" + > ns(7),
el

where the summation is over loops 3 with [p] € T(8,g0) such that 3N~y # @ and
ng(y) = #(p(v)NL(B)), where £(/3) is an arc between the components of 9.5(3, [¢], £0)
which meets these components at rightangles (with respect to the Poincaré metric.
We say that ¢(y) is almost bounded if |p(v)|” is bounded. Roughly speaking, this
means that the intersection of ¢(v) with (C \ ¢(Z))se, is bounded — but there is
also a bound on twists round short loops.

We shall use the following criterion to prove 15.8.

Lemma. — Let [yo,y1] C T(Z) be any geodesic, and write y; = [¢;]. Let [¢] =y €
[yo,y1]. Let q(2)dz? be the quadratic differential at y for d(y,y1).

The following holds for a sufficiently large constant Do = Do(8) > 0. Let « be a
DoM-Pole Zero loop aty (15.8). Let ' intersect o essentially. Let |o(7' Na)l|q =
§Heo(v'@)lg,—. (See the end of 14.5 for this notation.) Then

(1) Mpo(a)]" < o)

A similar statement holds for ¢y replacing po if |e(v' Na)ly = 8 He(y Na)lg+-

Given a function Cy : (0,1) — (1,00), there are functions r, A, s as in 15.8, but
this time of variables (v,8) € (0,1)2, and there is a function C; : (0,1)? — (1,00) and
a constant Dq such that the following hold. Let « be a long, v-thick and dominant
gap for y, [yo,y1], v, A, s. Let v C a with |o(v)] < Co(v). Let v/ Na # &. Let
le(Y Mg <07 Ho(v)lg,—- Then

(2) leo(MI'l(v" N S(a))" < Cr(w,d)lpa(v)]".
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A similar statement holds with ¢1 replacing @o, if (v )q < He(Y ) g+ -

Conwversely, suppose that |o(¥)|" is sufficiently large given M, for all [¢] € [yo,y1]-
Then there are v, and | both intersecting v transversally, with no transversal inter-
sections between ~y and i, such that, for both j =0 or 1,

(3) los (VI M < Joj(V)I'-

Remark. — It would be preferable to have a necessary and sufficient condition for
lo(7)] to be bounded. The above falls somewhat short of this, but can be improved
upon in some circumstances, as we shall see.

Before we prove this, we need the following.

15.10. Lemma. — Let Go be the expanding and contracting foliations of a quadratic
differential q(2)dz? at [p] € (T(Z))se,. Let a decreasing function ¢ : (0, 00) — (0, 00)
be given. Then there is a decreasing function L : (0,00) — (0,00) such that, given
6 > 0, one of the following holds.

(1) There are a mnontrivial nonperipheral loop ~, and L < L(9), such that
e()lg = L and [p(3)]+ < £(L).

(2) We have €L NE_ # @ for any segments {1 of Gy with ¢4 and |¢_|_ > L(9),
[0i] =0,

Proof. — Let N = 4#(Z) and let the function g be defined by
2N
9(L') = c(2NL')
Let g7 denote the j'th iterate of g. Now define
N-1
L) =3 ¢7(2/9).
j=0

Fix a segment ¢ of G, of length . Suppose that 2 does not hold for at least one
segment of length L(d) of G_. Lift to the surface supporting the orientable cover of
the foliation G, which also supports the orientable cover of G_.. Let A denote a lift
of the G -leaf segment £,. So now we can assume that G4 are orientable foliations on
an orientable surface, and it suffices to find a closed loop v on this surface of length
L < L(4) with |y]4 < e(L). Such a loop with automatically project to a nontrivial
nonperipheral loop.

Take the union of all G_-leaves of length < L(9) which start on A and end the
first return to A, or at length L(d), whichever comes first. Then this union of leaves
is a surface S with boundary (by our assumptions), which is also a union of < N
rectangles, with base on A, with opposite side also on A if the height is < L(d). The
boundary of the surface is contained in the union of the G_ sides of the rectangles,
and < 2N G, segments, the sum of whose widths is < 24, since the area is < 2. At
least one of the rectangles has width > 6/N. Order the rectangles as R;, 1 < i < m
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such that R; has width A;, height L;, and Ajy; < A, Ay = 6/N. Then L; < 2/)\;,
since the total area is 2. (We took a double cover of a surface of area 1.) Then either
there must be 1 < i < m with \ij1 < e(2NL;)/N and L; < g7~ 1(2/9) for j < 1,
or L, < g™ !(2/8) and S has purely leaf boundary. We put i = m in the second
case. Then consider the surface formed by U;<;R;, which again has boundary. In its
boundary, we obtain a loop () with

m—1
el <23 Lj=L< ) ¢7(2/6) < L(9).
j<i =0
el < DA <e(L),
j>i
where the last sum in the above is interpreted as 0 if i = m. O

15.11. Adapting to thin part. — Lemma 15.10 implicitly makes sense if [¢] €
T<,. However, the following version for [p] € 7., is proved in exactly the same way,
and will be useful. We shall always apply it when 3 is assumed not to hold.

Lemma. — Let Gy be the expanding and contracting foliations for a quadratic dif-
ferential q(z)dz? at [¢] € T(Z). Let S € C ~ ¢(Z) have good boundary (9.4), and
g-area a. Let a decreasing function € : (0,0¢) — (0,00) be given. Then there is a
decreasing function L : (0,00) — (0,00) and a constant C > 0 such that, given § > 0,
one of the following holds.

(1) There is a loop ~v with p(v) C S such that |p(v)|, = Lv/a < L(§)y/a and
le(V)l+ < e(L)Va.

(2) We have {1 N{_ # & for any segments £+ of Gy in p(S) with |{_|- = L/a,
il = 0v/a.

(3)  1(0S)]y > =(L(8)V/a/C.

Proof. This is exactly the same as 15.10, except for a couple of relatively minor
points. The first is that the total area is a, so all length measurements are multiplied
by v/a. The second is that G_-leaf segments can leave S, so that we take leaf segments
starting from A up until first return to or exit from S (the lift of S to the orientable
cover), whichever comes first. If we assume that 2 does not hold, we can then deduce
1 or 3. The closed loop as in 1 might be formed by taking a segment between two
different components of 95 and doubling back along this. O

15.12. Proof of 15.9. — Let ¢(2)dz? be the quadratic differential for d(y,y;) at
y = [p], with stretch q)(z)dz? at y1 = [¢1].

We consider the case when « is a loop first, because then the idea is particularly
simple. Let T be the annulus in S(a, [¢]) satisfying the Pole-Zero Condition and of
modulus > DgM . Let

(1) lp(y' Na)lg+ = dlp(v Na)lg.
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Then ¢(7’) passes through this annulus in a direction bounded from stable. Then
consider stable leaves starting from (7). Any one will cross ¢(7') at least D{M times
in T, for D[ arbitrarily large if Dy = Dy(6) is large enough. As we move along the
geodesic towards [p;], the stable leaf segments contract. Take any [¢)] on the geodesic
between [p] and [p1] with corresponding quadratic differential p(z)dz2. Every point
on ¥(v) in any S(83, [¢]) is matched with K{j points of 1(7’). The matching preserves
|- |p.+-length, which is boundedly proportional to |-|" on any bounded type subsurface
of C ~ (7). It follows that, assuming Do = Dg(d) is large enough,

o1 (Y = Mlpi(a)/

as required.

Now let « be a gap which is long distance thick and dominant at [y] for [y, y1], and
functions r, A, s, and v, that is, [¢] is in the centre of a segment of length > 2A(v) of
[yo, y1]NT (B, 7(v)) N (T (A(r)) s, with a(Oa, [¢]) < s(v)a(a, [¢]). As before, assume
without loss of generality that (1) holds. In what follows, constants C; depend on v.
Let R be a rectangle in S of g-area > a(«, q)/Cs, bounded by two unstable and two
stable leaf segments, and such that there are n segments of (') crossing between
the stable leaf segment O_R in OR, with n > |o(7¥' N«)|'/Cs and n > 1. Then by
15.11, one of two things happens, for a function Lq(v) given (L, v).

a) A stable leaf segment of length < Lo = Lo(v) starting from any point of ¢(v)
crosses an unstable side of R.

b) For some L < Lg there is a nontrivial nonperipheral loop v C « such that

lo(Y" Mg < Lvale,q),  |e(y")]g+ <e(L,v)Vala,q).

Now take e(L,v) = L~1le=87"#(2)/v The large distance dominant area condition for
suitable functions r, A, s means that b) does not hold, because b) implies an entry
into 7 (v, v) for some 7" C Int(«) within time §log(Lo(v) + 272 #(Z)/v). So every
point on ¢(v) can be joined by a stable segment of length < Lo to n points on p(v'Na)
in the rectangle R. At most boundedly finitely many points on ¢(v) are matched with
each set of points on (7' N«). As before, the matching preserves | - |+ length, and

persists as we move along the geodesic. Again,
|/

“|q1,+ 1s boundedly proportional to

| “|4,» and to |- |” restricted to any bounded type subsurface of C . 1 (Z), on each of

which every point of ¢(v) is matched with n points of p(7’). So we have
nlpr (NI < Caler (V)

that is

(2) ler(MIe( N S(a)" < Cilen(v)
as required.

Now we consider the converse. So suppose that |¢(7)
[©] € [yo,y1]. We can assume ¢(7) is in good position with respect to the quadratic

/
9

| is sufficiently large for all

differential g(2)dz? at any point [p] € [[¢o], [#1]]. Let qo(2)dz? be the quadratic
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differential of d([po], [p1]) at [¢o], and let qi(2)dz? be the stretch at [p;]. We can
find [¢] € [[o]. [¢1]] such that one of 1-3 holds. By 15.6, given D;, we can assume
that every gap at [¢] is either long distance thick and dominant, or D;-subdominant,
and that every loop is either Dy !_dominant or D;-subdominant. The constant Cs,
as before, depends on v, for suitable chosen functions r, s, L.

1. There is a union ¢ of segments of (), with all segments of | - |"-length > 1/C5,
with [¢]" = |¢(v)]/C5, such that, for any ¢; C ¢,

|€1|q
Cs '

(3) 1lg,+ 2

and d([¢], [¢o]) < Cs.

2. This is similar, but with |- |4+ replaced by |- |4, and d([¢], [¢1]) < Cs.

3. There are unions ¢ and ¢’ such that 1 holds for ¢ and 2 holds for ¢. There is no
restriction on the position of [¢] on [[po], [¢1]]. It is possible, but not inevitable, in
this case, that ¢ = ¢'.

Now let [¢] € [[o]. [¢1]] be such that 3 holds. Then there is a gap or loop a such
that o

’ [
€N S(a. @) = (2
If « is long distant thick and dominant, take any v; C a with |p(v])|’ bounded and
such that v and v have at least one essential intersection. Replacing v by v and +/
by v in (2), we have

(4) lort(v) (v Na)l” < Ciler (1)

This then gives (3) of 15.9 if |¢'(v)]” is sufficiently large for all [¢’] € [yo, y1] given M.
If o« is a subdominant gap, then we can still find v C « such that v and +] have
at least one essential intersection, each point on (7)) locks with > Me(y N «a)/Cs
segments of ¢(v N .S(a) along short stable segments and |p(v1)|” is bounded. We can
do this, because every stable segment in p(«) (taking p(d«) in good position) has
length o(|¢(da)|qy). Then, again, we obtain (4) above, for suitable C;. Similarly, we
can find ~{. If v} and 71 are in different gaps then they are obviously disjoint. If they
are in the same gap «, we can clearly take them to be disjoint if « is subdominant. If
« is long distance thick and dominant, we claim that we can take 7{, = v{. Note that
if v/ C a for a large distance dominant at ¢ and |¢(7')] is bounded, then |p(v')|4 is
boundedly proportional to both of |[©(7')|4,+. So the claim holds. So in all cases we
obtain (3) of 15.9, as required.

If 1 holds, then we only need to construct v], and can then take v = +{, and
similarly for 2. O

15.13. Proof of 1 of 15.8. — Now we consider the case of 15.8 when « is a
mg-Pole-Zero loop (for suitable mg), which is the simplest case. Fix a loop 8 which
intersects « just twice. Consider, for varying n € Z and [¢] € [y;,y;] (i, j € {0,1,2}),
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the function hpy)(n) = [¢(oh(3))['; and let n([s)]) denote the value for which this is
minimal. Let n; = n([p:]), ¢ = 0, 1, 2. Let M;; be the maximum modulus of an
annulus homotopic to ¢(a) for [¢] € [y;, y;]. As usual let mq(y;) denote the modulus
of S(yi,a,e0) — zero if S(y;, v, 2e9) = &. We shall show the following, which is not
needed for 15.8, but will be needed later:
(1) [n; —nj| + %(ma(yi) +mal(y;)) < CM, ;.
Fix ¢ and j. Let y be the point nearest y; on [y;,y;] such that y, € T(«,2¢eo)
and S(a,ep) contains an annulus of modulus > 1 satisfying the Pole-Zero Condi-
tion. Let y; be similarly defined. If there are no such points we can simply define
y; = y; = y;. We also claim that n([¢]) is constant between y; and y;, and similarly
between y; and y;., and varies monotonically between y} and y; This will suffice to
prove 1 of 15.8, since

n([y]) = Re(ma([4]) + O(1)
for [v] € [y, yj]-

The n for which the minimum of hjy occurs can be recognized from the good
position of the loops (o7 (3)) with respect to the quadratic differential at [¢] for
d([¢],y;). Write 8’ = o2i(3). For any [¢] € [yi,y,], the good position of (a”(3’)
is a union of up to four segments, at most two of which are close to segments of
P (B') and the others to segments of ¥ («) (twisted round O(m) times). If the good
position of ¥ («) consists of arcs at more than one angle, then the good position of
Y(om(3')) is exactly on top of ¥(a) U (B all [¢] € [y;,y;]. If this is true then
the minimum of hpy is constant for [¢] € [y, y;], that is, n; = n;. If () is at
constant angle with the foliations of the quadratic differential for d([¢)],y;), then the
minimum of hjy can only change if relative lengths change, that is, the segments
of stable (or unstable) foliation along which ¥ (o7*(8’)) is locked with ¥ () U ¥ (5')
grow proportionally much longer than ¢ (a) U (3’). This is only possible if there is
W] € (s, y;] with 0] € T (o, £0) and « is a m}-Pole-Zero loop on at [¢] (15.8) for m/}
bounded from 0. The more hjy needs to change, the larger m/ needs to be. So n([+])
remains constant on [y;, y;] U [y}, y;]. It also varies monotonically on [y;, 5] to within
O(1), that is, if [¢], [¢'], [¢"] are successive points on [y;, yj] then n([s)"]) — n([¢']),
n([¢']) —n([¥]) have the same sign unless one of these is O(1).

Fix a set A(c) such that all points of A(a) are in different components of C~ (aUf’).
We now regard «, 3 as loops in C~ A(«). Write ||, for length in surfaces C~ 9 (A(a)).
Then for [¢] € [y, yj], n([¥]) = n'(ma([¢/]) + O(1) where n/([¢1]) is the value of m for
which |1 (o (3'))]1 is minimal. Then n'(ma([¢]) = Re(ma([¢]) + O(1). The path in
the upper half-plane

{ma([¥]) - [¥] € [vi,y;]}
is within bounded distance the arc of a circle with centre on a horizontal line on or
above the real line, but below both 7, (y;) and 74 (y;). We have Im (74 (y;)) = ma(y;)
and similarly for y7. The maximum of ma (y;), ma(y}) is > the maximum of mq (y;).
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ma(y;). The highest point on this circle arc is M; ; + O(1), and satisfies the bound
(1).

15.14. Before starting to prove 2 of 15.8, we need to bound growth in gaps disjoint
from the long thick and dominant.

Lemma. — Fix long thick and dominant parameter function A, r, s, and Ag > 0.
Given these there exists M such that the following holds. Let a geodesic segment £
and o € C be a mazimal subsurface up to homotopy relative to Z with the property
that o is disjoint from all (A,r,s) long thick and dominant gaps, and Ag-Pole-Zero
loops, along segments €1 C £. Suppose also that that o~ Z is nontrivial nonperipheral.
Then

(1) lp(Oa)] < M for all [¢] € ¢,
(2) M~ < :L’Q’E:Yy;:; <M for all [p], [¥] € £, v C Int(a).

Proof. — First we show that (1) implies (2) for some M; = M;(M) replacing M.
It will then follow that if (1) holds then (1) and (2) hold for some possibly larger
constant M. We proceed by induction on —x(« ~\ Z), where x denotes Euler charac-
teristic. If o~ Z is an annulus there is nothing to prove. By hypothesis, « intersects no
long thick and dominant gaps (for parameter functions A, r, s) or Ag-Pole-Zero loops.
It follows that, except on a segment of ¢ of bounded length, a(q, [p]) = o(a(da, [¢]))
for [¢] along ¢, because otherwise we would have ¢ long and a(9da, [p]) = o(a(a, [¢])
along all but bounded length of ¢ and we could find a long thick and dominant in-
side a. So: ¢ = £; U {3 U ¢35 where {5 is bounded and for [p] € {1 ¢(O«) is mostly in
the stable direction and there are finitely many homotopy classes of arcs ¢ crossing o
between boundary components such that points on most of the length of p(da) are
joined to other point on ¢(d«) by arcs in the homotopy classes ¢(¢) of comparatively
short unstable length. A similar statement holds for ¢3, with stable and unstable
interchanged. If the arcs ¢ cut a into cells then we have (2) with ¢; replacing ¢. If
not, then for any complementary component /3 of the arcs ¢ in «, we have (1) with
3 replacing a and ¢ replacing £. Then we also have (2) for 8 for a suitable M; (M),
by the inductive hypothesis. So we have (2) for suitable My(M) for o with ¢4 replac-
ing £. Similarly we have it for £3 replacing ¢, and since ¢5 is bounded, we have (2) for
suitable M3(M).

So now it remains to prove (1). Along ¢ we have a finite (but arbitrarily large) IV,
successive segments ¢, 1, 1 < n < N, subsurfaces a,1 D o, 1 < n < N, such that £, ;
and ¢,,41,1 are adjacent for all n, a,, 1 is a union of gaps and loops with |@(Qa, 1)|
bounded along ¢,, and 3N «,,; = & for any (A, 7, s) long thick and dominant gap /3
or Ag-Pole-Zero loop 3 along a subsegment of ¢, 1. We can obviously arrange that
QO # apy1 for all n. Then the conclusion of the lemma holds if we replace £ by £,,.
Now we amalgamate segments, and take intersections of gaps, as follows. For all
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n < Nz, some Ny, we shall have oy, 2 = a1 N Q1,1 for some m. We start with
a2 =a11Nagy. Ifay, o = am1Namer,1 then we take a1 = na2p1 NAmt2p+1,1
for the least p > 1 such that qmmyop1 N myopi1,1 # ap 2. If there is no such p then
we take n = Np if N is even, andN; = n + 1, an,2 = an if N is odd. We
take £, 2 to be the union of £,y for 0 < 7 < 2p. Then |p(da,2)| is bounded
for [p] € £,2. To see this, it suffices to see that |p(d(am,1 N &ms1,1))] is bounded
(up to homotopy) for [p] € £m,1 U Lyt1,1, for each m as above. This follows since
lp(O¥m+1.1 Nam,1)|) is bounded for [¢] € £, 1 up to homotopy - since it is bounded
at the right endpoint and (1) implies (2) — and hence is bounded along £, 1 U¥,,41,2,
since |p(dam41.1)] is bounded for [¢] € £py11. Similarly |@(Oam1 N @mt1.1)]| is
bounded for [p] € ¢,,1 U €ny1.1. Since we have similar bounds for m + 24, i < p,
we get the required bound on |@(dap2)| for [p] € £, 2. We continue the process,
defining segments ¢, ;. and oy, k. The process terminates for some & bounded in terms
of #(Z), because a,, , is properly contained in some «a,, 11, except for n = Ny, when
we simply have an, » C an,_, k—1. In fact, for £ bounded in terms of #(Z) we have
Nj =1 and we must have o, = o and result is proved. O

15.15. Proof of 2 of 15.8: finding one almost-bounded loop. — Take any
[#] € [yo,y1]. First, we consider a long, v-thick and dominant « at [¢] for [yo, y1], and
suitable functions r, A, s. Write q(z)dz? for the quadratic differential for d([p],y1)
at [p]. Let v C a with |p(v)] < K. We start by showing that there is [¢'] €
(Yo, y2] U [y1. y2] such that

(1) ' (M|" < C(K,v).

<
Suppose for contradiction that |¢'(y)|” > C(K,v) for all such [¢’]. Then by (3) of
15.9, assuming that C'(K, v) is sufficiently large given a constant M, there are loops
Yo, Y2, Y1, Y4, all intersecting v essentially, and so that o, 72 have no transversal
intersections, neither do 7 and v4, and

(2) (lp2(v2)l + lp2(v2)| )M < o2 (),
lpo(Yo)I'M < lpo(MI's ler(V)I'M < [or (7))
Assume as usual that the images under ¢ of all loops are in good position with respect
to q(2)dz2. By (2) of 15.9, it follows that, if M is sufficiently large given 4§,
(3) le(vo N a)lg,— < dlp(vo Na)lg,
(4) lp(V1 Na)lg+ < bl Na)lg.

Since yoNy2 = &, we deduce from 15.11 that, if M is sufficiently large given 9, (3) also
holds for ~y2, and (4) also holds for v4. It follows from 15.11 that, if M is sufficiently
large given N, then 9 and +4 have > N intersections in a.

Now we claim that the method of 15.9 implies that, for a suitable C; = C1(v),

(5) lo2(V)I" < Crlp2(v2)|" + lo2(v)I')-
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which will contradict (2), and hence give (1). To see this, let p(z)dz? be the quadratic
differential at [p] for d([¢], y2). Then we only need to lock all of p(y) to segments of
»(72Uv%) by stable fohatlon segments (for p(2)dz?) of length O(|¢(7)],). We see this
as follows. Continue to take ¢(y2), @(74) in good position with respect to q(z)dz2.
Now |¢(7)] is bounded. So ¢(v) is in a subsurface S’ of S(«) bounded by segments
of leaves of the stable and unstable foliations of g(z)dz2, and we can ensure that ¢(v)
is bounded from the boundary of S’. Write 95’ = 9.5 U d_S’, the partition into
unstable and stable leaf segments. Since there are long segments of ¢ (y2), ¢(7v5) close
to stable and unstable foliations respectively, by 15.11, we can find segments ¢35, £}
on ¢(v2), ¢(v4) in S(«) such that every component of 9.5 is close to a subsegment
of ¢3, and every component of 9_5" is close to a subsegment of ¢,, and such that, for
a suitable constant Cy = Cy(v),

[02]" + 165]" < Calp(7)].

Then we can find a surface §”, with S’ € S” C S(«), with boundary a subset of £2Uf%5,
such that S ~ (€2 UL, Up(Z)) is a union of at-most-once-punctured topological discs
and containing () in its interior.

Then (S”, 42, ¢,) maps under a bounded distortion homeomorphism 7 isotopic to
the identity to good position with respect to p(z)dz2. Tt follows that every point of
7 0 ¢(y) can be locked by a bounded segment of the stable foliation of p(z)dz? to
7 0 @o(v2 U~4). Therefore, by the method of 15.9, (5) holds contradicting (2) and
hence (1) holds for some [¢'] € [yo, y2] U [y1, y2]. O

15.16. Proof of 2 and 3 of 15.8: finding other almost-bounded loops

Assume without loss of generality that [¢'] € [yo, y2]. Take any [¢] € [yo, [¢]] and v
such that v/ C 8 where 3 is mg-Zero-Pole or long thick and dominant at 3, BNo # &
and |1(7")] is bounded. We are interested in the case [¢)] = [¢], & = 3 to prove 2 of
15.8 and [¢] C [yo, [¢]], N B # @ for 3 of 15.8. We no longer need « to be a gap

only that v does not satisfy the criterion of 15.9 to be not almost bounded. We
claim that |¢”(7")] is almost bounded for some [¢”] € [yo, [¢’]]. We shall show this
by a method similar to 15.15. We can assume that either o C 38 or d([¢], [¢]) is large
enough to ensure that (by 15.11 and the property « ﬂ B # @) P(y)N 1/)(/3) # @, that
is, SN~ # @. Suppose, for contradiction, that | (v")|” = M; for all [¢"'] € [yo, [¢']].
Then by 15.9, if M, is sufficiently large given M, there are disjoint loops v3 and v,
such that

(1) lo(v3) "M < |eo(¥)I,
(2) (" (va)l" + 1" MM < " (Y]

Then |¢(v3 N B)], must be dominated by |p(vs N 5)]q,—. So ¢(v3) has long segments
almost tangent to the stable foliation. Hence so does ¥(74), by 15.11, simply because
v3 and v4 are disjoint. But [(yN3)|4 + is boundedly proportional to [¢(v)|q. Assume
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as usual that ¢(v'), () are in good position with respect to g(z)dz2. We can find a
union S of topological discs in S(3, [¢]) such that each topological disc in the union
is bounded by stable segments and segments of 1 (y N 3), and ¥(y’) € S;. The stable
segments can be taken as subsegments of a sufficiently long stable segment starting
from any =z € S(3, [¢]) by 15.11. This means that we can replace the stable segments
by segments of 1)(74). So we have a union Sz of topological discs bounded by segments
of ¥ () and t(v4) with ¥)(7") C S2. The topological discs in the union have bounded
diameter. Then, as before, we can transfer the whole configuration to have good
position with respect to the quadratic differential at [¢] for d([¢], [¢']). Working as
before we obtain, for a suitable C,

(3) " (I < Crlle" (NI + 1" (va)l).
contradicting (2) if M is large enough. O
We are now in a position to apply the following.

15.17. Lemma. — The following holds for a suitable function Cy : (0,1) — (1,00),
and for suitable long thick and dominant functions r, s, A, given functions Cy, C :
(0,1) — (1,00) and an integer N. Let T, T'y, T be loop sets in a subsurface o such
that:

a) a~ (UI'U Z) is a union of discs, once-punctured discs and annuli parallel to
da, and similarly for 'y, ', and similarly for {~vj,71} where ~j is any loop in T,
j=0,1and #(yNv') <N forany~, v e TUT{UTY;

b) there are points [y, [¢], [¢1] with [p] € [[p6], [¥1] such that « is long, v-thick
and dominant (for r, s, A) at all points of the geodesic segment [[¢], [1]] and such
that

lp(M)] < Co(v), 1@ (T < Co(v), j =0,1;

¢) there is a geodesic segment [yo,y2] such that, for any v € TUT,UTY, there is
some [p~] € [yo,y2] such that |o(7)]” < Cy(v).

Then there is [¢'] € [yo, y2] such that

(1) " (D))" < C2(v).

Proof. It suffices to prove (1) for some [¢'], for I'; replacing I, for one of j = 0, 1,
because any loop of I' is a union of finitely many bounded segments of I’ /1’ or for
{70.7;} replacing T for one loop 7} from each I'}, because any loop of T is a finite
union of segments of v}, 7. So now suppose for contradiction that none of these
possibilities occurs. Then we can choose [¢'] € [yo. y2], and loops v} € T, such that
l¢'(v;)" are large for j = 0, 1, and such that there are points [¢}] on opposite sides
of [¢'] in [yo, y2] such that [ (7})]" are bounded. Presumably [p)] € [yo.[¢']] and
(1] € [[¢],y2]- and for convenience we assume this — but it does not matter if
the opposite is the case. Let ¢(z)dz? be the quadratic differential for d([¢’],y2). By

considering 02{ ) 0;’2‘ (v4) for varying (but bounded) n and m, we can make a loop
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v C v, U~ with bounded intersections with each such that if ¢/(vy) is taken in good
position with respect to q(z)dz2, then ¢’ ((v5 U~;) N B) C ' () for any subdominant
B8, and ¢’ (BN ~) # & whenever ¢ (8N (v, U~1)) # &, if 3 is dominant. Every point
of ¢'(v{) can be joined along a bounded stable segment to a different point of '()
and every point of ¢’(7]) can be joined along a bounded unstable segment to a point
of ¢'(v). It follows that |¢”(v)|” cannot be bounded in [[¢'],y=2], because | (v§])]”
is not bounded there, and similarly cannot be bounded in [yo,[¢']]. Yet |o(v)| is
bounded. So we have a contradiction to 15.15.

15.18. Lemma. Under the same hypotheses as in 15.17, |¢'(T)| < C(v). Moreover,
we can assume that « is long thick and dominant at [¢'].

Proof. Since da is in the convex hull of T, |¢/(da)|” < Csi(v) for a suitable
function C3. There is [p(] € [yo, [¢']] with |p[(Tg)]” < Ca(v). So we also have
|l (Oa)|” < Co(v). Similarly, given an integer NV;, assuming the long thick and dom-
inant parameters are suitably chosen, for 0 < j < Np, we can construct loop sets I'_;,
(6 o) € bl [e]) and [0 ] € Do [7,]] such that [¢,(T,)| < Co(v).
l” ;(D—;)I" < C2(v), and property a) of 15.17 holds. So then |¢” ;(9a)|" < C3(v).
By 15.9, da does not intersect any long, thick and dominant gap or loop along
(" n, 15 [w0]]- By 15.14, there is a not necessarily connected union aq of gaps and
loops, ag D dav, such that dag is bounded along [[¢” v ], [¢5]] and (2) of 15.14 holds
for all v C Int(cg). Then all I'y have boundedly many intersections with cg. This is
impossible unless da C dayg up to homotopy. So da is bounded along [[¢” x ], [#g]]-
Then any long thick and dominant gap intersecting « along a segment of [[¢” v ], [#g]]
must be contained in «. Suppose that such a gap § is properly contained in «. Then
it must be long, thick and dominant along [[cp’i(,ﬂ_}\fz)]7 [¢” .]] for Ny arbitrarily large
by suitable choice of the long, thick and dominant functions. Then # (95 NI;) is
bounded for k < i < k + N3, which is impossible. So § = «. There must be at least
one long thick and dominant gap along [[¢” y ], [#g]] by 15.14, if Ny is sufficiently
large. The only gap which can be long thick and dominant is «. So « is long thick
and dominant all along [[¢” v ], [#0]], and the loops of da are bounded. In particular,
we have ¢/(I'"_;) < Cy4(N1,v) for a suitable constant Cy. Since Ni only has to be
chosen suitably depending on v, we obtain |¢” (T ;)| < C(v) and |¢'(I')| < C(v) for
suitable choice of function C. O

15.19. Essential disjointness of ¢y, ;. — Suppose that y = [p], ¢, « are as in 2
of 5.8 and we also have w = [¢] € £ and w, y € €y N {1, with w € [yo,y]. Let v’ = [¢'],
w’ = '] be the corresponding points on [yo, y2] and y” = [¢"], w” = [¢"] the points
similarly defined on [y1,y2]. Then we have w’ € [y, y2] and y” € [w”, y2), since we
have already proved 3 of 15.8 in the gap case in 15.16. Fix loops v C a and ( C 3
such that |’ (7)| < M, [¥'(¢)| < M and similarly with ¢”, ¥" replacing ¢’, ¢/. By

ASTERISQUE 288



CHAPTER 15. TRIANGLES OF GEODESICS 225

(2) of 15.9 applied to [yo,y1] = [¢/, y2] we have

M
Ol < i)l
l2(C)] 1(1)]2( )||1//(’Y)|'
and applying to [yo, y1] = [w”, y2] we have
M
/
P2V < C1(W)le2(Q) =77
lp2(7)] 1 (1) lpa( )||<p”(C)|’
If d(y, w) is sufficiently large we obtain a contradiction. U

15.20. Proof of 3 of 15.8 when f is a loop. — Let y = [¢], v/ = [¢'] «, w,
3 be as in 3 of 15.8. Fix ~v intersecting 8 exactly twice, and n([¢]) denote n which
minimises [¢(o2 (3))|. Then since w € [yo,y] we have n(w) € [n(yo),n(y)]. Since
|p(Oa)| is bounded, n(y) is also the n such that the number of essential intersections
of ¢2(3) with da is minimal, and this is also n(y’) since |¢'(da)| is bounded. So
n(w) € [n(yo), n(y')] C nlyo, n(y2)] and w € pg.

15.21. How to get short loops in the boundary. — We have the following
extension of 15.14.

Lemma. — There exist long thick and dominant parameter functions A, r, s, and
Ag > 0 and an integer No such that the following hold. Given 1 > 0, there exist
Ay > 0 and an integer N1 > 0 such that the following hold. Let £ C T be a geodesic
segment. Let v be a loop which is disjoint from all (A,r, s)-long thick and dominant
gaps and Ag-Pole-Zero loops along €. Let v be in the convexr hull boundary of a set
of N (A,r,s) long thick and dominant gaps and Ay-Pole-Zero loops 3, where 1a) or
1b) holds, and 2a) or 2b) holds

la) N > Njy.

1b) Any two of the 3 intersect.

2a) Fach gap (8 is (A, r,s) long thick and dominant along a segment of € of length
> Ay, and each loop (3 is a Ay-Pole-Zero loop along a segment of €.

2b) N = Nj.

Then |p(v)| < e1 for at least one [p] € L.
Proof. — Write £ = {[¢¢] : t € [0,T]} where d([po], [¢¢]) = t and let q;(2)dz? be the
quadratic differential for ¢ at [p,]. For any loop ', write

F(t,y) = I%Qt('y/)lqw

We are going to prove the Lemma by induction on the topological type of the convex
hull of the 3 as in the statement of the lemma.

By 15.14, we know that there is M > 0 such that |p(v)] < M along ¢. This implics
that, for any 4/ which intersects v or is not separated from v by any loop of Poincaré
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length < e,
(1) F(t.) < CYME(LA),

where Cy = Cy(gg) depends only on gy. To prove the lemma, we only need to
strengthen this, and in fact, in onc respect it suffices to prove a weaker statement. It
suffices to show that, for suitable §; > 0 given £; > 0 (in fact, d; = e k/=1 for some
integer k will do), there is ¢ such that

for at least one v/ such that ¢;(7’) has bounded Poincaré length and ~' is not separated
from ~ by any " such that ¢;(7") has short Poincaré length. Let ¢y be the essential
minimum of F(¢,~). We know that, for suitable C (independent even of (),

(3)

for some ¢ and tg.
We can find m and a; < b;, 1 <

[t—to]

C/vl

ce

< F(t,~) < Cheelt=1l

< m, such that a1 = b; for i < m, ag = 0,
< O fort € I; = [a;, bi] and 7, is not separated
< &g for some ¢ € I;. Then for t € [0,T], for

by, < to, and loops v; such that ¢, (v;)
from « by any loop + such that |¢¢(v")

suitable ¢; and ¢; € I;,
cielt=til

4 A
(4) =
and, for all vy, with v, N~ # @, or v, separating ; from v and t € I,
(5) C ' F(yint) < Fy.t).

< F(t,v) < Cregel™

So now for t € I, with t < {g, we have

. o F (7, t
F(y,t) < C’l(tt'ftF('y,t.,j) < C’f(:t'ffF(W,-,t) <l (i, 1)

—F (v, t).
1 F(V’w t; (’W\ )

But also we have
Cf(:t"_'F(’y./, t) < Cf(:"f"‘L"'*"’F(q/,;, b;)
< LI R () < CPe TP F ().

So we obtain (2) if either

(6) C'lr’cz([’_(”) < 0
or

F('y,uti) .
7 Ci == < 4y.
( ) 1]4‘(A)/~.'-ti) 1

Of course, we obtain (6) if b; —t; is sufficiently large for some ¢ for which v; Ny, # @
or 7y, separates v; from v for some k& > i. We obtain (7) for suitable i and k if m
is sufficiently large, simply because 7; and ~, must then have a large number of
intersections for some i # k, and if 7; and 7. have a sufficiently large number of
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intersections given 1, (7) must hold. Similarly we obtain (2) from analogues of (6)
and (7) if there exist such intervals I; C [to,T] and loops ~; such that either m
is sufficiently large or t; — a; is sufficiently large and there exists k£ < i such that
v Nk £ @ or g separates y; from . If either of these occurs we shall say that
v is a d1-good convex hull of loops ;. So if v is a d;-good convex hull of loops ~;,
lpi ()] < €1 for some ¢: in fact we can take t to be the essential minimum of F(v,t),
which is a long way from the ends of the interval of s along which |@s ()| is bounded.
If |@s(v)] is small for s = 0 or T, then this statement is still true if we extend ¢ to a
maximal segment ¢ with |p(y)| < M for ¢ € ¢'.

So now suppose that ; satisfy (4) and (5), but that m is bounded. The proof is
completed if, for at least one i < k, |¢i(7:)| < €] for €] sufficiently small and some
t € I;, and v; Ny, # @ or 7y separates y; from ~. If m = 1, then v = ~; must be
the boundary of a long thick and dominant along most of [[¢o], [¢7]], and the proof
is finished. By abuse of notation we shall write [0, 7] instead of [[©o], [¢7]]. So now
suppose that m > 1 and v; # . This means that for any ¢ the convex hull of long
thick and dominant gaps and Pole-Zero loops along I; is strictly smaller than along
[0,T], because there are none between v and ;. For Ny sufficiently large, and Ny,
A, sufficiently large the hypotheses of the lemma are then satisfied for this smaller
convex hull and any given €] > 0 replacing 0; for some i with k existing as claimed.
So then | (vi)] < &) for some t € I; by the inductive hypothesis, and the proof is
completed. O

15.22. We finish with a lemma which shows that for 73(z) to be within a bounded
distance of [y, y}] N T (95,20) for points yg, ¥1, 15.9 gives a criterion which depends
only on gaps intersecting 3.

Lemma. — The following holds for a suitable function Cz : (0,1) — (1,00), given
a constant M > 0, and long thick and dominant parameter functions A, r, s and
mo > 0 given A, r', " and m{ > 0. Let «; be gaps or loops at y; = [p;] € T(Z),
J=0,1. Lety; = [¢}], j =0, 1 be any other points such that «; is a loop or gap at
yj and let do; (y;,y;) < Ma. Let z = [}] € [yo,y1], let 3 be long v-thick and dominant
at z with respect to A, r, s, or mg-zero-pole with fNay # &, fNay #= . Then there
is 2 € [yg, y1] such that dg(z, z") < Ca(v) which long thick and dominant with respect
to A, r', s or m{-Zero-Pole.

Proof. If 8 is a loop we use 5.19 above. Now let 3 be a gap. Take any loop v C 3
such that [¢(v)] is bounded. Then we shall use criterion (3) of 15.9 to show that ~
is almost bounded at some point on [y, y1]. Let v 71 be two disjoint loops which
both intersect 7, and hence intersect 3. Then because 79 Ny = @ and G is long
thick and dominant, 1 (v(), ¥(v1) are simultaneously boundedly transverse to either
the stable or unstable manifold for the quadratic differential for d(z,y1). (This uses
15.11 -— a loop which was close to the stable manifold would have to be long and then
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by 15.11 would intersect any loop close to the unstable manifold.) Suppose without
loss of generality that ¥(v(), ¥(v]) are simultaneously boundedly transverse to the
stable manifold. Then they intersect 1(da;) transversely. Then () is a union of
finitely many segments with endpoints in ¥ (Jda;), each of which can be joined along
bounded stable segments to (] ), and similarly for +{. This means that at y1, ©1(7)
is a union of boundedly many arcs with endpoints in p1(daq), each arc bounding a
rectangle with parallel side in ¢; () and adjacent sides in ¢;(day). The same will
be true for v replacing v}, and the same will be true for ¢} replacing 1, simply by
applying the homeomorphism ¢} o cpl_l, which moves 1 (da1) a bounded distance. So
then by the criterion of 15.9, 7 is almost-bounded at some point on [yg, y}] (because
(3) of 15.9 fails for v). By 15.16, we obtain a point [¢'] on [yf, yi] where ' is almost
bounded, for any set of loops I' which is bounded at [¢)] Then by 15.18, we find that
¥'(T) is bounded and S is long thick and dominant at 2’ = [¢']. O
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CHAPTER 16

HARD SAME SHAPE

16.1. The main purpose of this chapter is to prove the Hard Same Shape Theorem.
As one might expect, is a harder theorem with a similar conclusion to that of 9.5.
It gives conditions under which quadratic differentials have the “same shape” on sub-
surfaces. Here, hard is a comparative term only, and it is by no means the hardest
possible result of this nature. But such results are very delicate, because shape of a
quadratic differential on subsurface of nonmaximal distance often changes drastically
under small perturbations.

In 16.6 we show that the Teichmiiller map is Holder, a result which is most certainly
known, but would be hard to reference, given our context of marked spheres. This
result is needed in a small way in the proof of Hard Same Shape, but is also used
to prove a result (16.8) about triangles of geodesics: a result which I suspect can
be improved using the calculus of Teichmiiller distance, and in particular the result
12.2 that Teichmiiller distance is C?, but I cannot currently see how to implement this
improvement. However, a related result is proved in 16.9, using the same technique as
in the proof of Hard Same Shape. The last results 16.10-12 (about the minimum of the
mapping class function) are placed in this chapter for similar reasons: I suspect better
estimates are possible using the calculus of Teichmiiller distance. The calculation in
the present proof bears some resemblance to that in 16.6. 16.12 also uses a concept
from Chapter 14: otherwise the flavour of this chapter is closer to that of 10-13.

16.2. The Hard Same Shape Theorem. — We use the projections 7, of 9.1,
and the identification of 9.1, if «v is a loop, of 7, (7 (O, €g)) with a subset of the upper
half plane.

Hard Same Shape Theorem. Given M > 0, there are constants Cy, L > 0 such that
the following holds for all sufficiently small ¢ and 6 > 0. Let o C C be a closed disc.
Forj=1,2letY; C C ~ (0a) be finite, with Y1 Na = Yo Na =Yy, #(Yy) = 2. Let

(p;ls [¥,] € T(Ocv,e) N~ U{T (v,v) : v C Int(a)} € T(Yj,e), v = Le.
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Let qj(z)dz? be the quadratic differential for d([p;], [¢;]) at [¢;], with stretch p;(z)dz?
at [1;]. Let [¢p;] = [x;0¢;] with x; minimizing distortion. Choose a point yg € Yy and
another point y; € Y;\Yo. Normalise so that ¢;(yo) = 1¥j(yo) =0, ¢;(y;) = ¥;(y;) =
oo. Write zx ; for the zeros of q; with |zxj| = |zkt1,5]. Let ny = #(Y; N Yo) — 2.
Write

(1= z/zk4) ay. i
Case 1: q;(z) = k=1 ) Yol
! [Tyev, v, (1 = 2/9;(y)) g; 2= ¢;(y)
nj+1
Case 2: q;(2) = iy (L= 2/7ky) L1 Z Oy
Myev, M= 2/0iw) | o= 2= wiy)

Normalise further so that for some real A\, 0 < X\ < 1,
Case 1: A Z Gy = Z Gy,2;
yeYy yeEYH

and the points of p1(Yy) are bounded and bounded apart, and similarly for Yo ~ {yo}
replacing Yy in Case 2.
Let
|z 5] = ]V[Alez’ﬁ/f"7

for 1 <k <nj orl<k<n;+1 depending on whether we are in Case 1 or 2. Write

a;
Case 1: Q;(z) = Yy
’ yg);, z—9;(y)
G
Case 2: Q]_(Z) _ Z*l Z _ Gy
yeYoiyo} - P (y)

Let Q1 have no zeros in {z : e (1=1/M)/e |z|}. Let
ld([p2], W2]) — d([er], [ <6, d([g], [¥a]) < M,

lo1(y) —w2(y)] <0, [P1(y) —2(y)| <6 for all y € Y.

Let xo = & ox10€ on {z: |z| < 2™ (L-1/2M)/2} where the homeomorphisms &, & are

isotopic to the identity via isotopies almost constant on the boundary and on p2(Yp),
¥1(Yy) respectively. Let

A=Y Jaya| (= Ofala.gn)).

yeY)
Write B =log(|zn, 41,1 +2) in Case 1, and B =1 in Case 2. Then

Ay = Ay + O 4 e VOENAB)  for all y € Y.

Similar results hold for p1, pa.
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16.3. Remarks

(1) In applications, @ C C will often be a subsurface with more than one boundary
component — but an application of the easier Same Shape result 9.5 will allow us to
reduce to the case of a disc.

(2) The condition on isotopy between x; and x» might seem awkward and unnat-
ural, but it is the right condition for applications. Roughly speaking, it says that
projections under m,. g, are close — but since in some applications Y} and Y5 are
completely unrelated, there may in general be no other way to make sense of the
statement.

(3) The difference a, o — ay,1 is small if, for example, § = 0(6_2”2/8).

16.4. Outline of Proof of the Hard Same Shape Theorem. — By (ecasy)
Same Shape 9.5, there is nothing to prove unless

(1) do(l1]. [Wn]) < d([1], [¥n]) — &

for §; = ¢~“v/¢. So from now on we assume that (1) holds. Recall that g;(z)dz?,
pj(2)dz? and K; with §log K; = d([¢;]. [¢;]), are uniquely determined by solving

‘ o (V/VE 0 ) S —
) S () Ve ( 0 \/E S (y) vridz =0,

for all nontrivial nonperipheral loops v € C ~ Y;. This, of course, is an equation we
have considered extensively in Chapters 10-13. For such loops, we can expand the
integrals for /g2, \/p2 in terms of \/q1, \/p1, and thus we shall sec that ga must be
close to q1, and ps to p1. Given the representation of ¢; in the statement of Hard
Shape in 16.2, it is natural to consider the function @; of 16.2, and the surface

;= {(z.w) : Q(2) = w?}.

By our assumptions in 16.2, the numerator of @Q; is of degree # (Yy) — 1, #(¥p) — 2 in
Cases 1, 2 respectively, and thus there are # (Yy) — 1, #(Yy) — 2 zeros respectively up
to multiplicity. If all of these zeros are simple, then S; has genus # (Yy) — 1, #(Yy) —2
respectively. The condition (1) above ensures that in Case 1 there is at most one zero
24 of ¢1 in

{2: Do < |2 < M te?™ /%)

for suitable Dy — and none at all in Case 2 - because otherwise some set
{z:]z] € D}} satisfies the Dominant Area Condition 9.4: a calculation would show
that {z : r/2 < |z| < r} had area O(Ar~2). Then Same Shape 9.5 would contradict
(1). So the surface S; might have unbounded geometry, but, as we shall see, this is
somewhat controlled. There are # (Yy) variables a;, with one relation between them
given in 16.2. We shall see that these are determined uniquely by (2) above.
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16.5. Solving the Equations. — With the calculations of 10.18 onwards in mind,
write

ea(y) = e1(y) +h(y).  ay2 = Maya + k(y)).
Then for any closed loop v C «a,

/SDJ("/) \/— /cp () m+ ot o /r)

3k(y)
2\2) = \/X 1{Z 2
@2(7) VQ2(2) Jer(v) ( Qi ( )+y€ZY“ (z—o1(y)/Q1(2)
— CLI/] O(AlR 5 otk ) |
; == y>2m+ (All8]*) + O(E])

and similarly for p;(z)dz2, with Yj replaced by Yy ~ {yo} in Case 2. Assume for the
moment that all zeros of Q1 arc simple and distance at least 0, apart, with residues
of modulus at least d; at points ¢1(y) (y € Yo or y € Yy ~ {yo} in cases 1 and 2
respectively). Using the method of computation of the Second Derivative Formula
(from 10.18 onwards through Chapter 11) we choose a basis of holomorphic 1-forms
on S;. Letting 7(z,w) = z be the usual projection, the natural choice is

Case 1: ﬂ*( C(;j(:) <z — ;}_(y) - %)) (y € Yo ~{yo})
Case 2: 77*( (jj(:) (2 — 9191(:1/) e 901_,'(;1/1))) (y € Yo~ {yo. 1)

These are indeed nonsingular at oo, since @; has one more pole than zero. We also

«f _Oy.dz 1
= Q.,-<z>(<z~my>>2>)

for y € Yy in Case 1 and y € Yy ~ {yo} in Case 2. Write

have meromorphic 1-forms

Yo~ A{yo} = {ye: 1 <L <m = #(Y)) — 1}

Then let vor_1 + ivgr, wor_1 + fwye be the holomorphic and meromorphic 1-forms
defined above for y = y,, on S}, with v; harmonic and w; harmonic singular. As
in Chapter 11, let .J, J’ send a harmonic 1-form on Sy, S to its conjugate. Write
he = h(ye), ke = k(ye). Again working in parallel with Chapter 11, write

m m

wtidr = ki(varm1 +ivar). wit =Y he(war—1 + iwse),

(=1 =1
with ¢ = 1 replaced by ¢ = 2 in the expression for « +iJz in Case 2. Then define v},
VA

whi, 2, w', t in analogy with Chapter 11, using the holomorphic and meromorphic
K2 ? o
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1-forms on Sy described above. Then to show that a;» is close to a; 1, it suffices to
show that we can solve the following equations in H'(Sy):

T K;l/Qm’ B w Kl_l/zu;’ O(6) 4 O(e=2715) + O(Allh2
(1) Jr B [(11/21" - t + K’ll/Qt/ + ( )+ ((J’ )+ ( ”_IH )

This mimics the equation (SDE2) of 10.18, but there are some differences. The most
important is that this is the only equation. There is no additional requirement that

[Q2| have integral 1: of course |¢gz2| has integral one, but we are only considering
g2 | S(av), so the mass condition does not appear. The method of solution of (1) still

mimics the solution in 11.2. We write the righthand side of (1) as a sum of terms and

solve each set of equations separately. Each time we have to show that we can solve
with

k= O((l&l| + de=>™/%) ABe/ V57
for suitable Cy, Cf. We write w = wl + w? as in 11.2, and similarly for w’.
Following the derivation in 11.4, we obtain equations such as

(Ky + JJ)e = (K, — JJ)w?.
We claim that, for suitable C{),
(K, +1.J) " = 0(Bs; ™).

We use a method based on that of 11.9. We need to show that for any harmonic
1-form on Sy,

wUJw < (K] — CB ') (wU Jw).
As in 11.9, we consider (w + iJw)(z) and /Q(z)dz pointwise, and use the complex
numbers /Q1(z), i\/Q1(z) as a basis of C over the reals. It suffices to show that
w + iJw is bounded from being a real multiple of \/Q,(2)dz on a set F = E(w) with

(WA Jw)E) = B 6w A Jw)(S)).

Our assumptions give that all zeros of Q arein {z : |z| < Dy} for a suitable Dy = 6, ",
r < #(Y), and:

2L+ O(eBz1)), z| > 2eP
Case 1: o= Z ayy, Qi(z) = az” ) (¢ ) . | ‘ L
yeYy OZp 4172 (1 + ()(DU'Z )), 2Dy < |Z| < €7,
Case 2: Qi(z) =az2(1+0:"Y), |z2/= Dy, a= Z Uy 1

yeEYo~{yo}

Now let w be given. Note that any w + iJw is 7*(y/R(z)dz) where R is a rational
function which has a pole at z,, 1 in Casc 1. Let D; be the maximum modulus of a
zero of R. Take

Ey={z:e” <|z| 2%}, Ey={2:2Dy<|z| < iD\}, E=FE UE,.
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We have E5 # @, so E # @. For a constant cg depending on R, we have

Case 1: R(z) = a lenz 2z — 2,,,) ", [2] 2 2D,

Case 2: R(z) = a tepz7d, |z| = 2D;.

On F; (which may be empty) R is bounded from being a real multiple of Qy: except
on finitely bounded modulus subannuli in F;, R is asymptotic to (flc;g,jz*j for on
different annuli, for varying j > 3. If Fy is of large modulus, the integral of |R| over F;
is at least a bounded multiple of the integral over {z : %Do < |2] € Do} which is at
least D§ (t < #(Y)) times the integral over {z : |z| < Do} The integral of |R| over
any annulus
{z:r <|z|<ra} in 2D < <rmp—1<ry<el

log(ro /7). The integral over |z| > e? is
O(a~'cgr). So E has the required propertics.

is then boundedly proportional to |~ lecg

Then to obtain the required bound on k, we also need to bound the coefficients of
the v,, when expressing any wy as a linear combination of the v,: we can derive the
coefficients of 'wéJ[lI, wéJ,,) (j = 1, 2) from those of way_1, wae. The simplest way to
do this is probably to use the harmonic functions approach of 12.7. According to this
approach, write vop_1 + tvar = 7 (\/Re(2)dz). Let rg (as in 12.7) be the radius of a
maximal embedded disc in S} round 7~ !(¢,(y)) in the coordinate

C(rY(z)) = VR(D)dt.

Jei(y)
Then the bound on coefficients is O(r ') = O(AeCv/V) for suitable Cyp > 0, taking
into account the distance between the points of 1 (Yp). If we allow zeros of @) to
approach within O(ds2), or residues to be O(d2) then the method still works with an
increased error term. We shall deal with this in 16.7 below.

16.6. The Teichmiiller Map is Holder with respect to the Teichmiiller
metric. — The Teichmiiller map is the map which sends (¢(2)dz?, K) to [¢] €
T(Y), where d([¢]. [¢)]) = 4 log K and q(z)dz? is the quadratic differential at [¢] for
d([¢], [1]). Onme of the consequences of Teichmiiller distance d being C? (12.1) is
that the inverse of the Teichmiiller map is C*. We also know (from 10.2) that the
Teichmiiller map is real analytic at a generic point. It is not globally C! because the
inverse map is C2. However, it is Holder with respect to the Teichmiiller metric on
the range. Here is a proof.

Lemma. Let q,(2)dz?, q2(2)dz? denote quadratic differentials at o] € (T(Y))s
Jor d([], [W1]), d([@], [wa]) respectively, where d([¢], [v1]) = d([@], [1h2]) < M. Let the
residues of qi, q2 agree to within O(5). Then for a constant Co depending only on
#(Y),

d([v]. [¢]) = O(5Y/ oe/v),
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Proof. — Let [¢j] = [x; o ¢], where x; minimizes distortion. By 8.3 we only need to
show that

@) /K(Xz o xTH|r| = O(3Y/CoeColv)y,

where r(2)dz? is the quadratic differential for d([i1], [12]) at [¢]. A direct computation
(similar to those employed, for instance, in 8.3, 8.9) shows that the distortion is
K(xz20x7)(2) =1+ O0((0(xy ' (2)))*,

where 6 is the angle between q(z)dz? and ¢2(z)dz2. An application of Rouché’s
Theorem

1 q; L

— | == = #(zeros inside I")
gives that ¢; and ¢ have the same number of zeros inside any contour I' on which
lq1| = RO for R sufficiently large. In particular, there is a pairing of the zeros of ¢;
and g2 (up to multiplicity) such that any pair is O(6'/%) apart, where k = #(Y) — 4
is the total number of zeros of q; up to multiplicity. Outside discs of radius R§'/*
round zeros of qp,
)
2

(0(2))° < Clo(2)] < e

Changing coordinates if necessary, assume that z; =

0. We consider the integral
near 0. Number the zeros z; so that |z;| < |zj+1]. Fix 1 < m < k so that, for some p,

[zm| < p < |zm+1l,
k

A | R E
j=m+1
Then p < §V/F. Write
k
[3 = H ‘Zj|.
Jj=m+1

To show (1), we need to show that (remembering that r has at most simple poles)
/ Slz|~ I3 dady = ()(51/1\7),
Jp<|z]

where z = x + iy and dxdy is the usual planar measure. But the integral for ¢ = m
is O(5p*~™B~1) = O(6'/%). So the estimate holds. |

16.7. The case of Multiple Zeros or Zero Residues. — We return to the proof
of the Hard Same Shape Theorem. We consider the case of ¢; having approximately
multiple zeros, or approximately zero residues at points of ¢1(Yy). It seems to be
impossible to treat this case by the direct method above. Instead we need to consider
the maps

([99J'}7 [lpJD U (qjvpj)v j=12
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As pointed out in 16.5, these maps are C'. Therefore, if P; is defined similarly to Q;
in 16.2, the maps

0, : ([es]: []) — (@Q;. Py)
(j =1, 2) are C'. Consider the following statements (1) and (2)
(1) Oallea). [Ya]) = Os([r]. [1a]) + O((8 + 7> /$) ABe /Y5, 0 5, %),
(2)  w2(y) —er(y) =000),  a(y) — Ua(y) = O() for all y € Yo
(for a suitable normalisation). Then (1) holds for ([p2], [¥2]) as in (2) and for
([¢1], [¥1]) varying over a set in which zeros of Q1 are bounded apart by d2, residues at
points of ¢1(Yy) have modulus at least d2, and ([p1], [L/)1]) satisfying the hypotheses of
16.2. Then by 16.6, this set of ([¢1]. [¢1]) intersects a 4, 1/Co - neighbourhood of every
point ([p1], [¢1]) satisfying the hypotheses of 16.2: regarding this set as a subset of
CYo{wo} 5 CYo{wo}l | But these maps are C* and the derivatives are O(ABC# (Yo)/vy,
So on this set also we have
O2([a]. [1r2)) = O1 (1], [¥n]) + O((6 + €27 /%) ABe /v 570 55 7)
+ O(ABeCo/ 5,0 51/ ),
Given the bound on 4, v, for suitable d2 and C, we can make this
O ([ia], [¥2]) = ©1([¢1]. []) + O((87/ " + 7/ 1) AB),
as required.
16.8. Corollary of 16.6. Let [p], (€], (W] € (T(Y))sy. Let q1(2)dz?, q2(2)dz? be the
quadratic differentials at [¢], [€] for d([], [€]) and [d(]€],[¢]). Let pi(z)dz? be the
stretch of q1(2)dz? at [€]. Let the residues of py and ga agree to within O(5). Then
d([], [¥)) = (d([), [€]) + d([€]). [¥]) = O((8"/ 1“1 /7).
Proof. Let 12 be such that d([¢], [v2]) = d([£],[¢]) and p;(z)dz? is the quadratic
differential at [£] for d([€], [t2]). Then by 16.6,
d([¥], [v2]) = O((8"/ e /).
The result follows. O
16.9. An infinitesimal triangular equality. — 16.8 can be regarded as a reverse
of the Triangular Lemma 8.9. It is possible to prove it by a method resembling that of

16.2. Here, we prove an infinitesimal version, in a slightly different context — outside
(T(Y))>r. We shall use this in Chapter 18.

