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FOUNDATIONS OF TWISTED ENDOSCOPY

Robert E. Kottwitz, Diana Shelstad

Abstract. — This book develops the foundations of a general theory of twisted en-
doscopy: definition of endoscopic groups, study of the correspondance between twisted
conjugacy classes and conjugacy classes in endoscopic groups, definition of transfer
factors, and finally the stabilization of the elliptic part of the twisted trace formula.
The book also develops a theory of duality and Tamagawa numbers for the hyperco-
homology of complexes T' — U of tori.

Résumé (Fondements de I’endoscopie tordue). — Ce livre développe les bases de la
théorie générale de ’endoscopie tordue: définitions des groupes endoscopiques, étude
de la correspondance entre classes de conjugaison tordue et classes de conjugaison sur
un groupe endoscopique, définition du facteur de transfert, enfin stabilisation de la
partie elliptique de la formule des traces tordue. Le livre développe également une
théorie de dualité et de nombres de Tamagawa pour I’hypercohomologie de complexes
T — U de tores.

© Astérisque 255, SMF 1999
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INTRODUCTION

In this paper we begin a study of the foundations for a theory of twisted endoscopy
for reductive groups. While we build on standard endoscopy as developed, for exam-
ple, in [K1], [K3], [L2], [LS1] and [S1], there are new features which will be described
below and which in turn shed further light on the earlier theory.

In our setting F' is a local or global field of characteristic zero, G is a connected
reductive group defined over F', § is an F-automorphism of G and w is a quasicharacter
on G(F) if F is local or on G(A) trivial on G(F) if F is global. Endoscopy for (G, 8,w)
concerns the representations m of G(F') or G(A), as appropriate, for which 7 o 8 is
equivalent to w ® m. More generally, and for the most part conjecturally, we may
consider L-packets or Arthur packets II for which Il 0§ = w ® II. Associated with
such representations is a (6,w)-twisted invariant harmonic analysis: an Arthur trace
formula, (6, w)-twisted characters, (@, w)-twisted orbital integrals and so on. Twisted
endoscopy has played a role in a variety of problems. For example, the early paper
[LL] of Labesse and Langlands on standard endoscopy for SL(2) is at the same time
a study of a twisted endoscopy problem for GL(2): 7 = w ® 7, and in the study
of automorphic representations of unitary groups in three variables [R] we find the
twisted endoscopy associated with base change.

We will begin by introducing endoscopic groups, or better endoscopic data, for
(G,6,a), where a is a Langlands parameter for w. Our definitions were announced
several years ago and indeed were used to recast the definitions for standard endoscopy
in [LS1]. What remains perhaps as a surprise is the effort required in the general
case to accommodate the possible lack of a suitable embedding of the L-group of an
endoscopic group in the L-group of G. The basic theme of endoscopy is transfer from
H to G, or more properly, transfer from a z-extension H; of H to G. At the level of
F- or A-points on the groups, examples such as base change or symmetric square for
GL(2) have relied on concretely defined norm mappings. For the general case we take



2 INTRODUCTION

another more abstract approach, one which is well adapted to arguments involving
the relevant systems of roots and restricted roots.

Now suppose that F'is local. With the notion of norm mappings from sufficiently
regular classes of elements in G(F') to classes in H; (F') we can turn to the matching of
(6, w)-twisted orbital integrals on G(F') with stable orbital integrals on H;(F). The
first goal of this paper will be to construct transfer factors. In analogy with standard
endoscopy [LS1] these are the weighting factors for the (#, w)-twisted integrals needed
to achieve the matching with the integrals on H;(F'). Again as in the standard case
they are quite elaborate for they must carry a great deal of information about the
values of characters on the groups G(F') and H;(F). There are new features. We
need a slight generalization of the comparative study of the embeddings of L-groups
of maximal tori in the L-group of a reductive group from [LS2] in order to construct
one of our terms. We replace the Galois cohomology of standard endoscopy with
Galois hypercohomology (for some complexes of tori of length 2) and introduce a
pairing on hypercohomology that encompasses both the Langlands pairing for tori
and Tate-Nakayama duality. We then gather all three cohomologically defined terms
Ar, Aq, As from the standard case into one term involving this pairing, although for
the purposes of proof of canonicity and so on we have found it convenient to write
this one term as a product of two, A and Ajpy.

The first five chapters of the paper, which treat transfer factors, are organized as
follows. The first chapter reviews results of Steinberg on semisimple automorphisms
of semisimple groups. These results are used repeatedly in the rest of the paper, often
without comment. At the end of this chapter one finds the definition of a-data and
x-data for twisted endoscopy.

The second chapter begins by giving the definition of endoscopic data (H,H, s, §)
for (G, 0,a). The group H is an extension of Wr by H and ¢ is an L-homomorphism
from H to LG. It is not always the case that the identity map from H to itself can be
extended to an L-isomorphism from # to £ H, which forces us to use z-pairs (Hy, g, ),
consisting of a z-extension H; of H and an L-embedding &y, of H in LH, extending
the natural inclusion of H in H;. The existence of such L-embeddings is proved in
Lemma 2.2.A.

The third chapter introduces the abstract norm mapping which relates conjugacy
classes in H(F) and twisted conjugacy classes in G(F). For this one first constructs
a bijection from the set of twisted conjugacy classes in G(F) to the analogous set for
a quasi-split inner form of (G, 6). Unfortunately, unless the center of G is trivial, this
map is not canonical, and there may in fact be no choice for it which is defined over
F. For most of this paper we treat only the special case in which this difficulty does
not occur (in other words we assume that the 1-cochain z, in (3.1) is trivial); then in
(5.4) we explain the modifications needed in the general case.
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INTRODUCTION 3

The fourth chapter gives the definition of the relative transfer factor A(v1,d;7%;, ),
which should be thought of as the ratio

A(11,8)/A(F,,0)

of absolute transfer factors, these being canonical only up to a non-zero scalar (inde-
pendent of 1,4 of course). In the case of standard endoscopy our relative transfer
factor coincides with the one in [LS1], except that [LS1] takes z-extensions of G
while our more general situation forces us to take z-éxtensions of H instead. The
relative transfer factor is the product of four terms, the third of which, Ay, is the
most complicated.

The fifth chapter uses the relative transfer factors to define absolute transfer factors
A(y1,0) and lists their most important properties (see Lemmas 5.1.B, 5.1.C and
Theorem 5.1.D). In case G is quasi-split and € preserves an F-splitting splg there is
a particular normalization Ag(v1,d) of the absolute transfer factor, depending only
on splg, just as in the standard case [LS1]. Let By be the Borel subgroup appearing
in the splitting splg and let A be a #-stable generic character on the F-points of
the unipotent radical of By. Then one hopes [Sh] that the representations having
Whittaker models for A will serve as base points in tempered L-packets, and in (5.3)
this leads us to multiply the absolute factor Ag(7y1,d) by a suitable local e-factor so
as to obtain another absolute transfer factor Ax(71,6), depending only on the generic
character A. In (5.5) we give the definition of matching functions.

Before trying to understand the complicated factor Ay in the relative situation
of (4.4), the reader may find it useful to study the absolute analogue of Ay given in
(5.3). We now sketch this material under a number of simplying hypotheses, in the
hope that the main idea will come through as clearly as possible. So let us assume for
the moment that G is quasi-split, semisimple and simply connected. In particular a
and w are then trivial. Assume further that 6 preserves some F-splitting of G. Let T
be a #-stable maximal F-torus of G that is contained in some 6-stable Borel subgroup
B of G. Note that we do not assume that B is defined over F. Let Ty denote the
torus T'/(1 — 6)(T") (the coinvariants of # on T'). We think of the canonical surjection
N : T — Ty as an abstract norm map. Let § € G(F) and v € Tp(F), and assume that
7 is sufficiently regular. We say that + is a norm of 4 if there exist elements t € T'(F)
and g € G(F) such that N(t) = v and g68(g)~! = t. Applying o € T := Gal(F/F)
to the equality gé6(g)~! = t and using that N(t) = v as well as the fact that v is
sufficiently regular (so that the twisted centralizer of ¢ is the group of fixed points of
6 on T) we see that the 1-cocycle t, := go(g)~! takes values in T' and satisfies the
equality

SOCIETE MATHEMATIQUE DE FRANCE 1999



4 INTRODUCTION

This equality simply says that the pair (¢1,¢) is a 1-hypercocycle of I" in the complex
T =% T. The class inv(+y, ) of this 1-hypercocycle lies in the hypercohomology group
HY(F,T =4 1).

Now suppose that we are given a twisted endoscopic group H for (G,0) and
an admissible isomorphism over F' from Ty to a maximal F-torus Ty of H. Let
v be the element of Ty(F) corresponding to 7 under this isomorphism. The
term Ar(ym,d) in the absolute transfer factor is obtained by pairing the element

inv(y,d) € HY(F,T =8 T) with the following element A in the dual hypercohomol-

ogy group H'(Wr, T =% 7).

Assume for simplicity that H = L H. Using x-data we embed LT} in L H, and then
we compose this with the embedding of L H in LG that is part of our endoscopic data,
obtaining an embedding &7, of LTy in L'G. Let G denote the subgroup of LG given
as the semidirect product of the Weil group Wr and the identity component of the
group of fixed points of 6 on G. Note that LG! is the L-group of a twisted endoscopic
group G! of G. Again using our x-data, we embed “Ty in LG, and then we compose
this with the canonical inclusion G < LG, obtaining another embedding &; of Ty
in £G. Replacing é1,, by a conjugate under G we may assume that {7, and & agree
on Ty. Then the difference between {1, and & is measured by a 1-cocycle A of Wr
in T, and 1- @\)(A'l) is the coboundary of an element s; € T coming from the
element s appearing in our endoscopic data. The class of the hypercocycle (A™!, sT)

is the desired element A in H'(Wp,T =5 T).

Now we turn to our global results. In [L2] Langlands stabilized the elliptic regular
terms in the trace formula; our second main goal in this paper is to do the same for
the twisted trace formula (see [R] for the case of quadratic base change for unitary
groups in three variables). Although the stabilization process is not difficult, it is
surprisingly lengthy, partly because of the generality of the situation we consider. To
ease the reader’s task we will now summarize the main steps in the process.

Let F' be a number field and G a connected reductive group over F. To make
this introduction a little simpler we will assume that the center Z(G) of G contains
no non-trivial split torus. Let # be an automorphism of G over F', and let a be an
element of

H (Wr, Z(BR))/ ker* (W, Z(G)).

Note that a determines a quasicharacter w on G(A), trivial on G(F'). The construction
of w from a is due to Langlands, but in this paper we find it convenient to use Borovoi’s
method [Bo] instead (see the proof of Theorem 5.1.D(2) for a review of Borovoi’s
method). We assume that w is unitary and trivial on Z(G)?(A). Consider the Hilbert
space

L? .= L2(G(F)\G(A))

ASTERISQUE 255



INTRODUCTION 5

and let

f € CZ(G(A).
Then f gives us a convolution operator R(f) on L2. Moreover 8 and w give us unitary
operators R(#), R(w) on L?; R(f) is given by composition with §~! and R(w) is given
by pointwise multiplication by w. The composition

R(f)R(6)R(w)
is an integral operator with kernel

K(hg)=w(g) Y, f(h7'66(g)).
5€G(F)
Let § € G(F) be 6-semisimple and strongly §-regular. Write Is for the 8-centralizer

Centg(d,G) of 5. As in (3.3) we denote by Ts the centralizer in G of IQ; then Tj is a

maximal torus of G preserved by Int(d) o # and I coincides with the fixed points of
Int(d) o 6 on Ts5. We say that ¢ is 0-elliptic if the identity component of

I;/2(G)°
is anisotropic over F'.
Denote by G(F). the set of § € G(F') that are §-semisimple, strongly #-regular and
f-elliptic. Denote by K(h, g) the corresponding part of the kernel K (h, g):
K. (h, ) Y. f(hTe6(g
JGG’(F)e

We are interested in the part of the twisted trace formula coming from G(F’)., namely
)= [ Kelog)dglda,
G(F)\G(4)

where dg is the Tamagawa measure on G(A) (which is used to form the convolution
operator R(f)) and dz is the counting measure on G(F'). As usual we can rewrite
Te(f) as a sum of twisted orbital integrals (see (6.1.1))
(1) T.(f) = ca - cs-7(Is) - Oso(f)-

sen
Here 7(Is) denotes the Tamagawa number of the diagonalizable group Is, and Oso(f)
denotes the twisted orbital integral

[ s e dofe
15 (A\G(A)

The numbers cg and c¢s are defined in (6.1) (note that cg is 1 since we assumed
that Z(G)° is anisotropic). The sum is taken over a set A of representatives for the
f-conjugacy classes of elements § € G(F), such that w is trivial on I5(A).

The next step (see (6.2)) is to rewrite (1) by combining the terms indexed by 6,6’
whenever §,0' are #-conjugate under G(A). Fix an element § € A. The set of §' € A
such that ¢’ is f-conjugate to § under G(A) is in natural bijection with a certain finite

SOCIETE MATHEMATIQUE DE FRANCE 1999



6 INTRODUCTION

abelian group (namely the dual finite abelian group to the group B = Bj; defined
in (6.2)). Using that w is trivial on I5(A), we associate to a an element 8(a) € Bs.
If 3(a) is non-trivial, then the total contribution of the §-conjugacy class of § under
G(A) is 0; otherwise it is | B;| times
cG - cs - 7(Is) - Oso(f)-

Therefore
2) T(f) = Y cccs-|Bsl-7(Is) - Oso(f),

€A,
where A is a set of representatives for the #-conjugacy classes under G(A) of elements
0 € G(F), such that w is trivial on I5(A) and the element 3(a) € By is trivial.

To proceed further we need to define an obstruction obs(d). For standard endoscopy
this obstruction is due to Langlands [L2, p. 137]. Let G*, v, 8* and gg be as in (1.2).
Thus G* is a quasi-split inner form of G, ¥ : G — G* is an inner twisting, 8* is an
F-automorphism of G* preserving an F-splitting, and go € G}, has the property that

6" = Int(go) 6y

As in (3.1) we choose, for each o € T, an element u(o) € G, such that

Yo ()™ = Int(u(e)),
and we also define a morphism
m:G—>G*
of algebraic varieties over F by
m(6) := 9(8)gg "
Then, as in (3.1),
a(m)(8) = u(0) ™ m(8)zs8" (u(0))
for a 1-cochain z, of I' in Z%¢(F), where Z*¢ denotes the center of GZ,. The image Z,
of z, under
Z%¢ = Zg° :=2Z%¢)(1 - 6") 2%

is a 1-cocycle (see Lemma 3.1.A).

Let (B,T) be a 0*-stable pair in G* with T defined over F. Put V := (1 — 6*)T
and U :=T/V. Note that the map

:Gy = G*
induces a map
Zg" = U.
Let v be an element of U(A) such that
(3) o(7) = V%o

for all 0 € . Let § € G(A). We say that v is a norm of § if there exist 6* € T'(A)
and g € G, (A) such that

ASTERISQUE 255



INTRODUCTION 7

(4) the image of 6* in U(A) equals v, and

(5) 6" = gm(6)6*(9)~".

Now let v be an element of U(F) satisfying (3), let § € G(A) and suppose that y
is a norm of §. Suppose further that v is fixed by no non-trivial #*-invariant element
of the Weyl group of T, so that § is strongly #-regular. Then in (6.3) we define an
element

obs(6) € HY(A/F, Tye L2200 vy,
depending only on the #-conjugacy class of § under Gs.(A), and having the property
that obs(d) is trivial if and only if § is f-conjugate under Gs.(A) to an element of
G(F).

Continue with v € U(F) as above and assume further that T2, is anisotropic over
F. We denote by T.(f), the part of the sum (2) indexed by elements § € A; for
which v is a norm. Define an abelian group K(T, 6, F') by

ToQd

A(T,6,F) := H'(Wr,V =% T/2(@))

where
VAT
is dual to
T 5%y

By duality (see Lemma C.2.C)
A(T,6, F) ~ Homeons (H (A/F, Toe L2225 v),C¥).
There is a natural homomorphism (see (6.4))
(6) A(T,0,F) — H'(Wp, Z(G))/ ker' (Wr, Z(G)).

If there is no element of A; having v as norm, then T.(f), = 0. Otherwise we fix
such an element dg € Ay, and we also fix an element

ko € R(T,0,F)
mapping to a under (6) (see (6.4) for a proof of the existence of ko). For any element
6 € G(A) having v as norm we have (see (6.3)) an element

(1—-6*)om

il’lV((S(), 5) € Hl (Aa TSC V)a

and the map

6 — inv(dp, 8)
sets up a bijection from the set of #-conjugacy classes under Gs.(A) of elements
4 € G(A) having v as norm to the set

(1—6*)om
—

Co := ker[H' (A, Ty, V) = HY(A, Gs)]

(the map whose kernel we are taking is of course induced by the inclusion Ty — Gsc).

SOCIETE MATHEMATIQUE DE FRANCE 1999



8 INTRODUCTION

For any element 6 € G(A) having v as norm we define the twisted orbital integral

Onf) = [ w(9)(g~188()) dg/dt.
Is(A)\G(A)
Define a function ® on Cj by putting
®(z) = (obs(d), ko)Ose(f)
where 6 € G(A) has norm + and is such that
inv(dg, d) = x.
Define an abelian group

E(T,0,F) := im[L{l(F,TSc _(l;o*)o_w)v) _)Hl(F,T 1—6* V)]

and a set .
D(T,6,F) = ket[H'(F, T =% V) - HY(F,G)].
It is not hard to see that D(T, 6, F) is the image under

(1-8%)om

HY(F, Ty V) HY(F,T =5 v)

of

ker[H' (F, Toe L= V) o H(F, Gye)]
and consequently that D(T, 6, F') is a subset of £(T, 6, F). There is a natural bijec-
tion between D(T, 0, F) and the set of #-conjugacy classes under G(F') of elements
6 € G(F) having v as norm. Replacing F' by F, or A in these definitions, we get
E(T,0,F,), D(T,0,T,), £(T,0,A), D(T,0,A) satisfying the analogs of the properties
of £(T, 6, F), D(T,60, F) mentioned above.

In (6.4) we check that ®(z) depends only on the image of = in £(T,6,4A), and
therefore ® may be regarded as a function on the image of Cyp in £(T, 0, A), namely
D(T,0,A). We extend ® to a function on all of £(T,0,A) by making it 0 on the
complement of D(T, 6, A).

Since c¢s, |Bs|, 7(I5) depend only on T', we obtain a rational number ¢z depending
only on T' by putting

e = ¢ - €5y * | Bso| - T(Is,)-
Since obs(d) =1 for any § € A; (see Lemma 6.3.A), we have

Te(f)y =cr Z ®(z),

z€S
where S is the set
im[D(T, 6, F) — &£(T, 6, A)].
To simplify notation we now write E for £(T, 0, A) and Eq for
im[£(T,8,F) = £(T, 0, 4)).
In (6.4) we show that
S =D(T,0,A) N E,.
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INTRODUCTION 9

Therefore
(7) Te(f)y=cr ) ().
z€Ey
Lemma 6.4.A says that the subgroup Eg of E is discrete and that the quotient
E/Ey is compact. Moreover it says that the function ® on E is locally constant and
compactly supported. Applying the Poisson summation formula to Ep, E and ¢, we
get

(®) T.(f)y = cT; [E 8(e) (e, £) de,

where the sum is taken over all characters £ on the compact group E/E; and de is
the unique Haar measure on E giving FE/E, total measure 1.

In (6.4) we check that the kernel K(T, 0, F); of the map (6) maps onto the Pon-
tryagin dual of E/Ey and that the kernel of this surjection has order

dp = |ker?(F, Tye L2205 v)).

In (6.4) we define the Tamagawa measure detam on E and use it to define the Tam-
agawa number 7(&) of the compact group E/Ey. Then

9) Te(f)y = erdp'm(€)™ 3 O5,(f),
where k runs over the inverse image under the map (6) of the element a, and where

05.4(f) = / (e, 5)05.6() detam

D(T,0,4)
(here J, is such that inv(do,de) = €). In Lemma 6.4.B we show that

er-dpt-T(€)7

is a constant ag independent of T', and we give a simple formula for ag in terms of

Z(G).
In the last part of (6.4) we find a formula (see (6.4.16))
(10) Te(f)y = ac »_ O%(f),

analogous to (9), but which holds even when there is no element d, € A; having
as norm (in which case T,(f), = 0). Summing (10) over y, we get Theorem 6.4.C,
which says that
(11) T(f)=aa Y O5(f).

(Tyy,w)

Our next goal is to rewrite the expression (11) for T(f) in terms of stable trace
formulas for endoscopic groups H associated to (G,6,a) (see (7.4.4) for the final
result). In (7.1) we give a different interpretation of elements in K(7, 0, F'), which
we then use in (7.2) to describe the index set appearing in (11) in terms of elliptic
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10 INTRODUCTION

endoscopic data (H, H, s, ) for (G, 6,a) and elliptic strongly G-regular elements vy €

H(F) such that
o(yvu) =vuZ, (0 €T).

In (7.3) we define absolute adelic transfer factors Aa(v1,d) and show (Corollary
7.3.B) that for v, € H;(F) as above

Aa(m1,0) = (obs(6), k).

We then use the adelic transfer factor to define a global notion of functions with
matching orbital integrals.

Finally, assuming that f admits matching functions f#1, we show in (7.4) that
Te(f) can be written as the sum over (H,H, s, £) of (the 8 -elliptic strongly G-regular
part of) the stable §y-twisted trace formula for fH#1. Here (see (7.3)) 6y is an F-
automorphism of H of the form Int(z) for some z € Hp4(F) (if the 1-cochain z, is
trivial, we may take 6y = idy). This concludes our summary of the stabilization
process.

The appendices to this paper prove various facts about Galois hypercohomology
for complexes

rhu
of F-tori. The main point of Appendix A is to construct the local pairing (A.3.12)

H(FT L Uy H' (W, U 5 T) - C*.

The construction is complicated and unfortunately relies on lengthy cocycle calcu-
lations; we wish we knew a more conceptual approach. In addition this appendix
develops properties of the pairing and of the hypercohomology groups themselves.
Appendix B classifies inner forms of (G, 0) over p-adic fields. Although this result
is not needed in the rest of the paper, it gives a clearer picture of the objects we
are studying. Appendix C has the global duality theorems we need (Lemmas C.2.A,
C.2.B, C.2.C, C.3.B) as well as a compactness theorem (Lemma C.2.D). Appendix D
reviews Tate-Nakayama duality in the form we need. Appendix E generalizes work of
Ono [O] and Oesterlé [Oe| by putting Tamagawa measures on the hypercohomology
groups

H(A/FT L U)
and proving a formula (Lemma E.3.D) for
vol(HO(A/F, T L U)1) vol(H' (A/F, T £ U);)~1.

The following notation is used throughout the paper: F' denotes a local or global
field of characteristic 0, F an algebraic closure of F, I' the Galois group of F/F, Wg
the Weil group of F/F, and (in the global case) A = Ap the adele ring of F. Given a
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INTRODUCTION 11

connected reductive F-group, we write G for the connected reductive complex group
dual to G, and we write LG for the L-group

LG = @ X WF.
For a connected reductive group G over any field we write Gger for the derived group
of G and Gg for the simply connected cover of Gger. We denote by 7 the natural
map
Gse = G.

We write G4 for the quotient of G by its center Z(G). Given a maximal torus T in
G we put

Tger =T'N Gder

Toe =7 1(T)

Toa = T/Z(G) C G/Z(G) = Gags
these are maximal tori in Gger, Gsc, Gaq respectively. We use superscripts to denote
invariants and subscripts to denote coinvariants (for the action of a group—typically
I'—or the action of a single automorphism—typically ). We write Int(z) for the
inner automorphism

g xgr (g€ @)

obtained from an element z in a group G. We write Aops for the torsion subgroup
of an abelian group A. We sometimes write AP for the Pontryagin dual of a finite
abelian group A. The notation we use for global hypercohomology groups is explained
in Appendix C.
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CHAPTER 1

AUTOMORPHISMS AND L-GROUPS

We collect some well-known results and add a few observations for which we have
been unable to locate a reference. Our main object is then to define suitable a-data
and y-data [LS1] for twisted endoscopy.

1.1. Automorphisms

We start with a connected reductive group G over a field F' of characteristic zero.
By a pair in G we mean a couple (B,T), with B a Borel subgroup of G and T a
maximal torus in B, and by a splitting of G we mean a triple (B,T,{X}), where
(B,T) is a pair in G and {X} is a collection of root vectors, one for each simple root
of T in B. Recall that G is quasi-split over F' if and only if it has an F-splitting, i.e.
one preserved by T' = Gal(F/F) (e.g. [LS1]).

Suppose that € is an automorphism of G defined over F'. We call § quasi-semisimple
if the restriction of € to the derived group of G is semisimple. Since F' has charac-
teristic zero 6 is quasi-semisimple if and only if it preserves a pair (B,T) in G, i.e.
we have §(B) = B and (T) = T (see [St, Sect. 9]). Then write G! for the identity
component of the group of fixed points of 6 in G. We have the following structure
result, due to Steinberg.

Theorem 1.1.A
(1) G* is reductive.
(2) Suppose that the pair (B,T) in G is 0-stable. Set Bt = BNG' and T* = TNG*.
Then (B*,T') is a pair in G1. Denote by R(B,T) the set of roots of T in B.
Then R(B',T") is contained in

{ares = a|1 : ¢ € R(B,T)}.

If a € R(B,T) then ares € R(B*,TY) if and only if there is a 0-fized element
in the span of the root spaces for those 3 € R(B,T) such that Bres = Qres-

(3) Let (B, T") be a pair in G*. Then there exists a 0-stable pair in G such that
B'=BNG! and T' =TNG".

(4) With T and T* as above, we have T = Cent(T?,G) = Cent(T*,G).
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Most of this is proved in [St]. The rest is straightforward. See also (1.3).

We continue with -stable (B,T) and the attached (B!,T'). Then @ acts on the
Weyl group Q(G,T) of T in G. Denote by Q(G,T)? the group of fixed points of
6. Then by (4) above, Norm(T?,G') coincides with Norm(7',G') and so Q(G*,T")
embeds in Q(G,T)?. We identify Q(G*,T?) with its image. Note that the condition
that w € Q(G,T) lie in (G, T)? can be given by any one of wf = fw, w(T?) = T? or
w(T) = T!. If (C, U) is another §-stable pair in G then up to G'-conjugacy we have
that U coincides with T and C is conjugate to B under Q(G,T)?. Finally, a maximal
torus which is #-stable and contained in some #-stable Borel subgroup, i.e. which is
a component of a #-stable pair, will be called 6-admissible. Observe that there exist
#-admissible maximal tori defined over F'.

We will be particularly concerned with automorphisms which preserve splittings.
Suppose then that 6 preserves spl = (B, T, {X}). This implies that the simple roots
in R(B!,T!) are exactly the restrictions to T of the simple roots in R(B,T). As
a consequence, the embedding of the Weyl group Q(G!,T?) in Q(G,T)? is surjec-
tive. We shall not distinguish in notation between Q(G*,T") and Q(G,T)?. Further,
(B!, T') determines (B,T) uniquely and any two f-stable pairs in G are conjugate
under G'. Thus for any 6-stable pair (C,U) in G there is a splitting (C,U, {Y'})
preserved by 6.

If G is simply connected then the group G? of fixed points of § in G is connected, for
any semisimple 8 [St]. If 8 preserves a splitting (B, T, {X}) we have, by the comment
on Weyl groups in the last paragraph, that for any G the group G? is connected if
and only if T? is connected. If G is adjoint then

X*(T?) = X*(T)g := X*(T)/(1 - 0)X*(T)
is torsion-free and so T is connected. This implies that for any G' with 6 preserving
a splitting we have
G? =G'Z(G)°
where Z(G) is the center of G.

1.2. Quasi-split forms and L-groups

We now restrict our attention to a field F' that is either local or global: 6 is an
arbitrary automorphism over F' of a connected reductive group G over F. To fix
quasi-split data it is useful to take a quasi-split group G* over F’ with an inner class
U = {¢ = (Intg) otpp : g € G*} of inner twistings ¢ : G — G* and check that the
choice of 1 within this class has no effect on our constructions. The group G* has
an F-splitting splg~ = (B*,T*,{X*}) and we may choose gy € G}, such that the
automorphism

6* := Int(ge) 96y~
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of G* preserves splg-. The automorphism 6* is uniquely determined by splg~ and
so (8*) = 6* for all 0 € Gal(F/F), and 6* is defined over F. We will see that the
choice of splg+ has no effect on our constructions.

Suppose G ,P,Ng are L-group data for G: G is a connected reductive group over
C, p is an L-action of I" on G and ng : ¥(GQ)V — ¥(G) is a T-bijection between
canonical based root data (see [K1]). The automorphism # of G induces bijections
6:¥(G) - ¥(G) and 6V : ¥(G)Y — ¥(G)V. Then 8 will be an automorphism of G
which induces the bijection 7¢ - 6¥ - 75" on ‘I!(@). For convenience we fix once and
for all a I'-splitting splz = (B, T,{X}) of G and assume it is preserved by 9.

As always, LG will denote the semi-direct product G x W for the action given by
p. The automorphism 8 x 1y, of LG will be denoted 6.

1.3. Restricted roots

Suppose G is quasi-split over F' and 6 preserves the F-splitting spl = (B, T,{X})
of G. Here we review, somewhat repetitively, more detailed information about the
root systems of -twisted centralizers of #-semisimple elements, i.e. of the fixed points
of quasi-semisimple automorphisms of the form Int§ o § for § € G. This will enable
us to introduce a-data and y-data in a convenient form.

Until we discuss a-data and x-data we need only that F' is of characteristic zero.
There will be no harm in taking G simply connected. Then, in particular, G® and T 9
are connected. Set

Rres(G,T) = {ares = |76 : @ € R(G,T)}.

For the purposes of this paper, ayes is a restricted root. Then:

(1.3.1) Ryes(G,T) is a root system in 1-1 correspondence with the set of §-orbits
in R(G,T),

(1.3.2) the irreducible components of Ryes(G,T') are in 1-1 correspondence with
#-orbits of irreducible components of R(G,T),

(1.3.3) an irreducible component of R.es(G,T) is reduced unless it corresponds to
a f-orbit of components of R(G,T) with the following property: each component D
in this #-orbit is of type A, and for some positive integer m, 6™ preserves and acts
nontrivially on D.

(1.3.4) The set of indivisible roots in Ryes(G,T) coincides with R(GY, T?).

We classify ares € Rres(G,T) as follows.

Type Ry : 20es, %ares ¢ Rres(GaT)
Type Rz : 20pes € Ries(G,T)
Type Rz : Lies € Rres(G,T)
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16 CHAPTER 1. AUTOMORPHISMS AND L-GROUPS

Let I, be the cardinality of the 6-orbit of a € R(G,T) and
lo—1

Na= Z fla.
i=0

Let 6 €T.

(1.3.5) if aues is of type Ry then the roots in the §-orbit of o are mutually perpen-
dicular and 6= X, = X,; oyes is a root for G? and it is a root for the connected fixed
points G% of Int 6 o @ if and only if Na(6) = 1,

(1.3.6) if aues is of type R, then in the notation of (1.3.3) I, = 2m and a + ™«
is a root; again #'= X, = X, and oy is a root for G?, and it is a root for G% if and
only if Na(d) = 1.

(1.3.7) if aures is of type R3 then a = 3+6™f with 3 of type Ry and m as in (1.3.3);
lo = mand 6™X, = —X,; res is not a root for G? but it is a root of G% if and only
if Na(8) = —1. Note also that Na = NS.

The results (1.3.1),..., (1.3.7) are to be found mainly in [St]. See also [Spr,
Chapter 11]. Some additional, but very simple, arguments are needed for the case 6
permutes the irreducible components of R(G,T) nontrivially. Details are left to the
reader.

Now assume F' is either local or global. We have also the dual 8 and Rres(@, T)
which we may identify as

{(a")res = avlfa :a¥ € RY(G,T)}.

Note that 79 is connected because G is adjoint and ) preserves a splitting. Then:

(1.3.8) ares H (@Y )res is a well-defined I'-bijection from Ryes(G,T) to R,es(@,T).
This bijection preserves types: if nayes is also a restricted root (n = %, 2) then so is
n(a )res and n(a" )res is the image of narres.

Observe that (@ )res € X*(T\g) = X*(f)g has its coroot in X*(T")°.

(1.3.9) If ayes is of types Ry or Rz then the coroot of (aV)res is Na. Otherwise
(type Rz) it is 2Na.

The proof of (1.3.8) and (1.3.9) follows easily from the arguments for the earlier
assertions. For example, to compute the coroot of (a")res, see [Spr, p. 292] for type
R; and o simple. This extends to all a of type R; by the Weyl group action. For
types Ry and R3 we reduce quickly to an explicit calculation in a root system of type
As.

Following [LS1, (2.2), (2.5)] we attach a-data and x-data to Ryes(G,T), or to
Rres(@, T) via ares > g since this bijection respects I' and o — —a. We may and

shall assume that for all ayes € Ryes(G,T) we have:
(1.3.10) Gna,e, = Qore. A0d Xnae, = Xare if M0res € Rres(G,T).
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CHAPTER 2

ENDOSCOPY

2.1. Definitions

Again F will be either local or global and 6 will be an automorphism over F' of
a connected reductive group G over F. Endoscopic data are attached to a triple
(G,0,a) where a is an element in H!(Wg, Z (@)) if F is local, or in the quotient of
HYWFp,Z (G)) by the everywhere locally trivial elements if F is global. We fix once
and for all a 1-cocycle a of W in Z (@ ) representing a. This choice will have no effect
on our definitions. From a we obtain a quasicharacter w on G(F) if F is local, or on
G(A) trivial on G(F) if F is global.

We call the tuple (H,H, s, &) endoscopic data for (G,0,a) if:

(2.1.1) H is a quasi-split group over F,

(2.1.2) H is a split extension of Wr by H such that the L-action py of Wr on H
determined by this extension (see (2.2)) coincides with pgy (see (1.2) for a discussion
of pm), R R R

(2.1.3) s is a #-semisimple element of G, i.e. the automorphism Int(s) o 8 is quasi-
semisimple,

(2.1.4) ¢ : H — LG is an L-homomorphism satisfying the following two conditions:

(2.1.4a) Int(s) o LA o & = a' - ¢ where o' : Wr — Z(G) is a 1-cocycle which is
equivalent to a if F is local, or is everywhere locally equivalent to a if F' is global,

(2.1.4b) £ maps H isomorphically onto the identity component of Centjy(s, @), the
group of fixed points of Int(s) o 6.

Observe that if we define the automorphism L6, of LG by

~

00 (g9 x w) = 6(g)a’(w) ™! x w
forg € G and w € Wp, then the equation in (2.1.4a) may be replaced by the inclusion

§(H) C Centrg, (s, La).



18 CHAPTER 2. ENDOSCOPY

Let us be more precise about the termmology used in thls definition. In (2.1.2)
when we say that H is an extension of W by H we mean that H is a normal subgroup
of the topological group H and that we are given an isomorphism of topological groups
H/ H ~ Wg. In particular H is closed in H and the composition of H — H/ H and
the isomorphism H/PAI — Wr is a continuous, open homomorphism p : H — Wg.
When we say that the extension H of Wr by His split we mean that there exists a
continuous homomorphism

c:Wrp > H

such that p o ¢ is the identity map on Wg. In (2.1.4), when we say that £ is an
L-homomorphism we mean that it is a continuous homomorphism ¢ : # — LG such
that the composition
HELG W

is equal to p : H — Wr and such that the restriction of £ to Hisa homomorphism of
algebraic groups from H to G. The map (h,w) — c(w)h is a homeomorphism from
H x Wp to H and therefore H is locally compact and Hausdorff. Moreover £ o ¢ splits
£(H) = W, so that (h,w) — &(c(w)h) is a homeomorphism from H x W to E(H),
which shows that £ induces an isomorphism of topological groups from # to {(#H). In
particular £(#H) is locally compact, which implies that it is a closed subgroup of £G.

We call (H,H,s,€&) elliptic if {(Z(I?)F)O is contained in Z(@) By standard endo-
scopic data for a group G we will mean data for (G, id, triv), i.e. the data of [LS1]
(see also [L1],[L2],[S1],[K1]). In general endoscopic data for (G,0,a) coincides with
that for the quasi-split triple (G*,6*,a), where (G*,0*) is as in (1.2).

An isomorphism from (H,H,s, &) to (H',H',s',£') is an element g € G such that
(2.1.5) gé(H)g™! = ¢ (H') and
(2.1.6) gsb(g)~! = s' modulo Z(G).

Let g be such an isomorphism. We use £ and £’ to identify H and H' with subgroups
of £G. Then (2.1.5) becomes

gHg™ =/,
and we write [ for the isomorphism
0 H- H
obtained by restricting Int(g) to H. Let w € Wg. We claim that there exists z € H
such that
(2.1.7) pg/(w) o Bolnt(z) = Bopy(w).

To prove this we choose an element h, € # having image w in Wg. Then
pr(w) and Int(hy)|g differ by an inner automorphism of H. By (2.1.5) ppr(w)
and Int(gh,g™")|g, differ by an inner automorphism of H'. Tt then follows from the
trivial equality

Int(gh,g~!) o Int(g) = Int(g) o Int(hy)
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that there exists z € H such that (2.1.7) holds. Pick F-splittings of H and H', and let
a : H — H' be the unique F-isomorphism dual to 3~ and preserving F-splittings;
it follows from (2.1.7) that « is defined over F'.

By an automorphism of (H,H,s,£) we mean an isomorphism from it to itself;
these form a group Aut(H,H,s,£). As above an automorphism g determines auto-
morphisms g € Aut(ﬁ ) and a € Autp(H) (with o preserving the chosen F-splitting
of H). We write Outp(H) for Autp(H)/Haqa(F). The map g — a is a well-defined
homomorphism

(2.1.8) Aut(H,H,s,&) = Outp(H).

We denote by Out(H,H, s,£) the image of the homomorphism (2.1.8).
Let K denote the kernel of (2.1.8). We claim that K = HC, where C is the
subgroup of Z(G) consisting of elements z € Z(G) such that

o(z)z2"' e Z(@G)nH

for all ¢ € T. It is easy to see that H C K and that Z(@) N K = C. It remains to
prove that any element g € K be]ongs to HZ (G ). Since « is trivial, ﬁ is inner, and by
modifying g by an element of H we may assume that g centrahzes H. Without loss
of generality we may assume that s belongs to 7', part of a f-stable pair (B,7T) in G.
Since g centralizes H, it centralizes (79)°. Since the centralizer of (7%)° in G is 7,
we conclude that g € 7. Then (2.1.6) implies that 8 fixes the image of g in 7/Z(G).
Since (T/Z (G )) is connected (see (1.1)), g is of the form ¢z for some t € (7"/’\)O and
z € Z(G), and therefore g € HZ(G)
It follows from the equality K = HC that

K/H =C/(CnH)

=C/(Z(G)n H)
=(2(G) /%),
where Z; is defined by
Zy:=Z(G)nH
= 2(G)n(T")
in other words
K/H=7"
where
Z = 2(G)/ 2.

We see from this discussion that there is a natural exact sequence

157 - Aut(H,H,s,8)/H — Out(H, H,s,&) = 1,
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and from this it follows that there is a natural exact sequence

12 70(Z") = mo(Aut(H, H, 5,€)) — Out(H, H, s,€) — 1.

2.2. z-pairs

Here we comment briefly on the role of the datum # and introduce the notion of z-
pair needed to formulate transfer in twisted endoscopy. Thus suppose that (H,H, s, &)
is a set of endoscopic data for (G, 6,a). Along with L-group data (fI ,pH,nH) for H
we have fixed a I-splitting splz = (By, Ta, {Xu}) for H,ie. sply is preserved by
pr - By the definition of H there is a split exact sequence

1—>ﬁ—>7{—>WF—>1.

Let Z be the subgroup of ‘H consisting of all elements h € H such that the re-
striction of Int(h) to H preserves splg; it is clear that Z is closed in H and hence
that Z is locally compact. Since the topologies of Wr and H have countable bases,
so do those of H (since it is homeomorphic to the product of H and Wpr) and its
subgroup Z. Since H /Z (ﬁ ) acts simply transitively on the set of splittings for H,
the projection p : H - Wr maps Z onto Wr with kernel Z (ﬁ ), so that p induces a
bijective continuous homomorphism

Z/Z(H) - Wg.

Since Z/Z (H) and W are locally compact and the topology of Z/Z(H) has a count-
able base, this homomorphism is a homeomorphism [Sm, Theorem 1.1]. Therefore Z
is an extension of Wg by Z(H).

Use py to form “H. Then the identity map from H to H can be extended to an
L-isomorphism H — L H if and only if the extension Z is a split extension of W by
Z (fI ), and any two such isomorphisms differ by a 1-cocycle of Wr in Z (ﬁ ). However,
such an isomorphism does not always exist. In the case of standard endoscopy (6 = id,
a = 1) we may replace G by a suitable central extension, for example a z-extension
in the terminology of [K2], and then such an isomorphism H ~ L H does always exist
(see [L1]). In general, even if G is itself semisimple and simply connected, such an
isomorphism H ~ L H need not exist. We will work instead with z-extensions of H.

We should perhaps recall that a z-extension of H is a connected reductive group
H; together with a surjective homomorphism H; — H having the following three
properties. The first property is that the derived group of H; is simply connected.
The second is that the kernel Z; of the homomorphism H; — H is a central torus in
H;. The third is that the torus Z; is an induced torus, in the sense that its character
group X*(T) has a Z-basis permuted by the Galois group I'. The main fact about
z-extensions of H is that they exist (see [L1]).

For any z-extension H; — H the homomorphism H;(F) — H(F') is surjective,
since the first Galois cohomology group of any induced torus is trivial. Therefore
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giving an irreducible representation of H(F) is the same as giving an irreducible
representation of H;(F) whose central character is trivial on Z;(F), and for the
purposes of representation theory it is rather harmless to pass from H to H;. When
‘H is not isomorphic to the L-group of H, there is an unavoidable twist built into
the picture. In this case we must consider representations of H;(F') whose central
character restricts in a certain way to Z; (F') (non-trivially in case H is not isomorphic
to the L-group).
Returning to our main discussion, let H; be a z-extension of H. Then we have an

exact sequence

12, —-H —-H-=>1
with Z; a central torus in H;. Dual to this is

1-H—H 1= 21 -1

and so we _may regard Hasa subgroup of H,. We may assume that the restriction
of pH, to His pr and embed U H naturally in £ H;. There is also a natural extension
of Hi — Z; to YH, = L2;.

Lemma 2.2.A. — The inclusion of H in fIl can be extended to an L-homomorphism
g, H - T

Any such L-homomorphism induces an isomorphism of topological groups from H to
its image &g, (M), which is necessarily a closed subgroup of L Hj .

Recall the splitting (B, 7T,{X}) used to form £G. We are free to replace (s, §)
by (gsO(g) 1 Int(g) o &) for any g € G. Therefore we may assume that s € T.
Then (B,T) is an Int(s) o g-stable pair in Centy(s, G’) and by making another such
replacement, this time with g € Centj(s, G) , we may assume that £(By) = Bﬂ{(f])
and £(Tg) = T NEH) = (T9)°.

Consider the subgroup U of H consisting of all € H such that the restriction of
Int(z) to H preserves the pair (By,7x). Then U is closed in #, and the projection
p:H — Wp maps U onto W with kernel Ty. The natural map U /Ty — Wp is an
isomorphism of topological groups (use the same proof as we used for Z). Thus we
have an exact sequence

1->Tg ->U—>Wp — 1.

Let £ € Y. Then x normalizes Ty and hence normalizes 7 as well, since T is the
centralizer of Ty in G. Thus U acts (by conjugation) on 7, and the kernel of this
action is closed. Moreover this kernel has finite index, since any element z € LG that
normalizes 7 must act on 7 by pg(w) times some element of the Weyl group, where
w is the image of « in Wg. Therefore this kernel is open of finite index, hence contains
T, hence is the inverse image under p : Y — Wy of an open subgroup of finite index
in Wg. We conclude that the action of & on 7T factors through

U— Wp — Gal(K/F)
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for some finite Galois extension K/F.

By enlarging K we may assume that pg also factors through Gal(K/F). Since U
normalizes 7 we get a subgroup Ug of G by taking Ug = UT; clearly the projection
LG — Wr maps Ug onto Wr with kernel 7. Note that Ug contains all elements of
LG = G x Wp of the form z = 1 x w for w € Wk. Indeed, let y be any element of U
such that p(y) = w. Then both z and y centralize T, so that zy~! € G does as well,
which implies that zy~! € T. Therefore Ug is the full inverse image under

LG - G x Gal(K/F)

of a subgroup U, of G » Gal(K/F) which maps onto Gal(K/F) with kernel 7. The
extension Uy of Gal(K/F) by T gives rise to a 2-cocycle of Gal(K/F) in 7. By a
result of Langlands [L1, Lemma 4] (see also [La]) the inflation of this 2-cocycle to
Wr is the coboundary of a continuous 1-cochain of Wi r in 7. This 1-cochain gives
us a continuous homomorphism Wr — Ug splitting the exact sequence

1T ->Ug > Wp =1,

or in other words the continuous 1-cochain gives us an isomorphism Ug ~ LU, where
U is the F-torus such that X*(U) = X.(T) as Gal(K/F)-modules, with Gal(K/F)
acting on X, (7) in the way determined by the extension

1T > U; — Gal(K/F) — 1.

Since Z is obviously a subgroup of ¢/ and hence of Uy, we draw the following con-
clusion from the discussion above: there exists an F-torus U and an injective L-
homomorphism Z — LU.

Now we are ready to show that H-H 1 can be extended to an L-homomorphism
&n, : H — L H,. Consider the group

My = (Z(Hy) » H)/Z(H)

and its closed subgroup
2y = (Z(H) % 2)/2(H)

(we embed Z(H (H) diagonally in Z (Hl) X ’H) Of course H; (respectively, Z;) is an
extension of Wg by H, (respectlvely, Z (H 1)). There is an obvious L-homomorphism
H— Hi extendmg He Hl, so that to construct &g, it is enough to show that the
identity map H 1= H1 can be extended to an L-homomorphism H; — L H;. Thus it
is enough to show that there is a continuous homomorphism Wr — Z; splitting the
exact sequence

15 Z(Hy) = 21 = Wp > 1

(of course we used that Z; is the subgroup of H; consisting of all elements  such
that the restriction of Int(z) to H; preserves the splitting of H; obtained from our
fixed splitting of H).
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Recall that we have an injective L-homomorphlsm Z - LU and in partlcular an
embedding Z(H) < U. Define a complex torus V by V = (Z (Hy) x U)/Z(H). There
is an obvious injective L-homomorphism Z; — £V, induced by

Z(H\) % 2 = Z(Hy) x LU = (Z(Hy) x U) x Wg.

Restricting 21 — LV to Z(H;) we get Z(H;) < V, and we put W= V/Z(Hy). The
exact sequence of complex tori with Galois action

1—->Z(I?1)—-H7—>W—>1

is dual to an exact sequence of F-tori. The Langlands isomorphism of H! (W, ‘7)
with the group of quasi-characters on V(F) (respectively, (V(A)/V(F))T) in the local
(respectively, global) case shows that
H'(Wg,V) = H (Wr, W)
is surjective (see the proof of Lemma 4 of [L1] and also [La]). The composition
zZis v tw
is trivial on Z (ﬁ 1) and hence induces an L-homomorphism ¢ : Wr — LW. By the
discussion above there exists an L-homomorphism 1 : Wr — LV whose composition
with LV — LW coincides with . Clearly the image of Wy under 4 is contained in the
image Z5 of Z; in Ly . Therefore the existence of the continuous section 1 shows that
Z5 is homeomorphic to Z (}AI 1) X Wg and hence that 25 is locally compact. Since Z;
is locally compact and its topology has a countable base, we conclude that Z; — 2
is a homeomorphism. Therefore ¢ can be viewed as the desired splitting of the exact
sequence
1—>Z(f11)—>21—>Wp—>1,
and the proof that £y, exists is finally complete.

It remains to prove that £y, induces an isomorphism of topological groups from
H to &, (H) and that &g, (H) is closed in L H. This follows from the existence of a
section ¢ : Wg — H of p : H — W (use the same argument we used to show that
¢ : H — £(H) is a homeomorphism and that &(#) is closed in £G).

By a z-pair for H we will mean a pair (H1 §H1) with H; a z-extension of H and
€y, an L-embedding of H in L' H; extending Ho H1 Observe that £p, determines
a character Ay, on Z1(F) (F local) or on Z;(F)\Z1(A) (F global). This character
has parameter

We S H IS LE L7,
where ¢ is any section for H — Wpr. We note in passing that Ay, is the inverse of
the character constructed in [LS1, 4.4] for standard endoscopy.

To explain the significance of Ay, we recall that the purpose of endoscopic data for
(G,0,4a) is to study representations 7 of G(F) or G(A) for which rof =w @ 7. We
shall consider an example where we have available the Langlands parametrization,
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namely tempered L-packets for F' archimedean. Here the automorphism 6 preserves
L-packets as does multiplication by w (this may be checked from the definition of
the parametrization [L3]). We see also that if II has parameter ¢ : Wr — LG then
Mof = {rof:nm €I} has parameter Loy and w @Il = {w @ 7 : 7 € II} has
parameter a - ¢. So we conclude that I o 6 ~ w ® II if and only if

S¢,={s€@:1nt(s)oL00g0=a-go}

is nonempty.
Any s € G has a unique twisted Jordan decomposition

s = ut = t0(u)

with u unipotent in G and t §—semisimple in G. It is easy to see that if s € S, with
twisted Jordan decomposition s = ut = t6(u), then ¢ € S, and u € Cent(yp, @)0,
a connected group which acts by left translations on S,; therefore every connected
component of S, contains a g—semisimple element.

Assume s € S, is §—semisimple, so that H = Centy(s, @)0 is reductive. Set H equal
to the subgroup of “G generated by H and the image of ¢ and give H the topology
induced from £G. Then we have a split exact sequence

1—)I§T—>H—>Wp—>1.

We define py as we must, after fixing a splitting of H. Asinthe proof of Lemma 2.2.A
we introduce U in order to see that the action of W on T factors through Gal(K/F)
for some finite Galois extension K/F, and hence that the same is true of py. We take
H to be a quasi-split group over F' with L-group (ﬁ ,p#). Then (H,H,s,£), where
¢ is the inclusion of H in LG, is a set of endoscopic data for (G,,a) and the image
of ¢ is contained in H. If (Hy,€p,) is a z-pair for H then £y, o ¢ is a parameter ¢;
for Hy. The packet Iy, attached to ¢; has the property that for each representation
7 in it, Z,(F) acts as Ag,. Conversely any packet for H; with this property defines
a parameter ¢ for G with Int(s) oL o 9o = a - ¢. In line with the general Langlands
conjectures, we expect I, to transfer to II. This is known, for example, for standard
endoscopy [S1], and for base change under the assumption % = ' H [B].

For the (dual) transfer of functions from G(F') to Hy (F') we shall therefore consider
functions f1 on Hy(F) for which

FH(zh) = A, (2) 71 1 (R)
for all z € Z1(F) and all h € H,(F). We will do this also for F' nonarchimedean and

for the adelic analogue in the global case, since conjecturally tempered L-packets (or
more generally Arthur packets, whatever F') have similar properties.
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CHAPTER 3

NORM MAPPINGS

3.1. The setting

We continue with (G,6,a) as in Chapter 2, although most of the time we may
work with any field F' of characteristic zero. Recall (see (1.2)) that the automorphism
6* of G* preserves an F-splitting and is of the form Int(gg)y6y~1. Since 9 is an
inner twisting we may choose, for each ¢ € T', an element u(c) € G}, such that
Yo ()~ = Intu(o).

The #-conjugacy class of § € G(F) is {g~166(g) : g € G(F)}. Denote by CI(G,6)
the set of all such classes. Then the map m : § = ¢(8)g, ' from G(F) to G*(F) takes
g7'68(g) to

(g™ )p(6)¥(8(9))g5 " = ¥(9)~'m(8)6* (%(9))

and so induces a map
(3.1.1) Cl(G,0) = CI(G*,60%)

which we also denote m. This map on classes is bijective but need not respect the
action of I' = Gal(F/F), i.e., as we shall say, need not be defined over F.

Lemma 3.1.A. — For o € T define z, € G by 2, = gou(o)o(ge) 16 (u(o)) L.

(1) The 1-cochain z, of ' takes values in the center Z*¢ of G}, and its image in
Z5¢ = Z%¢/(1—0*)Z%¢ is a 1-cocycle. The class z of this cocycle in H*(F, Z§°)
is independent of the choice of gg.

(2) Suppose C € Cl(G,0) and o € T'. Then o(m)(C) = z,m(C).

(8) If z is trivial we may so choose gg that m, as map on classes, is defined over
F.

Let § € G(F). A simple calculation shows that
a(m)(8) = u(o) " m(8)2,0* (u(o)).
This proves (2). To see that z, is central just apply o to the equation
6* = Int(gg)yOy".
Because u(0) involves a choice, z, is well-defined only up to (1 — 6*)Z%¢. Computing

coboundaries, we find that
0z = (1-6")0u.
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Thus the image of 2z, in Z3° is a 1-cocycle depending only on the choice of gg. Clearly
this choice does not affect the class z of z, in H'(F, Z§°). This proves (1).

Finally, if z is trivial we may multiply g¢ by an element of Z%¢ to obtain 2, in
(1 —0*)Zs.. Then o(m)(d) is #*-conjugate to m(d) and (3) follows.

For most purposes it is enough to consider the case z is trivial. This includes
standard endoscopy, base change, and transpose-inverse on GL(n), for example. That
then will be our assumption until (5.4), as it saves a great deal of notation.

With z trivial we may continue the argument for (3) above and choose gg,u(c) so
that z, is trivial and hence

(3.1.2) a(m)(8) = u(o) " m(8)8* (u(o)).

3.2. Abstract norms

If G is abelian we call the projection Ny of G onto Gg := G/(1 — 6)G the abstract
norm map for G. Clearly Ny maps G(F') homomorphically to a subgroup of Gg(F).
If (H,H,s,&) is a set of endoscopic data for (G,8,a) then the isomorphism £ : H >
(@‘5)0 yields an isomorphism Gy — H over F. We call v € H(F) the norm of
0 € G(F) if ~y is the image of Ny(d) under the latter isomorphism.

For general G we start with the elements § of G(F') which are §-semisimple in the
sense that the automorphism Int § o 8 is quasi-semisimple. Because

Int m(8) 0 6* = 4 Int(6)y~ 1,
m induces a bijection between the set Cls (G, 8) of 6-conjugacy classes of #-semisimple
elements in G(F) and Clss(G*,8*), the corresponding set for (G*,8*).
Suppose that (B, T) is a 8*-stable pair in G*, Q is the Weyl group of T in G* and
Q9" the subgroup of elements which commute with 6*. Recall that each element of
Q%" is represented by a §*-fixed element of G* (see (1.1)).

Lemma 3.2.A
(1) Each O € Clys(G*,0*) meets T.
(2) The image of ONT in Ty- is a single Q° -orbit.
If § is 0*-semisimple then there is a pair (B(d),T(d)) in G* preserved by Int(8) o 6*.
Suppose (B(4),T(6))? = (B,T). Then we find that g~16(g) lies in T, and (1) follows.
If 6 € T then (B,T) is Int(5) o §*-stable. Thus if g=156*(g) also lies in T' we have
that both (7%)° and g(T?)°g~! are maximal tori in Centg~ (6, G*)°, and (2) follows.
We now map O € Cls(G*,6*) to the 09" _orbit in T« given by the lemma. Thus
we have a bijection
(3.2.1) Clss(G*,60%) — Ty /O
If also (B',T") is #*-stable then we have a canonical bijection
Tp- /0" = T /()"
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induced by conjugation by a suitable #*-fixed element of G*, and this bijection is
compatible with the bijections (3.2.1) for (B,T) and (B’,T").

The composition
(3.2.2) Clss(G,0) = Clgs(G*,0*) — T+ /"

yields an abstract norm map Ny for f-semisimple -conjugacy classes in G(F). We
may assume that T is defined over F'. Then it is easy to check that each arrow respects
the action of T, i.e. Ny is defined over F.

3.3. Strongly G-regular norms
Returning now to the set (H,H, s, £) of endoscopic data for (G, 6, a), we shall first
establish:
Theorem 3.3.A. — There is a canonical map
Amnya : Clss(H) = Clss(G, )

from semisimple conjugacy classes in H(F) to 0-semisimple 0-conjugacy classes in
G(F). This map is defined over F in the sense that it respects the action of ' =
Gal(F/F).

Suppose (By,Ty) is a pair in H and (B,T) is a 6*-stable pair in G*. To save
notation, we will make use of the fixed splittings spls = (B, T, {X }) of G and sply =

(B, Tu,{Xu}) of H; in addition we assume s € T, £(Ty) = ('Te) and &(By) C B,
as we may. To (By,Ty) and (Bg, Ty) is attached an isomorphism T\H — Ty and to
(B, T) and (B, T) is attached an isomorphism T — 7. Because (B,T) is §*-stable
the latter isomorphism induces

(To-Y" = (T%)° = (TO)°.
We have therefore attached to (B H, TH) and (B,T) a chain of isomorphisms
~ T 5 (T)° = (Tp- )

which then yields Ty ~ Tp«. This isomorphism transports Qg = Q(H,Ty) to a
subgroup of Q%" = Q(G*,T)?" and so induces

(3.3.1) Ty /O — Toe /0
We therefore have
Cles(H) = T /Qu — Ty« /90 = Cls(G*,8%) = Clg(G, 0)

yielding a map
Amnja : Clss(H) = Clss(G, 0).

It is independent of all choices.
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To see that Ay is defined over F' it remains only to check that (3.3.1) is defined
over F', and for this it is enough to prove the following.

Lemma 3.3.B. — If Ty is defined over F' then we may choose By O Ty and 0*-stable
(B,T) with T defined over F, so that the attached isomorphism Ty — Ty is defined
over F.

Suppose that Ty is defined over F'. Let By D Ty and let (B, T) be a 8*-stable pair
with T defined over F. Write 5 for the attached isomorphism Ty — Tp-. Reviewing
the constructions, we see that o(n)n~! is given by an element w, € Q°" which it is
convenient to view as Q((G%,)%:,T"). A familiar argument using Steinberg’s theorem
on rational points in semisimple conjugacy classes in simply connected quasi-split
groups then shows that there exists g € (G,)? such that o(g)g~! normalizes T, and
induces w,. We replace (B,T) by (B,T)? and then 5 by Int(g~!) o to obtain the
desired isomorphism over F'.

An F-isomorphism Ty — Ty« as in the lemma will be called an admissible embed-
ding of Ty (in Gy, the set of #-conjugacy classes in G), and Ty will be called a norm
group for T'.

To define norms in H(F') we start with the most regular elements. Recall that
Centg(d, G) is the group of fixed points of Int(d) of. Call 6-semisimple § € G 0-regular
if G% = Centy(6,G)° is a torus and strongly 6-regular if Centy(8,G) is abelian. In
the latter case, Ts = Cent(G%%,G) is a maximal torus in G stable under Int(8) o 6
and Centy(d, G) coincides with the set of fixed points of Int(§) 08 in Ts. Call v € H
G-regular if the image of the conjugacy class of v under Ay /¢ consists of 6-regular
elements, and strongly G-regular if the image consists of strongly 6-regular elements.

The twisted centralizer Centg(d,G) of a strongly 6-regular f-semisimple element
is a torus if G is semisimple and simply connected. Indeed, by Theorem 8.1 in [St]
the twisted centralizer of any #-semisimple element is connected in this case. How-
ever, in general the twisted centralizer of a strongly #-regular #-semisimple element
is disconnected; in other words it is a diagonalizable group, not a torus. This phe-
nomenon occurs for the transpose-inverse automorphism of GL(n) when n is odd, say
n = 2k+1, in which case the twisted centralizer of any strongly 6-regular 8-semisimple
element is isomorphic over F to G, x {£1}.

Lemma 3.3.C
(1) A G-regular element in H is regular.

(2) A strongly G-regular element in H is strongly regular.

Let d lie in the image of the class of 7 under Ay, and (B, T') be a 6*-stable pair in
G*. Then there is §* in T such that §* is 6*-conjugate to m(d) and such that the image
of §* in Tp+ is equal to the image of v under some admissible embedding Ty — Tp-.
Because the twisted centralizers of § and §* are isomorphic, d is (strongly) #-regular
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if and only if §* is (strongly) 6*-regular. The condition for §* to be §*-regular is of
course that (G*)%"®" have no roots. We observe from (1.3) that this is equivalent to:
(3.3.2) for o € R(G*,T') we have

Na(6*) #1,  for a of types Ry, Ry
Na(6*) # -1, for a of type Rs.

The condition that v be regular in H is that no ((a¥)res)¥ be a root of the centralizer
of v in H. By (1.3.9) this means:
(3.3.3) for ag = ((@¥)res)V € R(H,Ty) we have

ag(y) = Na(6*) #1, for a of types Ry, R3
ag(y) = Na(6*)2 #1, for a of type Rs.

But (3.3.2) implies (3.3.3) and so (1) is proved. For (2), suppose that 6* is strongly
6*-regular. This means that no nontrivial element of Q¢ (G*,T) may be realized in
Centg~(6*,G*). Recall that every element of Q9" (G*,T) may be realized in (G*)%"
because 6* preserves a splitting. If v is not strongly regular in H then there is a
nontrivial element wy of Q(H,Tx) which fixes v. Embedding Qg in 0% we can then
produce an element of Centg: (6%, G*) which realizes the (nontrivial) image of wy, a
contradiction, and so the lemma is proved.

Turning to F-rational points, (2) of Lemma 3.3.C implies that the stable conjugacy
class of strongly G-regular v € H(F) is the intersection of its conjugacy class in H(F')
with H(F'). We define the stable 0-conjugacy class of strongly #-regular v € G(F) to
be the intersection with G(F) of its §-conjugacy class in G(F).

Now suppose v € H(F) is strongly G-regular. We say that v is a norm of § € G(F)
if § lies in the image of the conjugacy class of vy under Ap,g. If this image contains
no points of G(F) then we say < is not a norm. Observe that either v is a norm of
exactly one stable #-conjugacy class of strongly #-regular elements in G(F) or it is not
a norm. If (Hy,£p,) is a z-pair for H we say that v, € Hi(F') is strongly G-regular
if its image v in H(F) is, 1 is a norm of ¢ if v is, and so on.

If strongly G-regular v € Ty(F) is a norm of § € G(F) and Ty — Ty« is an
admissible embedding then we may choose 6* € T' and g € G}, such that

(3.3.4) 7 has image Ny« (6*) under Ty — Tp+ and

(3.3.5) 6* = gm(6)6*(g9)71.

In (3.3.5) g € G, has been identified with its image in G*. Then
(3.3.6) Int(g) o9 : Centy(8,G) — T is defined over F.

This is clear because

(Int(g))o (Int(g)¥) ™" = Int (o),
where v(0) = gu(o)o(g)~?! is readily seen (Lemma 4.4.A) to lie in Ty.
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CHAPTER 4

RELATIVE TRANSFER FACTORS

4.1. The setting

Throughout Chapter 4, F will be local. Once again (H,H, s, &) is a set of endoscopic
data for (G,0,a) and (Hy,{n,) is a z-pair for H. Our plan is to define a relative
transfer factor A(v1,6;7,,0), for v1,7%, strongly G-regular in H;(F) and norms of,
respectively, 6,6 € G(F), and then to show that it is canonical. This relative factor will
be a product of four terms Ay,Ar,Arr and Ayy. In our setting the terms A; = Ay,
and Ay = Ay, of standard endoscopy [LS1] combine naturally as the single term
Amr. Each of Ar,Aq,Ary will be a quotient of the form Aj(v;,6)/Ar(¥;,0), and so
on. Each term will depend on additional data (admissible embeddings, a-data or
x-data). However, the main theorem of this chapter, Theorem 4.6.A, will assert that
the effects of these choices cancel when we assemble the relative transfer factor.

We continue with v;,7, and 8,6 as above. Let v,5 € H(F) be the images of 71,7,
under H, — H and set Ty = Cent(y,H), Ty = Cent(¥, H). Let Ty — Tp- and
Ty — Te- be admissible embeddings. Here we make the choices By,B,T and By,
etc. of Lemma 3.3.B and maintain the assumptions of the proof of Theorem 3.3.A,
but only the resultant admissible embeddings will affect the terms in the transfer
factor. Let g,g € G, and 6* € T, 3" € T have the properties of (3.3.4) and (3.3.5).
Let Ryes denote the restricted roots of R(G*, T') and Ryes” those of R(G, T), equipped
with the Galois action for T'; similarly define Ryes and Ryes” for T. Finally we choose
a-data and y-data for Rres (Or Rres”) and Ryres (or Rres”) asin (1.3).

4.2. The term Aj

We define Ar(vy1,8) = Ar(v,d) by adapting a construction from [LS1]. The au-
tomorphism §* of G* lifts to an automorphism 63, of G},. Let G be the group of
fixed points of 83, and T® = Tsc N G*. Recall that these groups are connected and
R(G*,T*) is contained in Ryes. Thus we have a-data {as : @ € R(G*,T7)}. Fix an
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F-splitting of G*. Then to T%,{a,} and this splitting we may attach the element
Mao}(T®) of HY(F,T®) defined in [LS1, 2.3].

On the other hand, we may use the endoscopic datum s to define an element st g of
71'0((1/:'5)1‘), as follows. The group T2 is the group of coinvariants of § in Thq = f/ Z(G)
which we may identify with (7;,1)(;ad using T =~ T. Since s lies in T we may project
first to T.q and then to (Ed)aad, so obtaining an element stg.

Lemma 4.2.A
(1) st is I'-invariant and
(2) sT,0 depends on the admissible embedding Ty — Ty« but not on the choice of
By ,B leading to Ty — Ty«

Suppose h € H normalizes Ty and write
§(h)=gxw€@>4Wp.

Then both £(h) and w normalize 7 and preserve the subgroup 7 := (79)°; therefore
the same is true of g, and the discussion in (1.1) implies that the image of g in (G, T)
belongs to Q(@ ,7)? and hence that g itself belongs to TG!. Therefore &(h) can be
written as tz with ¢t € 7 and z fixed by L6, and it follows immediately from (2.1.4a)
that

(4.2.1) £(h)sE(R)™! = a' (w)"LsB(t)t L.

Now we prove part (1) of the lemma. Let 0 € I' and write o, for the action of
o on Ty obtained from the natural action of ¢ on TH via the isomorphism TH ~ Ty
determined by By,Bg. Then or, differs from py (o) by an element of the Weyl
group of Ty in H , and therefore there exists h € H such that h normalizes Ty and
acts on it by o7, . It is then immediate from (4.2.1) that o, fixes the image of s in
(Tad)g,,-

Finally we prove part (2) of the lemma. In order to get s we have chosen B, By,
splg, splg and we have assumed that s € T, {(Tw) = TNE(H) and €(By) = BNE(H),
which we can achieve after replacing (s, £) by

9(s,€) := (gs8(g) ", Int(g) 0 &)

for some g € G. These choices give us an admissible embedding Ty ~ T}, an element
s' € T (project s into T), an isomorphism 75 ~ fg and an element s” € ’fg (s" is
the image of s’ under the isomorphism 7T ~ f(;). We want to show that s’ depends
only on the admissible embedding resulting from all these choices. This follows from
the following assertion: if different choices cause the admissible embedding Ty ~ Ty
to be replaced by its composition with w € Q(G*,T)? then s is replaced by w™(s).

We now verify this assertion. Using conjugation by elements of G fixed by T’ we
may assume that spls remains the same. Similarly, using conjugation by elements

of H fixed by I' we may assume that splg remains the same. Changing B to w(B)
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for w € Q(G*,T) fixed by 6 and T obviously causes a change in (Ty ~ Ty, s") of the
form given above. Changing By to wy(Bu) for wg € Q(H,Tx) fixed by T' changes
T ~ T by wy and does not change s”; however, it follows from (4.2.1) that wy fixes
s, so that our assertion is still correct. There is still one kind of change possible. We
can replace (s, &) by 9(s, ) for g € Norm(7T, @) whose image w in Q(@ ,T) is fixed by
6 and has the property that w=!(B) ﬁ{(fI) = BN&(H). Thus Ty ~ Ty is replaced by
its composition with w™! and s" is replaced by w(s). This proves our assertion and
concludes the proof of the lemma.

We may now define st ¢ to be the class of st in ﬂ'o((ﬁ)r). Let (-,-) denote the
Tate-Nakayama pairing between H'(F,T®) and wo((ﬁ)r) (see [K1]). Then we define

A1(v,6) = (Maa) (T%),sT0)-

We need to understand how Aj(v,d) depends on the choice of F-splitting for G*.
To simplify notation we write I for G*. Suppose that we replace our chosen F-splitting
spl; for I by Int(g)(spl;), where g € I(F) is such that Int(g) is defined over F. Let
2z € HY(F,Z(I)) denote the image of g under the boundary map

Lu(F) — H'(F, Z(I))

for the exact sequence
15 2Z(I) > 1> g — 1,

then z is represented by the 1-cocycle

o g ta(g)
of I'in Z(I). It follows from (2.3.1) of [LS1] that Ae,3(7%) is multiplied by the
image z' of z under
HY(F,Z(I)) - H'(F,T").
Therefore Ap(v, §) is multiplied by (2',s7,).

Although the expression (z',st¢) appears to depend on T, it actually does not,
as we will show by finding a more useful way to write it. As usual (see [L1]) the
maximal torus T® of I and the element st € (I/’;)F determine an endoscopic group
J of I together with an element s; € Z (:f )T'. Let us recall the construction. We start
by defining J to be the identity component of the centralizer of st in T (pick an
embedding Té T belongmg to the canonical conjugacy class of such embeddings).
The natural action of T' on 7= preserves the root system of T? in I and since st
is fixed by T', the action of I' preserves the root system of T® in J as well. Fix a
splitting of J with T% as its torus component. Then for each o € T' we denote by w,
the unique element of the Weyl group of T% in J such that wg o preserves the positive
Weyl chamber determined by our splitting of J. Then there is a unique action py of
T on J, preserving the chosen splitting, such that pj(o) coincides with w,o on Ta.
We take J to be a quasi-split group whose dual group is (:f ,pJ)- It is immediate that
sT,9 is an element of Z (f )T'; we denote this element by s.
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We used T® to get J, but in fact (J,sy) depends only on (H,H,s,£) and not on
Tu. To see this we need to compare the root systems of J and H. Without loss of
generality we may assume that G is semisimple and simply connected, so that I = G?
and T® = TY. It follows from (1.3) that the map

Qres — (av)res
induces a type-preserving bijection
Rees(G,T) = Rres(G, T)
and thus also induces a bijection
Rres(G, Trea = R(I,T?),

where the subscript red indicates the subset of all reduced roots. Therefore

Qres H ((av)res)v

is a bijection
(4.2.2) Ries (éy 7-)red - R(fv 7-9)
Recall also from (1.3) that ((a")res)" is given by

Na  if oy is of type Ry
2Na if ayes is of type Ra.

The root system of H (see (1.3)) consists of all the reduced elements ayes of
R.es(G,T) such that (Na)(s) = 1 together with all the non-reduced elements aes
of Ryes(G,T) such that (Na)(s) = —1. Replacmg non-reduced roots ares by ares/ 2,
we get a bijection from the root system of H to the set of all Qres IN R,es(G T)red
such that

(Na)(s) =1  if ayes is of type Ry

(2Na)(s) =1 if ayes is of type Ra.
It is obvious that the bijection (4.2.2) carries this subset of Rres(@ , T )red Over to the
subset of R(I,Ty) consisting of all elements § such that 8(s) = 1; in other words we
have constructed a natural bijection
(4.2.3) R(H,T%) = R(J, Tp).

Since we have assumed that G is semisimple the automorphism 6 has finite order,

say order d. Let f be the isomorphism

f:X* (T = X*(To)o
defined as follows: identify X*(7%)q with (X*(T)g)e and X*(Tg)g with (X*(7)q)?;
then f becomes the map from the coinvariants to the invariants given by

d
ey 0(x)
i=1
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Note that for aes in Rres(G, T) the bijection (4.2.2) carries ayes into a positive rational
multiple of f(ares), and the analogous statement holds for the bijection (4.2.3), which
means that the isomorphism f carries Weyl chambers for H over to Weyl chambers
for J. The isomorphism f is obviously equivariant for the action of Q(G’ ,7)?, and it
carries the Weyl group of H over to the Weyl group of J, , yielding an isomorphism
between these two groups.

We are finally ready to show that the L-action of I" on J just depends on H, not
on Tx. Suppose that Ty is replaced by Tj;. Then for o € T' the action of o on Ty
differs from its action on Ty by an element of the Weyl group of H (identify Ty with
Ty over F using an inner automorphism of H over F). Therefore the action of o on
the maximal torus (T")* of I differs from its action on 7% by an element of the Weyl
group of J. Therefore the L-action of o on J obtained from (T")® coincides with the
one obtained from 7.

It is convenient to pursue these considerations one step further, for use in (5.3).
Consider the special case in which Ty is the torus component of an F-splitting of H,
so that the Galois action on Ty preserves some Weyl chamber for T in H. As before
we have T' and Ty ~ Ty as in Lemma 3.3.B. Then T is a maximal torus of I, and T
transfers to J (since we can use this particular Ty to construct J). It is clear from
the remarks made earlier that the Galois action on T preserves some Weyl chamber
for T? in J, which means that T? is the torus component of some F-splitting of J.

Now we return to the factor Aj(vy,d). Recall that replacing spl; by Int(g)(spls)
has the effect of multiplying Ai(y,d) by (2',sre). The torus T transfers to J, so
that we can choose

T > J.
Then (2, sT,9) is equal to (zj,5s), where z; denotes the image of 2z’ under
HY(F,T®) — H'(F,J),

~

sy € Z(J)T is as before, and (z;,s;) is the usual pairing between H'(F,J) and
70(Z(J)F). Clearly z; can also be described as the image of z under the map

HY(F,Z(I)) = H(F,J)

coming from the canonical embedding of Z(I) into the center of J. In particular it is
now clear that (zs, ss) is independent of Ty. It follows that the relative factor

AI(71,5; 1s 3) = AI(’Y? 5)/AI(77 3)
is independent of the choice of F-splitting for G*.