Lemma. The following holds for a suitable constant C' > 0 given M. Let a C C,
Yo, Y1 be as in 16.2. For 1 <i < 3, let

[pi] € T(Oa,e) ~U{T(v,v) :vyNa=} CT(Y).
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Let § < e=C0/V. Fori < j, let q; j(2)dz? be the quadratic differentials for d([es], [¢;])
at [¢;], with stretch p; j(z)dz? at [@;]. Normalise @; as in 16.2, with corresponding
normalisations of q; ;(2)dz?, p; ;(2)dz? (i < j). Let the zeros of q;; (i < j) have the
same properties as in 16.2. For i < j, let

da([pil, lps)) < d([@il, lgs])) = M™H < M =M™,
d([¢1], [e2]) + d([p2]. [es]) — d([1]. [ps]) < 0.
Let A and B be defined as in 16.2, but using ¢1,2 instead of q1. Let
Res(q2.3 — pr2,92(y)) = O(6A)  (y € Yo).
Then
Res(q1.3.9(y)) = Res(q1.2,01(y) + O((87 + ¢~/ ) AB),

and similarly for py 3, p2.3.

Proof. -— The method is very similar to that of 16.2. By the Triangular Lemma 8.9.
/9((11.27(11‘3)2|(11.3| = 0(9).

Then (easy) Same Shape 9.5 implies that residues g1 2 and ¢1 3 are within 0(61/(7(1) on
S(C~a, [¢1], v) (normalising so that points of ¢ (A(C~«a)) are bounded and bounded
apart). Write & log K = d([¢1], [s]), § log K1 = d([¢1], [w2]), § log K2 = d([@2], [#3]).
Then our hypotheses imply that for v C «,

1/VEiK; O / /
/mw o ( 0 VEIK2) [y bes

(LR ), e ) -om

and hence
1/VK 0 '
Va2 — ( ) / VP23 = O(6).
/sol(’r) 0 VEJ Josn
Define @Q; ; from g; ; in the same way as Q) is defined from ¢; in 16.2. In Case 1 of
16.2, the corresponding coefficients a; ;, differ from the residues by O(e /M) In
Case 2, the a; j,,(p;(y)) ! differ from the residues by 0(8*2”2/5). Let

Sii={(z,w) 1 Qi (2) = w’}.

Then, again in analogy, we obtain, for v C «,

./w(w V@i - (1/5@ \/UE{> /%m VPas = O(6) + O(Ae > /%),

Then @13, P 3 are those perturbations of (1 2, P» 3 which give equality in the above.
Working as in 16.4-5, we obtain (1.3, P13 with the required bounds on Q13 — Q1 2.
Py 3 — Py 3 if the zeros of (); 2 are bounded apart and residues bounded from 0. We
obtain the general case by arguing as in 16.6-7. O
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16.10. The infimum for the mapping class map. — We now give two results
which we shall need later and which concerns the map

G lpl—d([el. [pod]) : T(Y) — T(Y)

where [1)] € MG(C,Y) (the mapping class group, as in Chapter 1). The calculus of G
was studied by Bers [Bers|. As we know, if the isotopy class of [¢] is pseudo-Anosov,
then G has a non-zero minimum value, achieved uniquely on a geodesic in 7 (V)
invariant under [p] — [po]. If [1] is reducible but has a pseudo-Anosov component,
then the infimum of G is non-zero. In both cases, we call the infimum x([¢]). Now
let r(z)dz? be the quadratic differential at [¢] for d([p], [¢ o ¥]) with stretch t(z)dz?
at [ o ¢]. Then as we also know from 8.4,

DG = 27 Re(Res(r — t, o(y)))

(in suitable coordinates). One can then ask about the size of ||DG|| when G — k([¢)])
is small. If G were real analytic, we would have G — k([¢)]) = o(||DG||), but it is
unclear if this is the case. So it is unclear if, in the pseudo-Anosov case, one can find
a path of finite length from a given point along which G decreases to the minimum
value. Our first lemma says that we can at least bound the diameters of such paths if,
for example, we start near a minimum value. We use the local coordinates on 7 (Y")
introduced in 8.4.

16.11. Lemma. — Let Y = {y; : 1 <i < n}. Let ¢ : (C,Y) — (C,Y) be pseudo-
Anosov. The following holds for 6 > 0 sufficiently small. Let [po] € T(Y) be a point
on the minimizing geodesic for G([p]) = d([¢], l¢ o ¥]), for [¢] pseudo-Anosov. Let
wo(yi) # oo, 1 <i < n—3. Let ro(z)dz? be the quadratic differential for G at [pg].
Let

Res(ro, po(yi)) = a;, 1 <i<n—3.
Then G has no singular points on

U={lpo+h]:|h(y:)| <8, i<n—3 h(y;)=0.i>n—3, Re( Z:I:_lzmgo(y,)) =0}.

Remark. One can then find a vector field w on U and tangent to U such that
DG(w([p]) <0 for all [¢] € U\ {[¢o]}. One can then construct an open neighbour-
hood U; C U of [pp] such that the w-flow forward orbit of U; is contained in U, as
follows. Take 6; > 0 to be the minimum value of G on OU. Then choose U; C U such
that G < 6, on Uj.

Proof. — Take any [p] € U. As above, let r(z)dz? be the quadratic differential at [
for G([p]) with stretch ¢(z)dz? at [ o). Then given the form of G, we need to show
that there is no A € R with

(1) (Res(r —t,0(yi)) = Aa;) = ARes(ro, v0(y)), 1<i<n-—3.

Normalise so that ¢o(yn) = ©(yn) = oc.
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Using the relations

n—1 n—1
D Res(ro(ui)) =0, D o) Res(r. () = 0
i=1 i=1
and similarly for 7, g, and using o(y;) — wo(y:) = O(3), (1) implies
Res(r — t,o(yi))x = ARes(ro. wo(yi)) + O(N), i >n—3,
and hence (since G is C? by 12.1)
(2) Res(r —t,0(y:)) = ARes(r,o(y;)) + O(Nd)  for all i

If we did not know that G’ were C? we would get an error term O(\d,), which would
be good enough. Then (2) implies

(3) /(’E—I’)’_ — (1 +0(5)) = /|7'—tl(l +0()).

But .
/|r|:/|t|=1.

Assuming 4 is small enough, r — ¢ is small enough to expand,

/|t| = Q/|7'+(t~'r)| =/|"'\+2R"’(/%)+O(/ ‘ ;‘[T|2)+O((/|t‘7‘|)2)
A Re(/(fiill)?) :()(./Iz‘—"’l).

which contradicts (3) above. So (1) does not hold for any A € R, as required. O

16.12. Bounding G — x([¢)]) by DG. — The following is the best estimate [ can
find at the moment. For simplicity, it is stated here in the pseudo-Anosov case. In
the applications in Chapter 19 the reducible case will also be considered.

Lemma. -~ Let [)] be pseudo-Anosov. Let k = #(Y) — 4 and let M be given. Let
IDG| <6, G(lg]) < M Then

G([p]) — K([¥])] = O(§1/2+1/2k),

Proof. — We have [¢] € (T(Y))s, for v depending only on M, since [¢] is pseudo-
Anosov. We have Res(r —t, p(y)) = O(6) for all y € Y, by assumption.

But #(z)dz? is also the stretch of r(z)dz? by A, where §log A = d([¢], [p o ¢]). that
is, unstable foliation leaves of r(z)dz? are stretched by A, and stable foliation leaves
are contracted by A™'. Now for closed paths v in C <. Y we need to compare stable
and unstable lengths as defined in 14.8. We write |o(v)|— and |p(v)|+ for the stable
and unstable lengths with respect to the quadratic differential r(z)dz2. It is probably
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worth emphasizing that the unstable and stable lengths are not the same as the real
and imaginary parts of
v,
e ()
(whose definition is, in any case, unclear) although |p(v)|+ (for example) is given by
putting () in good position (14.5) as a union of arcs oy and taking

([, )

with positive sign for each term. Let k& = max(2, #(Y) — 4). Then any quadratic
differential on C ~. p(Y') has zeros of multiplicity at most k. (Of course, there are no
multiple zeros at all unless #(Y) > 6.) Then we claim that

(1) [ 0 (Mot = Ao+ + O(8/21/2k),

This estimate is clear when r is not close to having multiple zeros, or zero residues at
points of ¢(Y'), when we obtain simply O(§). So to obtain (1), we need to estimate
local path integrals of the form

/ Vr(z)+ 00 / NZE )+ O(0))dz, where r(z) = H(z — zj)

over paths where

r(z)] = O(0) and |r(z)| = RJ for a suitable r. Changing coordinates
if necessary, assume that z; = 0. Number the zeros z; as in 16.6, and let 3, m be as
in 16.6, except that enlarge m if necessary so that

|Z’m|7n’ﬁ = ()((5). | m+1| ”/j P R(s

for a sufficiently large R > 1. Then we need to estimate the integrals over paths on

which |r(z)| = ( ) and paths on which |r(z)] > Rd. This means estimating on paths
on which |z| = O((6/8)"/™) and on which |z| = R,(6/3)/™. We have

/3 2 IZ’HI+1 ;I\'—m’ Zm+1 'm,ﬁ 2 RJ.

This yields (since R > 1)
> ([?6//)))(/\:—m,)/’m,7 /f > ()‘(l.:—nz,)/la:’ ((g/ﬁ) < ()‘HI,/AT’ <(5//)))1/'m < 6]/1\-'

Then the integrals of (2) over paths on which r(2) = O(8) become O(§'/2+1/F)
O(§'/2+1/28) “On paths on which |r(2)] = R0 for Ry > 2, and thus |z| > Ro(6/3)"/™
we have

/\/ ) +O()dz = / Vr(z)dz + /o 637122y
= / Vr(z)dz + 0632 (5/3)/m=12),
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(with (8/8)Y/™=1/2 replaced by log(§/8) = O(log §) if m = 2),
/ Va2 Hr(z) + 0(0))dz = / Vzlr(z)dz + 00872 (8/8)1/2m=1/2),

In both cases the error term is O(6'/2(5/3)1/?™) = O(6'/2+1/2¥). This gives (1), as
required. But (1) says that A is within O(5/271/2k) of an eigenvalue (with positive-
entry eigenvector) of a certain integer-valued matrix, which is one of the matrices
defining the piecewise linear action of 9 on the projective space of measured foliations
on C\Y (see [F-L-P]). This means that

log A = k([¥]) + 0(5]/2+1/2k)

as claimed. O
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CHAPTER 17

DISTANCE AND THE PULLBACK MAP

17.1. Let B be a branched covering space of degree two type, 7 = 7(B) (6.2) and
F(x) =d(z,7(x)).

This chapter is devoted to some estimates which will be needed in the proof of the
Level-x Tool in Chapters 18-21. Some of these are estimates on F' in subsets 7 (I, €),
where (fo,I') is invariant in (17.4-6, 17.9). These are basically refinements of an
easy lower bound (17.4) in terms of combinatorial data associated to (fo,I'). Some
invariants of (fo,I') depending on combinatorial data are defined in 17.2. These are
related to some earlier definitions in Chapter 2. The other estimates in this chapter
involve the quantity m.(z) of 9.1, and its behaviour along a sequence {7"(x)}. The
results on this topic are given in 17.7-8. Various related definitions are given in 17.3.

17.2. Definition of x(«), ro(I'). — Let (fo,I') be invariant. Let « be any loop or
gap of I' of period p with periodic orbit [«]. We define

e—0

k() = lim inf{ 1naix] do (Y, 7(y)) :y € T(I',e)}.
a’€la

Let IV C T be the maximal loop set such that (fo,I") satisfies the Invariance and
Levy Conditions. We suppose that TV # @. Let Q be the fixed union of IV. Let A
be any periodic gap of I, of period p, such that wvs is not in its periodic orbit. If
A is homeomorphic, let [1)a] be the gap map of A (see 2.13). If A is of degree two,
let 7a be the pullback map (6.6-7) on the associated critically finite branched map
space B(fo,I',A) (see 2.18). Write da for the Teichmiiller metric on the associated
Teichmiiller space 7 (A(A)). (See 9.1.) Depending on whether A is homeomorphic or
degree two,

R(A) = p ' inf{da(y.y - [¥a]) ¥ € T(A(D))},
R(A) = p~tinf{da(y, ma(y)) : y € T(A(A))}.
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Then we define
ko(I') = Max{r(A): Aisagapof I', A C Q}.

Note that k(y) = 0 for any loop v C 2, v € T'. This is reminiscent of our definition
of k(fo,I") in 7.2 — but not identical to it, except when (fo, ") is minimal nonempty.
For I, T as above, we have xo(T') = ko(I”). If (fo,T;) satisfy the Invariance and
Levy Conditions for ¢ = 1, 2, and [fo,T'1] = [fo, 2] (see 3.8), then ko(T'1) = xo(T2).
Indeed if « is a gap of I'; which is a union of gaps for I's, then

k(o) = max{k(3) : B C a, 3 a gap or loop of I'2}.

Now let I C T' be maximal such that (fp,T') satisfies the Invariance and Levy
conditions.Let v € T'\T" be perlo(llc of period n. Let d be the degree of fy | 7/, where
~' is the (unique) component of fi° () which is homotopic in C ~ Z to a loop in [~].
Then

k(v) = x log d.

dn
We define
ky(T) = max{k(y) : v € T'}.
17.3. m, and discrete loop sets. — From now on, we work with 7 rather than

T/G. Let x € T(Y)(v,e0) for any simple nontrivial nonperipheral loop. Let m, be
the projection to T(A(vy)) = {z : Im(z) > 0} as in 9.1. We recall that

m~(x) = log Im m ().

We remark that there is a constant C' such that if £ is the length of +, then

2 2
L—C’ m()<—7r—+C
€ €

We also remark that, again for suitable C' > 0, if z = [p], and the points of ¢(A(y))
are normalised so that two on one side of ¢(v) are at (say) 1 and oo, and a third
is at 0, then the fourth is distance < Ce 27 /¢ from 0 and distance > (1/C)e=27"/¢
from 0. If x ¢ T(Y')(y,£0) we define m,(z) = 0. Note that this definition depends on
the choice of A(v) (a very little) but not on the choice of ag (see 9.1).

Now we need to define a function m, r for any invariant (fo,I'), T € C \ Y, with
Iy = I'2(fo,T) # @ (see 2.5) and 2 € T(I',g0). Let Q© = Q(fp,T) be the maximal
connected union of periodic homeomorphic gaps which containing the fixed set of T.
(See 2.8.) We call Q2 the fized union of I'. (We reserve P for an irreducible fixed gap.)
Let 79 C 99 be the loop separating €2 from vy. Let « be the loop of I' homotopic
to vo in C . Z but not in C \ Y, such that a component of f; Y(44) is homotopic
in C ~ Z to the component of f()'l( ) in O up to Z-preserving isotopy, if such a
loop exists. If no such loop exists, we define m., (z) = 0. Let I'" C T" be the smallest

ASTERISQUE 288



CHAPTER 17. DISTANCE AND THE PULLBACK MAP 247

invariant loop set containing T'2(fo,T), but not including 7, if v exists. Then we
define

Ming,r () = Z my(x),

yCint(£2)

m. X
maor(x) = 20 () Z ma (),

My, () + My () 5o
my.r(r) = ming.r(x) + mo r(x),

mor(x) = Z m~(x) + m% Z my(x
’ My + 77170

~yEDNTY

ma,0,r(x) = my(x).

If v is a periodic loop or gap, we write [«] for the periodic orbit. If 7 is a loop, we
write
miy(x) = Z M~y (2).
v'ehl
For v C int(§2), let A be the set of loops of T" in int(2) separating v from Aj,. Then
we define

m~.o.0( Z my () + mo,r(x).

We define

miy)0.0(2) = min{m, o r(z) : 7" € [4]}.
Let @ = [p]. We define m([p]) for my r([p]), where I' is the largest invariant loop set
in which all loops of ¢(v) have length < 9. We define ma([p]) similarly. Apart from
this, we shall drop the suffix I" where the context is clear.

Again assuming that Tx(fo, ') # @, we say that (fo,T') is discrete if Ay(fo,T') is
equal to, or adjacent to . It is possible, in the discrete case, to have vy ¢ Aj. In that
case, the reduced map space B(A(, fo,I") (2.18) is critically finite, and may possibly
have Euclidean orbifold (see 6.11). In this case, we shall say that (fo,I') is Fuclidean.
Otherwise, we shall say that (fo,I") is non-Euclidean.

We shall say that (fo, ") is (L1, L2, &, v)-adapted to x (or sometimes just (L1, La)-
adapted) if it is discrete and invariant, x € T(I',e), Lie < v, Lav > g¢, and the
following hold. The loop set I'2(fo,T') # &. Let a be a periodic degree two gap of T'.
Let ¢ C Oa and 7 C int(«). Then m.(x) < me(x)/Ly and x ¢ T (v, v).

17.4. A Lemma showing certain thin parts cannot be re-entered

We continue with the notation of 17.2-3. Recall that F'(z) = d(x, 7(x))

Lemma. The following hold for C sufficiently large and C’ sufficiently small and
0 > 0 sufficiently small. Let x € T(I',0) where (fo,I') satisfies the Invariance and

SOCIETE MATHEMATIQUE DE FRANCE 2003



248 CHAPTER 17. DISTANCE AND THE PULLBACK MAP

Levy conditions, with Ta(fo, 1) # &. Let €' be the lengths of the shortest loop for x
in 0. Let pu be the minimal nonempty node with o < [fo,T]. Then

F(z) = k(Q) — Ce 27 /<,

Proof. — Write [tho] (as usual: 2.13) for the isotopy class of fo | 2. Then
(1) do(r(x), 2 - [Va]) < Ce™ 2 /<
To get this, write mq(x) = [¢]. ma(T(x)) = [¢']. We can normalise so that all points
of p(A(R2)) are bounded and at least two are bounded apart, and so that, for any y
the distance between points ¢'(y) and ¢ o 1o (y)) (y € A(Q)) is O(me=27"/¢"), where
m is the distance of the next nearest point of ©'(Y') to ¢'(y), which gives (1). Then

F(z) = d(z, 7(2)) > do(x.7(2) = dolz. - [Va]) — Ce 27/ > k(p) — Cle 27 /<.

O

17.5. Lemma. Take the same hypotheses as 17.4. If P C int(Q) is a connected
union of gaps fived up to isotopy by fo, and £ is the length of the shortest loop in OP

for x, then
2
F(z) > k(P) 4 Cle 2 /5,

Proof. Suppose that [¢q] is reducible and P C Q is fixed (not necessarily irre-
ducible). Let
2) d(z,7(x)) < k(P) + Cle—27%/e

for a small C’ > 0. The idea is to obtain a contradiction by showing that for some

C” and some choice of A(P)
dA(p (r,7(x)) = K(P) + e e,
Write z = [¢] and 7(x) = [¢’]. By (1) and (2) we have
do([p ] [porq]) < k(P)+ e e L gt

If C' is small, this is only possible if the loops ¢(9P) have length < ¢’ for a small (',
because (as we shall see in 20.14, but this is well-known) the function

[¢] = da([e], [» © Pal)

has no local minima. Given a constant L; > 0, we can choose ¢’ so that there are v
with L1¢" < v, and a gap union @ containing P such that all loops of p(9Q) U p(I9P)
are homotopic to geodesics of length < ¢’ but any other geodesic homotopic to ¢(7)
for some v C @ has length > v. Let n, nk be the numbers of components of 0P, 0Q
respectively, and ¢p, ¢ the gap maps. Normalise so that, for any choice of A(P),
the points of p(A(P)) are bounded and bounded apart. Fix a choice of y € A(Q)
such that ¢(y) is separated from ¢(P) by the shortest loop of ¢(0P) (of length ¢).
Then we can choose

AQ) = {fily) : 0 < i < nk}.
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Then in the notation of Chapter 8, we have
[']p = [ otg + O(e™2™ Wt/ — [pop + by + O(e™2 M=/,
Here hg = (ho(y")) is a vector with ho(y’) = 0 for y’ # y and
ho(y) = »(fo' (W) — ¢(v),

so that |ho(y)| = C—le=27 (1/e+1/v) " Similarly we can define h; (0 < j < k) using
£ (y) instead of y. Thus,
Z h; = O(e 27 (/et1/)y,
J
Define o
Ai(P) ={fo"™(y): 0 <i <m}.
By the First Derivative Formula 8.4, we see that
_or2(1/e ’
da,py (o], [#']) = da,(p)([#). [0 0 ¥p + by + O(e 2™ /=F1/ED))

= da,(p)([¢]: [p 0 ¥P]) + 27 Re(ch;(y)) + O(e™m (/er1/c)

> 5(P) + 27 Re(chy () + O(e™ 27 /D),
where ¢ is the residue of the quadratic differential for d4,(p)([¢], [¢ © ¥p]) at [¢]. Tt
follows from the fact that ¥ p cyclically permutes the points of A;(P) that the residues
at all points ¢(A;(P)) are bounded from 0. So ¢ is bounded from 0. So either we can

find a lower bound on dp([¢], [¢]) by suitable choice of j and h; to make arg(ch;)
boundedly in the right half plane, or for all choices of j,

dAJ(P)([SOL [QO/D = r(p) + 0(6_2772(1/5+1/V)).

This actually means that the points ¢( f(;Lj (y)) are approximately collinear. Let ¢
denote the quadratic differential for d([¢], [¢’]) at [¢]. Choose j — and then choose

A(P) — so that q; has at least one pole distance > C~le=27 (1/=+1/%) from o o
1/)7"( ) € A(P). Now we use mp to denote projection from 7 (A(Q)) to T(A(P)).
Let go denote the best quadratic differential for dp([¢], [¢’]). Let x1, x2 be the best
quasiconformal maps. Let 6 = arg(q;) — arg(q2). Then by 8.3,

d([e], [¢]) = dp([e] N+ Cy /|<9|2 i) + Came™ 2r? /¢

This gives the required contradiction. O

17.6. Lemma. Take the same hypotheses as in 17.4, 17.5 and let C' be as in 17.5.
Now let
2
F(x) < k(p) +C'e 2 /¢,

Then Q is irreducible. Further, if v, ' are loops in OS2 then

[y (z) = my ()| < C, |my(x) —my(7(2))] < C
In particular (fo,T") is discrete, so that Ay is adjacent to 2.

SOCIETE MATHEMATIQUE DE FRANCE 2003



250 CHAPTER 17. DISTANCE AND THE PULLBACK MAP

Proof. — We now know that Q = P is irreducible. So

dp(x,7(x)) = k(p) — Ce™2m" /e,
Suppose for contradiction that there is v C 9P such that
(3) Imo (T(z)) —mo ()] = A, m4(z) <272 /e + O(1).
It follows that there is an annulus A of modulus > CoA (where Cy depends only on
r(p) and C') homotopic to ¢(y) (z = [p]) such that the quadratic differential ¢(z)dz?
for d(z.7(z)) at z satisfies the Pole Zero Condition on A, that is, has two more poles
than zeros in each component of C ~. A. It follows from 9.5 that, for C3 bounded
from 0,

F(x) 2 dp(x,7(x)) + CeC2Be2m" e 5 k(@) + Cle 27/

if A is large enough given C’. So by our hypothesis, (3) does not hold. It follows that
I' is discrete. It also follows that, for suitable A given C”,

S oma(r(x) = Y my(x) - A

YyCOP ~YCOP
But if v, v/ € P with v C f; '(7/), then
m, (7(2)) < mo(x) + O(1),
So we must also have
mq () < my(1(z)) + O(A),
that is, for suitable C' (given C’ in this case),
[my (x) — may(x)] < C. O

17.7. Lemma. — Let (fo,I') be invariant with Ua2(fo, 1) # @. Let Q be as in 17.3.
The sets A(vy) (v € T') can be chosen so that the following holds. Let o, o' be any
loops in Q with o/ C fi'(a). Let mar z(7(y) denote Im wor z(7(y) where o' is taken

up to Z-preserving isotopy, A(a’,Z) C Z has four points, two in each component of
C -~ o and my 7z is projection to T(A(«', Z)). Then if y € T (I, o),

(1) me(y) — ma z(7(y)) = O(m[,,i](y))_1 (e7me o) 4 emmarow)y),
Hence,
(2) S Im®) = miay(r()] < e oW,

[a]CInt(©2)

Proof. — Clearly, (2) follows from (1). We can choose the sets A(3) so that, for any
loops o, o' € Q with o/ C f; '(a’), each point of fo(A(a’)) is in the same component
of €~ Q as a point of A(«), and fo(A(’) = A(a) if a does not separate Af, from the
centre of P’'. Now fix a, o as above. Write y = [p]. Let s be the holomorphic map
used to define 7(y). Write

m(y) = [¢'] =[s ' oo fo].
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Recall that mq([¢]) = Im(7a([¢])). Now

(At = [sT oo glawy = [57" 0 @lgaca)).
where s1, g are homeomorphisms as follows. We take g to agree with fo on the
component of fy ' (P’) homotopic to 2, and to map A(a’) to fo(A(a’)). We take s;
to agree with s on
s (UgeaS(8. (4], e0))
(see 9.3) and to be of bounded distortion in the complement. If o does not separate
Aj from the centre of 2 then g(A(¢)) = A(a) and

(3) /K(STI)\(H =1+ 0((ma(y)) te me0W)

where q(z)dz? is the quadratic differential for dq([¢], [s7" o ¢]) at [p]. We get this
because s; ' is conformal except on a set of g-measure O((mq(y))~te="2®)). So
then the bound on d,([¢], [s7"' o ¢]) follows from 8.2. If a does separate A} and the
centre of  then [s; ! 0 ¢]a(a) = [s7' 0 X © ¢]a(a) Where

JRGT 0 0lal = 14 O((ma(y) ™ (e7m00) 4 o),
Again, the required bound on dq([¢], [s7' o x o ¢]) follows from 8.2. O

17.8. We need to consider mg(x) for x € 7(I', g9) for a Euclidean discrete invariant
(fo,I'). 17.7 helps for all but one of the loops that separate Af, from 2. The following
Lemma implies that F-decreasing, F-between, or a property we might term mg-
increasing, hold for x and (fy, ") discrete Euclidean.

Lemma. — Let (fo,1") be discrete invariant Euclidean, Ts(fo,T) # @. Let x €
T(T,e0) N T(0AY,€), x & T(vy,v) for v C Int(A}), Lie < v. Let F(x) < k. Let
Yo = AN IN. There are €, > 0 and an integer ko, both depending only on k, such
that the following hold. Let ko < k < 2ko. Then 7'(z)) ¢ T (v,2p) for v C Int(A})
fori < k and
mh”](T]"(.T,)) > My (z) + $klog2.

Proof. — We start by considering B(Ag, fo.I'). Write mo(z) = 21 = [¢1]. Write
B(AY, fo.T') = B(Y1, f1) with associated pullback 71. Let sy, s1,, be the holomorphic
maps used to define 7y (1), 7{'(x1) from z1. Normalise ¢ so that the points of o1 (Y7)
corresponding to A(Aj) N A(yy) are at 0, 1, oo, and similarly for 77*(y1), n > 0. We
claim that, for n sufficiently large (depending only on k),
(1) 510 (0)] > 27/,
We claim also that for f > 0 depending only on #, 7{'(y) € (7 (Y1))>2¢, for alln > 0.

By our assumptions, f; is of a very particular type. We can regard C as

(C/H(Z+iZ)) )z ~ —2) = {[2] : 2 € C}.
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Identifying C with R?, we can regard 2 x 2 real matrices as linear maps of C. Then
for A € GL(2,2), [z] — [Az] is well defined. Then for some such A of determinant 2,
f1([2]) = [A2)] = [f1(2)] up to Thurston equivalence. We also have a bound on A in
terms of M. In fact, we can take A of the form

A= <1 ‘1>A1:\/§B
11

for B € SL(2,Z). The choices of f; and A are restricted by the requirement that both

critical points of f; be in the backward orbit of the same fixed point.

The Teichmiiller space 7 (Y7) then identifies with the Teichmiiller space of the torus
C/(Z+iZ), and with the upper half-plane H. Then we can identify z; € 7(Y;) with a
bounded matrix X € SL(2,R), with a torus C/X (Z+iZ), and with element X 1 -i =
p(X) of H, using the usual action of GL,(2,R) on H by M&bius transformations.
(This is the same identification, up to scale, as in 9.1.) Write ¢x for the R-linear
map of C given by the matrix X. This descends to a map, also denoted ¢ x,

ox : C/(Z +iZ) — C/X(Z +iZ).

We denote the isotopy class by [px]. Then taking §; to be the lift of s; to
C/X\(Z +1iZ), m1([px]) = [px,] where 51 0 px, = px o fi = pxa. Similarly,
™ (lpx]) = [px,] where 81,0 px, = oxan. Write B = £A; € SL(2,R). Since we
are assuming that A is bounded, so is B, and for each n there are C,, € SL(2,Z)
and bounded D,, (independently of n) such that B™ = D,,C,,. The eigenvalues of B
are distinct (because A € GL,(2,Z) cannot have trace 2v/2 and either both on the
unit circle or both real). If the eigenvalues of B are on the unit circle, then B # £1
has a unique fixed point in H. If the eigenvalues are real, one then uses the fact
that quadratic numbers have bounded continued fraction expansions. This ensures
that each point on the geodesic in H fixed by the Mobius action of B is a bounded
distance from the SL(2,Z) orbit of, say, i € H. (If we are lucky, B2 will itself be in
SL(2,Z), but this is not guaranteed.)
The bound on

(@1, 71 (21)) = 5dp(p(X). p(X A)),

where dp is Poincaré distance, gives a bound on the torus C/X(Z +iZ). The point
p(X) is a bounded distance from the geodesic or point fixed by the M&bius action of
B, that is if the torus is of bounded type. So there is ¢{, > 0 depending only on M
such that 21 € (7(Y1)) 2., and similarly for 7{"(x) for all n 2 0. So the second claim
is proved.

So then §1, 0 px, = Yous2xp, © Yc,. If we choose 51, so that the lift to C is
given by z — 2%/2z, then X,, SL(2,Z) is a bounded element of SL(2,R)/SL(2,Z). It
follows that the holomorphic map ¢, : C — C which identifies all points of

C+ X, (Z +iZ) + 2,
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and maps 0 to 0 lies in a compact set of such maps, and
0,(0) =0, 7,(0)=70,
for 3, bounded and bounded from 0. Then noting that
S1noop(z) = 00(2"/22),
for n large enough depending only on M,
|57 (0)] > 27/%.

So (1) holds, as claimed.
Taking ¢ larger if necessary, we can assume for n < k that

"(2) € T(T,e0) NT(0AG,€), T™(x) & T(v,e0/2) for v C Int(Ap).

We shall write z = [¢], 7(z) = [¢']. Let s be the holomorphic map used to define
7(z), from . Write v; = A} N 0Q. We take the same choice of sets A(v;) as in 17.7.
Normalise S(A”, z, ) so that the points of ¢(v;) Np(A(A})) are at 0, 1, oo, with two

Land s;! are

points of p(A(v;) near 0. Normalise S(A}, 7" (x),v) similarly. Then s~
close, not just on S(AJ, z,v) but near 0 as well. In fact, they are C''-close to within
e~1/€1¢ on any bounded set. Recall (9.3) that if [¢] € T (v,0), m4([¢]) is defined as
Im(7,([¢])), where 7, is projection to 7 (A(v)) and this is identified with the upper
half-plane H. If the four points of ¢(A(7)) are at 0, 1, co and a for a near 0, it follows
that m.([¢]) = —loglal + O(1). As explained in 9.1, the identification with H was
chosen so that m-([¢]) was the modulus of S(v, [¢],€0) to first order. A calculation

with elliptic integrals confirms this and shows that
m ([¢]) = —loga| —log2 + O(alog(a)).
It follows that
Moy, (T(2)) = sy () + log [(s1 1) (0)] + O(e™ /).

We also have estimates on m,_, (7(x)) — m,(x) for 0 < j < p—1 from 17.7. So
similarly, for bounded n using [n/p] to denote the largest integer < n/p as usual,

My (T"(2)) = My () + log |s;[ln/p]+1(0)| + O(ne~1/C1#),
So for a suitable ko depending only on «, and C; sufficiently large given ko, (1) gives
the required result. O

17.9. Lemma. — Take the same hypotheses as in 17.6. Then (fo,T') is nonFEuclidean.

Proof. — Let p be the period of A{, and write
p—1
Q=PU ( U A’i).
i=0
By our definitions, x(u) = &(P). Suppose that
F(z) < k(p) + Cle™27 /=,
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There are two cases to consider:

(1) KAL) = k(p),

(ii)  K(AL) < r(p).

(i) We consider the quadratic differentials ¢p(z)dz?, qz_\&(z)dz2 for dp(x,7(x))
and day (z,7(x)) at z, and compare these with the quadratic differential ¢(z)dz?
for d(z,7(z) at x. Let fp, GA(/) be the angles between ¢ and ¢p, qny,- Consider the
annulus S(9Ao, z,0) (9.3), which has modulus 272 /e + O(1). Let A be a subannulus
of S(AAg,x,e0) of modulus bounded from 0 and separated from each boundary by
an annulus of modulus 72/ + O(1). Then the measure of A with respect to both gp,
qay is = C’le_’fz/s for a suitable C; > 0. One of fp, 0, is bounded from 0 in A. So
for Co > 0 independent of ¢,

/AV’PIZ!qPI > Coe ™/ or /|9A{,|2|(1A(J| > Che™ ™ /.
So by 9.5, for C3, Cq > 0,
F(z) = d(x,7(x)) > max(dp(z,7(x)), day (2, 7(x)) + Cae— /%
> k() — Cae ™/ 4 Cye™™ /% 2 k() + (Cy/2)e ™ /%

This yields the required contradiction.
(ii) First, we claim that, if C” is sufficiently small,

do(r (), 72(0) < i) — 20767

To see this, we use an argument similar to 6.11. Let g(2)dz%, ¢i(2)dz? be the
quadratic differentials for d(z,7(z), do(7(x),7%(x) at z, 7(x). Let s be the holo-
morphic branched covering used to define 7(z) from z. Let (z) be the angle between
s*q(z) and q1(z). Then for C; > 0 bounded from 0, by 8.3 (as used in 6.11)

do((r(2).7* (@) < dla.7(x) = C1 [ 6Flas].

But, because w(A)) < k(P), s*q(z)dz? has an approximate triple pole at
s7Y(S(0Ap, x,e0)) —— where ¢ has at most a simple pole. So considering the
integral over S(A]_,7(x),e1) for a sufficiently small 1, we obtain, for ¢’ > 0
sufficiently small
do(r(z), 7 (x)) < K(p) — 20 e 27" /2.

Now since we are assuming that (fo,I') is Euclidean, va ¢ . Now we can choose
A(Q) so that va ¢ A(Q) and fo(A(Q)) C A(Q). Let fg be the branched covering
which has both critical values in A(Q) and fo | f3 ' (Q) = fo | f5'(Q). Write
7(x) = [p2]. Write va ¢ for the critical value of fg in the same component of C\Q
as va. Let 7¢g be the pullback corresponding to fi. Then wa(v2), w2(va,g) lie in a
disc of measure O(e~ 27 /-27"/8) with respect to the quadratic differential g, ¢(2)d2?
for do(r(z),7%(z)) at 7(z). Similarly of 72(z) = [p3] and 7g(7(2)) = [p4] then
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w3(y), wa(y) lie in a disc of measure O(('_Qﬂz/"“z”g/”;) with respect to the stretch of
q1.0(2)dz? at 72(). Then by 9.8, assuming § > 0 is sufficiently small, and 2/ = 7(x)

do(2'. mo (")) < do(r(r). 73 (r)) — Che=2m/e=2m?/8 w(p) — Cle=2m"/s
So now, replacing Y by A(Q). 7 by 7, x by 7(x) assume that
d(x.7(r)) < R(p) — e,
and we shall obtain a contradiction. Fix an integer k with & > 20C + log C'~* for C
as in 17.4, 17.6. By 17.8, if ¢ is sufficiently large given k,
my (TR () = my () + %A: log 2.
The lengths of any two loops in JP differ by at most C, by 17.6, so for any v € 9P

we have
mo (78 () = ma (x) — 20 + 1logk.
Then if € is the shortest loop in P for 7%(x).
2712 Jey. = 2n% Je + C +log C' L.
So (assuming C' > log C)
F(rH (@) < k() = C'e 7> /% < wp) — Cem /5%,

contradicting 17.4.
17.10. Let (fo.T') be as in 17.4. We now know that if

F(x) < rlp) + Cle 27 /¢
and €7 is sufficiently small then [fo.T'] = u for [fo. '] satisfying the Node Condition.
Lemma. Take the same hypotheses as in 17.4. Let & C int(€) be a gap of ' and

F(x) < k(a)+e™ ™.

Then for all v C dcv, mo () < m/C.

Proof. — Let @ be the smallest connected subsurface containing the orbit of ««. Then
by 17.5. for any v C 9Q), m~(x) = m — C if C' is large enough. These v include all but
one loop in d¢’ for each o' € [a]. Suppose that m (2) < m/C for the final boundary
component v of a. We can assume this holds for all " € [y] since d(x, 7(x)) = F(x)
is bounded. Let q(2)dz2, ga/(z)dz? denote the quadratic differentials for d(ax, ().
do (2, 7(2)) at x and 6, the angle between them. For at least one o/ we must have

/()’i/\q”/l > (37111/\/?.

Then by 9.5,
d(x.7(x)) = do(x, 7(2)) + C_I«_”"/ﬁ,

which gives a contradiction. O
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CHAPTER 18

PUSHING THE PULLBACK MAP

18.1. In this chapter, we return to the proof of one of the main results of this work,
namely the Topographer’s View, which was stated in 5.10. More precisely, we return
to the proof of one of the results to which the Topographer’s View was reduced,
namely, the Level x Tool of 7.7. We show that it suffices to construct a modification
7+ T/G — T/G of the pullback map 7. We produce the first versions of the
properties of 77 in this chapter in 18.3, and deduce the Level x Tool in 18.4. We
give a second version in 18.5, and show that it implies the first in 18.9. We give the
third version (which is based on the second) in 18.11. In Chapter 19 we shall show
that the third version implies the second, and produce a fourth version, in terms of a
vector field, and show that the fourth version implies the third. The vector field will
then be constructed in Chapters 20-21.

18.2. Introduction of 7’. — Throughout this chapter we fix B = B(Y. fy) of
degree two type (see 1.9). As usual, the structure includes a set Z C Y invariant
under fy, and we write G = m (B, fo). We write T = T (B) = T(Y) (see 6.2), and we
use the pullback map 7: 7 — 7 (see 6.6, 6.7). We write d for the usual Teichmiiller
distance on 7 (YY), we write dz for the semimetric defined by projection to 7(Z), and
as in 7.7, we define

F(z) =d(x,7(x)) = dgz(x,7(x)).

Initially, this is defined for a € 7, but since F' is G-invariant, we can also regard it as
a function on 7 /G. We can also, of course, regard 7 as a function on 7 /G. We recall
that the Level x Tool is concerned with a continuous map « : A — 7 /G, where A is
the unit interval, disc or circle, with F(a(x)) < & for all 2 € A, and possibly some
restriction on a | 9 for some @ C 9A. Note that if A is the circle then « and 7o «v are
freely homotopic. If «(9) C V, then roa | d =« | d. If A is a disc with 9 = 0A, «
and Ta are homotopic via a homotopy preserving 0A, since 7 /G is a K(m,1). Thus
it would be natural, in trying to modify «, to consider the sequence 7'a. In fact we
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need to define
7T — T

where 7 is a G-invariant modification of 7 with certain additional properties. Thus,
7/ can also be regarded as a function on 7/G.

18.3. First Version Properties of 7/

Numbers used in the properties. — The number ¢ is chosen less than the Margulis
constant. Numbers g5 < g1 < g¢ and §; > 0 are fixed, and

. ) 2
m = FE, Lo=2m /e

The number Fs was introduced in 7.7, together with constants Eg, E;. So far, the
only restriction on it is that Iy be sufficiently large, depending only on #(Y), and
Ey, Es sufficiently large given Ey and Ey. The number d7 is independent of €7 and es.
It actually depends on &g of 7.8.

Basic Property of 7. Identifying 7/ with its lift to 7,
' =coT00],

where o, o1 are the identity on V. Thus, 7/ = 7 on V. Moreover,
F(r'(x)) € F(x),

with strict inequality whenever 7/(x) # 7(x). From Property 3 of 6.6 it then follows
that, for a k depending only on #(Y'), F(r'*(2)) < F(x) whenever F(z) > 0.
Then we can choose N large enough that, if 6, < F(x) < # and 7"7x € T>., for all
i < N then
F(r'Na)y <k —.

We then have to consider what happens if 7% (2) € 7., for some i < N. This is the
purpose of the following property. It says that entry into 7-., occurs in the right way
- which, as we shall see, essentially follows from the properties of 7 which are stated
and proved in Chapter 6. Morce importantly, it says that any subsequent exit from
T<., occurs in the right way - through the “plugs” constructed in 7.7. The constant
L > 0 will be suitably chosen. The subsets Ko, Ky of 7/G are as in the statement of
the Level x Tool in 7.7, but have not yet been defined: they will be described in 18.8
and defined precisely in 19.3. By abuse of notation, we write K; also for the preimage
of K; in 7. The integer Ny will be determined only by Y and fy, as we shall see in
17.8. The integer k1 depends only on Y and Ep.

Euxit through Plug Property for /. - Let @ € T, with §; < F(x) < k, where either
x € Ky, or & = 7™ (z') with 2/ € T>., and m = Ny is minimal with 7" (z") € T..,.
Then there is a minimal p = [fo, '] such that @ € T5,(Lez). Let € < 7 with £/e9
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sufficiently large. Let ¢ be minimal with 7/%(z) ¢ T;M(s). Then
1 (z) € Tspu(e/(1 — Epe)), i (z) € Ky\(,e) fori<j<i+ky,
B0 () < wln) — Boe 715, 701 (2) ¢ To(e/ (1~ Boe)).

It then follows from the Basic Property that F(77(x)) < x(p) — Eoe=27"/% for all
J = i+ ki. The Exit through Plug Property then implies that for some ¢ and i1,
T (x) € Kl(,u,a’j) for i < j <y, with ] = e;: for example, for i, ¢ as above and
some j, i < j < i+ kp, the number 53 satisfies E; <e/(1 — Epe).

18.4. Proof of the Level x Tool given 18.3. — Recall that the Level x Tool of
7.7 concerns a : A — T /G with F(a(z)) < & for all z € A and «(9) C T/ (e,€’) for
0 C OA. We recall (from 7.7) that

TV (e) = U{K1(pt, &) : o minimal nonempty, x(u) < x}
UT.(e)U{x: F(z) < k — Eoc‘%‘z/s},
T (e,e") = U{Ko(jt,€") : 1 minimal nonempty, x(p) < x, & <&”’ < €}
UT.()U{x: F(x) < K — Bge 27 /<)
These were originally defined as subsets of 7/G. We identify them with their preim-
ages in 7. The Exit through Plug Property then implies that, if € is sufficiently small
and e/¢’ sufficiently large,
T (Ta(e,e") C T/ (e),
and if eo < &’ and 7' (z) ¢ T-., for i < Ny (Np as in 17.3), but 7/*(z) € 7., for
a least n, then 7" (x) € T)/(e) for all m > n. Now choose e, sufficiently small that
7 (x) € Tse, for i < Ng and z € a(A). Let N be as in 18.3. Inductively, we can
define «; by ag = a, and ;4 is an extension of 7/¢; so that a; = a on 8, and
Im(vipr ~ 7)) C T (e).
Then we take o/ = ay. If € is sufficiently small that
[)()6—27r2/5 < D;l(}—2ﬂ2/51 7

then o/ (A) C T/ (), as required.

18.5. Second Version of Properties of 7. — We shall now describe the Second
Version of the properties of 7/ = cdoT 00y, 0 = 03 0 0y. We shall see that they imply
the First Version Properties of 7/, in 18.6-10. Let the numbers g > &1 > €2 > 0
be as in the First Version Properties. The Second Version Properties are for x with
F(z) < x and depend on ¢§; > 0, and constants C1, L1, Lo, L}, L,. These constants
are yet to be chosen. The constant C'; will depend only on x and #(Y'). The constant
Lo will depend on Ly, and L) on Lj. We shall have Ly < L}, Ly < L. We use the
definitions of 17.2-3.
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Basic Properties. — As before, we have
(1) F(r'(z)) < F(z), F(oi(z)) < F(z).

We have o(z) = o1(x) = x, except when x € T(T',e9) N T(9Ap, ) for some € < &g
and (fo,T') which is (L}, L})-adapted to z, and m, (z) > £; /2
If vy € I' \T2(fo,I') (2.5) for all such I, then

(2) m. (0(2)) < mo () + C.
(3) For all loops v C int(2) for the fixed union € of some such T, and all v C € if
max(k((I'), k(Af)) = ko(T'), one of (3a), (3b) holds:

Loop. — F-between. v C 93 for some gap 3 C intQ, for the fixed union ©; of some
such I'y DT, and

(30) Flo3(2)) < K(B) + e~ (@@ /Cr,

my,) nondecreasing

(3b) mpy (0 (x)) 2 mp ().

Let (fo,I') be (L1, L2)-adapted to z and m,(z) > 8;3/4. Let F(z) > ;. In addition,
one of the following holds.

Nondiscrete or Euclidean. — There exists (fo, 1) which is (L1, Lo)-adapted to 7/(x)
with ko(I'1) = ko(I') which is either nondiscrete, or discrete Euclidean. If (fy,I'y) is
discrete Euclidean then for any o C A or a C 09, d(74 © 01(7), ma(x)) < Cy ' and
d(To o T/ (z), Tq 0 T 00y (x)) < CT L.

F-between
(4) ming (7' (2)) = my(z)/CF
ko(D) + e~ Cim(T @) < (1 (2)) < ko(T) + e~ ™1 (7 @)/CE°
my-control. — Either max(k((T), k(Af)) > ko(I'), or (4) holds. Let v C int(Q).
Then either (3a) holds; or max(x{(I'), k(Af)) < ko(l') and
i (@) + iy o7 (2)) < mine (7 (@) /Cma o+ ()
or

miy]-increasing
mpy (7' (x)) = mp (7 0 o1 (x)) + C’lze_""MO(TO"‘(‘”)).

In addition, if [v] = [y0] and max(k{(I'), k(Af)) > ko(T'), then

My (7' () = mpy) (T o o1 (x)) + may (2) + 1.
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Minimal. — The loop set (fo,I') is minimal nonempty, x{(I') < ko(I") and
F(T/(I)) < F\TO(F) +€—7n1(r’(z))/cl.
If in addition F(z) < ko(T) + e~ €1™1(®) then

F(T/(.’L)) < F(J,) . e—’rng'()(z)—Ci)Lg/EO.
Preliminary definition of K;
{o(x): 2 € f#(el), i minimal, ms(z) < F;} C K.

We shall give the full definition in 18.12.

18.6. Lemma. — Let Ny be sufficiently large given #(Y'), k. Let the Second Version
Basic Property hold. Let e2 > 0 be sufficiently small. Let ' € T, F(a') < k. Let
(x') € T.., for a least i = iy = 0. Letig = No. Write x = 7'%(2'). Then for a
constant Cs depending only on C', and some minimal nonempty pu, mo(x) < Cymy(x),
S T}u(C:;EQ).

Proof. — This is very similar to 6.13 (proof of property 5 of 7). Note that 7/ = 7
except on a union of sets 7(I',ep) with T'2(fo,I') # @, where, indeed, T'2(fy,T")
includes all loops of length < e9/L5. The Second Version Basic Property gives
ma (7' (z)) < m.(7(z)) + C1 when v contributes to either ma(7(x) or ma(7'(x)). We
also have my (7'(z)) = my(7(x))/C}. So, exactly as in 6.13, the Second Version basic
property implies that, for an integer Ny and A\ € (0, 1) depending only on (Y, fo);
Cy depending only on (Y, fo) and on C4, €o; € < g sufficiently small and F'(y) < &,
TNo(y) € T,

N()
(3) ma (TN (1)) < Mima(y) + Cy Z m (7" (y)).

i=0
The contribution from m, occurs only if there are loops vo C 92 and +{ € I isotopic
to o in C . Z with v separating 7o and 7). In fact, given A\; € (0, 1), we can choose
No and Cy so that (3) holds. We also have, if « is in the backward orbit of some Levy
cycle then some component of f;° No () is in the fixed set, and hence

ma (7" (y)) = my (y)/Ci.

Then if A\; is small enough (as we can assume), and Cj is suitably chosen given C1,
if 7'%(y) ¢ T<. for 0 < i < Np, and y' = 7'Vo(y), then ma(y’) < Csmq(y'), and
y' € T(T,Cs¢) for (fo,') as above. So then there is a minimal nonempty p with u <
[fo,T2(fo,T)]. (See Chapters 2-3, in particular 2.5, 2.16.). By definition (see 7.2) this
means that y' € T, (Cse). We apply this with y = 700~ No(z/), ¢/ = 7/ (2/) = 2. O
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18.7. Indiscrete increases m;. — Now we show that mi-increasing holds auto-
matically if (fo,T’) is not discrete.

Lemma. — Suppose that L, is suitably chosen (depending only on #(Y)). Let x €
T (T, e) where (fo,T') is not discrete, L1e < e9. Then

myr(r(x)) > my r(z) + /e,

mor(T(x)) = mar(x) + /e,

mor (T (z)) = mor(z) + /e,
Proof. — Let ~{ (if it exists) be the loop separating v; and vy which is homotopic
in C \ Z to a loop in 992 and with x € T(v),0). Because m,(z) is the modulus

of S(v,x,e0) (see 9.3) to within O(1/eg), there is a matrix (a(y, d)) such that for all
vel,
> a(y, 6)ms(x) + O(1/20) < my(r(x)) <D aly, 6)ms(x) + O(1/e0).
5 5

Here, all entries of a(v,d) are nonnegative integers independent of x except when
v = = 0Ao(fo,T) or v = ~f. If v C Q, then a(v,d) = 1 for precisely one § C Q.
Since T is not discrete, a(v,d) = 1 for at least one vy C Q and § € T, § ¢ Q. So then,
if Ly is large enough.

32
TTL('),[‘(T({I:)) > mg),r(x) + a(v, 5)77’17(1,‘) - 0(1/80) > TTL@’I‘(J?) + —5'5—7
and similarly for m; r. The Second Version Basic Properties imply that the mear
inequality holds for 7/ replacing 7, with 72 /¢ replacing 372 /2¢. O

18.8. Lemma. Let (fo,T') be discrete Euclidean. Let x € T(I',e9) N T(OA,¢),
x & T(y,v) for v C Int(Af), Lie < v. Let F(x) < k. Let v = OA{ N OQ. Let ko be

as in 17.8. Let
d(mg o 7" (x)), T 0T 0o 0T (2)) < CTY, d(ma 0o 0T (z), M 0 T (1)) < O

for all 0 < n < 2ky and o = A;- or a C 0. Then for kg < k < 2k, if Cy is
sufficiently large given ko,

M (775 (2)) > mipy) (@)
Proof. — By induction on n, assuming C is large enough, for n < 2k,
d(ma 0 7"(z), o o 7" (x)) < nCy Y < 72
Then the result follows from that for 7 in 17.8. O

18.9. Lemma. — Assume that the Second Version properties hold. Let x € f;M(C;;a)
with ma(x) < Cyma(x). The following holds for suitable constants C7 depending only
on Cy, C3 and #(Y) and Cy depending only on C7, Cy, Cs, and #(Y). Let ji,

ASTERISQUE 288



CHAPTER 18. PUSHING THE PULLBACK MAP 263

0< 1 < +oo be defined by: j = j1 is the first index with Cymy (77 (x)) < my(x).
Then for 0 < j < i,
mo (77 () < Comy (77 (),
and if y = 7 1 (2),
F(y) < hi(/L) _ 6—””0.0(1/)*112(7',5/50'

Proof. The same method as 18.6 gives, for a suitable Ay € (0,1), if Cy is large
enough,
(1) ma(7T"(x)) < Ayma(a +ZC4/\" ‘(7 ().

=0

This gives a bound on ma (7" (x))/my (7" (x)) if n < j; and the quantity

i Ny "ty (77 ()

2 (@)

is bounded. We consider this for n < jo, where j = jo (possibly with jy = +00) is the
first index such that Minimal occurs for y = 7 (2). We obviously obtain a bound

(2) ma (7 (1)) < Comy (7 (), n < Jjo
if Cy is sufficiently large given Cy, C5 and Ao, and if, as we claim, for 0 <i < n < jo
and a constant Cl,

(3) Csmy (7" (x)) = my (7" (2)), 0<i<n < jo.

We shall show that this is true, for C5 depending only on €y and #(Y). By the
Properties of 18.5, for each 0 < ¢ < n there exists a loop set (fy,I';) which is (Ly, La)-
adapted to 7/%(2) with fixed union ;.

Now take 0 < j < jo — ko, where Ay is as in 17.8. For 1 < ¢ < ¢, let I'j ¢ be
nondiscrete or discrete Euclidean. If 1'; is discrete Euclidean then either, by m-
control,

ma (7 (2)) = mo(77 (2)) + C2e Moo (2))
or we can take g > kg for kg as in 17.8 with Second Version Euclidean holding for j+¢,
< £ < g. Suppose we have the latter. Then the fixed union €24/ is increasing for
() < £ < g. Since €244 can only strictly increase boundedly finitely often for 0 < £ < ¢,
we can assume that it is constant. By 17.8, 18.7,

(4) ma(T71(x)) = ma(t” () + Sqlog 2.
We claim that
(5) my (7719 (x)) = C P my (7Y (x)).

Replacing j by some j +/ if necessary, we can assume that my (77 (2)) < my (77 (2))
for 1 < ¢ < ¢. Then (5) is immediate unless mi (77 (2)) = C¥mao (7" (x)). So now
assume this. Take any v € T';, v € Int(Q;). We need to obtain a lower bound on
my (7974 (2)) fmp) (77 (). We can assume without loss of generality that (3a) of 8.5
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does not hold for v and any 7 + ¢, 0 < £ < ¢. For if it does hold for j + £, j + ¢ with
j+¢ < j+¢ then we have, using 17.10 for the lefthand inequality, for j+¢ < i < j+ ¢

R(B) + e < P () < F(Tv‘“(a:) < K(B) + e @/
We can remove all such intervals {i : j + € <@ < j+ ¢} from consideration. If what
remains is bounded there is nothing to prove. If an interval have length > k¢ then
we can assume it is the original interval {i : i <i < j + q}. So now, given =, assume
(3b) of 8.5 holds for all j +¢. 0 < £ < g. Then by 17.7-8, 18.7,

mp (77 (@) = mp (77 ZCM*’" a7 (@)
(6)
(1—1
Z My ](TJ ZC e~ 10! It () > my, ](TJ( ) _C‘f/2
(=0

So we obtain (5). Note that if we use (4), and (6) for [y/] between v and 992, to obtain
a better estimate on mj,) o(7" 7+¢(x) then we can improve use (6) to obtain

(7) TII[,Y](T/‘j+(1(:L') > 711[7](7'/"'*'[(.17)) — C;j/ze_'” o7 (@)

This gives (3) in some cases (with ¢ = j and n = j + ¢). Now we work for (3) in
general.
We can assume that F-between does not hold for i < j < n, because if F-between
holds for 7/ (x), 7'*(x), j < ¢,
o(T) + e~ CIm " @) < B (1)) < F(r (1)) < mo(I) 4 e~ 7@/,
and my (77°(2)) = mq (77 (x)) /O,
We can assume there is a first index iy, i < i; < n such that (fo,I,) is dis-

crete nonEuclidean. Then we can assume that iy = @ by (4). Then m;j-control or
nondiscrete-Euclidean occurs for all ¢ < j < n. We can assume that

(8) Mine.r, (T71(x)) = myp, (77 (x)/C.
Otherwise take the first ¢ = is > 4; for which this happens (if at all). By Second
Version mi-control we have, for ¢; < j < i9,
Mo, (T (x)) = mor, (" (x)).

So now assume (8). We can also assume that Q(I';) € Q(I';) for ¢ < j < n. Otherwise
we can find boundedly finitely many indices i, with i = iz, and Q(T;, ) C Q(T';) for
i < J§ < ipgr, but I, ) strictly smaller than Q(L';, ). But then by mq-control,
777,1(7"7*" H(x)) = my (7% (x))/Cy. Now for i < j < n, let I'; ; be the set of loops ~ of

I'; such that v C int(2(T;)) such that either nondiscrete/discrete Euclidean or Loop-
F-between or my,j-increasing of 8.5 occurs for F(x). i < k < j. By the definition,
I'; j is decreasing in j. If v € I';,, then

) (77 () = mpy (77 (x)) /CY
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We see this as follows. As before, we can bound mi,(7"7 (:17))/771,{7](7”%1')) ifi<j<
¢ < n (3a) holds for j and some j', £ < j'
for 7. By (7), there is little decrease in my,) over a string of nondiscrete/discrete

< n. So we can assume this never happens

Euclidean, and m(,) has a compensating increase at each preceding occurrence of
my,)-increasing. So it remains to show that for each i < j < n, I'; ; # & and contains
at least one loop v with mp,) (79 (x)) = my (7' (x))/CY for some N < 4#(Y). We
do this by induction. It is true for 7 = ¢ with V = 1. We only need to show
that each time I’ ;4 is strictly smaller than I'; ;, it contains a loop of length >
min(ms (7' (), mi (7" (x))/C%. We can only have v € T'; ;\T; j41 if My (7 () +
m[,y,]‘@(T”‘“ () is small compared to more centrally based loops. In this case, we get
the required lower bound on 'nz,h,/](T’H'l (x)) for at least one ' more central than ~.
So the proof of (3) is completed.

By the definition of jy. we also have F(y) < w(p) + e~ W/Cr for y = 70 (). Tf
Cy is sufficiently large given a constant C7, and j = j; is the first index > j; with
Crmy (77 (2)) < my(y). then we have (2) for n = j; also, because (3) holds for n = j
and a suitable constant C’5. We also have, for 3 = 7791 (),

F(y') < k(u) + e Crme/e

By 17.7, assuming C7 is large enough. the fixed union for ¢ is irreducible, (fo.T;,) is
discrete, and non-Euclidean. Then Minimal of 18.5 gives, for y” = 771+ ().

F(y") < r(p) — ¢ Mmoo )=LaCl/e, O

18.10. Proof of the Exit Through Plug Property. — The following completes
the proof of the Exit Through Plug Property of 18.3. assuming that 77 satisfies the
Second Version Properties. It follows from the lemma that for suitable k. Ey, E
and Ey. and if 5. ; are sufficiently small given 1, g, and g, > ¢ = C3e2/loges.
the First Version Properties hold.

Lemma. We continue with the same notation and hypotheses as in 18.9. Let jo > 0
be minimal with my (772 (@) < mq(w)/(logmy(2))?. Let js be minimal with 77 (2) €

T>/,(51) for 0 < j < jy and 77 "2y & T=, (). Then. enlarging Cy if necessary (but
still depending only on Cy, Cy, #(Y))

mo (77 () < Comy (77 () for 0 < j < js.
and for a suitable constant Ejj depending only on #(Y'), if 2 is sufficiently small,

ma (77 () < Ej, j2 < j < Js.