4.3. The term Ay

The term Agi(y1,0) = Anr(7,d) will be a quotient, with the numerator a product
over Galois orbits O in Ryes = Ryes(G*,T') and the denominator a product over Galois
orbits Oy in Ry = R(H,TH). The a-data and x-data of (1.3) serve for Ryes, Rres”
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and (RyesV)Y which contains Ry, so that they serve for Ry as well. Observe that T’
preserves the type R;,Rs or R3 of an element of R,es, and so we may speak of the
type of a Galois orbit . Also recall that if we write a restricted root as ayes, with
a € R(G*,T), then « is uniquely determined up to 8-orbit so that the term Na of
(1.3) is well-defined.

Suppose O is of type Ry or Ry. Then the contribution to the numerator of Ay(y, §)

from the orbit O is
Na(6*) -1
o ()
where a;es is a representative for O. Because 0Xa,., = Xooress TCaree = Coorpess
o(Na) = N(oa) and ¢6* = §* modulo (1 — 6*)T (see (3.3.4)), we conclude that
this term does not depend on the choice of a es. Nor does it depend on the choice of
o*.
If O is of type R3 then the contribution is

Xawes (N(67) +1).

Again the choice of representative ares for O does not matter.
The contribution to the denominator of Ap(vy,d) from the orbit Oy in Ry is

e (0,

where ay is an(y) element of Og.

The term Arr(v,d) may be written in another way. Any o € R with the property
that (aV)res = (ap)V, for some ag € Ry, will be said to be from H. We may use the
same terminology for the #-orbit of a, for a,es or for the Galois orbit of ages. Recall
that if (a")res = g then:

Na(6* if ages is of type R; or R
(4.3.1) an(y) = O , 07 ype M OF s

(Na(8*))? if ayes is of type Ra.
Lemma 4.3.A. — Aj(v, ) is the product over representatives ayes for the Galois orbits
in Rpes Of:

Na(é*) -1
(4.3.2) Xtres (L)
aares
for orbits of type Ry and not from H,
Na(6*) — 1)(Na(é*) +1

w33 (21 = U0 1)

for orbits of type Ro such that both oes and 2ayes are not from H,
(4.3.4) Xares (N(67) + 1)
for orbits of type R3 from H, and 1 for the remaining orbits.

ASTERISQUE 255



4.4. THE TERM Am 37

If atyes is of type Ry and from H then (4.3.1) shows that the contribution to A (7, 6)
from the T'-orbit of ayes is 1. So the contribution from all orbits of type R; is given
by (4.3.2) over those orbits not from H.

Now suppose aes is of type Ra. We have the three cases: (i) Qres, 20res are not
from H, (ii) Qyes is from H, 20yes is not from H, (iii) oyes is not from H and 2aqes
is from H. For (i), the contribution to Ap(7y,d) from the orbits of ares and 20ues is
given by (4.3.3). For (ii), (4.3.1) implies that the contribution is

Yo ((Na(&*) - 1)(Na(6*) + 1))

QAa res

divided by \
Na(6*))* -1
o (202 21)

aares
and so is trivial. For (iii), the contribution is given by (4.3.4), and the lemma is
proved.

4.4. The term A

This is the one genuinely relative term, i.e. in general, Ar(y,0;7%;,6) is not
defined as a quotient. Further it is the only term where the dependence on v,,7; is
not through +,7. (Recall that v is the image of v; under H;(F) — H(F), and so on.)
In fact, in (5.1) we will prove that

Ami(z1m,6;91,6) = Am, (21) " Amr(n, 657, 6)

for z; € Z,(F) = ker[H,(F) —» H(F)], where Mg, is the character from (2.2). It is
nevertheless useful to describe separately the rather special case H; = H, for this
reveals a structure on which we may build for the general case.

Thus we assume for the next several paragraphs that H; = H. To begil}\, we
recall the tori § = S(T,T) and U = U(T,T) from [LS2]. Because both T and T are
isomorphic to 7 we have isomorphisms T — T and T — T. When convenient, we
use these isomorphisms to identify 7' with T (over F'), X*(T) with X*(T'), and so on.
Then

S=(TxT)/{(z,27Y):z€ Z}
and
U = (Tse x Tse)/{(2,271) : 2 € Zg},
where Z = Z(G) and Zs. = Z(Gs.). Thus X*(S) is the lattice in X*(T) x X*(T)
given as {(\,p) : A — u € X*(Taa)} and X*(U) is the lattice in X*(Tsc) x X*(Tsc)
given the same way.
Recall that we may identify U as

(The X Te) /{(2,2) : 2 € Zuc},
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where as usual the subscript sc indicates objects in the simply connected covering of
the derived group of G. There is another way of describing U that is convenient also
when we come to S. Namely,

fj ~ fad X Tscv
where there is a twisted Galois action on this product: o € T' acts by
(tad, tsc) = (07 (taa), 2(w(9))(or(taq)) - UT(ESC))'

Here w(o) is the element o705" of the Weyl group of T and a(w(0)) : Toa = Tuc
is given by taq — (w(o)(thy))(thq)™!, where t.; is an element of Ty mapping to
taqa. The isomog\phism from U to fad x Tsc takes the element of U represented by
(tse,tsc) € fsc X Tse to (tsc, tscts!), where tsc denotes the image of tg. in fad. Similarly,
S =T x Ty. See the proof of Lemma 3.5.A in [LS2].

By 1—-6:U — S we will mean more precisely the map induced by

(tsesToc) = (1= 67)(8), (1= 67) D)),

where t,f are the images of ts,tsc in T,T. The dual homomorphism 1 — 0:S 50
can be realized as the map

T x Tae = Taq % Tse
given by
(tazsc) = ((1 - é\ad)tad7 (1 - aSC)ZSC)a
where t,q is the image of ¢ in Tyq.
We shall define an element

V = inv(v,6;7,9)
of HY(F,U 1=% S) and an element A of H'(W, S 18 U). Then we set
Ami(7,68;%,0) = (V, A).

These hypercohomology groups and the pairing (-, -) are discussed in Appendix A.

We have §* = gm(8)6*(9)~! and that Np-(6*) € Ty~ is equal to the image of v
under Ty — Ty+. Write 9o (y)) ™! = Intu(o) as in (3.1) and set v(0) = gu(o)o(g)™?
asin (3.3).
Lemma 4.4.A

(1) v(o) lies in Ty.

(2) (1-0*)v(s) =0o(6*)"16".

We have arranged that

a(m)(8) = u(0)~'m(8)6" (u(0))

(see (3.1.2)). From this and
gm(0)8*(g)~! = o*
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we conclude that
v(0)716*6* (v(0)) = o (8*).
Since o(6*) = 6* modulo (1 — 8*)T we deduce that
(v(o)t)~16*6*(v(0)t) = &*

for some ¢t € T. But Centg-(6*,G*) = T? and so we conclude that v(o) lies in Ty,
as asserted in (1). In particular all four elements in the equation

v(0)"16*0*(v(0)) = a(6*)

commute with each other, and (2) is then immediate.

Observe also that the coboundary dv of v(o) is g(Ou)g~! = Ou since du takes
values in Zg.

We make the same constructions for 5,8 and thus have 8" ,7(c’) along with 6* v(c).
Let V(o) be the image in U of (v(¢)™,5(0)) € Tyc X Tsc under the natural projection,
and let D be the image of (6*,(8°)~!) € T x T in S. Because (dv~1,8v) = (du~?, du)
we have that V is a 1-cocycle and (2) of Lemma 4.4.A shows that

(1-6)(V(0)) =o(D)D™*

for all o € I. We conclude that (V, D) represents a class V in H!(F,U 14 S). It is
readily verified that as long as the embeddings Tg — Ty~, Ty — T+ remain fixed the
element V is uniquely determined by v € Ty (F), ¥ € Ty(F), § and 6. Moreover the
embedding Ty — Ty~ is determined by the element v and the requirement that v —
Ny (8) € Ty, and the analogous assertion is true for the other admissible embedding
as well. For this reason we denote V by inv(y, §;7%, 6).

We turn now to constructing A. To the endoscopic datum s we attach the element
sy of U following the prescription of [LS1, Section 3.4], which we now review. Recall
that we are working under the assumptions of the proof of Theorem 3.3.A. Now choose
$ € Tsc having the same ima§e as s in 7,4 and use the isomorphisms T~ T, T~T
to obtain st € fsc and s7 € Ty Then the class sy of ($7,57) in Uis independent of
the choice of 5. In our present more general setting, sy is not necessarily I'-invariant.
We will construct a 1-cocycle A of Wr in S such that

syw(sy) ™t = (1= 6)(A(w)
for all w € Wr. Then A will be the class of (A~!,sy) in the dual hypercohomology
group H'(Wr, S =4 U) (see Appendix A).

Let G' be the identity component of the fixed points of § in G. Then G is
preserved by Wg. Set LG! = G' x Wy with this inherited action of Wr. Then LG!
is an L-group, for we may use the #-stable I'-splitting spls = (B, T,...) to construct
a [-splitting splg, = (B' = BNG,T' = TNGY,...) of G' (recall Chapter 1
and [St] on root vectors) and G' embeds naturally in G. Also, 7! is a maximal
torus in both G! and ¢{(H); both R(G',T*) and R(£(H), T!) have the actions I'r,I'x
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derived from the Galois actions on T, T and are contained in Rres”, Rres’. Thus
we have y-data for them. To the data for R(¢(H),T?) is attached an embedding
LTy — LH [LS1, Sect. 2.6]. We compose this with the given £ : LH — H (recall
our assumption H; = H) and ¢ : H < LG to obtain an embedding ¢7y, : LTy — LG
extending the isomorphism Ty — 7. On the other hand, if we identify 77! as (’_7’\5)0
then Ty — T extends to an isomorphism LTy — L(Ty.), and at the same time the
x-data for R(G!, T') yield an embedding

LTy ) = G* = La,

where the embedding of LG! in LG is the natural one. Thus we obtain a second
embedding & : YTy < LG. But then &7, = ar - &, where ar is a 1-cocycle of Wg
in 7 with Wr acting via the Galois action on T'. As usual [LS1] we transport ar to
T without change in notation. Replacing T by T we obtain also a 1-cocycle az of

W in T. Tt will be convenient now to identify T with T as tori over C. Consider
then z(w) := ap(w)/ar(w). Our constructions will be seen to yield naturally an

~

element xs.(w) of Ts. with z(w) as image under the natural projection; this requires
an extension of the Second Lemma of Comparison in [LS2] as we shall explain in the
proof below. Then set

A(w) = (ar(w), Tse(w)).

This is an element of S. We will be done with our constructions for Ap (in the case
H, = H) as soon as we have checked the following.
Lemma 4.4.B

(1) A is a 1-cocycle of Wr in S.

(2) (1 -0)(A(w)) = syw(sy)~! for allw € Wpg.

First we describe zs.(w) explicitly. Recall from (1.1) that

QEH), T C @G T QG T),

so that Q(H,Ty) acts on T. If 0 € T then o7 = w(o)or, where w(o) € Q(H,TH).
Thus 'y C Q(H,Ty) x 't and we can proceed as in (3.4) of [LS2]. First we construct
objects in G! instead of in G. Thus

my(w) = r1(w)ng (w) x w
and so on. Again we shall index the corresponding objects for H by s. Thus
ms(w) = rs(w)ng(w) X w
and ar(w) is given by
§o&n(ms(w)) = ar(w)my (w).

Similarly,

§ o &n(ms(w)) = ag(w)mi (w).
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Set

c(w) = ri(w)rs(w) ™
and

c(w) =1 (w)Ts(w) ™
We argue exactly as in the proof of Lemma 3.4.A of [LS2]—the Second Lemma of
Comparison—to show that

ap(w) ™t = g(w)b(w)w(c(w) ar(w) ) F(w,0) 7,

where w = w(c) and b,7 are as defined in (3.4) of [LS2]. We conclude then that
z(w) = agp(w)/ar(w) is given by
&(w)7'b(w) M w(e(w))F(w, o) (w — 1)(ar(w)).

Each term of this product lifts naturally to ’f’sc. Indeed, the first four of them are
given in terms of elements constructed in (G')sc or Hs. and projected into G, and of
course these projection maps factor through Gsc. The last term lifts to a(w)(ar(w))
with a(w) = a(w(o )) as before. Therefore we obtain zs.(w) in Ty, projecting to z(w)
in T. Thus A(w) € S. To show that A is a 1-cocycle we follow the argument in the
proof of Lemma 3.5.A of [LS2]; the analogue of their Lemma 4.2.A, which is needed

for that argument, goes through without modification. So (1) of our lemma is proved.
For (2), we observe that (2.1.4a) implies that

sB(ar(w))my (w)s~! = o' (w)ar (w)m; (w)
and thus
(4.4.1) (1= 8)ar(w) = swr(s) " a'(w) ™"
On the other hand,
(1= Bue) 25 (w) = (1 = Bye) (b(w) " ax(w) (ar (w))]

as the remaining terms of . (w) are fixed by 8. But b(w)~! = ny(w)n, (w)~?, with
ng(w) in the fixed pomts of Int(ssc) © 95.: and n; (w) in the fixed points of 530, where
ssc has image saq in Gaa. Thus (1 — GSC)A(w) 1= w(sse) 1sse = a(w)(s)™!. Next
we compute (1 — Bec) (a(w) (ar(w))) as a(w)((1 - B)ar(w)) = a(w)(swr(s)~!), and so
(1 - osc)xsc(w) = a(w)(wT(s))_l.

Recalling the precise meaning of 1 — 6 as map from StoU , we conclude that
(1 = 9)Aw) = (saqwr(saa) ™" a(w)(wr(s) ™).

Finally, when U is realized as fad x Ts. the element sy becomes (8ad,1) and so
syw(sy)~! is also equal to (saqwr(sad) ™!, a(w)(wr(s))~!) and we are done.

We turn now to the general case. Thus (Hi,£pq,) is an arbitrary z-pair. Recall
that Z; denotes the kernel of H; — H. We shall modify our arguments for the special
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case H; = H by replacing the torus S by a torus S; as follows. Start with the exact
sequence
122y - Ty, 5Ty — 1.
Form a pull-back diagram from this exact sequence together with the homomorphism
N:T—>Ty

obtained by composing the projection map T" — Ty« with the isomorphism Ty ~ Ty~
provided by our admissible embedding; thus we get a commutative diagram
Tl — T

! B

Ty, —2— Ty
in which T} is the fiber product
{(t,tn,) €T x T, : N(t) = p(tn,)};

of course T — T is surjective with kernel Z;. Note that T3 is a torus and that
the automorphism 6* of T lifts naturally to an automorphism 6; of 77 that acts
trivially on the subgroup Z; of T: for (¢,tn,) € T1 the automorphism 0; is given by
61(t,tm,) = (6% (t),tm,). Set 67 = (6, 1) € Tr and 5, =" ,%,) eTh. B

We identify T'; with T7 over F'. Then S; is defined to be the quotient of 77 x Ty
given by

X*(81) = {(A ) € X*(T1) x X*(T1) : A= p € X*(Taa)}-

Thus S; ~ Ty x Ta.q with twisted Galois action on the second factor as before, and
we have an obvious exact sequence

122185 —>5-1.

Recall the homomorphism

1-60:U—=S.
There is a natural lifting of 1 — 6 to a homomorphism
1-6:U— 51,

obtained as follows. The automorphism 6; of T} is trivial on Z;, and therefore 1—6; :
T, — T1 has Z; in its kernel and hence yields 1 — 8, : T — T;. The same is true for
T so that we get a map

1-6; ITXT—)TI XT],
which carries the kernel of T x T — S into the kernel of T} x T; — S; and hence
induces a map

1- 91 S = Sl,
which we compose with the obvious map
U—-S
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to get the lifting
1-6:U— Sl.

Recall that we have already defined a 1-cocycle V of I' in U. Now define an element
D; of S; by taking the image under

Ty xT, = S
of (87,(3;)1) € Ty x T1. Recall from Lemma 4.4.A that
(1—6*)v(o) =a(6*)7L-6*.
Therefore the image of v(o) under
Toe » T 5T

is given by (o(6*)~' - 6*,1) € T x Tq,, and since (o(6*)~! - §*,1) = o(67)~" - 8 we
conclude that (V, D;) satisfies the hypercocycle condition

(1-6)V =a(Dy)-Dit.
Thus we have produced an element

V., e HY(F,U 5% 5y).

We need to produce a class
A; € H' (Wi, 8 8 o)

so that we can define Ay by

Ami(71,6;7,,0) = (Vi,Aq).

Recall that we already have defined an element sy € U. However the construction
of the 1-cocycle A of Wg in S breaks down since it used the assumption H; = H.
Fortunately the construction can be modified so as to produce the desired 1-cocycle
in §1.
We define
&:iTy - La

just as before. We no longer have the embedding
bry : YTy — LG.
Instead we work with
by YTy - Y Hy
defined as the composition of the L-homomorphism
Ity - LH
used before and the obvious inclusion

LgLH,.
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We can no longer compare §; and &7, directly; we need the intermediary # and the
L-homomorphisms
E:HoLa
and
€, cH— LH;.

Now consider the subgroup U of ‘H consisting of all elements h € H that normalize
Tu and act on it by o, , where o denotes the image of h under

H—)Wp—)r

and o7, denotes the action of ¢ on Ty given by the identification Ty ~ fH. Then
it is easy to see that the projection H — Wr maps U onto Wg. Since U is locally
compact and its topology has a countable base we see that /Ty is isomorphic as
topological group to Wg.

Use the splitting (By, T, . ..) of H to get a splitting (B, Th,,-..) of Hy. Then
we have an isomorphism le ~ Th, extending fH ~ Ty and there is a unique L-
homomorphism

&y YT, = PHy

extending both {1, and the embedding fgl ~Ta, < Hy. The map &r,, is a homeo-
morphism onto its image (see (2.1) for this kind of argument) and the image of ¢/ under
&m, is contained in the image of {7, , so that there exists a unique L-homomorphism

(') U > LTH1

such that &7, o ap is equal to the restriction of {x, to U. Let a : U — FTy, be
the composition of ap with the map LTy, — LTy, induced by the map Ty, — Th,
sending ¢ to t~!.

Let t € LTy and write & (t) =z xw € G xWr C GxWpg. Then &1 (t) normalizes
T := (T?)° and therefore normalizes 7 as well. We claim that & (t) acts on T by
or, where o is the image of w in I" and o7 denotes the action of ¢ on 7 coming from
the identification 7 ~ T. Indeed, the action of o7 on T is given by some element
y X w with y belonging to the normalizer of 7! (and hence to the normalizer of T as
well). Since x x w and y X w both act by o, on T*, we conclude that z and y have
the same action on 7; and therefore that they have equal images in Q(@ ,7)?. This
proves our claim. It now follows immediately that & (!Ty) - T is isomorphic to the
L-group of T via the unique L-homomorphism

&It la
extending both &; (use the obvious inclusion ‘T < LT dual to N : T — Ty) and
T~T<=QG.

Let h € U and write £(h) = g X w € G x Wr. Then £(h) normalizes 7' and T
and acts on T! by o7, . As above it follows that £(h) acts on 7 by or, where o is
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the image of w in I'. Therefore £({/) is contained in the image of X7 under &, and it
follows that there exists a unique L-homomorphism

B:U—-LT
such that & o 3 is equal to the restriction of £ to U. Together a and 3 give an
L-homomorphism
axf:U-=ETy xT).
The restriction of a X 3 to fH embeds JA“H in le X f, and the quotient of CIA"H1 x T
by the image of Ty is equal to ﬁ. Therefore the map

©:Wr=U/Tg = YTy, xT)/Tu =T
induced by a x g gives us a 1-cocycle ar of Wr in fl defined by
o(w) = ar(w) x w € LTy.

Let w € Wp. We can define ar(w) more concretely as follows. Pick u(w) € U such
that u(w) maps to w under Y — Wg. Write & (1 x w) = t(w)é(u(w)) with t(w) € T
and write &7, (1 X w) = t1(w)€n, (u(w)) with ¢ (w) € Ty,. Then the element of T}

~ ~

represented by (t(w),t(w)™!) € Ty, x T is equal to ar(w).
Applying L8 to the equation defining ¢(w), we find that

(1=H)(t(w)) =57 - ox(s) - a'(w).
It follows that
(4.4.2) (1-0)(ar(w)) =s-or(s)” ' -d'(w) L eT.

The rest of the construction is just the same as in the case H; = H. E‘rom the
second torus T' we get ap(w) and the element x(w) := ag(w)/ar(w) € T is the
same as the previously considered z(w) € T %1. Therefore we use the same lifting
Zsc(w) € Tsc as before. Again

Aw) = (ar(w), vse(w)) € Th x Toe = S
is a 1-cocycle of Wr in §1 and the class of (A™!,sy) is the desired element
A, € H'(Wg, 5 228 0.
The next lemma will be needed in (5.5).

Lemma 4.4.C. — Let vy, 71,  be as in (4.1), and let I denote the identity component
of the twisted centralizer of 6 in G. As usual let w be the quasicharacter on G(F')
obtained from a. Then the restriction of w to I(F') is trivial.

The 1-cocycle a'(w) appearing in (4.4.2) lies in the class a. It follows from (4.4.2)
that the image of the 1-cocycle a’(w) becomes a coboundary when it is pushed forward
using the inclusion of Z(G) in T followed by the canonical surjection

T>T/1-0T.
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Let w* denote the quasicharacter on G*(F') obtained from a. The pushforward of a'
to T corresponds to the restriction of w* to T (F), and its pushforward to T /(11— T
corresponds to its restriction to (7%)°(F). But (7°)° can be identified with I, and
thus we see that the restriction of w to I(F) is trivial, as desired.

4.5. The term Apv
We define Arv(71,9) = Arv(7,6) to be the quotient of

Dgg(6) = | det[Ad(8) o 8 — 1]; Lie(G)/ Lie(Cent(G%, G))|3/>
by
Dy(7y) = | det[Ad(y) — 1); Lie(H)/ Lie(Tx)[3>.

Observe that using the isomorphism Int(g) o ¢ : G — G* provided by (3.3.6) we may
rewrite Dgg(d) as

Dg-o+(6*) = | det[Ad(6*) 0 6* — 1]; Lie(G*)/ Lie(T)| /.

The discriminant Dg«g«(6*) is easily computed using the root-space decomposition
provided by a 6*-splitting (B, T,...). We obtain a product over §-orbits of roots « in
R, i.e. a product over Gres € Ryres. If res is of type Ry or Ry then the corresponding
contribution is

[Na(87) 1|7
and if aqes is of type Rj3 it is
INa(8*) + 1%,
On the other hand,
Du(y) = H s (7) — 1132,

In these expressions we have written |- |+ for the unique absolute value on F extending
| -|F on F. A now familiar comparison yields:

Lemma 4.5.A. — Ajry(y1,0) is the product of:
(4.5.1) T1; INa(6") = 113/%,
where [], indicates the product over ares Of type Ry and not from H,
(4.5.2) T, |(Na(8*) - 1)(Na(s*) + 1)1/,
1, indicating the product over ares of type Ry with both ares and 2aies not from H,
and
(4.5.3) TI5 INa(8*) + 11172,
where []5 indicates the product over oyes of type R3 and from H.
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4.6. Canonicity

We may now set A(y1,8;7%;,0) equal to the product of the four terms:
AI (7’ 6)/AI (;77 g)
Au(y,0)/An(7, )

Ami(11,0;7%1,9)
Awv(7,8)/Arv(7,0)

(recall that +,7 are the images of v1,7; in H(F')). The terms depend variously on
(Tr = To+,{aa}, {Xa}) and (Tu = To-,{az}, {xa})-

Theorem 4.6.A. — A(m,6;7%,,0) is canonical.
We shall check the effect when:

(4.6.1) we replace (Ty — Tp+,{aa},{xa}) by data (Tag — Ty.,{aw },{Xa'}) which
are conjugate in the sense that there exists g € (G;‘c)"; such that
(1) Int(¢~!) induces isomorphisms B — B', T — T' and thus Typ. — Tj., the
latter two over F',
(2) Ty — Tj. is the composition of Ty — Ty« with Ty — T,
(3) Int(g) transports {aa}, {Xa} to {aa'}, {Xa'},

(4.6.2) we change the a-data alone, and

(4.6.3) we change the x-data alone.

Assume (4.6.1). Then Lemma 3.2.B of [LS1] implies that Aj(y,d) is multiplied
by (g,sT,e) "' where g is the class of ¢ — go(g)~! in H*(F,T?) (note that it is not
necessary to pass to the simply-connected cover of the derived group of G*). The only
other term in A that is affected is Ajp. Instead of pairing the class V; of (V, D)
with A; (notation of (4.4)) we pair the class V| of (V', D;) with the same A;, where
V'V =1 is the 1-cocycle o — (go(g)~*,1) of I' in U. Thus V'V~! is the image of g
under

HY(F,T%) - H'(F,U®) » H'(F,U =% 5)).
It then pairs with A, as (g,s7,¢). We conclude that A is unchanged by (4.6.1).

Now let us change the a-data alone (4.6.2). Only A and Ay are affected. If {aq}
is replaced by {anbs} then by Lemma 3.2.C of [LS1] Aj(v,d) is multiplied by

(4.6.4) IT xa(00),

where the product is over representatives a for certain symmetric orbits of I" in the
roots of 7% in G®. As in (4.2), we note that st ¢ is a standard endoscopic datum for
G®, with endoscopic group, say, J. Our A;(y,d) coincides with the (standard) Ap for
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(G®, J) evaluated on appropriate elements of J(F') and T*(F). Thus Lemma 3.2.C
of [LS1] says that the product in (4.6.4) is over symmetric [-orbits that are outside
J, and, as we saw in (4.2), these are the symmetric I'-orbits in R,es represented by
roots ayes that are either of type Ry and not from H or else of type Rs such that both
Qres and 20ue5 are not from H.

It remains to check that we get the inverse of (4.6.4) from the change in Aj. First,
asymmetric orbits are easily seen to make no contribution to the change in Ay (we
can argue as in Lemma 3.3.A of [LS1]). From (4.3.2), (4.3.3) and (4.3.4) we find the
symmetric orbits contribute as we wish.

It remains to replace {xa} by x-data {xaCa} (4.6.3). We shall argue for the case
H, = H, leaving to the reader the (immediate) extension to the general case. First we
apply an argument for standard endoscopy to measure the effects of changing y-data
on the embeddings LTy — LH and L(Tp«) — LG!. In each case (2.6.3) of [LS1]
applies and we conclude that our present cocycle ar (notation of (4.4)) is multiplied

by a quotient of cocycles, say c¢s/c;. Thus the term Ayi(7, §;7,0) is multiplied by

(cs,7)/{c1,7%)

where 7 is the image of 6* € T in Tp«(F') and (-, -) is the Langlands pairing.

We evaluate separately the numerator and denominator following Lemma 3.5.A
of [LS1]. The numerator is a product [ Aq,v indexed by roots ay" representing
pairs £0pg of I'-orbits in RyV. If Oy is symmetric, attach to vy the element §*H Y
of T®#" (Fiq,v) as in the cited lemma; if O is asymmetric we have instead the
element y*H# ¥, Then:

A _ CaHv(aH(J"‘HV)) Oy symmetric
o Cagv(ag(y@®"))  Op asymmetric.

For the denominator the index set is instead pairs £ of I'-orbits in R(@l, fl), i.e.
in the elements of type R;,Rp in Ryes”. If a1V represents +£(0; then the corresponding
contribution is Ag,v.

To compare the numerator and denominator we set

Qres

_ Cores (Na(8%<")) O symmetric
- ConesV (N a(y*=")) O asymmetric

for ayes” representing a pair 0O of I'-orbits in Rpes¥. Then the contribution to

(cs,7)/{e1,70)
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from 0O is:
(Bamv (Ba,,v) 1 =1 if aes” is of type Ry, from H
(Ba,,v) ! if ayes” is of type Ry, not from H
) (BageeV)? - (Bae,v) 2 =1 if ares” is of type Ry, from H
(Boyo,v) 2 if apes” is of type R, not from H
Ba,..v if ares” is of type R3, from H
\1 if aes " is of type Rs, not from H.

We compare this with the change in Aj;. That change is calculated from (4.3.2),
(4.3.3) and (4.3.4) using the method for the proof of Lemma 3.3.D of [LS1]. We see
easily that the result cancels with the change in Ay, and so we are done.

From (4.6.1), (4.6.2), (4.6.3) we conclude that the choice of

(T = To»,{aa} {Xa})

has no effect on the relative transfer factor A(vy1,9;%;,0). Nor does the choice of
(Ty — To+,{az}, {xa}) by similar arguments (only Ay requires examination). The-
orem 4.6.A is therefore proved.
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CHAPTER 5

THE NOTION OF TRANSFER

5.1. Transfer factors: definition and first properties

We keep the assumptions and notation of (4.1). First we define the absolute transfer
factor A(v1,6) for v, strongly G-regular in Hq(F') and ¢ strongly #-regular in G(F).
If no such 7; is a norm then set A = 0. Otherwise, fix some (79, 6°) with 79 a norm
of §°. Define A(7?,4°) arbitrarily (in C*). Then set

(511) A(’Yl,é) = A(7176;7?760)A(7?750)

for all v; strongly G-regular and § strongly f-regular. As we have not done so already,
we define

A(71’5;7173) =0
if 41 is not a norm of § and ¥, is a norm of 6. Then A(7y;,8) = 0 unless 7; is a norm

of 4.
We remark that for all 71,7, and 4,6 we have

A(’YI’ 5) = A(ﬂ/lv 57 WI?S)A(leg)

provided that ¥, is a norm of J. This is an immediate consequence of the transitivity
property for relative transfer factors:

Lemma 5.1.A. — A(’)’la‘sla’)’la ) (’Ylvdza’h»(ss) (71»517’71753) provided 71 s a
norm of &' (i =2,3).

We may as well assume +; is a norm of §'. Since A,Arr,Ary are naturally quotients
we may replace A by Aj;. Now we can follow closely the idea of the proof of Lemma,
4.1.A of [LS1]. Because of the mountain of notation and the transparency of the
argument we leave the details to the reader.

Lemma 5.1.B. — A(v1,0) is unchanged when v, is replaced by a stably conjugate el-
ement in Hy(F).
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71 has image v under Ty, — Ty. To define the various terms Aj(v,46), etc.
we may choose any admissible embedding Ty — Ty« we wish. Inspection of the
terms Ar,Arr,Arv shows that each term depends on +; through the image §* of v
under this embedding. If we replace v, by a stable conjugate 7;, and thus 7y by
a stable conjugate 7' in H(F'), then we may form the composition of Ty — Ty«
with this stable conjugation to obtain an admissible embedding Cent(y', H) — T~
under which the image of 7' is 6*. We use this embedding to define Aj(v{,4d), etc.
Then Ar(y;,6) = Ar(m,9d), and similarly for Aj,Apy. It remains then to compare
Ami(v,,6;74,0) to Amr(y1,6;7;,0). Here we need further argument for the case H; #
H. An examination of the construction of T} etc. shows that the stable conjugation
of 71 and 7] provides natural isomorphisms between the tori associated to v; and

those associated to 1, and then that Arr(~1,d;%;,9) coincides with Agi(y1,d;%;,9).
This completes the proof.
Recall the character Agy, on Z;(F) = ker(H1(F) — H(F)) from (2.2).

Lemma 5.1.C. — A(z171,8) = Mg, (21) " A(m1,0) for 21 € Z1(F).

We have only to prove that
Ami(z171,0;91,0) = Am, (21) " A (1, 6371, 6).-

We recall the exact sequence

122,255 ->5—->1
of (4.4). The map Z; — S; induces a homomorphism

Zi(F) » HY(F,U =% 5))
(see Appendix A) and dual
H'(Wr, S = U) = HY (W, Z1).

Let A be the image of A; under the latter map. Then we see that replacing v;
by 2171 multiplies A(v1,8;7%;,6) by (z1,A2)~1, where (-,-) indicates the Langlands
pairing. Thus we have to show that A is the Langlands parameter for )\,}1. Indeed,
it is immediate from our definitions that A5 is represented by the following 1-cocycle
z(w) of Wg in 21: z(w) is the image of t; (w) under the canonical surjection le — 21,
where t; (w) is as in the concrete definition of ar(w) given in (4.4). It then follows
from the definition of ¢; (w) that z(w) is a Langlands parameter for )\I‘ii.
There is a natural injection

Z(G)g — Z(H),
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obtained as follows. Choose a #*-stable pair (B,T') in G*. Then we have
Lie(T%") = Lie(Tyc )%
= Lie(Taa)”"
= Lie(T34);
this, together with the fact that ng is connected, implies that
TS - TS

is surjective and hence that

T% - TY
is surjective as well. Applying the snake lemma to
1 —— Z(G*) > T y Tog —— 1
[T P
1 —— Z(G7) » T » Toa — 1

we conclude that the natural map
Z(G*)gt — TOu
is injective. Composing this map with any F-embedding
j : Tg* - H
in the canonical H(F)-conjugacy class of such embeddings we get a map
Z(G*)g» - H
whose image is central in H. The resulting injection
Z(G)o — Z(H)
is independent of the choice of j and is defined over F.
Using the composed map
Z(G) = Z(G)g — Z(H),
we form the fiber product C of Z(H;) and Z(G) over Z(H). An element of C(F') is
a pair
(21,2) € Z(Hy)(F) x Z(G)(F)
such that the images of z; and z in Z(H)(F) are equal.
Lemma 5.1.C has the following generalization: there exists a quasicharacter A\¢ on
C(F) such that
A(z1m,20) = Ac(21,2) A, 6)
for all (#1,2) € C(F). From this point of view the content of Lemma 5.1.C is that
the restriction of Ac to the subgroup Z;(F') of C(F) is equal to Mg, .
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It is enough to show that there exists a quasicharacter Ac on C'(F) such that
Ami(z171, 26;71,0) = Ac(21,2) " A1, 6,7, 6)
for all (#1,2) in C(F). For this we need to understand how
V, e HY(F,U 4 5))
changes when (71, ) is multiplied by (21, z). Recall from (4.4) the exact sequence
122 -T1 -T—-1

It is clear that C can be identified with the inverse image of Z(G) under T; — T and
that S; is equal to

(Ty xT1)/{(c,c™!) |c€ C}.
Recall that V; is the class of the 1-hypercocycle (V, D1). Multiplying (y1,d) by (21, 2)
does not change V' and multiplies D; by the image of (21, 2) under the map 77 — S}
given by t; + (t1,1) (think of S; as (T3 x T1)/C). Thus Vi is multiplied by the
image of (z1,z) under the homomorphism

C(F) » Tv(F) » H\(F, U 1=5% 3)),

which shows that A¢ does indeed exist.

We consider now the question of how A(7,d) is affected when § is replaced by
a stable conjugate, say &' = h~140(h), with h in G(F). Then ¢ — o(h)h™' is a
1-cocycle of I in the (abelian reductive) group Centg(d, G) and, as usual, we see that

ker[H' (F, Centg(,G)) — H'(F,G)]

classifies the #-conjugacy classes in the stable §-conjugacy class of §. But #-conjugacy
is too coarse an equivalence for our present setting and we are lead to a hypercoho-
mology group instead.

Let T denote the centralizer of G% in G. Then T} is a maximal torus in G, whose
inverse image under the canonical homomorphism 7 : Gsc = G we denote by T3°¢. Let
6% denote the automorphism Int(d) o @ of G. We write the element h above as m(h1)z
with h; in Ggc and z in the center of G. Then cr(h,l)hl"1 lies in T3¢ and

(1 -6 )m(o(h)hy") = o(6(2)2~)(6(2)2~) 7
Thus the pair
(0= a(h1)hi*,0(2)z71)
defines an element inv(d, §') of

sC (1—05)o7r

HY(F,Tsc 2220 v)

where Vs denotes the subtorus (1 — 8%)(T5s) of Ts.
Next we shall construct a class ks in the dual

H (Wg, Vs = (T5)aa)-
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Our first step is to pass from #%-invariant T in G to §*-invariant T in G*. We do
this by means of the isomorphism Int(g) o of (3.3.6). Observe that this isomorphism
maps Ts to T over F and transports 6° to 8*. It is thus sufficient to construct xs in

H' Wp,V = Taa)

where V denotes the subtorus (1 — 8)(T') of T
Note that V is the kernel of N : T — Ty. Therefore V embeds in T; as the

kernel of the natural surjective homomorphism 77 — Ty, , which means that we may
identify V with the quotient 77 /Ty,. In (4.4) we constructed a 1-cocycle ar of Wr
in 17 satisfying
(5.1.2) (1-0)(ar(w)) =s-or(s)™" -a'(w) L.
Write br for the image of ar under the canonical surjection

fl — fl/THl = ‘7
Then, still writing 1 — g for the map V — Taq induced by

1-6:T— f,

we find that

~

(1= 8)(br(w)) = s-or(s)™;
we define kg to be the class in
HY(Wp,V — Taq)
of the hypercocycle (b7', s).
Theorem 5.1.D

(1) A(m,d") = (inv(4,6"), ks) A1, 6).
(2) If &' = h=166(h) with h € G(F), then

A(’Yla(sl) = w(h)A(7175)7
where w is, as usual, the quasi-character on G(F') obtained from a.

We have only to consider Ajyy. First we replace d by ¢’ in (3.3.4) and (3.3.5). Then
g,6* are replaced by gi(h;) and 6*0*(z)z~! (we use % to identify the centers of G
and G*). Thus v(o) becomes

v'(0) = gp(ha)u(o)o(P(h1)) "o (g) ™
which may be calculated as
[(Int(g) o ¥) (R0 (k1) ™)]gu(a)a(g)™";

in other words v'(c) is the product of v(c) and the cocycle obtained from hyo(hy)™?
via the isomorphism T5 ~ T'. Moreover d; becomes

(67) = (6"0"(2)2 ™", m) = 67 - (0" (2)2 71, 1).
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Therefore V is replaced by V', the product of V and the element of
HY(FU X4 5)
obtained as the image of
inv(6,0') € HY(F,T§¢ = V5) = HY(F,Tye = V)
under the map
H'(F,Tye = V) = HY(F,U = 51)

induced by the obvious map of complexes from the complex Tz — V' to the complex
U — S; (U is a quotient of T, X T, so that there is an obvious map Ty — U;
similarly there is an obvious map 77 — S; which we compose with the embedding of
V in T} as the kernel of T} — Ty, to get a map V — Sp). Part (1) of the lemma now
follows from the fact that the dual map

H'(Wg, 8, = U) » H (Wg,V = Taq)

sends A1 to Ks.
It remains to prove (2). We use Borovoi’s method [Bo] of constructing the Lang-
lands pairing between G(F') and H'(Wg, Z(G)). There is a canonical homomorphism

(5.1.3) d:G(F) = HYF, T 5 Tj)
defined as follows. Let g € G(F) and write g = m(g1)t for g1 € Gsc and t € T5. Then
map ¢ to the class of the hypercocycle
(o(g1) " g1, ).
Let b be an element of H(Wx, Z(G)) and let b be a 1-cocycle representing b.
Then (b~1,1) is a 1-hypercocycle of Wr in
Ts 5 (Ts)aa,
and the value of the Langlands pairing between g € G(F') and b is defined to be

(d(g), (67, 1))

(use the pairing in (A.3)). We used b~! rather than b in order to ensure that this
Langlands pairing coincides with the usual one when G is a torus (note the minus
sign in (A.3.13)).

There is an obvious homomorphism

1-6%)orm
sc ( ) \

(5.1.4) HY(F, T3¢ 5 Ts5) — H'(F, T} Vs)

—9°
obtained from the map from the complex T5¢ 5 T to the complex T3¢ —)(1 Jer, Vs

given by the identity map on T§° and by 1 — 6% from Tj to Vs. A simple calculation
shows that if &' = h=166(h) with h € G(F), then inv(4,d’) is equal to the image of
h~! under the composition of the maps (5.1.3) and (5.1.4).
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Therefore A(v1,4') is equal to A(~1,6) times
(d(h™1), k)
where &} is the image of ks under the map (dual to (5.1.4))
H W, Vs = (T5)aa) & H*(Wr, Ts = (T5)aa)

1nduced by the map of complexes from V5 — (Tg)ad to T5 — (T&)ad glven by 1-8:

V5 - T5 and the identity map from (T,s)ad to itself (the map 1— 6° T5 — T5 is trivial

on the kernel of the canonical surjection T5 - V,; and hence induces 1—8° : V]s — Tg)
It follows from what we have done that kj is represented by the hypercocycle

(- 97", 9)
of Wg, which by (5.1.2) is equivalent to (a’,1), or, in other words, the image of a
under the canonical isomorphism
H'(Wr,2(G)) » H' (Wr, Ts = (T5)aa)

(use that Ts — (Tj)aq is surjective with kernel Z (G)). Therefore (d(h™1), k}) is the
value of the Langlands pairing on h~! € G(F) and a=! € H'(Wp, Z(G)), and this
value is equal to w(h) by definition of w. The proof of the lemma is now complete.

5.2. Proof of a lemma needed in (5.3)

In this section we assume temporarily that we are dealing with standard endoscopy,
so that H is now an endoscopic group of G and s is an element of Z (}AI )¥'. Moreover
we assume that G is quasi-split and choose a pair (B,T) in G defined over F. We
also choose a pair (By,Ty) in H defined over F. We write Z for the center of G.
Let p denote half the sum of the B-positive coroots for T'. Then p € X, (T,q) and of
course 2p lies in the image of X.(T"). Let a € F*. Then t := p(a) is an element of
Taa(F) whose square lies in the image of T'(F'). Applying the boundary map for the
exact sequence

10723 T >5Tyq—1

to the element ¢t € Toq(F) we get an element
z€ HY(F,Z)

whose square is trivial. The group Z embeds canonically into the center of H, inducing
a map
HY(F,Z) » H'(F,H),
and we denote by h the image of z under this map. There is a natural map (see [K3|)
HY(F,H) - mo(Z(H)T)P,
and thus we may pair h with s € Z(H)T, obtaining (h, s) € {£1}.
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The main result of this section, Lemma 5.2.A, gives a simple formula for (h, s). Let
Vi (respectively, Vi) denote the complex representation X*(7T') ® C (respectively,
X*(Ty) ® C) of T'. Then the difference Vg — Vg is a virtual representation W of
I' having dimension 0. The determinant det(W) is the character on I' given by
det(Vg) ™! det(Va), and by local classfield theory we may regard det(W) as a character
on F'* (since the square of det(W) is trivial it does not matter how we normalize the
isomorphism of local classfield theory).

Lemma 5.2.A. — There is an equality
(h,s) = (det(W))(a).

A routine reduction step allows us to replace G by Gs. and thus assume that G itself
is semisimple and simply connected. The first step is to use duality to understand
the boundary map

Twa(F) —» HY(F, Z).
We have (Langlands duality)
Homeont (Tad(F)y C* ) = H' (WF7 fsc),

where T;c is the inverse image of T under @SC -G (embed T as a maximal torus in
G), and we also have (duality for finite abelian F-groups)

Hom(H'(F, Z),C*) = H'(F, Z),

where Z denotes the kernel of

Gse = G,
so that Z fits in a short exact sequence
(5.2.1) 1925 Te—-T—1.

The boundary map Toq(F) — H!(F, Z) is dual to the map
H'(F,Z) - H'(F,Ts)
induced by the inclusion map
Z = T,
or maybe its negative, depending on sign conventions; however, since 2% = 1, this
sign question is irrelevant for us. The conclusion of this discussion is that for any
x € HY(F,Z) the value of (2, ) is equal to (a, p(X)), where p(x) denotes the image
of x under the map
HY(F,Z) - H'(Wp,C*) = Homeons(F*,C*)
induced by
p:7Z — C*
(regard p as an element of X *(fsc) = X.(Taq) and restrict it to the subgroup 7 of

~

Tsc).
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The number (h, s) is equal to (2',s’), where 2’ denotes the image of z under
HY(F,Z) — H*(F,Ty)
and s’ denotes the image of s under
Z(H)' o T§.
Choose an isomorphism Ty — T over F such that
Ty - TG
belongs to the canonical G(F)-conjugacy class of embeddings Ty — G and such that

Bpy-positive roots of Ty in H are carried into B-positive roots of T in G. Consider
the analogue of (5.2.1) for Ty, viewed as maximal torus in G:
(5.2.2) 157 = (Ty)se & Ty — 1.
Then (z',s') = (2, x), where x denotes the image of s’ under the boundary map
Th — H'(F, Z)
for (5.2.2). Combining this with what was done before we conclude that (h, s) is equal

to (a, p(X))- R
To proceed further we must determine p(x). Choose s"” € (Ty)sc mapping to

seT L. Then x is the class of the 1-cocycle
o (8 ta(s")

o£ Tin Z. Our chosen isomorphism Ty — T allows us to view p as a character on
(TH)sc- Then p(x) is the homomorphism

I — {£1}
given by

o= p((s")7ta(s")) = (07 (p) = P)(s") = (p — a7 (p))(s").
The character p — o~ 1(p) on (fH)sc is equal to
> @
a€A(o)

where A(c) denotes the set of positive roots of Ty in G such that o(a) is negative
(positive and negative with respect to B; use the isomorphism Ty ~ T dual to our
chosen isomorphism Ty ~ T). It is clear that the character p — 0~!(p) descends to
a character on Ty. Therefore (h, s), as a function of a, is the character I' — {%1}

o H a(s),

a€A(o)
viewed as a character on F'* by local classfield theory. Here we have written s rather
than s’ since we are now identifying Z(H) with a subgroup of Ty.

given by
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We are going to show that

I ats) = (-1

a€A(o)

where |A(0)| denotes the cardinality of A(c). We may as well fix ¢ € T" and abbreviate
A(o) to A In order to prove this equality we consider the orbits O of ¢ in the set of
roots of TH inG. fOisan orbit, sois —O. If O = -0, we say that O is symmetric;
otherwise we say that it is asymmetric . Since o(s) = s, every element of O takes the
same value on s. In particular, if O is symmetric, then a(s) = - *lfor a € O. Our
isomorphism TH T was chosen so that every positive root of TH in Hisa posmve
root of TH in G and, moreover, o preserves the set of positive roots of T 'H in H it
then follows that no element of A is a root of TH in H , or in other words no element
a € A satisfies a(s) = 1. It follows immediately that for any symmetric orbit O

I[I afs)= (-4l
a€ANO

If O is asymmetric, then —Q is disjoint from O and we write +0O for the union of
O and —0O. We claim that
H a(s) = 1.

a€AN(+0)
Since a(s) = B(s)~! for a € O, B € -0, it is enough to show that
(5.2.3) AN O] = |[AN (=O)).

This is easy to see. Arrange the orbit O in a circle in the obvious way, so that o
rotates the circle, and indicate the positive roots in O by pluses and the negative
roots by minuses. Then |A N O] is the number of pluses that o takes into minuses,
and |[AN(—0O)| is the number of minuses that o takes into pluses. These two numbers
are equal (just think about it). Again using (5.2.3), we have that

(_1)|Aﬂ(:|:(9)| — 1’

which means that
[I o) =(-pn=on
Q€EAN(£0)
Putting together the contributions of all orbits, we conclude that
H a(s) = (1)1l
acA

as claimed.

The last step of the argument is to recognize that (—1)4l is a determinant. Until
now we have been using the natural Galois action of o on fH. We now write oy for
this action. We also have the natural Galois action of ¢ on T , which we denote by
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0. Using our chosen isomorphism fH ~ f, we can compare oy and og; indeed,
there exists a unique element w, of the Weyl group of T in G such that

OH = 0GgWg-
Since o preserves the set of B-positive roots of T in G, the set A can also be described

as the set of positive roots o of T in G such that wyo is negative, and therefore |A|
is equal to the length of w, and (—1)4l is equal to

det(ws; X*(T))
which is of course also equal to
det(og; X*(T)) ™! det(og; X*(T)).

This concludes the proof of the lemma.

5.3. Whittaker normalization of transfer factors (quasi-split case)

In this section we impose two further conditions on (G,6,a): we assume that G
is quasi-split and that 8 preserves some F'-splitting of G. We refer to an F-splitting
that is preserved by 6 as an (F,#)-splitting. As before let G® denote the group of
fixed points of 65 on Gy and recall from (1.1) that

(B, T) = (B*,T7)

sets up a bijection between the set of #-stable pairs (B,T) in G and the set of pairs
in G*, where B® (respectively, T*) denotes the inverse image of B (respectively, T)
under
G* = G.
Let (B,T,{Xa}) be a f-stable splitting of G. Let O be an orbit of € in the set of
simple roots of T' in Lie(B). Then put
Xo = Z Xa,
ac0

an element of the root space of G® corresponding to the orbit . Thus, starting from
a @-stable splitting (B, T, {X}) of G, we have constructed a splitting (B*,T%,{X0})
of G*, and it is clear that this construction yields a I'-equivariant bijection from the
set of §-stable splittings of G to the set of splittings of G*. In particular, giving an
(F, 0)-splitting of G is the same as giving a splitting of G®.

In the theory of Whittaker models for representations of G(F') one begins with a
Borel subgroup B of G and a generic character

A:N(F) = CX,

where N denotes the unipotent radical of B. Generic characters of N(F') arise as
follows. Let
P F— C*
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be a non-trivial additive character and let (B,T,{X,}) be an F-splitting of G. The
choice of {X4} yields a surjective homomorphism

N -] G.

over F, with a running through the set of simple roots of T' in Lie(B). Composing
this with the map

[1G. - G.

which sends (z4) to ), o, We get a homomorphism
N = G,
defined over F'. In particular we get a homomorphism
N(F) > F

which when composed with 1 yields a generic character A on N(F'). Every generic
character on N (F') arises in this way for some choice of splitting with B as its Borel
component. We refer to (B, A) as Whittaker data for G.

If B is -stable and A o8 = )\, then we say that (B, \) is 6-stable. The significance
of this is obvious: if a representation m of G(F') has a Whittaker model for A with
(B, A) B-stable, then 7 o 6 also has a Whittaker model for A.

Let (H,H,s,£) be a set of endoscopic data for (G,6,a) and let (Hi,€n,) be a
z-pair for H. Our goal in this section is to define transfer factors Ajx(vy1,6) for
(H,H,s,& Hy,&n,) depending only on the choice of §-stable Whittaker data (B, A)
for G. One can hope that when these transfer factors are used, representations with
Whittaker models for A will serve as natural base points in tempered L-packets (see
[Sh]).

First we define transfer factors Ag(vy1,d) depending only on the choice of an (F, 0)-
splitting (Bo,To, {X }), generalizing a definition in (3.7) of [LS1]. We had better be
explicit about the norm map we are using. In the non-quasi-split case we had to
choose G*, 6* and gy and then introduce the map

m:G—= G*

over F. In the case at hand we of course take G* = G, 0* = 6, go = 1, so that m is
the identity map.

The definition of Ag(71,9) is simpler than that of the relative transfer factor. As
before we maintain the assumptions and notation of Theorem 3.3.A. Let 7; be a
strongly G-regular element in H; (F'), with image v in H(F'), and suppose that v is
a norm of an element § € G(F). Let Ty denote the centralizer of v in H and, as in
Lemma, 3.3.B, choose By D Ty and #-stable (B,T') with T defined over F', so that
the attached admissible embedding Ty — Tj is defined over F.

ASTERISQUE 255



5.3. WHITTAKER NORMALIZATION OF TRANSFER FACTORS (QUASI-SPLIT CASE) 63

As in Chapter 4 we fix a-data and y-data for Res. In Chapter 4 we have already
defined factors Ar(v,48), An(y,d) and Ary(y, ). The factor A; depends on the choice
of a-data and on the choice of (F,#)-splitting for G (recall that this is the same as
the choice of F-splitting for G*). The factor A depends on the choice of a-data and
x-data. The factor Apy is independent of all choices.

Now that we are in a quasi-split situation we can also define an absolute factor
Ar11(y1,9), depending only on the choice of x-data. First we will define an element

inv(11,0) € H'(F, Toe = T}),

where, as before, T is the torus obtained as the fiber product of Ty, and T over
Ty. As before, 1 — 6, is trivial on Z; C T; and hence induces a map T — T; whose
composition with the natural map Ty — T is the map denoted by

T, =% 1,

above. By definition of the norm map there exist g € Gs.(F') and §* € T such that
(1) « has image Ny(6*) under Ty — Tp and
(2) 6" = gdb(g)~".
Define a 1-cocycle vo(a) of T' by
v0(0) == go(g) ™
the proof of Lemma 4.4.A shows that vy(o) lies in Ty.(F) and that
(1= 8)vo(o) = o(6*)~1o*.
As in (4.4) we define an element 67 € Ty by 6 = (6*,71). Then
(1= 61)vo(0) = a(d7) 767,

which means that (vy*',8F) satisfies the hypercocycle condition and hence yields the
desired element inv(+yi,d), independent of the choice of g and §*.
Of course we need to define an element Ag of the dual hypercohomology group

H\Wp, T % Ty
so that we can define Ajrr(vy1,6) by
Am(n,0) = (inv(71,6), Ao).
Near the end of (4.4) we defined a 1-cocycle ap of W in T and showed that
(1-81)(ar(w)) = s - or(s) ™" € Tag

(the factor a’(w)~! disappeared since it is central and we are now working with Tod
rather than f) Thus (a;l,s) satisfies the hypercocycle condition and hence yields
the desired element Ag.

We now define the transfer factor Ay by putting

Ao(71,6) = A1(7,6) A (7, 6) At (1, 6)Arv (7, 6).
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The arguments used in (4.6) show that Ay is independent of the choice of admissible
embedding Ty — Ty and the choice of a-data and x-data.

Lemma 5.3.A. — The relative transfer factor is given in terms of Ao by
A(11,8;7%1,0) = Ao(11,6)/Ao(71,0)-
Clearly it is enough to prove that
Am(r1,671,0) = A (11, 6)/ A (74, 8).-

This follows easily from the definitions: use the obvious map from the complex
Tsc X Tsc 1;0]} Tl X Tl
to the complex
vits,
as well as the dual map between the dual complexes.

It follows from this lemma that Ag is a scalar multiple of the transfer factor A
of (5.1). Therefore Ay enjoys the same properties as A (see Lemmas 5.1.B, 5.1.C
and Theorem 5.1.D). Moreover, the discussion at the end of (4.2) tells us how Aq
is affected by changing the choice of (F,0)-splitting of G. As we have seen, giving
an (F,0)-splitting splg of G is the same as giving an F-splitting of I := G*. Let
g € Ia(F) and let z be the image of g under the boundary map

La(F) - HY(F,Z(I))

for the exact sequence

1-22Z(I)—>1—>Iga— 1
Let (J,ss) be the endoscopic group for I attached to (H,#H,s,€) as in (4.2). Let z;
denote the image of z under the map

HY(F,Z(I)) — H'(F,J)
induced by the canonical embedding of Z(I) in the center of J. Then replacing splg
by Int(g)splg has the effect of multiplying Ag by (27, sJ).

Recall the #-stable Whittaker data (Bg,A) from before. We are finally ready to
define the transfer factor Ax(71,d). Choose a non-trivial additive character

P F— C

and then choose an (F, 6)-splitting splg = (Bo, To, {X}) with By as its Borel compo-
nent such that ¢ and splg determine the given #-stable Whittaker data. Let Ag(71,6)
be the transfer factor obtained from splg. Choose a splitting

(Br,0,TH,0,{Y})

for H. Let Vg denote the representation of I' on

X*(TO)e ® (C)
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where the superscript 6 indicates fixed points under 6. Let Vg denote the represen-
tation of I' on

X*(Tho) ®C.
Note that Vg and Vg have the same dimension, so that

Vi=Veg-Vy

is a virtual representation of dimension 0. Consider the local e-factor 1 (V, ). Here
we are following the notation of [T, (3.6)], so that €1 (V, %) is the normalization used
by Langlands. For a € F* let v, be the additive character defined by

Ya(z) = P(az).
Then
eL(V,%a) = (det(V))(a)eL(V,¥)
(see (3.6.6) in [T]).
One other property of €1 (V, %) is worth noting. Since V is defined over R (even
Q), property (3.6.8) of [T] implies that

(e(V,))* = (det(V))(-1),

where det(V) is again being regarded as a character on F'*.
We define Ay(y1,0) by

Ax(11,0) = eL(V,¥)Ao(m1,6).

We must show that Ay is independent of the choice of ¥ and splg giving rise to
(Bo,A). Keep 9 fixed for the moment. Then any two choices for splg are conjugate
by an element of N*(F'), where N* denotes the unipotent radical of Bf. Therefore
Ao(71,9) is the same for the two splittings, and so is Ax(v1,8). Now replace ¥ by 1,
for a € F*. To compensate for this change in v we replace splg by Int(p(a))(splg),
where p is half the sum of the By-positive coroots of Tp, so that p € X.(Tp/Z(G))
and p(a) € (To/Z(G))(F) has the property that a(p(a)) = a for every simple root of
Tp. Since the roots of T§ in I are the restrictions to T§ of the roots of Tp in G, we
have
Ty N z(G) = z(D),

so that T¢/Z(I) embeds in Ty/Z(G). Clearly p factors through T§/Z(I), and since
(p, B) =1 for every root 3 we see that p can also be described as half the sum of the
positive coroots for T§ in I.

Replacing splg by Int(p(a))splg has the effect of multiplying Ag by (zy,s;), for
zj € HY(F,J) obtained from p(a) € I,q(F) as before. By Lemma 5.2.A, applied to I
and its endoscopic group J, the number (zz,s;) is equal to (det(W))(a), where W is
the virtual representation V; — V7. Replacing v by 1, has the effect of multiplying
er(V,¢) by (det(V))(a). To show that Ay is left unchanged we must show that

det(V) det(W) = 1.
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For this we may as well assume that G is semisimple and simply connected. The
representations Vi and V7 of ' are isomorphic: the former is X*(75)? ® C and the
latter is X*(Tp)p ® C. The representations Vg and Vy of T' are also isomorphic: the
former is X*(Th,0) ®C and the latter is X*(Ty) ® C, where T is the torus component
of some F-splitting of J. Choose T" and an admissible embedding Txo ~ Ty as in
Lemma 3.3.B. Then X*(Tx ) ® C is equal to X*(T)? ® C, while X*(T) ® C is equal
to X*(T")p @ C by the remarks near the end of (4.2). This shows that Vg and V; are
indeed isomorphic. Therefore V is the negative of W as virtual representation, and
hence det(V') det(W) = 1, as desired.

We are now finished proving that Ay depends only on (By, A). Clearly Ay enjoys
the same properties as Ag and A (see Lemmas 5.1.B, 5.1.C and Theorem 5.1.D).
Replacing (By, Ag) by Int(g)(Bo, Ao) for g € I,q(F) multiplies Ay by the same factor
as it does Ag, namely (z, ss)-

As a check that our definition is the right one, let us examine the simplest case:
standard endoscopy for SLy. Let E be a quadratic extension of F' and choose 7 € E
such that 7 ¢ F. Suppose that 72 = ur + v with u,v € F. Consider the embedding i
of EX in GLy(F) given by sending a + b7 (a,b € F) to the matrix

a bv
b a+bu

(the matrix of multiplication by a + b7 in the F-basis {1,7} for E). Let Tg be the
F-torus

{y € E* : Ng/p(y) = 1}.
Then ¢ gives an embedding
TE' — SLos.

Consider the standard splitting (B, T, X) of SLy: B is the subgroup of upper trian-
gular matrices, T is the subgroup of diagonal matrices, and X is the root vector

G o)

Let 1 be a non-trivial additive character; we get a character A on the unipotent radical

N of B by sending
1 z
01
to ¥(x).

Of course T is an endoscopic group for SLy (take s to be the unique non-trivial
element of TL). If we use Gal(E/F) to form the L-groups of H = T and G = SL;
there is a unique G-conjugacy class of L-homomorphisms

¢:PH -G
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such that the restriction of £ to T belongs to the canonical conjugacy class of embed-
dings Tg — G. Working through the definitions in [LS1], one finds that the transfer
factor Ag, relative to £ and the F-splitting above, is given by

Ao(y,i(y)) = we/r((T—y)/(T—7)) - Arv(y,i(y))

for regular elements y € Tg(F'), where wg/r denotes the unique character on F'* of
order 2 that is trivial on Ng,p(E>).
We claim that

SL(‘/a d)) = /\(E/Fv ’w)wE/F(_l)

Recall that M\(E/F, ) is characterized by the following property: for any representa-
tion U of the Weil group Wg of E

er(Ind(U),¥) = e (U, Yp)A(E/F, )30

where Ind(U) is the representation of Wr induced by U and ¢g is the additive
character ¢ o trg/r on E. Taking U to be the trivial one-dimensional representation
of Wg and using that the factor e, is 1 for the trivial one-dimensional representation
(and any additive character), we see that

)\(E/F,l/)) = EL(V” ¢)

where V' is the virtual representation wg/r — 1 (wg/r is now being viewed as a
character on I', and 1 stands for the trivial character on I'). On the other hand it is
obvious that V' is the virtual representation 1 — wg,r, and therefore

NE/F,p) =er(V,p)™.
Since V is defined over R, we have
er (Vo) ™! = e (V,9)(det(V))(-1),
and of course det(V) = wg,p. This proves that
ME/[F,¢) = er(V,¥)wg/r(=1).

Combining the expressions we have found for Ay and e, (V, ), we find that for the
Whittaker data (B, A) above

Ax(Y,i(y)) = ME/F,¢)wp/r((y =)/ (T — 7)) Ay (y,i(y))

for regular elements y € Tg(F).

Use the transfer factors Ay to transfer characters § on Tg(F') to invariant distri-
butions Tran(f) on SLy(F'). Then, as is remarked near the end of §2 of [LL], one has
the equality

Tran(0) = xx+(6) = Xx-(0)
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where x+(9), Xx-(9) are the characters of certain representations 7+ (6) and 7~ () of
SL;(F'), obtained as follows. Extend 6 to a character on E*. Attached to 6 there is
an irreducible representation 7(6) of GLy(F). When restricted to

{g € GLy(F) : det(g) € Ng/r(E™)},

it splits into two irreducible pieces, 7+ () and 7= (), and 7t (6) can be characterized
as the piece having a Whittaker model for A (namely the representation m(6,1)) re-
ferred to in [LL]). Thus the normalization Ay for the transfer factors has the effect
of causing the coefficient of x.+(g) in the character identity above to be 1, the signif-
icance of 7t (6) being that it is the member of the L-packet {7 *(6),7(0)} for the

group
{g € GLz(F) : det(g) € NE/F(EX)}

having a Whittaker model for A\. Our reason for introducing A is the hope that the
analogous phenomenon occurs in general.

5.4. Transfer factors in general (non-trivial z,)

Recall from (3.1) the 1-cochain z, of I in the center Z%¢ of G3,. Let Z, denote the
image of z, in
Z5¢ = 7°¢/(1 - 6*) 2.
Recall (see Lemma 3.1.A) that Z, is a 1-cocycle. Until now we have assumed that
Z, = 1. We now drop this assumption and see what changes are needed.
Let (H, M, s, ) be a set of endoscopic data for (G, 8, a) and let (H1,£n, ) be a z-pair
for H. Let (Bu,TH), (B,T) and
TH ~ To*
be as in Lemma 3.3.B. The obvious map
Z* -+ Z(G)—=>T
induces a map on coinvariants for 6
ch — Tg* jad TH,
whose image lies in the center Z(H) of H, and the resulting map
(5.4.1) Zg¢ — Z(H)
is independent of all choices. We use (5.4.1) to view Z, as a 1-cocycle in Z(H).
Rather than elements of Ty (F) we now consider elements v € Ty (F) such that
o(v) = %o (0 €l).
We say that such an element v is a norm of strongly #-regular #-semisimple § € G(F)

if there exist 0* € T(F) and g € G%.(F) satisfying (3.3.4) and (3.3.5). Given such
7,0,8%, g we define (as in (3.3) and (4.4))
1

v(0) := gu(o)a(g)™"
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Just as in the proof of Lemma 4.4.A (but taking into account z,, which was assumed
to be trivial in that lemma), we see that

(1) v(o) lies in Ty.(F), and

(2) (1—0%v(0) =6*0(6*) 2.

Now suppose that 7, 4 is another such pair of elements. Then, just as in (4.4), we
use v(0), v(0), 6%, 5" to get a class

VeH(FUX%S).

It is now clear how to define the relative transfer factor A(v, §;7%,6) in case H; = H.
The terms Ap, Ay, Amg, Ary are exactly the same as before; of course in defining
A we use the class V discussed above. Now consider the case H; # H. We may as
well assume that there exists some o € H(F') such that

a(70) = 0%+ (c€l)
(otherwise our problem is vacuous). Pick an element vo; € H; (F) such that 1 — 7o.
Then put
21(0) = 791 7(Y01);
clearly z1(o) is a 1-cocycle of T' in Z(H;) and 21(0) — Z, for all o € T".
Given v, § as before we choose an element v; € H;(F) such that

(1) e(n) =mazle) (cel)
(2) 11— v under H; — H;

use the vanishing of H'(F,Z;) to show that v, exists. Suppose that ¥, &, 7, are

another such triple. Then we define A(y;,9;%;,9) as in Chapter 4. Only the term
A requires comment. The point is that we can define 67, 3; and

Vi e H(F,U X5 5))

exactly as in Chapter 4 (the definitions are the same word-for-word).
The role played by the elements v, v, above is easy to understand once one makes
the following remarks. We fix 7o and o1 as before. Define maps

m:H - H
my: H — H
by
m(d) := dvo (0e H)
mi(d1) =071 (01 € Hy).
Define 0y € Autp(H) and 0y, € Autp(H;) by
Ou = Int(vyo)
O, = Int(vy01)-
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Then m,m; induce bijections

H(F) = {ye H(F)|o(y) =72}
Hy(F) = {m € Hi(F)|o(m1) = mz(0)}.
Moreover
m(z 100 (z)) = 2 'm(6)z  (z € H)
mi(y " 010m (v) =y ' (B)y  (y € Hy).
In other words, working with conjugacy classes of y € H(F) satisfying

a(Y) = %o

is equivalent to working with 8g-conjugacy classes in H(F).

5.5. Definition of matching functions

Let (H,#,s,€) be a set of endoscopic data for (G,6,a) and let (Hy,£q,) be a
z-pair for H. Let Ay, be the quasicharacter on Z;(F') constructed in (2.2). There is
an exact sequence

1= Zy(F) > Hi(F)—> H(F)—>1
(use the vanishing of H!(F, Z1)).
We keep the assumptions and notation of (5.4). Fix Haar measures dg on G(F)

and dh on H(F). Let f € C®(G(F)) and let f¥* be a smooth function on H;(F),
whose support is compact modulo Z; (F') and that satisfies

FH(zh) = A, (2) 71 ()

for all z € Z1(F') and all h € H{(F). For strongly #-regular §-semisimple § € G(F))
such that w is trivial on I(F) we put

On() = [ w(9)f(g7266(g)) dg/dt.
I(F)\G(F)

Here I = Centg(d, G) and dt is a Haar measure on I(F); the twisted orbital integral
Os0(f) depends on the choice of dt. For strongly 0, -regular 6y, -semisimple gy €
H,(F) we put

Osoy (f11) := / fH (R 650k (h)) dh/du.
Ty (F)\H(F)
Here Ty = Centg,, (05, H) and du is a Haar measure on Ty (F'). We also define

SOsuox (F11) =Y Os0, (F11),
S

H
where the sum is taken over a set of representatives for the 8 y-conjugacy classes under

H(F) of elements 6%, € H;(F) in the 8g-conjugacy class of g under H(F').
H
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We may as well assume that there exists vo € H(F) such that

(1) =%,  (c€l)
and which is the norm of a strongly 6-regular f-semisimple element 6y € G(F') (oth-
erwise H is irrelevant). As in (5.4) we choose vo; € H;(F) such that yo1 — 7. We
say that dg € Hy(F) is strongly G-regular if m;(dy) is strongly G-regular, and we
say that g is a norm of 6 € G(F) if m1(dg) is a norm of §. As in (5.1) the relative
transfer factor of (5.4) plus the choice of (vyo1,d0) allows us to define an absolute
transfer factor by picking any non-zero complex number ¢ and putting

A(m,6) = cA(71,8;710,0),
which we also view as a function on H;(F) x G(F) by putting
A(8x,6) == A(ma(0n), ).
We say that f and fH* have matching orbital integrals if
(5.5.1) SOs40, (f7) ZA (6m,0)0s0(f)

for every strongly G-regular 6y € H;(F). The sum (which might be empty) is
taken over a set of representatives for the #-conjugacy classes under G(F') of elements
é € G(F) whose norm is 6. Note that for each J in the sum the restriction of w to
I(F) is trivial. This follows from Lemma 4.4.C (which remains valid even when z, is
non-trivial). Note also that the product

A(6m,0)O050(f)

depends only on the §-conjugacy class of § under G(F') (use Lemma 5.1.D(2)). In the
equality above we use compatible measures on our twisted centralizers. As usual we
have isomorphisms
Ty ~ To«
and
Centy(6,G) ~ T°

We see from the exact sequence
0 — Lie(T?") — Lie(T) =% Lie(T) — Lie(Tp+) — 0

that the top exterior powers of Lie(T?") and Lie(Ty+) are canonically isomorphic.
Pick a non-zero element in the dual of these top exterior powers and use it to get
Haar measures dt on T%" (F) and du on Ty-(F). We use dt to form Ose(f) and du to
form SOs,,0, (fH). One hopes that for any f there exists some f¥* having matching
orbital integrals. Of course the notion of matching depends on the choices of dg,
dh and A(-,-), each of which is well-defined only up to multiplication by non-zero
complex numbers.
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Let x be a character on a closed subgroup Zy of Z%(F) (Z denotes Z(G)). In ap-
plications one must often consider smooth functions f on G(F'), compactly supported
modulo Zp, such that

flz9) = x(2)*f(9)
for all g € G(F) and z € Zy. Consider the expression

(5.5.2) > A(5u,8)060(f)
5

on the right side of (5.5.1) (with Osg(f) defined by the same integral as before). Recall
from (5.1) the group C(F') and the quasicharacter A¢ on it. The group C contains
D :=ker[Z(G) —» Z(H)] = ker[Z(G) = Z(G)]
as a subgroup (see (5.1) for a proof of the injectivity of Z(G)¢ — Z(H)). For z €
D(F)N Zy we have
A(6w,26)0250(f) = Ao (2) " x(2) T A(0w, 6)Oso(f).-

Therefore the sum in (5.5.2) vanishes unless A¢ is trivial on D(F) N Zp (make the
change of variable § — 24 in the sum).

Now assume that A¢ is trivial on D(F) N Zy. Let Zp; denote the inverse image
under

Z(H)(F) ~ Z(H)(F)
of the image of Zy under
Z(F) = Zo(F) — Z(H)(F).
Let C(F')o denote the inverse image of Z, under
C(F) = Z(F).
Then there is an exact sequence
1—)D(F)ﬂZ0—>C(F)0—>Z01 — 1.

Note that x can be viewed as a character on C(F)g (use C(F)o — Zp) and that
our hypothesis that A¢x is trivial on D(F) N Zy implies that Acx is a well-defined
character x; on Zp;. Note that the restriction of x; to Z1 (F') is Ay, (Lemma 5.1.C). It

is now appropriate to consider smooth functions f#1 on H;(F), compactly supported
modulo Zy;, such that

FH(zh) = xa(z) 7 P (h)
for all h € Hi(F) and z € Zy;. We again say that f, f#1 have matching orbital
integrals if (5.5.1) holds.
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CHAPTER 6

BEGINNING OF THE STABILIZATION

6.1. Preliminaries

Let F be a number field and G a connected reductive group over F'. Denote by
Ag the maximal split torus in the center Z(G) of G. As usual we have the product
decomposition

Ag(A) = Ag(A)1 x g
where

Aq := HOI‘II(X*(AG),R) = X*(Ag) ®R
Ag(A); :={a € Ag(A) || (a)] =1 for all X € X*(Ag)}

Let 6 be an automorphism of G over F'. Then 6 acts on Ag and 2g, and we assume
that the natural map

AL - (Ac)e == Aa/(1 - 0)Ag

from #-invariants to #-coinvariants is an isomorphism (this is automatically the case
if 6 has finite order). Let a be an element of

H'(Wr, Z(@))/ ker* (W, Z(G)).

Note that a determines a quasicharacter w on G(A), trivial on G(F'). We assume that
w is unitary as well as trivial on g (viewed as subgroup of Ag(A)) and Z(G)%(A).

As usual we denote by a a 1-cocycle representing the class a. Let K be a finite
Galois extension of F' that splits G. Then the restriction of a to Wi is a homomor-
phism ag : Wg — Z (@), and the condition that w be unitary is equivalent to the
condition that the image of ax be relatively compact in Z (@)

There are unitary operators R(), R(w) on

L2 = L(G(F)AG\G(A))
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defined by
R@)yY =oh7!
R(w)yY = wip (pointwise multiplication)
for 4 € L%. For
f € CX(G(A)/AE)
there is the usual convolution operator R(f) on L2, given by
R = [ flg)ihg)dg/da
G(4)/Ug
where dg is the Tamagawa measure on G(A) and da is the Haar measure on 2%,
determined by the lattice
Hom((X*(G)")’,2)
in 2%. Define a function
feCE(G(a)/2c)
by

fo=[ ., Howdicda

G
where dag is the Haar measure on g determined by the lattice

Hom(X*(G)',Z)
in ™Ag. The composition
R(f)R(6)R(w)
is an integral operator with kernel
K(hg)=w(g) Y F(h7'66(9));
6€G(F)
in other words the value of the operator on ¢ € L? is the function
h— K(h,9)¢(g) dg/dz,
G(F)%c\G(4)
where dz is the Haar measure on G(F)%¢ that induces dag on the open subgroup
Ag.

Let § € G(F) be §-semisimple and strongly §-regular. Write I5 for the §-centralizer
Centg(6,G) of 6. As in (3.3) we denote by T the centralizer in G of I{; then Tj is a
maximal torus of G preserved by Int(d) o 6 and Is coincides with the fixed points of
Int(6) o @ on Ts5. We say that ¢ is 0-elliptic if the identity component of

I5/Z(G)?

is anisotropic over F'.
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Denote by G(F). the set of § € G(F) that are f-semisimple, strongly §-regular and
#-elliptic. Denote by K. (h,g) the corresponding part of the kernel K (h, g):
Ke(h,g) i=w(g) > F(h7'66(g)).
SEG(F).