Proof. By 17.7, for j; < j < j3, the fixed union P is irreducible and I'; is discrete.
Let ¢; be the length of the longest loop in 9P for 77 (z). By induction on j. and the
Minimal property,

F(r9t () < F(r7(x)) — e=CrLe/eo—2m%/ej
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and B(AJ, f5,T) has nonEuclidean orbifold. So by 17.4, it follows that {1/g;} is
essentially decreasing, that is, for an integer ko depending only on Cs and ¢, and
suitable Cio,
ey <(U/gj) =1forp=>j" = j+ke 1/ejy <(1/ej) + Cro for j <j' < j+ ko
Also by 17.6, for all v, v C 9P, m,(x), m~(z), m(7(x)) are the same to within a
bounded constant. Hence, if ~, exists‘ m., (x) must be bounded. It then follows that
for suitable Ay € (0,1) and j; < j < js, if g9/e is large enough, and for a suitable
constant Ej, depending only on #(Y),
ma (79 (1)) < Max(E{), Xomng (7 (), my (77N () = my (77 (x)) — Oy /eo.

It follows that if jo < j < j3 then mo(7" (x)) < EY. |

18.11. More definitions. — Let (fo,I') be invariant and let 2 € 7(T',¢). Let 7,
denote the projection of 7, first, to 7 (Y) and then to 7 (A(«a)). Then for any gap or
loop «v of T with one exception, we define

F, (.IT) = (1,1(71'(‘ (51')- 7'('”(7'(.17))),

and if « is periodic with orbit [«] (see 17.3)

Flaj(@) = Y Far

o' €[o]
The exception is the periodic loop v (if it exists, in which case there is at most onc)
such that there is 4' € T such that v, 4’ are homotopic in C ~ Z but not in C \ Y
and a component of f;'(5') is homotopic to the component of f(fl(v) in [v], up to
Z-preserving isotopy. In that case we take A(y.Z) C Z and 74,z to be projection to
T(A(v,Z) and
F(2) = dy.2(m, 2(2). 7.2 (7(2)))
and Fi,)(z) as above.
For a periodic or nonperiodic, write [[o]] for the components of U;sofy ‘a. This
set might contain loops if «v is a gap. Then we define
Fiia)(2) = z Fa(x).
Be([al]
We write a(c,x) for the g-area of S(«.x,eq), where q(2)dz? is the quadratic dif-
ferential at x for d(z,7(x)). (See definition in general in 9.4.) If a is periodic with
orbit a; (1 < i < k), we write

k
a(la], x Z alay,

i=1
For a loop 7, let k(7), x((I') be as in 17.2. Let (fo,I') be discrete and xu(I') > 0.
If B(Aj, fo,T') (2.18) is of periodic type (1.9) then the unique loop cycle [y] with
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k(y) = k(1) is in O[AG]. If B(Ag, fo,T) is of eventually fixed type (1.9) then there
is one loop of I'2(fo,T) (2.5) separating such a v from [Ag)].

Now let (fo,T") be discrete. Then Aj is adjacent to the fixed union 2, and periodic.
Then we define a set @ as follows. Note that, by its definition in 17.2, k(A{) > 0 only
if (fo,I) is Euclidean. If k((T") < max(ro(T'), k(A()) then take

Q =QU[Ag].

In this case we also write 5y = Af. If k(T') = max(xo(T'), k(Af) then choose vy with
k(v1) = k((T') and 7, separating vy from Af and let 8y be the gap adjacent to v;
separated from A{ by 7. Write 3; for the gaps with 8; C f5 Y(Bi11) up to trivial and
peripheral loops, 0 <7 <n—2,and 8, 1 C f()_l(ﬁo). Then let (Q be the union of €,
the 3;, and all gaps and loops separating {2 from some 3;, 0 < j <n — 1.

We define quantities w;(z,T") (1 < j < 3), w(a,T') if (fo,T') is (L1, L2, €, v)-good
for z. We define this only if (fo,T') is discrete and if max(ko(I'), k(Af), k5(T') > 0 and
either max(rq ('), k(Ap)) = ko(T') or my,(x) = Cy or the orbit [a] C Q adjacent to
02 satisfies

(1) k() = max(ko(D), K(AG), £ (T)).
Define (.7
. Wi,
wi@, ) = w1 2(x, ')
where

wi(x,T) = Cl_le""”“’(’) or e~ @)/CT oy crt
in the following cases. We use the first possibility if (1) holds and there is no 3 C int(£2)
such that (1) holds with 3 replacing o. We use the second possibility if (1) holds and
there is such a 3. We use the third possibility if (1) does not hold, 8y = A{, and we

define
e "Moo ()

wi(,T) 1+ my(x)
We define

wya(z, Ty =1+ Zm.,(w)7
where there are at most three loops in the sum. If 3y = Aj, then the only term in the
sum is m., (@) If By # Af then we take the (at most 3) loops which are equal to v,
71, or separate v, and ;. If k(@) < Ko(T") (in which case max(k((I"), K(Af) = ko(T)
or m; (z) = C1), then we replace the numerator in the above expression for wy (z,T")
by e=Cl/v,
Then we define

wa(z,T') = cfm“"(”")/cfwl(a:, I') or e Ct/v, (z,T),

, /: /:
wa(,T) = e/ 4y (2, T) or e ¥y (2,T),
w(z,T') = (i"m“"'(z)/cfwl(m, I') or e 1/ (z,T),

depending on whether or not (1) holds.
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If (fo,I') is minimal, then of course minc(z) = 0.As usual, we take m., () = 0 if v
(17.3) does not exist. In many cases, of course, m., (x) will be bounded. In current
applications, m.,(z) and m., (z) will be bounded in terms of m;(z). Therefore, the
above expressions could be slightly simplified. But in Chapter 29 we will need to
consider cases where ms(z) is not bounded in terms of mj(z). Therefore, we leave
the expressions as they are.

Now we describe the Triangle Conditions on x, for z such that w(x,I') is defined.
Now let g(z)dz? be the quadratic differential at 2 = [¢], for d(z, 7(x)), with stretch
p(z)dz? at 7(x). Let s be the holomorphic branched covering used to define 7(x).
Assume [p] is normalised so that the components of 9/3; are bounded and bounded
apart. Then the Triangle Conditions are as follows.

For each component D of C ~ B, disjoint from £2,

(1) > Res(q = sp o) < e VYa(py,9), 1<j<n— 1L
yeDNY

For any gap or loop 3 € C ~ Q or loop 3 C 9Q,

(2) a(B,q) <e “"a(By,q), 0<j<n—1.
There is a e~ €*/¥-dominant area surface U’ for q( )dz containing 3, _1 such that
(3) Bn—l (1)/@ 7(1 1(*’“ )

18.12. The Third Version Properties of o;. — We now need to reduce the
Second Version Properties to more manageable ones. Recall that ¢ = 09 0 g1. The
homeomorphisms oy, g2 are the identity except on the set (described in 17.8) where o
is not the identity. The homeomorphism o2 is actually the identity except on a much
smaller set. We shall construct oo explicitly in 21.13, spelling out its properties in
19.3.
Third Version Properties. Write ' = 7(x) and " = o1(2’). The Second Version
Basic Properties are as before.

In addition, whenever (fo,I") is (L1, L2, ¢,v)-adapted to z, and F'(x) > d;, either
Second Version nondiscrete/Euclidean holds, or the following Third version F-between
or F-small-decrease holds.

F-between 32 N /3972
wo(D) + e~ @) < F(oy () < ko(T) + e (o1 @D/ G

F-small decrease. -— 1f (fo,T') is not minimal, then
mint(o1(2)) = my(oy(x))/Ch.

If (fo,I") is minimal the Triangle Conditions hold for oy (x). In addition, in all cases,
if the triangle conditions do not hold for both = and oy (x) then

F(o1(2)) < F(x) — wy(o1(x),T).
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Definition of K;. — The set K; consists of x € U{fu(ao) : 4 minimal } such that

ma(z) < Ej,

[m~(x) — my(z)| < Ef for v, 7" C OP,

where P is the fixed set of u = (fo,I"), and the Triangle conditions hold for a constant
C/ replacing Cy. In particular,

{o1(z) 1z € f’ﬂ(al), w4 minimal, mo(z) < Ei} C K;

for a suitable constant E! > 0. In chapter 19, we shall see that the Third Version
Properties do imply the Second Version Properties, for a suitable construction of o,.
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CHAPTER 19

PUSHING AND THE GOOD VECTOR FIELD

19.1. We need to show that the Third Version Properties of o7 in 18.12, together
with a suitable construction of os. imply the Second Version Properties of 7. To do
this, we show in 19.2 that the Triangle Conditions often force F-small-decrease.We
then state the properties of o2 in 19.3. In 19.4 we see that these are sufficient to make
the Third Version Properties of 1 imply the Second Version properties of 7. We shall
complete the construction of oo only in 21.13. In the rest of this chapter, we reduce
the construction of 7 further, to the construction of a vector field (of which oy is the
time one map) satisfying the Fourth Version Properties. The following two chapters
will then be devoted to the construction of this vector field.

19.2. Lemma. — Given r, there is a constant Cy such that the following holds, when-
ever Ly is sufficiently large. Let (fo.I') be discrete non-Euclidean and (Ly, Lo, e, v)-
adapted to v = [p]. Let I'(x) < w. Let q(z)dz? be the quadratic differential for
d(x.7(2)) at « with stretch p(z)dz? at T(z) = [¢']. Let ¢'(2)dz? be the quadratic
differential for d(7(x),72(x)) at 7(x) with stretch p'(z)dz? at 72(z). Let (1) to (3)
of the Triangle condilions of 18.11 be satisfied for each of w, 7(x) = a’ replacing x.
Let U’ be a e~ /Y dominant area piece for ¢'(2)dz? containing S(B,_1,7(x),0) and
homotopic to @' (R') for R' C Q, Q as in 18.11. Then

B a(Bp_1,7(x), ¢ ))e /v
a(U', 7(x),q") ’

(1) F(r(x)) < F(x)

Proof. — Let S(3y,v) be as in 9.3. Now we need the concept of an m-approzimate
pole or zero in S(By. ). Let wyg € C. An m-good annulus at wy for ¢ is an annulus
A C S(8p,v) of modulus = m round wy such that A contains no zeros of ¢ nor points
of o(Z), and a(A, q) = m. Let the disc containing wy and bounded by A have p poles
and n zeros. Then wy as an m-approximate pole of order p —n or, equivalently
a zero of order n — p. The sum of orders of poles is always 4, for any quadratic
differential.
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Let s be the holomorphic branched covering used to define 7(x) from . Depending
on k, we can find a constant K such that an m-good annulus for any one of ¢, p, s*q
gives one for one of the others. Since [¢] € (7(Y1))5, /2. if C) is sufficiently large, then
there is some m > e~¢1/2¥ such that any m-good annulus at a point can be extended
to a Km-good one, for all the quadratic differentials we are considering. Our aim
is to show that, if (1) does not hold, then ¢(z)dz? on S(/3y.r,v) and s*q(z)dz? on
S(Bn-1,7(x),r) have the same number of approximate poles. This is impossible,
since s is of degree 2 on S(3,_1,7(z).v). Therefore, (1) will hold.

By the Triangle properties of 18.11, as weakened slightly above, q(z)dz? and s.p(z)
are close on S(Bi.x.v) for each 1 < i < n — 1. as are ¢'(z)dz? and s,p’(2)dz? on
S(Bi,7(),v), 1 < i < n—1. In fact, the Triangle Condition gives more than this.
There are two terms in s,p (and similarly for s.p’), and one of them (corresponding
to fo '(3:)~ Bi—1) is negligible, by the Triangle Condition (2). Therefore, q(z)dz? has
the same number of approximate poles on S(3;, x,v) as p(z)dz? on S(Bi—1,7(x), V),
and therefore the same number as ¢(z)dz? on S(3;_1,2,v), 1 < i < n—1. Hence
q(2)dz? has the same number of approximate poles on all S(3;,x,v), 0 <i <n— 1.
A similar result holds for ¢/(2)dz? on all S(3;. 7(x).v).

The next step is to show that ¢(z)dz? has the same number of approximate poles
on S(Bi,x,v) as ¢'(z)dz? on S(3;,7(x), ). If we can do this for one i and j, then

by the above, we can do it for all. We use the fact that A{, — and hence certainly
3o has period > 1. This is the hardest point of the proof, in that we have to use

the Hard Same Shape Theorem. Let U! be of ¢=2¢1/¥_dominant area for ¢/(z)dz?,
and homotopic to ¢'(R}). where 3; ¢ R}. (Thus, U' = U},_,.) By the Tudnglc
Condition (2) of 18.11. we can choose R} C Q. Of course, we have R} = R/ i
B; € R, Write R = R,_,. U =U),_;. Choose R; C Q (1 <i < R = { )
with R} C fy ' (Ri+1). We can choose A(R;) with vy € A(Rp). A(R}) C f0 (A(Ri41).
Write RY = fo"l (Ri41). By simple properties of pullback,

(ZA(R;)(T(;I:).7'2(;1:)) <dap, (o, 7(x)) < F(r).

Let ri(z)dz?, ri(z)dz? be the quadratic differentials for dag,)(z,7(x)) at =,
dary(T(x), 7 ()) at 7(x). The quadratic differential for da(gr) (7 (x), 72(x)) at 7(z)
is s*ri11(2)dz?. By Easy Same Shape 9.5, r/(z)dz? has the same number of approxi-
mate poles in S(3;, 7(x), v) as ¢’ (2)dz?. Trivially, for 0 < n—2, s*r;y1(2)dz? has
the same number of approximate poles in S(3;, 7(x), l/) as ILH( Ydz? in S(B;,x,v).
By Hard Same Shape 16.2. s*r;41(2)dz? has the same number of approximate poles
in S(3;, 7(x),v) as rf(2)dz?, that is, as ¢/(z)dz?. Also by Hard Same Shape, r;(z)dz?
has the same number of approximate poles in S(3;,xz,v) as ¢(z)dz?. For this, we
use the Triangle Condition (2) of 18.11 for x, which implies that, although U; itself
may not be of dominant area for ¢(z)dz2, there is at least a dominant area piece for
q(2)dz? containing S(/3;, x,v) and not intersecting the component of C ~ S(8;,z,v)
disjoint from p(Q). So, in summary, ¢'(2)dz? and r4(z)dz? in S(Bo, 7(x),v)) and
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q(2)dz?, r1(2)dz? in S(B1,x,v) have the same number of approximate simple poles,
and hence the same is true for all S(3;,x,v), ri(2)dz?, q(z)dz? and S(B;,7(z),v),
7';(z)d22, q'(z)d=2.

Now let [¢'] = [x o ¢] where x minimizes distortion up to isotopy constant on
@(A(Rp)). The direction of maximum distortion of s'~! o x o s is the direction of the
unstable foliation of s*r¢(z)dz2,. So applying 8.3 with x; = s’ toyos, if O(s*rg,7/,_,)
denotes the angle between the unstable foliations, for a suitable constant Lg,

g, (r(z),7%(x)) < dR, (2, 7(z)) ~ LB/( " 0(s"ro, 7, 1)y -
S(Bn—-1,7(x),v)

So if (1) does not hold we have

. e / —Cl/l/
L:&/ O0(s*ro, )2 | < a([}"_hT/(‘L)’q))(j
STl a(U',7(z),q")

< Cgeicl/ya(ﬁ'nflaT(x)ﬂr/ )

n—1

with the last inequality given by Same Shape 9.5, for a suitable Cs independent of
Ch, if Cy is sufficiently large. If C; is sufficiently large, this implies that r/,_, and
s*ro(z)dz? have the same number of approximate simple poles in S(3,_1,7(x), ), and
hence so do ¢'(z)dz?, and s*q(z)dz?. Then, as we have seen, q(z)dz? in S(fB, z, V),
and s*q(z)dz? in S(B,-1,7(z),v), have the same numbers of approximate poles, which
is impossible. O

19.3. The construction of o5. — This lemma gives the conditions that oo will
satisfy, and ensures that m;-increasing and all the basic properties hold for 7/(z) if
Triangle or F-small-decrease holds for each of o1 (), o1 oT o0y (z). Take 8; (0 < j <
n —1) and w(z) = w(z,I') as in 18.11.

Lemma. Let (fo,I') be discrete invariant, (L1, Lo, e,v)-adapted to x, and let 2 be
reducible. Write '/ = o1(2') = 01 o7 0o o1(x). A map o2 can be constructed such
that ox(2”,x) = " except on a set where (fo,I') is not minimal, w(z"”,T') is defined
(18.11),

F(2") - F(x) < —w(2",T)/2.

All the Third Version properties Basic properties hold for oo2(z") replacing o1 (z), x”

replacing x except that the basic property F(o1(x)) < F(x) is replaced by:
F(og(2",2)) < F(z") + w(x,T)/2.

In addition either Second Version nondiscrete-Euclidean holds or Third Version F-
between holds with oo(x”, x) replacing o1(x) or the following holds if F(x") < F(x) —
w(x",T). Take any loop v € T', v C int(Q), with m~(x") +mpy)o(x") = min(2”)/CF.
Then

ma(oa(z”, ) = my(z") + 202 ™0,
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If k((T) > ko(T), v C O and | exists, then
miy(o2(x”,x)) = mpy(x") + Crmy (") + 1.
This will be proved in 21.13.

19.4. Corollary. — Assuming that oo can be constructed as in 19.3, the Third Version
Properties of oy in 18.12 imply the Second Version properties of 7' in 18.5.

Proof. — The basic properties are the same. The map oy has been chosen so that
the Basic Properties will hold. So we need to show that if F(x) > 6; then one of
Second Version F-decrease Nondiscrete-or-Euclidean, F-between, m-increasing, or
minimal, holds, and we need to ensure that F(7'(z)) < F(x) when o2 is not the
identity. If Third Version F-between holds for oy (x) or oy o 7 0 g1 (), then Second
Version F-between holds for 7/(x). So suppose that o(2) and o1 o 7 0 o1 (2) satisfy
Third Version F-small-decrease. Then by the formulation of F-small decrease, and
the definition of w(x,I'), we have

(1) F(oyoToo(x)) < F(x) — min(ws(oy(z), '), ws(oy 0o 700y (x),T))
< F(x) —w(oyoToo(x),T)

unless both o1 (x) and 7 o oy (2) satisfy the Triangle Conditions of 18.11. But then
by 19.2 and the definition of the Triangle Conditions, we can obtain (1) with F(x),
F(oy o7 ooy(x)) replaced by F(oi(r)), F(7 o o1(x)). So then by 9.3, the Second
Version Properties will indeed hold for 7/(x).

Finally, we need to check for Second Version minimal. The Third Version Triangle
Properties (and the definition of w(7/(x)) give the required negative upper bound on
F(7'(x)) — F(x), since, as noted in 18.10, m. (x) is bounded. |

19.5. The Product Structure of 7(I',¢) and a Product Norm. — We now
describe a decomposition of the tangent space over 7 (I',e). Let ¥ denote the set
of loops and gaps of I'. Recall (from 9.1) that 7(I', ) is naturally isomorphic to
a subspace of [[, ey 7(A(a)), and that the tangent space of 7 (A(«)) is naturally
isomorphic to C/”‘")7 where A’(«) is A(a) minus three points T, Yo, za, and, if a is
a loop, then y, and z, are in the same component of C \ a.

Then we identify [¢] € T(T', ) with

(lpal) € [T T(A()).
aeX
We normalize so that ¢ (za) =0, pa(Ya) =1, @a(za) = 0.

We define a norm || - || on the tangent space of 7 (A(«)) for all a. If «v is a gap, we
have (from the above) a local identification of 7 (A(«a)) with (C ~ {0,1})4(®) and
thus of the tangent space at each point with CA' (™) If v is a gap, we simply use the
standard Euclidean norm on C4'(®)_ If o is a loop then we identify 7 (A(«) with the
upper half plane as described in 9.1, and use the Fuclidean (not Poincaré) norm on
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the tangent space. Thus an O(1) change in modulus can be achieved by a path of
length O(1).

19.6. Preliminaries to the Fourth Version Properties in terms of the Vector
Field w. — It is now time to express properties of o1 entirely in terms of the vector
field w. The map oy will be the time 1 map of w. In order to describe w, we need
the notion of a gap independently of a loop set. A gap at x is simply a subsurface of
C Y such that 2 € 7(da,ep). We shall be interested only in invariant gaps, that
is, da C T for some invariant (fo,I"). Thus, « is a gap of I', and probably of other
invariant loop sets too. We can then talk of a being periodic, nonperiodic, equal
to A}, in the fixed union (for some loop set) and so on. Similarly, we can talk of
invariant loops, and talk of a loop being in the fixed union (for some invariant loop
set) and so on.

Let (fo,I") be discrete and invariant and @ € T (T, ¢) for some € < gy. Let X be the
set of loops and gaps of I'. Let IV be the largest subset of I" such that (fo, 1) satisfies
the Invariance and Levy Conditions. We shall use the notation of 17.5 6 18.5.

This is reminiscent of the definitions of 17.5. If v € T, v C int(Q) is a loop
adjacent to « with k(a) maximal, then we define H, to be a function g(m,(x))
where g is C! with g(t) = —1/logt if if t < my(x)/C1, g(t) = —1/logtg is constant if
t > tog=2mi(x)/Cy, and g is an increasing function for ¢ < to.

The set of decreasable functions for (fo,I) is:

-1
log(2 + m4)(x))

Here, we include ~) in I' \ I if it exists (see 17.3). Note that cvery decreasable

F, FHQ” (a € %), (yeI'~ F/), H, (v C Oc, @ C int(£2)).

function is bounded below and above. The number of decreasable functions at a,
even if (fo.I') is allowed to vary, is bounded in terms of # (Y).

The functions n;(«,.). — If « is a gap or loop in the full orbit of U 93 for some
8 C Qfo,I') for some invariant (fo,I') where € is the fixed union, and x(3) =
max(ro (), kG (1), R(A])), define

ny(o,z) = e "0 @/ = o a), ng(a,x) = e Moe(®)/CF

Let o« = 3; for some 0 < j < n —1 for 3; as in 18.11, and let Q. A; be as in 18.11.
Let v be the length of the shortest loop in U;int(3;). Let q(z)dz? be the quadratic
differential for d(z,7(x)) at z, with stretch p(z)dz? at 7(z). Let s be the holomorphic
branched covering used to (lefme 7(2). Then

ny(o, x) = e~ Ci/v max{|>_ ¢ p Res(q — s.p, p(y))] :

D is a component of C ~ U; 35 disjoint from Q}.

We define na(a, ) similarly but with C7 replaced by Cf.
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For all other gaps, define ny(a,x) = C;? and na(e, ) = 1. For all loops v, define

ny(y,z) = m,y(:v)fl(Iog('mq(z)))"z, na(vy,x) =1

19.7. Fourth Version Properties in terms of the Vector Field w

The vector field w is the sum of vector fields wp where (fy,I') is discrete and
La(fo.I') # @. We have wr(z) = 0 except when (fo,I") is (LY, LY)-adapted to z. We
take I'V to be the largest invariant subset of I' satisfying the Levy Condition.

Write wr = wr(x). Let ¥ be the set of loops and gaps of T' for any I' as above.
Let TV be the loop set generated by T's(fo,T).

Basic Properties. The most important Basic Bound is
(1) DF(wr) <0.
(2) Dm.(wr) <O ify ¢ TV

(3) Let ~ have length L;l/zso and v C int(Qfo,T)), or v < Q(fo,I) if
max(k((T), k(Ay)) = ko(T'). (This may include some loops not in I'.) Then
one of the following holds.

F-between k(). For some gap 3 with /3 C € for €0 the fixed union of some loop
set, and v C int(3),

(3a) F(z) < k(B) + e=™m@)/Cr,

mi~ non-decreasin,
(7] !

(3b) Dmh](wr) 2 0.

(4) Z na(a, z)ala, z)|| Dy (wr)|| < —CyDF(wy) < C? Z a(a, z)|| Do (wr)||.
a€dl aEX

The lefthand inequality can be strengthened if 3; (asin 18.11) is in a e~ “1/¥_dominant

area piece U’ homotopic to p(R) (@ = [¢]) with a(8;,2) > wi(z,T)a(U’, z). In this
case

(5) > ID7a(wr)lala, x)/a(U’ . 2)ns(a, 2) < =CLDF(wr).
aCR

If H is a decreasable function,

(6a) DH(wr) < C; .
If H = Fly
(6b) DH (wr) < e~mole)()/CF

In addition the following hold when (fo,T") is (L}, L%)-adapted to x.
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Decreasable Conditions. - Let F(x) = 6;. Let one of the following Decreasable
Conditions (7)-(13) hold. Then (15) holds. If none of (7)-(13) holds but (14) holds
then (16) holds, for wa(x,T") as in 18.11.

(7) For some nonperiodic loop 8 outside @, or loop 8 in Q. Fg(x) = do.

(8) For some gap /3 outside ) or periodic loop outside @ (hence in a non -Levy cycle)
Fs(x) 2 F(x) — do.

(9) For some periodic gap 3 with x(3) < max(ko(I'), ko(T). k(Af)), F(x) = F(x)—0do.
(10) For some (possibly reducible) periodic gap o« C 2 with

k(o) = max(ko(T), k((T), k(AR)), Fa(z) = k() + nz(a.x).

(11) For some periodic gap orbit [@] C @, and some o, o/ € [o], a(c/, z)/a(o, x) ¢
1-crt1r+c7h.
(12) The loop 4 (17.3) is such that a component of f; ' (7() is homotopic in C \. Z
to the component of fo_l (70) in © and

1 Moy (T) + My ()

F z) > - log
['Yu](zL) P 0og ,mm,(x) + %mm/y(:r)

+ do

where g is of period p.
(13) We have a(Q,x) > C; !, and there is a gap 3 with 3 C int(Q) with x(3)
max(ro(I"), ko(T), £(Ap)) but no such gap in Q adjacent to 9Q, and myz(z)
mq(x)/C for all such 3.

(14) There is a subsurface U of e~C7/V dominant area containing 3,1, with
a(fn-1,7) =2 wi(z,MNa(U,x) (as in 18.11) and a(U,x) = Cfl, but the Triangle
conditions (1) and (2) of 18.11 are not satisfied, with e~¢1/¥

stronger condition).

N

replaced by eCt/v (a

Decreasable consequences

(15) DH(U)F) < —Cl.
(16) DF(wyr) < —wa(z,T).
19.8 Lemma. —— For suitable choice of Cy, the time 1 map oy of w satisfies the Third

Version Properties.

Proof. - Write ¢ for the flow of w. We have oy (x) = 2 on the set where w = 0. So
the set where o1 (x) # x is as required by the Basic Properties. We need to show that
if the Fourth Version properties hold for w(z) and @ = 7(x1), then the Third Version
Properties hold for x; and o1 o 7(21) = o1(x). Consistent numbering (1) to (3) is
chosen in 19.10 with the properties of 18.5. The connections are clear in each case.
Now we need to check the other properties of 18.12 (which refer back to the proper-
ties of 18.5). So let (fo,I") be invariant discrete non-Euclidean and (L, Ls)-adapted
to x. Let I be the largest subset satisfying the Invariance and Levy Conditions.
Then the Basic Bounds imply that for v € T/, 0 < t < 1, my(04(2)) = C; *m., ().
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o(z) € T(OAY(fo,17),C3/Ly) for all t € [0,1]. Then assuming that m;(x) is suffi-
ciently large, if (fo,T") is (L1, Lo)-adapted to x and Lo is sufficiently large, there is a
loop set 'y € T which is (L;, Ly)-adapted to o, (x) for all t € [0, 1], and all loops of
I' \ I'1 have length < Logg at oy (x) for all ¢ € [0, 1]. It suffices to work with T'y.

Assuming C' is large enough, there is t < 1 such that no decreasable function
decreases for o,(x). Then we look at dominant area pieces (9.4) for the quadratic
differential q;(z)dz? for d(o;(x), 7 00oy(x)). If none of the decreasable conditions hold,
then there can be no dominant area pieces outside ). Hence a(Q,¢:) is bounded
from 0. Since none of the decreasable conditions hold, for 8 C €, a(3.x) can only be
bounded from 0 if 3 is a gap with x(3) = max(xo(T), K(A}), k4(T)) maximal. If there
is such an § but no « C Q adjacent to 92 with k(«) = k(F) then since neither (13)
nor (10) holds, we have

F(x) < k(B) + e (@)/CF

and hence by 17.5 we have F-between. We can also assume there is no §2; with
Q) € Q,a(Q,x) > C7 ! and mag, (x) = my (x)/C7. For if ) exists then by (11) it is
a component of f3'Q up to isotopy. by (9) () is maximal and by (10) and 17.5
we again get F-between. So area must be concentrated in @ ~ 2 or near 990. In fact
U must exist as in (14), and the strengthened Triangle Conditions of 18.11 must hold

-l /v —Cy /v

for oy (x), that is, with e replacing e . Then we want to show that

F(oi(z)) < F(r) —ws(z.T).

Write U = U(t). Then U(t) is homotopic to ¢¢(R) for some R C 2. Then o4(x) will
satisfy (1)-(3) of the Triangle Conditions of 18.11 if there is U(s) homotopic to ¢s(R)
which is e=€7/¥-dominant for d(og(x), Toos(x)) at os(x) and all loops in 4 (/3;) have
length > v/Cy, and (1) and (2) of the Triangle Condition hold for o, (x) with e=Cilv
replacing e~ 1/¥. Then we need to show that if these conditions do not hold for all
s € [0,t] then for some s < t,

(1) F(oi(z)) < Floy(x)) —ws(x,T)
because F(z) > F(os(x)) and F(o1(x)) < F(oi(x)). Now
(2) Floi(x)) < Fyuy(olx)) + (?7012/1/(1,([3”__1,(]t)/a([](t),Qg)

by (easy) Same Shape 9.5. Of course F(o,(x)) = Fyey(os(xr)). By the bound on
a(Bn-1,qt)/a(U(t),q:) in (3) of the Triangle Conditions in 18.11, we shall certainly
obtain the result unless

(3) Fos(x)) < Fyy(os(x)) + 20V a( B, q0) /(U (1), q0).

Now by 9.8, the quadratic differentials gy ;) for dyy(oi(x), 7 o or(x)) and qu (s
dypy(os(x), 7o 0og(x)) are the same shape so long as all quantities

(4) a(B,quty)dplos(z), oe(x)) = o(a(Bn-1.qut))
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that is as long as this is true. a(3. qu))/a(B. qu).s) are boundedly proportional to 1.
In particular. a(3,_1.qu).s) is boundedly proportional to a(3, -1, qu)). So now as
long as this is true we can assume that U(t) = U(s) is of dominant area for ¢s. So
take the smallest possible s < t so that (4) holds, that is, for small d,

ot
/ || Dy (w (o, () |al3. quy)du = da(Bn 1. qu)-

We have w is a sum of vector field such as wr, . for each of which the Basic bound (5)
of 19.7 holds, but these loop sets differ by loops of length > €,/ L2, which are of very
small modulus compared with m (o (x)) > 61_1/2 (assuming £ is sufficiently small
given £¢). So we have
—DF(w(oy(r)) = Z a(s. (IU(U)Pfru,mf(.l:)/(l'::.
BCR
Then y
/ —DF(w(o, (2)e" = D/ Cldu = da(Bu-r. qu)).

with the term e™m (/€T eplaced by el2Ci/0 if ko(I) < max(k(Af). k((I)). Since
a(Bn-1,qu@)) = wi(o.(x),T), this gives (1) as required. ]

SOCIETE MATHEMATIQUE DE FRANCE 2003






CHAPTER 20

CONSTRUCTION OF THE GOOD VECTOR FIELD:
PART 1

20.1. The Good Vector Field Theorem. - Let (fo,I') be invariant discrete non-
Euclidean with T»2(fo,I') # @. Then there exists a wvector field w satisfying the
properties of 19.7.

We devote this chapter and the following one to proving this proposition.

20.2. Idea of the Proof and some notation. — Let (fy,I') be fixed, as above.
As usual, we let ¥ denote the set of loops and gaps a of I'. We use the natural product
structure of 7 (I', £¢) as described in 9.1, which involves choosing sets A(a) C Y for
each o« € . If o is a loop then A(«) contains exactly four points. If « is a gap then
A(w) contains at least 3 points. We fix a decomposition

A(a) = {a, Yas za } U A ().

If « is a loop then y,, z, are in the same component of C ~ . We use the norm on
the tangent space over 7 (I', g¢) described in 19.5. Now we describe, for each a € %,
a subspace V' («) of the tangent space of 7(Y), which can also be regarded as a space
of vector fields over 7(I',ep). Given «, normalise all [p] € T(Y) so that ¢(z4) = 0,
©(Wa) = 1, p(za) = oo. First, let o be a gap. Then let V(«) denote the set of all
0 = (6(y)) € CY such that 0(y) = 6([])(y) is constant for y in each component of
C . a, and (y) = 0 for y in the same component of C . « as a point of A(a)~ A’ («).
Now let « be a loop. Then we take 6 = (0(y)) where 6(y) = 0 if y is in the same
component of C\ o as z, (and y,) or if y = 24, and 0(y) = Apa(y) if y # o (that
is, ©a(y) # 0) but y is in the same component of C .« as o, for some fixed .

We also define V([a]) to be the direct sum of V(') (o’ € [a]) if « is periodic, and
V({[a]]) to be the direct sum of V(<) for o/ € [[]].

Then we have the following. Recall (from 9.1 onwards) that if 3 is a loop,

mis([g]) = Im(ms([e]).
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20.3. Lemma. — Given n > 0 there is a constant M depending on £ such that the
following holds. Let 6 € V(«). Then:

I D750l < M Dra(B((0]))lle™ 2,

where

A=y (e,

where the sum is over loops v separating v and 3 if o is a gap. and includes « if o is
a loop but does not include 3 if 3 is a loop.

Proof. Fix [¢]. First suppose that « is a gap. We can assume without loss of
generality that #(A(a)) > 4. Let [¢ o ] be the image of ¢ under the time ¢t flow
of 0 for small ¢, where we normalise so that i fixes 0, 1, oc. Thus, for y in the same
component of C ~ « as a point w of A’(«v), there is a constant ¢, such that

i(p(y)) = e(y) + cut.

We can assume without loss of generality that ¢, # 0 for a single w € A'(«). If 3
is a gap, ¥y translates at most one point of A(/3), or all but at most one. If 3 is a
loop, ¢, translates none, two or four of the points of A(3). Let p; be the Mobius
transformation such that

prorop(rs) =0. provrop(ys) =1 protop(zg) = oc.

Then p; o ¢ moves points of wg(A’ () by Euclidean distance at most tA|c, e 2.
If 3 is a loop, then the Euclidean distance moved by the single point p; o ¢ (A'(5)) is
at most M |cple™ 22" where A’ = m([p]). This means that. regarding 73 ([0 00])
as an element of the upper half-plane in the usual way (9.1) 7g([¢y 0 @) = 7a([p]) +
O(tM'e=2). These give the required bounds on [[73(0)[ is a is a gap.

Now suppose that « is a loop. Again, normalise so that ¢ = @, on rq, Yo, 2a, i1
particular, ¢(x,) = 0. Then ¢, is of the form

Ui((y)) = eo(y)

for y in the same component of C~ v as 4, V¢ (p(y) = p(y) otherwise. Then choose p;
as above. Then, once again, p, o 1), moves points of @g(A’(3)) by a distance of at
most M
obtain the same estimates as above. O

! . - .
clte=® or M|c|te=® 2", depending on whether 3 is a gap or a loop. and we

20.4. The Formula for DF(¢) if § € V(a). — We use the following notation in
the next few sections. Fix x = [p] € 7, 7(x) = [¢] and let g(z)dz? be the quadratic
differential for F(x) = d(x.7(x)) at x, with stretch p(z)dz? at 7(x). Let s be the
holomorphic branched covering used to define 7(x). We recall (8.11) that

(DF).(h) =27 > Re(Res(q — s.p. o (y))1(y)).
yey
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This, of course, underlies our calculations in this chapter. Given «, let p, be the
Mobius transformation such that
palp(a)) =0, pale(ya)) =1, pale(za)) =
Write
7% = (pa)sq-

We define (s.p)® similarly. As in Chapter 9, we write g,(z)dz? for the quadratic
differential for do (7o ([¢]), 7o ([1])) at 7o ([¢])-

Lemma

(1) Let a be a gap. For each y € A’(«) let v(y) denote the component of O«
separating y from «. Then for 6 € V(a),

FOUD) =tm( > [ o)) - () (D)),
yeA (o) PV(Y)

(2) Let «v be a loop. Then if 8 € V(«) and X is the scalar used in the definition
of 0.

DF(0) = Im (/\ / 2(q%(z) — (s*p)"(z))dz).

pla)
Proof

(1) Let o be a gap. Define D(y) to be the set of ' € Y in the same component of
C ~ «a as y. Then for § € V(«) the Derivative Formula 8.11 gives

DF(©O) =2rRe( Y D 0y Res(” = (5.0)",2(y)))

yeA () y' €D (y)
—Re( X 0w [ ila®() - (sp) (),
yEA () P (v(y))
which, by definition, we write as
27 R,e( Z O(y)(c(a.q,y) — c(a,.ﬂp,y))) =2 Ro( Z H(y)c(a,y)).
yeA (o) yeA ()
(2) Now let @ be a loop. Let D denote the set of y € Y in the same component of

C ~ « as oc. Then the First Derivative Formula gives

DF(#) = 27 Re ()\Z )(Res(q —(S*p)"-,@?(?/)))

yeD
— Re ()\/ —iz(q®(2) — (s.p)® (z))lz).
pla)
which, by definition, we write as

2r Re(A(c(a, ¢) — c(a, s.p))) = 2w Re(Ae()). O
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In future, we shall write ¢(«, q) for the vector (¢(a, q,y)), for any quadratic differ-
ential ¢(z)dz2.

20.5. A Formula for DF(0) if 6 € V(a). — Let ( € ¥, 2 € T(I',&p). Let s be
the holomorphic branched covering used to define 7(z). We recall that

Fe(z) = d¢(w - 7(x)) = d(m¢(x), mg o 7(x)).
Let po be as in 20.4. If ¢ C fo— (a) then we define so.¢ = pa 080 pc-l. We have the

following.

Lemma. — Let 0 € V(). Let x = [p] € T(I',e0) N T (D, e) NT (O, €), po = pa © @,
F(z) < k. Then depending on whether of not o C fo_l(a),

(1) DF, (0 = 27 Re ( Z 9 R(’S (Ia - (5()(,(1)*[)()17 @u(!/))) + O(@“QW‘Z/E)’
yeA (@)

(2) DFQ(()) = ZWRG( Z 9 Reb Q(x Por (y))) + 0(6—27\-2/6)'
yeA ()

If¢ C fy H(a), a# (. then
(3)  DF(0) = -2tRe( 3 0y Res((sa.0)epc 9aly))) + Ole 27/%),

yeA (a)
If¢#a, ¢ fota),
(4) DF:(0) = O(e 2 /%).
Proof. —- The formulae given are all invariant under affine change of coordinates, that

is, if we replace A’(a) by a different choice A”(«) C A(a) ~ {24} and replace ¢, by
00 @y for o(z) = Az + p for 0 o pa(Ala) N~ A”(a)) = {0,1,00} then the formulae
above hold for ¢, A’(«) if and only if they hold for o.qa, A” (o) (with the appropriate
changes to s, and so on.) So we may assume that 8(y) = 0 for y = vy, va, the critical
values of fo. Now let o C f; ' (). Then

(5) D(ma 0 s )(0)(y) = (s5.4) (05(foy)) Dms(O(fo(y))).

If 8 # « then we have Dmg(6(y')) = O(e=27"/5) by 20.4. If B = «, fo(y) € D(y') for
y' € A(a) and D(y') as in 20.4, then

(555 (03 (fo)) Dm0 fo(y) = (57L) (0aly))OY) + O(e™27/9),
Then by the First Derivative Formula
DF(f) =27 > Re(Res(ga: a(y))0(y) — Res(pa. va(y))D(ma o s~ (0)(y)).
?JGA(O‘)\{:(!}

Then (1) and (2) follow, depending on whether o = 3 or v # 3. The calculation for
D(m¢ 0 s 1)(0) when ¢ C fo H(a) is exactly like (5) above, with ¢ replacing o and o
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replacing 3. The calculation of D(m¢ o s71)(#) when ¢ C fy '(3) for 8 # « is exactly
like (5) above with ¢ replacing o.

20.6. The Orbit Dominant Area Condition. — We now state the Orbit Dom-
inant Area Condition. This is a condition on gaps and loops. As the name suggests,
it has a resemblance to the Dominant Area Condition of 9.4, but, roughly speak-
ing, dominance has to extend over the backward orbit. For technical reasons, our
orbit dominant area condition for loops is actually weaker, in some respects, than our
original dominant area condition for loops.

We fix a discrete (fo,I') with x € 7(T',e0). We use Fly), Fja) of 18.11, m4 (from
9.1 onwards) and a(a, ¢) as in 9.4. Let IV C T" be the largest subset such that (fo,I")
satisfies the Invariance and Levy Conditions. Let {2 be the fixed union.

We say that « satisfies the Orbit Dominant Area Condition for q(z)dz? and a
constant D if the following hold. First, let a be a gap or a union of gaps and loops
containing at least one gap. Then the conditions are simply that

a(B) < Dra(v)

whenever 3 is a nonperiodic gap or loop in Upsofy (@), or 8 C Upsofy " (9a), and
v C int(«) is any bounded loop. Now let a let any loop in I'" which is not a periodic
loop outside €2, and and suppose that « is not in the periodic orbit of 9Ay. Then the
conditions are that

1
(1) Fo(z) > Dima(@)’
(2) a(B) < Dya(«)

whenever /3 is nonperiodic in Upsqfy "o or 3 € [a] (for a periodic) and
1
VDimg(z)

Note that these are automatically satisfied if, for a suitable Dy > 0,

Fs(z) <

a(f) < ePrme@q(q)

whenever /3 is a nonperiodic loop in Unsofy "o or a gap adjacent to Up>ofy "o
Now let a be in the periodic orbit of Ay = 9. Let the period be n, with orbit
{vi : 0 < i < n-—1} and a component of fo_l(’yo) homotopic in C \ Z to Yr—1-
Let d(x,7(x)) = %log K. The conditions are as above unless a loop | exists such
that @ € T (v),€0), 7 is isotopic to 79 in C ~ Z but not in C \ Y. In the above,
we then take d,, to be a semimetric on 7(Z), that is, we are only interested in the
homotopy class of 7o in C <~ Z. So d,, = d.;. The conditions for Orbit Dominant
Area are exactly as above unless a component of f(,_l (74) is homotopic to 7,,—1. Then
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the conditions are that, for A = D! + Sm, (2),

my, 1 (7(2)) + (VE —1)A
Moy, (7(2))

and (2) above, with the same conditions as before.

E, _ (x) =log

Now let @ € I' be a periodic loop outside €2. Then the conditions are much
stronger. The loop « is (D;, Dj)-orbit dominant if there is an annulus homotopic to
pla) (x = [¢]) of modulus > (1 — D )m,(x), satisfying the Pole Zero Condition (9.4),
a(f) < D;l/za(a) for all 5 € ], and a(3) < Dya(a) whenever 3 € [a] ~ [[«]] or the
maximal annulus homotopic to ¢(/3) satisfying the Pole Zero Condition has modulus
< (1= Dy /Dy)mg(x).

20.7. In what follows, ni(a,z) is as in 19.6. We usc the notation of 20.6. Let
M~ o () be the sum of m¢(x) with ¢ separating o from [y] (¢ € T') and including o if
« is a loop. Note that

e~ @ (e )T < (ny(ex))) L
In fact, if v ¢ o, v # «,
e @ ()T < ny (v, @) = o(1).

Proposition. Let Dy > 0, Dy > 0 be given. Let & > 0 be sufficiently small given
these and x € T(I',¢). Then there exists a gap or loop o of Di-orbit dominant area
for x, and of (Dy, DY)-orbit dominant arca if « is a periodic loop outside the fized
union 2. Moreover, for any loop v C Int(QU fo (), with v < fo*(v'),

(1) a(y) = o(min(e™ > ™ Ya(a)ng (o, x)).

If the only possible such « are periodic gaps with k(&) mazimal, then o is of DY-
orbit dominant area for D = ¢ mo«@)/CL[f in addition there is no irreducible
gap B C 2 adjacent to 9 with k(3) mazimal then we can find o reducible with
Dy = e~ o0/ Cr - If the only possibility for such « is in a U containing some [3;
with U of e~ C1/V-dominant area and satisfying Triangle Condition (3) of 18.11, then
for at least one such U we have a(U,2) = 1/#(Y).

Now let o be of Dy-orbit dominant area, and of (D1, D})-orbit dominant area if o is
a periodic loop outside Q. Suppose that [«] does not intersect some U with 3,1 C U
for some U satisfying Triangle Condition (3) of 18.11. If « is periodic irreducible
with k() mazimal, suppose that F(x) > k(o) + D}/z()#(y). Then there exists 0 €
V{[a]] & ?I‘V(v) and a decreasable function H such that DH(0) < —Cy 0|, and
0 sa,ti(s;ﬁ;s* all the basic bounds (1)-(6) of 19.7. If « is contained in U as above, and
Triangle Conditions (1)-(2) of 18.11 are not satisfied, and this is the only possibility
for a, then there exists 6 € V([[30]]) @ ©~erV (v) satisfying all the Basic Bounds and
DF(0) < —e~ /7 |0]|a(Ba1).
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20.8. Proof of the Good Vector Field Proposition. — To find wr with the
properties of 19.7, we then take the sum of 6 € V][] & &~erV (v) corresponding to
a of Di-dominant area or (D1, D})-dominant area, and of § € V([[3]]) ® @~erV ()
if U exists as in 20.7 with a(U, ) > C ' but only including 0 corresponding to for o
as above if a(U,z) > C;'. The existence of a as in the first paragraph is proved in
21.12, and therefore the sum will always be nonempty. The existence of 6 is proved
in 21.2-11.

The main part of the proof of the Orbit Dominant Area Proposition involves com-
paring DF and DFj,)), which we proceed to do, in a number of lemmas. From now
on in this chapter, let z = [¢] € T(T',¢) and let ¢(z)dz? be the quadratic differential
at o for d(x,7(x)) = F(x), with stretch p(z)dz? at 7(x).

20.9. Lemma. — Let « be a gap or loop. Then
c(a,q) = Oalaq)),  cla5.p) = O(alfy "o, p)).

Proof. - The second estimate follows from the first, since a(a, s.p) = O(a(fy ', p))
by change of variable. For gaps, the result follows immediately from the definition of
c(q, @), because a(q, a) = a(q®, «) (change of coordinates does not change area), and
since S(«, [¢®], €0) is normalised to have diameter bounded and bounded from 0, the
area is proportional to the maximum of ¢* on S(a, [p®],ep). Now let @ be a loop.
Normalise so that S(«,eg) contains, and is homotopic to, {z : 1 < |z] < R} for a
large R. Normalise also so that {z : 1 < |z| < 2} has area boundedly proportional to
a(a, q). This is possible, by the definition of a(«,q). (See 9.4.). Then for a constant
C < Cy, some Cy depending only on #(Y'), we can write

TG e T, (- Ai2)
1) = A 00 T, (= o)

for bounded A, |¢;] < C < 1and [N < C4# ) ] < R™Y.Of course, k, £,
m, nare all < #(Y). Then ¢(z) = Az~ (14 0(1)) for C2# ) < |z] < 202# (). So
we can reduce area by moving to ann annulus around {z : |z| = C2#* M)} ifm—k > 3.

So m —k < 2. Then a(q, o) is boundedly proportional to A. To compute c(c,q) we

need the coefficient of 272 in the Laurent expansion of ¢ near {z : |z| = 1}. Since
the ¢; are all bounded, this is O(A), as required. O
20.10. Lemma. Let o be a gap, or connected union containing at least one gap, sat-

isfying the Orbit Dominant Area Conditions for Dy. Assume without loss of generality
that Dy > e—27" /e, Then, using the notation of 20.4,

(1) le(a, @) — ale. g)c(a. qa)|| = O(v/Dya(«)

and, if « is periodic with periodic preimage (3,

(2) l[e(er, 5.p) = a(B, q)e(ev, (sa,8).pp)ll = O(v/Dra(a
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Proof. — Recall that ¢(z)dz? is a quadratic differential at z € 7 (da, gg). As before,
we write z = [p], normalising with respect to « as in 20.2. Formula (1) comes directly
from the last part of the Same Shape Lemma 9.5, and the integral interpretations of
the vectors c(a, ¢) in 20.4. For (2), we need to estimate (s‘l)’(z)/(s;ylﬁ)’(z) for z on a
contour for one of the integrals of 20.4. Fix such a contour. We can normalise so that
the contour has diameter bounded and bounded from 0. Because z € 7 (dc,¢€), in
this normalisation we can assume that each critical value of s is distance 0(6_2“2/ )
from a critical value of so . It then follows that, on the contours,

—1y/ 2
(8_1),(2) — 1] = 0(672” /a>.
(50.8)'(2)
We remark that a(3,p) = a(8,q) + O(v/Dia(a)) by the Orbit Dominant Area Con-

dition. The result follows. O

20.11. Lemma

Letlog VK = d(x,7(x)). Leta be a loop with Fa(x) > 1/(Dima(x)). Then there is
a good boundary annulus (9.4) A homotopic to p(a) of modulus A > (D, (VK —1))~!
such that in each component of C ~ A,

# (poles(q)) — # (zeros(q)) = 2,

and
g 2
271'1'/ 2q*(z)dz = (1+()(e_‘/‘\‘/2))</ \/——qadz) .
() w(a)
Proof. — Suppose for contradiction that A is the largest possible modulus of such

an annulus, and that A < (D1(vVK —1))~'. Let [pa], [ta] be the projections of z,
7(x) to T(A()). As in 14.3, let |pq(7y)|" denote length of the geodesic homotopic
to va(y) in C N\ pq(A(a)) with respect to the Fuclidean metric arising from the
identification of C ~ ¢4 (A(a)) with (C/T')/(z ~ —z) for T < C a lattice such that
C/T has area 2. Define |1, (y)|" similarly. Then, because 7 (A(«)) identifies with the
Teichmiiller space of the torus,

do([0], [0]) = sup{|log [¥a (V)" — log|¢a(¥)|'| : v nontrivial nonperipheral}.
So
ma(z) — A+ VEA +O(1)
ma(z) — A+ (1/VEK)A +0(1)
_ AWK +VE-T-2)+0(1) _ (VE - 1A

= me () S ma(x)

Fa(x) < 4 log

Our normalization is chosen so that, for some r < 1,

=2 Tlo-oo [ (1-2) "
J=1 j=1
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where [¢;] = r for all j and & = O(re®). Then @p(a) can be taken as the circle
{z:| z|=re”?/2}. Then on this circle we have

¢°(2) = 51+ 0(e22).
z
So
/ 2q%(2)dz = 27mip(1 + O(e”2/2)), / V@®dz = 2mi /(1 + O(e=2/2)),
p(a) e(a)

as required. O

20.12. Reduced Map Spaces again. — Let « be a periodic gap of period n. In
20.10, we have seen that if « has orbit dominant area, then the vectors ¢(a, q) and
a(a)c(a, o) and c(a, s.p), ala)c(a, (sa,3)«pg) are approximately equal. We need to
work further with these.

Write o« = ag. Inductively, let a;41 be the gap with «; C fo‘l((]/iJrl). Thus,
oy, = ag. If vy is in this cycle of gaps, it is convenient to choose « so that vy € a. We
have previously (since 2.15) called this gap F». Corresponding to this cycle of gaps,
fo induces a space B, of branched coverings of a disjoint union of n copies of C with
marked points, with the spheres cyclically permuted. (This is a slight generalization
to a union of marked spheres of the definition of Chapter 1.) We can fix a branched
covering f, € B, which leaves A(a) invariant. Recall that 7 (Y") has a projection to
T(A(a)). Then we define

n—1
T(Ba) = [[ T(A(a))).
j=0
Then we can project 7 to 7 (B,) in the natural way. Of course, if « is a homeomorphic
gap, then 7(B,) is isomorphic to [[; 7(A(«;)). Now we can define a pullback

Tot T<Bn) - T(BU)
as in Chapter 6. If o is homeomorphic then

To(([95])) = ([#j © Xxal),

where x, is the isotopy class of homeomorphism of n disjoint copies of C induced

by fo. If o is nonhomeomorphic then put s, = s, on the j’th sphere. Then by

LG
abuse of notation

T(y(([‘,&‘j])) = ([s;1 ©@; 0o f(y])~

20.13. Lemma. — Let o be a periodic gap satisfying the Orbit Dominant Area Con-
dition with Dy. Assume without loss of generality that =27 /¢ = o(D1). Let «
(0 < j < n—1) denote the periodic orbit with ag = u,. As usual, write x = [¢].
Write (5], a5, pj» 85 for [Pa,]s Ga;s Pays Sajsi.a,- Let ri(2)dz? and tj(z)dz? denote
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the quadratic differentials at (5], 7o, (Ta(([¢5])) for d(([¢5]), Ta(([¢5]))). Then for
every periodic o in the orbit of «,
le(aj. 7)) = elay.a;)ll = O(/D),
le(erj. (sa)utj1) = elag. (s7)xpj—1)]| = O(V/ D).

Consequently,
[[(cley, q) = cla, sap)) — (aloy)elaj. rj) —alaj—1)e(ay, (sa)stj-1))]| = O(V Dia(

Proof. — By 20.10, the third incquality follows from the first two. Also, as in 20.10,
for all j we have

da, (Ta,; (Ta(([0x])), ma, (T(([px])))) = Olexp(—27%/<))
Then by 9.8 we have

lle(az,m5) = e(aj, ;)| = Olexp(=72/¢)),
llelaj, Saxtj—1) — claj. (s8j)epj—1)|| = O(exp(—n?/e)).
The result follows. O

20.14. Critical Points of G/(,). — We define G|, on T(B|,)) by

n—1

G[(v](‘r) = l Z do, ([@j]ﬂ T (T ((ler])))-

n 4
j=0

Proposition

(1) If a is homeomorphic then G|, has no critical points unless X s irreducible.
In this case, the critical points are all minima, on which G, takes the value r(a),
and comprise a closed geodesic in the quotient of T (By) by the modular group. If [xa)
is reducible, then G takes bounded values only in

T(Ba)zsYU U T(7,0)
~yel
where T is a unique maximal x o -invariant set of disjoint simple loops.
In both cases, if k(a) > 0, there is a constant C' and an integer k depending only
on #(Y') such that if ||(DGa))2|] < 0 for small & then

‘G[a](l) — k(o) <CH j1/2+1/2k

Now let o be nonhomeomorphic.

(2) Let fo be critically finite equivalent to a rational map or of polynomial type.
Then Ga) has no critical points on the set where G, # 0. Given § > 0 there are
constants My and My such that G4 is bounded above by My only on

Tos UUT(T, M)
=
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where the union is over loop sets I' such that (fo, ") satisfies the Invariance Condition
but has no subset satisfying the Levy Condition.

(3) If fo is critically finite degree two irreducible not equivalent to a rational map,
then critical points are all minima on which G takes the value k(a), and comprise a
closed geodesic in the quotient of T (B,) by the modular group. There is a constant C
such that if ||(DGa))ell < 0 for small § then |Gy (x) — k()] < Cé2.

(4) Let o = Ap. and let ([¢;]) € [TT(A(AY))). Then ([¢;]) is a critical point for
G restricted to the set where [po] is constant if and only if all [¢;] and [T4([@0])] lie
on the same geodesic with [p;] between [¢;—1] and [@;q1] if j < n, and with [@n—1]
between [, —2] and 7o ([@o]). There is an integer k depending only on #(Y') such that
if I(DGa))z|l <6 for small 6 then

|[Fiag(r) — k(D 2)] < Cst/k

Proof. At a critical point we have
Ty = S(,t*f/jfl
for all j.

(1) Let a be homeomorphic. We deduce that all 7, ¢; lie on the same geodesic,
and that r; is a stretch of itself. This is impossible if [x,] preserves some simple
disjoint loop set, that is, if [xa] is reducible. Therefore, [x,] is irreducible. Then
the stable and unstable measured foliations of r; are preserved by the pseudo-Anosov
[Xa], up to multiple, and hence are unique up to multiple [F-L-P|. Hence the geodesic
determined by the r; is unique, and there is a unique closed geodesic of minima.

Now suppose that, for small 9,

We may as well assume that s.(z,j) = (2,5 + 1) (since s, permutes spheres and
is Mobius in each coordinate). Then the residues of r; and ¢;_, agree within O(¢).
Write

Gla(®) = d(@,7 - [xa]) = Y d([ps]. [p5 0 x;]) = D log A;.

J J
Here, ¢;(z)dz? is the stretch of r;(z)dz? by A;, that is, unstable foliation leaves of
r;(2)dz?* are stretched by \;, and stable foliation leaves are contracted by )\;1. Now,
following the method of 16.12, for closed paths 7 in C . Y we need to compare
stable and unstable lengths as defined in 14.8. We write |p;(v)|;,— and |¢;(7)];+ for
the stable and unstable lengths with respect to the quadratic differential r;(z)dz2.
Let k = max(2, #(Y) — 4). Then any quadratic differential on C ~ o(Y’) has zeros of
multiplicity at most k. (Of course, there are no multiple zeros at all unless #(Y) > 6.)
Then we claim that

(1) l0i(Nlive = Aj-1li—1(0)]j-1.+ + O 1< j<n—1,
(2)  lwoox(Mlor = Algo(3)lo.s + O(F /2120,
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where x = X900 Xn—1 and logA =3 log A;. Similar equations hold with |- |; +
replaced by |- |;,— and A; replaced by /\]»“1. This estimate is clear when r; is not close
to having multiple zeros, or zero residues at points of ¢;(Y;), when we obtain simply
O(9). An application of Rouché’s Theorem

1 T’ .
— | — = #(zeros inside I)
21t Jo 1y

gives that r; and ¢;_; have the same number of zeros inside any contour I' on which
|rj] = M6 for M sufficiently large. In particular, there is a pairing of the zeros of r;
and t;_; (up to multiplicity) such that any pair is O(5'/¥) apart. So to obtain (1),
we need to estimate local path integrals of the form
k

@ [ViET0m [ VR T 0 ) = [ - =)

j=1
over paths where |r(z)| = O(6) and |r(z)| > M. This is done exactly like the estimate
of (2) of 16.12. This gives (1), as required. Then (2) follows. But (2) says that A
is within O(8'/2+1/2F) of an eigenvalue (with positive-entry eigenvector) of a certain

integer-valued matrix, which is one of the matrices defining the piecewise linear action
of x on the projective space of measured foliations on C\ Yy (see[F-L-P]). This means
that
log A = r(a) + O(8"/>T1/2k)
as claimed. This works equally well, whether or not [x,] is irreducible.
(2)-(4). First suppose that DG[q) = 0 but G4) # 0. We have

*
T = Sastj—1 = SaxSyTj

for all j. Now if s, has degree > 1 on the j — 1’th sphere (that is, degree two in all
the cases we are considering) then the terms in the sum

Saxtj—1(2) = (s77)(2))*tj-1(s7 " (2)) + ((527)(2))*tj-1(s5 " (2))
must have the same argument for all z. It follows that
tj—1 =847

for all j. This is impossible in case 2. In case 3, vy, v are strictly preperiodic, and we
have a degree two branched covering of the union of spheres by tori. The map s, lifts
to a nonbranched degree two covering. Then in the cover the condition r; = sq.t;_1
implies that the r; all lie on a unique geodesic in the Teichmiiller space of the torus,
that is, in the upper half-plane. The bound on G4 — k(@) relative to [[DG 4] in
this case holds because the second derivative has co-rank one (which is not true in all
cases of 1). In case 4, the condition also implies that the r; (or [p;]) lie on a geodesic,
in the order specified.