We are interested in the part of the twisted trace formula coming from G(F)., namely
T.()= | K.(g.g)do/dz.
G(F)Ac\G(4)

As usual we can rewrite T.(f) as a sum of twisted orbital integrals. The first step
is to rewrite Te(f) as

/ w(9)Flg™56(g)) dady,

s VIs(F)2Ac\G(4)

where dy is the Haar measure on I5(F)2¢ inducing dag on the open subgroup g,
and where the sum is taken over representatives § for the 6-conjugacy classes in G(F)e.
By our hypothesis on 6 the map

6—1:Ag/AL — Ag/AL

is an isomorphism. Therefore fis also given by
fo)=co [ fla™8(@)dac/da,
Aa /QleG

where
cg = | det(6 — 1;Aq/AL)|.
It follows that

w(9)f(g7"66(9)) dg/dy = cc w(g)f(g™'66(g)) dg/dz,

/Is(F)QlG\G(A) /Ia(F)WG \G(4)

where dz is the Haar measure on I5(F)2% that induces da on the open subgroup 2.

This integral is 0 unless w is trivial on I5(A), in which case it equals
cq measqy 4, (Is (F)AS\I5(A)) w(g)f(g~"56(9)) dg/dt,
Is(A\G(4)
where dt is the Tamagawa measure on I5(A) (see (E.2), where we defined the Tama-
gawa measure on C(A) for the diagonalizable group C' = ker[T' — U]; the definition
makes sense for any diagonalizable group and in particular for I5). We write Ogo(f)
for the twisted orbital integral

[ e o) g
15 (A\G(A)

Since 4 is 6-elliptic the identity component of A% is the split component of I5. The
measure
measqs/a; (Is (F)A%\I5(A))
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would be the Tamagawa number
7(1s) := meas(Is (F)\Is(A)1)
of I; if we were using the canonical measure in Definition E.1.E on
%%, = Hom(X*(I;)", R),
namely |(X*(I5)! )ors| ! times the Haar measure determined by the lattice
Hom(X*(I5)T, 7).
Instead we are using the Haar measure determined by the lattice
Hom((X*(&)F)?,z).
The ratio between these two measures is
cs = |(X*(I5)" )sors| "] cok[Hom(X* (15)", Z) — Hom((X*(G)")?, Z)]| ™.
Therefore

(6.1.1) T.(f) = ca-cs-(Is) - Oso(f)

deA

where A is a set of representatives for the #-conjugacy classes of elements 6 € G(F'),
such that w is trivial on I5(A).

6.2. Combining terms according to #-conjugacy classes in G(A)

Our next goal is to rewrite (6.1.1) by combining the terms indexed by 4,6’ whenever
6,0' are 6-conjugate under G(A); this procedure will lead to (6.2.2). Fix an element
6 € A. To simplify notation we temporarily drop the subscript é from 75 and I5. We
write 67 for the automorphism Int(d) o §. The map of complexes

[1—T] - [T =2 7
induces a map
H' (W, T) » H2Wp, T 1205 F)
which we compose with the map
H'(Wr, Z2(G)) » H*(Wg, T)

induced by the natural injection

~

Z(G)-»T
to get maps
H'We, 2(G)) » H2(Wp, T =5 T)

ker! (W, Z(G)) — ker®(Wr, T =5 T).
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These in turn give rise to maps
o HY (W, Z(@))/ ker* (W, Z(G)) - HZ(WF,T T) ker®(Wp, T 1225, T)
B : ker(a) — cok[ker! (W, Z(G)) = ker*(Wp,T =25 T)]

Using that the restriction of w to I(A) is trivial, we will now check that a belongs
to ker(a). Choose a representative a € H Y(Wr,Z(G)) for a and let b denote the
image of @ in H'(Wr, ) Then b is a global Langlands parameter for the restriction

wr of w to T(A). By Lemma C.3.B the image of b in H 2(WF,T 229, T is locally
trivial if and only if the restriction of wr to I(A) is trivial. Therefore a belongs to
ker() if and only if the restriction of w to I(4) is trivial.

Applying the homomorphism (3 to a, we get an element §(a) of the finite abelian
group

B := cok[ker!(Wr, Z(G)) — ker>(Wr, T 225 T)].

Denote by Aj the set of §' € A such that 6,6’ are f-conjugate under G(A). We will
see that there is a natural bijection from As to the finite abelian group

BP .= Hom(B,CX)
dual to B.
We begin by noting that if §' € G(F), is 6-conjugate to § under G(A), then Is (A)
is conjugate to I(A) under G(A), and therefore w is automatically trivial on Is (A).
Let &' € As. Then ¢ is H-conjugate to § under G(F). Write V for the subtorus
(1—607)T of T and U for the quotient T'/V. As in (5.1) the difference between ¢’ and
0 is measured by an element

(1—07‘)07{'
—_—

inv(6,6") € H'(F, Ty V),

where Ty, denotes the inverse image of 7' under the natural map
7 Gse = G.

This invariant depends on the #-conjugacy classes of 4,6’ under Gs.(F). We get a
cruder invariant

inv'(5,6') € HY(F,T *=%5 v) ~ H\(F, I)
depending only on the f-conjugacy classes of §,6' under G(F') by taking the image of

inv(d,4’) under the map on hypercohomology induced by the obvious map of com-

plexes
[T L2020 v o 7 1295, )

(use m:Tsc = T and 1: V — V). Note that it would also be easy to define inv'(4,d’) .
directly as an element of H'(F,I). The map &' — inv'(d,d’) is a bijection from Az to

ker[ker! (F, I) — ker'(F,G)].
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Using the exact sequence
1 H\(F,I) » H\(F,T %% 1) 5 U(F)
and its adelic analog (see (C.4) for the definition of H'(A, I)), we see that
ker (F,I) = ker' (F,T =% ).
We have a commutative diagram whose vertical maps are bijective

ket'(F,T - T) ——  ker'(F,G)

! !

ker®(Wp, T — T)? —— ker!(Wr, Z(G))P.
The left vertical arrow is the duality isomorphism of Lemma C.3.B, and the right

vertical arrow is the bijection defined in [K1]. The commutativity of the diagram
follows from that of

ket (F,T) —— ker! (G)

! !

ker!(Wg, T)? ——— ker'(Wr, Z(G))P.

It follows that there is a natural bijection from Aj to

ker[ker?(Wp, T 2225 T)D - ker' (W, Z(G))"],
which is indeed the finite abelian group dual to B.
Let ' € As. Then we can pair

inv'(4,6') € BP

with
f(a) € B,
obtaining
(inv'(8,4"), B(a)) € C*.

We need to express this number in terms of the character w obtained from a. Using
the natural injections

(1—67)om (1—01)om
—_— e

HY(F, Ty
HY(F,T =% v) 5 HY(F,T 2295 1)

V) — HY(F, Ty T)

we view inv(d,8'), inv’(8,4') as elements of

H\(F, Ty, {=02)°n,

HYF,T % 1)

T)
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respectively. Choose an element
te HO(A/F,T =25 T)
whose image in
ker' (F,T 225 1)
is inv'(8,4'). By definition of the pairing between
ker' (F, T =% 1)
and
ker®(Wg, T 120, T)
we have
(inv'(8,0"), B(a)) = (t, B(a)),
where the second pairing is induced by the one between
HYA/F,T =25 1)
and
B2(Wp, T 20, 7).
There is a distinguished triangle

(1—0'1")07r
—_—

(6.2.1) [Toe 5 T] 2 [Tue T 3 1 129 1) 25 [T, 5 T[]

where 71, 72, 3 are given by the vertical maps below

T

Toe —
3
T (1 Or)om

d
1—-0r

T —

|

Toe —— T

roen
b

and dual to (6.2.1) is the distinguished triangle

o(1— 97)

[T 5 T/2@))-1] = [T =5 7] » [T =Y F/2G)) » [T 5 T/2(6)).

We have
{t,8(a)) = (13(t),a) ",

where the second pairing is induced by the one between

H°(A/F,[Ty. & T|[1]) = HY(A/F,Tse 5 T)

79
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and
H'Wp, T 5 T/2(G)) = H (W, Z(G)).
There is a canonical homomorphism (see (5.1.3))
d:GA) - HY(A T, 5 T).
Choose h € G(A) such that
8" =h7166(h).

Then from the proof of Theorem 5.1.D(2) we have

Y1 (d(h™1)) = inva(,4"),
where invy (4, ') denotes the image of inv(4,d’) under

(1-—07')077

HY(F, Ty 22000 7y g(A, T, 200007

).

The distinguished triangle (6.2.1) gives three long exact sequences, one each for F', A
and A/F'. In this way we get a double complex of hypercohomology groups for F', A,
A/F and the three complexes in the triangle, the relevant portion of which is

H'(A Ry)

!

H°(A/F,R3) —2— H'(A/F,R;)

!

HY(F,Ry) —2— H'(F,R;)
HY(A,R)) —— H'(ARy)
where we have denoted by
Ry B Ry B Ry D Ry[1]
the distinguished triangle (6.2.1). The elements we have been considering are

t — 3 (t)

l

inv(6,8') —— inv'(4,4")

l

d(h)™! —— inva(4,d)
By homological general nonsense the image of d(h) under

HY(A,R)) - H'(A/F,R;)
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is equal to 73(t) for some t as above. Therefore
(13(t),a) = w(h) ™,

which when combined with our previous work yields the equality
(inv'(4,9"), B(a)) = w(h),
expressing the value of the pairing in terms of w, as desired.
From the equality
= h~166(h)
we see that
Os9(f) = w(h) ' Os0(f)

= (inv'(6,0"), B(a)) "' Ose(f).
Consider the part of the sum in (6.1.1) indexed by elements ¢’ € As. Since ¢ = cs
and 7(Is ) = 7(Is) this part of the sum is equal to

cg - ¢5 - 7(Is) - Oso(f)

times
B| if =1,
S (nv'(5,8), 8 = {' o
5 ens 0 if B(a) #1.
To indicate the dependence of B on é we now denote it by Bs. We conclude that
(6.2.2) = > cg-cs-|Bs|-T(Is) - Oso(f),

€A,
where A is a set of representatives for the 6-conjugacy classes under G(A) of elements
4 € G(F)e such that
(1) w is trivial on I5(A), and
(2) the element S(a) € B is trivial.

6.3. Definition of an obstruction

The next step in the stabilization of T, ( f) requires that we introduce an obstruction
obs(4). For standard endoscopy this obstruction is due to Langlands [L2, p. 137] (see
also [K3, §6] for a generalization to the case of arbitrary semisimple elements).

Let G*, splg+, ¥, 0* and gy be as in (1.2). Thus G* is a quasi-split inner form of
G with F-splitting splg+, and ¢ : G — G* is an inner twisting (an F-isomorphism
such that 1o ()~! is inner for all o € T'). Moreover #* is an F-automorphism of G*
preserving splg-, and gg € G, has the property that

6* = Int(ge)y03~".

As in (3.1) we choose, for each o € I, an element u(o) € G, such that

Yo(¥) ™! = Int(u(o)),
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and we also define a morphism
m:G - G*
over F by
m(8) == ¢(8)gy -

Then, as we saw in (3.1),
(6.3.1) a(m)(d) = u(o) "'m(8)2,6* (u(0))
for the 1-cochain

2 1= gou(c)o(ge) 10" (u(0)) ™
of T in Z*¢(F), where Z*¢ denotes the center of G%,. Recall from Lemma 3.1.A that
the image Z, of z, under

ZSC - ZSC = ZSC/(I _ 0*)ZSC

is a 1-cocycle. We do not assume, as we did when defining transfer factors, that z, is
trivial.

Let (B,T) be a §*-stable pair in G* with T defined over F. Put V := (1 — 6*)T
and U :=T/V. Note that the map

T:Gyp = G*
induces a map
Zg" = U.
Let v be an element of U(A) such that
(6.3.2) o(7) =%

for all o € T'. Let § € G(A). We say that v is a norm of § if there exist 6* € T'(A)
and g € G%,(A) such that

(6.3.3) the image of 6* in U(A) equals v, and

(6.3.4) 6* = gm(8)6*(g9)~ L.

Now let 7 be an element of U (F') satisfying (6.3.2), let § € G(A) and suppose that
~is a norm of §. Suppose further that +y is fixed by no non-trivial #*-invariant element
of the Weyl group of T, so that § is strongly 6-regular. We are going to use d,7y to get
an element .

obs(6) € HY(A/F, Ty, L2208 v,

Choose 6* € T'(A) and g € G, (A) satisfying (6.3.3) and (6.3.4). As in (3.3) and

(4.4) we define

v(0) := gu(o)a(g)™ (0 €T).
Just as in the proof of Lemma 4.4.A (but taking into account z,, which was assumed
to be trivial at that time), we see that

(1) v(o) lies in Tyc(A), and

(2) (1—6*)v(o) =d*0(6*) " 2,.
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Observe that the coboundary dv of v is
g(Ou)g™! = du
and takes values in Z*¢(F'). Clearly (v(c)~!,d*) is a 1-hypercocycle of T in
Toe(B)/Toe(F) =225 T(&) /T (F).
We need to understand the effect of the choices of ¥, u(s), go, 6*, g on the 1-
hypercocyle; of course v is only allowed to vary within its inner class

¥ := {¢p = (Int(z)) o o |z € G2.(F)}.
For the moment we keep the same choices for ¥, u(o), gs. Using that v is fixed by
no non-trivial element of Q(T,G*)?", one sees that any other choice ¢’ for g is of the
form g’ = tg for some t € Ty.(A), and then as our new choice for §* we are forced to
take
(6%) = 6*to*(t) .
It follows that our 1-hypercocycle is multiplied by the 1-hypercoboundary
(O, t0* (t)~1).
Suppose that we replace 1, u(a), go by ¢, u'(0), gp. Choose z € G%.(F) such that
' = Int(zx) o 2.

Then

g9 = 0" (z)gox ™'z
for some z € Z%¢(F). Since z is well-defined up to Z*¢(F), the image % of z in Z§°(F)

is well-defined. It is not hard to check that the 1-cocycle Z,, of I' in Z3°(F') obtained
from our new choices is related to the old one by

zZ, =%, (07) "L

Define 7' € U(F) by
v =977
then
o(y) =%, (0 €T)
and 7' is a norm of ¢ relative to ¢, u'(c), gp (take (6*)' = 6*2~! and ¢’ = gz~1). For
these choices of (6*)’, ¢’ the 1-hypercocycle remains unchanged.
We now fix the choices of ¢, u(c), g¢ once and for all. The class obs(é) of our

1-hypercocycle in

HY(A/F, T, L2000 1y

is well-defined. The obvious short exact sequence of complexes

1 [The 00 v 5 e 200 1) 5 15 U] o 1

SOCIETE MATHEMATIQUE DE FRANCE 1999



84 CHAPTER 6. BEGINNING OF THE STABILIZATION

gives rise to a long exact sequence

1 - HY(A/F, Ty 200°% vy o HY(A/F, Ty T) - HY(A/F,U) = ---

and since the image of obs(§) in H°(A/F,U) is represented by v € U(F) we conclude
that obs(d) lies in the subgroup

(1-8*)om
—

(1-8*)om

HY(A/F, Ty V).

Lemma 6.3.A. — The element obs(d) depends only on the 6-conjugacy class of § under
Gsc(A), and obs(9) is trivial if and only if 6 is 6-conjugate under Gsc(A) to an element
of G(F).

The (easy) proof of the first statement is left to the reader. Now we prove the second
statement. Suppose that ¢ is #-conjugate under Ggc(A) to an element of G(F). We
want to show that obs(d) is trivial. Without loss of generality we may assume that
d € G(F). Then it is possible to choose §* € T(F) and g € G?,(F) satisfying (6.3.3)
and (6.3.4), and for such é*, g the corresponding 1-hypercocycle is trivial.

Conversely suppose that obs(d) is trivial. Then it is possible to choose §*, g satis-
fying (6.3.3) and (6.3.4) and such that * € T(F) and v(c) € Ts(F) for all o € T.
Let 5. denote the unique inner twisting

Pse Gye = Gs*c
lifting 1, and put
h:= "/’s_cl (9) € GSC(K)
T, = ho(h)™! (o0 €T).

Then an easy calculation shows that
Ysc(To) = U(U)“(U)_l )
which means in particular that
Vsc(To) € G;c(F)
and hence that
o € Gy (F)

It is immediate from the definition of z, that it is a 1-cocycle that is locally a 1-
coboundary. By the Hasse principle
ker! (F,Gs.) = {1},

and therefore there exists y € Gs.(F) such that

To = ya(y)_l'
It follows that the element
h =y h
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6.3. DEFINITION OF AN OBSTRUCTION 85

belongs to Gsc(A), and an easy calculation shows that
m(h'86(R") 1) = vse(y) 180" (vsc (y)) € G*(F);
therefore
h'66(n')~!
belongs to
G(F) N G(A) = G(F),
and the proof is complete.
We continue with v, as above, and choose §*, ¢ satisfying (6.3.3) and (6.3.4).
Then g is well-defined up to left multiplication by an element of Ty.(A). Define
Y’ G(A) = G*(A)
by
' :=Int(g) o .
Write T5(A) for the centralizer of Centg(d, G(A)) in G(A). Then ¢’ induces a I'-
equivariant isomorphism
(6.3.5) Ts(A) = T(A)
that carries
6° := Int(8) 0 0
over to #*; note that this isomorphism is independent of the choice of §*, g.

Let 8’ € G(A) and assume that &' is #-conjugate to  under G(A). We now define

an element .
inv(8,6) € H'(A, Tye 2200 )
that depends only on the #-conjugacy classes of 6,6’ under G.(A) and is trivial if and
only if §,8' are f-conjugate under Gs.(A). A 1-hypercocycle representing inv(4,§’) is
defined as follows. Choose h € G(A) such that
8" = h~166(h).
Write h as
h = t’/l'(hl)
with t € T5(A) and h; € Gsc(A). Then
(0 = ¢'(a(ha)hi ), 0" (W' (®)y' (1))

is the desired 1-hypercocycle. Of course the local components of inv(d,d’) coincide
with the local invariants defined in (5.1).

Lemma 6.3.B. — There is an equality
obs(d') = obs(d) invy/r (4,9"),
where inva/p (6,6') denotes the image of inv(6,0') under

HY(A, Ty L2000 vy o gY(A/F, T, L2008 ),
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The elements

g = gy(hy)
(6%) =0 (t) - y'(t)"" - 6

can serve as g,0* for §'. For this ¢’ we have

v'(0) = g'u(o)o(g') "
=v(0) - ¢'(hyo(h1) ™).

Therefore

(©'(0)71,(8)) = (v(0) ™1, 6%) - (¥ (a(h)hT ), 6" (W' (D) (1)),

which proves the lemma.

In order to define obs(d) we needed to choose a 8*-stable pair (B, T') with T defined
over F' and a norm v € U(F) of 6. Suppose that (B’,T') and 4’ are another such
triple. Then there exists z € (G%,)?" (F) such that T2~ = T' and zyz~! = v/, and,
since + is fixed by no non-trivial element of

T, 6",

the element z is unique up to right multiplication by an element of Ty.(F) fixed by
6*. Therefore the isomorphism

Int(z) : T ~T'
is independent of the choice of z and in particular is defined over F. From T’ we get
V' and obs(d)’. The isomorphism above induces an isomorphism

H'(A/F, Toe =225 V) o HY(A/F, T}, L2225 V)

under which obs(d) goes over to obs(d)’. Indeed, suppose that §*, g satisfy (6.3.3) and
(6.3.4) relative to v. Then zd*z~!, zg satisfy them relative to 7'. The two 1-cocycles

we get are related by
v'(0) = zv(o)o(z) ™!

=z(v(o) - o(x) tz)z™?

and since
o(x) 1z € Ty (F),

we see that the 1-hypercocycle (v'(0)~!, zd*z~!) representing obs(8)’ is obtained by
applying Int(z) to the 1-hypercocycle (v(o)™!,d*) representing obs(4).
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6.4. A(T,0,F), £(T,6,F), £(T,6,A)

We continue with ¥, u(o), go, 25, B, T, U, V as in (6.3) and again consider an
element v € U(F) satisfying (6.3.2) and having trivial stabilizer in

QT,G*)”".
Moreover we assume that Ts‘f: is anisotropic over F. We denote by T.(f), the part
of the sum (6.2.2) indexed by elements § € A; for which v is a norm. We are headed
toward (6.4.16), a formula for T,(f),. When summed over ~ this formula yields the

main result of this section, Theorem 6.4.C.
The obstruction defined in (6.3) lies in

H(A/F, T, 4220

Define an abelian group K(7,6, F) by

V).

R(T,8,F) := H'(Wg,V 224 T/2(G))
where
VAT
is dual to
T 1%y

Our hypothesis that TS"C* is anisotropic implies that
H'(Wr, V 24 T/2(G)) = H(Wr, V 24 T/2(G))rea.

By duality (see Lemma C.2.C)

A(T, 8, F) = Homeons(H'(A/F, T, L2000 vy ¢x).
There is a distinguished triangle

(6.4.1) [Toe 5 T) 2 [T L2000 v 23 (7 22%% v] 25 (10 5 T][1]
where 71, ¥2, 3 are given by the vertical maps below

Toe —— T

. 11 0"
T, =t (a=6om, |,
- [
T X2, vy
-1

Toe —=—— T
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and dual to (6.4.1) is
642) [T5T/2@))-1]- STV 287/28) - T 57T/2@G)).

From (6.4.2) we get a long exact sequence of hypercohomology with respect to W,
and since

H' Wr,T 5 T/2(Q)) = H (Wr, 2(G))

part of this exact sequence is

(6.4.3) o= R(T,8,F) = H'Wp, Z(B)) = HXWp,V S T) > -
In particular we get a natural map
(6.4.4) R(T,8,F) - H (Wg, Z(G))/ ker*(Wp, Z(G))

by composing the map
R(T,0,F) - H'(Wr, Z(G))
in (6.4.3) with the natural surjection
H (Wg, Z(G)) = H'(Wg, Z(G))/ ker* (W, Z(@)).

If there is no element of A; having v as norm, then T(f), = 0. If there is such an
element 6 € Ay, then a lies in the image of the map (6.4.4), as we now verify. Since
§ € G(F) there exist 6* € T(F) and g € G (F) satisfying (6.3.3) and (6.3.4). The
restriction of Int(g)o% to T gives an F-isomorphism T5 ~ T that carries 7 = Int(§)of
over to 0*. By definition of A;

(1) w is trivial on I5(A), and
(2) the element B(a) € Bj is trivial.

Therefore there is a representative a € H (W, Z(@)) for a whose image under
(6.4.5) HY(Wr, 2(G)) » H*Wr, T =5 T)
is trivial. Since the map
H'(Wr, 2(Q)) - HX(Wg,V 5 T)
in (6.4.3) factors through (6.4.5), we conclude that a lies in the image of
A(T,0,F) » H'(Wr, Z(G))

and hence that a lies in the image of (6.4.4).
We now assume that there is an element of A; having v as norm. We fix such an
element &g € Ay, and we also fix an element

Ko € ﬁ(T, 0,F )
mapping to a under (6.4.4). For any element § € G(A) having v as norm we have

(see (6.3)) an element

(1—6%)om

inv(8o,8) € H' (A, Ty V)
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and the map

6 inv(60, (5)
sets up a bijection from the set of 6-conjugacy classes under Gsc(A) of elements
d € G(A) having v as norm to the set

CO = ker[Hl (A, Tsc w} V) - Hl (Av GSC )]

(the map whose kernel we are taking is of course induced by the inclusion Tsc = Gic).
For any element 6 € G(A) having 7 as norm we define A-group schemes I5 and T;
by
Is = Centa((s, G)
Ts = Centg(Ig).
As before (see (6.3.5)) there is a canonical isomorphism over A
T5 ~T

that carries I5 into I := T% . We use this isomorphism to carry the Tamagawa
measure on I(A) over to a Haar measure dt on I5(A), and we put

Ou(f)i= [ wlg)f(g56(a) dg/t
Is(A\G(A)
Define a function ® on Cy by putting
®(x) = (obs(d), ko) Ose(f)
where § € G(A) has norm v and is such that
inv(dp,d) = x.
Suppose that 6, §' are #-conjugate under G(A). We will now check that
(6.4.6) (obs(8), ko)Ose(f) = (obs(d"), ko)Ose(f)-
Choose h € G(A) such that
&' = h=156(h).
Then
Oso(f) = w(h) ™ Ose(f)
and
(inv(4,4"), ko) = w(h)
(see the proof of Lemma 5.1.D(2)), and the equality (6.4.6) now follows from Lemma
6.3.B.

Define an abelian group

(1-6*)or

E(T,0,F) := im[H' (F, Ty V) - HY(FT 2% v))

and a set
D(T, 0, F) := ker[H'(F, T =% V') - HY(F,G)].
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It is not hard to see that D(T, 8, F) is the image under

(1—6%)om

HY(F, T} V)= HY(FT 5 v)

of
ker[Hl(F,Tsc (1—0‘)071' V) N HI(F,Gsc)]

and consequently that D(T, 6, F') is a subset of £(T,6, F). There is a natural bijec-
tion between D(T, 0, F) and the set of f-conjugacy classes under G(F) of elements
0 € G(F) having v as norm. Replacing F' by F, or A in these definitions, we get
E(T,6,F,), D(T,6,F,), £E(T,0,A), D(T,0,A) satisfying the analogs of the properties
of £(T,6,F), D(T,0, F) mentioned above.

From (6.4.6) it follows that ®(x) depends only on the image of z in £(T, 6, A), and
therefore ® may be regarded as a function on the image of Cp in £(T, 0, A), namely
D(T,0,A). We extend ® to a function on all of £(T,0,A) by making it 0 on the
complement of D(T, 8, A).

Since cs, |Bs|, 7(I5) depend only on T, we obtain a rational number ¢y depending
only on T by putting

cr i=c¢q - Csy * | Bso| - T(Is,)-
Since obs(§) = 1 for any § € A; (see Lemma 6.3.A), we have

Te(f)y =cr ) @),
zeS

where S is the set

im[D(T, 0, F) — £(T, 6, A)].

Obviously S is contained in the subset
S':=D(T,6,A) Nim &(T, 0, F)

of £(T,80,A), where im (T, 6, F') denotes

im[E(T,6,F) — E(T,0,A)].
In fact S = S, as we will now check. It is enough to prove the following stronger state-
ment: if c is an element of £(T, 6, F) whose image in £(T, 6, A) belongs to D(T, 0, A),
then c belongs to D(T, 6, F). Let ¢ be such an element. By restriction of scalars we
may assume that F' = Q. Now consider the commutative diagram with exact rows

HY QT »T) —2— H' QT » V) — £(T,6,Q) —— 1

! ! !

H' (R Toe » T) —— H'(RTye > V) — E(T,6,R) —— 1
coming from the distinguished triangle (6.4.1). Choose an element ¢y of

(1—8%)om

HY(Q T V)
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whose image in £(T,0,Q) is ¢, and let co(co0) denote the image of ¢y in
H\(R Ty (1-6%)om V).
Consider the set X of elements
drp € H'(R, Tye 5 T)
such that ~y; (dr)co(00) has trivial image in
H'(R,Gse).

By our hypothesis that the image of ¢ in £(T', 6, R) belongs to D(T,0,R), the set X
is non-empty. It is easy to see that X is open in

HYR,Tye 5 T).
By Lemma C.5.A there exists
de HY(Q Ty = T)
whose image d(oo) in
H' (R Te 5 7)
belongs to X. It follows that v, (d)co has trivial image in
H'(R,Gqc).
From Kneser’s vanishing theorem
HY(Qp,Gse) = {1}
together with the Hasse principle
ker'(Q Gic) = {1}
it follows that 7 (d)co has trivial image in
HY(Q Gse),

which shows that ¢ lies in D(T, 6, Q).
To simplify notation we now write E for £(T,0, A) and Ey for

im[£(T, 6, F) — £(T, 0, A)).

Since we defined ® to be 0 on the complement of D(T,6,4A), the equality S = S’
implies that

(6.4.7) Te(f)y =cr Y ®(a).

z€FEo
For any finite place v of F' at which T is unramified we put

g(T’e’O”) ‘= im[Hl(Ovasc m V) — Hl(ov,T 1;0‘) V)]
= im[V(0y)/ im Tye(O) = V(O,)/im T(O)]

= HY(0,,T =5 v).
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Here we used Lemma C.1.A, which also implies that £(T,6,0,) is a subgroup of
E(T,6,Fy).

It follows from Lemma C.1.B that £(T,0,4A) is the restricted direct product of
the groups £(T, 0, F,) with respect to the subgroups £(T, 8, 0,). We give each finite
group £(T, 6, F,) the discrete topology and give £(T, 8, A) the restricted direct product
topology. It is easy to see that this topology agrees with the one £(T, 6, A) inherits
as a closed subgroup of

H(A,T %5 v)
as well as the one it inherits as a quotient of

(1—6*)om
E—

H (A, Ty V).

Lemma 6.4.A. — The subgroup Eq of E is discrete and the quotient E/Ey is compact.
The function ® on E is locally constant and compactly supported.

The subgroup Ey of E is a subgroup of
im[H'(F, T =5 v) » BH'(A, T =5 v)),
which is discrete in
H'(AT 25 v)

by Lemma C.3.A; therefore Fj is discrete in E.
The quotient E/Fjy is equal to

(1—-8%)om

cok[cok1 (F,Tee 5 T) > cokl(F, Tec ).

For any complex T J, U the natural surjection
cok! (F, T % U) - cok[r — Ap]

has compact kernel by Lemmas C.2.D and C.3.A. Therefore the compactness of E/Eq
follows from the (obvious) surjectivity of

(1—6*)om
E——

(ZOk[QlTBc -1> Q(T] e CO]([Qngc le].

Now we prove the statement about ®. Without loss of generality we may assume
that F' = Q and that f is a product

f=va

of functions

i€ CX(G(Qy)) if v is finite,
" T CRGR)/AL) if v = co.
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Write the Tamagawa measures dg on G(A) and dt on I(A) as products
dg = H dgy

dt = [] dt.
v

in such a way that dg, (respectively, dt,) gives G(O,) (respectively, I(O,)) measure
1 for all but finitely many finite places v of Q (pick Z-structures on G and I). For
6 € G(A) having norm ~ write §(v) for the v-component of §. We use the F,-
isomorphism

I&(v) ~]

to carry dt, over to Is.,)(Fy). Let w, denote the v-component of w. Clearly
0s0(f) = [[ Oswpo (£2)
where Og(y)9(fy) is defined by

/ wo(9) fo(g™6(0)8(g)) dga [ dt,.
Is(v) (Fu)\G(Fy)

Moreover

(obs(4), ko) = (inv(do, 6), ko)
by Lemmas 6.3.A and 6.3.B, and the v-component of
(1—-6*)om

iIlV((so, (S) € H! (A, Tsc V)

is equal to

(1—0*)om

inv(8p,d(v)) € H(F,, Tse V).

The product
(6.4.8) (inv(do, 6(v)), k0)Os(v)e (fv)

depends only on the §-conjugacy class of §(v) under G(F,), and we define a function
®, on (T, 0, F,) as follows. On the complement of D(T', 8, F,) we define ®, to be 0
and for € D(T, 0, F,) we define ®,(x) to be the product (6.4.8) for any d(v) € G(Fy)
having norm 7 and such that the image of inv(dp,d(v)) in (T, 0, F,) equals x.

Clearly
e =]]e..
v

What we must show is that for all but finitely many finite places v of F' the function
®, is equal to the characteristic function of £(7', 6, O,).

In fact at all but finitely many finite places v of F' we are in the following situation.
For simplicity we temporarily let F' denote a p-adic field with valuation ring O and
residue field k. We have a connected reductive group scheme G over O and an
automorphism 6 of G over O. We have a character w on G(F), trivial on G(0O). We
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have a strongly f-regular 6-semisimple element dy € G(O) whose image in G(k) is
strongly -regular. Thus the centralizer in G of the O-group scheme

I = Centg (o, G)
is a maximal torus T in G over O stable under
01 := Int(dg) 0
and
I=T1°.
We also have Haar measures dg, dt on G(F'), I(F) that give measure 1 to G(O),
I(O). Finally we have a character ko on £(T, 6, F), trivial on £(T, 8, 0). Let 6 be an

element of G(F') that is f-conjugate to & under G(F). Let f denote the characteristic
function of G(0). What we must show is that

(iv(dn,3),ma) [ wlg)f(g700(q)) dadt
I(F)\G(F)
is 1 if the image of inv(dp, d) in £(T, 6, F') belongs to £(T,0,0) and is 0 otherwise.
The map

g+ g bob(g)
from G to GG induces a closed immersion

NG—G

over O, whose image X is the #-conjugacy class of §p. Since X is a closed subscheme
of G we have

GO)NX(F) = X(0).
Let OU" denote the valuation ring in the maximal unramified extension F'" of F' in
F. Then by smoothness of G = I\G

X(0"") = I(O")\G(O™)
and therefore
X(0) = [[(O™\G(O™)]oF™/),
We conclude that as G(O)-space X (O) is isomorphic to a disjoint union of copies of
I{(O)\G(O), one copy for each element of

ker[H'(O,I) — H'(0,G))].
Since H'(O,G) = {1}, this kernel is
HY(0,I) = HY(O,T =5 v)
= £(T,6,0).

The statement we needed follows easily from these last remarks, and the proof of the
lemma, is now complete.
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By Lemma 6.4.A it is legitimate to apply the Poisson summation formula to Ey,
E and @, and thus from (6.4.7) we get

(6.4.9) () =er ¥ [ s ae

where the sum is taken over all characters £ on the compact group E/Ey and de is
the unique Haar measure on FE giving E/Ey total measure 1 (for the quotient of de
by the discrete measure on Ejp).

Let 8(T, 0, F); denote the kernel of the map (6.4.4)

A(T,8,F) » H (Wp, Z(G))/ ker* (Wr, Z(G)).

It follows from Lemma C.3.B that the natural pairing between K(T,0, F') and

(1—6*)om
S

HY(A/F, Ty V)

induces a surjection
A(T, 6, F) — Homeons (cok (F, Tye L2200 1), C¥)
with kernel o
Hom (ker? (F, Toe ——2°% 1), CX).
Let k € R(T, 6, F). Then the corresponding homomorphism

cok! (F, Ty L2908 vy -

factors through

E/Eo = cok' (F, Toe Y=22°% )/ im cok!(F, Tye = T)

if and only if its pull-back to

cok! (F, Tye = T)
is trivial, and this is the case if and only if the image of x under the map (6.4.4) is
trivial, since

Homcont (cok! (F, Tye 5 T),C*) = HX(Wp, T 2 (T)aq)/ ket (We, T 5 (T)aa)
= H'(Wr, Z(G))/ ket (Wr, Z(G)),

where we have written (T)aq for f/Z (G). We conclude that R(T,6, F); maps onto
the Pontryagin dual of E/Ey and that the kernel of this surjection has order

dr = |ker? (F, Toe L2008 v,

It then follows that
T.(f)y = crdst 3 /D (e,%)0s.0(f) de,

(T,0,4)
where & runs over the inverse image under the map (6.4.4)

R(T,6,F) —» H (Wp, Z(G))/ ker'(Wg, Z(G))
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of the element
a€ H'(Wr,Z(G))/ ker'(Wr, Z(G)),
and where d, denotes an element of G(A) having norm « and such that inv(dp, de) = e.
The measure de on E depends on the global group Eg. To define twisted x-orbital
integrals we need a Haar measure on E defined purely locally. This measure, which
we will refer to as the Tamagawa measure on E, is defined as follows. We have seen
that at unramified finite places
E(T,0,0,) = HY(0,, T =5 V).
Therefore £(T, 6, A) is an open subgroup of
HA\T 25 v).
We define the Tamagawa measure detam on E to be the restriction of the Tamagawa
measure (see (E.2)) on
HAT 5 v)
to its open subgroup £(T, 8, A). Recall that we are using I to denote the diagonalizable
group T%" . Define a finite algebraic group A4 by
A=1I/1°
According to the prescription in (E.2), the Tamagawa measure deTsm is equal to

H deTam (U) )

where detam(v) is the Haar measure on the finite group
E(T,0, F,)

that gives points measure |A(F,)| ™.

Define 7(£) to be the measure of the compact group E/E, with respect to the
quotient of the Tamagawa measure on E by the discrete measure on Fy. Define
O5,6(f), a twisted k-orbital integral, by putting

O500(f) =/ (e,%)O0s.0(f) deTam,
D(T,0,4)

with &, as before (of course we lift e to an element of Cy when defining (e, k) and ).

It is immediate that our last expression for T(f), is equivalent to

(6.4.10) Te(f)y = crdp'7(€)™ ) Ofo(f),

where & runs over the inverse image under the map (6.4.4) of the element a. We write
at for the constant

ar:=cr-d;'-7(€)7?
=Ca - Cs * |B5ol ’ T(Iﬁo) 'd;l .7.(5)—1
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appearing in (6.4.10).
Lemma 6.4.B. — There is an equality
~ ~ —T.,_ ~
ar = |mo(Z(G)")| - |ker' (F, Z(G))| " - Imo(Z )| - [mo(Z1 N (Z(G)F)°),
where
Zy = Z(G) n (T?)°
(we abbreviate 6* to #) and
Z:=2(Q)/ 2.
Note that Z, is independent of T'; therefore ar is independent of T, and from now on

we will denote it by ag.

To simplify notation we denote the distinguished triangle (6.4.1) by
[Ty = Ui] = [T2 = U] = [T3 = Us] = [Th — Uh][1]
or even just
S1 = Sz = Sz = S4[1],
and for i = 1, 2,3 we put
A; - = ker[™, — Ay,),
AL - = cok[Ar, — Ay,].
We also abbreviate £(T, 60, F) and £(T,0,A) to £(F) and £(A) respectively.
Consider the double complex
HO(A,S1)1 — H°(A,S2)1 — HO(A,S3)1 — HY (A S1)1 — HY(AS2) — £(4)

l l ! ! ! !

HO(A,S1) — H°(A,S;) — H°(A,S;) — HYA,S;) — HY(A,S;) — E(A)

! ! l | ! l

Ay — Ay — A3 — A1 — A, — Al
with the Tamagawa measures on the groups in the first two rows and the canonical
measures (see (E.2)) on the real vector spaces in the bottom row. We will compute
the t-value of the top row using Lemma E.1.D. The t-values of the columns are all
1 (note that 24 is trivial and has the discrete measure). Therefore the alternating
product of the ¢-values of the rows is 1. The ¢-value of the middle row is 1 by Lemma,
E.2.A. The t-value of the bottom row is

(6.4.11) u™ o vy twywy tws

by Lemma E.2.C (we use the notation of that lemma: u, v;, w;, X;, ¥i, Ci, W;).
Therefore the t-value of the top row is equal to the inverse of (6.4.11).
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We have just seen that the t-value of the bottom row of the double complex
HO(F,S;) — H°(F,S;) — H°(F,S3) — HYF,S,) — HY(F,S;) — &(F)

! ! ! l ! |

HO(A,Sl)l — HO(A,Sz)l — HO(A,S3)1 e Hl(A,Sl)l — HI(A,Sg)l — E(A)

is equal to the inverse of (6.4.11). We put the discrete measures on the discrete groups
in the top row; since the top row is exact its t-value is 1. Applying Lemma E.1.D to
the double complex above we find that

(6.4.12) u o7 oy twywy fws = (1) T Y (1) T () T () (k) TRAITY
where
7= 1I(T; = Uy)
ki := |ker! (F, T; — U;)|
l:=|ker[E(F) = £(A)]|.
Lemma E.3.E implies that
Tk (T kD) T = viwi
using this to simplify (6.4.12), we find that
utog twg = (1) r(E)I (k)T ES.
Since W3 = {1}, both v3 and w3 are 1. Trivially we have
75 = 7(Is)
k2 = dr
and (see the discussion in (6.2)) the finite abelian groups Bj, and
ker[E(F) — £(A)]
are dual, so that
| Bso| = 1.
We conclude that
| BsoIT(I5,)d7 ' 7(€) ™" = u(k}) ™.
The next step is to evaluate u and k?. By Lemma C.3.B
ker?(F,Tye = T)

is dual to
ker!(Wr, Z(G)) = ker'(F, Z(G));
therefore
k2 = |ker' (F, Z(G))|.
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To compute u we consider the long exact sequence of hypercohomology obtained from
the distinguished triangle

Yz = X3] = [Y2 = Xa] = [Y1 = X1] = [¥3 = X3][1]

(recall that we are using the notation of Lemma E.2.C). The relevant portion of this

long exact sequence is
(6.4.13)
H°(FY, =» X;) = HY(F,Ys = X3) = HY(F,Y; = X,) = HY(F, Y1 = X)).

Clearly
HY(F,Y: = X1) = X*(G)F,
and since the map Y3 — X3 is injective with cokernel X*(I) it is also clear that
HY(F,Ys = X3) = X*(I)!.
For ¢ = 1,2 the group
HY(FY;®C = X; ®C) = cok[(V; @ O)F = (X; @ O)F]

is trivial (for i = 2 use that T is anisotropic) and therefore the global analogs of
the exponential sequences at the beginning of (A.3) lead to the conclusion that

mo(ker[U; — T,]Y) = HY(F,Y; = X;).
The exact sequence (6.4.13) yields an exact sequence
0 = cok[X*(G)F = X*(I)T] = mo(ker[V =28 ()aal") = 70(Z(G)F) = K — 1,
where (f)ad denotes JA"/Z (@) and K denotes
cok[H' (F, Y2 = X2) — H'(F,Y; = X1)).
Bearing in mind that v = |K|, we find that
u = |mo(Z2(G)")] | cok[X*(G)" = X* ()] - [mo(kex{V — T/Z(C)]")| .
We need to determine the kernel of
7o¢:V > T/Z(G).
Note that
V=7/T°°
and that the map 7 o ¢ is induced by
70(1-0):T > T/Z(G).
As was remarked at the end of (1.1), the group
(/26
is connected, and therefore 7 induces a surjection

(T%)° - (T/2(G))°
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(reduce to the case in which G is semisimple and then use that the induced map on
Lie algebras is an isomorphism). From this it follows that the kernel of 7 o (1 — 8) is
equal to (T%)°Z(G), and hence that the kernel of

V-T/2(G)
is equal to
Z@)/(Z@G)nT*)°) =Z.
At this point we know that ar is the product of

70 (Z(@)T)] - | ker* (F, Z2(G))|™* - |mo(Z"

)|~
and
(6.4.14) ca - ¢y - | cOK[X* ()T = X*(DY]].
It remains to show that the constant (6.4.14) is equal to
Imo(21 N (Z(G))°)).

For the remainder of the proof we simplify notation by writing X for X*(G)! and
Y for X*(I)'. Consider the natural map

X% = Xo
from f-invariants to #-coinvariants. Our hypothesis that
A% = (Ac)e
is an isomorphism implies that
X°9R—- Xp®R
is an isomorphism; therefore, since X is torsion-free, the map
X% = Xo
is injective with finite cokernel. We now note that
ca = | det(8 — 1;Ac/AG)],
=|det(§ — 1;X/X%)|  (duality)
= | cok[X/X? =% Xx/X°|
= | cok[X? = X,]|.
Note also that the map X — Y factors through the canonical surjection X — Xp,
yielding
Xo—Y;
therefore
| cok[X*(G)F = X*(I)T]| = | cok[Xp — Y]|.
Composing X% — Xy and Xy — Y, we get
X% Y,
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which is also injective. Indeed ¥ ® R maps to X*(4%) ® R = Xp ® R and the
composition
X°9R->YQ®R - Xg®R

is the natural isomorphism
X°9R— X0 R
Therefore
X% = Y/Yiors
is also injective, and
¢so = |Yiors| | cok[Hom(Y, Z) — Hom(X?,Z)]| !
= |Yiors| 7! | cOK[X® = Y/ Viors]| !
= | cok[X? — V]| L.
It follows that the constant (6.4.14) is equal to
| cok[X? — Xg]| - | cok[Xp = Y]| - | cok[X? — V]| 7L,
which in turn is equal to
| ker[Xg — Y|
(use again that X? — Y is injective). Since
Xo3R->Y Q®R
is injective, we have
ker[Xg — Y] = ker[(X¢)tors = Yiors)
= ker[(Xp)tors = (X™(T)0)tors]
= ker[(X™*(5)6)tors = (X™(T)0)tors)

where S is the split torus whose character group is X. It is easy to see that the dual
(use Q/Z) of the finite abelian group (X*(T)¢)tors is

(X*(T)6)sors)
and that the dual of this group (now use C*) is mo(7?). Therefore
| ker[Xp — Y]| = | ker[mo(S%) — mo(T9)]|
=1(5°n (T)°)/(5°)°!.
Of course S is equal to
(Z@)")",
and since (5?)° is the connected component of the identity in
§n(T)=nnz@"),
we conclude that
|ker[X — Y]| = |m0(Z1 N (Z(G)F)°)].
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This completes the proof of the lemma.
So far we have shown the following. Suppose that there exists dg € A; having v as
norm. Then

(6.4.15) T(f)y = aa Y O%(f),

where a¢ is the constant defined in Lemma 6.4.B. We need an analog of (6.4.15) that
remains valid even when there is no element §o € A; having vy as norm (in which case
Te(f)y is 0). To accomplish this we define a generalization O (f) of OF o(f). If there
is no element § € G(A) having v as norm we define O%5(f) to be 0. Otherwise we
fix an element dy € G(A) having v as norm, and for each e € Cy we pick an element
de € G(A) having norm v and such that

inv(dp,d) = e.
As before the product
(e,K)O0s.0(f)
depends only on the image of e in D(T,6,A) and as function on D(T, 6, A) is locally

constant with compact support (see the proof of Lemma 6.4.A). Therefore it makes
sense to define O%(f) by

05(f) = / (obs(80)e, )06 (f) derram,
D(T,0,8)

and by Lemma 6.3.B the integral is independent of the choice of .
We will now check that

(6.4.16) Te(f)y = ag Y O5(f),

where, as before, the sum is taken over the set of k € &(T, 6, F') mapping to a under
(6.4.4). If the set of such « is empty, both sides of (6.4.16) are 0. Now assume that the
set of such & is non-empty. It follows from the exactness of (6.4.3) and the injectivity
of

H2(Wp, T 295 T) 5 H2(We, V 5 T)
that a(a) and ((a) are trivial (recall that «, 8 were defined near the beginning of (6.2))
and hence that the restriction of w to I'(A) is trivial (see the discussion following the
definition of a and B). Therefore, if there is any element of G(F) having norm v,
then there is an element §y € A; having norm +; it follows from Lemma 6.3.A that

O5(f) = O5(f)
and thus (6.4.16) is a consequence of (6.4.15).
It remains to consider the case in which there is no element of G(F') having norm
7. Then T,(f), = 0 and we must show that

S o5(f) =0,
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We may as well assume that there is an element §y € G(A) having norm v (otherwise
O%(f) = 0 for all k). Let K denote the kernel of the map from R(T,6, F); to the
Pontryagin dual of E/E,. We have seen before that K is the finite abelian group dual
to

ker?(F, Ty, L2000 vy,
or in other words dual to
cok[H' (A, Toe L2000 vy 5 HY(A/F, Ty L2000 1),

It is enough to show that for all
> 05 () =0,
k'€EK
and for this it is enough to show that
> (obs(bo), &'y =0.
K'EK
Suppose this last sum is non-zero. Then obs(dp) is the image of some element

€ HY(A, Ty, L2007

Modifying = by an element of

V).

HY(F, Ta. (1-6")om

we may assume that =1 has trivial image in
H'(A,Gsc)
(to prove this use Lemma C.5.A together with the vanishing of H!(F,,Gs.) for finite
places v). Then there exists § € G(A) having norm v such that
inv(8p,8) = x71.

It follows from Lemma 6.3.B that obs(d) is trivial and from Lemma 6.3.A that 4 is
f-conjugate under G.(A) to an element of G(F'), and this contradicts our assumption
that no element of G(F') has norm 7.

Now we can formulate the main result of this section. Consider the set of triples
(T, 7, k) consisting of

V)?

(1) a 6*-stable maximal F-torus T' in G* such that T? is anisotropic and such
that there exists a §*-stable Borel subgroup of G* over F containing T,

(2) an element y € U(F) (recall that U = Tp-) satisfying (6.3.2) and such that the
stabilizer of v in Q(T,G*)?" is trivial,

(3) an element k € &(T, 6, F') whose image under (6.4.4) is a.

Two such triples (T,v,k), (T',v', k') are said to be equivalent if there exists an

element g € (G%,)?" (F) such that
(1) the restriction ¢ of Int(g) to T maps T to T’ and is defined over F,
(2) % maps vy to v/,
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(3) the isomorphism from K(T, 0, F) to K(T",6, F) induced by i maps & to «'.
Summing (6.4.16) over vy, we get the following result.

Theorem 6.4.C. — There is an equality
T.(f) =ac Y, O(f),

(Tyv,k)
where the sum is taken over a set of representatives for the equivalence classes of
triples (T,v, k) as above.

We conclude this section by noting that for a given f there are only finitely many
equivalence classes of triples (T, k) for which O%(f) is non-zero. Indeed an argument
of the type used in the beginning of the proof of Proposition 8.2 in [K3] shows that
there are only finitely many equivalence classes of pairs (T, ) such that there exists
4 € G(A) having norm + and lying in the support of f. Therefore it is enough to fix
(T,~) and show that there are only finitely many & such that O%(f) is non-zero, and
this follows easily from the proof of Lemma 6.4.A.
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CHAPTER 7

END OF THE STABILIZATION

We continue with the assumptions of the previous chapter. Our goal in this chapter
is to rewrite the expression for T, (f) given in Theorem 6.4.C in terms of stable trace
formulas for endoscopic groups H associated to (G,8,a) (see (7.4.4) for the final
result).

7.1. R(T,0, F) revisited

Let T and R(T,6,F) be as in (6 4). As usual we write U for Tp+; note that
U = (T%°. There is _a canonical G- -conjugacy class of embeddings T - G the
restrictions of these to U form the canonical G- -conjugacy class of embeddings U-G.

Consider the set S of pairs (), ), where n: Ly - LGisan L- homomorphlsm whose
restriction to U belongs to the canonical G- -conjugacy class of embeddings U— G
and where s € G satisfies

(7.1.1) Int(s)oL@onp=0b-7
for some (continuous) 1-cocycle b of Wr in Z(G). We say that (n,s), (n',s") are
equivalent if there exists g € G such that

(1) Int(g) o (c-n) =n' for some 1-cocycle ¢ of W in U, and
(2) gs6(g)~! = s’ modulo Z(G)
(c-n denotes the L-homomorphism LU — LG defined by

(¢ - ) (uw) = n(cwuw)

for all w € Wp, u € U ). Write S for the quotient of S by the equivalence relation
above.

There is a canonical element of S, obtained as follows. As in (4.4) we write G* for
the identity component of the fixed points of g in G and form the semidirect product

LGI = @1 X WF
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for the inherited action of Wr on @1; there is an obvious embedding
Lt » Lq.

Choose an embedding U -Gt lying in the canonical él-conjugacy class of such
embeddings. A familiar argument based on [L1, Lemma 4] shows that U — G! can
be extended to an L-homomorphism

m ILU e LGI,

which we can also view as an L-homomorphism from LU to 'G. Then (1;,1) lies in
S and its equivalence class is independent of all choices.

We now define a map from S to &(T,6, F). Let € S and choose a representative
(n,8) € S for x such that n coincides with 7; on U. Use n to identify U with its
image in G and let T denote the centralizer of Uin G; ; then T is §-stable and the
obvious isomorphism U ~ (T%)° extends canonically to an isomorphism T ~T. Then
7 and 1, differ by a 1-cocycle t of Wg in T

n(w) = tym(w)  (we Wr)

(we view t,, as element of 7 in this equality). Note that Int(s) fixes U pointwise and
hence that s € T ~ T. The equation

Int(s)oLhon=0b-n
yields the equation

(1-8)(t" 1) =b-0s.
It follows that (t71,s) is a 1-hypercocycle of W in

7 200 3123

Any other such representative for z is of the form (Int(t) o (u - n),ts20(t)~1) for
some t € T, some 1-cocycle u of Wr in U and some z € Z(G). Recalling the exact
sequence

12V ->T->U—1
and its dual
lﬁﬁ%T%V%L
we see that the class of (t71, ) in
H Wr,V ™% (T)aa) = &(T, 6, F)

is independent of the choice of representative for .

Lemma 7.1.A. — This construction yields a bijection from S to &(T,6, F).
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Suppose that z,2' € S map to the same element of &(T,6, F). Choose represen-
tatives (1, s), (1, s') for z,z' as above. Conjugating (7, s) by suitable t € T we may
assume that s = s’ modulo Z (@) and ¢ = t' modulo U. It is then clear that (1, s)
and (n', s') are equivalent. The surjectivity of the map is an easy consequence of the
surjectivity of

H W, T 25 (F)aa) > B (Wr, T 225 (T)aa),

which in turn follows from the vanishing of H2(Wg,U).

7.2. A map (H,vg) — (T,7,K)

Let (H,H,s,&) be a set of elliptic endoscopic data for (G,6,a). As in (5.4) we use

the natural map
73 — Z(H)
to view Z, as a l-cocycle in Z(H). Let vg be a strongly G-regular element of H(F')
such that
o(yu) =vnZ, (0 €T).

The centralizer Ty of vy in H is a maximal F-torus in H, and we assume that vy is
elliptic in the sense that Ty /Z(H) is anisotropic over F.

Choose a #*-stable pair (B,T') in G* with T defined over F' and an admissible iso-
morphism Ty ~ Ty«. As before we write U for Tp». Use this admissible isomorphism
to carry vy over to an element v € U(F) satisfying

o(y) =72,  (0€T).

Let U ~ Ty — H be an embedding in the canonical H -conjugacy class of such
embeddings, and extend it to an L-homomorphism

nH:LU:LTH-—)'H

(use [L1, Lemma 4] once again to prove existence of the extension). Then (§{ ong, s)
is an element of S; in fact (use (2.1.4a))
Int(s) o %6 0 € o = @' - (€ o)

~

for a 1-cocycle a' of Wr in Z(G) that represents
a€ H' (Wr, Z(G))/ ker*(Wr, Z(G)).

Since 7y is well-defined up to 1-cocycles in U and conjugation under H, the equiv-
alence class of (£ o ny,s) is well-defined, and the construction in (7.1) produces a
well-defined element « € &(T, 6, F) from (£ o nu, s). Clearly k maps to a.

The triple (T,~,k) we have just constructed is of the type considered at the
end of (6.4), and its equivalence class is independent of all choices. We say that
(H,H,s,&,vu) and (H',H',s',€,v}y) are equivalent if there exists an isomorphism
from (H,H,s,€) to (H',H',s',€") (see (2.1)) such that the associated isomorphism
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a: H — H' (well-defined up to inner automorphisms) carries the H(F)-conjugacy
class of vy into the H'(F)-conjugacy class of v%.

Lemma 7.2.A. — The construction described above sets up a bijection from equivalence
classes of quintuples (H,H,s,£,vu) to equivalence classes of triples (T,~, k).

We simply describe the inverse construction, leaving it to the reader to check that
it really is the inverse. Start with (7', ~, k). Put U = Ty and let (1, s) be an element
of S whose class in S corresponds to x under the bijection in Lemma, 7.1.A. It follows
from the discussion in (7.1) that s is 5—conjuga,te to an element of 7 and hence that
s is @\-semisimple. Define H by

H:= Centy(s, G)°

and let H be the subgroup of “G generated by H and n(Wr); it follows from (7.1.1)
that n(Wr) normalizes H and hence that we have a split exact sequence

1—)?[—)7{—)Wp—+1.

We define py as we must, after fixing a splitting of H. Tt is obvious that px factors
through Gal(K/F) for any finite Galois extension K of F in F that splits T. We take
H to be a quasi-split group over F' with L-group (ﬁ ,Px). Then (H,H,s, &), where £
is the inclusion of H in LG, is a set of endoscopic data for (G, 8, a). By the definition
of H the map n factors through H, yielding

n:tU = H.

Dual to U — H are embeddings i : U — H, well-defined up to H(F)-conjugacy. For
all ¢ € T (i) is conjugate to i under H(F). A standard argument using Steinberg’s
theorem on the existence of rational elements in rational conjugacy classes shows that
i can be chosen so that it is defined over F. Then put Ty = ¢(U) and vyg = (7).
Clearly vy is strongly G-regular. Since U/im Z§° is anisotropic, both (H,H, s,£) and
Ty are elliptic. This completes the construction of (H,H, s,§,vu) from (T,7, k).

7.3. Absolute transfer factors for global vy
Let (H,H,s,&) be a set of elliptic endoscopic data for (G, 6,a) and let (Hy,&w,)

be a z-pair for H (see (2.2)). We consider elements v € H(F') satisfying
(7.3.1) a(7) =VZ» (o €l).

We assume that there exists an elliptic strongly G-regular element vy € H(F') satis-
fying (7.3.1) and arising as a norm of some element §y € G(A) (otherwise (H,H, s, §)
is not needed for the stabilization of Te(f)). We fix such an element -y as well as an

element vp; € H; (F) mapping to ~yo; this lets us define a 1-cocycle

z1(0) == Y51 0(701)
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of T'in Z(H;) (as in (5.4)). We are then interested in elements v; € Hy(F) or Hi(A)
such that

(7.3.2) o(m) =mza(o) (0€T).

Suppose that v, € Hy(A) satisfies (7.3.2) and that its image y in H(A) is strongly
G-regular and elliptic and arises as a norm of an element 6 € G(A). Then we define
the adelic relative transfer factor

Aa(11,8%01,00) := [[ A1 (v),6(v); 701, 60(v))

where the product is taken over all places v of F. The local relative transfer factors
were defined in (5.4). Of course v (v), 6(v), do(v) denote the v-components of 7,
8, 8o respectively. The statement “y is strongly G-regular” means that v € Hyeg(A),
where Hpeg denotes the Zariski open set of strongly G-regular elements in H; this
condition on 7 guarantees that the product defining A4 has only finitely many terms
different from 1.

The construction in (7.2) produces from (H,H,s,€) and o a triple (7o, o, ko)
(well-defined up to equivalence), and from dy we get obs(dp), which can be paired
with ko. We define an absolute transfer factor by

AA(71 ) 5) = AA(VD 67 Yo1, 60)(0b8(60), Ko).

In the next lemma we make the additional assumption that ; lies in H; (F'). Then
the construction in (7.2) produces from v; a triple (7,7, k), and from § we get obs(d),
which can be paired with k.

Lemma 7.3.A. — For v1 € H1(F) there is an equality
Aa(71,6;701,80) = (0bs(8), k)(obs(Jo), ko) "

Recall that the definitions of the individual factors Ayp,..., Ay involve auxiliary
choices, although their product does not. In proving this lemma it is convenient to
choose global a-data and x-data for Rres(G*,To) and Rres(G*,T') as well as a (global)
F-splitting of G® (recall that G* is the group of 0}.-fixed points in G3,); we then use
the localizations of the global objects to define the local factors Ay, ..., Apy.

With these choices Ar(y1,96), An(y1,9) and Ary(v1,6) are all 1 (and the same is
true for o1, do). Indeed Aj(y1,d) = Aj(y,9) is of the form

(Aa,sT,6)
with st € Wo((ﬁ)r) and Aa equal to the image under
HY(F,T®) — H'(A, T®)

of the class
Aao}(T?) € HY(F,T%)
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constructed from the a-data for T and the splitting for G*, and of course the value
of the pairing is 1 since Ay comes from an element of H!(F,T?).

Next consider Ar(v1,8) = An(y,d). The factors in the numerator of Ay(y,d)
involve 6*, which we may assume lies in T(F'). In our present setup the image of 6*
in Ty-(F') need not be F-rational; however its image in (Thq)¢~ is indeed F-rational.
Let ares € Rres(G*,T) and assume that oues is of type Ry or Ry. Then the total
contribution of the I'-orbit of ayes to the numerator of the adelic factor Ayr(vy,9) is

equal to
Na(6*) -1
Xares ( aa,es ) )

where x,,., is an idele-class quasicharacter for the field of rationality E of ayes. Since
Na(6*) -1
o) -1

Aares

EX

the idele-class quasicharacter takes the value 1 on it. The same reasoning applies to
the other factors contributing to the numerator and denominator of Ay(v, ).

It is clear from the product formula that Ary(v,d) = 1. To finish the proof of the
lemma we must now show that

(7.3.3) An(71, 65701, 80) = (obs(6), k)(obs(do), ko) ™"

For the rest of this proof we will write 7,, ¥, 6, T, & for Y01, Y0, 00, To, Ko, SO that
our notation will be consistent with that of (4.4). Recall from (4.4) the tori
S=(TxT)/Z
W = (Tse x Tsc)/Zse
(we switched notation from U to W since we are already using U to denote Ty~), as

well as the extension S; of S by Z;.
The adelic factor Agr(v1,9;01,90) is equal to the product

(7.3.4) H(VI(U)»AI('U))

v

with Aj(v) and V;(v) as in (4.4) and (5.4). Since we chose global x-data, the con-
structions used to form A;(v) can be carried out globally, yielding

A, € Hl(WF,§1 1—_—% /W)

such that A; — A;(v) for all v. To get a 1-hypercocycle representing Vi (v) we must
choose elements 6%, 6 . It is now convenient to assume (as we may) that 6* € T'(F)
and 3" € T(F). We will use this global pair 6*,8" at every place v of F. Let C denote
the kernel of the surjection

Ty XTl —)Sl.
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It is not hard to see that the constructions in (4.4) and (5.4) lead to a 1-hypercocycle
of T in the complex

(Tse x Tsc)(K) 1_—_9) (Th x Tl)(X)
Zso(F) C(F)
We denote the class of this 1-hypercocycle by V;. For any place v the image of V; in
H'(F,,W 15 §y)
is V1 (v); therefore the expression (7.3.4) is equal to
(7.3.5) (Vi,Aq),

where V] denotes the image of V; in
HY(A/FW 5% 51).

Note also that V; can be mapped to an element

(1—01)01{

V! € H' (A/F, Ty x Tsc Ty xTh)

and that V| is simply the image of V{ under the map on hypercohomology induced
by the obvious map

(7.3.6) [Tie X Toe =5 Ty x Ty] » W =% 5]
Therefore (7.3.5) is equal to
(V{,Af)
where A7 denotes the image of A; in
Hl(Wval xTy — (f)ad X (T)ad)

(use the dual of (7.3.6)).

Recall that T; was defined to be the fiber product of Ty, and T over Ty ~ Tp-.
Therefore the kernel V of T — Ty« can be regarded as a subtorus of T;. Moreover
the map

1- 01 T -1

of (4.4) is simply the composition
T vor.

Therefore we have a natural map of complexes

(1—6*)om

(7.3.7) [Tae X Too “22°% ¥ 5 V] — [The x T )"

T1 X TI]

To prove the lemma it is enough to show that (obs(8),obs(5) ) maps to V' under
the map induced by (7.3.7) and that A} maps to (k,%) under the map induced by
the dual of (7.3.7). As the verification of these two facts is simply an exercise in using
the relevant definitions, we leave it to the reader. The proof is now complete.
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Corollary 7.3.B. — The absolute transfer factor Ax(v1,9) is independent of the choice
Of (’701750)7 and zf’)’l € Hl(F)

AA(’Ylv(s) = (0bS(6), ""')'
This follows from Lemmas 7.3.A and 5.1.A.

We now use the adelic transfer factor Aa (71, d) to define a global notion of functions
with matching orbital integrals. Recall that we are dealing with a function

feCE(GA)/Ag).
The assumption (made in (6.1)) that
AG = (Ac)e

is an isomorphism implies that

A — Z(G)o(A)
is injective and that its image in Z(H)(A) is equal to Ay (use also that (H,H,s,§)
is elliptic). Let Zy; denote the inverse image under

Hy(A) — H(A)

of 2.
Let C be as in (5.1). Then by the discussion following Lemma 5.1.C there is a
quasicharacter Ac on C(A) such that

A(zlfyl7 Z5) = A0(2’117 2)_1A(’Yly 5)

for all (z1,2) € C(A), and by Lemma 5.1.C the restriction of A¢ to the subgroup
Z1(A) of C(A) is equal to Ag,. The injectivity of

AL = Z(G)a(A)

implies that Zp; can be identified with a subgroup of C(A). We consider smooth
functions £ on H;(A), compactly suported modulo Zy;, such that

FH(zh) = Ae(2)" 1 (R)

for all h € H1(A) and z € Zp;.

We want to say what it means for f, fH as above to have matching orbital integrals.
By restriction of scalars we may assume that F' = Q, so that f can be written as
a linear combination of products of local functions. Since we want our notion of
matching to be linear, we may as well assume that f is a product of local functions
fv. We also want our notion of matching to be local. Write the Tamagawa measure dg
on G(A) (respectively, dh on H(A)) as a product of local measures dg, (respectively,
dhy). Write the adelic absolute transfer factor as a product of local absolute transfer
factors A,; for instance one could take (for local elements vy, 6)

Ay(11,0) = Ay(71,6; 701, 00(v))
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at every finite place v of Q and

Ao (M,8) = Aco (71,5701, 00(0)) - (0bs(do), ko)
at the infinite place of Q. Using these local measures and local transfer factors, we now
have a local notion of matching functions (see (5.5)) for each place v of Q. Suppose
that fH1 as above is a product of local functions f/* and that f,, f* have matching
orbital integrals for all v. Then we say that f and f#1 have matching orbital integrals.
As in (5.4) we use the elements 7, Y01 to define automorphisms

0 := Int(yo) € Autp(H)
Ou, :=Int(vy01) € Autp(H,)

and work with elements g € H;(F') rather than elements v; € H; (F) satisfying
(7.3.2).

Suppose that f, fH* have matching orbital integrals and that éy € H;(F) is
strongly G-regular (in the sense of (5.5)). Let v denote the corresponding element
of H(F) satisfying (7.3.1). Use the Tamagawa measure du on Tx(A) to define the
orbital integral

Osnon (1) = [ £ (b= 5510 (1)) i du
T (A)\H(A)
and then define its stable analog by
SO0s0 (f™1) =) Os,00 (F1),
oy
where 0} runs over a set of representatives for the §-conjugacy classes under H(A)
of elements &% € Hi(A) in the fx-conjugacy class of g under H(A).

Lemma 7.3.C. — There is an equality
SOJHGH (le) = Oz(f)

By linearity (and restriction of scalars from F' to Q) we may assume that f and
fHt are products of local functions with matching orbital integrals. We may as
well suppose that there exists § € G(A) having norm v (otherwise both sides of the
equality we are trying to prove equal 0). Write the Tamagawa measure du on Ty« (A)
as a product of local measures du, and let dt9 denote the Haar measure on T¢" (F,)
that is compatible with du, in the sense of (5.5). Note that the Tamagawa measure

dt on T%" (A) is given by
dt = H dt,

where dt,, = |A(F,)|~'dt? (recall that A := To‘ /(T7)0).
Clearly SOs,,0, (f*) is the product of (obs(dp), xo) and

[I X A @01, 80)0s0).0(f),

v e€D(T,0,F,)
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where dt) is used to form Ogy),s(fv) and §(v). denotes an element of G(F,) having
norm ~ and such that

inv(§(v),d(v)e) = e.
On the other hand it follows from Corollary 7.3.B and the definition of det.n that
O%(f) is the product of (obs(do), ko) and
[LIAEIT Y Au(n,8(v)eiv01,80(v))Osw).0(fo),
v e€D(T,0,F.,)

where Ogy),(fv) is now formed using dt, = |A(F,)|~'dt. This proves the lemma.

7.4. Final step in the stablization of T,(f)

Recall from Theorem 6.4.C the equality
T.(f)=ac 3 OX(f).

(Tv'YvK)
By Lemma 7.2.A we may rewrite this equality as
(7.4.1) Te(f)=ac Y, D O5(f)
(H’%7SY£) Y

where the first sum is taken over a set of representatives for the isomorphism classes
of elliptic endoscopic data for (G, 6,a) and the second sum is taken over a set of rep-
resentatives for the orbits of Out(H,#H, s, &) (see (2.1)) on the set of H(F')-conjugacy
classes of elliptic strongly G-regular v € H(F') satisfying (7.3.1).

Let a € Out(H,H,s,£) and suppose that a fixes the H(F)-conjugacy class of .
Modifying a by an inner automorphism over F (« is now defined over F, but this
does not matter), we may assume that o fixes 7. Then a preserves the centralizer
Ty of v and its action coincides with that of some element of Q(G*,T)?". Since 7 is
strongly G-regular, we conclude that o fixes T pointwise and hence that « is inner.
Therefore
(7.4.2) T.(f)= Y ac-AHH,s,€)” Zm

(H,H,s,¢)
where
AH,H,s,€) :=|Out(H,H,s, &)
and the second sum is now taken over a set of representatives for the H (F')-conjugacy
classes of elliptic strongly G-regular v € H(F) satisfying (7.3.1).

The contribution of (H,H,s,&) to Te(f) is 0 unless there exists 7o as above that
arises as the norm of some element dg € G(A); we discard all (H,H,s,§) for which
no such pair (7o, do) exists. Now consider (H,H, s, £) for which (v, d0) exists and fix
such a pair. Choose a z-pair (Hy, &g, ) for H. Asin (7.3) choose yo; € H;(F) and get
01—1, 91-11, AA('yl,é).

ASTERISQUE 255



7.4. FINAL STEP IN THE STABLIZATION OF T.(f) 115

We now assume that for each (H,H,s,&) as above there exists a function f#1 on
H;(A) whose orbital integrals match those of f (in the sense of (7.3)). Then, using
Lemma 7.3.C, the equality (7.4.2) becomes

(7.4.3) T.(f)= > ac-AH,H,887"Y SO0su0,(f7),
(H,H,5,8) Su
where §y runs through a set of representatives for the fy-conjugacy classes under
H(F) of 0g,-elliptic strongly G-regular elements dy € H(F). In order to make
sense of SOs, 0, (f71) we must lift 6y to an element of H;(F) (since A¢ is trivial
on Z;(F) the quantity SO, (fH) is independent of this lifting). Now define a
rational number (G, 6, H) by
UG8, H) = ag - MH, H,5,6) " - [mo(Z(H)")|™" - | ker' (F, Z(H))|-
Then (7.4.3) is equivalent to
(7.4.4) T(f)= D, uG,6,H)ST;*(f™),
(H,H,8,8)
where ST}*(fH1) is defined by
Imo(Z(E)") | ker' (B, Z(H)| ™" Y SOs0, (f71).
%4
Of course one hopes that there is a stable 8y-twisted trace formula for f# of which
ST;* is the @ p-elliptic strongly G-regular part. The constant
Imo(Z(H)") || ker (F, Z(H))| ™"

is equal to the Tamagawa number 7(H) (see [K1]), and it is an easy exercise in using
the relevant definitions to see that it is also equal to the constant ay associated to
the pair (H,fy) in Lemma 6.4.B.
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APPENDIX A

HYPERCOHOMOLOGY OF COMPLEXES OF TORI
OVER LOCAL FIELDS

A.1. Group hypercohomology
Let G be a group. Let A® be a complex of G-modules with boundary map f:
BRSNS N
Let
P3P 3P 250

be the standard resolution of the trivial G-module Z by free G-modules P;. Then the
group hypercohomology H®(G, A®) is the cohomology of the complex L™ associated to
the double complex

K™ = Homg(Pp,, A™);

thus
LT = @ Kmn
m+n=r
and the differential d : L™ — L™*! is given by
d=f+(-1)"0

on the subgroup K™". Note that K™" can be identified with C™(G, A™), the group
of m-cochains of G in A™. We refer to elements of L" as r-hypercochains of G in A®
and denote L™ by C"(G, A®). Of course 7-hypercochains on which d is trivial will be
referred to as r-hypercocycles .

Suppose that G is finite. Then we have the standard complete resolution

o3P PPy

of G, the resolution that yields the Tate cohomology groups H "(G,A) (r € Z) for any
G-module A. Using this complete resolution to form a double complex

K™" = Homg(Py,, A™) (m,n € Z),
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we again take the cohomology of the associated complex, obtaining Tate hypercoho-
mology groups

H"(G,A*)
for any complex A® of G-modules.

Suppose that G is profinite and that A® is a complex of smooth G-modules (recall
that smooth means each element has open stabilizer). Now C™(G, A™) denotes the
group of continuous m-cochains of G in A™ (continuous for the discrete topology on
A™), and we will take C"(G, A®) to be

P cm@G am
m-+n=r
with differential
d:C"(G,A*) = C™(G, A®)
as before. We refer to elements of C"(G, A®) as continuous r-hypercochains of G in
A°.

Suppose that F'is a field and that Fy., is a separable algebraic closure of F'. Let I’
denote the profinite group Gal(Fgep/F). Let A® be a complex of smooth I-modules.
We write H"(F, A®) and C"(F, A®) instead of H"(T', A®) and C"(T', A*) and refer to
elements of C"(F, A®) as r-hypercochains, it being understood that these are required
to be continuous.

In all three theories there are restriction, corestriction and inflation maps, as well
as Shapiro isomorphisms, just as for group cohomology. A quasi-isomorphism from
one complex to another induces an isomorphism on hypercohomology. A short ex-
act sequence of complexes, or more generally a distinguished triangle in the derived
category of (smooth) G-modules, yields a long exact sequence of hypercohomology
groups.

The applications of group hypercohomology to twisted endoscopy involve com-
plexes of length 2. Suppose that A, B are (smooth) G-modules and that f : A — B is

a G-map. We write H"(G, A EN B) for the r-th hypercohomology group of A EN B,
regarded as a complex concentrated in degrees 0 and 1. In particular

HYG,A L B) = ker[A® — B

and H'(G, A EN B) is the quotient of the group of 1-hypercocycles by the subgroup of
1-hypercoboundaries, a 1-hypercocycle being given by a pair (a,b) with a a 1-cocycle
of G in A and b an element of B such that f(a) = 0b, and a 1-hypercoboundary
being given by a pair of the form (da, f(a)) for a € A (we write da for the 1-cocycle
o+ alo(a) of G in A).