In case 2, if DG, is close to 0, we must be in 7 (By)(I', M20) for a maximal
invariant (f.,I'), and I' contains no Levy cycles by 2.7.
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(4) Let n be the period of Aj. Write [p,] = 7([¢o]). We consider the bound on
Fiaz(x) — r1 (I, ). This essentially uses an inverse of the Triangular Lemma 8.9.
Extend the geodesic joining [p;] and [p;j4+1] a distance Z?:_jl d([¢e], [¢e+1]) to a point
[¢j]. Thus, [¢n] = [¢n]. By the hypothesis, the quadratic differentials 7;(z)(z)dz?,
ti—1(2)dz?* at [p;] for d([p,], [¢;]) and d([¢;], [¢;-1] are within O(4). Note that

n—1

k1(T, ) = d(po). [Un)),  Flag@) =Y d([¢;), lps41]) = d([ol, [to].

j=0
So we need to show that
d([o]. [1hn]) = O(5"/F).
So, for fixed j, we need to show that
d([w5]. [1hj-1]) = O(5'/F).
This follows from 16.8. O
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CHAPTER 21

CONSTRUCTION OF THE GOOD VECTOR FIELD:
PART 2

21.1. The construction of a good vector field has now been reduced to Proposition
20.7. There are a number of different cases to consider, which we proceed to do
in this chapter. Throughout this chapter, we fix a discrete invariant (fp,I") with
I2(fo,T) # @, fixed union © and maximal I’ C T" satisfying the Invariant and Levy
conditions. We also fix © € T (I, g¢).

In the next few lemmas, to simplify notation, we write o = [@¢] if ov is non-periodic.

21.2. Lemma. Let o be a a gap or loop. Let x € T(v,¢e) for all v C 93, 3 € [[a]].
Let v be of Dy-orbit dominant area. Let 0 € Vo] with

DiCH0i] <1, DF(61) < —2Cia(e), DF(61) < —2C1.
Then there exists 02 € Dge(ja)]~ (Y]V(/f) such that 0 = 01 + 6 satisfies

0]l < Cil|61ll, DF(0) < —Chra(a), DFq(0) < —C,

DFjg)(0) < Cre 2™ /20161 for all B e [[o]] ~ [a].
Proof. — Take any § € V[[a]] = @se(a)V (B) and write 0 = 35,03 with 05 €
V(). Then by 20.5, if §# € [[a]] ~ [a], then

DFs(0) = DF3(05 + 05,0) + Ole™>™ /*|j0]]),

and

Fiap(0) = Y DF3(0) = DFja)(f1)+ Z (DF3(05+05,5))+0(c 2 /2|10]),
Be(la]] Bella]]N[a]
and for 3 € [[a]] \ [a],
DEiga)(#) = > DEp (8 +05,3) + O™ /<|J0]).
Brel[8]]
By 20.10,
DF(0) = DF(0r)+ > O@a(@)|oll) = DF(61) + O(Dy[[0l]a(c)).
Bella]lNa]
So having chosen 6, = > ..
B e ([a]] N [a], by 03 = —0;, () for successive preimages. Then, assuming that C is

(o] s, we can define 0 = Zﬂ 03, the sum being over

large enough [|0|| < C1||61] and we have the required estimates. O
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21.3. For any gap or loop «, we let ni(a, z) be as in 19.6. Let m, o(x) be the sum
of m¢(x) with ¢ separating o from [v] (¢ € T') and including « if « is a loop. Note
that

e @y (a,2) 7 < (na(y, @)
In fact, if v ¢ da, v # «,
e @ () (o, ) < ny(y,x) = o(1).

Lemma. Let « be a gap or loop. Suppose that for any loop v C Int(2 U fo_l(Q)),
withy C fo ("),
a(y) = o(min(e™"
Let 0, € V[e]] with
101]] < (e, )™, DF(61) < —a(@)|6:1]l/Cy.
Then there exists O3 = Zvel" 0. 0, € V(v), such that if = 6, + 62,
105]] < em ™ @101 ] < (v, ),
DF(0) < —a(a)[|01]]/2C1,  Dmp,(0) = 0 for all loops v C Int(£2).

cem e Na(a)ng (a, x)).

Proof. Take any ¢ decomposing as in the statement above, with bounds on ||, ]|
as above. By 20.5, we have |7 (0 — 0,)| = O(e”™v||01]]) for all loops v. So
Dm. (0 —6,) = O(e"™||61]]). So we can indeed choose 6, € V(v) with ||6,| =
O(e7 v |01]]) for v € TV, v C Int(2), and letting 02 be the sum of these, we can
ensure that

Dmp, (01 +602) =20 forally e I', v C Int(2).
If we consider the formula for DF(6; + 62), we see that we have

DF (0, + 62) = DF(6,) + 27 Re Z{/

cyzq(z)dz 1y C Int(&l)})
e ()

+27TRG(Z{ /;( /)(’w/zp( 2)dz ' € £ () ~ [, ”yCInt(Q)}),
Sy

where

L = O([16,1)) = O(e™ ™ [|61]]) = O(e™ ™ ny (v, )~ 1),
and if v/ € fy*(v) then
ey = O([|05]]) = O(e™ " [|61]]) = O(e™ ™ ny (o, x)).

So the additional terms are

Ofa(y)e™™ [161]].  O(a(")e™ ™ [|61]],
which are both o(a(«)||61]|/C1), as required. 0
21.4. Lemma. — Let o be nonperiodic. Then there exists 0 € V(«) with

16| < C2, DF(9) < —a(a)Cy, DF,(0) < —Cy.
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Proof. — Let « be nonperiodic. Take any 6 € V(«). So by 20.5, 20.10, and the
definition of Dj-orbit dominant areca,

DF(8) = a(a)DF,(0) + O(\/Dia(a)).

We have seen in 20.5 that DF, | V(«) is (in suitable coordinates) the vector
2me(a, go) = 27(Res(qa, pa(y)), which is > Ca(a) for a constant C' > 0. So we can
choose 0 as required. O

21.5. Lemma. — Let o be a periodic gap. Let x € T (v,e) for v C da’, o/ € [o]. Let
Dy > e 27/ Letk = #(Y). Let a be of D1-orbit dominant area. Let

Gloy(x) = K(a) + D}/**.
Then there exists 0 € Vo] with
1) < DV DF(0) < ~Cia(a), DFgq(0) < —C).

Proof. — Write [a] = {a; : 0 < j < n} with a = ag. Write a(ay,q) = a(a;). We
have seen in 20.5 and 20.13 that DFj,) | V[a] and DF | V[a] are given by the vectors
z; = (efoj.ry = (sa)utyo1)) + Oe7%),
25 = (alay)elay.ry) — a(a;-1)e(@;. (sa)st;-1)) + O(v/Dra[a)).

If it is impossible to find @ then either x; = O(D%/g) or z, = O(D}/Sa([a]) or the

angle between z; and —x, is O ClDl/8 . Either of the last two gives, for some p > 0,
g 1 2 1

(1) (eleyirj) = el (sa)«tjm1)) = —pla(ag)c(a;, 1) — alaj—1)c(ay, (Sa)«tj—1))
+0(C1D* (1 + pa([a])).
But this implies that
O(C1D1°(1 + pa([a))
z—¢ily)

(14 palay))r; = (1 + pala;-1)(sa)stj1 + D
yeEA(aj)

which gives, by integrating modulus, for all j (replacing j —1 by n — 1 if j = 0)
L+ pae) = 1+ palag 1) + O(C1 DY (1 + pa((a)))),

and thus

(2) palaj) = pala) + O(ClDi/S(] + pa(lal)))  for all j.

Then from (1) and (2) we obtain either

(3) clag.rs = (sa)et;1) = O(C1 DY)

or pa(la)) = Di/m/Cl, in which case

a(a;) = a(a)(1 + O(D}')),
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which, when substituted into (1) again gives (3). By 20.14, this is only possible if
G[a] < /‘C(Oé) -+ Di/QOk.

21.6. Lemma. — Let  be a periodic gap. Let x € T (v,e) for all v C 9d/, o € [a].
Write k = #(Y). Let C7% > D) > e 272 and let Dy and ¢ be sufficiently small.
Let o be of Dy-orbit dominant area. Let a(a”)/a(a’) — 1 = Di/sa[a] for some o,
o’ € [a], or let k(a) be nonmazimal. Then there exists 0 € V]a] with

lol < Dy 'CE. DF(9) < —a((a))Ch.
Proof. — If 6 does not exist then, using the formula of 20.13 as in 21.5, for all j
a(ag)ce(ag.ry) —alaj—1)c(og, (Sa)stj—1) = ()(Di“a([(}:])).
Integrating as in 21.5 we obtain
ala;—1) = alay) + O(D}?)

and hence a(a;) = a(a)(1+ O(D}/4)) for all j. In particular, all a; are of (2D )-orbit
dominant area. So then, for all j

clag.ry) = elaj1, (sa)stj—1) = O(D{).
So then by 20.14 (again as in 21.5)
Gl (x) = w(a) + O(DY*).
So for all j
Fy, () = k(@) + O(D}*) + O(e 27 /%),
But «; is of 2D;-dominant area. So by 9.5
F(z) € Fa,(2) + CDy < k(@) + O(D}™") + O(e =27 /%),
So k(a) must be maximal. |
21.7. Lemma. — Let o be a loop in Q2 of Di-orbit dominant area. Write
m = min{mq (z) : &’ € [a]}.
Then there exists 6 € V]a] with
DF(0) < —a(@)[|0]/C1,  Dinyay(8) > (mya(x))~|0]|/Cr.

If in addition d(z,7(x)) > $d(z,7(x)), and a(a’) = o(a(a)) whenever do/ (x,7(x)) =
o(da(z, 7(x)) then

Dm, () < Cie”™||0]] for all m, maximal,
<

DFj)(0) < —(mpq(x))~H|0]]/Ch-
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Proof. — Let o = «g be a periodic loop in the central part, of period n and with
orbit {a; : 0 < j < n — 1} with «; homotopic to a component of fi '(a;j1): write
a_1 = ap—1. For the moment, we assume that [a] # [0Aq]. Write

Jo(aj)
Take $log K = F(x) = d(z,7(x)) and %long = da,(z,7(x)). Then by 20.11 and
the Orbit Dominant Area Condition we have

2re(ay,q) = —(2m) (e + id;)? + O(e Y/ EVE-1D1 g (q))
= —(27r)“1((:ij - df + 2ic;d;) + O(e—l/(2(¢?71)1)1)(L(a))7
2me(ay, s+p) = 2me(aj—-1,p) + ()(e‘l/@(‘/ﬁ“lml)a(u))

= —(2m) ' (VEe; 1 +idy 1 /VE)? + O/ GVE=DD g ()

= —(27r)_1(ch_1 - df,,/K + 2icj_1dj_1 + O(e—l/(Q(‘/ﬁ‘l)D’)a(a)).
Similarly let g, (z)dz* be the quadratic differential for do, (@, 7(x)) at x and write
Llog K; = dq, (z,7(x)) and

/ Vo, = ¢+ idj.
plaj)
Then
2me(ay, qa,) = —(2m) (e +id))? + ()(67"”/2(@‘1)772,71),

and similarly for S«Pa,- We are required to find A; with

n—1 n—1
(1) D Re(A) < =GPy AL
7=0 7=0
n—1
2) @m) > Re(N(Kesy —d5 /K +2ic;_yd; 1 — (2 — d3 + 2ic;d;)))
J=0 n—1

+0(eVEVETDDI 4 (0)) < ~CT () Y AL
§=0

n—1
(3) 2m) 'Y Re(N(K c? —dP /K +2icd,_yd ) — (< — d? + 2ic}d})))
J=0 n—1
+ O((e7m/ 2y Ki=hm=1 < —Cytm ! Z [Aj| max(K; — 1),
, J
Jj=0
Re(A;) < 0 if mq, (x) is maximal.
We can clearly achieve (1) and (2) with A\; = —1 for all j. More care is needed
to obtain (1)-(4) simultaneously in the case when do(z,7(x)) > id(x,7(z)). The
required lower bound on Dmyg, (€) will then follow from (4) by 20.4.
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Fix a path 7; which is nontrivial nonperipheral in C . A(a;) and intersects a;
exactly twice. We can choose the ~y; so that f, ' (v;.1) is homotopic to v, in C~ A(ay),
fo ' (70) is nontrivial nonperipheral in C ~. A(ay,—1) and has bounded number of
intersections with v,_1. Write 2 = [¢] and 7(x) = [¢)]. Normalize so that ¢(A(a;)),
(A(e;)) contain 0, 1, oo and one other point close to 0. Let A; be the modulus
of the largest annulus satisfying the Pole-Zero Condition (9.4) and homotopic to
¢(a;). By the assumption do(z, 7(z)) > %d(;c, 7(x)), Ag is boundedly proportional
to ma (), and hence to m. We claim that the (signed) difference between the number
of crossings of the positive real axis by ¢(v;) and ¢(7;) is boundedly proportional to
cjd;Aj(c5 +d3)~. We see this as follows. Put o(7;), ¥(v;) in good position (14.5)
with respect to the quadratic differentials q(z)dz?2, p(z)dz?. Then we need to calculate
the difference between the number of times that (), ¥(v;) cross the real axis. It
is probably easier to calculate with ~; replaced by v where ¢(v]) is approximately
perpendicular to ¢(a;), that is, for some A > 0

/( ., Va(z)dz = N2¢;d; +i(dF — 7)) + O(cF + df)
Jo(v)

Then
Va(z)dz = M2¢;d; +i(d] /K — Kc3)) + O(cF + d3).
$(+)) ‘

Then A is boundedly proportional to A;. Assuming for the moment that |d;| < |¢;],
the difference between real axis crossings is boundedly proportional to (d,/c;)A;,
and hence to c¢;d; A_,-(c? + d?)“l. We get the same estimate (with the same sign) if
lej| < ld;].
So for numbers Cj, C'J’v > 0, bounded and bounded from 0
Re(ma, ([¢]) — Re(ma, ([¥])) = Cicid; A (3 +d3)~ = Cjidim® + o(1)

17079

But the bound on f; ' (v;) Nvj+1 yields (with j + 1 replaced by 0 if j =n — 1)

Re(ma; ([¢])) — Re(ma, ,, ([4])) = O(L).

Therefore
n—1 n-1
> Cieidids(c; +d2)Th =) Cididim® + o(1) = O(1).
j=0 j=0

But c}z —i—dgz is boundedly proportional to m™!. So if e d;-mz| > A for a sufficiently
large A, this is also true for some other k # j, where ¢d} and ¢ dj, have opposite
signs. Also by our assumptions, for a suitable C' > 0, l(:fjd;'m?} > A if and only if
lejdi| = CAm~ (3 +d3), whenever A/m > 1d(x,7(x). Arguing as in 21.5, either we
can find A; purely imaginary such that (5) and (6) hold, or there is u > 0 such that

ASTERISQUE 288



CHAPTER 21. CONSTRUCTION OF THE GOOD VECTOR FIELD: PART 2 301

(7) holds:
n—1 n—1

(5) > Re(N,(ic;d; —ic;—1d;-1)) < 52 RY; |Z |ejd;]
j=0
n—1 — -

(6) > Re(\(icjd; —ic)_yd; ) < —52 |\ Z |cid
j=0 j—0 j=0

(7) id; + pejdy = ¢y di_y + pejord; 1 4+ O(8 In’?xfcged;c = oy di_1 D).

But ¢d; and c;d; have the same sign whenever |c}d}| > Am™2. So (7) does not hold

and (5) and (6) do hold — for small 6, unless |c}d}| < Am™2 for all j.

So we can solve (1) to (4) simultaneously unless |cjd}| < Dym™! for all k. So
now suppose this holds. Then for each k exactly one of ¢j2, dj < Dym~! and the
other is boundedly proportional to m~'. We can find j such that (:;-2 < Dym~! and
d;?vl < Dym~t, (with j — 1 replaced by n — 1 if j = 0) because

Im(7q, (17(x))) = Im(ma,,, (x)) + O(1).
(We can interpret this suitably if £ > n — 1.) Then for a large A’,
Ma, () < M, (2) = A =mq, (T(z)) — A"+ O(1).

We must have similar inequalities for ¢;, d;, ¢;-1, dj—1: that is, (, < CDy dz and
d§~1 < Cch?_l. Then we can take A¢ = 0 for £ # j and A real and negatlve
to solve (1) (3) and (4) simultaneously, and also (2) unless c2 + d2 = o(a(w)). If
(’ + d2 = o{(c3 + d3) for some k < j < ¢ then we can add on smallcr nonzero Ay,
Re(/\g) 0 for some ¢ to solve (1) to (4) simultaneously.

Now we consider the case [a] = [0Ap]. Write Ay = ap. This is done exactly as
above, but more care is needed to get the estimate

2me(g, 5.p) = 2mc(an_1,p) + O/ CVE-DDI (o))
= —(2m)  Y(eno1 + idy_1)? + O(e™ V/CWVE=DD1) (),

This is proved, essentially via 20.11, but using the method of the first part of 20.11
with 7(x) replacing x: if 7(x) = [¢], there is a good boundary annulus homotopic to
Y (Yn—1) of modulus > %n‘z,%([cp]) + D! satisfying the Pole-Zero Condition. Then
an annulus satisfying the Pole-Zero Condition and of modulus > Dl‘1 — O(1) maps
under s to the homotopy class of vy. On this annulus s is of degree 1. So we have the
same estimates as before.

21.8. Lemma. — Let o« C Q(fo,I') be reducible and of D1-orbit dominant area with
k(o) mazimal. Let 3 C « adjacent to the outer boundary have x(3) nonmazimal. Let
¢ C « be separated from 3 by a single loop v, and let k(¢) mazimal. Then there exists
0 € Via] with

|D7s(0)|| < ni(B,2)"*  for all gaps and loops 3 C a
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(for some decomposition of o into gaps and loops: see 19.6 for ni(f,x)) and

(1) DF(0) <0, Dmp(0) = mp(x)(log m[,y](x))Q.

Proof. — As usual, let g(z)dz? denote the quadratic differential for d(x, 7(x)) at =z,
with stretch p(z)dz? at 7(z). In each of the following circumstances, we can find 0 as
above, given a sufficiently small D, (depending only on C}).

1. Some v € [v] is of Dj-orbit dominant area: in this case 8 € V[7].

2. Some 3 € [3] has D;-dominant area and a([y]) < e="(*)/C1q([3]): in this case
0 = 61 + 62 with 61 € V[3] and 62 € V]y].

3. For some ¢, ¢" € [(] la(¢")/a(C") — 1] = D%/s. In this case § = 6, + 0, with
0, € V[¢] and 6 € V]r].

4P () — K(Q)| 3 e ma@)/C

Case 1 follows from 21.7. By 21.6 we can find 6, with ||61]| < D ‘1/4C1 in cases 2
and 3 with DF(6,) < —Cia([8]) or DF(62) < —Cia([¢]). Then assuming case 1 does
not hold we can add on 6, assuming only that m-(x) is sufficiently large given D. If
case 4 holds and none of the previous cases hold, then either ¢ itself has e~ +(*)/C1_
orbit dominant area or some other gap or loop n C « satisfies the condition of 21.5
or 21.6, with a([]) < e=™ @)/ Cig([n]).

Reduce « if necessary, so that § C « is adjacent to the outer boundary. Let
(] = {a; : 0 < j <m—1} with a; C f5 '(ej41) and ag = a. Write [p;] = 74, (2).
Let x; = fo | @; and write, as usual,

m—1

Zd (lejls [eja1 0 x51)-

Let

n—1} with~; C fo_l('yjH) and v = 7o,

M ={y:0<5<
{8j:0<j<n—1} with 8; C f5'(8j+1) and fo = 3.

5]

Thus v, C 9p; separates 3; from [¢]. Choose A(8) with yr € A(By) separated from
Bk by vi. Choose the yi so that yi = ye if Ok, B¢ C «; for some j. Normalize ¢; so
that ¢;(yx) = 0o. Otherwise normalise as in 20.2. Let r;(z)dz? denote the quadratic
differential at [p;] for da, ([¢;], [pj+1 © x;]). with stretch ¢;(z)dz? at [pj11 0 x;].

Let 6 € V[y] = @y¢5)V (') be defined bv A = e for each ' € [v] (20.2). Let
o, be the integral flow of this . Write o, (x ([¢w.;]) in analogy with the above.
Normalize in the same way as for [¢;]. Let r“_]( )dz? be the quadratic differential for
Ao, ([Quj)s [Pujsr © X5]) at [pu ], with stretch tuj(z)dz? at [pyu 41 © x;]. By Hard
Same Shape 16.2 (where a different scaling was used),

(4) Res(ru,j, puj(y)) = /\IL(R"S(’"/»@J( )+ 0(“(/7)/77 )
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and similarly for ¢, ;(z)dz* With similar notation to the above. let

m—1

G[a](u) = Z df)g([‘rou.,j}? [Wiuj © XJD'

3=0
Let
(u) F(oy(x ))-

Then to complete the proof, it suffices to show that

H'(0) < 0.
The usual derivative formula, as in 20.4, gives
m—1
=3 / S(ru(2) = fup1())d2
Pu. h ‘\

which, by 16.2 (where a dlfferent normalisation was used) gives

m—1
Gl =3 [ 2ue) = s (o) + ol al(3)7) = ola([B]. 1),

k=0 7 er(i)
Also by 16.2
a([Al. ) = e~*a(8].)(1 + o(1)).
By 20.4 and 20.13, however,

m—1
() =Y / 2((2) = te1(2)) + O(V/Dra([A).
k=0 Y er(v)
Now using 9.5 when /3 has dominant arca and 17.5 otherwise, for a suitable constant
Cp > 0,
w(a) + Cylte v a([8].7) < Glaj(u) < w(a) + Coe ™ a([5],7)
So for a constant C; > 0 we must have

m—1

Z / )3(7'#(2) —tro1(2)) < =Cla([8).

k=0 Y ex(y
So then H'(0) < 0 as required. O
21.9. Lemma. — Let a € T \.T" be periodic of (D1, D})-orbit dominant area. Let
m = min{mq (z) : &' € [a]}.
Suppose that |F(x) — k()| = Dy/Dy. Then there exists 0 € V]a] with
DF(6) < ~D4Cy a(@)[bll. Dmioy(6) < Cre~™ 0],
DFy(8) < 0 or Fi(x) < r(a) + D /D,
and one of

DFq(0) < =DICr ma(2)7HI0].  Dmyay(8) < —DiCy 6]
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Proof. — Use the notation of 21.7. Write n; for the degree of fy | aj—;. Then
ey, 84p) = nj_lc(aj_l,p) +O0(e ™ a(a)) = nj—l(cj_l +idj_1)* + O(e~™/2m=1Y)).

The reason for the first equality is that

nj—1

Z ((d/dz)((,’.QMk/n-’zl/nJ ))22/(627rik/n‘,zl/nj)72 — nj—lz—2.

k=1
Similarly to 21.7, we need A; solving (1) and (2), (3) whenever F,j(x) > x(a)+D7 /Dy,
and one of (4), (5). Of course, (4) is stronger than (3) and (5) is stronger than (1).

(1) ZR&()\]')ZO

n—1
(2) (Re )\j(nj_l (KC?_1 - df_l/[( + 2ic;1dj_1) — (03 — d? + 2ic;dj)))
J=0 n—1
+O0(e™™*m™1) < =DiCrta(a) >IN
=0

n—1
(3) D (ReXj(ny (Kyoac? —dP /K +2id,_yd;_))
=0 — (¢ —d? +2ic}d}))) <0

n—1
(1) > (ReXj(ny MK 1cf —dP /K,y +2ic,_d) )
j=0 n—1
— (c/j2 — d;? + 2ic;d}))) < —-DyC7tm ! Z [A1.
=0

n—1
(5) D> Re(A)) = DI DI
J 3=0

Here n — 1 replaces j — 1 if j = 0. Using the method of 21.7, we can solve (1)
to (4) simultaneously unless cid; = O(Dym=1) for all j, and ¢;d; = O(D}a(«)) for
all j. So now suppose this holds. Arguing similarly to 21.7, we can solve (1) to
(4) simultaneously unless d/f = O(Dim™1) for all j, in which case (,'/jz is boundedly
proportional to m~!. (In contrast to 21.7, if 032 = O(D}m~') we would need to take
A; real and positive.) So now assume this. Then

Kj_1mea,_ (T(x)) = njmq, (x)(1 + O(DY)),

that is Fi,)(x) = () +O(D]). So (3) is satisfied. We only need to satisfy (2) and (5)
simultaneously. We can clearly do this if (f = o(c}) for some j, k. So now suppose all
j are boundedly proportional to a(a), Again arguing as in 21.7, we can solve (1)-(3)

and (5) simultaneously unless for some p > 0

n K, — = —u+ O(Dhala),
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Taking the product yields
[[nE" =1+0(D)),

J
that is,

F(z) = k(a) + O(Dy),
as required. O
21.10. Lemma. — Let a € T/, o ¢ 2, be a periodic loop of (D1, D})-orbit dominant

area, D < Dy. Let m,(x) = \/Dimq)(x) for some v ¢ [a] with fot(y) Nial # 2.
Then there exists 6 € V]a] with

DF(0) < —Dja()||]]/Ch,
DF,(0) < —=Dy|0]|ma(z)”™" or Fiy(x) < F(z) — Dy/Dy.

Proof. — Again, this is very similar to 21.7, 21.9. We use the same notation as in
21.7,21.9. As in 21.9, we can find 0 unless either all ¢2 < Dim ™! or all dj2 < Djm 1.
Similar inequalities hold for the ¢k, di. Suppose all cjf < D’lm"l. Arguing as in 21.5,
and using the expressions for DFj,(0), DF'(0) of 21.7, 21.9 we can find ¢ with the

required bounds on DF{,(¢), DF(0) unless for some p > 0
—d? K+ dF = —p(—di /n;K +d5) +O(Dym ™).

This cannot happen because Hj(anj)‘l is boundedly < 1 and similarly for

Hj(an)‘l. So we only need to consider the case d}Q = O(D{m™1') for all j. Then
as in 21.9 we obtain

Fioy(z) = Zlog Ma, (x) = logma, (7(x)) < Zlog n; — C\/ D
J

for C bounded from 0 because for some j
M, (T(2)) = M, (x) + my(z) — O(1).
Thus

Zlog(Kj/nj) < -CvDj.
J
Then we can find 6 with the required bounds unless for some p > 0
(1) Ky adf oy fny — ¢F = —u(KSy/ng — &) + O(Dim ™).

We have K = K + O(D}) whenever a(a;) > a(a)/D; by the definition of (Dy, Df)-
orbit dominant area (and 9.5 which then gives F(r) = F,,(x) + O(D7)). So (1)
gives

K 1(¢F )+ pci_y)/ny =+ pct + O((Dy + Dy)m™").

Then taking the product yields a contradiction as above.
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21.11. Lemma. — Let I' be (L, La,2,v)-adapted to x = [p]. Let U, Bn-1 satisfy
Triangle Condition (3) of 18.11, but suppose that the triangle Conditions (1) and
(2) of 18.11 do not both hold with e=Cilv replacing e='/?. Let U be homotopic to
p(R) Suppose that any dominant area « is periodic with [« " R # @. Then there is
0 € ®pcrV|[0] with
DF(0) < —C7 e Ci/Ya(B,_1).

In addition, if there is another loop set T'y which is (L1, Lo)-adapted to x, possibly
with loops in Int(R), then we can ensure that 6 satisfies the basic bounds.

Proof. By our assumption there is no dominant area a in [[R]] . [R]. So Triangle
Condition (2) of 18.11 holds. So we consider a dominant o« C [R]. Then a(8,-1) =
O(a(«)) by the properties of U. We can use 21.4-10if « is a loop or  C €2 is a gap with
k(a) nonmaximal or k(o) maximal with F'(x) > k(a)+ns (o, z) or a(a)/a(a’) bounded
from 1 (some o € [a]). If none of these hold then in fact a(a)/a(e’) € [C7 ', C4] for
all o C [R], o C [a]. Then if we take 6 € &V (5;) we have

J

n—1

DF(0) = Z 2w Re(c(B;.q — s.p)b;) + o(e’cf/”a([[a’o}))‘

If there is an orbit [y] of I'y in Int(U;3;) satisfying the orbit dominant condition then
we can include in 6 a component in V[y] and can ensure that Dmy,;(6) = 0 or that
the F-between condition holds for «, that is the Basic bounds of 19.7 hold. O

21.12. Proof of 20.7. — We need to produce the dominant area gap or loop of
20.7. First, let Q = Q(fo,I') be as in 18.11, and let

a = max{a(w, ), a(y,x)m~ () : @, v are gaps and loops outside Q}.
If the maximum occurs at a loop 7 outside @, then we can find ' € [[y]] such that
a(v") < Dya(y') for all v € [7]] ~ {7}, my (x)a(y’) = K~"Dy for some r < #(Y)
and K = i log F(z). Then v’ is of Di-dominant area, and of (D, D}) dominant area
if € is sufficiently small given D}. The same is true if m.(z)a(y) > D?# 4 for some
loop v outside Q. If this does not happen, and a(9Q) < D?Jr#()/)a7 then there is «
of Di-dominant area outside @ with a(a) > 1)1#0 Ja, and a(0Q) < Dia(a).

So now we assume that a(0Q) > Df+#(y)a. But m,(z)a(y) < Df#(y)a for all ~
in the backward orbit of 0Q. We can assume that no loop of 9Q is of Di-dominant
area. Then mpq(z)a(0Q, ) is small, and a is small. Now let

a' = max{a(a,z),aly,z)m,(x) : o, v are gaps and loops in Q}.

Then a’ > 1/2 is bounded from 0, because a is small but the sum a and a’ is bounded
below by approximately 1 (the area of C). If a(y) > a’e” P () for some loop
v C Q then we can find 7/ € [[y]] of Di-orbit dominant area, arguing as before,

assuming ¢ is sufficiently small given Di. So now assume that a(y) < a’e=Prm ()
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for all v C 9. If we only have a(a) > 1/4#(Y) for o with ma.o(z) < ming(x)/C?,
then either we can find some gap o C € of Dj-dominant area with a(a)/a(a’) ¢
1 — O 1+ for some o € [a], or we can find U of e~¢1/¥_-dominant area
containing some 3,1 (as in 18.11) with a(U) > a//4# (Y). If not, then a’ is achieved
at a gap a C Q, with mas(@) = min(x)/CS and a(da) < e moa@/3#) and
a(B) < e moa@/AE Vg (a) for all B € [[of] ~ [of. Adding in extra gaps 8 to o if
necessary, but all with mg g(x) = min(x)/C?, we can assume « is of Df dominant
area for DY = e~moa(®)/Cr  If Lhele is no Di-orbit dominant area periodic 3 with

k() nonmaximal, then a(3) < e g, @) g () for a with k() maximal and we can
find an orbit dominant o with x(«) maximal, as required by (1) of 20.7.

21.13. Proof of 19.3: construction of o2. — If there is no 8 C Q with x(8) =
max(ro(T), ky(T), k(Af)), let T'; be the set of all loops in . . Otherwise, let I'; be
the set of all loops v C Int(Q2) with m~(2") + my a(z”) > m1( ) C?. Let q(z)dz>
be the quadratic differential for F(z”) = d(z”,7(z")) at 2" with stretch p(z)dz? at
7(x""). We obtain o2 (") by modifying Lhe voctOI field w to a vector field wo = wa 4 7
which depends continuously on x and . We then take o2(z”) to be the time one
map of wg ;. We define wa(z) by addlng in an extra term to w(z). Let 6, be the
vector field of 20.2 with 1 = e. For v C 992 let g(t) be a positive function which is
t(log(t))? for t < Cimy, (z)), and 0 for t = 2Cym; (x)). Define wa(2) to be the sum
of w(z) and a multiple of
Yo ClermmeBg,(z) + Y C1Ly(my(2)))0(2),
yeT 100 ~yeT'1NON
where the multiple of this term is bounded from 0 only when F-between does not
hold. Let o3¢ be the flow of wy. Then
DF(ws(z)) < Z Cfa(’y)e_""“]-a("”) + Z Cf‘m%(z)a(v) + DF(w(z)),
YET; N0 Y€l NI
or if F-between holds then DF'(w;) < DF(w). We claim that this implies

DF(ws(2)) < w(z,1')/2.

This will clearly be true so long as a(y) < e ™int @)/C7 for vy eI N0 and a(y) <
e (/O for 4 € Ty N O If one of these does not hold then there is a larger
negative term in DF(w(z)). |
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CHAPTER 22

PROOF OF DESCENDING POINTS: STRATEGY

22.1. The next three chapters are devoted to proving the Descending Points Theorem
of 7.7. The main thrust of the statement of 7.7 is contractibility of components of a
set K;(u,€) within a set K;41(p,€), i =0, 1.

The basic strategy is to study the function F'(z) = d(z, 7(x)) for x € K;(u,e). We
shall find that this function essentially depends only on k = k(i) and on a projection
of . So, roughly speaking, we are able to study a new function & = ®; of (z, k)
which becomes F' (essentially) when x is restricted to a discrete set of values, and a
supplementary function ®,, which has to be added on for £ bounded from 0, to ensure
compactness. In this chapter, we construct the functions ®; and ®,, and establish
some of their properties.

22.2. Projection to the Domain of ®. — Let (fy,I"') be an invariant loop set
with [fo, '] minimal, with fixed set P. As in 2.13, let [¢)p] be the isotopy class of
fo | P, identifying the components of 9P with points. As in 2.10, 2.15, let Ag, Af to
be the components of C ~. P, C ~. (UI') containing vy, vo and A} (0 < i < n — 1) the
gaps in the orbit of Ajy. In 9.1, we defined sets A(a) C Y for gaps and loops of Y,
and identified 7 (I',eg) with a subset of a product of spaces 7 (A(«)). The projection
of T(I',ep) to T(A(a)) was denoted by m,. In the next three chapters, we shall need
to make use of some somewhat different projections.
Let

Q=U A UP.
The usual convention on the sets A(a) ensures that each set A(A;) N A(P) consists
of two points, and A(0A!) C A(AL) U A(P). It is therefore natural to choose A(Q)
to be the union of A(P) and all A(A}), 0 < ¢ < n— 1. Now we define, for some
K C T(I',ep), a projection

pp: K — T(A(P))
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which is slightly differently from the projection mp of 9.1, although it is the same to
within 0(6‘2”2/5) on 7 (I', ), where defined. Without specifying I, it is such that we
can normalise so that for all [p] in the domain, ¢(Y") is bounded, points of ¢(A(P))
are bounded apart. Then pp([¢]) = [¢’] € A(P), where

PANAP) = (1/#(AQ)NA)) Y oy

yEA(Q)NA;
o' (y) = o(y) for any other y € A(P).

(There is at most one point of A(P) which is not in any A;.) This definition is inde-
pendent of the choice of local coordinates. This type of coordinate is used implicitly
in Chapters 20 and 21, from 20.2 onwards.

We also define a projection p; to T (A(AY)), which, again, is very slightly different
from the projection m; = ma,. We define p;([¢]) = [¢}] to be the point close to
mi([p]) = [@i], with ¢i(y) = @i(y) for y € A; N A'(A]), and for the single point
y € A(ADNAL ©i(y) = ¢ (y), for ¢’ as above. Similarly, we can define projections p}
to T(A(A] U P)) which are close to m; = maup, using ¢" on A(P) ~ A;. Then it is
clear that [], p} is a homeomorphism on 7 (A(Q)).

We also define a projection ps to {z : Im(z) > 0} which, up to scale, is close, but
not identical, to mpa,. As above, write pp([p]) = [¢']. Let gp(2)dz? be the quadratic
differential for d([¢'], [¢'] - [¥p]) at pp([ep]). Normalise [¢] so that

Res(qp, ¢ (A(P) N Ap)) = 1.
Then
etralel) — o(v2) — p(v1).

Here, we are assuming, as we may do, that vy, va € A(A{). This, of course, only
defines pa([¢]) up to addition of an element of 27Z, but if we make a choice at one
point, we can extend continuously. It would be possible to define projections poa,
similarly for all 7, if we fixed 2 points of A(A}).

Let

p=po X po: K — T(A(A})) x {z : Im(z) > 0}.

The space 7 (A(A})) then identifies with the Teichmiiller space T (B(fo.I',Af)) of
the branched map space B(fo, ', Ag), which is defined in 2.18. Recall from 3.7 that
G(fo,T) is the subgroup of G which leaves 7 (I',e) invariant. Then the G(fo,T')-
action on 7 (', &) descends through p. Because (f,T") is minimal, the G(fo,I")-action
descends to an action of G(B(fo, ', A))) X Z, where the action of Z on 7 (A(0Ag)) = H
is given by z + z + 27n (n € Z). To simplify notation in the following, we define

To = T(A(A])) x {2 : Im(2) = 47%/eo},

remembering that it identifies with most of p(7 (I',€p)). Then 75 x R is the domain
of the function ® than we want to define.
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22.3. The basic structure of ®. — The basic form of ® = P; is as follows.
Choose a finite set

Y' =27 u{v}=AA[)UA CC\alg
such that A" N A(A()) consists of two points {v, w;}. with w, € Ap. Then we shall
define maps
2Ty — T, 2 Tox{t:t>0} — T(Z).
such that for o’ = 2/ ([p], ), 2" = 2"([¢]. z, u),
Dy ([p]. 2. u) +u=dg (2 2").
Moreover, this will be such that
if ([, 2) = ple). @ € Ki(ne) and w = d(pp (), pr(a) - [0]),
F() = d(pp (). pr(r) - [0p]) = @1 (p(), u) + o(e 27 /).

33

So the next task is to define 2’ and 2”. The rough idea is to “paste” ([¢], z) and its

“pullback™ into 7 (Y') and 7T (Z').

22.4. Construction of &/, /. — We use the notation of 22.2-3. Fix a half-geodesic
{[&] : t = 0} in T(A") with d([&].[&]) = t. Let qi(2)dz? be the corresponding
quadratic differential at y;. We can normalise so that

§e(vr) =0, &(wr) =00, Res(q,0) = 1.

Definition of x'. Now let [¢] € T(A(Af)) and Im(z) = m. Use the normalisation
above with ¢ = 0, and take ¢(w;) = co. Then [p'] = 2’ = 2/([¢]. 2. u) = 2/([¢], 2) is
chosen so that

S =0 e o) = o

(LEAUF‘IA’(A(,)
¢'(a) = &ola), a € A"~ Ao, po([¢']) =[],

where po is the projection to 7(A(Ap)) (defined similarly to 22.2). This defines
2'([¢]. z) modulo composition on the right with a Dehn twist round 0Ag. To define
'([¢]. z) completely, we simply make a choice for some particular ([pg], z0), and there
is then a unique continuous extension so that 2/([¢], z) is defined and continuous in
([¢]- z). This definition is such that z'([¢]. z + 27n) is the composition of 2/([¢]. 2)
with an integral Dehn twist round 904y, for all n € Z. We shall sometimes regard
2'([¢]. 2) = [¢'] as a homeomorphism up to isotopy. that is, the precise scaling of ¢’
given above will sometimes be important. Note also that, if P = C ~\ Ag and PP, PO
are defined similarly to 22.2,

pa([¢']) =2 pe(l¢']) =[Sl
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Our definition of 2" ([¢]. 2z, u) = [¢”] will be in terms of 2’ (and w). If we change our
definition of 2’ by composition with a Dehn twist round 04y, then the definition of x”
will change by composition with the same Dehn twist.

First Preliminary to defining @'’ : restrictions of homeomorphisms to discs. Sup-
" restricted to each of the discs Ag,
C . Ay. We call these restrictions ¢}, 1} (for Ag) and ¢}, ¥5. Then there is a home-
omorphism o which is the identity on a neighbourhood of ¢’ (Y”’) such that ooy} = ¥

pose that 2’ = [¢'] = [¢'], and counsider ¢’, ¥

on dA and such that o o), 1| are isotopic via an isotopy which is constant on 9A,
and similarly for o o @b, ¥5. We fix such ¢}, ¢5. We can also assume (without
changing [¢'] = [¢']) that | (0Ag) = p5(OAp) is a union of one stable segment and
one unstable segment from the foliations for qo(z)dz?2, close, but not too close, to
@ (A(A)) N Ap). In order to describe 2’ = [p”] completely, it suffices to describe it
up to isotopy restricted to each of the discs Ag, C ~ Ag modulo isotopies which are
constant on dAg.

Second preliminary: the branched covering go. —— First, we note that the reduced
branched covering gy for A{ is defined up to isotopy constant on dA¢. To do this
we need to choose the isotopy class of fl | P suitably, where p is the period of Ay,
and assuming without loss of generality that f§(P) = P. Let ¢ be obtained from a
pseudo-Anosov on C ~. A(P) by blowing up the points of A(P) to discs, such that the
blowups of singular leaves ending at points of A(P) have endpoints on the components
of 9P. The point is that there is a unique way to choose f§ | P so that 9P is fixed
pointwise by f§ modulo an isotopy constant on OP, so that f{ is isotopic via an
isotopy which is constant on 9P to .

Third preliminary: the holomorphic branched covering s. -— Now let s be a holomor-
phic branched covering with critical values at ¢’ (v1), ¢'(v2) of the form

(2—20)2
s(z) = ——— + 2z
s( ) z+a ta 0

for zg, a. The critical points are zg and —zg — 2a. The critical values are a + 2z and
—3a — 2zg. Then for z bounded from 0,
s(2) = (z=20) 1+ (a+ 20)(z — 20) ") "+ a+ 22 = 2+ O(e?™)
Then for z bounded from 0, the branch of s~! fixing oo also has an expansion
sHz) =z + O(e?™).

Then 57! o ¢} o go maps A, approximately to the union of a stable and unstable
segment of the foliations for qu(z)sz (because of the normalisation).

Definition of x”. — Now we are ready to define 2" = [¢"] € T (0A¢,2¢) C T(Z'). In
fact, the definition will describe [¢”] as an clement of 7(Z") where

Z" =gy ' (Y N Ag) U (A Ag).
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We are trying to abstract the pullback construction, and ¢” will be a lift of ¢’ o gg
under s. Precisely we choose the isotopy class of ¢ | Ag close to that of s™ o] o go.
mapping 04 exactly to the union of stable and unstable segments of ¢, (z)dz?, and
so that

so’(a) = ¢ ogola). a€ A(A}) N Ay, a # vs.
Now we define ¢ | C ~ Ag up to isotopy. We take
¢"(a) = &u(a), ac A"\ A

To complete the description, let x, be the map minimizing distortion given by
qo(2)d2z?, qu(z)dz?. Then x.(¢)(0A0)) # ©"(0A¢), but is again a union of stable
and unstable segment for ¢, (z)dz?, as shown:

Natural isotopy.

We then compose x, on the left by a map which sends the second stable and
unstable segments to the first, pushing along unstable, stable leaves respectively, and
this composition completes the description of ¢ | C \ Ag, as required.

22.5. Scalar Multiplication and Basic Properties of 2/, 2/, ®

The Lower Bound Property. — An obvious property of & — proved like 17.4 — is
that, for a constant C' > 0

d([p], 2) = —Ce™ M),

Equivariance. — The maps 2, 2/' are homomorphisms with respect to the natural
G(B(fo,I', Af)) x Z-actions on Ty, T(Y'), T(Z'), and @ is invariant with respect to
the natural action on 7.

Scalar multiplication. — Let @ # ' € C Y be a set of simple disjoint loops such
that all loops of I' are in the boundary of a single component P of C ~. (UT'), and
let A;, 0 <i<p-—1,p =1, be the other (disc) components of C ~ (UI'). We are
thinking of Y = A(Q) for Q as in 22.2, or Y = Y’ as in 22.3-4. Fix scts A(P), A(A;).
Normalise so that points of ¢(A(P)) are bounded and the diameter of p(A(P)) is
bounded from 0. Let [po] € T(A(P)) be close, or equal, to pp([¢]). Define

oly) = woly’) ity y €A
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We can choose a representative o of [¢p] so that (po(y)) and (p(y)), as elements of

_Y’
C | are close. Then the element

[vo] + A[¢] — [@o]) = [wo + A — wo)] = [ea] € T(Y)

makes sense, where [¢,] is defined by

o) = wo(y) + Me(y) —vo(y) (y€Y),

and the isotopy class is the natural one, that is, [¢1] = [¢] and X — @ (N € [N, 1])
is an isotopy from ¢y to ¢1. This is reminiscent of the use of local coordinates to
define isotopy classes [+ k] in 8.4 and later. Such a coordinate is also used implicitly
in Chapters 20 and 21, from 20.2 onwards.

Scalar multiplication Properties. Then for all all m/ > 0, the definitions of &’
and z” are such that

' ([¢], = + 'i"'l') o] + e (~’ (o], 2) = (&)
MLz + i) = (6] + e (] 2 0) — [Ea]).
If [p1], [p2] € T(T.go) with

mo(lp2]) = pe(lp1]) + ¢ " (ma(ler] = pr (1)),
then
v (p([p2]) = [&] + ¢ (@ (p([1]) — [%))-
and if u = d(pp([¢1]). pr(le1]) - [03).
2 (p([a))- 1) = [&u] + " (@ (p([21])) = [u))-

Our next task is to transfer these scalar multiplication properties to @, and also to
relate @ and F.

22.6. Formula for D®;. — This is an analogue of the Pullback Derivative Formula
of 8.11. In some respects this is an easier result, because we arc only considering a
restricted class of pullbacks. But it is different from 8.11, and it is important to get
the details right.

Lemma. Let q(z Ydz? (md[)( )d~2 be the quadlan( differentials for d(x', ") at x', 2"
for o' = [¢'] = 2'(lp], z,u), 2" = [¢"] = 2"([¢]. z,u). Let Im(z) = m. Then for h
with h(v;) = wo + (e — 1)99 (vj), v€ R and

Z h(a) =0,

ac ANy’
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we have

Doy ([p]. 2) + hou) = D1 ([), z,u) + Z 27 Re(h(a) Res(q — s.p, @' (a)))
acY’'NA

+/ (vz — iwo)(5.p — p) + O([I]]?).
@ (DAy)

Remark. — The integral term is relatively small, because if we choose the contour of
integration bounded from 0 then by the estimates on s in 22.4, s,p — p = O(e™2™)
there.
Proof. — The functions 2’ and 2" are clearly holomorphic in ([p], z), from their defini-
tions in 22.4. Since the Teichmiiller distance function is C? by Theorem 12.1, so is ®;.
Let s be the holomorphic branched covering used to define 2"/ ([p], z, 1) = [¢”] from
2'([¢], z) = [¢’]. Let go be the branched covering fixing Ag also used to define 2", with
critical points ¢y, ¢o and critical values vy, vo. Let $; be the holomorphic branched
covering used to define x”([¢ + A}, m,u) from 2'([¢ + h],m,u) with b = o(e™ ).
Then s is of the form
51(2) = es(e™ " (w — wp)) + wo.
Then 2/ ([ + k], z.u) = [¢" + h], 2" ([€ + b], z,u) = [¢" + 1], where
B (e1) = wo + (iv 4+ O(W*) " (¢1),
h'(a) = wo + ive"(a) —iv(s™") (' (90(a)))¢' (go(a))
+ (s 1) (#'(g0(a))(hlgo(a)) = wo —ivg'(a)) + O(|A]?)
fora € AgNY’, a # ¢y, v3. Now by 8.4,
D ([ + Rl z.u) = D1 ([¢]. 2. u)
+ > 27 Re(h(a)Res(q, ¢'(a)) = B (a) Res(p, ©"(a))) + O(|[1][*).
acY'’'NAy
At this stage there is no contribution from a = vo. We now reinterpret the terms in
the second sum using the formulae for h'(a):

A
> i@ Restp (@) = 5 [ vaple) - sapla)d
[ (OAU)

aEAGNY”’ 2mi !
+ > v (a) Res(s.p, ¢ (a),
aeAgNY’
wo Z Res(p. " (a)) — wo Z (s71)(¢'(go(a)) Res(p, " (a))
acAogNY’ acY’' NAg
aF#cy v
2 .
wo
= Z wo Res(s4p, vj) + — (p — s+p)(2)dz,
j=1 2mi »'(0A0)
which gives the result. O
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22.7. Some Corollaries of the Hard Same Shape Theorem. — (Easy) Same
Shape 9.5 and the Hard Same Shape results 16.2 and 16.9 yield closeness of residues
of a number of quadratic differentials, as we now explain. These will be needed to
relate F and @. Fix « = [p1] € K;, © € T, v > €/ L2, with corresponding

T(2) = [p2], w=d(pp(a),pp(x) [Wp]). a'(r(x),u) =[] a"(m(x).u) = [¢"].

Let q(z)dz2, p(2)dz? be as in 22.6. Let qg(z)dz? be the quadratic differential for
)

d(rq(z),mg o T(x)) at mo(x), with stretch po(z)dz? at mg o 7(x). Let m; denote
projection of 7(Y) to T(A(P U A%)). Let rj(z)dz* denote the quadratic differential
for d(m;(x), 7 0 7'( ) at 7;(x), with stretch ¢;(z)dz? at m; o 7(x). We assume that
A(ATUP) C fy (A(AJ+1 U P)) for 0 < j < p— 2. This gives a natural projection
from 7 (A(A,, UP)) to T(A(AUP)). So we can consider elements of 7 (A(A);UP))
as elements of 7 (A(A)UP), for all 0 < j < p—1. Using this identification, let r(z)dz>
denote the quadratic differential at mo(x) for d(mo(x), 7p-1 o 7(x)).
By Hard Same Shape 16.2, for all y € A(A}) N Ay,

Res(r;. 1(y) = Res(aq. 91(y)) + O(e >7 /%),

Res(t;.02(4)) = Res(pa. w2(y)) + Oe 27/,
By the Triangle Conditions 18.11 (since = € K;) and Easy Same Shape relating
qo(2)dz?, po(z)dz? to the quadratic differentials for d(z, 7(z)),

Res(gg — s-po.21(y) = O(e™ /7). ye A(A))NA; 1< j<p-1

(There is no term a(A’), as there was in 18.11, because we have changed the normal-
isation.) This gives

Res(r; — st 1,¢1(y)) = o(1), yeAA)NA;, 1<j<p—1.

Using the identification of 7 (A(A’; U P) with 7 (A(Aj U P)), and s(z) = 2(1 + o(1))
on S(A}, v) this gives

Res(r; —t;1,01(y)) = o(l), y€ A(AG)NAg, 1<j<p—1.
Then 16.9 gives that
Res(ro, p(y)) = Res(r,9(y)) +o(1).,  y € A(AH) N Ao,
Res(tp—1.£(y)) = Res(t.£(y)) + O(e™2™ /*C1), y € A(A)) N A
But by Hard Same Shape 16.2, for all y € A(Ag) N Ag,
Res(r.1(y)) = Res(q. ' (y)) + O(e 727 /=),
Res(t, ¢2((y)) = Res(p. () + Ofe > /<),
The important deduction from this, for us, is that
Res(qq. ¢1(y)) = Res(g, ¢'(y)) + o(1),
Res(s.pq, ¢1(y)) = Res(s.ap, ' (y)) + o(1).
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Note that the same holomorphic branched covering s is indeed used to define 7(z)
and x”.

22.8. Formulae for ' and ®. — We use the notation of 22.7. We also write
A'(AL) = A(A) N A,

Lemma. - Let m = 27%/e = Im(z). Let x satisfy all the conditions for being in
K;(u,e), apart from the bound on F(x). Let 2’ = a'([g], z), " = 2" ([], z,u). Then,
for a suitable C > 0,

(1) P) = dpp(a).pp() - [oe]) = 3 27 Re(pr(a) Res(ag — 5.0, #1(a)))
acA'(Af) + O((ifm(lJrl/C))7

(2) d(x',2")—u = ®1([¢], z,u) = Z 27 Re(¢' (a) Res(q — s«p, @' (a))) +o(e™™).
a€A(A))

If in addition ([¢], z) = p(x) and u = d([¢p], [gp o Y}]), then the two sums are equal
to within o(e¢™™).
Proof. — First we consider (1). Write
Fo(x) = do(a, 7(x).
By (easy) Same Shape 9.5, for x € K;(u,¢), for a suitable C' > 0,
Flz) = Folx) + O(e~" 1/,

Let sy be the holomorphic branched covering used to define 7([@,]), and write s = s;.
For 0 < A < 1, by the Derivative Formula 8.11,

p—1

(d/dN(F(ea]) =D D> 27Re((p(a) — wola)) Res(ggr — (52)«pg.r- ©a(a))).

1=0 a€ A" (AY)

Here. if b = ¢q(a) for a € A"(A],_,),
sx(z) = As(z — b/ A).
So s\ (pala)) = s'(p(a)) for a € A'(A},_,). For i #p — 1, we have seen in 22.4 that
ha(a)) =1+0(2M), ae A(A).
By Hard Same Shape 16.2, for a suitable C' > 0,
Res(qo,a, pa(a)) = Res(qq, p(a)) + O(e ™V D) a e U A/(A]),

and similarly for po a. Each of these results is actually obtained by 2 (or 3) appli-
cations of 16.2: one applies 16.2 to show that g x is close on S(AL, [pa],€0) to the
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quadratic differential for d(x}([¢a]), 7i o 7([¥a])), and then considers the latter for
varying A. So we have
p—1

(@/AN(F(ea)) =Y. D0 2rRe((p(a) = wola)) Reslag = s.pq. #(a))

=0 (1644/(A:>
+ O(({v7771(1+1/(;')).
Also, for i # 0. a € A;, we have seen that Res(qq. ¢(a)) and Res(s.pg, ¢(a)) are close
to Res(r;, p(a)) and Res(t,—1, ¢(a)) respectively and hence by the Triangle Conditions
Res(qg — s.po.@la)) = O(e™"/ ).
Moreover, ¢g(a) = 0 for a € A'(A}). So altogether, integrating up, we have (1).

(2) is proved exactly similarly, using 22.6. but is somewhat simpler because there
is only one disc Ag to consider. The equality to within o(e™™) of (1) and (2) in the
stated circumstances follows from the closeness of quadratic differentials established
in 22.7. O
22.9. Scalar multiplication of ®. — Similar techniques to those in 22.8 establish
the following.

Lemma. ~ The following holds for a suitable constant C. If Im(z) = m, m’ > 0
and D\ denotes derivative with respect to the first two coordinates,
D1®([p). z + m,u) = Dy ®([g]. 2, u) + O(e™ ™),
D[]z +m' u) =" (D[], 2. u) + Oe mUFOY,

Proof. — Let q(2)dz?, p(2)dz? be as above and let ¢/(2)dz? p'(z)dz? be the quadratic

differentials for @4 ([¢]. z + m’) at 2'([¢], z + m’) and 2”([¢],z + m' + u). Then the

residues of ¢ and ¢’, and of p and p/, are within O(e=™/¢) by 16.2. Then we apply

(2) of 22.8. O

22.10. How to compactify: the function ®,. — One problem with the func-
tions F', ® = &y, is that for u, () bounded from 0, 7 > 0, quotients by the natural
G(B(fo,T', Af)) x Z-action of the scts

{xe T[T, e): F(z) < k(p) —ne 2”2/5},
{(l¢], z,u) : my <TImz < my: O[], z,u) < —ne” ME
need not be compact, although, as we shall see, compactness does hold if u > 0 is
sufficiently small. It is therefore necessary to introduce a function
@27?)—7{ff>0}
which we now do, for M suitably large yet to be chosen. Let ([¢], z) € Ty. We take
'y = T ([¢]) to be the set of (disjoint) loops in Ay \ Y’ such that [p] € T(v,eq) if
and ounly if v € T';. We include a loop () in Int(Ag) which is homotopic to dAq in
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C ~ Z' but not in C ~ Y, if such a 7, exists with [¢] € T (4. £0). We do not include
AA itself. Let m~([¢]) be defined as usual (9.1 onwards) using a set A(y) which is
invariant under the G(B(fy.T.A())) x Z-action. This can be done, for example, by
choosing the points of A(«y) to be periodic under gg. Let

P25 ([0]. 2) = 7" & (s ([4)]))
where
&R —[0,¢). & =0o0n (—oc, M|, & (t) =t — M for t € [Ml + 1,00), M > 1/e.
and & is C'! with derivative bounded independently of M. Let

Co(lg). zu) = > oy ([0)2)

~ely
Then @5 is continuous.
22.11. Properties of ¢,. — The following are immediate from the definition.
Scalar Multiplication
Do([@]. 2 +im') = e Da([). 2).

Invariance. — ®3 is invariant with respect to the G(B(fo.I'. Af)) x Z-action.

Compactness. - For any € > 0. M’ > 0 the quotient by the G(B(fo.I. Aj)) x Z-
action on
{([g]-2) : 0 < Tm(z) < M, Dy(z) < e M)}

is compact.
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CHAPTER 23

PROOF OF DESCENDING POINTS: REDUCTIONS

23.1. In this chapter we reduce the proof of Descending Points. Two reductions are
given in 23.2 and 23.4, the second being closely related to the first. The reductions
are basically to results about sets

{(le]-2) : (21 +5%2) ([, 2, u) < 0}

for varying u. The No Boundary Critical Points result of 23.5 then says that the
sets for different « (and 0, with certain restrictions) are diffeomorphic, as is explained
in 23.6. We then state some results about the structure of the set for u near 0 in
23.8. All these results will be proved in the next chapter, and complete the proof of
Descending Points. The chapter ends with a construction of a pullback map for the
function ® = ®;, which is then used to give estimates on ® in the thin part of 7g.
The estimates are similar to estimates on F' obtained in Chapter 17, and proved in a
similar way.