For complexes of length two the two spectral sequences of hypercohomology reduce

to long exact sequences. The first long exact sequence is
(A.1.1)

s HG AL B S H(G,A) L H(G,B) L HY G AL B) -

ASTERISQUE 255



A.2. TATE-NAKAYAMA PAIRING FOR HYPERCOHOMOLOGY 119

where the map ¢ is given by

(a,b) = a

for any hypercocycle (a,b) € C™(G, A) ® C™"(G, B), the map f is induced by
f:A—B

and the map j is given by
b (0,b)

for any cocycle b in C"(G, B). The second long exact sequence is
v H (ker(f)) & H™(A L B) & H™=!(cok(f)) £ H™ (ker(f)) - - --
where we have abbreviated H*(G, ) to H'(-) and where the map 4’ is given by
aw (a,0),
the map j' is given by
(a,b) — b,
and the map k' is given by the composition of the boundary maps

H™ (G, cok(f)) — H"(G,im(f))

and

H"(G,im(f)) = H™™ (G, ker(f)).

A.2. Tate-Nakayama pairing for hypercohomology

Let F be a local field of characteristic 0. As usual write ' for Gal(F/F). Let T*
be a complex of F-tori with boundary map f:

N LS LI L IO

We get a complex X* of smooth I'-modules by putting

X™:=X(T™™)
and taking as boundary map

Xm — xmtt
the map
(—1)™ " XH(T™) - Xm0,
thus the complex X*® looks like
oo X D x) Lo x5
We write C"(F,T*) and H"(F,T*) instead of C"(F,T*(F)) and H"(F,T*(F)).

For a single torus T there is a cup-product pairing

C™(F,T) ® C" (F,X*(T)) = C"" (F,Gy,),
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denoted by a ® b+ a - b. This pairing satisfies
O(a-b) = (da)-b+ (—=1)"a- Ob.
We now define a cup-product pairing
C"(F,T*)® C°(F,X*) = C™*(F,Gy,),
denoted a — b, as follows: by linearity it is enough to define a — b for
acCI(FTY (G+k=r)
and
be C™(F,X™)=C™(F,X*(T™™)) (m+n=s),
and for such a,b we put a — b = 0 unless —n = k, in which case we put
a~— b= (-1)*%q b,
an element of
C™*(F,Gn)
since j + m is then equal to r + s. As before we write d for the differentials in the
complexes C"(F,T*) and C*(F, X*). Then for a € C"(F,T*) and b € C*(F, X*) one
checks that
d(a — b) = (da) — b+ (—1)"a — db.

Therefore this pairing induces a cup-product
H"(F,T*) ® H*(F,X*) = H""*(F,Gp,).
Combining this with the Hasse invariant
H*(F,Gy,) - Q/Z
we get a Tate-Nakayama pairing
(A.2.1) H™(F,T*)® H>"(F, X*) —» Q/Z.

Suppose that K is a finite Galois extension of F' and that T® is a complex of tori
split by K. In the same way as above we get a Tate-Nakayama pairing

(A.2.2) H"(K/F,T*(K))® H* "(K/F,X*) - Q/Z.

If, moreover, the complex T is bounded, then this pairing induces a perfect duality
of finite abelian groups for all r € Z. To prove this use induction on the length of the
complex. For a complex of length 1 the statement reduces to Tate-Nakayama duality
for tori. For the induction step consider a complex of length n + 1, which we may as
well assume is concentrated in degrees 0 through n:

T 5 T' > ... 5 T™
Then the complex consisting of T° in degree 0 is a quotient of T'® with kernel

T > ... 5T
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The induction step now follows from the induction hypothesis together with the long
exact sequence of hypercohomology coming from the short exact sequence of com-
plexes above (as well as the analogous long exact sequence involving the hypercoho-
mology of X*).

It is harder to formulate duality theorems for the pairings (A.2.1). We will limit

the discussion to the case of interest in this paper: a complex T LU of length 2,
concentrated in degrees 0 and 1 (of course T, U are F-tori). We write H"(F,T Lu )

for the hypercohomology of the complex T'(F) — U(F), again placed in degrees 0 and
1. The corresponding complex X* of character groups is given by
x* ) =5 x(1),
placed in degrees —1 and 0. The r-th hypercohomology group of this complex is
canonically isomorphic to
HY(F,x*(U) L x*(1),
with
x) L x(1)

placed in degrees 0 and 1. Thus the Tate-Nakayama pairing becomes
(A.2.3) H"(F,T ER U)® H3"(F,X*(U) EAN X*(T)) — Q/Z.

Now suppose that F' is p-adic. Then H"(F,A) = 0 for » > 3 and any smooth

I-module A. Therefore H™(F, A EN B) =0for r >4 and any map f : A — B of
smooth G-modules (use (A.1.1)). Thus the groups being paired in (A.2.3) are both

0if r > 4. If F is archimedean and r = 2,3, then H"(F,T 4, U) coincides with
H(F/F,T(F) 2, U(F)), so that we already have a duality theorem in this case.

Lemma A.2.A. — If F is p-adic and v = 2,3 then the pairing (A.2.3) induces an
isomorphism

H'(F,T % U) - Hom(H3"(F, X*(U) £ X*(T"),Q/Z).
Moreover for r = 2,3 the abelian group H3~"(F, X*(U) TN X*(T)) is finitely gener-
ated; for r = 3 it is free as well.
It is part of one variant of Tate-Nakayama duality for tori that
H"(F,T) - Hom(H*""(F, X*(T)),Q/Z)

is an isomorphism for 7 = 1,2. The first statement of the lemma follows from this,
the 5-lemma and the exact sequences (A.1.1) for T — U and X*(U) - X*(T). The
last statement of the lemma follows from (A.1.1) for X*(U) — X*(T) together with
the fact that H(F, X*(T)) and H'(F, X*(U)) are free of finite rank for i = 0 and
finite for ¢ = 1.
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In (A.3) we will prove a duality theorem involving H" (F,T Lu ) for r = 0,1 and
all F'| archimedean as well as non-archimedean. For this we will need a variant of the
pairing (A.2.3).

A.3. Another pairing

Consider the commutative diagram of exponential sequences

0 —— X*(U) —— Lie(D) y U —— 1
0 —— X*(T) —— Lie(T) y T y 1,

where the vertical maps are dual to f. We regard this diagram as a short exact
sequence of complexes of length 2, and get boundary maps on hypercohomology:
H'(F,U LTy » HH(F,X*U) L x*(1)).
Combining this with the pairing (A.2.3) and using the exponential map to embed
Q/Z in C*, we get a pairing
(A.3.1) HFTLU)yeo B "(FT L T) - ¢,
independent of the choice of square-root of —1 in C. However the pairing (A.3.1) is
not adequate for defining transfer factors, which involve elements of a variant of
HY(F,U > T)
that uses the absolute Weil group Wg of F rather than the Galois group I'. What we
need are hypercohomology groups
H (Wp, U L T)
that take into account the topology on Wg.

The first step is to define groups Cm(Wp,f) for m > 0. Write ;’{,S(WF,JA“) for
the m-cochains of Wr in T with Wr regarded as abstract group. For m = 0 we put

CO(WFvT\) = gbs(Wij;)'

For m = 1 we let C1(Wg,T) be the subgroup of CL (Wr, T) consisting of 1-cochains
tw (w € Wg) such that

(1) w — ty is a continuous map Wg — T, and

(2) ty is a 1-cocycle.

Note that R R

CI(WFvT) = hﬂ CI(WK/F,T)a
K
where K ranges over the finite Galois extensions of F' in F that split 7', and
(Wi, T)
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denotes the group of abstract 1-cocycles t,, whose restriction to the subgroup K* of
Wk/F is a continuous homomorphism

K* 5 T.
For m > 2 we put
C™(Wpg,T) ={1}.
In this way we get a complex (C'(Wp,f),a)
COWp,T) S C'\Wp,T) 515131

where 9 is the usual coboundary map sending ¢t € T to the 1-cocycle w — t~1w(t).

-~

We denote by H™(Wg,T) the m-th cohomology group of this complex. Trivially
H™Wp,T)={1}  (m>2).
For m = 0 we have
H(Wp,T) = HY(F,T) = T".
For m = 1 we have
H'(Wp,T) = Homeont (T (F),C*).
This theorem of Langlands is contained in his unpublished paper “Representations of
abelian algebraic groups” and another proof can be found in [Lal].

Let
1T ->U->V -1

be an exact sequence of tori. Then
15V oU>To1
is exact, and R R R
1-C*(Wg,V) =5 C*(Wg,U) > C*(Wp,T) > 1
is an exact sequence of complexes. The only non-trivial point is the surjectivity of
C'(Wp,U) = C*(Wp, T),
which is equivalent to the surjectivity of
HY(Wg,U) = H'(Wg,T),
and this, by the theorem of Langlands mentioned above, is equivalent to the surjec-
tivity of
Homeont (U(F),C*) = Homeont (T'(F),C*),
a well-known fact that we will review in the proof of Lemma A.3.A.
Now letAT L Ubea map of F-tori. We define the group of r-hypercochains of
Wpg in U ENYL by putting

~

Cr(Wp, U L T) = c"(We,0) @ C™\(Wp,T).
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~

Of course C*(Wp, U i) T) forms a complex with differential as before, and we define
H We, T 57
to be the r-th cohomology group of this complex. Trivially
HWe, 05T =1} >3
In an analogous way we define groups
H (Wi, 0 5 )
for any finite Galois extension K of F in F that splits T and U. The inflation maps
H™ (Wi /p, U L7 5 v (W, 0 4 T)

are isomorphisms.
A map of complexes

T — U

Lo

y

from [T Lu ] to [T Ly '] is a quasi-isomorphism if and only if
19T T xU-U =1

is a short exact sequence. In this exact sequence we have in mind the obvious maps;
of course a minus sign is needed somewhere but as its exact placement is a matter of
taste, we leave this choice to the reader. Suppose we have such a quasi-isomorphism.
Then

150 5T xU>T>1
is exact, and therefore

F

_— T

S}
=~

D —
Ny —

1,
is a quasi-isomorphism. Moreover
1o C*(Wp,U") = C*(Wp, T' x U) = C*(Wg,T) = 1
is an exact sequence of complexes, which implies that the cone on
C*We, 0" 5 7y 5 c* (Wi, 0 L F)
is an acyclic complex. It follows that

~

A ’7 A~ N ~
H Wp, U L5 T') ~ H (Wp, T 5 T).
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An exact sequence of complexes or, more generally, any distinguished triangle
[Ty = Uh] = [Tz = Us) = [T5 = Us] = [T — Ui][1]
induces a long exact hypercohomology sequence
o> H'(Wp,Us = Ts) » H' (W, Uy o Ty) » H' (Wp, Uy > T) = - .
Lemma A.3.A. — There is a canonical isomorphism

H2(Wp,U L T) = Homeons(H(F, T 5 U), C).

The analogue of (A.1.1) holds for H’(Wp,ﬁ EN f) Since Hz(WF,[?) is trivial,
we conclude that
H2(Wp, U L T) = cok|H(Wr, U) - H (W, T)]
and hence by Langlands’s duality theorem that

H*Wp,T L T) = cok[Homeons (U(F), C* ) = Homeons(T'(F), C*)].
Finally, every quasi-character x on T'(F') that is trivial on
ker[T'(F) — U(F)]
is the composition with
T(F)—= U(F)
of a quasi-character on U(F'). Indeed, we may view x as a character on an open
subgroup of V(F'), where V = im[T — U], and we need to extend x to U(F’). It can be
extended to xy on V(F) since C* is an injective abelian group. Let Ky (respectively,
Ky) denote the maximal compact subgroup of V(F') (respectively, U(F)). We can
write xv as the product of a unitary character and a quasi-character with positive
real values. The former extends to U(F') by Pontryagin theory and the latter extends
to U(F') since
V(F)/Ky - U(F)/Ky
is the inclusion of one real vector space in another for archimedean F and the inclusion
of one discrete group in another for non-archimedean F. Similarly we see that any
quasi-character on ker[T'(F)) — U(F)] can be extended to a quasi-character on T'(F).
We conclude that

HX(Wp, T 2 T) = Homeons (ker[T(F) — U(F)],C*),
as desired, since
HOF,T 4 U) = ket[T(F) = U(F)).

The case r = 1 is more interesting, as it brings us to the main point of this
appendix, the construction of a pairing (-, ) between

HY(F,T L U)

SOCIETE MATHEMATIQUE DE FRANCE 1999



126 APPENDIX A. COMPLEXES OF TORI OVER LOCAL FIELDS

and
H Wp, UL 1),

extending the pairing (A.3.1) between

H(F,T L U)
and the subgroup

HY(F,0 4 T)
of H\(Wr,U 5 T).

In order to motivate the definition of this pairing we recall the method used by

Langlands to establish the isomorphism

H Wk /p, T) = Homeony (T(F),C*)

for a torus T split by a finite Galois extension K of F in F. The key point is to
show that the homology group Hy(Wk/r, X«(T')) (take the homology of W/ r as an
abstract group) is canonically isomorphic to T'(F'); then, because C* is an injective
abelian group, one has

Hom(H1 (VVK/F7 X*(T)),(CX) = H;bs(WK/Fa HOIII(X*(T),CX ))
= ;bs(WK/va)v

where the notation H;bs indicates that we regard Wi r as an abstract group when
taking cohomology. Finally, it is easy to see that the resulting isomorphism

HOIII(T(F), (0 ) = Hzibs(WK/Fa T\)
induces an isomorphism
Homeont (T(F),C*) = H (Wkp, T).

The key isomorphism
H\(Wk/Fr, X«(T)) = T(F)

is obtained as follows. The subgroup K> of W/ is of finite index, so that there is
a restriction map

Res : Hi(Wg/r, Xo(T)) = Hi (K™, X«(T)).
Since K> acts trivially on X.(T'), we have
Hi (K™, X.(T)) = X.(T) ®z Hi (K™, Z)
= X.(T) ®z K*
=T(K).
Thus the restriction map can be thought of as a map

Hy(Wk/r, X4(T)) = T(K),
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and one then shows that the map is injective with image T'(F’), yielding the desired
isomorphism.

To see what to do for hypercohomology we should view the isomorphism above as
an isomorphism

(A.3.2) Hi(Wk/p, X.(T)) = H(K/F,T(K)).
Moreover we have the Tate-Nakayama isomorphism
H Y(K/F,X.(T)) - H\(K/F,T(K)).
The Tate group H~(K /F, X.(T)) is the subgroup of the coinvariants of Gal(K/F)

(equivalently, of Wi ) on X.(T') consisting of elements whose norm (from K to F)
is trivial. The coinvariants are the 0-th homology group Ho(Wk/r, X«(T)), and we
denote by Ho(Wk/r,X«(T))o the subgroup of elements whose norm is trivial. Then
the Tate-Nakayama isomorphism can also be thought of as an isomorphism

(4.3.3) Ho(Wi/r, X+(T))o — H'(K/F,T(K)).

The isomorphisms (A.3.2) and (A.3.3) suggest the possibility of defining an isomor-
phism

(A.3.4) Hoy(Wgk/p, X«(T) ELN X.(U))o —» HY(K/F,T(K) = U(K))

for a suitable subgroup

Ho(Wgk/r, X«(T) L X.(U))o

of the 0-th hyperhomology group
Ho(Wi/r, X+(T) L5 X.(U))

of Wi r with coefficients in the complex

X.(T) L5 x.(U),

placed in degrees 0 and 1.

We need a concrete description of this hyperhomology group. We simplify notation
by writing X for X,(T') and Y for X, (U). For m > 0 we write Cp,(X) for the group
of m-chains of Wk/r in X, so that Hp,(Wk/p, X) is the m-th homology group of the
complex

s (X)) B (X)) B Co(X).
We then get a double complex

l l l

- — Co(Y) —— Ci(Y) —— Co(Y)
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with vertical maps induced by f. : X — Y, and from this double complex we get the
complex

-2 C1(X) ® Ga(Y) 3 Co(X) @ Cr(Y) 5 Co(Y),
with « given by
a(z1,y2) = (021, faz1 — Oy2)
and f given by
B(@o,y1) = frTo — Oy1.
Then Ho(Wk/r, X — Y) is the quotient
ker(f)/ im(av),

and we refer to elements of ker(3) as 0-hypercycles. Of course Co(X) = X, and we
denote by Co(X)o the subgroup of X consisting of elements whose norm (from K to
F) is trivial. Note that Cp(X)o contains the image of

1(X) 2 Go(X),

so that (ker(8))o contains im(c), where by (ker(8))o we mean those pairs (zg,y:) in
ker(3) such that xo € Co(X)o. We define Hy(Wk/r, X — Y)o to be the subgroup

(ker(8))o/ im(a)
of H()(WK/F,X — Y)

Now we are ready to begin defining the map (A.3.4). We write C°(T") for the
group C°(K/F,T(K)) of 0-cochains of Gal(K/F) in T(K) and Z'(T') for the group
ZY(K/F,T(K)) of 1-cocycles of Gal(K/F) in T(K). We are going to define maps

é:CL(X) = C%T)
P : Co(X)o = ZX(T)
making the diagram

Ca(X) —2— 1(X) —2— Co(X)o

(A.3.5) 1 ¢l ¢l
0 —— CNT) 25 ZYT)

commute. Both ¢ and v will be functorial in T'. Viewing (A.3.5) as a map between
two complexes of length 3, we see that (A.3.5) induces maps

Hy(Wk/p,X) - H*(K/F,T(K))
Ho(Wk/p,X)o = H'(K/F,T(K)),

and ¢, ¥ will be so defined that these two maps are the isomorphisms (A.3.2) and
(A.3.3) respectively.
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Let us assume for the moment that we have maps ¢,1) as above and see how to
define (A.3.4). Consider the diagram

Ci(X) ® Co(Y) —2— Co(X)o® C1(Y) —2— Co(Y)o

¢€B01 1/)€B¢l 1/11
COTye0 —1 ZYT)aCo(U) —>— ZY(U),
where o, are as before, v is given by
(%0, 0) = (Oto, f(to))
and § is given by
0(t1,u0) = f(t1) — Ouo.

Since ¢,3 are functorial in T and the diagram (A.3.5) commutes, the diagram above
also commutes, and hence induces a map

ker(8)/ im(a) — ker(3)/ im(7).
Since we have used Co(X)o rather than Co(X) in this diagram we have
Ho(Wkp, X = Y)o = ker(f)/im(a).
It is clear from the definitions that
HY(K/F,T(K) = U(K)) = ker(6)/ im(y).
Thus we have constructed the desired map
Ho(Wk/r, X = Y)o = HY(K/F,T(K) - U(K)).

Let us check that this map is an isomorphism before entering into the definition of
the maps ¢,1. Indeed, it is enough to apply the 5-lemma to the commutative diagram
with exact rows

Hy(X) — H(Y) — H(X—=Y) — Ho(X) — Ho(Y)o

HYT(K)) - H'(U(K)) - H(T(K) - U(K)) - HY(T(K)) —» HY(U(K))
where to save space we have omitted Wi/ r from the notation in the top row and
K/F from the notation in the bottom row.

It remains to define ¢, ¥. In order to define ¢ we must recall how to define the

restriction map Res on group homology. Let G be a group, let X be a G-module, and
let H be a subgroup of finite index in G. Choose a section

s: H\G - G

for the projection map
p:G— H\G
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(in other words choose representatives for the cosets Hg of H in G). Having chosen
this section, we may identify the left H-set G with a disjoint union of copies of H,
then get a map of left H-sets

t:G—-H

defined by taking the identity map on each copy of H inside G; explicitly ¢t(g) (g € G)
is determined by the equation
g = t(g)s(p(9))-
Since the standard resolution
o Pf 5 PP 5 PE ST -0

of the trivial G-module Z is by definition the chain complex associated to the simplicial
complex consisting of a single simplex whose vertices are the elements of GG, and since
the same is true for H, the H-map ¢t induces a map of complexes of left H-modules
from PS¢ to PH, the standard resolution of the trivial H-module Z. Explicitly the
map
PS —» PH
is given as follows: PS (respectively, PH) is the free Z-module with basis G™*!
(respectively, H™*1) and the map sends an (m + 1)-tuple (go, ..., gm) of elements of
G to the (m + 1)-tuple (t(go), - - - ,t(gm)) of elements of H.
The H-map PS — PH induces a map

P,ff ®z[H] X = P,fll ®z[H] X.
In addition we have the natural map

P,,Cf ®z(q] X — P,ff ®ziH) X

given by

yeT = Y gy g
gEH\G

Composing these two maps, we get a map of complexes of abelian groups
Res: Co(G,X) = Co(H, X),

and the induced map on homology is the restriction map
Res: Ho(G,X) - Ho(H, X).

Let us make this explicit for m = 1. Then an element of C; (G, X) is a map g — x4
such that z;, = 0 for all but finitely many elements g € G. Tracing through our
definitions, we find that the map

Res: C1(G,X) = Ci1(H,X)

above is given by

(9 2g) = (A= [](s(9")0))
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where the product is taken over the set of pairs (g,¢') € G x (H\G) such that
s(g')g = hs(g'g).

Now we return to our particular situation, in which G = Wk, r and H = K*. As
above we fix a section

S Gal(K/F) — WK/Fa
and, as usual, this section gives us a 2-cocycle a,, of Gal(K/F) in K*, defined by
the equation
3(0)s(1) = ag,rs(0T)
for 0,7 € Gal(K/F).
We are almost ready to define ¢. Recall that the Langlands map is given by the
composition of the map
Res: Hl(WK/p,X) — Hl(KX,X)
and the isomorphism
Hi(K*,X) > X @z K* =T(K).
The latter map sends a 1-cycle a — x, of K* in X to the element
II 2a(a™) e T(K),
a€KX
where 2,(a™!) denotes the value of the homomorphism x, : G, — T on the element
a~! € G, (K) = K*. Therefore it is natural to define
¢: Ci(Wkyr, X) = C°(K/F,T(K)) = T(K)
as the composition of the map
Res: Cl(WK/F,X) g Cl(KX,X)
(which depends on s) and the map
Ci(K*,X) - T(K)
sending a 1-chain a — z, to
II z.(a™) e T(K).
acKX

Elementary manipulations then show that ¢ sends a 1-chain w = 2, of Wk p in X
to the element

v = H o (zy)(s(ow)w™s(a)™1)
= H G(xas(‘r))(a;}ra(a)_l)

o,T,a

of T(K), where the first product is taken over
(w,0) € Wk,p x Gal(K/F)
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and the second product is taken over
(0,7,a) € Gal(K/F) x Gal(K/F) x K*.

Since we eventually need to define ¥ and show that 9¢ = %3, we might as well
calculate ¢ now. In other words for p € Gal(K/F) and v € T(K) as above we must
calculate v ~!p(vy). Applying p to the second expression for v, making the change of
variable ¢ — p~ !0 in the product, and combining this with the inverse of the second
expression for v, we find that

’)’_IP(’)’) = H a(zas(‘r))(p(ap‘lo',r)—laa,‘r)’
o,T,a
The 2-cocycle relation for a, r gives

-1 _ -1
p(a’p—lzr,r) Qg7 = a’p,p_lo'ra'p’p—lo-a

and thus 7~ !p(7) is the product of
H U(xas(r))(ap,p‘lcrr)

o,T,a

and

H a(xas('r) ) (a;})—lg)'

o,T,a
Making the change of variable ¢ — por~! in the first of these expressions, making

the change of variable ¢ — po in the second, and then recombining them, we find
that

’)’_IP(’)’) = H [pUT_l(xas(‘r)) - pa(xas(-r))](ap,a)'

o,T,a

Recall that the boundary d(z,,) of the 1-chain z,, is the element

Z (w‘lww — Zop)-

weEWgk/p

Comparing this with the expression for v~!p(7) we find that
(4.3.6) 0¢(zw)(p) = [ [ po(8(w))(ap,0)-
Now we turn to the map 1. Recall that the Tate-Nakayama isomorphism
H™Y(K/F,X) —» H'(K/F,T(K))
is given by the cup-product with the fundamental class in
H*(K/F,K>).
In defining ¢ we chose a section of

Wg/r — Gal(K/F)
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and thus obtained a particular 2-cocycle a, , lying in the fundamental class. A (—1)-
cochain in X is a 0-chain in X, namely an element y € X, and its cup-product with
the 2-cocycle a, , is the 1-cochain of Gal(K/F) given by

(A.3.7) prr I pew)(ape).
o€Gal(K/F)
If p € X is a (—1)-cocycle, in other words if Ng,r(u) = 0, then the 1-cochain (A.3.7)
is a 1-cocycle. Thus it is natural to define the map
¥ : Co(X)o = Z(T)

as follows: an element of Cp(X)p is an element p € X whose norm is 0, and we define
¥(u) to be the 1-cocycle (A.3.7).

Looking back at the equality (A.3.6), we find that ¥d = 9¢, as desired. Let us now
verify that ¢,1) satisfy all the conditions we want. It is obvious that ¢,3 are functorial
in T, and by construction ¢ and ¢ induce the isomorphisms (A.3.2) and (A.3.3)
respectively. All that remains to check is that ¢0 = 0 (part of the commutativity of
the diagram (A.3.5)), and this follows immediately from the commutativity of

Co(Wk/r, X) -2 C1(Wkyr, X)

Res l Resl

Co(K*,X) —25 Cy(K*,X)
plus the fact that the map
C1(K*,X) > T(K)
that we used to define ¢ is trivial on 1-boundaries.

We have seen that ¢,)) have all the desired properies and that ¢,i) together yield
an isomorphism (A.3.4). However we chose a section s of

WK/F — Gal(K/F)

while constructing ¢,1), and we need to check that the isomorphism (A.3.4) is inde-
pendent of this choice. Let s’ be another section and let ¢',1)' be the corresponding
maps. Let b, be the 1-cochain of Gal(K/F) in K* defined by

§'(0) = bys(0).
Define a homomorphism
k: C()(X)o - CO(T)

by sending an element y € X whose norm is trivial to the element

kw = [ (ow(b)

oc€Gal(K/F)

of T(K). Clearly k is functorial in 7', and a routine calculation shows that

¢~ 6=k
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and
' — 1 = Ok.
It then follows easily that the isomorphism (A.3.4) does not change when s is replaced
by s'.
The first step in the definition of the canonical pairing between H!(F,T ENN )

and H'(Wp, N f) is now complete. Fortunately the remaining steps are shorter.
Since C* is an injective abelian group there are canonical isomorphisms

Hom(H;(Wk/r, X),C*) = Hy,o(Wk/r, Hom(X,C*))
= ;bs(WK/F»f)v

where the subscript abs indicates that we regard Wk, r as an abstract group when

taking group cohomology. Indeed, the injectivity of C* implies that
Hom(H;(Wgk/r, X),C*)

is the cohomology of the complex

] X, C*) = Homgzw, (P, Hom(X, C*)),

HOII’I(,Pz ®Z[WK/F

where P* is the standard resolution of the trivial W, p-module Z, and this complex
coincides with the one whose cohomology groups are

Hip, (Wk/p, Hom(X,C)).

It is immediate that the analogous statement holds for hyperhomology and hyper-
cohomology; in particular there is a canonical isomorphism

(4.3.8) Hom(Ho(W/p, X 25 ¥),C%) = HY, (Wi /p, 0 5 7).
This gives a C*-valued pairing between
Ho(Wk/r, X 5 Y)
and ~
H (Wiyp, U 17
and hence a pairing between the subgroups
Ho(Wk/p, X £ Y)o € Ho(W/p, X 25 Y)
and ~ ~
H (W5, U 5 T) c Hyy Wiy, U L 7).
Combining this last pairing with the canonical isomorphism (A.3.4), we get a pairing
(-, ) between

HY(K/F,T(K) % U(K))
and R
H' (W /p, U 5 T).
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To make this more explicit we need to give a formula for the pairing between
Ho(Wk/r, X LY Y)
and R
Haps(Wi/p, U L.
Consider a 0-hypercycle (z,y,) and a 1-hypercocycle (uy,t). Thus 2 € X, (yu) €
C1(Y) with
fex = 0(yw) = Z (w_lyw — Yuw)

weW
and t € T, (uy) € Zkys(Wi/r,U) with
Fluw) = @)w =t w(0).
Then the value of the pairing on the classes of these two elements is given by

z() H yw(uz_ul)v

’wEWK/p

where we now view X,Y as the character groups of T,fj respectively.

At this point we have a pairing
(A.3.9) HY(K/F,T(K) 5 UK)) @ H'(Wx/p, U 5 T) - C*
for every finite Galois extension K of F in F such that T and U split over K. Suppose
that K’ D K is another such Galois extension of F. Then we also have a pairing
(4.3.10) HY(K'/F,T(K") 5 U(K")) @ H' (W, p,0 5 T) - C*.
We need to show that the pairings (A.3.9) and (A.3.10) are compatible with the
inflation maps

inf : HY(K/F,T(K) 5 U(K)) - H\(K'/F,T(K") 5 U(K"))
and R R
inf : H'(Wi/p, U 5 T) » H' Wi /p, T 5 T).
This compatibility is an immediate consequence of two other compatiblilities. The
first is the compatibility of the pairings
Ho(Wi/p, X 5 Y) © HYyy(Wi )/, U 5 T) —» C
and ~
Ho(Wx/r X 15 Y) ® HY, (Wi, U L T) = C
with the maps
P : HoWiyp, X L5 Y) = Ho(Wie/p, X 25 Y)
and R ~
inf : Hiy(Wip, 0 5 T) = HipsWier /5,0 5 T),
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where p, denotes the map induced by the canonical homomorphism

p: WK’/F - WK/F~
This first compatibility is obvious.
The second compatibility is the commutativity of the diagram
Hy(Wg:p,X = Y)y —— H'(K'/F, T(K') - U(K"))
(A.3.11) ”‘l me
Hy(Wg/p,X +Y)o —— HYK/F,T(K)— U(K))

where the horizontal maps are the isomorphisms (A.3.4). We will now sketch the
proof of this commutativity. Consider the commutative square

WK’/F —_— Gal(K’/F)

d |
WK/F I Gal(K/F)
In order to define the isomorphism (A.3.4) for K/F we need to choose a section
S Gal(K/F) — WK/F
of
Wg/r — Gal(K/F)
and then define maps ¢, as before, and we must do the same for K'/F by choosing
s Gal(K'/F) bd WKI/F

and defining maps ¢',3)' analogous to ¢,1. Since (A.3.4) is independent of the choice
of section we may assume that s, s’ are related as follows: first choose s, then choose
for each o € Gal(K/F) an element & € Gal(K'/F) mapping to ¢ under the canonical
surjection
Gal(K'/F) - Gal(K/F),
and finally define s by
s(o) = p(s'(@)).
Use s and s’ to obtain fundamental 2-cocycles a, - and ay, ., for K/F and K'/F

respectively. Consulting the proof of Theorem 6 in Chapter 13 of [AT| we find that

_ ! ! ! -1
Qo7 = H a?p,?apf ap,ﬁ) .
pEGal(K'/K)

Consider the diagrams

CoWii/p, X)o —2— ZY(K'/F,T(K"))

| ]

CoWi/r, X)o —2— ZY(K/F,T(K))
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and
Cy (Wi, X) —2— CO(K'/F,T(K"))

P*l infT
C\(Wiyr, X) —2— C°(K/F,T(K)),

where p, in the first diagram sends z € X (with Nz = 0) to itself and p,. in the
second diagram sends a 1-cycle 2, of Wk p in X to the 1-cycle

w = Z T
w'€p~1(w)
of Wk, in X. These two diagrams do not commute. Indeed, let us define a homo-
morphism
c: Co(Wgi/r,X)o — C°(K'/F,T(K")),
functorial in T, by the formula

o(u) = [[(om)(a}, ),

a,p
where o ranges over Gal(K'/F) and p ranges over Gal(K'/K). Then after lengthy
calculations one finds that

infogop, = ¢ +cd
inf o9 o p, = ¢’ + Oe.
It now follows easily that the diagram (A.3.11) commutes.
We are done checking that the pairings (A.3.9) are compatible with inflation. We
conclude that the pairings (A.3.9) induce a pairing
(A.3.12) H(FT L U)o B Wp, U L T) - C*.

This is the pairing (-, -) that we wanted to define.
It remains to discuss some properties of the pairing, starting with its compatibility
with the exact sequence (A.1.1) for

and its analogue for
H' (W, U L T).
The relevant portions of these sequences are
s HYFU) S H(F,T —U) S H(FT) — -

and
o HYWp,T) 5 H W, U 5 T) 5 H'(Wp,U) > -
The first compatibility is that

(4.3.13) (5(w),2) = (u,7(2)) ™"
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for all w € HO(F,U) and all € H'(Wp,U — T); the pairing on the right side
of the equality is Langlands’s pairing between U(F) and H'(Wg,U). The second
compatibility is that
(A.3.14) (z,7(8)) = (i(2), %)
for all z € HY(F,T EN U)and all € HO(WF,f); the pairing on the right side of the
equality is obtained from the Tate-Nakayama isomorphism

(Xr)o ~ HY(F,T),

where (Xr)o denotes the torsion elements in the coinvariants X, together with the
canonical pairing
(Xr)o ® H'(Wr,T)
obtained by viewing elements of X as rational characters on the torus T.
Before stating the next property of the pairing we need to topologize the group
HY(F,T L U). Recall the exact sequence

S T(F) = UF) > H(FTLU) - H(ET) > -
We use the unique structure of topological group on H!(F,T Lu ) for which the
mapping
UF)—» H(F,T L U)
is continuous and open. Thus we have an isomorphism of topological groups from
U(F)/f(T(F)) to an open subgroup of H'(F,T EN U), and in fact this subgroup is
of finite index since H'(F,T) is finite.
Our pairing yields a map

(A.3.15) H\Wp,U L T) = Homeons(H (F, T L U),C*).

Lemma A.3.B. — The map (A.3.15) is surjective and its kernel is the image of the
identity component of T' under the natural map

7: HOWp,T) » H'(Wp,T L T).

The lemma, follows immediately from the compatibilities discussed above together
with the fact that
H'(Wr,T) - Homeont(H°(F, T),C*)

is an isomorphism and
H°(Wg,T) » Hom(H'(F,T),C*)

is surjective with kernel equal to the identity component of T (use these facts for U
as well as T).
The lemma, suggests the introduction of the quotient group

H \Wp, U L5 Treq := H'Wp,U L T)/im(T)°;
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there is then an induced isomorphism

(A.3.16) HWp,U L5 T)req ~ Homeons (HY(F, T L U),C).
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APPENDIX B

INNER TWISTS OF A GROUP PLUS AUTOMORPHISM

Let F be a field of characteristic 0, F an algebraic closure of F', and write I for
Gal(F/F). Let G* be a connected reductive group over F. Recall that an inner twist
of G* is a pair (G,v) consisting of a connected reductive group G over F' and an
F-isomorphism 1 : G — G* such that for all ¢ € I' the isomorphisms o(v),3 differ
by an inner automorphism of G* over F; such an isomorphism % is referred to as an
inner twisting. Two inner twists (G, ) and (G', ') are isomorphic if there exists an
F-isomorphism « : G — G’ such that ¥'a and 9 differ by an inner automorphism
of G* over F. Given an inner twist (G,1) we get a 1-cocycle 0 — ¢a(1))™! of T in
G:4(F), and this construction yields a bijection from the set of isomorphism classes
of inner twists of G* to the set H!(F,G%,).

Consider the exact sequence

12Z-5G, =Gy —1

where G}, denotes the simply connected covering group of G}, and Z denotes its
center. Then we have the boundary map

HY(F,G:y) — H*(F,2).

For a p-adic field F' this map is bijective, and thus in this case inner twists of G* are
classified by elements of H2(F, Z).

We are going to generalize the well-known results reviewed above. Now let 6* be
an F-automorphism of G*. By an inner twist of (G*,6*) we mean a triple (G, 8,)
consisting of a connected reductive group G over F, an F-automorphism 6 of G, and
an F-isomorphism ¢ : G — G* such that

(1) for all o € T the isomorphisms o (1),3 differ by an inner automorphism of G*

over F, and

(2) 6* and @y ~! differ by an inner automorphism of G* over F.

We say that two inner twists (G, 6,v),(G’,6',¢') are isomorphic if there exists an
F-isomorphism a : G — G’ such that
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(1) ¥'a and 9 differ by an inner automorphism of G* over F, and
(2) a~'6'a and @ differ by an inner automorphism induced by an element of G(F).

Let Z denote the center of G*. For each ¢ € I choose u, € G*(F) such that
Yo (y)~! = Int(u,). Then o — Int(u,) is a 1-cocycle of T in G*(F)/Z(F) and the
coboundary ¢, ; := u,,p(u,)u;,1 of u, is a 2-cocycle of T in Z(F).

Choose gg € G*(F) such that

6* = Int(ge)yy 1.

Applying o € T to this equation, we find that

Int (0 (go)u; " g5 6" (1))
is trivial and hence that
Zo = gous0(ge) 10* (u; 1)
belongs to Z(F). It is not hard to verify that the coboundary of the 1-cochain z, is
given by
9(z0) = (1= 60)(cp,r).
Thus (c,,, %5) is a 2-hypercocycle of I in the complex

7%z
and it is easy to see that the class of this 2-hypercocycle in
HX(F,z =% 7)

is independent of the choices of u, and gg. It is also easy to see that if (G,6,),

(G',6',9') are isomorphic, then the associated elements of H?(F,Z -9, Z) are
equal.

Lemma B.1. — Suppose that G* is semisimple and simply connected and that F' is
p-adic. Then the construction above sets up a bijection from the set of isomorphism
classes of inner twists of (G*,0*) to the set

HX(F,z 1% 7).