We use the notation of Chapter 22. In particular, given ([¢], z,u) we let 2’ =
z'([¢], z) and x” = 2"([p].z,u). We let q(z)dz? be the quadratic differential for
d(a’,2"”) at o', with stretch p(z)dz? at x”.

23.2. First Reduction in Descending Points. — We shall sce that the proof of
Descending Points reduces to the following, provided the constants used to define the
sets K; are suitably chosen.

First Reduction in Descending Points. The following holds for a suitable constant
Co. Let ug =z u >0, n>0 be given. Let § > 0 be sufficiently small given ug, or § >0
sufficiently small if ug is sufficiently small. Then for ' > 0 sufficiently small given
ug and 9, and all sufficiently large m > 0, any component of the set

{([e).2)  Im(z) > m, (@1 + 6@2)([¢], 2,u) < —ne™™"}
is contractible within

(], 2) : Tm(2) = m, (B 4 695)([], 2, u) < —1'e” ™},



322 CHAPTER 23. PROOF OF DESCENDING POINTS: REDUCTIONS

The stabilizer of any component in G(B(fo,I', A})) is trivial. There is a natural one-
to-one correspondence between components and lifts to T (B(fo, T, Ay)) = T (A(A]))
of polynomials in B(fo. T, Ay).

23.3. Proof of Sufficiency of the First Reduction. — We need to contract
K;(j,e) € T G-equivariantly within K41 (p.€). So we shall construct

hoe Ki(p,e) x [0,1] — K1 (p,€)

such that h(x,0) = x, h(K;+1(p,€) x {1}) is a topological line invariant under z’ —
x' - [¢p]. We construct h by constructing pj(h(x,t)) = xj, (0 < i < n—1) and
mo(h(x,t)) for all gaps and loops o ¢ Q. As a preliminary to constructing the
pi(h(x,t)) we construct pp(h(x,t)) = xpy.

We choose xp; so that:

(1) (x-[Ypl)p: =xpt - [WP;

(2) t—d(xpr,xpys-[p]) is decreasing in t for each x € K;(u,);

(3) fort = 4,
geodesic on which y — d(y,y - [¢]) and y — d(y,y - [¥P]) take the minimum

xpy is constant in ¢, and {xp, : x € K;(p.€)} is the unique

values k(p) and pr(p) respectively.
By 16.11 we can take the paths {zp, : ¢t € [0,1]} of small diameter independent
of & and . (The best estimate I can achieve is 0(53“2"1/("‘5) for some C > 0.) For

a ¢ @ we shall take 7, (h(x. 1)) such that
d(mo, (h(x, 1)), 70 o T(h(2, 1)) < F(h(x,t)) — B

and 7, (h(K;(u,£)) x {1}) is a point. This, of course, depends on the definition of
rq,¢, but can clearly be done.

As a further preliminary to defining the 2} ,, we define p(h(x,t)) = xo:. We
shall write pg(h(x,t)) = xp. By the definition of K;, 22.2 and 22.8, we have, for
x € Ki(p.e) and u =d(pp(x), pp(a - [W}E])).

I N 272 27 N o \—1,—21%/¢
m(pa(z)) = — — Atk Dy (p(x),u) < —(2E;) e ,

&

and by the definition of ®,, for a suitable §; > 0 given C}, D,
5i®a((x)) < (4E,) e /e,

So then '
(P + 0;P0)(7(x),u) < —(4Ei)“1(z‘2”“/8.

Then by 23.2, for suitable choice of E;;;, we can choose zg, so that xg: = x for

t< i p({woy 1w € Ki(p,€)}) is a point, and for all x € K,(p.€). t > 3.
2

2 ‘ L
Im(zo,) > % ATPE, (B 6,8y) (wo s pri(p)) < —2E; e 2T

Then we construct z(, from 2, and xp; in the same way as 2'([¢], 2) is constructed
from ([¢], z) and [&], but using A(P U A}) instead of Y. Construct z{ , in the same
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way as 2/, but using xo¢ and d(wp.xpy-[Y3]). As noted before, a(f, can be regarded
as an element of 7(Z") where Z” is somewhat larger than A(Aj U P). In fact, using
fo ', T(A(A} U P)) can be regarded as a factor of T(Z”). For t < % 204 1s very close
to p, 1 (7(x)). For t < L we take x;, very close to pj(x). For t > 3 we take 27,
close to the geodesic joining ¢ and ay , and equally spaced. Then h(x.t) has been
completely determined and 7, | (7(x)) is close to x( ;. mj(h(wx,t)) is close to x},. So
the 7’ triangle conditions of 18.11 for Ky hold for h(x. t) for all t. Write
wr = d(xpr,xpy - [WPH]).

Let q:(z)dz? be the quadratic differential for d(x},0}) at 2} with stretch p;(z)dz?

at 2. By 9.5,
F(h(r.t)) =d(mg(h(a.t)). moor(h(r.t))) +ole™)

and by 22.8

E(h(e.t)) = d(ep.apy - [vp]) = Z Res(qr. s«pi- i (a)) + 0(6“2#-’/5)
a€ A (Aqy)

=d(xy. )y —u + ()(6‘,_27\'_)/5).

So for t <

M

F(h(et)) < F(a) +o(e 275y < wlp) = B e 275

< (Py 4+ 0,Po) (4. pr(pe)) + 0((*72”2/5) < —E,f+[1()72”2/5.
Then we also have. for (" as in 22.5,
5Dy (1) < Co 2 /e,

which gives the required bound on my(h(r.t)) for t > % if E[{+l is large enough
given d;. We automatically have this bound for ¢ < % So h(a.t) € Kip1(p. ) for all

x € Ni(p.e). t€0.1]. O
23.4. The Second Reduction. — We can then reduce Descending Points a little
further.

Second Reduction in Descending Points. Let 0 < u < ug. Let 6 > 0 be sufficiently
small given uy. or & = 0 sufficiently small if uy is sufficiently small. Let 1 be suffi-
ciently small given ug and §. Let m be sufficiently large given w. Then any cormponent
of the set

{([¢].z) :Tin(z) = m. (P) + 6P2)([p], 2, u) < —ne™ ™}
is contractible within itself to a point. There is a natural one-to-one correspondence
as in the First Reduction.
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To obtain the First Reduction, since 5 > 0 recall from 22.5 that
(B + 602)([¢], 2, u) = D ([¢]. 2,u) = Ce™ M),
But if —Ce™ ™) < —ne™™ then Im(z) < m + log(C/n). So

{([¢), 2) : Im(2) = m, (D1 + 6D2)([¢], z,u) < —ne™ ™}
C{z:m <Im(z) < m+log(C/n)}
)=

C Um,gm,’§'77L+105(C'/I]){([@]7 Z) : IlIl(Z 7”/7 ((I)l + 6(D2)([99]~ z,u) < _718_"’/}‘
23.5. We now exploit the variable u. The following will be proved in the next
chapter.

No Critical Points in Boundary. — Let ug be given. There are §g > 0, C| > 0 such that
the following hold. Let 0 < u < ug, and 0 < § < g, or 0 < & < &g if ug is sufficiently
small. Let m be sufficiently large given ug. Let Dy denote the derivative tangent to
the set {(y,z): Im(z) = m}. Let [(®1 + 5Dy)(y. z,u)| < ne™™ for n sufficiently small
given u and 6. Then

[De(@1 + @) || = 6*CT Y,
and if u is sufficiently small,
1Dy (@1 + 6%2)| > O
Then standard differential topology vields the following.

23.6. Corollary. - - Fir ug > 0. uy > 0. Let dg, be as in 23.5 given ug. Fix §; > 0
with 69 > 61 > 0, or 01 = 0 if ug is sufficiently small. Then for all u; < u < uo,
0 < < do, 0< < /2, if m is sufficiently large. the sets

{(y, ) : Tm(z) = m, (@1 + 6B)(y, 2,u) < —ne ™"}
are diffeomorphic.
Proof of the Corollary. -~ We shall show that the sets are diffeomorphic for varying

w: the proof for varying § or » is similar. It suffices to prove that, for u’ sufficiently
close to u, for all fixed sufficiently large m the scts

{(y,2) : ITm(z) = m, (D1 + 5P2)(y. z,u") < —ne™ ™}
are all diffeomorphic. By 22.11, the quotient of any such set by the action of
G(B(fo,T,A{)) x Z is compact. (This is why ®» has to be introduced.)
Fix u, and n <7’ < . If u’ is sufficiently close to u given n and 7', then
{(y,z.u') : Im(z) = m, (P +6P2)(y, 2. u'e) < —n'e™"}
CH{y,z,u) : Im(z) =m, (P +5P2)(y,z,u) < —ne™ ™}
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By the Implicit Function Theorem, if «’ is sufficiently close to u, we can construct a
C! function ¥(y, z,n"), on an open set containing

{ly, 2.0y i<’ <n'sIm(z) = m, (P +5P2)(y. 2. u') = —n'e™ ™}
which is a diffeomorphism C'-close to the identity between the two sets
{(y,2) : Tm(2) = m, Oy, z,u') = =™ ™},
{(y.z) : Tm(z) = m, ®(y.z.u) = —n"e” "},

Now let ¢ be a C* function which is 0 on (—oc, —7/], 1 on [—7, oc) and strictly increas-
ing on (—1/. —n). We can choose ¢ with a bound O((n’ —n)~") on the first derivative.
Then if ©' — v is sufficiently small, the function

(g, 2) — L@ (y. 20 )W (y. 2 0") + (1= t(( @1 + Do) (y. 2. )y

is the required diffeomorphism between the sets

{(y.z) : Im(z) =m, (P, + dP2)(y. z,u') < —ne™ "}
{(y,z) : Im(2) = m, (Py +dP2)(y, z.u) < —ne” ™}
Note that it is the identity on the set
{(y,2) : (®1 +6P2)(y, 2, u') < —nfe” "} O
23.7. The functions « and 3. — It follows from 23.5 and 23.6 that the Second

Reduction of Descending Points only needs to be proved for sufficiently small u > 0
and § = 0 (and m sufficiently large given such u).

Let gg be the branched covering, and s the holomorphic branched covering, used to
define [¢”] from [¢’] in 22.4. Recall that [¢] and 7([¢]) = [s7' oo go] are the projec-
tions of [¢'], [ "] to T(A(Ap)). Choose constants a = a([p], z) and 3 = 3([¢], z) so
that t — s(a™1(t — 3)) fixes ¢’ (v1) and ¢'(¢1). Take o = 1if #(Z' N Ag) = 1 (which
is true if ¢'(vy1) = ¢’'(¢1)). Then o and 3 are uniquely determined. Furthermore,
B[l Az) = AB([¢]. =)

23.8. Small Parameter Value. — Let C > 0 be a sufficiently large constant. Let u > 0
be sufficiently small and m sufficiently small given w.

(1) Any component W' of
{(e)-2) : Tm(2) = m. ®([]. 2.u) < 0}
is contained in
{l9)2) + d(ll 7)) < . a(le). =)~ 1] < Cullogul, Re(8([g), 2)) > —e~1+1/C)},

and is thus disjoint from its iterates under the G(B(fo. ', Af)) X Z-action.
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(2) Ford > 0 sufficiently small independent of u, any singular point in a component
W' as above is contained in

[(I9).2) = d(lg). 7)) < (1~ 8), [a(le] 2) — 1] < Cu, Re (gl 2) = C~Loe ™)
= W(u,d,C.m).

(3) If m is sufficiently large given (u,d,C),
W (w.8.Com) © {(4]. 2) : B(lg], 2, u) < —C16e™, Tm(z) = m}.
(4) The set W(u,d.C.m) is contractible within W (u, 0C~1, C?% . m) to
{9 )+ del.7([2) = 0, () 2) = 1 8 = Al 2) € R, 4> C e ™).

This will be proved in Chapter 24.

23.9. Corollary. — The orbits under the G(B(fo, 1", A})) X Z-action of components of
{([¢]. 2) : ®([]. 2) < 0} are in 1-1 correspondence with polynomials in B(fo. . Aj)) =
B(A(A]). g0). and are contractible to points.

Proof. The components of the set to which W(u,d, C,m) contracts are points. If
[] is such a point and s3(¢) = s(¢ — /3) is the rational map such that

[p] = [s;' o wogl

then sz has a parabolic fixed point at oc. and a finite critical orbit with the same
dynamics as v; under gy. Such a map is on the boundary of the hyperbolic component
of a unique polynomial in B(A(A(). go) = B(fo. T, Af)) — whose Thurston equivalence
class can be immediately computed from s, by joining the infinite-orbit critical point
of 3 to its image under s3. by an arc in the parabolic basin at ~c. Then we can take
a flow U, with vector field w transverse to W’ and to OW (u,d.C.m) such that
D) ) (w) < —Cre” " w||[|[DP ().l for a constant Cy > 0. (To get this for C' and
C1 independent of m we can use the scaling properties of ®.) Then W,(W') c W’
for all t = 0. Let W be a component of W(u,d,C,m). For small ¢ > 0, we have
cither U (OW") C int(W") or U (OW"” NW" = @, that is, cither W, (W) C W for
at least one (and hence all) £ > 0 or U, (OW")NW" = @ for all t > 0. We must have
the former, because all singular points of ® in W’ are in W, and all positive ¥; flow
orbits in W must pass arbitrarily close to singular points, otherwise ® decreases by
arbitrarily much. So there is T such that W,(W') < W for all t > T. Then by 3
of 23.8, W is contractible within W’ to a point in W”. So W’ is also contractible
within W’ to this point. O

To obtain the Second Reduction from this Corollary, simply apply 23.6.
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23.10. A pullback for &. — We recall that the key property of F'(x) = d(x,7(x))
is F(7(x)) < F(r). We want something of this nature to be true for & = ®;. Now
Dy ([2]- z.u) = d(a'.2") where @' = 2/ ([¢].z) € T(Y') and 2" = 2" ([¢]. z.u) € T(Z').
As in 6.7, we can extend @ uniquely to an element of 7(Y”’) by the condition

dy (' 2"y = dy (22",

Let the branched covering go of 22.4 be defined to fix C ~ Ay pointwise. and hence
fix the 3 points of A’ Ag. This definition is only unique up to a Dehn twist, but the
Dehn twists of gy are conjugate to go. as can casily be checked. We have a pullback
71 :T(Y') — T(Z') defined using gg. Sce 6.7 for the general definitions of pullbacks.
but note that we have taken the range as 7(Z'), which is simpler than the (currently
irrelevant) definition with range 7 (Y”). As usual with pullbacks, we have
(1) dz (T ("), T (") < dy (2", 2").
Recall that a pullback (which we can think of as 71) was used in 22.4 to define 2
from a’. Define

7([¢] 2. 1) = (po x pa) (" ([¢]- 2. u).

We have the following.
23.11. Lemma. If Im(z) = m,
Oy (7([0]. 2, u). u) < Oy([p], 2ou) + O(e 2.

Proof. — The key is (1) above together with the formula for d(2’. 2”) of 22.8. Write
=[] 2" =[] as usual, and

ah =[] =m("). o =[] = n@”).
"

& = [9h] = o/ (2([g]. 2. w)). o = (4] = 2 (7 (). 2 ). ).
Let s, s1, $1.1. s2 be the holomorphic branched coverings used to define 2" from a”,
2y from 2, 2 from 2" and 2 from xf. (See 22.4 for the first and fourth, and 6.7, if
necessary, for the second and third.) Thus,
(po % pa)([s~' 0@ o go]) = (po x pa)([#"]).
—1 , —1 . —1 _
[si70¢ ogol = [@1]. [s1109" 0go) =[¢f]. [s27 095 0g0] = [p3].

Then s, s7 have the same critical values. So we can take s; = s. Then

SI 1 O\p/ Of/o((l,) = 99/((1) + ()(()72772)

for a € A’ . Ag. We can choose s;1.1 so that the corresponding relation holds for "
and s;1. From the definition of [¢5], for some h = O(e™) € C, and the fact that

S1 = S.

() @) +h="(a) = gh(a) (a € Ao Z),  Phlve) +h = (v2).
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The h occurs because (¢5(a)) is defined to be (¢”(a) + h) with
> phla)=o0.
a€A,NY”
In particular (2) holds for the critical values vy, vy of gy. But ¢”(vy), ¢”(v2) are
the critical values of s11 and ¢5(v1), p5(v2) are the critical values of s,. Then if we
choose both s1,; and s, to be within O(e™2™) of the identity away from 0 (which we
are bound to do for s, at least, by the definitions in 22.4) we have

.8’2(2) = 81_1(2 + h) — h.

So then
(3) wyla)+h =/ (), ae Z' NAy.
We also have

ohla) = P'(a) = pi(a) + Oe™), ae A~ Ay.

o(a) = " (a) = @l (a) + O(e™™), ae A~ Ay,
and from the definitions and restrictions on Dehn twists. [@)] and [ph] are close, as
are [¢}] and [@5]. Let b . 25, € T(Z') be defined by (2), (3) with A replaced by th,
and by being continuous. Let ga¢(2)dz? be the quadratic differential for d(ah,. 2% ,)
at .L'fz_, with stretch 112‘,(:)(1',:2 at .17.’2",. Write g2 = ¢2.0 and p2 = p2o. By Hard Same
Shape 16.2, the residues of ga4, pa.r are close to those of go, po at all points. Then we
can apply the Derivative Formula 8.4 to get

-1
dy (2. 2y =dg (2h.xh)y + [ (d/dt)(dy (h .l ))dt
Jo

=dg (ah. ah) +ole™™) + Z 27 Re(h Res(ga — (82).p2, ph(a)))
acAoNZ’

=dy (vy.25) +o(e™")

because the sums of residues for both go and (s2).p2 are 1 + o(1).

23.12. Invariant loops sets in Aj. — Now we need to consider, for small gf, > 0.

{([e)2) s (0], 2. u) SOFNU{T (7.5) = 7 € int(Ap)}.
Given Ly > 0 we can find Lo such that the following holds. Given u > 0, take
any ([p], z) with (&) + 0P2)([p], z,u) < 0. Let I'y be the possibly empty loop set
of 22.10. Let go be the branched covering of 22.4. Then we can find £ > £o/Lo.
and I'y T’y which is invariant under go, such that &' € T (y,ep) for all v € I'y,
and such that if v ¢ s then 2’ ¢ T (v, Lig)). Let u < ug. Then assuming Ly is
sufficiently large given ug. I's contains no Levy cycles. This follows from an analogue
of 17.5, and is proved in much the same way as 17.5, replacing F\(z) = d(z, 7(x)) by
O(m(x). u) = O([@], 2. u) = d(z',2"), as we now outline. Let s, [&], [€4] go(2)dz? and
qu(2)dz? be as in 22.4. Suppose that 'y contains Levy cycles. Then in the coordinate
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of 22.4, ¢(v1), p(v2) are within o(e™') of each other. Then the formula in 22.4 shows
that the branch of s~1 fixing oc is close to the identity except within o(e™") of (7).
@(v2). Hence ¢”(a) is within o(¢ ™) of ¢'(go(a)) for a € Y’ N Ag. In analogy to
17.5, this shows that if I's contains Levy cycles then ®([¢], z, u) is bounded below
by d([€o + h + 1] (€. + 1) where ' = O(||h]|). Ce™™ < ||h]| < 0 for § small and C'
bounded from 0 and A varies over vectors in directions which sum to 0. To do this,
we need to know that

d([o + BN, 6 + 1) = u+ O(L'|*).

This is true, by the Derivative formula 8.4. because the local coordinates are chosen
so that Res(qp,0) = Res(q,.0).

We also claim that the gap A{ of Ty adjacent to dAy does not have Euclidean
branched map space. This is proved using analogues of 17.8 and 17.9 and the pullback
7([e], z.u) of 23.10. Since w is a continuous variable we have to consider the cases
K(AY) = u — 4 for small § and #(A[) < u— 4.

Let orbit dominant arca be as in 20.6. We can use this concept for gaps of T'y,
using ¢(z)dz2. We shall write a(a) for a(a.q).

Let Im(z) = m. By the same argument as in 17.6, for a constant C' > 0, a(0Ag) <
Ce™" Ju. Because of our normalisation, it is possible that there is a large modulus
annulus homotopic in C ~ @'(Z) to ¢'(9A) and satisfying the Pole Zero Condition
9.4 - but if it does exist then its diameter is O(e™"™ /u).
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CHAPTER 24

PROOF OF DESCENDING POINTS: CRITICAL POINTS

24.1. Inthis chapter, we prove the No Boundary Critical Points and Small Parameter
Value results of 23.5, 23.8. This then completes the proof of Descending Points, as
explained in Chapter 23. We continue to use the notation 2’ = [¢'] = 2'([¢], ),
2" = [p"] = 2" ([¢], z,u) and q(t)dt? for the quadratic differential for d(x”,2") at 2/,
with stretch p(t)dt? at z”.

24.2. Lemma. —— There is a constant C' > 0 such that if e~ ™m/3C <y < up, and Dy
denotes tangential derivative as in 23.5, then the following holds. Let Im(z) = m,

1D(®1 + 002)([], 2)| < ¢ and let (®1 + 6®)([g], 2) = —C'e~™. Then
1D(@1 + 6®@2)([9], 2)|| = O(C + ¢ + e/
with respect to natural local coordinates.

Now let q(t)dt? be the quadratic differential for d(a' - 2") at 2’ (2' = 2'([¢]. 2).
" = 2" ([¢], z,u)) replace the condition (®y + dP2)([p], z) = —C'e™™ by the existence
of an annulus of modulus > —2log (' satisfying the Pole-Zero Condition 9.4 for q(t)dt?
which intersects {t : |t| = (' 2e~™}. Then

ID(®1 + 62)([i). 2)]| = O(u + ¢ + ¢ + e/,
Proof. We use the local coordinates (¢’(a)) (a € Y/ N Ap), where [¢'] = 2'([¢], 2)-
Then the tangent space of {([¢/],w) : Im(w) = m} at ([¢], z) identifies with the real
codimension 3 vector space W given by
{(€(@) : Caerrna, €(@) = 0. Re(!(01) — ¢/ (v2))E(or) — €2 = 0.

We are assuming that D|(®1 + 6®2)(w)|| < (llwl| for all w € W. But we claim that
there is a boundedly complementary 3-dimensional subspace on which D(® + 6P»)
is O(e="/) for suitable C'. The following (real) vectors are in the kernel of D®,:

z = (x(a)) with z(a) =1 (a €Y' N Ay),

y = (y(a)) withy(a) =14 (a €Y' NAy),

¢ = (¢'(a)).
Let v be any of these vectors, which can also be regarded as a vector field. To see
that v € Ker(®2), we need to consider m, for v € T'y, T’y as in 22.10. Let ¢} be an
orbit of the vector field v, with ¢y = ¢’. Then one point of ¢;(A(v)) is fixed at oo,
for v = x the others are all translated to ¢, for v = y they are translated by ti, and for
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v = ¢’ they are scaled by e’. So in each case, m([¢}]) is constant and Dm. () = 0.
So all such v are in Ker(®s).
We claim that

(1) 3" Res(q.¢/(a)) = 1+ O(u™Y2e /%) = 14 O(e™™/€)
ac€Y’'NAg

for suitable C, and similarly for s.p. From (1) and the formula for D®; in 22.6,
D®i(z) = O(e™™) = O™/ “zll),  Dd1(y) = Oe™/*) = O™ |yl)).

We prove (1) as follows. Let qg, ¢, be as in 22.4. Then recall that ¢, ¢, were both
normalised to have residue 1 at 0, and

/lqol = /Iqul =1

By the Same Shape Lemma 9.5, if §’ denotes the angle between ¢o and ¢, and 0"
denotes the angle between ¢, and p,

(2) “/9/2((10| =0(e™™), U/G,/Q((Iu( =0(e™™).

and hence
> Res(a.¢'(@)) — Res(ao. wo(4 N Ag) = O(u~1/2e7m/2),
a€Y’'NAy
and similarly for p, ¢,, and (1) for ¢ and s.p follows, since by 22.4 s71(2) — z =
O(e=2™) away from 0. From (2) we also have

(3) Res(q, ¢'(a)) = O(u™te™ ") = O(e™2"/C)

for suitable C, and similarly for p, s.p.
Now we need to obtain estimates on D®, (). First, suppose that

(@1 +0P2)([¢]. 2) = o
We have, by 22.6 and 22.8,

—(em™ = 0y([p], z,u) = DOy (") + o(e™™).
In fact, from 16.2 and (3), the o(e™™) term is O(e~"(1+1/C)) for suitable C' > 0. This
gives
D®i(¢') = O((C+e "/ De™™) = O((¢" + ™)),

because |(,0/(111) — 99/(1)2” — e m,

Now suppose that there is an annulus of modulus > —2log(’, intersecting
{t:|t| = ¢'"%2e™}, and satisfying the Pole-Zero Condition for g. Choose r > 0 such
that the annulus contains {t : C1¢'r < |t| < (C1¢')"'r} for a C; > 0. Then take
~v={t:|t| =r}. Then

/tq(t)dt = (1+ O(u)) / tp(t)dt = (1 + O(u) + O({")) / ts.p(t)dt,

~
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and hence
3 (@) Res(q — s.p,¢'(a) = (O(u) +O(())e™™,
a€Y'NAy
that is,

D@1 ([¢], 2)€"[| = (O(u) + O£l
With respect to the standard inner product on C”, n = #(A(Ao) N Ap), we have

lz—=Wl=vn=ly-WI|, l¢—=Wl=I|¢)-¢ (@) =Colle
for a suitable constant Cy > 0. This last follows from 23.12: for u < ug there is ef, > 0
such that the following holds. If @4 ([p], z,u) < 0, then by 23.12, there cannot be a
loop v separating v; and vs from some other points of Y’ N Ay with [¢'] € T (v, ¢€().

So then the required bound on ||D(®; + §P2)(v)|| for all vectors v follows from the
bound on || Dy (P + dP2)]|. O

24.3. Lemma. — Let e *"/¢ < u < ug. Let Ly be sufficiently large and Dy sufficiently
small given uo, and 0o > 0 be sufficiently small given Ly. Let 6 < do. Let ([¢], 2)
satisfy either of the hypotheses of 24.2, with u = O(C') under the second hypothesis,
with ¢, ¢ = o(6%) if § > 0, and ¢, ¢' = 0 sufficiently small otherwise. Let T'y be the
(possibly empty) invariant loop set of 23.3 with the stated properties relative to L.
Then:

(1) for ally € T, m,(2') = O(67/?1ogd);

(2) for a suitable Cy > 0, there are no Di-orbit dominant area gaps « of I's in
Int(Ag) with a(a) = Co(C+ ¢ + e/ e,

Proof

1. Let a be a loop or gap of I';. Let V(a) be as in 20.2, and similarly for V[a]
if o is periodic. As in 20.2, use the norm of 19.8 on V(«), V[a]. Then by 24.2, our
assumption on D(Pq + 0P2) translates to

(3) [D(®1 + 6P2) (1), (0)] < Collflle™™(C + ¢ +e™™/)

for a suitable constant Cy and any 6 € V(«), any loop or gap «.
Let 6 > 0. Suppose that « is a periodic loop (not necessarily dominant). Then for
a constant C3 > 0, either mq (') < M + 1 or

Ce < e ID®(O))10] < e~
But for 6 € V[q]
D®1(0) = O(a(a)[|0]]) = Oe™™mq (")~ H]|0]]),

so we obtain mg(2') = O(67'). We then have a similar bound on m,/(z') for all
o € [a]. In fact we can do bott(\r than this, as we shall see. In any event, if
a(a) < ma(x')~2 we have mg, (') = O(61/2).
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Now suppose that « is a Di-orbit dominant nonperiodic loop or gap. Let
m/(x) = mq(z) or m'(2") = min{m, (z') : v C da},
depending on whether « is a loop or a gap. Then by 20.4
(D®3) (1.2 (0) = O(e™ e ™ ]j])).
Suppose also that
ala) = max(dl/ch""_""/("’/), Co(C+ ¢ e ™/ Tyem™),

Then by the analogue of 21.4 for d(z’, z""), for a suitable constant C;, we can choose

0 € Via] with
D®4(0) < —a(a)l|9|l/01»
D(®1 + 6®2)(0) < —a(a)[|0]]/2C1 < —Co(C + ¢ +e ™/ F)e™|6]],

if Co is large enough given Cy and C4, which contradicts (3).

Now let D} > 0 be sufficiently small depending only on #(Y’), and let 6 > 0 be
sufficiently small given D{. Suppose that « is a (D;, D} )-orbit dominant periodic loop.
Note that if § is sufficiently small given D/, then by the above estimate on nonperiodic
loops, this includes all loops « with a(a) = ma () 2e ™ and mq(z) = 6° 1/2 hecause
we already know that m,(z) = O(5 ). Let [o] = {a; : 0 < j < n — 1} and
let 0; € V(a;) as in 20.2 with A = 1. Then Dmy (if;) = O(e=™"), for m' =
min; me, ('), This comes from the asymptotic formula m- ([¢]) = —log |a| + O(1) +
O(aloga) mentioned in 17.8, if ¥(A(y)) = {0,1,00,a}. So D®y(if;) = O(e™").
So we have D®,(if;) = ()(((f_’”/_"”) for all j, assuming that m is large enough for
em = 0™ =0(e™™) = O(e= /). As in 21.7, 21.9-10. let

¢j +idy = / Vadz.
P ()

(This coordinate is actually invariant under scaling.) Then as in 21.7 and 21.9-10 we
can find § with both D®;(6) < 0, D®5(0) < 0 unless c¢;d; = O(a(a)mq(xz) ') for all
j, and hence unless df = O(a(a)mqy(2)™1)) for all j, and F(x ) = k(a) + O(D}). So
#(a) must be maximal and o € dA). Now let a(a) = mq(x) 2, ma(z) = 5 /?1ogs.
Then

alaj) = O(mq, (v) 1) = = 0(6Y2(—logd))
for all j. Then we have « is (D, D)) dominant with D} = O(log me () (ma (z))~1/?).
In analogy with the formula for DF(6) in 21.9 we have, for § = Z} A5,

n—1

DOy (0) = Re(Aj(n; K5y =)+ O(ma(x) tala)|0]]).

Jj=0
So we can solve with D®o(#) = 0, D®1(0) < —Cala)ma(z))~! < —=C§le™™ for
C > 0 bounded from 0, unless n; 'K (J 1 - Pf = O(mq(x) ta(a)) for all j, which
gives D®1(0) = O(a(a)mq ()~ H|0]]) for all 6. So for D(Py +5P2)(0) = O(6°e~™||6]))
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for all 6, a(a)(mq ()~ must be > €16 for '} > 0 bounded from 0. So mg (x) < 6'/2.
So altogether we have mq,(x) = O(5'/?1logd).

2. Now suppose that a is a periodic Dj-orbit dominant gap with a(a,q) >
Co(C 4 ¢ + e /e By the analogue of 21.6 for d(x,a"), there exists 0 € V]a]
with D®,(0) < —e~“/<ba()||f|| which again contradicts (1), assuming Cy is large
enough given C and &f. O

24.4. Corollary. Take the same hypotheses as in 24.3. For a constant Cy > 0
depending only on ug:

sl <1- € a@0.0)
Remark. e =0(a(0Ap, q)).

Proof. — We consider the pointwise expression for s,p

scp(2) = ((s77)(2))*p(s1 1 (2)) + ((s21)(2)) (s (2)),

1 _ .
where 57~ and 321 are local branches of s~ 1.

modulus annulus A homotopic to ¢”(0Ag) on which Cze™ < |z| < Coe™ for Cy

By 2 of 24.3, we can take a bounded

bounded and C3 bounded from 0, and such that on A,
p(z) =z277(1 + o(1))

for j = 1 or 2. We have a similar expression for ((s7 ") (2))?p(s; '(2)) for suitable
choice of branch s;, using the expression for s from 22.4. Computing with s as in
22.4, we obtain, for z € A

- 2
-1 (z0 + a) -3 2
S5 (2) = —a+ —+ O(e™"™(z —a)™ 7).
Z—a
Because the critical points are bounded apart, we have |zg + a| = Cze™"" for some
C'5 > 0 bounded from 0. Then on a positive measure proportion of A, if Cs is large
enough,
z—a
—a(z —a) + (20 + a)?

plss'(2) = ( ) 0+ oes).

and hence
((s51)(2))*p(s5 ' (2))
_ (_a(z - :)1”(’20 T )](zo +a)(z—a) 11+ O(Cy ) + O(e™™ /(= — a))).

Thus the two terms in s,p are of the same order of magnitude on a positive proportion

of A (to within O(C3)) but their arguments differ by a bounded amount. Then
integrating and using the change of variable formula we obtain, for a constant C
depending only on Cy, Cs,

/wms/ Pl - Y
A s=1(A)
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So then

[1sesl < [ 1ol = € a00.0) = 1 - 1 a@0.0).
as required. O
24.5. Proof of No Critical Points. — The following lemma completes the proof

of the No Critical Points result of 23.5, because it gives a contradiction to 24.4 if ¢ is
sufficiently small, or if ¢, ¢’ are sufficiently small in the case § = 0.

Lemma. Take the same hypotheses as in 24.3. Then, for a constant C; > 0, in the
notation of 9.4 and

/ |s.p| = / lgl + O((6'2 log 6 + (M2 + (/2 4 o7 /2 ) e,
The term 6'/210g d is omitted if & = 0.

Proof. — Let qo, qu be as in 22.4. We need to examine the relationship between
qo and q, and between g, and p. Recall that #(A’) = 4, so that ¢o and ¢, have a
particularly simple form. We are assuming that ¢g and g, have residue 1 at the point
0 = po(v1) = pu(v1). remembering that {vi} = Y’ N Ag. Then for some ¢ > 1 and
bj=0(e"™) (1 <j<t), e, e2=0( ™) (using 24.2),

Write

Then we claim that
¢
S =t O(¢ ¢+ e e,
j=1

The reason is as follows. We use the trick employed in 22.6, in replacing a residue
sum by an integral, and also use 24.2:

t

Z c;b; = Z @ (a) Res(p, " (a)) + O(e_m'(Hl/C))

j=1 acApNY’
1
= zp(z)dz + O(e~m+1/C))
27TZ L,O”(@A())
1

Il

i ssup(z)dz + O(e~ /€
270 Jsop(900)
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= Y ¢(@)Res(s.p, ¢ (a)) + O D)

a€Y’'NAy
= 3 Y@ Res(q.¢'(a) + O(e™(C +C +e ™))

aGY'ﬂAg

—Zrb +O0E ™+ +e ™Y ) =c+0(e ™+ +eT™OY)).

Jj=1
For a suitable ¢’ = O(CY/? 4 ¢''/? + ¢=™/2€) the following holds. The residues of ¢
and s.p at a pole of either in ¢/(Ag) are within O(6’?). Let B be the ball of radius

e~™/d" round 0. Then
[ tst = [ 1al+ o@e™.
B JB

For a bounded constant C,,, we also have ¢, (2) = qo(2) +Cy +O(8 " te™™) on B, and
so, if 8" > e~ ™/3,

/|qu|~/ lqol + 022 /|qo|+o ),

Now, on C ~ B, and bounded from the points " (A" N Ag),
sep = (1+e2)qu(l + (c+ O(e™™8"))/2).

Also, from the expression for s of 22.4, the poles of s.p outside ¢”(Ag) differ by
O(e™2?™) from those of p, and residues at these points differ by O(e=2™). So using
our expression for p, we have

/_ 52| = /_ gl + Re(ez) + / lgu| Re(c/2) + O(e ™).
C~ B C~ B

Similarly,
/_ lq| = /_ lgo] + Re(ey) + / |go| Re(c/2) + O(e™™d").
C-B C\B

So to complete the proof of the lemma, it suffices to show that
Re(ey —e2) + /(|qo| — lqu]) Re(e/z) = O(6Y? log de™ ™) + O(8'e™™).

To do this, we use a qimple version of some ideas employed in Chapters 10-13, and
regard \/_~)d~, V/p(2)dz as elements of H!(torus). To do this, take any two simple
isotopically distinct nontr1v1al nonperipheral loops 7y, 2 in C~ (AgUA’ ) which thus
generate H1(T) for a torus T. Then by integrating along ¢'(v,), /q(z)dz, can be
regarded as an element of H!(T), and similarly for \/p(z)dz, 1ntegrat1ng along the
" (7). Moreover, expanding out, we see that, in H*(T'), we have, for z bounded and
bounded from 0,

Va(z)dz = (1+ (21/2))V/q0(2)dz + c(v/q0(2) /22)dz + O(8'e™™),
Vp(2)dz = (1 + (2/2))Vau(2)dz + e(v/qu(2) /22)dz + O(F'e ™).
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Now as computed in 11.5, in H'(T'),

(Vo/2)dz = —~tm/antzrd= + 01 12) Vaole.

in H', and similarly for ¢,. Identify complex numbers with matrices in the usual way,

namely
a4+ ib— <(L _b> .
b a

Write v’ = d(2/,2") = u+ ®,([p], 2z, u). Then we also have

Vau(z)dz = (cU/Q efi/z) Vo) dz.
Vi) dz = (0/ Cffw) @) dz = (140’ — ) (0/ ) Vi
By 24.3, at our singular point we have
s ([, 2) = O(e™™ 62 log ),
and hence, since @1 + 0o ([¢], 2,u) = —('e™™,
u—u =00 logd + ¢)e™™),

with §'/2log ¢ omitted if § = 0. Combining all these equations, we obtain

| laol (10
51+c/ . 4me 01
(O (e el (10 ez 0
"0 ewz)\2TC) o -1 0 e u/?

+ 0(51/2 10g5677n,) + O((S/G_Trl).

An effect of conjugating a matrix A by a diagonal matrix is to leave the diagonal
entries of A unchanged. So considering the top left entry in the equation above, we
obtain

Re (61 —|—c/ B:—)l ~47rc) = Re (62 +c / lgul/z— 47rc) +0(6Y%logde™™) +0O(8'e™™),
as required. O

24.6. Proof of 1 of 23.8. — Suppose that d(z’,2"”) = O(u). This will be true, in
particular, if ®([¢], z,u) < 0, because

O([0], 2z, u) = d(x',2") — u.
Let go be the branched covering, and s the holomorphic branched covering, used

to define [¢”] from [¢] in 22.4. Recall that [p] and 7([¢]) = [s7! o p o go] are
the projections of [¢'], [¢”] to T(A(Ap)). So d([¢], 7([¢])) = O(u). As in 23.7, let
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a = a([p]) and B = B([¢], z) be such that t — s(a™!(t—23)) fixes ¢’ (v1) and ¢'(c1). So
(using 8.7) the set B = ¢/ (Z' N Ap) is in an O(ue~™)-neighbourhood of as™*(B) + /3.

Now s moves the points of ¢’ (A(Ag) NY’) by at most O(e™™). So 8 = O(e™™),
and, as we have seen in 23.7, B([¢]. 2z + ¢) = €“B([¢]. z). Note also that 3 # 0 if u
is small, because s itself is close to a quadratic rational map for which both critical
points are attracted to oo (because of the conditions imposed on the expansion of s
near oo in 22.4). In fact for a constant C' > 0, |3| = Ce™™

The following lemma, together with the subsequent corollary, prove 1 of 23.8.

Lemma. — Let ®([¢],z,u) < 0. Then
a(fgl 2) = 1+ O(ulogu), Re(A([g], 2)) = O™ /u).

Proof. We deduce this from d([¢'], [¢”]) < u, as follows. Let Im(z) = m. Recall
that [¢'], [¢'] € T(Y'), and there is a distinguished set A’ C Y’ with #(A’) = 4.
Recall also from 22.2, 22.4 that there is a projection pp of T(Y”) to 7 (A’) such that
if pp([¢’] = [p)] and pp([¢”] = [¢{] then the points ¢} (a) are within O(e™") of the
points ¢’(a) for a € A’, and similarly for ¢, ¢, and
u=d(pp([¢']). pp([¢"])).

So

('], [¢") Su<d([¢ar [¢"]ar) + CeT™,
where C' is bounded. Let 6 denote the angle between the quadratic differential ¢(z)dz?
for d([¢'], [¢"]) at [¢'] and qar(2)dz? for d([¢']ar,[¢"]a’) at [¢']ar. Then by 9.5, we
have

/ 8]2lgu| < Cre~™ /.

The following holds for constants C; > 0 bounded from 0, 2 < j < 5. The annuli of
maximal modulus homotopic to ¢'(9Ag), ¢”(0Ag) in C~ ¢'(Y'), C~ " (Y"), differ
by at least a boundedly nonzero multiple of |&@ — 1|. So there must be an annulus
homotopic to ¢’ (0Ap) and satisfying the Pole-Zero Condition (9.4) for ¢ of modulus
> Cyla — 1]/u. So 6 is bounded from 0 on this annulus. The inner boundary of
this annulus has Euclidean diameter r > Cs3e™", and whose outer boundary has
BEuclidean diameter > e“sle=1/ur The integral of |#|*> over this annulus is thus
> CyeCsla=tl/ug=m We deduce that |a — 1| < —Csulogu, which — 0 as u — 0.

Now remembering that vy € A’, let [£o], [€u] be as in 8.4. Let &, &, be close to &,
&, respectively with & (v1) = €/, (v1) = ¢'(v1). Then by the First Derivative Formula
8.4

d((&). [€0]) = d([€o]. [€u]) + 27 Re(Res(go — qu, ¢ (v1)) + O(e ™" /u) = u+O0(e " [u).

The error term O(e™2™ /u) uses a bound on the second derivative which does indeed
hold but has never been spelt out. In any case the error term is O(C/(u)e™2™) for
a constant C'(u) which is bounded when u is bounded from 0. Let ¢/(z)dz? be the
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quadratic differential for da-([€)],[€)]) at 2’, with stretch p/(z)dz? at [€]]. Then

since ' (v1) = & (v1) + O(e™™), " (v1) = &u(v1) + O(e™™), we deduce from 8.2 (for
example) that

Res(q', ¢'(v1)) = 1+ O(e™™) = Res(p', ¢’ (v1)).

Then by the first derivative formula 8.4, remembering that v; € A’

da([¢'], [¢"]) = d([&], [€0]) — 27 Re(Res(p', ¢’ (v1))8) + Ofe™*™ /u)
=u — 27 Re(B) + O(e %™ Ju).

Since d([¢'], [¢”]) < u we obtain the required result. O

24.7. Corollary. — Any component W of

{(lgl, 2) : Im(2) = m, d([e], 7([¢¢])) < u, la([¢]) — 1] < Culogu,
Re(8(l¢]. 2)) = —O(e™>™/")}

is disjoint from its iterates under the G(B(A(Ao), go) X Z-action.

Proof. — 1f d([¢], 7([¢]) < u then [p] is distance O(u) from a point [p] fixed by 7.
This is proved explicitly in 6.15 (and is basically Property 6 of 6.6) using iterated
pullback. (It is also possible to prove it using the derivative of [¢] — d([¢], 7([¢])-)
Then we have |a([px]) — 1| = O(ulogw). It follows that the rational map s~ with
[852 © Yoo © o] = [Poo] is within O(—ulogu) of a map with a parabolic fixed point. It
follows that {[¢] : ([¢], 2) € W} for some z} has diameter O(—ulogw). Then the set
of z with ([¢], z) € W for some [p] have Im(z) = m and Re(z) varying in an interval
of length m + O(—ulogu), by the relation 3([¢], z + ¢) = ¢*B([¢], z). So W is indeed
disjoint from its iterates under the G(B(A(Ay), go) X Z-action. O

24.8. Proof of 2 of 23.8. — We use 24.4, 24.5. From these, we deduce that
if ([¢],2) is a point where ||Di®([¢],z)|| = O(¢') for ¢’ small, then d(z',z") =
d([¢'], [¢"]) < u—de™™, and there is no large modulus annulus satisfying the Pole-
Zero Condition (9.4) for ¢ and homotopic to ¢’ (0Ap). Hence, for suitable C', arguing
as in 24.7, |a([gp],u) — 1] < Cu. Since, by 9.5, Ag is not of D;-dominant area for q
(for a suitable D; > 0) by 9.5, for a suitable ¢ > 0 independent of wu,

d(le]. 7([e]) = da, ([¢']. [¢"]) < d([¢'], ") (1 = 8) < (1 = d)u.

Since d([¢’], [¢"]) < u— de™™, arguing as in 24.7, we have
w—0d0e™ = da([¢],¢"]) = u—2rRe(B) + Oe " /u)

which gives Re(8) < —C~16e™™, as required.
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24.9. Proof of 3 of 23.8. — The following lemma gives 3 of 23.8.

Lemma. — The following holds for a suitable Co > 0 given Cy. Let Im(z) = m. Let
d([¢], T([¢])) < u(l = 6). Let |a([¢],2) — 1| < Ciu and Re(B) < —C7le™™. Then
O([p], z,u) < —Cae™™.
Proof. — As usual, write 2’ = 2'([p], z) = [¢'] and 2 = 2" ([p], z,u) = [¢"], and let
q(2)dz? be the quadratic differential for dz: (z/,2") at x’. By 8.2, it suffices to find x
with [x o ¢'] = [¢"'] and

[ Kol < et - e

for a suitable C' > 0. We shall find x using a different pair of quadratic differentials.
Recall that, by definition of ¢’,
> ) =o.

yEANNY”’
For y € Z' N Ay,
¢"(y) =¢'(y) = B+ O(ue™™).

As in 24.8, we again have |3] = C'e™™ for a suitable C’ > 0, because the holomorphic
map s used to define [¢”] from [¢'] is close to a holomorphic map with an invariant
orbit close to {¢'(g)(v1)) : j = 0}. Recall that A’ = {v;} UY’ < Ag C Y’ consists
of 4 points. Let (&), [€u] € T(A'), qo(2)dz?, qu(2)dz? be as in 22.4. Thus [¢']4» and
("] ar are near [&], [u], and &(v1) = &, (v1) = 0. Let [€,] € T(A’) be near [€,] with
& (y) = &uly) = ¢"(y) for y € Y' Ay, and &, (v1) = —3. By the First Derivative
Formula 8.4

d([o], [€.]) = d([€o], [€u]) + 27 Re(Res(qo, 0)(—f)) + o(8) = u — 2w Re(B) + o(3).
Let x1 be the map minimizing distortion with [xi o ] = [£],]. Then for z near 0,
x1(2) =z — B+ O(uz) + O(2?).
So for y € Ag N Z',
x1(¢' () = " () + Oue™™) + Oe ™).
So we can choose x2 which is the identity except in discs D(y) of radius O(ue™"")
round the points of x1 o ¢'(y), ¥y € Z' N Ap, with x2 of bounded distortion in these

discs, and such that [y2 0 x1 0 ¢'] = [¢']. Suppose that each such disc has ¢ measure
O(ue™™), that is, a(D(y),q) = O(ue™™) for each y € Z' N Ag. Then

(1) [ Kol < [ KO+ Otue ™) = e R0 4+ ogue)

<exp(u—Coe™™)

for suitable Cz > 0, as required. It remains to show that a(D(y),q) = O(ue™™) for
eachy € Z'NAg. Let D(0,7) = {z : |z] < r}, and let A(0,7) = D(0,r)~D(0,7/2). For
this, we need to show that a(D(0,Cie™™) < Coe™™ for Cy sufficiently large given C.
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There is no large modulus annulus homotopic to ¢'(0Ag) satisfying the Pole-Zero
Condition of 9.4, by the bound on |o — 1|. So it suffices to show (in the notation of
9.4) that a(0Ag,q) < Cpoe~™ for some Cy. Suppose that this is not true. Then an
annulus A homotopic to ¢’ (9Ag) of modulus 1 with a(A4, q) boundedly proportional
to the minimum possible is distance > Cie™™ from 0 for C; arbitrarily large given Cj.
Then D(0,Cie~") has Cy-dominant area, where Cy can be taken arbitrarily large for
Cy arbitrarily large. Then by 9.5, for a bounded constant Cy independent of Cy,

d@',2") < da, (2, 2") + C30y d(a', 2",

which gives a contradiction if C is sufficiently large. g

24.12. Proof of 4 of 23.8. — We need to show that a component W' of
W (u, 8, C,m) is contractible within W (u, C~16,C%,m), where

(], 2)  Tm(z) = m, d({p], () < (1= &), la(li], 2) — 1] < C,
Re(B([¢], 2)) = —C16e™™} = W(u,d,C,m).
Using the derivative of F([p]) = d([¢], 7([¢]), since this is bounded from 0 by 2
of 20.14, we can find a vector field w with DF(w) < —||w|//C; near W and off
{F([¢] = 0} and hence can contract {[¢] : ([¢].2z) € W for some z} within an
O(w) neighbourhood N and within {[¢] : F([¢]) < (1 — d)u} to {[p] : F([¢]) = 0}.
Then |a([p]) — 1] < C1Cu for suitable Cq by the bound on N. Also Re3([¢], z) for
([¢], z) € W' is within O(u) of an interval of length 7 with centre 3y. Then we can

choose a homotopy

h’([@]vz’t) = (h'l([@]v Z,f), h’Q([@]v th)) (t € [07 1])

with

h([go],z,()): ([W]vz)v F(hl([ﬂo]vzvl)) =0, d([@]vhl([(p]vzvl)) :O(u)
By varying the real part of z; we can ensure that the argument of B(h([¢], z,t) is
contained in an interval of length 7+O(u) and B(h([¢], 2, 1)) = Bo for all ([¢], z) € W".
Then finally we can choose h([¢], z,t) for t € [1,2] so that h([¢], z,2) is constant
on W". O
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CHAPTER 25

RESIDENT’S VIEW OF RATIONAL MAPS SPACE:
OUTLINE PROOF

25.1. The maps with which the Resident views Rational Maps Space

The aim of the last few chapters is to prove the Resident’s View of Rational Maps
Space. This theorem was stated in 5.10, and slightly reduced in 7.9. The theorem
concerns a component V; of the space of rational maps V. C B = B(Y, fp), and ‘71
denotes the universal cover of Vi, which is biholomorphic to the open unit disc D.
We now know (Injective on 71) that the inclusion Vi — B is injective on 71, and, as
a consequence, that ‘71 can be regarded as a subspace of 7 = 7 (Y).

We start by extending the definition of py — thus recalling the original definition
in 1.12. We identify ‘71 with the open unit disc D, and write 75 : D — V; for the
covering map. We also identify the universal cover of C~ Z(fy) = C~ Z with D, and
write 7y 1 D — C~ Z for the covering map. We assume without loss of generality that
m2(0) = v2. The original map py was defined on lifts in ‘71 of certain punctures in V4
— - since these were interpreted as paths from a basepoint fy to punctures in Vi, where
the segment of all paths outside V) was the same. So we can assume without loss of
generality that that the basepoint of 7 (Y (fo)) is 2o = [identity] € Vi, corresponding
to the polynomial fy € Vi, and 75(0) = fo. Now we shall define a continuous map
p2 : T(Y) — D, so that the map extends continuously to the original definition at
the lifts of some punctures of Vj.

So let [¢] € T(Y). Then there is a unique Y minimizing distortion up to isotopy
constant on Z with [x]z = [p]z. Then there is a path 3 : [0,1] — C ~ Z. with
£(0) = vg, uniquely determined up to homotopies preserving endpoints, such that

lely = [xooply
We then define
p2([¢]) = (1),
where 3 is the lift of 3 with ﬁ(()) = 0.
In particular, ps is defined on Vi = D. We claim that at any lift to a € D of any
puncture of Vi which represents a degree two rational map, ps extends continuously

to the original definition of ps(a) in 1.12. The reason is that, although this point is on
the boundary of 7(Y'), it is only a finite distance in 7 (Z) from the basepoint. So we
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can write it in the form [x o 03] where x minimizes distortion up to isotopy constant
on Z, and (3 is a path from vs to a point of Z(fy). Then it is clear that p2(a) = B(l)
coincides with the original definition. The map p2 on 7(Y) is not G-invariant. But
since the definition on lifts of punctures is G-invariant, any continuous extension to
9D with be 71 (Vq)-invariant.

The Resident’s View of Rational Maps Space (5.10) is given by the following.

25.2. Theorem: View of \71 via po

(1) The map pa has the following uniform continuity property on D. There is an
at most countable set A C 9D, and for each a € A there is a connected subset U, of
Int(D) whose closure intersects OD only in a, such that the following holds. Given
e > 0 there is a finite A C A and 6 > 0 such that if z, 2/ € D ~\ UgzeaU, and
|z — 2| <& then |p2(z) — p2(2')] < e.

(2) The set A is precisely the set of lifts of punctures of Vi, together with the end-
points of lifts of closed geodesics in Vi, such that a generator go of the corresponding
cyclic subgroup of (V1) leaves almost invariant a set T (0P, ¢), where P is the fixed
set of (fo,T) for a minimal isometric or pseudo-Anosov node [fo,T).

Proof that the Resident’s View of 5.10 follows from this. — We shall use several times
in this proof the following classical result about pairs of fixed points of the action of
a cofinite area discrete group of Mobius transformations on dD. The example we
have in mind is 71 (V1), which acts by Mobius transformations on D U dD when we
identify D with the universal cover Vl of V1. The result is simply that pairs of fixed
points of hyperbolic elements of the group of Mobius transformations are dense in
OD x OD. This result is proved, for example, in [G-H].

Let ¢ : 9D — 0D be continuous monotone such that p~!(x) is a nontrivial interval
if and only if x is a discontinuity of ps. that is, only if x € A. Let

X ={o Na): ¢ Y (x) is a point} = {¢ ' (x) : p2 is continuous at x}.

Then pp o | X extends continuously to X, by the uniform continuity property of po.
Then we extend to a continuous map — which we again call pa o ¢ mapping 0D
into D, as follows. If ¢~ (x) is singleton. that is, ¢ A, then we take pyop(p™1(x)) =
pao@(de~t(x)), since Jp~(x) € X. If ¢! () is nonsingleton, we take prop(p ! (x))
to be the geodesic in D joining the endpoints of ps o (@~ !(x)). This happens only if
z = a for some a € A. Only finitely many of these geodesics have over a given length
by the uniform continuity property of ps. So we can make p2 o ¢ continuous. We
can define an action of 7 (V1) by homeomorphisms on 9D so that p(g-x) = g - ¢(x)
for all g € 71 (V1), * € 9D, the second action coming from the identification of D
with Vi. Then we also have ps o p(g- ) = g - p2 o p(x) for all g € m(V1), @ € OD,
the action on the range being the restriction of the G-action described in 1.13, 3.15.
This commutativity follows from 1.13 and continuity of ps o .
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For any fixed set P, we write C(P) for the union of convex hulls C(fy,T'), where
(fo,T) has fixed set P. All connected components of the union of Levy convex hulls are
of this form. For a € A corresponding to P, we consider the action of g, € m (V1) < G
on dD, regarding D as the universal cover of C~ Z. Thus. according to the definition
of 1.13, the action of g, is a lift of an element of the modular group. Note that, by 3.15,
g fixes C'(P), but does not fix any other connected convex hull union. In the proof of
7.10. we saw that, replacing g, by g7 ! if necessary, for € 9D, apart from one point
in each component of 9D ~ C(P) in the pseudo-Anosov case, lim,, .4 g () exists
and is in dC(P). It can be shown similarly that for = ¢ 9C(P). lim, . g, "(x)
is the point fixed by ¢, in the same component of 9D ~ C(P) as x. This other
fixed point must be in the boundary of a component of D ~ (Up/C(P’)) adjacent to
C'(P), since each such component boundary does contain a fixed point of g, outside
OC(P). We can also consider the action of g, on dD obtained from regarding D as
the universal cover f’l of Vi. Then a is a fixed point of g,. Let a’ be the other. Then
P20 (0~ 1(a))), p2ow(@(p~1(a'))) are in IC(P) or are fixed points in boundarics
of adjacent components of D ~ (Up.C(P’)). The same is true for all points of A.
So for any other point a; € A~ {a,a’}, p2 o (o~ Hay)) N W)- = @. Moreover,
if pa o w(a) € OC(P) then pz o p(x) € pa o (e (a) U !(a’)), because otherwise
p2 0 @(glr) = p2 op(x) for all n € Z, which contradicts

lim 2 0 o(gq (2)) € p2o (e (a)) Upzop(p™!(a)).

n—+toc

Now we claim that ps o (@~ (a)) U p2 o o(¢p~1(a’)) lies in the closure of a single
component of D~ C(P). If this is not true, we can find intervals I,. I, C D such that
p o @(lj) lie in different components of D~ C(P). But we can find g € m(V}) with
fixed points a; € I;. j = 1, 2. with corresponding fixed set P’ # P. This contradicts
our previous finding on the positions of ps o p(a;) relative to C'(P’). So now we know
that, interchanging a and a’ if necessary, paop(@~'(a) € OC () and paop(p~'(a’)) is
a point in the boundary of an adjacent component of D~ (Up C(P')). So far, it could
be in 9C(P) also. It now follows that all points of py o (D) are in the boundary
of a single component of D ~ (Up.C(P")) — for if not we can find a fixed set P’.
g € m (V1) with fixed points aj, as € D such that py o (¢ !(a1)) is separated from
p20@(e 1 az)) by C(P'), giving a contradiction.

Now suppose that p2 o ¢ is not monotone. Since the image is a circle, there must
be nontrivial disjoint intervals I;, Io € 9D such that p2 o o(I;) = p2 0 o(I2). Then
we can find g € m(V)) with attractive fixed point z; in I} and repelling fixed point
xg in Ir. Then po o (g™ (12)) = p2o@(g™ (1)) for all n, hence ps o p(S?) = py o (1)
is constant. This is not true, because py is injective restricted to cusp points in 9D
(1.12). So p2 o ¢ must be monotone.
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25.3. The Classical Proof. — One classical case in which a map on the open unit
disc D extends continuously to the boundary is when the map in question is a quasi-
isometry with respect to the Poincaré metric dp on D. This was used by Mostow
[Mos] in the proof of his rigidity theorem for most compact symmetric spaces. (Of
course, for surfaces, there is no rigidity, but the part of the argument in which the
quasi-isometry extends is valid.) Interestingly, in that case, as here, the map involved
is a homomorphism for a group action. Our map py : D — D is quite far from being
a quasi-isometry, in all cases, and our proof is not particularly close to the classical
one, but it is nevertheless worth highlighting some features of the classical proof.

So let p: D — D be a K-quasi-isometry, with p(0) = 0. For all z, y € D, we have

dp(x,1
—5(7\—/—) <dp(plx), ply)) < Kdp(z,y).
In particular,
dp(z,0
dp(p(r).0) > 20

Using the standard relationship between Poincaré and Euclidean distance, this means
that
0<1—|p(x)] < 2e-drOD/K

This implies that p(x) tends to 9D as @ tends to D, uniformly in the Euclidean
metric. This is obviously nccessary if p is to extend (continuously) to map 9D into
OD. Now let x, y € D be such that dp(0,2) > dp(0,x) for all z on the geodesic
segment [z, y] between 2 and y. Then dp (0, p(2)) = dp(0,2)/K for all such z, and

Ip(x) = p(y)] < e O Kdp(p(a), p(y).
By breaking up [z, y] into segments of bounded length, and adding, we deduce for a
suitable C' that

() = ply)| < CemdrteO/K,

The continuous extension of p is easily deduced from this inequality, and could clearly
be deduced from much less. The essential point is that, if p([x, y]) is known to be near
0D, then many different conditions will force it to have small Euclidean diameter, and
the relationship between Euclidean and Poincaré metrics might well be helpful.

25.4. The Points of Discontinuity. — We shall formulate the conditions we shall
use to prove continuity of po in the next paragraph. First, we need to determine the
set in which uniform continuity will be proved. We want to allow a countable set A
of points of discontinuity on 9D, at which right and left limits will exist. At each
a € A, we shall choose a set U,, such that U, NID = {a}. The sets U, will be of two
types, which we term Stoltz angles and horoballs. Given a € A C 0D, there is a cyclic
subgroup in 7 (Vy) < G which fixes a. We choose a generator g, of the subgroup.
Thus, a will obviously be in a countable set. As an element of m1(V1), g, is cither
hyperbolic or parabolic. As an element of G, g, € G(f,T'), where [f,I'] is either a
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pseudo-Anosov or an isometric minimal nonempty node. If P is the fixed set of (f,T'),
then, regarding g, as an element of the modular group MG(C,Y) (which contains G,
go is the identity off P and is either a pseudo-Anosov on P (in the pseudo-Anosov
case) or a Dehn twist round 9P (in the isometric case).

In both cases, hyperbolic and parabolic, for M, yet to be determined,

U, ={x € D:dp(x,g, ) < M,}.

If gq is hyperbolic then U, is a Stoltz angle, and a is an endpoint of a (unique)
geodesic £, which projects to a closed geodesic in V;. An equivalent description of U,
in this case, for M/ depending on M,, is

Ua = {Z : dP(Z~£u) < ]\/[(/1}

Then U, is a geodesic-convex set such that OU, meets a in two curves at equal angles
< /2 with ¢,, which is the reason for the term Stoltz angle.

If a € A is parabolic then U, is a horoball, and a will lie in one of finitely many
orbits under 7 (V1), corresponding to punctures in Vi. A horoball at a point a € 9D
is (as usual) a disc contained in D and tangent to D at a. As is well-known, horoballs
are defined by the following property: points  and 2’ are on the boundary of some
horoball if and only if the half-geodesics z;, x} parametrised by length with ideal
endpoints at a and x¢p = x, z{, = 2, remain a bounded distance apart. In fact,
d(xy,xy) = O(e™).

We shall choose our horoballs so that Ug.q = g - U, for g € mi (V). This is enough
to ensure that, given M, there is an integer N such that at most N horoballs U,
intersect any set of diameter < M, because the horoballs U, are bounded distance
neighbourhoods of smaller horoballs which are actually disjoint. We shall call this a
bounded intersection property. It also ensures that, for some M. every point in D is
distance < M from some horoball U,. In fact, large horoballs would cover D. We call
this the bounded covering property.

25.5. The following reduces the proof of the Resident’s View to proving two key
conditions.

Continuity Condition Lemma. Let D ={z:] z |[< 1} and let p2 : D — D be continu-
ous with 0 = p2(0). Let A be a countable set of points of 0D, with a set {U, : a € A},
where each U, is a Stoltz angle, or a horoball, such that the horoballs have the bounded
intersection and bounded covering property. Then ps extends continuously to 0D \ A,
with right and left limits existing at a in D ~ U,, and the Resident’s View will be
proved, if the following two properties hold.

(1) Infinity Condition. Given A > 0 there exist A > 0, and a finite set A’ C A
such that if 2 € D N\ UgeaUq and d(z,0) = A, then d(p2(2),0) = A.

(2) Eventually Close Condition. There is a sequence {a,} with lim,_ o a, = 0
such that the following holds for any x € D. There is a path {x, : u € [0,T]} in D
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with xy = 0, xp = x, such that the Eventually Close Path Property holds for the path.
The property also holds for any path in OU, (a € A) and any path of diameter < M.
The limits along a path in OU,., are the images under g of the limits along a path in
oU, ((J S 771(Vl))

(3) The Eventually Close Path Property for a path {x; : t € [0,T]}. Let

t, = sup{t : d(0, p2(x¢)) = n}.

Then
ECPP polxy) — pa(e,)| < a, forallu >t,.
Proof. We nced to prove uniform continuity of ps in the following sense. Given

e > 0. we need to find A’ and finite A’ € A such that if z, 2’ are in the same
component of
{z:dp(0,2) = A}~ U U,
ac A’
then

(4) Ip2(z) = p2(2")| < e.

Let {a,} be as in the statement of Eventually Close. Fix n, to be chosen later,
so that a,, is small enough, depending on €. Then by the Infinity Condition, there
is a finite A’ € A, and A’ > 0 such that if d(0,z) > A" and z € D ~ Ugea Uy, then
d(0, p2(2)) = n.

By taking A’ sufficiently large, we can assume that the scts U,N{z : dp(0,2) = A’}
for a € A’ and U, a Stoltz angle, are disjoint. We can also assume that, for all a € A’,

U,N{z:dp(0,2) <A} #£ 2.

By adding extra horoballs if necessary, but keeping the above property, we can en-
sure that, for a fixed M independent of A’, every point in {z : dp(0,z) = A’} is
distance < M from some horoball U, with a € A’. This is because the horoballs
in A have the bounded covering property. So then, for Ay depending only on M
whenever a, a’ are adjacent points of A’ (that is, adjacent on 9D) we can find a path
Coa C{z:dp(0,2) = A’} of length < My (and possibly of length 0) joining points
on OU,. OU,. Now let R be any component of
{z:dp(0,2) = A"}~ U U,.
ac A’

By the Bounded Intersection Property of the horoballs, there is Ny, independent of
A" and A, such that OR N D is a union of < N; different connected sets, cach of
which is either in some £, . or in some JU,,.

So to prove (4), it suffices to show that, for a suitable integer N independent of n,
if 2, 2/ € R, then

(5.N) lp2(2) — pa(2')] < Nay,.
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Given € > 0, we then choose n so that Na,, < e. It suffices to assume that 2/ € ORND,
since if (5.N) holds in this case, then (5.2N) will hold for any 2z € R. Consider the
path {x; : t € [0,T]} satisfying (ECPP) which joins z to 0. with z7 = 2. Let

1

2" =y where t = sup{s: xs € OR}.

Then (5.1) holds with z’ replaced by z”. So it suffices to prove (5.(N — 1)) with z,
z' € OR. But (ECPP) holds, and hence (5.1) holds, for each component of OR N U,
or JRMLg o, any a, a’ € A. So then (5.NVy) holds for any z, z’ € R, and thus (5.2N;)
holds for any z, 2’ € RR. O

25.6. Reduction to two theorems. — The Infinity Condition for ps will be
deduced from Infinity Condition Theorem. We shall thus deduce the Resident’s View
of Rational Maps Space from the following two results.

Infinity Condition Theorem. Given M there is M’ such that the following hold. Sup-
pose that

dp (0, p2(x)) < M.
Then all but at most length M’ of ¢ is in T(OP.ey) for a fived set P of some (fo.T)

satisfying the Invariance, Levy and Mazimal Conditions.

Eventually Close Theorem. ECPP of the Continuity Lemma holds for our explicit
choice of pa: that is, ECPP holds for paths in OU,, for paths of bounded length, and,
for any x € Vi, for at least one path in Vi joining x to 0.

25.7. Two Very Basic Lemmas. — Our first basic lemma is simply a very obvious
estimate relating dp, dy and dz —- but is worth spelling out.
First Basic Lemma. — For a constant C' > 0 depending only on #(Y'),

dy (xg.2) — dz(xg,x) < Cdp(0, pa(2)).

Proof. As before, we have @y = [identity], and 2 = [x o 0]y where y minimizes
distortion up to isotopy constant on Z, and § is a path with initial point at ve. Then
dz(xo.x) = dy ([osly[x o osly).
dy (rg, x) < dy ([identityly, [og]y) + dy ([os]y. [x © 05]y)
< Cdp(0, pa(x)) + dz (g, x). O
The following is fairly obvious, given our present state of knowledge, but it is worth

spelling out, before we show how to obtain the Infinity Condition from the Infinity
Condition Theorem.

Second Basic Lemma. Given A > 0, there is A" > 0 such that the following holds
forany x, y e Vi. If dp(x,y) = A/, then dy (x,y) > A.
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Proof. — Suppose the lemma is false. Then there are A and x, and y, with
d(zn,yn) = n but dy (xn, yn) < A. Then if one of z,, or y, is in (7(Y))<. for e > 0
small enough depending on A, they must be in the same component of 7 (Y))<..
But in such a component, the comparison between dy and dp is straightforward,
and so dp(zn,y,) would be bounded. So there is € > 0 such that z,,, y, € T(Y)>.
for all n, and there is &’ > 0 such that z,, y, € Vi project to (Vi)se for all n. Then
there are M > 0 gp, h, € m (V1) and z € ‘71 such that gn -z, 1s a distance < M from
some x for all n, and g ! -y, is a distance < M from h,, - x. Then d(z, hy, - ) — o0
but dy (z,h, - x) < A+ 2M for all n. Then there exist n ;é m with h,, # h,, but
dy (hy -, hy, - x) = 0, contradicting Injective on my. O

25.8. Towards the Infinity Condition. — The following is a step towards show-
ing that the Infinity Condition Theorem implies the Infinity Condition for ps. To get
the complete Infinity Condition for ps we need M’ in (1) below replaced by a constant
M, which does not depend on M (although it can depend on a). We shall obtain
that refinement in 27.8.

Corollary. — Suppose that the Infinity Condition Theorem holds. Let x € D with
dp(0, pa(z)) < M.

Then there are M' and a finite A’ C A, both depending on M, such that either
dp(0,z) < M’ or, for g, € 71 (V1) a generator of the subgroup fizing some a € A’,

(1) dp(z,ga ) < M'.

Proof. — Let ¢ denote the geodesic segment in 7 (Y) between xg and x. By the
Infinity Condition Theorem, we deduce that all but length at most M; of ¢ lies in
T (0P, eq) for the fixed set P of some (fo,1") satisfying the Invariance and Levy, and
Maximal Conditions. Because 7 (0P, eg) is entered by time M; (from zq), there are
only finitely many possibilities for 9P, depending on M;. In particular, we have a
bound, depending on M, on x(P). Write k = k(P)if k(P) > 0. If k(P) =0, let kK > 0
be suitably small. Also, we have a bound on dy (y, 7(y)) for y € £~ T (0P, go) because
dy (0, 7(20)) = dy (. 7(x) = 0. Let a : [0,1] x [0,1] — 7T be a homotopy between /
and a path in Vi, with «([0,1] x {0}) € Vi, a([0,1] x {1}) C £ and « constant on each
of the sets {s} x [0,1], s =0, 1. We apply the level « tool of 7.7 to «, with 0 equal to
the complement in 9([0, 1] x [01]) of two intervals in [0, 1] x {1} containing (0,1) and
(1,1), whose images under « are bounded with a bound depending only on a given &5,
and such that a(9 N ([0,1] x {1})) C T(OP,e2). Let o' be the new homotopy given
by the Level x tool. We can assume without loss of generality that o' is transverse
to OT.(g1). Now consider the restriction of ¢’ to the complement of the component
of (/)Y (T (£1)) containing & N ([0, 1] x {1}). The restricted domain is topologically
a square, and contains all of the original boundary apart from two subintervals of
[0,1] x {1} containing (0,1) and (1,1). Reparametrise this restricted domain to a
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square, keeping the three original sides which are in the restricted domain, to obtain
a new homotopy o’ between the original path in Vi, and another path which, apart
from two sets of diameter < M (e2), is contained in some set K;(u,e1) (if K(P) > 0)
orin Vi N T, if x(P) = 0. Write ¢; = ”/([0.1] x {1}). Then

(L NTOP.e) C (V)ce, if w(P) =0,
LNT(OP,e) CCC Ki(p,er)

for some minimal g with fixed set P if x(P) > 0, and component C of K;(u,e1). In
both cases, ¢; determines a cyclic subgroup of G with a generator g. If k(P) =0, we
take g to be the element given by a simple path round the relevant puncture of V'
(not yet of Vi) and if x(P) > 0 then we take g to be the generator of the cyclic
group (whose existence is given by Descending Points in 7.7) which leaves C' almost
invariant.

Suppose we have the above situation for x, for a certain number of n, where
dp(0,2,,) = n but dp(0, p2(x,)) < M. Because the intersection of ¢; with T (9P, &)
starts within a bounded distance of the first point of intersection with 7 (0P, 1), there
are only finitely many possibilities for C' and ¢ (depending on €3). So we can assume
that we have the same g € G of the form above for all x,,. Let ¢;, be the path as
above corresponding to wx,, with second endpoint x,,. Moving the endpoints of ¢; ,,
a bounded distance (depending on €3), we can assume that the endpoints are h,, - 2
and ¢ hy, - 29 = x,, for a bounded h,, € G. Then if there are sufficiently many n, we
can assume after renumbering that hy = ho = h, my # mso. Then we have

o = hg™ "™ h oy € m(WY) -,
hence hg™m2=™h~1 € 7y (V1), which is only possible if hgh~! € 7, (V1), by the To-
pographer’s View 5.10: the detailed description of the group G' = 7 (B) shows that
if g1 € G with g7 € 7 (V1) for some n then g; € 7 (Vy). Then let a € D = (‘9‘71
be a fixed point of g. Then for a suitable choice of the horoball or Stoltz angle U,
(depending only on M, and hence only on a) we have x,, € U, for all n. O
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CHAPTER 26

REDUCTIONS TO
THE INFINITY CONDITION THEOREM

26.1. The most basic estimate. — In the next two chapters, we prove the
Infinity Condition Theorem of 25.6. This chapter is devoted to reducing what has to
be proved, to the First and Second Reductions of 26.4, 26.5. The Second Reduction
will then be proved in the next chapter.

Throughout this Chapter, xy = [po]. #1 = [¢1] are points in Vi ¢ T(Y), as in
Chapter 25, £ = [xg, x1] is the geodesic between them in 7 (YY), and ¢’ is the geodesic in
T(Z) joining 7z (wg) and 7wz (x;). The point x¢ is the basepoint used in the definition
of pg: Vi — D (21.1) with p2(x0) = 0. More generally, given &1 = [¢1] € V1. we can
define a function

x— polw,xy): \71 — D
with pa(z1) = 0. This function is uniquely determined up to a Mébius transformation
of D.

The following is the most basic estimate in converting boundedness of ps into other
properties. Mostly, we shall apply it with Condition (1), but we shall use Condition
(2) to apply it to paths ending a bounded distance from some Ul,.

Lemma. - There is a constant C such that the following hold. Let

(1) dp (0. p2(x1)) < M.

or suppose that for some xo € T(Y) with wz (o) € ¢,

(2) dp(0, pa(xe,21)) < M,  dy(xo.x2) < dgz(xo,w2) + M.

Then

(3) dz(xo,x1) = 0|z < ||7(0)|| z < dy (xo,21) = ||[l]ly < dz(zo,21) + MC.
where || - ||z. || - |lv denote length in T(Z), T(Y) respectively.

Proof. — To obtain the first two inequalitics of (3): for any points @, y we have

dz(m(x), 7(y)) < dy(x,y),
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and hence, since the endpoints of 7(¢) are 7z (xo) and 7z (x1),
dz(xo, z1) < [IT7(O)llz < €]y

Now assume that (1) holds. We can write 21 = [¢1]y = [x1 008 0 @]y, where [x1]
minimizes distortion up to isotopy constant on Z and 3 : [0,1] — C ~ Z is a path
with 3(0) = po(va), B(1) = x7 ' 0 @1(v2) and pa(z1) = B(1), where 3 :[0,1] — D is
the lift with 5(0) = 0. Then

dy (20, 71) < dy ([x1 0050 woly. |05 0 woly) + dy([os © woly, [¢o]y)
<dz(zg,21) + Cdp(0, p2(x1)),
which gives the last inequality of (3). If (2) holds, then in a similar way we obtain
dy (w2, 21) < dz(x2,21) + C1 M,

which gives the last inequality of (3) with C' = C; + 1. O
26.2. Lemma. — Suppose that (1) or (2) of 26.1 holds. Given M > 0, §o > 0, there
18 My such that the following holds, except for x € £ in a union of < My segments of

length < Ms. Let pu be any segment of € whose endpoints are both within 1 of x. Lety
be the endpoint of u separating p and x; (i =0 or 1). Then

(1) el = Ml < do

2) ()l = "1l < do,

3) dz(z,y) +dz(y, ;) — dz(z, ;) < do,

4) dz(m(x),7(y)) + dz(7(y), x:) — dz(7(x), z:) < do,

where 1’ is the geodesic in T (Z) whose endpoints are the projections of the endpoints

(
(
(

of p, and p' is the geodesic in T (Z) whose endpoints are the same as those of T(u).

Proof. — To obtain (1) and (2), note that if u;, po are any two adjacent segments
on ¢ (or 7(¢)), with p = py U po, and p/, pf, w5 are the segments in 7(Z) with
endpoints the projections of the endpoints of u, w1, pg, then

lully = ez = (lpally = 1eillz) + (lpzlly = sl z)-

Now write ¢ as a union of segments u of length < 3 such that any x € £ is in at most
three segments, but, apart from length 1 at the endpoints of ¢, any x lies in at least
one such segment ji1, distance > 1 from both endpoints of p;. Then

> _Uluslly = lluillz) < 3(1€ly = ellz) < 3CM,

M1
and similarly for the 7(ui), py. So for all but O(M/dy) of these segments, any
subsegment ;1 and corresponding 7(u) will satisfy (1) and (2). This gives (1) and
(2) for p within 1 of z, except for = in a union of O(M/dy) segments of total length
O(M /dg).
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The inequality (3) is really two inequalities, one for each z;. We obtain each one
except for a finite union of segments, bounded in terms of M, and dp. Without loss of
generality, we consider the inequality for xg. Then we write ¢ as a union of segments
as before. Fix any segment pq, where p; is divided into segments of length < d§¢/8
and the successive points are y;, 0 < @ < n. Then write

S(p) = Z(dz(fr/(),?jiﬁl) +dz(yi—1.y:) —dz(xo,ys))-

=1

Then all the terms in each sum S(pq) are > 0, and

> S(m) < 3CM.
H1

So for all but < 12CM/§y segments, we have S(u) < do/4 Then for y, and y, in a
good p, p < g, by summing from p + 1 to g, we have

dz(@0,yp) + dz(Yp-yq) — dz(x0.yq) < do/4.
Then for any x and y € p with = to the right of y we have
dz(zo,y) +dz(y,x) — dz(zo,x) < do.

Then (4) is proved in a similar way. O

26.3. Notation for the Reductions. — In what follows, we shall frequently refer
to gaps without having introduced a loop set. A gap is simply a nonannular subsurface
B of C with 93 NY = @, such that all boundary components are nontrivial and
nonperipheral. We allow the possibility 3 = C. We shall refer to periodic gaps and
loops without having introduced an invariant loop set. A gap or loop is periodic with
orbit [3] if there exists a sequence §;, 1 < i < n, with 8= 81 = 8,41, 5N G; = @ for
1 <i<j<n,and F; is a component of f(fl(/’fi+1) up to Z preserving isotopy. We
then write [8] = {B;: 1 < i< n}, asin 17.3.

We use the notations mg(x) of 9.1, a(a, g) of 9.4, [p(7)|, of 14.5. Having specified
a geodesic segment ¢; C 7 (Y), we shall write I(3,Cy,¢) for the set of x = [p] € ¢,
such that, if ¢(z)dz? is the quadratic differential at = for dy (xq, 21 ), then

lp(98)]q <e,
a(B,q) = Cy or a(B,q) = Cy/ms(x),

depending on whether 3 is a gap or loop. (We have 3 = 90 is 3 is a loop.) In such
circumstances (as in the past) we shall write a(3, ¢) = a(f3, x), where it is clear which
quadratic differential is meant. If 3 is a gap, then we define I(3,Cy,¢e,v) C 1(3,Ch,¢)
to be the subset of = such that, in addition, |¢(vy)|, = v for all v C Interior(3). (This is
an empty condition if 4 is a loop.) Note that if x € I(3,C1,e,v), then x € T(943,9),
where 0 = d(¢,C1,v) — 0 as ¢ — 0, for fixed Cy, v, and @ € (T(A(B))>y, where
7 = n(C1,v) is bounded from 0 if v and C) are.

We say that « is workable if
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(i) « is a periodic loop or gap

(i) if «v is a loop then it generates a loop set satisfying the Levy Condition;

(iii) and if « is a gap then vy € « and it is irreducible and homeomorphic pseudo-
Anosov or degree two nonrational.

26.4. The First Reduction. — There is C7 = C{(M,eg,10) > 0 such that the following
hold. Let €1 be connected. Let (1) of 26.1 hold and €1 C ¢, or let (2) of 26.1 hold and
21 € Toey, 41 C [x2,x1] for o as in (2) of 26.1. For x € {1, let (1)-(4) of 26.2 hold,
for 0o sufficiently small given M, €q, no.

Then there is a workable gap or loop o such that

O C I, Cl mo).

Remark. — The precise formulation of the First Reduction is made so as to imply
the Infinity Condition both for paths for which [|¢||y — |||z is large, and for paths

in a set QU,, for which ||¢|[y — ||¢'||z is bounded. From 26.2 it follows that if (1) of
26.1 holds then all but length < M5 of £ is in < My segments such as ¢;. We shall
deduce the Infinity Condition from this in 27.7-8.

26.5. The Second Reduction. Let the same hypotheses hold for xqg, x1, and €1 as
in the First Reduction. Then there is a function r : (0,00) — (0,00) such that the
following hold. Let 2 € I(38,Cy,r(v),v) C ¢ for v = vy and periodic 3. If do
sufficiently small given M, Cy, vy, then 3 is workable.

The following two lemimas explain why the Second Reduction implies the First.

26.6. Lemma. — Let the same hypotheses hold for xg, x1, and €1 as in the First
Reduction. Let Cy > 0 and a function v : (0,00) — (0,00) be given. Then if 5o > 0
is sufficiently small given M, Cy, r, there are vy = v (M,Cy,g9,m0,7) > 0, Cy =
Co(M,Cy) > 0 such that €y is a union of sets I1(3, Ca,r(v),v) for periodic 3 (including
B3=C)andv>uv.

This will be proved in 26.12. It allows us to replace the hypotheses in the First
Reduction by the hypotheses in the Second.

26.7. Lemma. Let the same hypotheses hold for xy, x1, and €y as in the First
Reduction. The following holds for a suitably chosen n1 given no, M, and C| given
M and Cy. Take any segment 5 of {1 such that fo is a (conmected) union of sets
I(8,Cy,m). Then if 0o is sufficiently small given M, €9, C7, then there is a single
workable o such that

0y C I, Cpymo)-

This will be proved in 26.13. It allows us to replace the conclusion of the Second
Reduction by the conclusion of the First.
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26.8. Area in the geodesics ¢ and . — See 14.10 for the definition of d/,. We
write d, , when the underlying Teichmiiller space is 7(Z). The first step in analyzing
subsurfaces o with @ € 7 (9, e0) N ¢ and a(a, ) bounded from 0 is the following.

Lemma. — Given M > 0, C'y >0, v > 0, there is My = M (M,v,Cy) such that the
following hold. Let xo, x1 and €y satisfy the hypotheses of the First Reduction. Let
ze l(a,Cy,e.v) C ¥y for somees <v. Then

(1) do.z(x,7(2)) < My,

(2) dl, z(wiw) = dy (v x) — M.

for i =0 or 1, depending on whether (1) or (2) of 26.1 holds.

Proof. — First, we want to apply 14.2 to the geodesic segment ¢ = [z¢,x;] and a

»oint ' on one of the following unions of geodesic segments in 7 (YY), depending on
t=} S

what hypotheses we are using:
[0, 20] U [2, w1]
where
Lo = [990}-, 4176 =logo \PU])", = [p1]ly = [Xl © 030 woly
where 3 is a path starting at oo (v) and y; minimizes distortion up to isotopy constant
on pg(Z), or
(w0, 2] U [22, 7] U [2], 4]
where
2o = [po]. 22 = [x2 000 0], 2} = [X1 0 X2 004 00], 21 = [05 0 X1 0 X2 © T4 © o).

Here, [¢o], [x2 © o], [x1 © X2 © po] are on the same geodesic in 7(Z), and x1, x2
minimize distortion up to isotopies constant on x2 o po(Z), @o(Z) respectively. The
path 3 is bounded in both cases. giving

dy (g, 20) < CM, dy(x;,27) < CM.
By the definitions, we have, under the first hypothesis
dy (x5, 21) = dz(xg, x1),
and under the second hypothesis,
dy (2o, a2) < dz(xo,x2) + M, dy (22,2)) = dg(x2,21).

Then for any 2’ € [, 1] in case (1) of 26.1, or 2’ € [x2, 1] in case (2) of 26.1, we
have
dy (o, 2") + dy (2',21) < dz(xo,21) + (1 + 2C)M.

Given @ € £ we can choose z’ € [z(, x1] or 2’ € |12, 2] with

|dy (2o, 2) — dy (x0,2")| < CM.
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So, since a(a, x’) = Cy, we can apply 14.2 to obtain, for suitable Ma,
doy (2. 2) < M.

Projecting, this gives
do 7 (2", 2) < Ms.

Then

(3)  d, g2 x0) =d, (2" 2) = dl, y(x,200) — My — CM = dy (2, 20) — Ms

for suitable Mj, under the first hypothesis. The last inequality uses a{«w,q) = Cf.
Similarly, under the second hypothesis, if 2’ € [z}, 1] we obtain

(4) o.z(@ 21) = dy (2,21) — Ms.

It follows that there are n = n(M,Cy,v), C7 = C{(M,Cy,v), and o with o C o
(possibly o’ = C) such that 7z (a) € T(9a', ). nz(2') € (T(A(a)))s, if o is a gap,
and a(a’,7) = C| or a(a’,7) = C1/mea ('), where r(2)dz? is the quadratic differential
for dz(wo,a’) or dz(x1,2") at 2’. These lower bounds on a(a/,r) follow from (3) or
(4), and g € T>q, or 21 € T>., depending on whether the first or second hypothesis
is used. For let 2’ =[] and let r;(2)dz? be the stretch of r(z)dz? at x;. First let o/
be a gap, and let v C int(«/) with |¢'(7)| bounded. Then for ¢ = 0 or 1 (depending
on which hypothesis we are working under) both |p;(¥)|,, and |p: ()], /l¢"(7)|» are
boundedly proportional to ¢?#(#" 79 which means that a(a’,7) must be bounded

from 0. If o is a loop, then o/ = «, and we argue similarly, but replacing =’ by
2" = [¢"] € [/, ;] such that ¢”(«) has length ¢, and take v = «.
Then we can apply 14.2 to [xf, x1] C T(Z), or [x2, 2] C T(Z), with each of w4 (),
7wz (T(z)) and with «’, to obtain
dor z(2,2") < My, do z(7(2),2") < My.

Then we have (1) and (2) of the statement of this lemma, as required. (|

26.9. A good gap is a preimage of a good gap

Lemma. Take the same hypotheses as in 26.8. Then there are constants v =
VI(M,Cy,v), Cr=CH(M,Cy) >0, =¢"(M,Cy,v,e) which — 0 as ¢ — 0, such that
the following holds. There is o/ C C Y such that « is contained in a component of
fo (@) and x € I(a/,C} <", V/").

Proof. In what follows, we work under the first hypothesis of 26.8. If working
under the second hypothesis, we replace xg by x1. By 26.8 we have, for suitable
AI] = AII(A[ v, C]),

dty 7 (20, 7(x)) = (dhy (w0, 7(x)) — ), y(w0,2)) + diy 7(x0,7) > dy (0, x) — 2],

If v is a loop with & € T (v,n), then 7(x) € T(f, '(v),4n) and if « is a gap, then
fo t(y)NInterior(a) = @, if n is sufficiently small given v, Cy and M, because otherwise
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by 26.8 x € T(f;'(7),v). So there are v/ = v/(M,Cy,v), o« with a C f;'(a’), and
¢’ which — 0 as ¢ — 0 for fixed M, C1, v, such that x € I(o/,a(a/, q), &', V).

It remains to show that a(a¢/,q) > C] = C{(M,C)) or a(d/,q) = Ci/ma(x'),
depending on whether o/ is a gap or a loop. To show that C7 is independent of v,
note that we can subdivide o and hence could assume that v = ¢, for some fixed &.
We claim that there is a constant M3 = M3(M, Cy,v) such that

(1) diy.z(ﬂ?oﬂ'(l’)) < dory (10, 7) + Mj

We need to consider the definitions. Let sg, s be the holomorphic branched coverings
with branchpoints at @o(v;), @(v;), j =1, 2. Then, if a is a gap, exp(d,, ;(wo.7(x)))
is given up to a bounded multiple by the maximum of |s™1(,20(7))|" (see 14.10) over
loops v C o' where 1/D; < |o(7)| < Dy for Dy = Di(v') = Dy(M,C},v). But for a
constant D,

(2) [s7 oo < Dalpo(| < Daexp(dyy y (w0, 2))lp(1)]';

which gives (1) if « is a gap. If « is a loop, then so is o/. Choose ©’ = [¢'] € [z, x0]
such that ¢’(«) has length 3. Then by 26.8, d, (2, 7(2)) is bounded, so ¢'(¢’) also
has length boundedly proportional to €. Then we obtain (2) above for v = o/. So
we have, for a suitable My = My (M, Cy,v),

dly(xo.x) = dy (20, 2) — M.
Then since xg € Tse,, arguing as in 26.8, we have a(o/.q) > C] or a(a.q) =
O

C1/mas(x) for Cy = C}(M,CY), as required.

26.10. Corollary. —  Take the same hypotheses as in 26.8. Let a function v’/
(0,00) — (0,00) be given. then the following holds for a suitable function r. Let
x € I(a,Cr,r(v),v). Then there are C; = C{(M,C1), vi = vi(M,Cy,v,r") > 0,
n=0,k>0and a; (1<i<n<n+k)such that

o =, =&,y but otherwise o Nay = & for @ # j,

o 18 contained in a component of f Yevipy) for1 <i < n+tk, and is such a component
forn<i<n+k, andx € (o, C7, v (vi),vi) for some v; = i (M,Cq,v,1").

Proof. Given 7/, write 1’ = ry for a suitable N < #(Y), and we can construct
functions r; (i < N), with r; chosen given 7,41, such that the following holds. We pro-
ceed inductively using 26.9, constructing ;41 with @ € I(ai41, Cit1, Tiv1 (Vit1), Vig1)
for Ciyy = Cig1 (M, Cy), vigr = vi (M, Ci,v5,7541), such that a; is contained in a
component of f,*(a;;1). We can ensure that

ri(vi) <wv; fori < j,

and hence that if a; Na; # @ then o; = «;. O
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26.11. Lemma. - Let the same hypotheses hold for xg, a1, and €1 as in the First
Reduction. Let Cy > 0 and no > 0 be given. Then there is are constants Cy =
Co(M,Cy) andny = ni1 (M, Cy,e9,m0) such that the following holds. Let 3 be a periodic
gap or loop with va ¢ 3 for 3’ € [3], and let I(3,C1,nm0) C £1 be sufficiently long.
Then, for some workable o (see 26.3),

[(/B* Cl > ) C [((1’7 027 Tos T]())~

Proof. — Write {3; : 1 <i<n}=1[4], =75 = B, i C f(fl(/fH 1). First, sup-
pose that 3 is a gap. Write w5 (y) = (73,(y)). Then, as in 20.10, if y € N7 (973, <o),

77[/3](77‘/-;,.(7‘(;(/)) =Ty j](7’j ( )) -+ O( —2n? /6“)$

where

o [ 7)) — TITAW) = (o) — (s34 o w1 0 £)

i=1 i=1
is either the action of the appropriate element of the modular group or the pullback
for the appropriate Teichmiiller space for a critically finite branched covering on a
finite disjoint union of spheres. (Compare with Chapter 20.) Here s; is a holomorphic
branched covering (of degree one for all but at most two i, when it is degree two) and
Vg < (z00) — (fi(z). i+ 1),

that is

Y 0 (C x {1 n}, Ui(A(og) x {i}) — (C x {1 n}. U( ) x {i})
is a critically finite branched covering of a union of spheres, which is, again, of degree
one in all but at most two coordinates.

By 26.10, if vy is sufficiently small given vy, M, C, and for C| = C[(M,Ch)
I(3,C1,me) ~ 1(3,Cy,no, ) is a union of sets I(«, C, vy, vy) for periodic . By 26.8
we then have

dor(z,7(2)) < My (M, 11, Ch)
for o € [a], which gives a bound on dq/ (7 (), s (115 (x))). So dla] would then
have to be periodic under ¥g), and a would have to be a union of irreducibles. In
particular, there are only finitely many possibilities for a.

We need to show that if ¢ | [3] is reducible then any component of (3, Ch, 1o, Vo)
has length bounded above in terms of €', M and vy. This argument can also be
applied to any [#'] C [3] with similar hypotheses. So let y € I(3,C1, 10, ) and let 3
be reducible. We have

Fig)(y) Zdﬁ 7111 (1)) < M1 (M, Ch).
By 20.14, Fig | 1(3, Cl,no) is bounded only in I(3,C},no, ) and the union of sets

I(¢,C1 w1, ) for some (3] C [B]. [3'] # [] periodic under ¢z}, and with 11 bounded
from 0. So if a component of I(3,C1,n0,1vp) is sufficiently long, we obtain points
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y = [¢], v = [¢'] a long way apart with [(9[3])] and [¢/(8[3'])| bounded for the
same [(7']. Then [y, y’] must enter [(3',C1,v1) for some ['].

It follows that for suitable 7; depending on M, Cq, 19, and C> depending on
M, C4, there is an irreducible o with I(3,Cy,m) C I(a,Ca,n0). So, applying
26.8, do, (y, 7(y)) < M1(M,no,Cy) for all y € I(a, C2,1n9) and all i. Assuming that
I(3,C1,mo) is long enough, 11, cannot be isotopic to an isometry, because then the
set of m,)(y) for which d(ma)(y). 7o) (T[a)(¥))) is < My is bounded. For the same
reason [,] cannot be Thurston equivalent to a rational map if it has degree > 1. So
considering the classification of (4] (2.14-18), the degree of 4] is at most two. For
all but at most one i, f; : (C, A(a;) — (C, A(q;41)) is a homeomeorphism. So Yo 18
either pseudo-Anosov up to isotopy or a critically finite irreducible nonrational degree
two branched covering up to Thurston equivalence.

Now suppose that « is a loop. Write pp = I(a, C2,19). Then each space T (A(a;))
is the upper half-plane H. If « is not in the full orbit of a Levy cycle then a map
Tlo) + H" — H" is well-defined, such that 7y, (7(x) is approximately 7i4)(mq)(x)),
and T[’fy]((rl)) = (Ax;y1) where A = % or i for a suitable identification of 7 (A(«;))
with H. Then in order to achieve the bound d(m.)(x), T (7(x))) < M1, we must
have 7, (z) near the imaginary axis for all 7. This contradicts a(a,y) = C for all
y € u, if p is sufficiently long (that is, if I(3,Cynp) is sufficiently long), because
then the two endpoints of m,(;) are far apart in H. Since these endpoints are both
in {z:1 < Im(z) < Ag}, for Ag = Ag(M.19,Cy), they cannot both be near the
imaginary axis, giving the required contradiction. 4

26.12. Proof of 26.6. — Fix x € ¢, and let a function r2 be given. We can find
a gap or loop 31 (possibly with 3, = C) such that x € I(5, L/ #(Z),ra(V)). V) for
v = vy = va(M,ry). We can assume without loss of generality that ro(v) < ng for
all v where the existence of a loop of ¢ — d length < 5y for x implies x € 7., where
g¢ is the Margulis constant. Then we can apply 26.10 to find a periodic loop or gap
so that @ € I(3,Cy,r(v),v) if re is suitably chosen given r, with v bounded below in
terms of vs. O

26.13. Proof of 26.7. — Take any segment {5 of ¢, such that ¢5 is a (connected)
union of sets I(/3, Cy,11). By 26.12, if )y is suitably chosen given n, and C| suitably
chosen given M and C. ¢» is a connected union of sets I(«,2C1.m) for workable «
(see 26.3). We need to show that for a suitable workable «q,

lo C I, Cy )

Let x € I(cv1,2C7, m) N I (a2, 2C1,m1). Let I'; D [cy;] be equivalent to the invariant
loop set generated by [«;] which satisfies the Levy condition, such that every periodic
gap of I'; is irreducible. Let A([ey;]) be the component of C . (U[a;]) containing
vp and va. Then either A([aze]) € A([an]) or A(Ja]) € A([ae]). Assume without
loss of generality that A([a2]) € A([e1]). Then 'y can be extended to an invariant
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loop set containing O[], without changing the gap containing ve. As long as a
gap boundary remains short along a geodesic, the area enclosed with respect to the
quadratic differential along the geodesic does not change much. It follows that, for
i1, po are segments of length < M; = M (1) around the endpoints of the union,
I(O‘la 20{7 77;) U I(QQ? 2017 771) ~ (/’Ll U NZ) C I(ah 30]/./2’ 71/1)7
and, if 7} is small enough given 7y, and 7y is small enough,
I(a1,2C], n) U (e, 2C1, 1) € I(ay,CL o).

Then we can repeat the argument for adjacent segments to this union, obtaining a
successively longer segment in I (o}, 3C1/2,n}) for varying workable o, and a slightly
longer union of segments in I(a},Cf,n9). The constants 7}, C1 do not deteriorate
because M (n}) can be used each time. So finally we obtain, for a suitable workable «g,

ly C I, Cy,mo)

as required.
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CHAPTER 27

PROOF OF THE INFINITY CONDITION THEOREM

27.1. The aim of this chapter is to complete the proof of the Infinity Condition
for ps. In 27.6 we prove the Second Reduction of 26.5, which, by 26.6-7, implies the
First Reduction of 26.4. We deduce the Infinity Condition Theorem from this in 27.7.
We complete the proof of the Infinity Condition for ps in 27.8.

27.2. The angle is small. — Throughout the first part of this chapter, until the
end of 27.6, we assume the hypotheses of the First and Second Reduction for zq, 21 €
Vi C T(Y) and the segment ¢ and x € ¢1. We take 2 € I(3,Ci.7r(v),v) C ¢ asin the
Second Reduction, in particular, § is periodic. In fact, by 26.10, we can assume — and
shall — that x € I(#',Cy,r(v),v) for all 3’ € [3]. By 26.11, we only need to consider
the case when [ is a gap and ve € 5. Our aim is to obtain a contradiction. This will
complete the proof of the Second Reduction. The method imitates the original proof
that a pullback 7 contracts distance [T2], [D-H3] in Thurston’s geometrizing theorem
for critically finite branched coverings: that is, we exploit the fact that a quadratic
differential cannot be its own pullback nor even “topologically equivalent” to its
own pullback — except in very special circumstances.

We fix notation until the end of 27.6. Let ¢(z)dz? be the quadratic differential at
for dy (z,z;), and let go(z)dz?, p(z)dz? be the quadratic differentials for dz(z,z;),
dz(7(x),z;) at @, 7(x), where i = 0 or 1 depending on whether (1) or (2) of 26.1
holds. Let s*g(z)dz? denote the pullback of g(z)dz? at 7(x).

Lemma. Let 8y € [B]. Let S(81) = S(B1.x) be as in 9.3. Let 0(z) be the angle
between q and qq. If §g is sufficiently small given §;,

/ 012lq) < 5.
JS(B1)

and stmilarly for s*q, p.
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Proof. — Fix y € [z,x;] with dy(z,y) = 1, and let gg,(2)dz?, ¢'(2)dz? be the
quadratic differentials at x for dg, (z,y) and d(z,y). Let 0,(z), 62(z), 03(z) be the an-
gle at z between go(z) and ¢'(z), q(2z) and ¢g, (2), ¢, (z) and ¢'(z) respectively. Then
by 26.9 there is Cy = Co(M,Cy,v) < C; such that a(By, qo) = Co and a(B1,po) = Cp.
By (4), (5) of 26.2 and 8.9,

(1) /qum = 0(5).

Then if § is small enough, by (1), (2) of 26.2 and 8.3,

2) / 10l | = O(6%).
and by 9.5,
(3) / 1052145, | = O(5”).

From (2) and (3). we see that zeros of g3, and ¢ in S(31) can be paired so that no
pair is separated by a large modulus annulus, and similarly for zeros of ¢z, and ¢’ in
S(B1). Tt follows that, except in discs round the zeros, |¢| = O(5~'|qs,|) and

1210] — (O( 52
() [y, 1010 = 016

for ¢ = 2, 3. Similarly we obtain (4) for i = 1 from (1). Then since

O < 101|+[02]+105],
we get the required result for ¢ and qo, if dg is small enough given §). The proof of
s*q and p is similar. O

27.3. Equivalence Classes of Poles. — We are now going to modify the definition
of pole of ¢ on S(3') for 5" € [B]. The idea is to define an equivalence so that a pole

equivalence class on Ug S(/3') is preserved by ) o ¢!

and also transforms suitably
Lup to
isotopy, at least on S(/3), where 7(x) = [¢]. By 26.8. up to homotopy. ¢ o ¢! maps

a path v in S(/3’) to a path 4/ with

under s~'. The key to this is the boundedness of the homeomorphism ¢ o ¢~

< eM (14 |v))

for My = My (M,Cy,v) (remembering that M, as well as C) and v, features in our

hypotheses) and ||, as usual, denotes Poincaré length.

As usual (see 9.1), given a gap [ (' € [G], in our case) we can choose a set
A(B") C Y consisting of all points in 3 NY and exactly one in each component of
C ~ 3. We say that a point of @(A(3')) is a possible pole of q(z)dz* on S(3') (for
obvious reasons), and we define possible poles of p(z)dz? and s*q(z)dz? similarly.
Now we can define an equivalence relation on the set of possible poles of q(z)dz* on
S('), and zeros in S(/#'), and similarly for p(2)dz? and s*q(z)dz? with the following

properties, if dg is small enough, and hence §;, of 27.2 is small enough.
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Given any constant Cy > 1. there are §4 > d3 > d2 > §(, and Ly < Ly < L, with

(1) 0066 < (52, 00(52(’2(7“1\1 < 63v 00(721\[’ < LQ. C()(,’SA[] L2 < Lg,
(2) Ls < C&l#(z)({l?]\ll #(Z)’
(3) 5y < C()—S#(Z)(ﬁzuu, #(2)
and similar inequalities relating d3, d4, L, Ly, and the following holds.
If @ and b are zeros or possible poles of q(z)dz? on S(/#') then either they — or
the components of C ~ S(3') containing them are joined by a path 7 of length
p . A /

< Lo in S(3') with |54+ < d2. or there is no path £ joining them of length < L, with
|44+ < 04, and similarly for p(z)dz?, s*q(z)dz>.

If the constant Cy is large enough, then there is an equivalence relation on the set
of poles and zeros for ¢(z)dz? on UgrerS(3") defined as follows, and similarly for
p(2)dz?, sq(z)dz2.

1. The possible poles and zeros a and b on S(5) are equivalent if they are joined by
a path 5 in S(3’) such that (1) holds for (4, L) = (d2, La). If they are not equivalent,

then there is no path n joining them such that (4) holds for (0, L) = (4. L4):
(4) l'/lq < L, ‘,]|(1.+ <.

Also the following hold, if dy is small enough.

2. a and b arc equivalent for q(z)dz? if and only if cach point in s~'a is equivalent
to a point in s for s*g(z)dz?.

3. a and b are equivalent for p(z)dz? if and only if they are within &) of points
which are equivalent for s*¢(z)dz2. Hence each equivalence class for p(z)dz? is within
8 of a unique equivalence class of s*¢(2)dz?, and vice versa.

4. a and b are cquivalent for g(z)dz? if and only if they are within &) of points
which are equivalent for go((2z)dz?. Hence each equivalence class for ¢(z)dz? is within
8}, of a unique equivalence class of go(2)dz?, and vice versa.

We can define the index N of an equivalence class [a] to be the number of poles
minus the number of zeros up to multiplicity, where the sum is taken over all poles and
zeros of a component of C~ S(3'), if such a component is included in the equivalence
class. The index of [a] can only be strictly positive if [a] contains at least one point
of (Z) N S(3') or at least one component of C ~ S(3’) (since ¢ and ¢y have close
equivalence classes). A pole equivalence class is one of strictly positive index.

27.4. Choosing a Loop set. — We now introduce a tool - a loop set — which
will enable us to map pole equivalence classes — and others. Write x; = [p;], i = 0, 1
depending on whether our hypothesis is that (1) or (2) of 26.1 holds. Our hypotheses
ensure that x; € 7>.,. We can choose a loop set I'; C C . Z with the following
properties for Cy = Cy(ep):

(1) @i (Ty)| < Co.
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(2) Every component of C ~ (Z U (UT;)) is a topological disc with at most one
puncture.

Now let x = [p] € £. If Cy is chosen large enough, the following holds. Let [/
be any segment of contracting foliation leaf of the quadratic differential for dz(x;, z)
at x of length § > Cye~?7(=%) Take (T;) in good position (14.5) with respect to
this quadratic differential. Then the number of intersections of I by ¢(T';) is between
Code?2 (%) and (1/Ch)de?? (i) The reason is that, by 2, every stable leaf segment
at x; (for the quadratic differential for dz(z;, x) at x;) of length Cy must intersect
i (T;) at least once, but, by 1, not more than C'g times. An exactly similar statement
holds if I is a segment of stable foliation leaf for dz(z;, 7(x)) at 7(x). We can also
assume that Cy is large enough to act as C' of 26.1. Then by 26.1, dz(x;,2) and
dz(x;, 7(x)) differ by at most CoM. This will give us an effective way of comparing
lengths of short segments of the stable foliation.

27.5. The surface T'([a],q,d, L). — For concreteness, take an equivalence class [a]
for q(z)dz?, for a a possible pole or zero of ¢ on S(3') (5" € [3]). Note that it can be
encased in a swrface T'([a],q, 0, L) C S(/3') of the following type for (9, L) = (d2, L2)
or (33, Lz). The boundary 0.7 ([a],q.d. L) UO_-T([a],q.d. L) of T([al,q,d, L) consists
of finitely many expanding leaf segments 0y = 0,7 ([a],q,d, L) of the expanding
foliation of ¢(z)dz?, and finitely many contracting leaf segments 0_ = d_T([a], q, 5, L).
Any point in T'([a],q,d,L) can be joined to a pole or zero in [a] by a path n in
T(la],q,8,L) C S(,[p]. v) such that (4) of 27.3 holds, and

04]q = O(L). 0], = O(5).

Conversely, T'([a], q.d, L) is a union of such paths. Note that our definitions ensure
that any two surfaces T'([al],q, 04, L4) are equal or disjoint. Also, for fixed a, the
surfaces S([a], ¢, 0, L) are isotopic for all 2 < § < dy and Loy < L < Ly.

Lemma. Let y € A(3), S(5,[¢),v), B € [B]. Let 62 < 6 < 84 and Ly < L <
Ly. Then T([a],q,0. L) is homeomorphic to T'([¢(y)], p, d, L) under a homeomorphism

isotopic to 1 o ™! which preserves stable and unstable segments in the boundaries.

Remark. — This does not mecan that T([p(y)],¢,d, L) and T([¢(y)].p,d, L) contain
the same number of zeros: a rectangle in 7'([¢(v)],q,d, L) bounded by stable and
unstable leaf segiments between poles and zeros of p might be collapsed by 9 o ™!,

and vice versa. However, the number of zeros up to multiplicity will be the same.

Proof. — We use the loop set I'; constructed in 27.4. We assume that o(I';) and
(') are in good position (14.5) with respect to g(z)dz? and p(z)dz? respectively.
We take T"([¢(y)] very close to T'([¢(y)], g, 62, L2), but containing it, with d,. replaced
by segments of ¢(I';) and d_ as before. Take any two segments of ¢(I';) in T'([a])
whose endpoints are joined by stable segments of length < d2. Consider the images

under 1) o o~ 1. The stable segments are mapped to paths of length < Cpe™t which
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are crossed by < d2Cped#(®%) < CydpeCoMtdz(7(2).2:) segments of ¥(T;) and hence
have stable length < 3. Also, all lengths in S(8', [¢],v) (8" € [B]) of at least 1 are
multiplied by at most O(e*1) by application of ¢ o ¢ ~'. So

Yo HT'([p(w)]) € T([¥(y)], p, 63, Ls).

We also see that if two segments in ¢(I';) are close to different unstable components
of :T([e(y)], p, 02, L2) which are not both closed loops, then they have points dis-
tance > Cye™! apart (from the definition of Ly). So they cannot be mapped close to
the same unstable component in 9, T'([¢)(y)], p, 83, L3). It follows that 1o o~! can be
perturbed to a homeomorphism of T'([¢(y)], p, 62, L2) into T([¢)(y)], q. 93, L2) which
maps across 04T and 9-T segments. Closed loops in 04 (T) are obviously mapped
across to closed loops. So ¥ o ¢! can be perturbed to homeomorphism of T} =
T([e(y)],q,0, L) to To = T([¢(y)], p, 6, L) mapping 94 T;-segments to 94 Th-segments,
and 9_Ti-segments to J_Thr-segments, for all d; < § < 9y, and Lo < L < Ly. O

27.6. Proof of the Second Reduction. — Take J5 sufficiently small given v
(remembering that v > v; for some vy depending on M) that §, < v/4. We also take
0o sufficiently small so that (as in 27.3) Cyd, < d2. We now show that it is impossible
to have z € I(8,Cy,r(v),v) with 8 periodic degree 2, unless the gap map [¢3] (2.13)
is an irreducible critically finite nonrational degree two map. This will complete the
proof of the second reduction.

If y € A(3'). some 3" € [3], and p(v1), p(v2) ¢ [¢(y)] then the index of either
component [s7!(p(y)] is strictly less than that of [¢(y)]. The index of any equivalence
class [a] is < 2 by Euler’s Theorem: because the index of [p(y)] is 2x(T') — N where
T = T([e®)],q 02, L2), x(T) is the Euler characteristic and N is the number of
stable boundary components in N. So by 27.5, these arc the same as the indices of
[¢(y:)] for the points y; € fy'(y). If [p(y)] has index < 1 then any component of
[s71(p(y)] has index strictly less than that [¢o(y)]. If [p(y)] has index 2 and contains
both critical values then the index of [s~1p(y)] is strictly less than that of [¢(y)].
Now let 3 be periodic degree two. The total sum of indices for each A(3') is 4. So
the only possibilities are that:

(i) there are just two nontrivial equivalence classes, both of index 2, each containing
one critical value, and either fixed or of degree two,

(ii) There are four nontrivial equivalence classes, all of index 1, with the following
possible dynamics:

(iia) [p(v1)], [e(v2)] = [2(folv1)] = [e(fol(v2)] = [@(fE(v1)] = [p(f3 (v1)].
(iib) [p(v1)] = [p(fo(v))] = [p(fF ()] = [e(fo(v2))] = [e(f3(v1))] = [e(fo(v1))],
(iib) [p(va)] = [@(f3 (v1))]-

Now we claim that (i) is impossible. By (2) and (3) of 27.3, if (i) holds, then, ¢

enters I (v, Cp, e 12€0M1) By 26.11, this is impossible. So (ii) must hold. Then v1, vy
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are nonperiodic. Then from earlier analysis of [¢5] (2.18), v1 must be eventually fixed.
So (iia) is discounted, and we must have (iib). Also, y = fi(v1) is the only element
of A(3) with ¢(y) € [p(fi(v1)], 0 < i < 2. We claim that p(vy) & S(3F, [¢],v) (any
0" € [8]), and thus that [¢4] is critically finite. Then each point p(y) of p(A(3F)~{v2})
is the only point of w(A(5")~{v2}) in its equivalence class (for ¢). The same is true for
the points ¥ (y), y € A(3') ~{v2}. for p. So for each equivalence class for s,q, all poles
in that equivalence class lie in a disc of radins §. where §f can be taken arbitrarily
small by choice of 4, that is, by choice of dy. It follows that, for §y sufficiently small,
plva) & S0, [¢], V). as required. O

27.7. Proof of the Infinity Condition except for paths in 0U,. — We have
now proved the First Reduction (which follows from the Second). The Infinity Con-
dition Theorem then holds for any &, € ﬁl for which [zg, 1] N 7., has length > Mo
for My depending only on M and e¢. If the sets U, are suitably chosen (that is, M,
is taken large enough for each a). [xg.x1] N T3., has length < My and dy (2o, x71) is
large enough given Ms, then the First Reduction, together with the following lemma,
completes the proof of the Infinity Condition Theorem.

Lemma. — The following holds for suitable C', Ay given N > 2, o;, My, Ay. Fither
let wg € T, and

(1) 20 € Txe,, dp(0, pa(xy)) < M,

or for some xo € T(Y) with wz(x2) on the geodesic in T (Z) between wz(xp) and
wz(xy), let
(2) 21 € Toey, dp(0, pa(we, 1)) < M. dy (2o, 22) < dz (w0, 22) + M.
Suppose also that [xg.x1] = € is a union of N + 1 segments of length < Ay and
N segments in sets I(a;, Cy,1v9,19) (in the notation of 26.3) for 1 < i < N with
endpoints y; and w;, with «; # C and dy (yi,w;) = Na. Then for a suitable C > 0,

N—1

dp(0, p2(21)) = C Z exp dz(yi, o).

i=1
Remark. — The conclusion of the lemma is in contradiction with (1). Therefore (1)
cannot hold in conjunction with the other hypotheses (excluding (2)). The alternative
hypotheses (1) and (2) occur in the First and Second Reductions of Chapter 26.
Alternative (1) is the hypothesis of the Infinity Condition Theorem 25.6. This is why
this lemma implies the Infinity Condition Theorem. We shall use this lemma (with
the hypothesis including (2)) to deduce the Infinity Condition for ps in 27.8.

Proof. — We choose «v; in its orbit to separate all other components of [«;] from vs.
We can assume that da; and da,4; have more essential intersections in C Y than
inC~Z otherwise, they have no essential intersections, and can be combined.
This is an argument we have used before, in 3.14 and in 1.16 of [R3], and goes as
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follows. Assume all intersections are essential and replace fy by foo x = fi for a
homecomorphism x which is isotopic to the identity relative to Z, and so that f;
preserves each of J[;] and Ja;y1] and the invariant loop sets I';, I';41 that these
generate. We can even choose f; to be critically finite. Such a map cannot have
two transversally intersecting loop sets satisfying the Invariance and Levy conditions.
This completes the argument.

Write x1 = [p1], ®o = [¢o]. As usual we write ¢ for the geodesic in 7(Y) between
xo and a1, and ¢’ for the geodesic in 7 (Z) between 7z (a9) and 7z (2y). By 14.2, for
cach 2/ € ¢/ with 2’ € (T(Z))>.,. there is a corresponding x € ¢ with d(z’. x) < M,

— and then by 26.8 we also have d(x/, 7(x)) < M'. Then we can write

P1 = XN N-1°90385_, 9+ 0X1,0°03, °¢0:

Xi = Xiyi—19° "9 X1,0,

Yi =03, 0Xii-1°043,_, 05, ° @0,
where 3; is a path with first endpoint at x;, x; minimizes distortion up to isotopy
preserving oo(Z), Yi+1. minimizes distortion up to isotopy preserving x; o ©o(Z).
and 1); is chosen to be a bounded distance (in terms of Ap) from w; and y;11. So
[xi©wolz arc all points on ¢'. The point [x; o ] € ¢ is chosen in (7(Z))s., between
the intersections of ¢ with T (9[c;-1].e0) and T(9[;].€0). So |x; o ¢(9]a;])| and
Ixi 0 @(Iai—1])
essential intersections, 3; has at least two essential intersections with y; 0 wo(9a-1]).
But the length of intersection of 3; with x; o o ([cvi—1]) is bounded in terms of A;. It

are both bounded in terms of A;. Also, since 9] and J[c;—1] have

follows that if As is sufficiently large given Ay then X,-"jlfl[)’,' has > DyedzWi-rwi-1)
cssential intersections with (3; 1 for a suitable Dy > 0. It follows that the path

3= Boxx; Brxekxy By

satisfies
N-1
|8 = C E expdz(xo.yi),
i=1
as required. O

27.8. Proof of the Infinity Condition for paths with one long component
in the thin part. — Let A be given and let @) € V) satisfy

d(0, p2(a1)) < M.

By the Infinity Condition Theorem, and 25.8 there is Ay depending on M such that
all but length M; of the geodesic ¢ joining @y and x is in 7 (9P, gy) for some fixed
set P of a minimal nonempty [fo, '] corresponding to some a € A, with corresponding
g e m((Vy) fixing a € A C 9D. It remains to show that for some A depending on M,
cither d(xg..r1) < A orx € U, where U, -~ or the constant M, defining U, (see 25.4)
does not depend on M.
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We can also consider g as an element of the modular group acting on 7(Y) (as

usual). In this case, we can write
Ty = Tin = [S‘an] = gn'Té) = [&96 © Xn]v

where xf lies in a subset of Vi C T (Y) whose intersection with 7., is compact

which does, however, depend on M. Then (replacing g by g~ ! if necessary), the
components of [zg, g"z(] 7T (0P, o) containing g, g"xf have lengths < Ty = T (xg),
< To = To(xo, zyy) respectively. This follows from 14.4, because @}, (OP) = ¢((9P),
and if v is a loop with vy N AP # @ and |po(y)| = O(J¢o(OP)]), then |, (OP)] =
o(J¢h, (M)). For My = My(xo, T, 2), and for any v with v N P = &, we also have

wo(7)l

while if vy N P # &, then
edz(Z1.n,0)
My

We claim that we can write

<1 (I < Mapedstrnan),

(2)

L1 = [X2,0 © 085, ©X1,0 005, ©@oly, 2%, = [X1,n 008, © o]y
where xi, and 3 . 1.5, .LllT, have the following properties:
(3) [B1.n| < Mz = Mj(xo,1),
(4) dy (2}, x10) < My = My(xo, T, x(),

and x; ., and x2,, minimize distortion up to isotopies constant on ¢o(Z), x1.n°@o(Z)
respectively, and [x1.» © o] is on the geodesic between [po] and [x2.n © X1.n © o] in

T(Z). We use 26.8: we can take 27, € T(Y)>., (that is, @ = C in 26.8). We can
achieve (3) by taking (31, to be a loop up to intersection with 9P, since we have
already seen that [zg,z1.,] C 7(Y) enters T (9P, e9) within distance T;. We achieve
(4), by using (1). Let g,(2)dz? be the quadratic differential for dz(x ,,, z1.,) at 2} ,,.
Note that (4) implies, in particular, that
(5) */32,771(1,, < My = ]\[5(;1:0, F,JJ(/)),
To complete the proof it suffices to show that

lim |35 % X LB2n| = +00.

n—00
Suppose this is not true. Then there is A’ such that, for infinitely many n,

(6) \/7)1.77, * Xlﬂ,f;vﬁQ,nk < A/~

Take such an n. Then Gz, does not have an essential intersection in C~X1n0 wolZ)
with x1.n © po(OP) apart from the first endpoint (if [fo,I'] is isometric), or does not
have an essential component of intersection with x1., o po(P) with both endpoints
in x1.n 0 wo(OP) (if [fo,T] is pseudo-Anosov), because the resulting arc would be
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expanded by xf}l It follows (as in 27.7) that 21, € 7., for ¢ independent of Af.
Therefore z{, lies in a compact set, and the constants M, (x. I, 2()) depend only on M.

Now we claim that it is enough to obtain, for some xs, with 7wz (r2,) €

[mz(x0), mz(x1,0)] C T(Z),

(7) dy (2o, v2.m) < dz(vo,x2.n) + Me(xo. T'),

(8) dp(0. p2(22,m,x1.,)) = 0.

If these hold, then the First Reduction 26.4 shows that the hypotheses of 27.7 are
satisfied if M, is large enough, depending only on xp — not on (. So then we would
contradict (6) for all but finitely many n, giving the required result.

In the isometric case, if 2, is disjoint from xi, o wo(OP), then, writing xs, =
[08,.n©X1.n 003, , ©@ol]y, we obtain (7) and (8), as required, if n is sufficiently large.
We are using, here, that the Teichmiller distance travelled in 7 (0P, ) is, to within
a bounded constant, the distance travelled in the maximal distance factor 7 (A(P)).

Now let [fo.I'] be pseudo-Anosov and write /32, = 33, * B, where B34, C x1., 0
wo(P) and B3, N x1,n © wo(P) = @. We have the same bound (5) on 33, B4.» as on
their union s,,. Given § = ]\1,{2 > 0, since (as we arc assuming) (6) does not hold,
we must have

[Banlg,.— <0 for all sufficiently large n.
Then write
Xin = X4n©°X3.n, TYn = /3.‘%71, * X;,IL(/))4,71)7 L2 n — [(7'7',, OX3n0903,, ° 990]-,
where x3.,, X4,, minimize distortion up to isotopies constant on ¢y (Z), x3.. ¢ @o(Z),
[X4.n © ©o] is on the geodesic joining [¢o] and [x1., © wo] in T(Z), and
X (Ban)lp, < VO + Ms Vo,

where p,,(2)dz? is the quadratic differential at xo , for dz(z2,,,21.,). Then we again
obtain (7) and (8), as required, again using that the distance travelled in 7 (9P, eq)

is to within a bounded constant the distance travelled in the maximal distance factor

T(A(P)). O
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CHAPTER 28

REDUCTIONS IN THE PROOF OF
THE EVENTUALLY CLOSE THEOREM

28.1. To complete the proof of the Resident’s View of Rational Maps Space, we need
to show that the ECPP of 25.5 holds for paths of a munber of different types. for p..
We start with the following, for p;. We use the fact that po is defined on all of 7(Y7).
We take xp = [identity] as our basepoint in Vi C T(Y) with pa(2g) = 0. Then note
that pa can be defined on all of 7(Y'). Then the first step in obtaining ECPP is the
following. which gives ECPP for some geodesic segments.

Lemma. The following holds, given M. for all n sufficiently large. Let [x.y] be a
geodesic segment in T (Y) which is cither of length < M or [x.y] C [ry.y] such that

n <dp(0.p2(2)) for all =z € [w.y].  dp(0.pa(x)). dp(0.p2(y)) < n+ 1.

Then

lp2 () — p2(2)] < eV forall z e [z, yl.
Proof. Suppose for contradiction that
(1) p2(2) = paly)] = eV,

We arc now going to obtain a contradiction to (1). We write 4, ., for the geodesic
with endpoints pa(w), p2(v). Then for some [u,v] C [z, y], and suitable constants C;.,
(1 <7< 3) we shall show that (2) and (3) hold. We shall then obtain a contradiction.
(2) dz(vo,u) + dy (u,0) —dy(xe,v) < Cy.
(3) Fu.e has length > (\'fln. and apart from a segment in the middle of length
< Con/3 any segment of 3., of length > C4 projects to cut the surface C ~ Z
into (topological) discs or once-punctured discs.

Note that, by 26.1. and a suitable constant 'y,

dy (o) — dz(xo..x) < Cyn.,
and similarly for y. So
dz(wo.x) +dy(r.y) —dz(ro.y) < dy (wo.x) + dy (. y) — dy (vo.y) + 2Cqn < 3Cyn.
If {&; : 1 < i<k} are suceessive points on [, y] with w1 = x, o = y, we have
k—1
dy(rg,x) +dy(v.y) —dz(xo,y) = Z(dz(ar().;r,‘,) +dy (x5, wi01) — dg(xg.xi41)).

=1
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In particular, for any 2’ € [x,y],
dy (z,2") —dy(x.2") < Con.
So we can choose O(n) successive points x; in [x, y] so that, for a constant C,
dz(xo,x;) +dy (v wiv) —dz(xe, xiv1)) < Ch,

and, for some i,

e Vi

lp2(wi) = p2(wis1)] =
Then (2) holds for any [u,v] C [x;.x;41]. To obtain (3) also, since ps is continuous
on [z, xi+1], choose [u,v] C [x;, 2;41] so that the (Poincaré) geodesic joining 0 and
po(u) which is of length > n — is such that, apart from the first portion of length
< 1?3, every segment of length > C3/2 projects to cut the surface in C ~ Z into
topological discs and once punctured discs. Then 3, has the property 3. However,
from 14.12 and 14.13 we obtain the following. We can write

u=[pu] =[xuoos]. v=lp]=[xvo0s]
where x,, X, minimize distortion up to isotopics constant on 7, 3,, (3, are paths
starting from v,
V= [99':7] - [(TIH O Xwv,u © 99'11,]7
where o has the properties of v3 % v9 * v, in 14.12, with [identity]. [¢u], po] replac-
ing [pol, [¥1], [¥2]; Xe.n minimizes distortion up to isotopy constant on ¢, (Z) with
[po]z = [Xv.u © pulz. and then
[Xw,u Sl (,9/“’] = [X'v,u O Xu © (fﬁ,l] = [U(Yz O Xuv © (7/3“]7
where o has the properties of 45 * vy * 3 * v2 xv1 in 14.13, again with [£0]. [pu], [©0]
replacing [¢o], [¢1]. [p2]. Then
X (_,I ((YQ * (Y] ) = “/f,,u,y.
But by the properties of the paths ~; of 14.12, 14.13 leading to properties of the

paths x, '(a1), xy H(a2) 3.0 cannot have property (3) above. So we obtain the
required contradiction. O

28.2. ECPP for Paths in 0U,. — We now need to check the ECPP for paths
in OU, (a € A) and p2. We already know that the Infinity Condition holds for such
paths and for po, by 27.8.

Lemma. — ECPP holds for any path ¢ in OU, and for ps. In fact, if v, y € £ and
dp(0,p2(2)) = n for z=a ory, then

lpa () — pa(y)] < eV
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Proof. — For M depending only on a. we have
dy (z.29) < M +dz(z. 1)

for all z € £. Note that ¢ C 7., for some gy depending on M. Then by 14.12 we
have z = [x» 0 03, ]y where \/- minimizes distortion up to isotopy constant on 7,
ﬁz|+ X
the expandlng fOlldthIl of the quddratlc dlffcrcntial for dz(xo,z) at xp. Then the
geodesic in the unit disc joining pa2(x) and p2(y) is (by the definition of p2) homotopic

- |+ denotes length with respect to

and

to y1 * 2, where 7 is homotopic to a suitable lift of 3, and 2 to a suitable lift of
the reverse of 3,. Then the bound on distance follows exactly as in 28.1, that is. (3)
of 28.1 cannot hold. O

28.3. A path ¢(¢) and a Reduction in ECPP. — Let { be a geodesic segment
in 7(Y) with endpoints in Vi for a component Vi of V. and with initial endpoint .
We need to choose a path ®(¢) C Vi with the same endpoints so that ECPP holds
for ®(¢). As before, we define

F(e)=dg(x,7(x)) = dy (x.7(1)).

We shall choose
P(x) = lim y,,(x),

m-—oC
where yo(x) = x. and y,, () has the following properties. We shall write y,,, (t) = y,,
where possible, and also y,,, = [p].

The properties depend on y,,: gaps or loops a,, = «,,(r). (possibly a,, = C):
appropriate long, thick and dominant functions A. r, s (sce 15.3) and a suitable
constant my in the Pole-Zero Condition (9.4, 15.8): closed subsets €,,, of ¢ with ¢, C
Con anxd Yy (61n) = Yo (€): constants Dy My, M{. Ay with Aq sufficiently large given
Dy aud the long thick and dominant parameter functions: 1) > 0: an integer ky; a
function C' : (0.) — (0.x) and constant A as in Theorem 15.8. The following
properties hold for y,, = y,,(x), = € L.

a) For each &« € ¢ and each m. either y,, or y,,+1 is continuous at ». and the left
and right limits lim,— .4 y,,(2") exist for all & € ¢ and all m.

b) dz(ym-ym+1) < D1 F(y,) and limy, .~ F'(y,,) = 0.

¢)Fort =t(m+1) < ko

[\Pnl-&-lb' - [U":nﬂ—l.l]y
where [¢, 1 oly = [@m]y and
~"’ani1 = [f?“:u+ 1.;4--1] = [Emt 1041 O Vg 1ait1 © Vg 1y

where ¥y,4141 minimizes distortion up to isotopy constant on v, ., (Z), and

dy ([€n41.1), [identity]) < My for all i and m. Moreover for every long v-thick and
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dominant gap or mg-Pole-Zero loop « along a segment of [z%, .25} ]2 containing
some y, there is ' € [y, Ym+1] such that

doz(y.y') S Cv) or |Re(maz(y) = 7az(y)] < Ko,

depending on whether «v is a gap or a loop.

d) For each m, one of the following holds for y,,, = y,.(z), x € .

d)(i) This property concerns only the projections of the y,, to 7(Z). All distances
are measured in 7 (Z), and all geodesic segments are in 7 (Z). The gap or loop «,, is
long, v,,-thick and dominant for some v, > 1), or satisfics the Pole-Zero Condition,
if a loop. on a segment centred on y!, € [y,n—1.Ym+1]z. The following hold.

d(y,,,.(y,,,Jrl.Z(ynm !/m,+1) > A(Js (&%) N Yyp 41 7é ,
d(v,,,,Z(!/m-, ;l/f",) < C(Vm)s or | RC(WG,,,.Z(Um) — T, Z(I];n)| < [\’0

(1)

depending on whether o, is a gap or a loop.

d)(ii) For all k£ = m, therc is an invariant loop set 'y (not necessarily satisfying the
Levy Condition 2.2, and possibly empty) with yx € 7 (I, M), and with the following
properties. Let «y denote the fixed set (2.8) of T'y.. If 'y, does not have a nonempty
subset satisfying the Levy Condition, let P, = ay. If Ty does have a nonempty subset
satisfying the Levy Condition, let P be the irreducible fixed component of ay. For
all k =2 m, x € U, do, (e, 7(yr)) < My, and P,, C Py. Moreover, if @ € ¢, and
P, = v, is not homcomorphic, then dp, (4, yx) < M.

Note that Condition 28.3d)(ii) implies that, if P2, # P, for a least & # m. then P
is not homeomorphic, P; is not homeomorplic for all j > & and dp, (yx.y;) < Mj for
all j = k.

28.4. Proposition. —- If ®, y,, have the properties outlined in 28.3, and ¢ is the geodesic
in T(Y) between xo. x € V., then ®(€) and pa satisfy ECPP of 25.5. for a suitable
sequence {ay,}.

This will be proved in 28.7 below. First, we need some preliminaries. We use the
results of Chapters 14 and 15, and the various different notions of length given in
Chapter 14.

28.5. Lemma. The following holds for some function Cy : (0.00) — (0.0c). and
K1 > 0 for a suitable choice of long thick and dominant functions. Let 28.3d)(i) hold
for k replacing m. for all j < k < m apart from (1) of 28.3d)(i). which is not needed.
Then for all j < m, there is y;m.n € [y Ymlz such that

(I(Yk ~Z(‘.7/l~":(/j.nz‘k) < le (I/k') or | R("(W(\L‘AZ(:I/A') T Ty, .Z(!/j.m./a‘))‘ < A'L

depending on whether oy is a gap or a loop. Also, given new long thick and donvi-
nant parameter functions and a new Pole-Zero constant, the original long thick and
dominant parameter functions and Pole-Zero constant can be chosen so that oy is
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long thick and dominant or satisfies the Pole-Zero Condition with respect to the new
parameter functions and constant on a segment of [yj, Ym)z centred on Yiom k-

Proof. — Fix m, j and k with j < k < m. The result is about 7(Z). For the rest
of the proof, we regard all points as being in 7 (Z), distances are measured in 7 (Z2)
and geodesic segments are in 7(Z). We shall obtain the result from the criterion
(3) of 15.9. The criterion 15.9 has two alternatives, involving a loop v C «aj such
that @k ()| is bounded, and two loops 7, v which both intersect v transversally,
but are mutually disjoint. We either have to prove some condition on y,, or on y;.
First we have to decide which. Let y}, € [yx—1,yx] be as in 28.3d). Let qx(z)dz?
be the quadratic differential at y, = [p,] for d(y,,yr+1). Then |} (7)]qg, is also
bounded. Now ¢} (v N au)lq,. is boundedly proportional to either |¢} (v N aw)lg, +
or | (vh N ak)lge,—. We suppose without loss of generality that it is boundedly
proportional to |} (v Nak)|ge,+- Then [¢} (v] Nak)lq, is also boundedly proportional
to @) (V1 N @k)|ge.+» using 15.11 (as usual) because otherwise the loops would be
disjoint. Now take any loop 7/ intersecting v transversally. Then, using (3) of 15.9
we need to show that, for a suitable constant M depending only on the choice of long
thick and dominant parameter functions

(1) I‘»QHL(V))/ < AI'WW(V(/))

The line of proof will then follow that of 15.8. We actually need to prove similar
statements, not only for y, but for y = [¢] in a segment around y;. in [yr—1. yx| for
~ replaced by any loop 7, € «y such that |p(y,)| is bounded. The method will be
the same. To prove (1,,) we use an induction. For k < ¢ < m we choose points
Ye1 € [Yr—1,yes:1] and for & < £ < m — 1 we also choose yr2 € [ye, yer2] with the
following properties. The point gy is in the middle third segment centred on yy along
which ay is long thick and dominant or satisfies the Pole-Zero Condition, nearer ¢
than y;. We can assume that the long thick and dominant functions and Pole-Zero
constant are sufficiently good for it to be possible to apply 15.8 twice and obtain, for
Cy : (0,00) — (0,00) and Ky > 0 depending only on the long thick and dominant
functions and Pole-Zero constant,

Aoy .z(yea-ye2) < Co(vg)  or [Re(ma, z(Wen) — Ta,.z(ye2)] < Ko,

depending on whether ay is a gap or a loop, and moreover we can assume the original
long thick and dominant functions and Pole-Zero constant were sufficiently good that
v is also long thick and dominant or satisfies the Pole-Zero Constant along a segment
of [ye, yer2] containing y, » for (different) specified long thick and dominant parameter
functions and Pole-Zero Condition which we shall need in a moment. Now write
yei = [pe.i]. Then we shall prove by induction on ¢ that

(Les) lpei(M" < Mlpei(v)
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We shall obtain (1g;) inductively. First we shall obtain (1), and (1) will always
imply (1l¢2) if € <m —1. Then (1l¢o) will imply (1,44,1) if € <m — 1, while (1,,-1,1)
will imply (1,,.1).

Let qo;(2)dz? be the quadratic differential at y, ; for d(yei, yesri). Let Ge,; o+ denote
the expanding and contracting foliations of g ;(z)dz?, that is, G¢; + expands when
moving forward towards y;. For ¢ > k, qo.1(z)dz? is the stretch of g, 2(2)d2? at
Ye,1-

The idea of the proof of (1,;) is to lock each point on g 1 () to a point on @y ;(v(),
where the locking is along bounded stable foliation segments, and there is a bound on
the number of points on ¢y 1(7) locked to any particular point of ¢s1(v’). To prove
the inductive step (1,;) we need a larger set of inductive properties, as follows. The
properties involve an integer N which is bounded in terms of vy.

For each k < ¢ <m,and i =1, 2 (or just i = 1 if £ = m — 1) we shall find segments
Iriw Cri(v)) for 1 <t < N' < N, and maps

ovit Lo — 0 () U (Uuzeedrin)
with the following properties, with respect to a suitable function Ay : (0,1) — (1, 00),
which can be chosen suitably provided that the original long thick and dominant
functions and Pole Zero function are suitably chosen.

(2¢;) Each I ;; has, at each end a segment Iy ;. (v =0or 1) in S(ae, yei, €0) of
1ellgth > Al(’/i,'i,l )

(3¢,;) The map o¢ ;¢ maps Ioir ~ (Tei0.0 U leie1) to @ei(y), maps Ige 0 either
to wei(v) (case 1) or to Iy ;.1 for some u (casc 2), and similarly for Ir;,1. Each
point on @z ; () is in oy +(Leiy ~ (Lri4,0 U Loi,1)) for some t. Any points a and
o¢it(a) are joined along a Gy ; —-segment. For x € Iy, (v = 0 or 1), this segment
has length < Aj(rp). The map oy, is continuous except possibly at a point a €
it NOLrit ~ Lritw), for v = 0 or 1. At such a point, right and left limits
ovit(at) exist. If v = 0, then with oy, (a+) = a1 € @ei(y) and o ¢(a—) = a2 €
OIp i MOTpiu ~ Ltin1). Moreover, og; u(az—) = ovii(at) = ar and oy i (as+) =
o¢.it(a—). See the diagrams.

m/\

Locking: Case 1.

(4¢,;) Any segment J of Iy, (v = 0 or 1) of length > Ay () has |J|g,, | =
A1) g

The conditions (2¢;) to (4¢;) are sufficient to give (lg;). We start by obtain-
ing (2x,1) to (4x,1), using 15.11. Since |} (7) N ar)|q. is boundedly proportional to
|05 (70 N k) g4 Pr.1(7h) contains long segments almost tangent to the unstable fo-

liation, if d(yk.1,yx) is large enough, and, again if d(yr.1,yx) is large enough given 4,
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Locking: Case 2.

these long segments come within § of every point in S(ag,yk.1,€0), by 15.11. Take
d(yk.1. ;) just large enough for this, bounded in terms of some integer NV, so that
|©. ;(7)] is bounded in terms of N. Then we can construct segments Ip. 1 ¢ C @k 1(7)
and maps o1 with properties (2x,1) to (4g,1)

Now let ¢ > k. Suppose inductively that we have (2,_12) to (4¢—1.2). Then (2,,)
to (4¢.1) also hold. In fact we claim that the estimates are better in some respects.

In (2¢1): the segments of Iy, (v = 0 or 1) can be of length > A,(v,) where
Asg(ve) can be taken arbitrarily long by suitable the “long” function A with respect
to which ay is long thick and dominant, or similarly if oy, is a loop.

In (3¢,1): the length of the Gy 1,_-segment joining x and o1 +(z) for & € Iy 1+, can
be taken of length < Ag(w)*l.

In (4¢): any segment J of I}, , (v =0or 1) of length > Ay (v¢) has

(42) |J'47k.1-~ gAl(uf)“”']lqz«l"

So we need to obtain the Iy ¢, 041 +. Let x be the map minimizing distortion with
[x ©we—1.2] = [¢e1]. Then

99#,1(%/)) =X©° @/—1,2(7’6)1 Wm(ﬁ’) =Xo° 99/—1,2(’7)-

We take Ip1+0 C xX(Le—1,2.t0), and then take Iy ; to be the subset of x(Ir—12.+)
which ends in the segments IA]‘,‘,”. We need the fact that ap_1 Ny # . We then
take 0p1.4 = x 0 0v2:0Xx '. Thus (2/—12) to (4d¢e_1.2) imply (2¢.1) to (4¢1). In the
same way, (21—1,2) to (4dg—12) imply (2) to (4x).

It remains to show that (2¢,1) to (4¢1) imply (2¢2) to (4¢.2). We have a home-
omorphism x’ which is bounded restricted to S(ay,ye.1.€0) in terms of C(vy) or
to a subannulus of this if a; is a loop — such that [x" o pe1] = [pr2]. We can also
assume Y’ is such that x" o wr1(¥), X' 0 we1(7) are in good position. We claim that
we can obtain Iy s, I¢ 2+, with the required properties from x'(Iz1,¢), X' ({e,1.¢.0) by
moving the endpoints a bounded distance in S(cav, yr.2,€0). The paths Iy ¢, the path
@e,1(y) and the Gy | _-segments between them, give rise to a union of discs, foliated
by G¢1,—-segments, although the discs can contain zeros of the foliation and the fo-
liation is not wholly tangent, nor wholly transverse to the boundaries of the discs.
These discs are mapped by x’ to discs, which are homotopically trivial in C~ ¢y.2(Z).
The foliation Gy —. is not, of course, mapped to Gpa — by x’. But we still have a
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foliation of the new discs by Gy 2 —-segments. We can obtain the I 24, Ip 2, with
the required properties, provided that no segment J of x'(Is.1.¢.) of length > Ay (vy)
in S(aw, [¢y,],€0) satisties

|J|Qe.2y+ < Al(l/[,l)_l|J‘qe,2'

Suppose that there is such a segment. Remember that we also have (4,,). Then we
can take such a J whose endpoints in S(ay, [ap’g 1],€0) can be joined by a bounded
segment not crossing J. to form a closed simple loop ¢ 2(¢) and such that

le.2(Olgrat <281 (1e2) Hee2(Olaeas
e (Olgrr— <281 (ve1) M eea (g, -

Then the points w = [¥] € [ye—1,ye41 and w' € [t}, yey2] at which ¥(¢), ¥'(¢)
achieve the minimum length along these geodesics (to within a bounded distance) are
such that w is to the left of y, 1 and w’ to the right of y¢ arbitrarily far from
Y, Ye,2 by choice of Ay (vp1). This contradicts the bound on da, (ye,1,yr,2) and the
similar estimates throughout the corresponding segments on which «y is long thick
and dominant, for suitable choice of Aj(vy), if ay is a gap. The case of ay a loop is
similar. So the inductive step is completed.

28.6. The No-cell-cutting Property. — A geodesic segment £ C C ~ p(Z) has
the no-cell-cutting property with respect to a given Lo > 0 and integer N if there is
no set of successive subsegments ¢; C ¢ (1 < ¢ < n) such that each ¢; has length < Lo
and each component of C~ (¢(Z)U¥;) is a topological disc with at most one puncture.
This is a useful concept, because for any given Lg, IV, with Lg sufficiently long given
p(Z), if R is sufficiently large, then the set of all geodesic segments of length R in
C ~ o(Z) with the no-cell-cutting property, and all with the same starting point, has
relatively small measure.

Lemma. — Let
loklz = [Xkj 0 wilz = [xklz
where X, ; minimizes distortion up to isotopy constant on p;(Z), xx minimizes dis-
tortion up to isotopy constant on Z. Let
[poly = [xo00p]y

for a path (3" starting from vy. Let Lg be given. Then for suitable choice of long thick
and dominant functions in 28.3, and for N depending on Lo and Dy of 28.3, the
following holds.

(1) [omly = [Xm.j© 08, °p;ly = [xmo0g, °0aly,

(2) lpjly = {0,3(,“,. © X4,0 © oy
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such that the geodesics homotopic to By, j, Bm via homotopies preserving endpoints
have the no cell-cutting property (with respect to N and Lg). So does the path ,8()‘]. if
yi satisfies 28.3(i) for all i < j.

Proof. — We first consider the case of /36’]4. The case of 3, ; will be similar. Let I'g
be a set of loops in ¢o(C ~ Z) such that C~ (UI'g U p(Z)) is a union of discs with
at most one puncture. We assume that 'y is in good position with respect to the
quadratic differential for dz(yo.y;). We start by choosing a simple path n from some
intersection of two loops of Ty to ¢g(v2) such that the intersection of v with S(yo,¢)
has bounded Poincaré length. Then define

m=x;0(n), 12 =p;0w " (n).

Then

[pily = [n2em, © Xj0 © o]y
Now 11 is isotopic to a geodesic segment in C < ¢;(Z), under isotopy preserving
endpoints, and hence, since it is simple, clearly has the no-cell-cutting property. But
there is no reason why this should be true for 72, which we now analyse more carefully.
This proceeds in two steps. We shall write

[erly = [o¢, o Xkk—1 0 Pr—1]y
for a path ¢, which has the No-cell-cutting property (for suitable N and Lp) and a
stronger property, to be specified —— and then we shall obtain (2), where
(3) /3(/),]' = /36,j.1 * ok o5

where /3(’).7.‘,; has some connection to (i, to be specified. Using the notation of 28.3c¢),
and redefining the & ; if nccessary, we can assume either that the gap or loop wy; con-
taining '1/)2/,{,;('02) is the end of a segment ()f [1271 , :1:};,] and is long v-thick and dominant
or mg-pole-zero (by 15.14), or d,, (xi,2i ') is bounded. Then there is a correspond-
ing point y!. € [yx—1,yr]z (as an element of 7(Z)) such that

(4) oy .2 (Yi-x) < C1(v)
or
(5) |Re(my . z(yk) — Ty, z(20))] < K

where the functions C;(v) and constant K depend only on the function C'(v) and
constant Ko of 15.8 (and the long thick and dominant parameter functions and Pole-
Zero constant) and the integer 7y of 28.3¢c). We choose yi as a element of 7(Y) so
that (3) or (4) holds — for possibly larger constants (although we could use the same
ones)  with d,, , z replaced by d,,, , v and m,, , z replaced by 7, . y. Then we can
write yi = [p}]y and

[ i+1 i+1

P }Z:[Xk O*PZ]Z
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where xj minimises distortion up to isotopy constant on i (Z). Then by the 7(Y)
versions of (1) and (2), we can find bounded homeomorphisms 64 such that for all 4, k.

[@Ii\t]y - [()(i],j.kv © l/);\,]Y
So then for 0 < k < 4,

i i—1 i ' ; i—1y—1 i—1

Xhowi Iy =M0i)e&oxio(8, ) Topr v

Then take a loop set r (more properly T'y;_1) in C ~ @L_l(Z) such that the com-
plement of UT" in C ~ ¢}~ Y(Z) is a union of at most once-punctured discs. in good
position with respect of the quadratic differential for dz(;(/',"',“],y’,i,) at ;l/(")fjlk, and con-
sidering the homotopy between (()2‘1 )~H(I") and the good position of this with respect

to the quadratic differential for dz(;ri, l.J'j‘,) at ;1,'2._1. we obtain

[(foi] - [0-61.'.i o Xi © 992:7 l]
where
Oki = O % (0 0 E(S)

for bounded paths ), ; and &)/ ;. Then write

Xt =xho o X ok = [pogkls [pogelz = [Xoj.ek © Pojk]

if 0 <k < ¢ < j, where xo,¢ minimises distortion up to isotopy constant on
©o.5.x(Z). and

Cu = X;] (Op1) * - = X;‘;’,“l((sk"l'—]) * Op yoe
Then

[orly = [0¢, © Xbk—10@r—1]y.

Then for fixed k, for any given function ¢ : (0,00) — (0.00), assuming d(yr. Yk+1)
is sufficiently large, by choosing i suitably so that dz(yx,y.) is bounded and much
smaller than dz (yg, ,1/,";,_1), we can write ¢, in the form i1 * (r.2 where |y 2| < Lo for
a suitable constant Ly, and |G 1]q, . 1.+ < €(L2), where g 11 (2)dz? is the quadratic
differential at yg for dz(yr—1,yr—1), with stable foliation contracted when moving
towards yi—1. This property implies that any segment of . 1 intersecting S{an. yi. €o)
has length bounded from 0. Also the number of self-intersections on ¢ is bounded in
terms of r and Als.

Now we apply a similar technique, replacing the points 2 (0 < i < r) by the
points yi (0 < & < j) and the points y;, by the points yo j» — which are as in 28.5.
This time, the homeomorphism 6}, are replaced by homeomorphisms g ;& with 6o ;s
bounded only on S(yx, ax.£0). Then we obtain (2) and (3) with

3ok = gk (Chr * C) % 0ok k (Cr)

with bounds only on [¢, N S(yo . .ol G O S (o ks ar.€0)]. But we do also
have a bound on the number of self-interscctions of each H().y’.k’
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So 3, ;. has the no-cell-cutting property for N depending only on r and M. To

show that [ ; does also (for suitable constants) it suffices to show that

Boga %% o1
has the no-cell-cutting property, for suitable constants. In fact, it is more convenient
to consider X;_l (Bo g1 % *B-1) where [¢}] = [X;_l o ¢j| is a point on [yo, y;] at
which «; is long thick and dominant or satisfies the Pole-Zero Condition -~ but we
assume that «; is a gap. To simplify the notation, we assume that x} is the identity.
We also choose a loop v; C a; such that ¢,(;) is bounded.

Suppose for contradiction that N successive segments of Ul‘fé.i—l«b)(l),j,j—l of total
length < Lo cut ¢ () into cells. We can homotope this union of segments, via
a homotopy preserving ¢;(0q; ), to a union ¢ of good position segments, moving
endpoints of 3 ,; in ¢;(a;) along stable segments of the foliation for the quadratic
differential g;(z)dz? for dz(yo,y;). We continue to call the respective images under
homotopy /J{W,i N ¢, although some of these will now have zero length.

Now we claim that for each [36_]-,,: lying entirely in £, # (8] ; , N, (7)) is bounded,
with a bound depending only on Mo, if dz(y;, y:+1) is big enough, for all i < j. For

# (60,56 N5 (1) = #(X0,5.k.5 (B0 j.6) N 0,5.0(7i))-

Now X0.j,k.j (/36,]',14) is a union of 3 segments of length bounded by M and of segments
00,5,k (Ck,s) for © < r where the ¢ ; are either bounded or are close to the unstable
foliation of the quadratic differential for dz(yr—1,yr) at yi. The segments g ;1 (Cp i)
which are not bounded then have unstable length bounded from 0 with respect to the
quadratic differential for dz(yo.;k,y;) at yo j.k: because we can find long segments
which are a bounded distance from ¢y ; (7') for some loop v C «ay such that ¢'(y")
is bounded in the segment along which a; is long thick and dominant but [¢'] is
nearer Yo j k-1 than yo ;. But if this happens then the contribution of (i ; to S
gives length > Ly, assuming only that dz(y;, yo,j,) is large enough. So X(l,j‘k,j(ﬁ(/)_j,k)
is bounded in terms of M, and # () ; , N ;(7x)) is indeed bounded. Since ¢ cuts
v;j(a;) into cells, we can choose (1 C ¢’ (a;) N ¢ with endpoints in ¢;(Ja; U ;) such
that ¢ is at constant angle to ¢;(z)dz*, and |61],, - = C(Lo)|l]y, for C(Ly) > 0.
Now any long segment of @;(7;) (i < j) is almost tangent to the unstable foliation.
So by 15.11, for Ag as in 28.3

(6) # (6 N @;(7-1)) 2 n(Ao)

where
lim n(Ay) = +oc.

Ay—00
This follows from the fact that by 15.14 there must be a very long length of segments
l(a ;) between y; and yo ;-1 ; such that «a;; is long thick and dominant or satisfies
the Pole-zero Condition on ¢(c; ;) and ;41 Naj,; # &. In particular, (6) is true
for i = j — 1. So there is a segment ¢; ;_; C £; with both endpoints on ¢;(v;-1)

which lies in @;((yjkl), and is not intersected by /3

0j.j—1- Now we take preimages
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under xq ;5 ¢ where [p;]z = [xj,j-1 © ¥o,j,j-1]. Eventually we obtain that for some
k #8551 N @j(k)) = n(Ao), in contradiction to what was shown before.

The construction of (3, ; is similar, with y,, taking the role of yo. If y; satisfies
28.3d)(ii) for some ¢ < m then this is also true for all £ with ¢ < k < m. Let i; be
the least such i, or i; = m. If i1 < m then there are i,, for n < r, some r bounded in
terms of #(Y") such that i, = m, ¢, (OF;;) is bounded for j < m and Xy, i, (Bmiy k)
does not intersect the bounded loop set ¢, (0P;,) for iy < k < igy1. Hence there
is N1 depending only on Dq, My, M| and #(Y), Xm,i, (Om,i;) can be written up to
homotopy fixing the endpoints as a union of < N; geodesic segments such that if £ is
one of these segments, not all components of C . (p,,(Z) U ¢) are discs with at most
one puncture. This property is preserved under homeomorphism (unlike the weaker
no-cell-cutting property). After extending the endpoints of 3,,;, a bounded amount,
Bim.j = Bjiy * X;f;(ﬁm.i,) and hence also has the no-cell-cutting property, possibly for
some N bounded in terms of C', My, M{. So we can allow y; to satisfy 28.3d)(ii) for
some ¢.

Now we want to adapt this argument to obtain similar results for the decomposition
[pmly = [Xm©0s,, 004 ]y. We want to use a similar argument to the above. So we need
to consider the geodesics [z, Yo, (Yo, ym]| and [zo, ym] for any given m. Remember
that 29 = [identity]. Then by 15.8, we can find p < m and w € [z0, Yo]z, W' € [®o, Yp)z
(if p < m) such that dq,(w,y,) < C(vp), da,,, (W, ypr1) < C(Vpy1). If we drop the
condition ay, N apt+y # @ then, by inserting extra points y; on [y,, yp+1] if necessary,
we can still assume that w, w’ exist as above, and that there exists w” € [yp, Yp+1]z
with no long thick and dominants on {w”,y,41] intersecting ap,41 and not equal to
apt1, and similarly for [y,,w”]. Then by 15.14 there is K; depending on the long
thick and dominant functions such that d, (y;,w"”) < K1, i = p, p+ 1. Now write

Xp+1p = x7oxt  mz(w”) =[],
where w” = [x! o ¢,], and X', x*, x? minimize distortion up to isotopies constant on
Z, op(Z), X' 0 pp(Z). Hence, [xp] = [€1 0 Xx0]z, [Xp+1 = [E2 © X;,), Where &, & are
bounded on x§ (), x5 (cp+1). Now by the same method as at the start of the proof,
\! OXI):X,/OJCH (X2)_1 ° Xpt1 :Xloo-g;’
where (1, (o have < C(K7) intersections with x, (), Xpt+1(@ps1). For any i, j, define
[p5.1] by
lesly = lpsiopily.
Therefore
[y = [Pmopt1 0 Ept1 © T5ppy © Xp1 © Xpi1 © X 0 X' ©0p,0 © X0 © O]y
Now apply the method of showing the no-cell-cutting property for 3,, ; to show

[vo.p © Xply = [x0© 0{_.31]&/7

[‘P'm,'p-’rl Sl Ep—H o 0‘61,4 ;1 © X})+1}Y = [Xm o UC,JY:
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where (3,¢4 have the no-cell-cutting property. Then since ¢, 0 = g 11) we have

[‘Pm]Y - [Xm 0 0¢, ©0¢, © Xlﬁl o XI 0 0¢ 00¢, © X(Tl °Xo© U;S']Y

= [Xm ©a0a,, © Uu']Y,

where [3,, = (3 * (1 * (2 * (4 has the no-cell-cutting property as required. 0

28.7. Proof of 28.4. — Let ¢ = [xg, x| be the geodesic segment in 7 (Y) between
zo and x € 171 and fix n. We then have a natural ordering on ¢, with zg < ¢t < «x for
all t € 4. Let

t, =sup{t € £:dp(0, p2(& < n}.

Then we need to show that. for suitable a, with hmn,wC a, =0, for any t, t' > t,,

Ip2(P(t)) — pa(P(t' NI < an.

In order to show this, it suffices to show that the set

{p2(2(t)) : t > t,}

lies in a union of disjoint balls centred at points of S!, each of Euclidean radius
< ay,. Since the above set is connected, it must then lie in a single ball (if the set is
nonempty) which contains the point po(x), since &(r) = z.

We first claim that, for suitable a,, > e~V™, the set

{p2(t) : t > t,}
lies in the union of {z : dp(0, z) < n/2} and a union of disjoint balls centred on points
of S', each of Euclidean radius < a,,/2, and such that the Euclidean distance between
any two of these balls is > ¢~ V™. To see this, let

z < logn}.
Here, £; denotes the geodesic in T(Y) joining xp and ¢t. Then, by the First Basic
Lemma of 25.7,if t > ¢!, dp(0, p2(t)) = VIogn/C\, and hence, by 28.1, if t/, <t < x,

t,o=sup{t e (: ||ty

n

1
pa(t) = pa()] <
ogn
However, if ¢ < t),, then by 14.12, t = [¢); 0 0,]y, where 3, is a path based at v, vy

minimizes dlhtOI“thI] up to Z-preserving isotopy and

Iﬂt|+‘t < Cj(,\/logn < nl/1

Here, |- |4 ¢ denotes length with respect to the expanding foliation of v);. We can take
the paths 3; to be geodesic. Then the lifted geodesic with initial endpoint at 0 is the
geodesic joining 0 and po(t). By abuse of notation, we call this 3; also. It follows that
on the circle {z : dp(0.2) = 2y/n}. there are intervals of Euclidean length O(e™2V7").
such that the successive Euclidean distance between any two is ()_2\/5“'0("'/4). which
are not crossed by any F;. It follows that the claim is proved with a,, > 4/logn (for
example).
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Now we need to consider po(P(t)) = limy,— oo p2(ym (1)) instead of po(t). Fix a large
m depending on t so that |p2(&(t)) — p2(ym (1))] < e™". Then we only need to consider
Y (1) for t € £,, since y,,(£) = ym (¢;,) and y,, maps components of £~ £,, to points.
By 28.6, we have a geodesic /3, = 5,1, which we can consider either as a geodesic in
C . Z, or, by taking lifts, as geodesics in the unit disc, where /3, has initial endpoint
at po(t), and final endpoint at p2(ym(t)). We also have the no-cell-cutting property
(28.6) for 3,,. This means that, similarly to 28.1, for a suitable § > 0 determined by
Ly and N, regarding /3,,, as a geodesic in the unit disc, on any circle centred on 0 of
Euclidean radius 1 —e™", there are intervals of (Euclidean) length > de™" intersecting
every interval on this circle of length < 6 'e™7, such that 3,, does not cross any of
these intervals.

Let By be the set of balls centred on points of St each of Euclidean radius < a,, /2,
such that

po((tn,x]) CUByU{z:dp(0,2) <n/2}.

Let Bf be the balls of By with radii enlarged by e~ 2V If the geodesic B¢ joining
pa(t) and po(E(t)) does not intersect

{2z :dp(2,0 < 3)V/n},

then

Ip2(t) — p2(E(t))] < e 2V™,
and pa(®(t)) is in a ball of By. If 3,,+ does intersect {z: dp(0 < 3y/n}, then By, 4
Crosses

{z:dp(0,2) = 4V/n},
and, by the no-cell-cutting property, avoids 111te1'vals on this circle of Euclidean diam-
eter = Ce=*V" for C bounded from 0 and such that the distance between any two
intervals is O((?74‘/7—l)4 It follows that pa((¢,,2]) lics in a union of balls of diameter
< an/2+ e~V" < a,, which are Euclidean distance > e oV apart, as required. O

ASTERISQUE 288



CHAPTER 29

CHUNKS

29.1. In Chapter 28 (in particular in 28.3) we outlined a programme for moving a
geodesic segment with endpoints in Vtoa path in ‘7, in a controlled way. The chief
difficulty with this programme is dealing with geodesic segments which pass through
T~ for a small € > 0 but which do not lie in sets 7 (I', ) for invariant (fy, ') (because
the geodesic segments are very long). This chapter is devoted to the study of loop
sets ' and the action on these by fy, where it is not in general true that I' C fO‘IF,
and to the study of long geodesic segments which pass through 7-.. In particular, we
develop the concept of of chunks.

29.2. Definition of Chunks. — Let o be a homotopically essential nonperipheral
subsurface of C \ Y and let |¢(0«)| be bounded for some [@] € T(Y). We shall say,
somewhat loosely that « is a gap (or a loop if «v is an annulus) at [¢]. One problem
that we have to deal with is that although f; (@) is a gap at 7(y) whenever « is a gap
at y, given y, y' € 7(Y'), there is no obvious relation between gaps on [ (y), 7(y’)] and
gaps on [y.y'], because [T(y), 7(y’)] may be a large distance from 7([y.y']). Because
if this, we use chunks (of gaps and loops) along segments [y, 3] which are geodesic
both in C Y and C \ Z.

First we need a preliminary definition. For any z € [y,¢'], 2’ € [z,9] and any
long thick and dominant a at z with a N fy (@) # @, we define C(a, z,2') to be
the convex hull of thick and dominant gaps intersecting « along [z, 2]. The convex
hull is defined to be the union of the gaps, together with any homotopically trivial or
peripheral complementary components. Thus « = C'(a, z, z) and C(a, z, 2') increases
as 2" approaches y’. The finite type surface C(«, z,2’) can obviously only increase
finitely often. Also if « N3 # @ and «, (3 are at z, 2’ respectively then C(3,z2".2") C
Cla,z.2") for all 2" € [/, y'].

In what follows, when we talk about a long thick and dominant gap or loop. we
mean with respect to fixed parameter functions A, r, s for gaps and a constant C)
for loops (see 15.3). Also, thick will mean v-thick for some v > v(A,r.s,C1), where
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v(A,r,s,Cy) is the constant produced in 15.4, such that sufficiently long geodesic seg-
ments always contain such long, v-thick and dominant gaps and loops. The constant
M = M(A,r,s,C}) is given by 15.14.

A chunk [y1,y2) x @ C [y, '] x C has the following property 1.
1. The subsurface « is a connected union of gaps and loops at each point of [y, y2].
For any long thick and dominant gaps and loops (15.3) a1, ag C « at points y}, v
in [yi,y2] with d}, (yi,y;) < M, i =1, 2, we have a = C(a1, 41, y2) = Claz, 5, y1)-

Note that a chunk might contain no long thick and dominant gaps, or it will be the
convex hull of those it contains. A chunk which does contain long thick and dominant
gaps is called long thick and dominant.

We say that [y1,y2] X « is a partial chunk if we only have C(ay, 4}, y2) C « and
Claz,yb,y1) C a. It follows from 15.14 that, for a constant M depending on the
parameter functions used to define long thick and dominant, if o is a partial chunk,

2. [yl,yg] C T(O(Y,]\[).

A (partial) chunk system for y.y'] is a collection X of disjoint (partial) chunks [y, y}]x
« such that:

3. [y y'] x C = Uy, il x@: [y, i) x o € B}

29.3. Lemma. — For some 1 bounded in terms of #(Y), a partial chunk can be parti-
tioned into < r chunks. Hence, given any y, y' € T(Y'), there is a chunk system for
ly, y'] with < r elements. Given a partial chunk systern o with p elements, there is a
refinement of Yo which is a chunk system with < r'
terms of p and #(Y).

elements where v’ is bounded in

Proof. Let [yo, y4] x ao be a partial chunk which is not a chunk. Choose some o’ C
cvp which is a long thick and dominant gap at y{ and as near as possible to yo (replacing
yo by yj if necessary) with C(¢/,yo, y)) = C(e/ 4. y,) # . Then subdivide [yo, yp]
into segments [z;, z{] along which C(o/, yo, ) is constant. Then consider the set X,
of partial chunks [z;, z[] x C(a/, yo, z}) and [z, 2] x (e ~ C(, yo. 2})). Inductively,
suppose not all elements of 3; are chunks. Then those which are not can be properly
subdivided to obtain a new system ;41 of partial chunks such that if [z, 2] x 3 € ¥,
[w,w'] x ¢ € ;41 with [w.w'] x ¢ C [z, 2] x B and [w,w'] x { # [z, 2'] x 3 then ¢ # f3.
If ¥; is not a set of chunks for 0 < j < s then we have a strictly decreasing sequence
a; Y of nontrivial nonperipheral subsurfaces of C \ Y. So for some s bounded in
terms of #(Y), ¥ must be a set of chunks. Since the number of elements of X, is
bounded in terms of j and # (Y'), the munber of elements of 3, is bounded in terms

of #(Y).
The last two statements of the lemma are obtained by applying this to the partial
chunk [y,7'] x C, and to the elements of a partial chunk system Y. O
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29.4. Lemma. Given a sequence {(An,rn, sn,C10)} of long thick and dominant
parameter functions and constants, and given an integer p, and given a partial chunk
system, we can find a chunk system ¥ for p successive (Ap,rn.5,.C1n), N < n <
N +p —1 with N bounded in terms of p and #(Y'), and #(X) bounded in terms of
#(Y).

Proof. — We use exactly the same method of the previous lemma. Assume without
loss of generality that (A, 11.70+1, Sn+1, C1.+1) is a better set of parameter functions
and constants than (A,,, 7y, s,.Ci.,,). If ¥, is a chunk system for (A,.7r,. $,,C1n),
then it is a partial chunk system for (A, 41,741, Snt1. Crup1) and any partial chunk
[y1,y2] x o which is not a chunk for the better set can be properly subdivided —
in particular o is properly subdivided - so that it is. But any sequence of proper
subdivisions is bounded in terms of #(Y). So there is a bound on the number of n
such that some chunk needs subdividing. O

29.5. r-fold chunks. — We shall say « is an r-fold chunk along [y1,y}] if we can
find successive points z;, 0 < @ < r with zp = y;. 2z, = yo. such that « is a chunk
along each [z;, z;11]. An r-fold chunk system is a chunk system in which every chunk

is r-fold.

Lemma. Any partial chunk can be written as a disjoint union of < s r-fold chunks.
where s is bounded in terms of r and #(Y). Hence. any chunk system o can be
refined to an r-fold chunk system X,., where the number of elements of ¥, is bounded
in terms of #(Y). r. and the number of elements of %.

Proof. - We only nced to prove the first statement. The key to this is the fact that
a chunk [y, y2] x a which is a single long thick and dominant gap is automatically an
r-fold chunk: either « is long thick and dominant on each of r disjoint subintervals of
lyr.y2] or da(yr.y2) < M. Let [yo. y] X ap be a partial chunk. Suppose inductively
that any partial chunk [z, 2] x 3 with 3 C a. 3 # o can be written as a disjoint
union of r + 1-fold chunks. and that [yo. y()] X o can be written as a disjoint union of
r-fold chunks. Then we can assune without loss of generality that [yo. )] X « is an
r-fold chunk, with subdivision of [y, y)] into [z, zip1], 0 <@ <o If (24, 2401] X g i
a 2-fold chunk for at least one . then [yo. yj] % g is an r + 1-fold chunk. So supposc
(i Zic1] X vy 18 not a 2-fold chunk for any . To simplify the notation. take i = 0. Fix
some arbitrary point = € (zo. z1]. Assume without loss of generality that [zg. 2] x g
is not a chunk. (Otherwise. interchange zp and z;.) If [2], z1] X oy is also not a chunk.
then each of [z9. 5] X 0. [2(. 21] X @ can be divided into chunks [z.z] x 3. always
with 3 # «. and these can be further divided into r + 1-fold chunks by the inductive
hypothesis. If [z(. 21] x ag is a chunk. then take the first point z{ to the right of z{,
such that one of [zg. (] X ap. [2]. 21] X ap is not chunk (since we are assuming that
[20. z1] X vg i3 not a 2-fold chunk). Then the difference is made by the long thick and
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dominant gaps and loops at z{. Each of these is an r + 1-fold chunk along subinterval
of [z0, 21], giving a decomposition of [zg, z1] X «v into sets [z, 2'] x J such that either 3
is an r + 1-fold chunk or 3 # « is a partial chunk. So. again, we can divide [zy. 2] x «
into r + 1-fold chunks. O

As in 29.4, this result extends to work for a finite sequence of parameter functions
and constants.

29.6. Chunk systems on adjacent segments

Lemma. Let 3y, o be chunk systems for [yo.y1], (y1,y2]. Then there is a chunk
system 3 for [yo, y2| such that every chunk is contained in a chunk of ¥4 U Xy, The
number of elements of 3 is bounded in terms of #(Y) and the number of elements of
¥ U 3s.

Proof. By 15.8, if v is long v-thick and dominant at y € [yo, y1] then d, (y.y') <
C1(v) for some y' € [yo.y2] U ly1.y2]. Iy € [yo.y2] then for all z € [yy.y] and
long thick and dominant 3 at z with SN o # @ - that is. § C Cla,y.z) - the
corresponding point z' € [yg, y2] also. Then if [z, 2] x 3 is a chunk for 3, and
Yy € [yo.y2]. for all y € [z. 2] and long thick and dominant o C 3 at y. we take
[z.2/] x B to be a chunk in X. If ¢/ € [y1, yo] for all such y, o, we do not take [z, 2] x /3
to be a chunk of X. If 4 € [yo, y2] for some y, a and ¢’ € [y1, y2] for others. then we
want to subdivide [z. 2] x 3 into chunks. some of which will be in ¥ and some will not.
This is the rough idea. We shall carry out a similar procedure for o, Since every
long n-thick and dominant ¢ at a point w € [yo. y2] satisfies de(w,w') < Ci(n) for
some w’ € [yo.y1] U [y1. y2). we shall have the required chunk system Y. after possibly
adding some chunks disjoint from all long thick and dominants.

So fix [20.21] x 8 € Iy such that for some (y.«) we have y' € [yg.y2] and for
some other (y.a) we have y' € [y1.y2]. We say that («.y) is a cutting point if
v € [yo.y2], and for any other (¢, w) with sNa # &, o # &, w € [y, yl,
we have the correspouding point w’ € [y1.yo]. We can choose a set P of cutting
points (y.a) bounded in terms of #(Y) such that any other cutting point is (w. «)
for some (y,«) € P. Take y' € [yo. y2) with do(y.y") < C1(v) (where « is v-thick)
Consider the convex hulls Clla.y’. 2") for de(z.2) < Cy(n) for z € [20.21]. ¢ C 53
n-thick at z and ¢ N« # @. There are boundedly many intervals [w;, w;y1] such
that C(cv,y’, ") is constant for 2z’ € [w;. w;11]. Then we consider the partial chunks
Clee y' wi) x [wi.w;11] and take the union of these over the cutting points (a. y).
Then by taking intersections and differences. we can obtain a set of disjoint partial
chunks whose union is the union of all the C'(ev, y, w;) X [w;, wi], the size of this set
being bounded in terms of #(Y7). Then we can refine this to a union of chunks. We
can assume that cach point 3 arises from a cutting point from [yg, y1] and another
from [y;. y2]. Since this can be done for all chunks of ¥ UX,. we obtain the result. [
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29.7. Pullback of chunks. — If [yo, y(] X « is a chunk, and S« is a component
of fi ', then [7(yo). T(yh)] x Sa is a partial chunk. We now deal with pullbacks of
chunk systems.

Lemma. — Let 3 be a partial chunk system for [y, y']. Then there is a chunk system
2 for [7(y). T(y')] such that every chunk 8 x [z,z'] of ¥’ satisfies 3 C S« for some
chunk o x [yo, yp] € ¥ and some component Scv of f5 ', with #(3) bounded in terms
of #(Y) and #(X).

Proof. —— We can assume without loss of generality that there is a decomposition
ly.y] = U;‘;(} [yi, yit1] such that the partial chunks of ¥ are all of the form [y;, yir1] X 3
for some i, since we can always refine a partial chunk system (although not a chunk
system) to be of this form. Then we have partial chunks [7(y;), 7(yi+1)] x S3. Then ap-
plying the previous lemma repeatedly, we obtain a chunk system X, for [7(yo). 7(yn)]
from the chunk system ¥,y for [7(yo). 7(yn—1)] and the partial chunk system con-

sisting of the chunks [7(y,—1), 7(y,)] X 3. Finally we put &' = %, _4. O
It makes sense to describe the chunks of ¥/ as preimages of the chunks of ¥, even

though ¥’ is not canonically defined from ¥ and although. for [y].y5] x o/ € ¥/, &/
: ) 1-Y2

is only a subset of a component of fo;I () for some [y1,y2] X o € X. Similarly if z is
a bounded distance from [y, 7(y)]we can use a chunk system % for [y, 7(y)] to define
a chunk system X' for [z,7(z)] with chunks of ¥’ in the backward orbit of chunks
of £. In future we shall often simply write o for a chunk [y;. y2] x @, and shall write
o C filta.
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CHAPTER 30

OUTLINE CONSTRUCTION OF A GOOD SEQUENCE

30.1. We need to complete the task outlined in Chapter 28. This means that, given
a geodesic ¢ in 7(Y) with endpoints in @ component fﬁ of V. we need to construct
the path @(() of 28.3 in f, with the same endpoints as (. This means that. given
2 € (o we need to construct the sequence {y,, (@)} with the properties given in 23.3.
The rough idea is that this will make the union of geodesic segments [y, (7). ¢ 1 ()]
in 7(Z) be as near as possible to a geodesic in 7 (Z). The hard properties of 28.3 to
obtain arc ¢) and d). In order to coustruct y,, 1 from y,,. we find in general that we

necd a supplementary sequence ;.

30.2. A sequence {w;}. — The pullback map 7: 7(Y) — T(Y) has the property
that if a is a gap at y. then cach nontrivial nonperipheral component of fj "a) is
homotopic in C~ Z to a gap oy at 7(y). By the definition of 7 (that is. dz (y. T(y)) =
dy-(y.7(y)) up to homotopy all intersections between a and o are essential in C ~ Z.
and if o Ny = @ up to Z-preserving isotopy then FJ](H O fy'a = @ also. The
same argument does not work if we replace ) by ;. where o is defined induc-
tively by: ajyq is a gap at /7' (y) which is homotopic in C . Z 1o a comporent
of f, l(n_/). That is. if o Na; = @ up to Z-preserving isotopy then this may not
be true up to Y-preserving isotopy. and hence we cannot necessarily deduce that
'I‘U_l(u) N ,f'(fl((y;) = @. For this reason, among others, instead of considering sc-
quences {7'(y)}izo. we consider a sequence {0 © T(Y). w; = w;(y). with
wo =y and chunk systems 35, 30 for [w;. 7(w;)]. [wj. wj] and with the following
properties. We abbreviate “long thick and dominant™ to ltd. where possible. The Ba-
sic property depends on a suitable constant Ay which is chosen just larege enough. The
properties depend on a fixed choice of long thick and dominant parameter functions.

Basic propertics for {w;}. Every Itd ehmnk of X, is. up to bounded distance, either
in f, '(}:q‘_l) or in ,/],'Z(E,/_l) (but the latter happens only on a connected union of
chunks of length < Ay). For a bounded integer 1. and all j, every 1td chunk of Z’/ is
a subset of a chunk in Uj_ . <igj 2. ‘
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Here, the term “up to bounded distance” for ltd chunks 7 x ¢ means that for
all long v-thick and dominant gaps or loops 3 C ¢ and z € [ there is 2’ € I’ for
some chunk I x ¢" on fy"(X,-r). with ds(z,2") < Ca(v), for a suitable function
Cy : (0,20) — (0.00) which depends only on the function C' of 15.8. For chunks
which are not ltd we simply replace Ca(v) by Ms for a suitable constant Ay > 0.

The most important property of the sequence w; is the following.

Straightening property. a) The following holds for an integer r. Take any r = r
and any g > r. If 4 is long v-thick and dominant or mg-Pole-Zero along I C
[wg—r,wylz U [wy. 7(w,] and w € I then there is w’ € [wq—, . 7(w,)] such that

dg(w,w')y < C(v) or |Re(ms(w) —mz(w’))| < Ky

depending on whether /4 is a gap or a loop.

Another way of saying this is that every chunk of ¥, is not a bounded distance
from any chunk along [w,—,.w,]. The following part of the Straightening Property
will not be referred to so frequently, but it will still be used.

b) Given ¢ > 0, the following holds for suitable choice of the long thick and domi-
nant parameter functions and Pole-Zero constant. If 7 is a loop which is in the convex
hull of long thick and dominants along both [wo. w,] and [w,. 7(w,)], and w1 = [¢].
then ()| < e.

Now we list the other properties of the sequence w;.

The following is for suitable functions Cy. Cq : (0. ) — (0.o¢). depending on g.
vo-tractng property. If /3 is long, v-thick and dominant along scgments of [w;, w;y1)
and [w;, wj4 ] containing w and w’ respectively which are both within a bounded dis-
tance of segments of [wg, 7(wy)] (7, j < q) and dg z(w, w') < Ca(v) then dgy (w, w') <
Cy(v). and similarly if /3 is a loop satisfying the Pole-Zero Condition along the seg-
ments.

Note that if this holds for long thick and dominant gaps ad Pole-Zero loops (3, then
we have a similar result for all gaps and loops 3. with Cy(v) and Cy(v) replaced by
suitable constants Ay, M;.

The mostly Z property. — The following holds for a constant Al, and an integer 7.
For w,, = [¢p]. and r < 1o,
Wpi1 = [ oxr0-0& 01080,

where, if [1;] = [&] 0 xi 0 & © 1], x; minimises distortion up to isotopy constant on
Vi—1(Z) and dy ([&]. [identity]) < My for all i. Moreover if

Wiy =160 0 x1 06 0 Uy,
then for every long v-thick and dominant gap or mg-Pole-Zero loop a along a segment
of ['uvf;ll .wi ]z containing some w, there is w’ € [wy,. wy, 1] such that

doz(w,w') <COw) or |Re(ma.z(w) — ma,z(w'))] < Ky

for C(v) and Ky as in 15.8, depending on whether o is a gap or a loop.
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The mostly Z property will imply the similar property 28.3¢) for the y,,.
F-decreasing property
Flw;) < F(wi-1).

Furthermore given ¢, there is 7; > 0, bounded below in terms of F'(y,,), €1 such that
either (i) or (i1) holds.

(i) dy (wi, T(wi_1)) <
(ii) Fw) < F(wj—1) —n.

£1.

The next (and last) chapter will be devoted to proving the following.

30.3. Theorem. - Given y. it is possible to construct a sequence {w;} with wy =y

and the properties above.

30.4. Consequences of the properties. — By 29.4, it is possible to construct
boundedly finite chunk systems with respect to sets of long thick and dominant pa-
rameter functions, one given in terms of the other. If a chunk [y, y2] x o is not long
thick and dominant, then. for M depending on the long thick and dominant functions.
do(yy.y2) < M. So then for either component «; of f(;’l(()f).

do, (T(y1), T(y2)) < M + C
for a suitable constant (% (see 26.9). If o is a loop we also have
[ Re(ma, (7(11) = T (T(92)))] < [Re(ma (1) = 7o (y2)] + Cs

It follows that if I, x oy C fy'(I x «) is long thick and dominant with respect
to (Ay.7ry.s1.m1) and also with respect to (Agz, re, s2.m3) defined suitably in terms
of (Ay.7ry,51,m), then o must also be long thick and dominant with respect to
(As.ro, s9,m2).

Write ¥; , = X; 4.0 for the sct of 1td chunks along [wo, 7(w,)] which arc derived
from E;. We could also write X, 4 for the set of 1td chunks along [wy, 7(wg)] which
are derived from ;. if & < 4. But in fact, by the Straightening Property, £, ;. = £, 4
if i — k > 0 is sufliciently large.

Lemma. Let ¢ x I, € Xy be part of a sequence of ltd chunks I; X (; € g,y
(0 <i<r) with Gy C f57'(G), with T, not within distance Ay of T(wg).

(1) Then I; x ¢; € Xy—pyiy forallq—r+i<j<gq.

(2) All ltd chunks of Xy_,4i nearer wy—,4; than I; X ¢; are also in Xq_, 4, ; for all
q—r+1i<j<q.oand all chunks of Xy j—,.4i which are nearer wo than I; x ¢; are in
Ygergij foralg—r+i<j<qandk <j—r+i.

All these inclusions are up to bounded distance.
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Proof

(1) We prove this by induction on rr—i. It is trivially true for » —i = 0. Renaming
rr—i+ 1 as rif necessary. asswune that Ii x ¢ € X qij forall g —r +i < j < g and
i = 1. Then the inductive hypothiesis also gives Ty x ¢y € Xy, j for g—r < j < g— 1.
Now suppose that Iy x (5 € ¥ where ¥/ is the set of chunks in the chunk systemn
for [wq.T(w,-1)]. which are a bounded distance from f()’l(Eq_ 1). and hence not in
the chunk system for [wg. 7(w,)]. Let 37 denote the complement of ¥/ in ./‘()A] (X4-1).
up to bounded distance. Now chunks from ¥, must bhe a bounded distance from
chunks in f(fl(Eq 1) or distance < A from 72(w,—1). by the Basic Property. So
1) x ¢y comes within a bounded distance of f(f1 X)) =fy : (X4=1) ~ X, (this uses the
m-tracing property). contradicting Iy X (1 € Ey— 0 -

(2) The first statement is true for j = ¢ — =i by the straightening property. Then
use induction. The secoud statenent is similar. O

30.5. Periodic Chunks. — The definition of a periodic chunk is a little involved,
but. in particular. we say that a ltd chank along [wy— . 7(wq— )] is of period rif it is of
the form £y x ¢y and there ave td chunks £; % ¢ along [wq—q i 7(wy— )] (0 <0 <)
with [, X () C f}f‘(],' x () if i <1 and (N ¢ # . and r is the least integer
> () for which this holds for any choice of I; x ;. 7 > 0. A chunk of period one is also
called a fized chunk.

But we need a more general definition that this. We want to say that a Itd chunk
Iy x Co along [wo. 7(w, )] which is. up to bounded distance. a subset of a chunk of 35,
for i < g — r.is of period r in certain circiunstances. even if there may not exist a
sequence of ltd chunks I; x ¢ as above. For a chunk I x ¢ on [wg. 7(w,)] which is. up
to bounded distance. a subset of a chunk of ;. T'(1 x ) will be a finite set of chunks
which arc. up to bounded distance subsets of chunks of Up>oX 0. If there is are
ltd chunks on [wo. 7(wy+1)] a bounded distance from each component of f(;l (I x¢)
then this set of Itd chunks is taken to be T(1 x ). Otherwise we take the maximal
ltd chunks which are a bounded distance from chunks in fJ'(E([ x (.<)) where
Y(1 x ¢. <) denotes the set of Itd chunks < 1 x ¢ in [wg. 7(w,)] where J xw < T x ¢
if J separates T from wy and w x ¢ # &. This relation < is transitive. because if
Joy X wo is between Wy X wy and J3 X wy and wy intersects both w; and wy and ~; are
loops in w; with |;(5;) bounded at some fixed points [;] € Ji then @o(y1 Nws) and
@2(v3 Nwy) arc approximately stable and unstable leaves of the quadratic differential
foliation and hence intersecet by 15.11.

Note that if T'(I} x ) VT (I x (2) # @ then cither I) x ¢ NIy x (o # @ or,
for both i = 1 and 2. T(I; x {;) is a bounded distance from subsets of chunks of
fo LB % G <),

Then we say that [ x  is of period p (for [wo. 7(wy)]) if T x ¢ is derived from ¥,
i< q—p. TP x)NE) # 2. We do not insist that p is the least integer > 0 for
which this holds.
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30.6. Lemma. - Let Jy x wy be a ltd period p chunk along [wy, (w,)] which is con-
tained in a chunk of Xi. i < q — 2p. and let T?7(Jy x wo) Nwo # . Then either a
bounded refinement of X, gives no period p chunks within Jy x wo or Jo X wgy contains
a period p chunk: for [wo. T(wqy1)] up to bounded distance.

Remark. The condition T?P(Jy x wo) Nwy # @ is automatically satisfied if there
is a sequence of ltd chunks J; x w; for [we.7(wy). 0 < ¢ < p with Jip) X wir) a
bounded distance from a subsect of fu_l(,],' X wi). wp Nwy # & and w), is itself periodic
of period p which would happen if this sequence J; x w; was defined for ¢ < 2p — 1
and w), N f(TI(WQ‘,) 1) # O

Proof. — Suppose for contradiction that Jy X wy is contained in 3,1 up to bounded
distance. Then either the refinement of Jy X wp given by intersecting with X, splits
it into chunks of which none have period p. or at least one has period p. We can
assume that it is contained in 4 for a chunk /,41 x (41 of 4. Now let Jp x wy,
be the orbit of Jy x wg, that is, Jr41 X wpeq C fo_l(.]k X wy). Let I; x ¢; € 3; with
Iy x (i1 C f({l([j x () up to bounded distance. We have TP(Jy x wy) Nwo # 9.
and hence, T?(Jy x wo) N y41 # 9. Then by induction TP (Jo x wy) N Cys1—t # O
and wy_¢_ and (g4 —¢ are contained in the images of TPy x wy). Cy+2—¢ under
consistent branches of f(f" This uses the vp-tracing property. since all chunks are
along [wo. 7(wy)]. We deduce that wy N (y1-p # @. and hence Cuat N Cyi1—p # .
S0 Lyy1—p X Cqu1—p is period p also. and interseets Jy x wo. and g +1—p > ¢g—p > 1.
Similarly using T2 (Jo x wo) Nwy # @, we deduce that Cor1—p NIP(Jo X wo) # @.
S0 Typ1-p X Cgg1-pit must be in f}f'(Z{,) up to bounded distance. So by the same
argument as above. either there is a boundedly finite refinement of ¢, -, into chunks
nonc of which are period < p in which case we can go back and refine Jy x wq
or there is [5+1 X ({fH € YXq41 which is a bounded distance from Iy1-), X Cup1—p-
after reducing a bit if necessary, and then this chunk also gives rise to a period p
chunk I;f+ 1oy X Cirhp which intersects Ty11-) X (ua1—p. It also intersects Jo x wy
becanse J,41-p X (gq1—p Intersects TP(Jy x wg). So all ltd chunks between Jy x wy
and I;41-) X (g1, are a bounded distance from Itd chunks between J,4q % (41 and
f(f+,1 X C;)+l' We have

d

w‘n.(q Fl—p

(Jo-Lyer1—p) < d (I(1+l'15+1)+0(1)

-2
Qu+1:65 1y

d, vz g ploiio,) +O0) <dl oo (Jodgrioy)

giving the required contradiction. O
30.7. Corollary. Let Jo xwq be ltd period p for [wo, 7(w,)] and in'2; ;. up to bounded
distance. Let J; x w; be defined for —p < j < 0 and 34, up to bounded distance,

with Jj 1 X wjyy a subset of f; '(Jj X wj). up to bounded distance. Then J_, x w_,,
is period p on [wo, T(w,.)] for all r = q.
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Proof. — With respect to [wq, 7(wg)] we have TP(J_, x w_,) Nw_, # &, since
TP(J_p X w_p) =wp and sz(Jﬁp X w_p) =TP(Jy X wo).

Then T?(J_p X w_p) Nw_p # I, since Jy X wy is ltd. By induction on ¢ this remains
true with respect to [wo,7(w:)] for t = ¢. In fact if there is any change the sets,
T?(Jp x wp) has to change first and move closer to wyp, and they may coalesce in the
future. So for ¢+ 1 replaced by t 41 in the previous lemma we deduce from J_, x w_,
being period p on [wp, 7(w,)] that it is also period p on [wg, T(wi41)]. O

30.8. Lemma. - - For rg, r1 bounded in terms of vo# (YY), the following holds. Fvery
chunk Iy x (o in ;4 either has some period r < ro or there is no sequence {I; x (;}
defined for 0 < j < ro with Ij41 x (41 C ,/};I(IJ X (j). up to bounded distance. and
IJ' X Cj S ZH’J»Q for0< g, 1+ <gq.

Proof. Suppose that such a sequence I; x ¢; does exist. If all the (; are nontrivial
nonperipheral then because they all lie in a finite tye surface, for some j > 0 and
r > 0 both bounded in terms of #(Y') we must have {; N (4, # @ — or if they are
both loops we might have (; = (4 up to Z-preserving isotopy. If (; is a gap, or a
loop with ¢; and (;, intersecting transversally then, as we have seen, we must have
CoN¢r # @. If ¢ and (4, are nontrivial nonperipheral loops which are equal up to
Z-preserving isotopy, then we still deduce that (p is periodic. For if (p is disjoint from
all ¢; for j < rg, for some suitable ry depending only on #(Y), and no component of
O¢o coincides up to Z-preserving isotopy with any component of 9¢; for any j < ro,
then the backward orbit of d¢p gives a loop set I' with j'(f](I’) C I' and f;™(I)
nontrivial nonperipheral for all n > 0. If this happens, I' = f, *(T'), and hence (g
must be periodic after all. O

30.9. Some special chunks of chunks. — A chunk of chunks along a geodesic is
a union A of chunks along this geodesic towithin bounded distance, with the following
properties.

(1) If I; x ¢ are 1td chunks with Iy x (1. I3 x {3 € A and I is between ) and I3
and (4 N # T, (3N # I, then I, x {» € A.

In such circumstances, we say that Iy x (1 < Iy x (2, and Iy x (2 < I3 x (3. We also
define C(A) to be the convex hull of all ¢ with I x ¢ € A and I x ¢ Itd (for varying ().
We also define C'(< I x ¢, A) to be the convex hull of all ¢’ with I’ x ' € A, I' x ¢
ltd and I’ x ¢’ < I x ¢. Surfaces C(> I x (,A), C(< I x (. A), C(= 1 x (¢, A) are
similarly defined. Then the second condition is as follows

(2) If Ix¢ € Aisltd and such that ¢ is not contained in C(< I'x(, A) then C(A) =
C(= I x ¢, A), and if ¢ is not contained in C(> I x ¢, A) then C'(A) = C(< I x (, A).

A chunk of chunks A is r-fold if it can be written as a union of r chunks of chunks

Ai, 1 < i <rwith C(4;) = C(A) for all i.
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Lemma. — The following holds, given ro, for some bounded integers ry, t1 depending
only on #(Y), ro and M, depending on the long thick and dominant parameter func-
tions. Fix ltd parameter functions and a Pole-zero constant. Fori < j < j+1t <q,
let € j.q be the convex hull of all Itd chunks in U< Xk.q-

Then given i there is some = Q; j g with 0 < iy —i < vy, =2 ji—4 2 71o
such that 2 C fo'l(Q) modulo trivial and peripheral components. FEither there is a
connected component 0y of Q with Q C f5 ' (Q and fy*(Q) = C such that the
set 3(Qy) of chunks contributing to QU is a three-fold chunk of chunks, or for some
s < #Y thereis A D fy " (C~Q which is nonempty and satisfies A = fo_l(A) modulo

trivial and peripheral loops with
da(wiy4eqs. T(Wi 1145)) < My,

and for [@] = Wi, +1+s-
lp(OA)] < M.

Remark. By 30.7, if ¢ is sufficiently large depending only on # (Y") then for Iy x 3 €
Qptq we have Iy x 3y € Xy, for all » > gq.

Proof. Choose a sequence (A, 7, s;,m;j) of ltd parameter functions for 0 < j < oo
such that if a chunk I x o contains no Itd gaps with respect to (Aj.r;.s;) and no
m-Pole-Zero loops then the same is true for components of f(fl(] x «) for j+ 1
replacing j. By 29.1 we can find a bounded i1 and (Aj.r;.5;.m;) and ¥; such that
every chunk of ¥, is cither ltd with respect to all (A, r;.s;,m;) forall iy < j <ij+n).
or none of them. To simplify the notation, take i; = 0. Now define Q§+l~'-./.ql
the union of all 3y with Iy X 3y € Ujtr<ngjXr.q so that for ¢ < ¢ there is Iy x 3¢
which is 1td with respect to (Apres Phses Sy Mpre) and Tooy X 3oy C f(;l(]( X 13¢)
for ¢ < t. Tt follows from the properties of the sequence of long thick and dominant

to be

paramcter functions that we can extend the sequence Iy x 3¢ to —h < £ < t so that

Iy x 3¢ is ltd with respect to (Ap e Thpee St Mpgpe) for all £ = —F.

T A Ml P Ty T P Al / ‘7I / T by A 1 1t
Then we have we have QH,‘.HA_,:HA{HU,I c £ (QIH:./‘«/.t) by the definition.

Ten VO QOO 1 ¢ B / j— / ] 172Y ave /
We have scen in 30.7 that QI-H'-JX(H-H = Q,H\-.‘,‘.q.x- So we have Q[H.H..”qu, C

, (;‘(gzj“_.]_q.,), Also Qo C Qi 7 << TS < gt > 1 Now we

claim that we can find i + k. j such that the set (2, ) of chunks contributing

to Sliﬂ,.].q_, satisfies condition 2 for being a 9-fold chunk of chunks. It may not satisfy

Condition 1 because there may be extra Itd chunks in between chunks of (€2, ).
This is similar to the construction of chunk systems in 29.3-5. For if Z(QZH-.‘/,(,J)
does not satisfy condition 2 for being a 9-fold chunk of chunks, choose an interval
[i". 5] € [i + k. j + k] with Q), ;, ., properly contained in ;4 ;4. and repeat the
process. If we end with Qx4 = @. so much the better, provided j — (i + k) is

sufficiently large as we can assume.

So then we have. for 2 = 52;4-/»'._]'4(11' QcC fHQ). and Qi iygt = Q;H,%q’t where
[i1,42] 1s about the middle third and E(Q;] _iz'q‘,‘) satisfies condition 2 for being 3-fold
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(although possibly not condition 1). We clearly have Q7 .  C Qiiy 4 for any
i+ k< j<q Butif I x¢ e X, is between two chmnks Iy x 4y and [{) x 3 which
contribute to Q4x ... I particular so that ¢ intersects the interior of €2, then we
must have ¢ € Q. For if not. take [p] € I and ©(d€2) in good position with respect
to the (uadratic differential determined by I, If (without loss of generality) the good
position of (I N () contains segments bounded from the unstable manifold, then
by 15.11 it contains scements interseeting (o’ N Q). which contains segments close
to the stable manifold for any ltd gap or Pole -Zero loop o C /3)).

50 woe ai — QO Q) _ S0 cach ¢ . el is
So we obtain Q@ = € 5, , 0O, . = @ S0 cach component of € s
a component of Q and similarly if we split into thirds. So if Q" = Qf ;. has

a component 2 satisfving Q < f, HQ)) then Q) s also a component of €. and

3(€2) the set of all Itd chimnks in U;, <p<jy X contributing to §2 is three-fold.
If Q" # @ then f; *() is a union of components of f,7(2) and if ©Q, # @ then
So Q1) is a union of components of f;7 (). So we can only have f; () = C

if f,75(2)) = C. Otherwise take A to be the complement of f57° (') which is
nonempty. invariant. Suppose that I x ¢ is a ltd chunk in 3, (o which intersects A
and is Ttd for (A, oqr 1oy fasro iy datr- 17 wser). Then we can write I x (=1, X (),
with 1o % (o © fo ' x ¢ owith [ox ¢ ltd for (Aoreoseome). In particular,
assuming 1 is sufficiently large ¢y is periodic and hence Iy x ¢y € ¥;,,. So ¢y € &
and ¢ € f, (). contradicting (N A # &. So no chunks in 3 4.y which are Itd for
(A bt Vi st Siyba bt 11, 4540 ) Interseet A and we have

AA (i oy T ssg)) < ML

and for [p] = w44
[o(OA)] < M.

as required. (|

30.10. Lemma. Suppose thal L is a fived component of 0, 4., j, . i the notation
of the previous lemma for j = 1, 2. with iy > iy + k. Supposce also that fi " (€2;) is
the same surface for j = 1.2, Then for any 3o in the middle third of $2) as in 30.9
and any 3" correspondingly in the middle third of Q. 303 # .

Proof. Each Q) g Satisfies the sccond condition for being 3-fold. from the
proof of 30.9. Theu # N " # @ for any 3”7 in the last third of Q]
303" A @ for any 37 i the first thivd of Q.
Fo Ny =@ is it 3707 = @ for all 37037 that is. Qo C f 7(€21) ~ ;. But this
would imply that €y is aperiodic. which is impossible hecause in the proof of 30.9 we

S and

The only way we can have

have Q; = Q) o and the chunks nsed to define this are periodic. |
30.11. Construction of y,,, a,,. — We now assume the construction of the w;

with the required properties. Let w; = w;(yy). Fix suitable integers ¢ and £. We use
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the construction of 30.9. Take a sequence of sets €2;, i 4n,.i,+q for 10 < k; <1y and
0 <ijr1 — (ij + kj) <. From the proof of 30.9. we have

. 30)/
(1) Oy ik ijra 2 C)Qi‘/.i‘,+k,.i,+q.t’

where QiA,,i,'-{—k:‘,,i‘,—H].t can be defined using different —— stronger - - Itd paramecter func-
tions and pole-zero constant. But we can choose the 1td parameter functions and
pole-zero constants defining the Qf kit differently for different j so that

AR YRR N

/ !
Vi fhrisntat © S kgt

Whatever parameter functions we choose, we always have (1), and hence, for wy, = [¢],
ijHt+s <k < djp+Httsoand y C IS  gs or more generally
Y C o i ki s

lp(v)| < My,
where M, depends only on #(Y), r; and the ltd parameter functions and pole-zero
constant used to define the w;’s. not on the parameter functions used to define the

different € o L, Write

Q; = .fJ'”'Qﬁ,.i,Hv,,,;ﬁ q.te

and A; for the complement of ;. Then we have 2, C Q; and A; C Aj. We
also have f(,*l(SZJ-) = and f(fl(A,) = A,. So J; = JA; is an invariant loop set
and exactly one of ;. A; has a fixed component. The sets ; and A; are defined
using ltd parameter functions and pole-zero constants which vary with j — although,
as we have seen. their boundaries are independent of these choices. Each component
of A (or Q;) is eventually periodic, and each periodic component is mapped either
homeomorphically or not. We claim that the constant Ay can be chosen, independent
of j so that if P is a homcomorphic periodic component of Aj. for any j. then. for all
l’.‘}ij‘%f-{».&\

(2) dp (g, m(wy)) < M.

In fact. this follows from the Straightening Property, as we shall sce. We shall also
see that we can choose the wy and Ay so that (2) holds when P is periodic nonhome-
omorphic. for & = i; + ¢ 4+ 5. It then follows that (2) holds also for all components P
of Aj, for k > i; + 25+ t. for s large enough given # (Y'). Note that if A; has a fixed
component then so does Ay for all & > j. because we then have A C Ay

So it remains to choose the y,, and «,, so that the properties of 28.3 are satisfied.
We always choose y,, by modifying vy, € [wr, 7(ws)] for some k = k(m). strictly
increasing with m, and with F(y,,) < F(y),), which gives the F-decreasing property
28.3b). We shall also have k(m + 1) — k(m) bounded above. We take y,, = y/,, except

in two cases.

Case 1. Aj; has a nonhomcomorphic fixed component for i; < k(m) < i; + kj,
when y,, is chosen to be a modification of y/, as described in 30.15 below.
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Case 2. - yl, € T(T',e}) for some (fo,T') satisfying the Invariance and Levy Condi-
tions, and &4 is sufficiently small given Max{F(z) : @ € £}, where the w;(x) and y,, ()
are being constructed for x € ¢, for some geodesic ¢ in 7 (YY) with endpoints in V.
Then for some €5 < &5 again depending on Max{F(z) : € ¢}, and vy}, € T([,e2),
we take y,, = o(y/,) for o as in Chapters 18-21, and for y/, € T(I',e)) ~ T ([, e2) we
use the vector fields involved in the definition of ¢ to define y,, from y,,. We shall
later choose €1 < €9 sufficiently small given ¢. This is similar to how £7 was chosen
in Chapter 7: small enough given F'(z) for = in some set.

Suppose inductively that y,, € [ws, 7(wy)] has been chosen, and that i; <k <i;i;.
Write j = j(m). If Ajq,y has a fixed component then we take v, to be this fixed
component, and then take y,,4,, = wiyn for n > 0 and a4y to be the fixed compo-
nent of Aj,4,) Where j(mm 4+ n) is such that i, 1) <Kk +n < Gonangn) Q00
has a fixed component, then we choose a,,, C Q2(j(m)) so that {y;,} X as, is a bounded
distance from the middle third of the 3-fold chunk of chunks along [w;,, , 7(w;,, 1, )]
(up to bounded distance), with vy,, € U;,, <k<i,, +k, [Wk. T(wy)]. By 30.10, we do then
have cv,, N a1 # 9, as required by 28.3d)(i). By choosing y,, at an appropri-
ate place, in the middle of some segment [wy, 7(wy)] corresponding to a segment, of
(Wi, T(wy,

o (”,’)Jrkj(m)} along which «,, is 1td or satisfies the Pole-zero condition, that

the rest of 28.3d)(i) is satisfied. We can also ensure that for each @ and m, either
2 = ym (') or &' — y;,a(2') is continuous at x. as also required by 28.3.
The following lemma gives the mostly Z property for {w,}, and will also give the

related property 28.3¢) of {ym}.

30.12. Lemma. — The following holds for a constant M depending only on a choice
of long thick and dominant parameter functions. Let [p] € T(Y) and let [w,w']z =
[[#], [x o ¢]lz be a geodesic segment in T(Z), with x minimising distortion up to
isotopy constant on p(Z). Let x, 2’ € T(Y) and [x.2']z be such that there is a chunk
system for [x,2']z with chunks a bounded distance from subsets of ltd chunks of a
chunk system for [w,w']z.

Then we can write r = [p'] and ¥’ = [Cox'& oy’ ]y where dy ([¢], [identity]) < M and
dy ([€], [identity]) < M, x’ minimises distortion up to isotopy constant on &' o o'(Z).

Proof. By hypothesis, there is a decomposition of ¢/(C . Y) into subsurfaces o
with [/ (Ja)| bounded and d, y(z,z4) bounded for some x, € [w.w']z, if a is a
gap, or | Re(ma,y (¥) — 7oy (x4)] bounded if a is a loop. The quadratic differentials
Go(2)dz? at z, = [pa]) for dz(z,.w'). for varying «, are all stretches, by varying
factors, of the quadratic differential at w for dz(w,w’). If v is a common boundary
component of adjacent surfaces o and /3 then the good position of ¢, () with respect
t0 qo(2)dz? is a stretch of the good position of ¢;(v) with respect to ¢g(z)dz?. Then
we can paste these together to obtain a fake quadratic differential on some surface
C -~ ¢(Y), and in particular, a fake unstable foliation. If d, z (2. 2") is bounded, then
we may paste in something else: any suitable surface will do. Then take any loop set
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I' ¢ C ~ Z such that |¢”(T")] is bounded, for [¢”] = &' and such that C ~ (I'U Z)
is a union of at most once punctured discs. Then there is a homeomorphism &;
with dy ([&1], [identity]) bounded, between the good positions of ¢ (I") with respect
to the fake quadratic differential, and the good position of ¢’(I") with respect to the
quadratic differential p(z)dz? at z for dz(x,2"). Composing [£1] on the right with
another bounded homeomorphism if necessary (because x may not be exactly [p1])
we have that dy ([x' 0& o ¢’],a’) is bounded. So we can find [€] with dy ([£], [identity])
bounded with 2’ = [£x 0 &’ o ¢']. as required. O

This lemma gives the mostly Z Property for {w, }. because by the Basic Property
there is a chunk system for [w,,. w,,1+1]y which is, for ltd chunks up to bounded distance

a subset of a chunk system for Uj¢, [w,—;. T(w,—;)]. So we obtain, for w, ¢ = w,.
Wypl = Wy, Wy, W, (1 <@ < 1) with dy (w3, w), ;) bounded and w,, ;, w), ;.
7(wyn—i). (wn—;) having the properties of @, 2/, w, w’ in the lemma, for 0 < i < r.

The lemma also gives similar properties to the mostly Z property for y € [wy,, wn41]
and y' € [wy4p, Wt pt1], for v (in the mostly Z Property) bounded in terms of p, and
hence gives property 28.3¢) of y,,+1 in terms of y,,.

So to complete the construction of the y,,,, it suffices to prove (2) for homeomorphic
periodic components of A;. and show that we can ensure (2) for periodic nonhomeo-

morphic components of A;, and deal with exceptional indices.

30.13. The homeomorphic periodic components of A;. — At this stage, we
can forget about the precise definition of A, but the set A; is increasing with j
and therefore changes only boundedly finitely often, with bound given by #(Y). So
now suppose that P is a (not necessarily counected) sct with fo(P) = P and fy | P
homeomorphic. and suppose that for [¢] € [wy, 7(wy)] for ny < k < no.

(1) le(OP)] < M.
Suppose also that
dp(w,,,m(w,,)) < M.
Then we shall show that the Straightening Property implies that for a suitable con-
stant Mo, and all ny < k < ny,

(2) dp(wp, 7(wy) < Mo.

This will complete what we need for homeomorphic periodic components of the A, as
stated in 30.13. Recall that dp is actually Max; dp, where P; are the components of P
and d p, the Teichmiiller distance in T (A(F;)), where A(P;) C Y is chosen relative to P;
(see 9.1). Then we write 7(P) = 1L, 7 (A(F;)) as a set of isotopy classes [p] where
¢ Is a homeomorphism defined on a disjoint union of sets (C, A(P;)). Then 7 (Y)
projects naturally to T (P). We define [p] - [xp] = [po xp] for all o] € T(P), and this
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also defines a map from 7 (Y') to 7(P). Then for M{ depending only on A in (1),
[¢] € [wi, T(wy)] for ny < k < no,

dp(7(lel). [¢] - [xp]) < M.
So in order to show (2) it suffices to show that for a suitable M for all ny < k < no,
(3) dp(wk.wy - [xp]) < M,

just from the Straightening Property. We can assume that the Straightening Prop-
erty is stated for 7(w;) replaced by mp(w;) - [xp], that is, there are chunk systems
for [mp(wy, ), mp(wy)] and [7p(wy). mp(wy) - [xp]] such that every chunk is, up to
bounded distance, a union of chunks for a chunk system for [mp(wp,, mp(wk) - [x Pl
for n1 +no < k < ng. (Here, ng is bounded in terms of #(Y).) Now mp(wki1)
and [mp(wis1). 7p(wis1) - [xp]] are obtained from [7p(wy) - [xpl.Tp(wk) - [XP]] by
removing chunks. Since xp is a homeomorphism, every Itd chunk is periodic — not
just eventually periodic. as happens with 7. If an orbit of chunks is going to need
removing it will happen for n; < k < n; + n{, for some nf, bounded in terms of
the topological type of P (and hence in terms of #(Y)). So there is n{, such that
for ny +ny < k < na, wp(wps1) = mp(wy) - [xp], up to bounded distance. So for
ny +ni < k< ng, every segment of
[wp (i), wp () - el U [mp () - Dep]s me (wr) - [P

along which some gap is Itd, or some loop is Pole-zero, is a bounded distance from
another such segment on [mp(wy), 7p(wy) - [x%]]. This can only be true if 7p(wy) is a
bounded distance from the set on which dp(w. w - [y p]) is within a bounded distance
of the minimum or infimumn possible. If [x p] is a pseudo-Anosov class then this means
that 7p(wy) must be a bounded distance from the geodesic along which the minimum
of d(w,w - [xp]) is achieved. If [yp] is an isometric isotopy class then 7p(wy) must
be a bounded distance from the set on which d(w.w - [x p]) takes the value 0. If [x p]
is a reducible isotopy class then for any v in the loop set I' of loops in P which is left
invariant by [y p], and of which complementary components are irreducible, then for
wy =[],
are bounded. Also for any periodic orbit @ of P ~ (UI'), mg(wy) satisfies similar

() is bounded, the projections - (wy) are such that d (wy. wi - [xp])

conditions to the above for 7p(wy), depending on whether [x ] is pseudo-Anosov or
isometric. Altogether, this gives a bound

dp(wg, wy - [xp]) < kp
where xp depends only on the isotopy class [y p], which gives (3).
30.14. A nonhomeomorphic fixed component of A;. — Let P be a nonhome-

omorphic fixed component of A;. Again, we can forget the precise definition of Aj.
We simply assume that for some integers n; < ns,

dp(wy, . T(wy,)) < M.
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and for wi = [p]. any n1 < b < no,
lp(OP)| < M.

Now we want to show that if wp can be chosen to satisty all the properties of 30.2
then it can also be chosen to satisfy

dp(wp. m(wy)) < My,

for a constant Mo depending only on My and #(Y) and all ny < A < no. In order to
do this we shall show that given a constant A/, for ky depending only on #(Y) and
some 0 < i < ko,

(1) d(wpsis T(wrs)) < d(wy, T(wy)) — My.
We obtain (1) as follows. As in Chapter 27, we basically need to use the argument
of 6.6. where the key fact used is: given a quadratic differential at a point in 7 (YY),
the pullback under a holomorphic map of sufficiently high degree is not a quadratic
differential at any point in 7 (Y").
Now ¢, and vy are not both in the same complementary component of 2. Then
N—1
F(r(w)) < Z dz(T(wpi). T(Whit1))
i=0
and F (w4 1) is not much bigger. If
(2) Flwy) — F(r(wy)) = 2M,

then we already have the required bound on F'(wyay) — F(wy ). In general, to obtain
(1). we only need. for some j < ky,

(3) F(r/ M (wy)) — F(7/ (wy)) = 2M,

Now we fix long thick and dominant parameter functions (r. A, s) and a pole-zero
constant C' and vy = vi(r. A s) such that Itd loops or long v-thick and dominant
gaps always exist on sufficiently long geodesic segments for some v > v (1, AL s) (see
15.4). and so that. for all v, A(v) is sufficiently large (in a way specified below) given
My. We break [wy. 7(wy )]z = [wi. 7(wy)]y into segments [wy . wp 1] (0 <@ < N,
some N depending on F'(uy)) of length between Ag/2 and Ay, for a suitable Aj so
that cach [wg. ;. wy.i+1] is sufliciently long to contain a segment along which some gap
or loop is ltd or pole-zero for (A, r.s. C').

Now for any sequence 3; (1 <0 <N — 1) of gaps and loops such that /3, is ltd

or pole-zero along a segment [z ;1. 2x.i.2] of [wh 4, whi11], define

S(2h00: 2002 S N= 1.2 Fh.0e - BeN-1)
No
=djy, s (Wriizron) + Z (A Grins za2) +dls, gy (B2 Ziie11)
i=0

/ . , )
+ ([ﬂz.uN BN N (26 N—1.2: W N)-
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where dlﬁ,é is as in 14.10. Now for a suitable constant C7,

Max{S(2x,0,1, 26,02 " 2k.N—-1.2: Bk.0: - - » Brn—1) = NCy =< d(wy, 7(wr))
< Max{S(zk0.15 2602 26N 1.2, Bk05 - -+ Be,n—1) + NCY.
We have (2) unless, for any choice of sequence Gy, ;. for all 4,
dyrig, ) (T(zrin, T(2ri2)) 2 dp, (2ri0s 2hai2) — 2My
and there are components (3,1 of fo_l(/?k,i) with Bri1 N Prit11 # & which are
uk(:li) -thick (for suitable numbers 1/,51,) ) or pole-zero along all but bounded distance of
[T(zk,i1) T(2k,i.2)] and dg, , | z-distance < Cy(vgi1, < C1(Vgit1a) from a similar
segment on [7(zxi1), 7(2k.ix1.2)], [T(zki—1.1), T(2k.i2)], or similarly if Bi; is a loop.
Then by 28.5, each segment [7(zk.1), 7(2k.42)] is also a bounded dg, , , z-distance
from a similar segment along [wy, 7(wy)]. Now similarly, we have for some j, either
F(rit (wy)) < F(m7/ (wy,)) — 2M,y
or for 1 < £ < j+ 1 there are B0 C fo ' (Brio—1) (with Bkio = Bk.) and
¢
[T (2h0)s 7 (200)]
is dg, , ,-distance < 01(1/212) from a similar segment on [74(z4.1), ¢ (2k.i.2)], or simi-
larly if 3¢ is a loop and
dgy o (T (2hin ) T (2ra2) = d o (T ki), 707 (2hi2)) — 2DMy.

But if this happens for all £ < kg for a suitable ky depending only on # (Y'), we obtain

a contradiction. We use the concept of pole equivalence class of 27.3. By the same
argument as in 27.4-5, the quadratic differentials at points of
0. £, ,
T (T (Zrin)s T (20.2)] N T (OBhives €0))
must have pole equivalence classes of the same types as at points of
Crra ~ 2 o

T, (T ([2rins 2h02]) N T(OG, €0)).
This is impossible. for ¢ sufficiently large depending only on # (YY), because the degree
of f§ increases strictly at regular intervals, since 3,0 N P = @ and v; and vy are not
in the same component of the complement of P - - and hence the same is true for
B¢, for some € < ky.

30.15. Exceptional Indices. — Now as in the proof of the Level k-tool in Chapters
18-21, we modify the definition of y,, for a sequence of exceptional indices m;. We
write x; (in decreasing order) for the possible (discrete set of ) values taken by x(fo,I")
which are < max{F(z): z € £}. We choose 1 so that e;/(1 — E;) < ez fori=0,12
where £5 is as in 30.13, and the constants E; are as in 7.7 for i = 0, 1, 2. Suppose that
m;j and y,,, (x) have been chosen for j <i—1.We choose m; > m;_1 sufficiently large
that if ym(2) € T(I',e1/(1 — Ejey)) for k(fo,I') = k;) and j =0, 1 or 2 and m < my
then y,,(2) € Kj(u,e1) where p is minimal nonempty with o < [fo, T (see 7.7 for the
notation). Then we define Y, (T) = ym, —1(x) except when yp,, —1(x) € Ki([fo.T],e1),
when we take y,, () € Ka([fo,I],€1), as in 7.8.
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STRAIGHTENING

31.1. Canonical Straightening. — We now give a canonical construction of wq41
satisfying the Basic, Straightening and wve-tracing properties, under the assumptions
that, for ¢ < ¢, w; satisfies the Basic, Straightening and vs-tracing properties. The
mostly Z property then follows from 30.12. In fact, if we obtain wgq; satisfying the
Basic and Straightening properties, which only concern the projection to 7 (4), we
can satisfy the vo-tracing property also. In order to do this we construct wy4 5 for
0 <k < min(V, g+1) for some N bounded in terms of # (Y') and take wg 1 = wgi1,n.
where wgq1 1 satisfies the Basic property and the Straightening Property with respect
to [Wqr1—k. T(Wgy1,x)] rather than [wo, T(wer14)]. We start with w,y1.0 = 7(wy).
Having constructed wq41, we fix a chunk system X, 5 for [wgp1a. 7(wy41.4)] and
let Zl(}j:l_k denote the ltd chunks in ¥,41 4. Inductively we shall choose Xy pa
so that each chunk of Z}fj_l].,ﬁ_l is a subset of a chunk of }J}I'_“_ll‘,\,. We start from
Y10 = f(;] (X4). (We already have a family of chunk systems %, ,,, with n < m,
with X,,,, = X,,. This is consistent with what we want to do now because for some
N < ¢+ 1 we shall define £,4; = ¥,41. v, once we have defined X,4, n.) For
0 < i <k, we then fix a chunk system 3, _; 441.x for which each chunk is a subset of
Ygoigqrik—1 if i <k —1,0rof ¥, 4114 if i =k, and such that

Uich—12g—iq+1.k U Bgr1.k

is a chunk system for [wgp1—p. T(wgs1.1)]. We define wy ;. differently for & < N — 1
and for k= N.

So now suppose that wgyi i, Eg1.6 and X4 o114 have been construected for i < k.
We can assume after refincment of ¥,,1, if necessary that every chunk of ¥, is
either a bounded distance from a subset of some chunk of ¥, , or has no subset
which is a bounded distance from a subset of any such chunk. Then let Q1 be the set
of Itd chunks ¥ 11 1 a bounded distance from a subset of some chunk of ¥,_j ,, with
(25 the corresponding set of Itd chunks in a refinement of ¥,_, ,. Let Q3 be the set of
Itd chunks [ 41 X Cry1 in a chunk system for [wys1 x, T(ww+1,x)] for which there exists
a sequence I; x ¢ with ;1 x (41 C I; x ¢; up to bounded distance, Iy x (o € s
and [; X (j € Xg_pyj,q for j <k If Q) N3 = @ then we define

ltd Itd
Eq-(ﬁ—l.kdrl = Zqil,k ~ (92, UQ3)
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If 7 N Qs # @ then we need to be more careful.

Lemma. - We can find Q24 C Qq such that, if Q5 and Qs are defined relative to

Q. in the same way as Qo, Q3. respectively relative to . then y C Q4 U Qg and
O NQs=0.
Proof. -~ Let ©3(z1) be a chunk system which is a refinement of €y | [wy41,4. 21]. for

any z1 € [wyr1 . T(wegr x)]. Let Qo(w) and Q3(z1) be defined in the same way as
Q, and Q3 but relative to Q;(z;). Of course, Qy(wgy1n) N Qs(wgr1.0) = @. Take
the first z; for which the intersection is nonempty. Then €Q4(z1) U Q3(z1) divides at
least one Itd chunk of £, 4. Then define 2(z;. z2) to be a refinement of € | [z;. z2]
for any zo € [21, 7(wyg1.4)], and let Qa(zq. 2z2) and Q3(z1, z2) be similarly defined to
before but looking only at ltd chunks in 3,115 ~ (£21(21) UQs3(z1)) Take the first
zo such that Q(z1, z2) N Q3(z1, 22)N # @. Similarly define Qp(z;, zj41) for b = 1. 2,
3, and j < m, where m is the first integer such that

Q C Oy (Z] ) U (U"j”zllﬂh (’:1 zj +1)) U Q;;(:l) U (U;Z:llﬂ;;(f,j, Zj4 1)) .
Then we take

Ql = 521(31) U (U.;”:illgh (ZJ', qu 1)) s Q(; = 52;;(21) U (U;“:le;(‘J, Z{,‘+1)) . O

Having done this we then define
Z]td _ Elhl (Sz USZ)
L+l = Sgblh S e G)-

Then Z:}ﬁl.k% L is a subset of X4 which is a chunk system for some [z.2']. not
necessarily with 2/ = 7(z). But this can fail only if A+ 1 > 1 and 2’ is in the boundary
of a boundary chunk I x ¢ of Q5 with (N« # @ or if z is a bounded distance from
the boundary of a boundary chunk I x ¢ of €2 such that 2z’ x « intersects a chunk
derived from I x (.

To ensure that 2’ = 7(2) and to define the non-ltd chunks of 1 141 we consider
the chunks of Uggicp Dg—ioq 1.4 NCATCT Wy 1.4 ON [Wy—pt1. Wyip1.4) than the chunks of
Qs5, which are all ltd. Because the Straightening Property holds for wg4q., relative to
[wq— gt 1. T(Wey1.1)]s these chunks are not Itd. Now take any chunk 7x¢ of €256, and
write I x ¢ = T,11 % Cyp1 with Ty x Gy C© fo (i< G) and Ty—; X Cqmi € Sgmigrtik
Then ;N1 = @ for g —k < i < g+ 1, because I; x ¢ has to be ltd, and for any 1td
chunk Jxw € ¥ g1 for j > qg—k wnN1 = . Alsoif (g1 is aloop, (5 # (g1 up
to Z-preserving isotopy. So pulling back we have GN( =@ for -k <i < j<qg+1
or ¢ —k <i < j < q, where this includes, for such ¢ and j. ¢; # ¢ up to Z-preserving
isotopy. This puts a bound on k in terms of #(Y). if €y # @, because there is a
bound depending only on #(Y) on the munber of disjoint nontrivial nonperiheral
gasp and loops ;. But I x ¢ is also a bounded distance from a chunk 1(/1,,Y X Cy—ie
of Q5. Write C(/]_A, = (y—4- S0 pulling back under )‘({1 which is permissible under
the vo-tracing property we have (N ¢ = @ for any ¢ — k < i < j < ¢, for any
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sequence I/, x ¢/ C fo (I} x ¢/). In particular, ¢ N ¢ = @. that is, ¢, , N¢/ =@
for ¢ —k < i < g. Pulling back further, note that this implies ¢; N (; = @ for
g—hk<i<j<qorqg—k<i<j<qg+1. This puts a bound on & in terms of # (Y),
if Qy # @ — and if Qg = @, Q5 = Q¢ = . For there is a bound on the number of
disjoint surfaces ¢/, unless some ¢} is loop with ¢} = (} up to Z-preserving isotopy.
Then we can choose non-1td chunks J; x ¢ to replace the chunks I; x ¢/, and we take
Yg+1.k+1 to be the chunk system with these replacements. Then ¥4 x41 is indeed
a chunk system for [wqiy py1. 7(wyg1 k+1)] for some wq iy pr1.

If Q4 = @ then Q5 = Q6 = @. We have seen that there is a bound on the & for which
2, # @. So there is a least V. bounded in terms of #(Y"), such that X, ; = Xq41 N
for all j > N. We then define £, = X 11 v and w1 v = Wy O

31.2. Corollary. — The following holds for an integer ry depending only on #(Y') and
a constant My depending only on the long thick and dominant parameter functions
and the constant in the vy tracing property. Suppose the w; are defined using canonical
straightening. Then

i—1
(1) dy (Wy, wyt1) < Z F(w;)+ M,
J=i—r
Proof. This is immediate from 31.1: (1) follows because length can be computed
using just the ltd chunks and in canonical straightening every ltd chunk of ¥ is
derived from a chunk of ¥,_, for some k < ry, for a suitable r. O
31.3. Construction of w, via successive geodesics: ['/] and [¢/]. — Suppose

that w,,—; has been constructed. We shall define w,, by constructing a sequence {z/*’] in
T(Y) for 0 < i < N. for some N bounded in terms of #(Y), and taking w,, = [*V].
We take [¢°] = 7(w, ). For all i we define [§;] = 7([¢/']) € T(Y)- remembering
that, from the definition of 7. dy-([¢"]. [£7]) = dz([¢'], [€7]). For all i, we either choose
[ e [, €]z = [[v]. [€']]y with dz([¢)']. [¢7]) just sufficiently large (where what
“sufficiently large” means is yet to be determined). or we choose [g/’fi"’l] so that the 1td
chunks of chunk systewm for [[¢7 1. [€771]] 7 are, up to bounded distance, ltd chunks
of some chunk system for [[¢], [¢/]]. Tt will be chosen using Canonical Straightening
30.11, and with the vo-tracing property in mind. In fact. for ¢ > 2. the ltd chunks
of chunk system for [[¢»/T1].[€/T1]] 2 are. up to bounded distance, precisely all the ltd
chunks of some chunk system for [[¢/], [€7]], and only the nonltd chunks are changed.
The first case will occur for i = 1 and for at least every other . For [¢/ 1] as in the
first case we shall have F([¢'F1]) < F([¢]). For [¢'*1] as in the second case we shall
have

() () < P ),
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These two cases will give
F(w,) = F(WN]) < F(wn_1).

We shall obtain the stronger F-decreasing property by stronger estimates on

F([¢ ) = F([¢1), F([v' 1) — F([v'~1]). To obtain F([y*1]) < F([¢]) in the first

case of [¢piT1]:

F(™)) <dz(™'L[€]) + dz (€. [671]) = dy ([0 [€]) + dz (r([W']). 7(["*1]))
<dy ([0 ED) + dy (['], €)= dy ([9']. [€]) = F([¢']).

We shall concentrate on the construction of [¢?] from [¢)!] — assuming that [¢?] is
as in the second case, which is usually so — and [¢°]. Let g2(z)dz? be the quadratic
differential for dy ([¢)?]. [£2]) at [¢?] with stretch pa(2)dz? at [€2]. Write [€2] = [xZo¢?].
Of course, x? is only defined up to isotopy constant on ¢?(Y). Let 65(2) denote the

angle between the direction of maximal distortion of x;l at z and the stable foliation
of pa(2)dz?. We shall show that, for a suitable choice of x?, for L as in 8.3:

2) [ RO el < exp@r () (14 32 [ 631pa1)

Then by 8.3 we have (1) as required for i = 1. We shall proceed in the same way for
[ 2], [, (0] replacing [¢2], [0, [V]. if [9F?] is defined as in the second case
from [1p'T1], that is, so that the ltd chunks of chunk system for [[)i72],[¢772]]; are,
up to bounded distance. 1td chunks of some chunk system for [[¢xF1], [¢7+1]], with [¢7]
replacing [¢°] in (2).

31.4. Definition of [¢?]: the rough idea. — Largely for ease of notation, we
concentrate on the construction of [¢?]. In fact, as we shall see, the construction of
[¢"F1] from [1)7] is somewhat simpler for i = 2. when the ltd chunks for [[¢ 1], [¢F1]]
are the same as those for [[¢/']. [¢]] (up to bounded distance). It is possible that this
might also be true for i = 1, but in general it is not. It is only some non-ltd chunks
which change. We defined [i!]. [£‘] in 31.2. We also write

7(wy, = (6" = [\ o]
where y minimizes distortion up to isotopy constant on ¥!(Y) and t; =
dy ([!].[€°]). We write
r([0l]) = [t oyl o gl] = [t ! o ]
minimizes distortion up to isotopy constant on ' (Z) and
dz(r([]).7([0']) = ta.
The reason for this no‘rati()n is that we shall write [x! o ¢!] for the point distance ¢

along [[¥''], [€°]]y if 0 < t < #1, and for the point distance t — to along [7([¢']), 7([v']] 2
ift, <t <ty +to. H(Io ’ U minimizes distortion modulo isotopy constant on ! (Z)

t1,1

where 210!

if ¢+ < ty, and "' minimizes distortion modulo isotopy constant on x!'''! o ¢)(Z) if
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t > t1. (This notation is reasonably consistent with that used in 28.6.) In general, we
define

tou.l —1

Xt = e (x)
for u < t, which is consistent with the above. So then

t,u,l t,1

% 1 ° Xu.l =y
for u < t.

We have already said that [¢?] is defined up to bounded distortion to be the
canonical straightening on non-ltd chunks. To define [¢)?] pointwise, we should like

to define
P2 (z) = X' ol (2),

where #(z) is piecewise constant — but obviously there is some work needed to make
sense of this, because 12 needs to be continuous. We want to do this in such a way
that 7([¢?]) = [£? where

62 =70 Xlt(:)'ll/’l(z)
for some u(z) — t(z) < t; and some homeomorphism 7 of bounded distortion. If 7 is
the identity near a point then of course the corresponding local distortion is < e2't.
The map 7 is not globally the identity, but we shall be able to compensate this by

using 8.3: the factor to which y*(*):#(=):1 is not the best distortion.

31.5. Pointwise definitions. — Now we define precisely the surface C ~ ?(Y)
and a homeomorphism x? with [€2] = [x? o ¢?]. To define the surface we use the
quadratic differential ¢, 1(2)dz? at [\ o 1] for dz([psi'], [x"' o ¢']) (if t < ¢;) and
for dz([x""' o ). X" o l]) (if t; < t < t; + t2). The Canonical Straightening
of w,_1 gives a chunk system X for [[¢?].[€?]] whose ltd chunks are a subset of a
chunk system for [w,—1,7(w,—1)] and hence the ltd chunks arc a subset of a chunk
system for [[¢)!], [€']], up to bounded distance. For the moment we say that a ltd
chunk I x w € ¥ is semiminimal if w is not contained in the union of surfaces ¢ with
J x ¢ < I xuw, that is, with J to the left of I in [[¢t]. [€1]] and J x ¢ € £. As usual we
say that J x w is minimal if w N ¢ = & for all such J x (. For a semiminimal chunk
the wvisible lower boundary is the complement in w of the union of all the ¢ with J x ¢
Itd and J x ¢ < I x w. The visible boundary gives a decomposition of the surface
C~ 2(Y'). The surfaces has not yet been defined precisely, but will be built up using
the decomposition. So take any I x w such that w contributes to the visible lower
boundary. We can choose ¢! (dw) so that x"! oy (dw) is in good position relative to
gra(2)dz? for all 0 <t < ty. If I x w is 1td then v il o ! (Ow) is embedded. If I x w is
not ltd then we choose a small perturbation of the good position so that x"!' o' (Jw)
is embedded for all t < t1. So now we form the surface C~ ¢?(Y") by gluing together
surfaces 1 (@)1 o ¢l (w) for minimal T x w and surfaces

X o gl (w) S (Ux ()
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for semiminimal I x w. Any loop x"! o ¢''(0w) has a natural identification with
il o ! (Ow) for any t < u < ty, using y""! = x*! o (x"!)~!. This enables us to
glue surfaces together. For the 1td chunks. we do simply glue the surfaces together.
For some of the other chunks, we shall glue in something slightly different. For the
moment we leave that aside, and consider the visible upper boundary for ¥, which is
defined in the same way as the visible lower boundary. Gluing together is not quite
so simple because there is a discontinuity in the map ¢ + x“! o ! (Jw) at t = ¢,.
When gluing together x! o ¢! (dw) and y* 1oy (dw) for t < t; and u > t; we simply
use length parametrisation. In this way we get a surface which is C ~ €2(Y) up to
bounded distortion only, which will coincide with €~ €2(Y') on any part of the surface
of the form y!' 21 opl(fy 'w) for which ¢! (w) is part of the surface C ~ ¢*(Y'). On
other parts of the surface, we have to compose with a bounded distortion 7 to get to
€2 = 7([42). B

As for the remaining non-ltd chunks, where the surfaces for C ~ ?(Y") have not
been glued in: the chunk system given by Canonical Straightening tells us what surface
we would like to glue in up to bounded distortion, but at this point we may not be
able to get all the projections right in one step, if we want to keep F([4?]) < F([4°]),
and it is for this reason only that we may need [¢] for i > 2. We would like to
define ¢, ([¢?]) differently from m¢, ([¢V]) for 0 < j < r, where (1 C fo H(¢) and
Iy x (o comes within a bounded distance of chunks on [w,,—,—y,w,_,]. But we may
be constrained to define just some, not all of the m¢, ([¢?]) differently from Uy ([°]).
and then define some ¢, ([¢'*2]) differently from m¢ ([¢']) for i < N — 2 until all the
e, ([v™N]) are correct. There is also another choice. for moe, ([¢2]) and moc, ([¢']). We
leave this choice open for the moment  to be specified in 31.6  but it will give use
the property F([/*+?]) < F([¢]) which we need.

As for the vo-tracing property: we have so far defined [¢)?] only as an element
of T(Z), using these surfaces. We choose [¢0?] so that for any gap 8 at [¢?] if
ds.z([2), w) < M, for some w € [w;. w, 4] within a bounded distance of [wy. wy—1]
or w € [wy—1.7(wy—1)] then dgy ([¢*]. w) < My. We do not need to modify x? for the
va-tracing property. however. because [0?] is chosen so that the Straightening Prop-
erty holds. that is. [[¢2].[€2]] and [wo. [¢/?]] do not come within a bounded distance
of each other on ltd chunks  or equivalently (as we saw in Canonical Straightening)
[[¢2], [€%]] and [w,, .. [¢*?]] do not come within a bounded distance of each other on
Itd chunks, for some (or equivalently any) sufficiently large r.

31.6. The F-decrease property. — We now need to show the F-decrease prop-
erty. that is, as suggested in 31.2, we need to show that

(1) /1\'(/\2)_1|1)2| é(‘xp(?l’((l/’“])(l + %L/0§|P2|)
where L is as in 8.3, which, by 8.3, then implies that
F() < F((e") = R
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The F-decreasing property is actually a negative upper bound on F([1?]) — F([¢])
and we shall actually obtain this. So we need to examine the set of z on which we do
not have K ((x?)"1)(z) < exp2F([¢"]). This is obviously contained in the set where
7 is not the identity. From 31.5. this sct is the union of two subsets U} and Us.

The subset Uy is contained in the union of sets Sy (w;) which are bounded neigh-
bourhoods of S(wy.gp) where u x w; is part of the visible upper boundary for ¥ with
u < t; +ty- and in fact we shall then have v < .

The subset Us is contained in the union of sets Sy(wy) which are bounded neigh-
bourhoods of S(wy.zp) for w; = ¢; for some 1 < j < r. for some r = 2, where »
and the ¢; are as in 31.6. Again. in this case. we shall want to estimate 2 on a
larger set. and to choose the modulus of anmuli at [¢?]. [€2] homotopic to ¢?(I¢;).
52((‘)(,) appropriately but in some cases. as we shall see, we might have to leave
modifications until [¢'] for some i > 2.

In the case of both Uy and U,. we shall show that for any of the sets S| (wy)

contributing to Uy or Us. there is a larger set T(wq) such that
(2) / R(\2)™ [pa| < vxp(?h’)(l +ir /951,)._4)
JT(wy) .

To do this, we shall choose T(w;) containing Sj(wy) such that the po-measure
a(T(wyp), p2) is much larger than a(S) (w; ). p2), such that either K(y?) exp(—2F([¢"Y])
is bounded from 1 on a positive proportion of T(wy), or #» is bounded from 0 on a
positive proportion of T(wy). Let ¢, 1(2)dz? and ¢;, +.1(2)d=z? denote the quadratic
differentials at [€9] for dz([vr']. [€°]) and dz([¢°]. [€1]) respectively, which extends the
carlier notation ¢y 1 (/:)(]:3.

So now we consider S(wy) € Uy. If wy is dominant at [€2] for pu(z)dz?. then we can
change 2 on a positive po-measure-proportion to reduce the distortion substantially
as follows. By 15.8. we can find points [x*"! o ¢o!'] and [y**! o ¢'!]. with 51 < #);
and t; < so <ty + to. such that (if wy is a gap) wy is long v-thick and dominant at

sp.1

[ o] for qe,.; (2)dz? and long /'-thick and dominant at [\*1' o] for ¢, 1 (2)dz?
and with

do (N ot [yt o pl]) < Cw).
but with so — s; much larger than C'(). and much larger than (¢, + #2) — so. Then
we can replace (2171 on a positive proportion of (x2S (W), to
get distortion O(C'()), thereby changing the definition of 2 and much reducing

distortion and obtaining
(3) / K((\2) ") pa| < 20,
Si(wr)

The case when w; is a loop is similar. If w; is dominant for cither of these quadratic
differentials at [€Y] = 7(w, -1 ). we can employ a similar argnment, finding s; and sy
as above, using them to change the definition of X-z although this time 7 + 5 — so is
not necessarily small in comparison to ss — $;. So we again obtain (3).
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If w; is not dominant for g, 41(2)dz? at [£°] or pa(z)d2z? at [¢?] then for [¢°] =
T(Wn-1)s X" (Ow1)lg, , = Ole™ =90 (Dw1)],) for ¢ = g, s and t > t;. Then we take
T(wy) = (x1 7281718 where S, is a bounded neighbourhood of the good position
of ¥°(dwy) with respect to p;, 4 1(2)dz2. Then T'(w;) has much larger diameter than
S1(w1) and hence also much larger pa-measure, since wi is not dominant for ps. Then
on T4, either 8 is bounded from 0 or K ((x**2:1) o x'1:1)~1 i5 boundedly less than
K((x" T 2H)=HK((x'1)71), because the angle between the unstable foliations of
iy +1.1(2)dz? and pa(z)dz? is bounded from 0 on a good proportion of T'(w;).

Now we consider Us,. and consider sets S((;) for 1 < j < r for some r > 2 and sets
¢; as in 31.5. Once we have chosen |£2(9¢y)| and [¢/?(9¢,)|, we choose a function g of
the form

g(t) = Cexp(jt — tol)

such that for points t3 < t4 with t4 —t3 = (r — 1)(t2 — t1),

g(ts) = €2 (9G0),

g(ta) = [¢*(I¢)]-
For each j we would like to define

[0 = 1€2(041)] = glts + j(ta — t1)),

and to define 7¢, ([1/%]) as dictated by Canonical Straightening. This is possible if
(4) €2(9¢))| = o(I€(9¢;))-
which is what will give 2 bounded from 0 on a set T'(w;) of much bigger pa-measure
that S7(wq). This is certainly true if |€1(9¢)] = o(]€Y0¢|). We do obtain (4) for
J = 0, if (o is not dominant for ¢;, 4+ 1(2)dz%. We can then make m¢, ([¢?]) and 7, ([£2])
different from e, ([¢01]) and m¢, ([€']). and keep the increased distortion below

JST(C)

If ¢o is dominant for ¢, 4.1(2)dz? then we do not attempt any change on this but
take [1/?] to be defined using just the changes made elsewhere, choose [¢%] € [[¢?], [€?]]
with dz([¢?], [13]) just large enough, and for [1?] either ¢y is not dominant for the
corresponding quadratic differential or ¢ is dominant along a stretch of [[¢*], [£%]]
and S7(¢1) has moved into the Uj-set. So in finitely many steps we reach [’(/JN], which
is a canonical straightening.
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