The proof involves routine but lengthy cocycle calculations, which we leave to the
reader, and uses the following facts about Galois cohomology over p-adic fields: for
every inner form G of the simply connected group G* the set H!(F,G) is trivial and
the natural maps

Gad(F)/imG(F) —» HY(F, Z)
and
HY(F,Gqaq) = H*(F, Z)

are bijective.
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APPENDIX C

HYPERCOHOMOLOGY OF COMPLEXES OF TORI
OVER NUMBER FIELDS

C.1. Basic definitions

Let F be a number field. As usual write F for an algebraic closure of F and T for
Gal(F/F). For any finite extension K of F in F we write Ax for the adele ring of
K; in case K = F we write simply A. We write A for the direct limit of the rings
Ak (the limit being taken over the directed set of finite extensions K of F in F).
Of course A is a smooth I'-module and Ax can be identified with the fixed points of
Gal(F/K) in A.

In this appendix we study global duality theorems for complexes T' LU of length
2 located in degrees 0 and 1, where T, U are F-tori and f is a homomorphism defined
over F. We start by defining groups

H(FT L v) .= H(F,TF) L UF),
HAT L U) = HET®E) L UG,
H'(A/F, T 5 U) .= H'(F,T(&)/T(F) L U®E)/UF)),

where, as in Appendix A, we denote by H®(F, A®) the hypercohomology of I' with
coefficients in a complex A® of smooth I'-modules. There is an obvious long exact
sequence

11y - HETLU) S HAOTLU) S HOET LU S

As usual HY(A, T Ly ) can be expressed as a restricted direct product of local
groups. To accomplish this we begin by letting S be a finite set of places of F
containing all infinite places and all finite places at which either T or U is ramified.
For a finite place v of F' we write O, for the valuation ring of F; and k, for its residue
field. For v ¢ S the tori T,U and the homomorphism f extend naturally to O,; for
every finite extension K, of F, the group T'(O,) can be identified with the maximal
compact subgroup of T'(K,), and the analogous statement holds for U. For every
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place v of F' we choose an algebraic closure F', of F, and an embedding F — F,, and
for finite places v we write FU" for the maximal unramified extension of F, in F, and
Oun for the valuation ring of F'®. For any place v of F' we put

Hi(F,,T L U) = H(F, T(F,) 5 UF,))
and for v ¢ S we put
H{(0,,T % U) := Hi(Gal(F™ /F,), T(0™) L U(0m)).
Lemma C.1.A. — Consider a place v ¢ S. Then the group
H{(0,,T 5 U)

is given by

ker[T(0,) 5 U(0,)] i=0

cok[T(0y) L U0,)] i=1

{1} i>2.

Moreover the natural map
H(0,,T L U) - H(F,, T 5 U)
is injective for all i.

We begin by proving the first statement. It is enough to show that for any finite
extension K,, of F, in F/"

Hi(Ky/Fy, T(0y) 5 U(0y))

is given by

ker[T(0,) & U(0,)] i=0

cok[T(0,) L U(0,)] i=1

{1} i>2.
Using the long exact sequence (A.1.1) for the complex

T(0,) 5 U(0w),

we see that it is enough to check that

Hi(Ky/F,, T(0w)) = {1}

for all i (and the same for U). Using the obvious filtration on T'(O,,), we reduce to
proving that

Hi(kw/ky, T(ky)) = {1}
H (kw/kv,(LleT)( = {1}
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for all . By periodicity it is enough to prove this for ¢ = 0,1, and since in both
cases the Herbrand quotient is trivial (the Galois modules being finite) it is enough
to consider the case ¢ = 1, which can be handled by Lang’s Theorem.

The second statement of the lemma, follows from the first except for ¢ = 1, in which
case we must show that

cok[T(0y) L U(0,)] = cok[T(F,) L U(F,)]
is injective. In other words we must show that any element
u € U(Oy) N f(T(Fy))

lies in f(T(0y)). Put

C =ker[T — U]

V =im[T - U].
Clearly u € V(0O,). Consider the natural isogeny

f:7/C° >V
induced by f. By our hypothesis on u there exists z € (T'/C°)(F,) such that f(z) = u;

since = belongs to the compact subgroup ?_I(V(Ov)) it belongs to (T'/C°)(O,). It
is enough to show that z lies in the image of T(O,); but this is clear since

T(0y) = (T/C°)(Ow)

is in fact surjective (use smoothness of the map T — T/C° of schemes over O,
plus surjectivity of T'(k,) — (T/C°)(ky), a consequence of Lang’s Theorem for the
connected group C?).

Lemma C.1.B. — The group H (A, T EN U) is canonically isomorphic to the restricted
direct product over all places v of F of the groups H'(F,,, T EN U), the restriction being

with respect to the subgroups H(O,, T Lu ) forv ¢ S. Fori > 2 the restricted direct
product is in fact a direct sum.

Let K be a finite Galois extension of F' in F that splits both T and U, and let Sk
denote the union of the set of infinite places of F' and the set of finite places of F' that
ramify in K. For each place v of F' we choose a place w of K lying over v. The first
step is to show that

HY(K/F,T(Ax) 5 U(Ax))
is the restricted direct product of the groups
H'(Ky/Fo, T(Ky) 5 U(Ky))
with respect to the subgroups

H{(Ku/F,, T(0w) 5 U©0L) (v ¢ Sk)
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(the proof of Lemma C.1.A shows that they are indeed subgroups). This is easy: use
that taking hypercohomology for the finite group Gal(K/F) commutes with direct
limits and products and then apply Shapiro’s Lemma. The second step is to take the
direct limit over K. This too is easy, but one must keep in mind that for any K and

any v ¢ Sk
Hi(Ky/F,, T(0y) 5 U0L)) = H(O,,T L U)

(a consequence of the proof of Lemma C.1.A). The second statement of the lemma
follows immediately from the vanishing statement for ¢ > 2 given in Lemma C.1.A.

Our next task is to topologize our hypercohomology groups. First consider the
local case. Give

HOF,, T 5 U) = ket|T(F,) L U(F,)]
the topology it inherits as a closed subgroup of T'(F,). Give
HY(F,, T 5 U)
the unique structure of topological group for which the canonical injection
cok[T(F,) L U(F,)] » H\(F,,T % U)
is continuous and open (as we did in Appendix A). For i > 2 give the group
Hi(F,, T 5 U)
the discrete topology. Note that in the unramified situation considered earlier the
subgroup H*(O,,T EN U) is compact and open in H*(F,,T EN U) for all 4.
Now consider the global case. We put the discrete topology on H!(F,T Lu ) for
all 7. Give
HOAT 5 U) = ker[T(A) 5 U(A))]
the topology it inherits as a closed subgroup of T'(A). Give
HAT LU
the unique structure of topological group for which the canonical injection
cok[T(4) L UA)] —» H'(A,T L U)

is continuous and open. Note that f(T'(A)) is closed in U(A), as follows easily from
the equality

(C.1.2) U(0y) N f(T(Fv)) = £(T(O))

for v ¢ S (see the proof of Lemma C.1.A) together with the compactness of
II r(T©.)).
v¢S
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For i > 2 give H{(A, T Lu ) the discrete topology. It is easy to see that for all ¢

the topology we have just given H'(A, T ENY ) agrees with its natural topology as a
restricted direct product (Lemma C.1.B).

Finally we topologize the groups H(A/F, T Lu ). Give
HWA/FT 5 U)

the topology it inherits as a closed subgroup of [T'(A)/T(F)]' (the structure of topo-

logical group we use on [T(A)/T(F)]' is the unique one for which the subgroup

T(A)/T(F) is open and inherits its usual topology; recall that T'(A)/T(F’) has finite
index in [T'(A)/T(F)]'). Now consider the natural homomorphism

(C.13) f[TAR)/TE] = [UGA)/UE).
Write [T'(A)/T(F)]} for the kernel of the natural surjective homomorphism
H:[TA)/TE - (X.(T)eR"

defined by
VLH@) =log )] (A e XH(D)F),

where | -| denotes the usual absolute value on A% (of course we use that (A~ /F )T =
A* /F*). Recall that there is a natural splitting of H (by restriction of scalars assume
F = @ then A(R)® C T(A) provides the splitting, where A denotes the biggest
@-split subtorus of T'), so that [T'(A)/T(F)]" decomposes as the direct product of
[T(A)/T(F)}}, a compact group, and the real vector space (X.(T) ® R)'', which we
denote simply by 2. One consequence of this product decomposition is that the
image of (C.1.3) is closed in [U(A)/U(F)]F. We give

HY(A/F,T L U)
the unique structure of topological group for which the map
cok [[T(&)/T(F)F — [UAB)/UP] - H'(4/F,T L U)
is continuous and open. For ¢ > 2 give
H@AFT L U)

the discrete topology.

C.2. Duality for Hi(A/F,T % U)

We keep the notation of the previous section. We write X for X*(T) and Y for
X*(U). As in the local case (see (A.2)) there is a Tate-Nakayama pairing

(€2.1) H'(AFT L)y B3 (FY LX) > /2,
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the Q/Z coming from the canonical isomorphism
H%*(A/F,G,,) = Q/Z.
It is part of one variant of Tate-Nakayama duality for tori that
H"(A/F,T) ={1}  (r=3)
and that for r = 1,2 the map
H"(A/F,T) - Hom(H* "(F, X),Q/Z)

obtained from the Tate-Nakayama pairing is an isomorphism (see Appendix D for a
review of this).

Lemma C.2.A. — For r > 4 the groups H"(A/F,T EN U) vanish. For r = 2,3 the
pairing (C.2.1) induces an isomorphism

H'(AJF,T 5 U) » Hom(#*"(F,Y L5 X),Q/2).

Moreover for r = 2,3 the abelian group H3~"(F,Y I x ) is finitely generated; for
r =3 it is free as well.

The vanishing for r > 4 follows from the vanishing of H"(A/F,T) for r > 3 using a
long exact sequence of the form (A.1.1). The duality statement for r = 2,3 is proved
the same way as in the p-adic case (Lemma A.2.A): use the facts reviewed above, the
5-lemma and the exact sequences (A.1.1) for T — U and Y — X. The last statement
of the lemma is also proved in the same way as in the p-adic case.

Of course we want a duality theorem for r = 0,1 as well, but for this, as in the
local case, we need to use Weil groups and introduce another pairing. We write Wr
for the Weil group of F/F; it is the projective limit of the Weil groups Wk for
finite Galois extensions K of F' in F. We again need hypercohomology groups

H™(Wp, U L T)
that take into account the topology on Wg. We get cochain groups C™(Wp, f) and
cohomology groups H "‘(Wp,f) by copying the definitions given in the local case
(copy word-for-word with one exception: replace K in the local case by Ag /K> in
the global case). Trivially

H™"(Wp,T)={1} (m>2).
Form=1
HY(Wg, T) = Homeont (H*(A/F, T),CX).
This theorem of Langlands is contained in his unpublished paper “Representations of
abelian algebraic groups” and another proof can be found in [La]. Finally we define
the group of m-hypercochains

cm(We,U L T) .= c™(Wp,0) @ C™ (W, T)
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and define ~
H™(Wp,U L T)
to be the m-th cohomology group of the complex of hypercochains. Trivially
H"We, UL T)={1}  (m>3).
Now we can formulate a duality theorem for r = 0.
Lemma C.2.B. — There is a canonical isomorphism
H2(Wp,U L5 T) = Homeont(H°(A/F, T 4 U),C*).

The proof of this lemma, is essentially the same as that of Lemma A.3.A. To see
that

Hotteons(H°(A/F,U),C*) — Homeon(H°(A/F, T),C*)
— Homeons(H*(A/F, T L U),C*) = {1}
is exact use the direct product decomposition
[TA)/TE)" = [TA)/T(F)]i xAr

discussed in (C.1).
It remains to give a duality theorem for » = 1. As in the local case we need a
pairing

(C2.2) H'A/F,T 5 U)o H(We, U 5 T) - C*.

The definition of the pairing is again the same as in the local case, and the global
pairing satisfies the analogs of (A.3.13) and (A.3.14). Our pairing yields a map

(C.2.3) H'Wp,U L T) = Homeons(H (A/F, T L U),C*).

Lemma C.2.C. — The map (C.2.3) is surjective and its kernel is the image of the
identity component of T' under the natural map

HWp,T) » H*(Wp, U 5 T).

This is proved the same way as in the local case (Lemma A.3.B). Note that the
lemma suggests the introduction of the quotient group

H Wp,T L T)rea := H'(Wg, U 5 T)/ im(TF)°;
there is then an induced isomorphism
(C.2.4) H Wp,U L T)req ~ Homeons (H*(A/F, T L U),C*).
We finish the section by defining a closed subgroup
Hi(A/F,T L U),
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of HY(A/F,T 4, U), in analogy with the subgroup [T'(A)/T(F)]} of [T(A)/T(F)IF,
and showing that it is compact. Recall the groups X = X*(T) and Y = X*(U) as
well as the real vector spaces

A7 = Hom(X", R)
2Ay = Hom(YT, R)
from (C.1). The exact sequence
(C.2.5) 0 — Hom(cok[YT — XT],R) - Hom(XT,R) = Hom(Y",R)
— Hom(ker[YT — XT],R) =0
shows that
Hom(cok[YT — XT],R) = ker[2r — 2y]
Hom(ker[YT — XT],R) = cok[2r — 2Ay].
We now define a homomorphism
H:H(A/F,T 5 U) > ker[2lr — 2y].
By the discussion above it is equivalent to give a homomorphism
cok[YT — XT] » Hom(H°(A/F, T % U), R).

Let A € X' Then this second homomorphism sends the class of A in cok[YT — XT]
to the following element of

Hom(H°(A/F,T % U),R).

View the diagram

T—f~—)U

L

as a homomorphism from the complex [T’ L ] to the complex [G,, — 1]. This
homomorphism of complexes yields a map

HY(A/F, T 5 U) » HY(A/F,Gp) = AX JFX
which we then compose with
log|-|:A*/F* >R
to get the desired element of
Hom(H°(A/F,T % U), R).
Similarly we define a homomorphism

H:H'A/F,T L U) - cok[2y — 2y]
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by using an element A € ker[¥T — XT] to get a map of complexes from [T' %> U] to
[1 = G,] given by

which in turn yields a map
HY(A/F,T 4 U) = HY(A/F,G,,) = A JF*
which, as before, we compose with log| - | to obtain an element of
Hom(H'(A/F,T L U),R).

It is easy to see that the following diagram commutes

(C.2.6)
1 — H°(A/F,T - U) — H(A/F,T) — H°(A/F,U) — HYA/F,T - U) — ---

| | | |
0 — ker@r —-Ay] — Ar Ay — cok[R/r - Ay] — O
The map
H°(A/F,T) - H°(A/F,U)
is compatible with the splittings of
H:H°(A/F,T) - Ar
H:H°(A/F,U) — Ay,
and therefore the maps
H:HYA/F,T 4 U) - ker[2r — 2y]
H:H A/F,T 5 U) - cok[2r — 2]
have natural splittings as well, yielding direct product decompositions
HYA/F,T 5 U) = HYA/F,T £ U); x ker[2r — 2y]
H'A/F,T 5 Uy = HYA/F,T 5 U); x cok[r — 2],
where Hi(A/F,T % U); (i = 0,1) denotes the kernel of H on Hi(A, F,T % U).

Similar considerations apply to H? and H3. Write Dt for Hom(X",Q/Z). The
exact sequence

(C.2.7) 0 — Hom(cok[Y" — X'],Q/Z) - Hom(XT,Q/Z) = Hom(YT,Q/Z)
— Hom(ker[YT — XT),Q/Z) = 0
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shows that
Hom(cok[YT — XT),Q/Z) = ker[Dr — Dy]
Hom(ker[YT — XT],Q/Z) = cok[Dr — Dy].
The Tate-Nakayama pairing for T induces an isomorphism (see Lemma D.2.A)
H:H*(A/F,T) - Dr.
We now define a homomorphism
H:H*A/F,T L U) - ker[Dr —» Dy).
This works the same way as for H?: given A € X! we get a map
H*(A/F, T 4 U) > H*(A/F,Gp) = Q/Z.
Finally we define a homomorphism
H:HYA/F,T 5 U) - cok|Dr — Dy].
This works the same way as for H': given )\ € ker[YT — XT] we get a map
H3A/F, T L U) > H2(A/F,Gp) = Q/Z.

For i = 2,3 we let Hi(A/F,T % U); denote the kernel of H on Hi(A/F,T % U)
and for ¢ > 4 we put

HWFET LUy, =H@AFRT HU)=1.

For T itself we of course write

H°(A/F,T)
for the subgroup [T'(A)/T(F)]} of H°(A/F,T) and

H*(A/F,T):
for the kernel of the natural isomorphism

H:H?A/F,T) - Dr,
namely, the trivial subgroup of H2(A/F,T); for i # 0,2 we put
HY(A/F,T), = H'(A/F,T).

Note that H°(A/F,T); is compact, H'(A/F,T); is finite, and for i > 2 H*(A/F,T),
is trivial (see Appendix D).
It is easy to see that the following diagram commutes

C.238
( . —>)H2(A/F,T —U) — H*(A/F,T) — H*(A/F,U) - H3A/F,T -U) -1

gl | gl |

0 — ker[DT—>DU] — Dt — Dy — COk[DT—)Dul — 0
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Since the middle two maps H are isomorphisms, the last map H is an isomorphism
and the first map H is surjective. The surjectivity of all the maps H we have defined
implies that the groups
(C.2.9) = HAF,T L U), - HI(A/F,T), - H(A/F,U), = -+
form a long exact sequence.

Suppose T LuUis replaced by quasi-isomorphic T’ I U Then H ‘(A/F, T Ly N1
does not change for 1 = 0,1, 3 but it can change for ¢ = 2, which means that for i = 2
this subgroup is somewhat artificial. Nevertheless it will be useful later.

Lemma C.2.D. — The group H'(A/F,T Lu )1 is compact for i = 0,1, finite for
1 = 2 and trivial for i > 3.
The group H°(A/F, T Ly )1 is closed in the compact group H°(A/F,T); and

is therefore compact. The group H'(A/F,T Lu )1 contains as closed subgroup of
finite index the compact group

H°(A/F,U)1/f(H°(A/F,T)1)

and is therefore compact. The statements for ¢ > 2 follow from the analogous ones
for HY(A/F,T) (i > 1) together with the long exact sequence (C.2.9).

C.3. Duality for ker'(F,T EN U) and cok(F,T ER U)
We keep the notation of the previous sections. Consider the natural map
HEFET L U) > HAT L U).

We write ker'(F,T Lu ) for its kernel and cok’(F,T Ly ) for its cokernel, and
we give cok’(F,T Ly ) its natural quotient topology. Since H!(A,T Ly ) is a

restricted direct product of local groups we may also describe keri(F, Thu ) as

kel H'(F,T L U) » [[H(F, T L U)).

Note that the long exact sequence (C.1.1) gives rise to short exact sequences
(€31) 1-ocok(FTLHU)» H@QWFET LU) 5 ke (BT L U) > 1.

Lemma C.3.A. — For all i the image of H'(F,T 4 U) in H'(A,T EN U) is discrete.
For all i the map
cok'(F,T L U) » Hi(A/F,T L U)

induces an isomorphism of topological groups from coki(F,T EN U) to an open sub-

group of H'(A/F, T 4 U).
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For i > 2 both statements are trivial since in this case H*(A,T N ) and

HY(A/F,T ENY ) have the discrete topology. Next consider ¢ = 0. Let C' denote
the diagonalizable group ker[T' — U]. Then

HYF,T 5 U)=0F)
is certainly discrete in

HA,T L U) = C(A).
To prove the second statement it is enough to show that

C(A) — ker[T'(A)/T(F) - U(A)/U(F)]

is an open mapping (recall that T(A)/T(F) is open in [T'(A)/T(F)]F). Consider the

closed subgroup
B:={teT(A)|f(t) e UF)}
of T(A). Since U(F) is discrete in U(A), the subgroup C(A) of B is open in B.
Therefore the mapping
C(A) - B/T(F) =ker[T(A)/T(F) —» U(A)/U(F)]

is indeed open.
Now we consider ¢ = 1. To prove the first statement it is enough to check that

the intersection of the subgroup im[H!(F,T Ly )] of HY(A, T Lu ) with the open
subgroup U(A)/f(T(A)) of HY(A, T Lu ) is discrete, and since
im[U(F)/f(T(F)) = U(A)/f(T(A))]
has finite index in this intersection (use the finitenesss of ker' (F,T)) it is even enough
to check that the image of U(F)/f(T(F)) in U(A)/f(T'(A)) is discrete. We have the
product decomposition
T(A)l X Ar — U(A)l x Ay

and therefore

UA)/f(T(A)) = (U(A)1/f(T(A)1)) x Ru/f(™A7)) -
Of course the image of U(F)/f(T(F)) in U(A)/f(T(A)) lies in the subgroup

U(A)1/f(T(A)r).
Consider the discrete subgroup f(T(F)) of U(A); and form the quotient group
U(A)1/f(T(F));
it has the discrete subgroup
U(F)/f(T(F))
and the compact subgroup
f(T(&)1)/f(T(F)).
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Therefore the image of
U(F)/f(T(F))

in the quotient group
U@L/ F(T(F)) [ (F(TA)W)/f(T(F)) =U@A)1/fF(T(A)1)

is discrete, as desired. Here we used the following fact about topological groups: let G
be a Hausdorff topological group, let I" be a discrete (hence closed) subgroup of G and
let N be a compact normal subgroup of G; then I'N/N is discrete in G/N. To prove
this it is enough to find a neighborhood U C G of the identity such that UNNI'N = N;
in fact any neighborhood U of the identity such that UN C G\ (I"\ (' N N)) will do;
such U exist since N is compact and G \ (T'\ (I'N N)) is an open set containing N.
In this proof we have used A\ B to denote the complement of B in A.

Finally we prove the second statement of the lemma for ¢ = 1. It is enough to show
that

U(A) = [UR)/UEN/ (T @A) /T(F)Y)

is an open mapping, but this is obvious since U(A)/U(F) is an open subgroup of
[U(A)/U(F)]' and for any subgroup H of any topological group G the natural map
G — G/H is open.

Now we come to the main result of this section, a duality theorem involving

ker'(F,T Lu ) and cok’(F,T Lu ). For this we will need the following groups:
Hz( ) = H Hz v, Y L. ):I

ker!(Wr, U % T) := ker [Hi(WF,fJ ENY PN & W, 0% T)]

ker'(F,Y EAN X) := ker

kerl(Wp, [7 i) f)red .= ker |H1 (WF, —f) red e H H WFv, fj i) T\)redjl .

In each case the product is taken over all places v of F'.

Lemma C.3.B. — The groups ker'(F, T EN G ) are finite for all i and vanish except for
1=1,2,3. Fori=1,2,3 the dual finite abelian groups are given by

I

Hom (kerl(F, T4 U),(CX) = ker*(Wp,U 5 T)
Hom (ker2(F,T ENIo) (CX) = ket!(Wp, U % T)red

Hom (ker*(F,T 5 V), /2) = ker' (F,Y 55 X).
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The groups coki(F, T4hu ) vanish fori > 4. Fori < 3 there are duality isomorphisms
Homeons (cok’(F,T 5 ), €% ) = H2(Wr, 0 5 1)/ ke Wp, 0 5 1)
Homeon (cok! (F,T 4 1),C*) = H'(Wp, T 5 T)rea/ ker' (W, T 5 T)rea
cok?(F, T % U) = Hom (HI(F,Y 5 X) ket (B Y L X),Q/Z)
cok®(F, T 5 U) = H3(A/F,T % U) = Hom (HO(F,Y TN X),Q/Z) .

Moreover both H'(F,Y EAN X)/ker*(F,Y EAN X) and H°(F,Y TN X) are finitely
generated abelian groups (the second one is even free).

We begin by proving that ker’(F,T Lu ) vanishes except for ¢ = 1,2,3. This is
obvious for ¢ = 0. For i > 4 we consider the commutative square

H=%(A/JF,U) —>— H"'(A/F,T - U)

| d
ket Y(F,U) —— ker'(F,T = U).
The map « is part of a long exact sequence of type (A.1.1); thus it follows from the
vanishing of H*"'(A/F,T) for i > 4 (see Lemma D.2.A) that « is surjective. Since

B is also surjective (recall (C.3.1)) it follows that +y is surjective; since ker' ™ (F,U)
vanishes for ¢ > 4 (see the discussion preceding Lemma D.2.C) we conclude that

ker'(F, T Lu ) vanishes, as desired.
The vanishing of cok’(F, T EN U) for i > 4 follows from (C.3.1) and Lemma C.2.A.
Moreover (C.3.1) and the vanishing of ker*(F,T Lu ) give the equality

ok (B, T L U) = H3(A/F, T L 1),

and the duality isomorphism for cok® (F, T Ly ) follows from the duality isomorphism
for H¥(A/F,T Ly ) (see Lemma C.2.A). The last statement of the lemma follows
from the last statement of Lemma C.2.A.

It remains to consider coki(F,T EN U) and keri+1(F,T EN U) for i =0,1,2. Of
course we use the exact sequence (C.3.1). We begin with ¢ = 0,1. It is easy to see
that the maps

H:H(A/F,T L U) - ker[2r — 2Ay]

H:H' A/F,T L U) - cok2r — 2Ay]

remain surjective when restricted to the subgroup cok’(F,T Ly ) of H{(A/F,T 4
U). In other words H'(A/F,T EN U); maps onto ker'™ (F,T 4, U) for i = 0,1; of
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course the kernel of this map is open (use Lemma C.3.A) in H'(A/F,T Lu )1, &

compact group by Lemma C.2.D. Therefore ker't! (F,T Lu ) is finite for s = 0, 1.
Applying the functor Homeong (-, C*) to the exact sequence (C.3.1) and keeping in

mind that cok’(F,T Lu ) is open in H¢(A/F,T Lu ), we find that
Homeon (keri“ (F,T L U),cx )
is equal to
ker [Homcont (H"(A/F,T 4 U),(Cx) s Homeons (Hi(A,T EN W ee )]
and
Hommeont (coki(F, EN N )
is equal to
i f X i+1 f X
Homeons (H w/FT L u),c ) / Homeont (ker (FT L U),C ) .

Using global duality (Lemmas C.2.B and C.2.C), local duality (Lemmas A.3.A and

A.3.B), and the fact that H*(A, T ENYG, ) is a restricted direct product of local groups
(Lemma C.1.B), we find that the duality isomorphisms for ker™! and cok’ (i = 0,1)
given in the statement of the lemma are indeed valid.

Finally we consider cok®(F,T ENN ) and ker®*(F,T Ly ). By global duality
(Lemma C.2.A) and local duality (Lemma A.2.A and the discussion preceding it in
the archimedean case) the map

a:H* AT LUy B2A/F,T L U)
is canonically isomorphic to the map

8 : @ Hom (ﬁl(Fv,Y EiN X),Q/Z) — Hom (Hl(F,Y TAN X),Q/Z) ,

where H(F,,Y x ) denotes Tate hypercohomology (respectively, ordinary hy-
percohomology) in the archimedean (respectively, non-archimedean) case. Since the

group ker®(F,T Lu ) is equal to cok(a), we conclude that it is also equal to cok(3).
It is easy to see that the natural map

HY(F,, Y LX) > B\(F,, v L5 X)

is surjective for each archimedean v, and therefore cok() is also equal to the cokernel
of

P Hom(H,,Q/Z) — Hom(H,Q/Z),

where we have written H, (respectively, H) as an abbreviation for H!(F,,Y I x )
(respectively, H(F,Y x ).
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Let vo be any place of F'. Then the kernel of H — H,, is finite. Indeed this follows
easily from the finiteness of the groups H!(F,Y) and

ker[cok[YT — XT] — cok[Y = X]].

For each of the finitely many elements in H that belong to the kernel of H — H,,
but do not belong to the kernel of H — [], H, choose a place v of F' such that the
element has non-trivial image in H,. Let S be the finite set of places obtained in this
way, including vg. Then the maps

H—[]H,
v
H — H H,
vES
have the same kernel, call it K. It follows that

&P Hom(H,, Q/Z) — Hom(H,Q/Z)
vES

P Hom(H,,Q/Z) — Hom(H,Q/Z)

have the same cokernel, namely Hom (K, Q/Z), and we conclude that
ker*(F,T % U) = Hom(K, Q/Z) = Hom (kerl(F, y 5 X),Q/Z) .

In the course of the proof we saw that K is finite, which shows that ker3(F, T —f> U)

is finite. Applying the exact functor Hom(-, Q/Z) to the exact sequence
0o k' (Y 5 x) = HY(Y LX) B @ D X)/ker' (v 5 X) 5 0

(in which we have abbreviated H'(F, ) to H*(-)) and comparing with (C.3.1), we find

that the duality isomorphism for cok?(F, T ENYG ) given in the statement of the lemma
is indeed valid.

We finish by giving two alternative descriptions of ker! (W, 47 T')req that use I’
rather than Wg. For this we define groups

where I'(v) denotes Gal(F',/F,).
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Lemma C.3.C. — The natural maps

ker' (F,U ER Trea — ker! (Wg, U EN T)red
ker' (F, 77 5 T)rea — ker(F,Y 5 X)
are isomorphisms.
The injectivity of the first map follows from the (obvious) injectivity of
HY(F,U ER T) > H'\(Wg, U 4, 7).

To prove surjectivity of the first map consider a 1-hypercocycle (uy,t) of Wr in

[(7 EN T] that represents an element x € kerl(Wp, U EN f),ed. Then the 1-cocycle u,,
of W in U represents the image of z under the natural map
Hl(Wp,ﬁ i) T\)red — HI(WF,ﬁ),

and it is evident that the image of # belongs to
ker! (Wg,U) := ker |H(Wp,U) — HH1 (Wg,,0)

By Lemma D.2.C the natural map
ker! (F,U) — ker!(Wg,U)

is an isomorphism. Therefore by modifying (u.,,t) by the coboundary of a suitable
0-hypercochain we may assume that u,, comes from a 1-cocycle u, of I'. Then (ug,t)

represents an element of ker (F, U i) f)red mapping to z.

Next we prove that the second map is an isomorphism. This map comes from
the boundary map for the global analog of the commutative diagram of exponential
sequences occurring at the beginning of (A.3), regarded as a short exact sequence of
complexes of length 2. Since

H?(F,Lie(U) — Lie(T)) = 0
H'(F,Lie(U) — Lie(T)) = Lie(T")/ im Lie(T")
we see that
HY(FT 5 Prea ~ B2FY 15 X),

and since this holds locally as well, the second map in the lemma is indeed an iso-
morphism.
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C.4. Diagonalizable groups

Recall that an abelian linear algebraic group over F is said to be diagonalizable if
it can be realized as an algebraic subgroup of a torus over F' (such groups are also
called groups of multiplicative type). Our duality theorems for hypercohomology give
duality theorems for the cohomology of diagonalizable groups C over F', simply by

embedding C in a torus T over F' and considering the complex T EN U where U is
the quotient torus T/C and f is the canonical surjection. It is then immediate that
Hi(F,C) = H(F,T 5 v)
Hi(F,,C) = H'(F,,T 5 U).
We define groups H'(A,C) and H(A/F,C) by
Hi(A,C) = H(AT L U)
Hi(A/F,C) .= H'(A/F,T 5 U)
(it is easy to see that the groups on the right side obtained from various T are all

canonically isomorphic to each other).
Note that

T(R) - U(&)
T(A)/T(F) = U(A)/U(F)

need not be surjective (they have the same cokernel in any case), as one sees already
for
Gm 2 Gm

over Q (an idele for Q which is a non-square unit at every odd prime cannot be a square
in Ay for any number field K because infinitely many primes of Q split completely in
K). Therefore H*(F,C(A)) need not coincide with H*(A, C), and H*(F,C(A)/C(F))
need not coincide with H*(A/F,C). In fact for any finite abelian group C with trivial
T-action we have, for any finite Galois extension K of F in F,

H'(K/F,C(Ak)) = [[ H' (Kw/Fs, C)
c[[#"(F..0)

and therefore H'(F,C(A)) is the union over K of these subgroups of [, H(Fy,C);
this union is much smaller than H'(A, C), which is the restricted direct product
of the local groups H!(F,,C), the restriction being with respect to the subgroups
H'(Fu~/F,,C) for finite places v. (Elements in [[, H*(Ky/F,,C) are trivial at
all places that split in K, hence are trivial infinitely often, while an element of the
restricted direct product can be non-trivial locally everywhere, e.g. for C = {£1}.)
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It seems that H'(A,C) is the “right” group and that H*(F,C(A)) is the “wrong”
one. In any case our duality theorems for T' — U give duality theorems for C involving
Hi(A,C) and H'(A/F,C). Since we have the dual exact sequence of character groups

05Y 5 x5 x*0) =0,

duality statements involving Y s X can be converted to statements involving
X*(C). For example it follows from Lemmas C.3.B and C.3.C that ker?(F,C) and
ker! (F, X*(C)) are dual finite abelian groups (see [M, Theorem 4.20] for another
proof of this). Another example is provided by H*(A/F,C), as we now check. Recall
that

Homeon (H' (A/F, C),C*) = H'(Wp,T L T)yeq.
Using that the kernel of U z) T is finite, one sees easily that
H\We, 0 57 = B'(F,0 LT
and hence that
H We, T 5 Dyea = BNED L e
= H*(F)Y EAN X) (see proof of Lemma C.3.C)
= H'(F,X*(C)).

Noting that H(F,X*(C)) is finite and that H!(A/F,C) is compact (use Lemma
C.2.D), we conclude that H(A/F,C) and H'(F,X*(C)) are dual finite abelian
groups (the pairing has values in Q/Z since we used the exponential map to re-

late H!(Wr, uL T)rea to H L(F, X*(C)) and is in fact just the obvious cup-product
pairing to H2(A/F,G,,)). Since U4 Tisin general neither surjective nor injec-

tive, the duality statements involving H?(Wp, RN f) probably cannot be simplified
(unless C is finite or a torus).

C.5. Density of H'(Q,T — U) in H(R,T — U)

In this section we assume that F' = Q. Let T be a torus over Q. Recall that

(1) HY(Q,T) - HY(R,T) is surjective (see [H, Thm. A.12]),

(2) T(Q) is dense in T(R) (see [L2, Lemme 7.18] for a proof of this result of Serre).

These statements have a common generalization involving hypercohomology. Let
T —f+ U be a map of Q-tori.

Lemma C.5.A. — The natural map
HQrLuv)-sa®TrLu)

has dense image.
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Choose a surjective homomorphism U’ — U where U’ is of the form
U' = Rk/q($)
for some finite extension K of Q and some split torus S over K (Rg/qp denotes
restriction of scalars). Then use this homomorphism to form a pull-back diagram

T’——f/—>U’

Lo

T-—f—>U

which we regard as a quasi-isomorphism from [T" Ly Nto [T Lu ]. The lemma for

T Iy '] is equivalent to the lemma for [T Lu ], and thus we may as well assume
that U is of the form
R /q(S)-
Then H'(Q,U) and H!(R,U) are both trivial, and we get a commutative diagram
with exact rows
7Q —— U(Q —— HY(QT -»U) —— H'(QT) —— 1

! ! ! |

T(R) —— U(R) —— HYR,T - U) —— H'RT) —— 1.
The lemma follows from (1), applied to T, and (2), applied to U.
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APPENDIX D

DUALITY FOR TORI OVER NUMBER FIELDS

D.1. Preliminaries

Let F be a number field and let F, T', A and so on have the same meaning as in
Appendix C. Let T be a torus over F' and write X for its character group X*(T'), a
smooth I-module. We define groups

HY(A,T) := HY(F,T(A))
HY(A/F,T) := HY(F,T(A)/T(F)).
Recall that for ¢ > 1
H'(AT) = @ H'(F,,T).

For i > 0 we define ker(F, T) (respectively, cok’(F,T)) to be the kernel (respectively,
cokernel) of the natural map

HY(F,T) — H'(A,T).
The long exact sequence of cohomology for
15 T(F)—T(A) - TA)/T(F)—1
gives rise to short exact sequences

1 — cok’(F,T) = H{(A/F,T) = ker'™ (F,T) — 1.

D.2. Duality

We review a variant of Tate-Nakayama duality for T'. This was done in [K1] as well,
though at that time there was no convenient reference for that particular variant. Now
there is, namely Milne’s book [M], and we take this opportunity to give references
for the statements we need.
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Lemma D.2.A. — For v > 3 the groups H"(A/F,T) vanish. For r = 1,2 the cup-
product pairing

H"(A/F,T) ® H*"(F,X) - H*(A/F,G,,) = Q/Z
induces an isomorphism
H"(A/F,T) - Hom (H*>""(F, X),Q/Z) .
For r =0 there is a canonical isomorphism
Homcons (H°(A/F,T),C*) = H*(Wr, T).
Moreover the group H(A/F,T) is finite.

The statement regarding r > 3 follows from [M, Corollary 4.21]. The statement
regarding r = 1, 2 follows from [M, Corollary 4.7]. The statement regarding r = 0 is
a result of Langlands (see [La] and [M, 1.8]). The last statement follows from duality
and the (obvious) finiteness of H!(F, X).

Let A be any smooth I'-module. We denote by ker”(F, A) the kernel of the natural
map

(D.2.1) H"(F,A) - [[ H"(F,, A).

Recall that H"(F,, A) vanishes for r > 3 for finite places v.

Lemma D.2.B. — For r > 3 the map (D.2.1) is an isomorphism. Therefore the group
ker" (F, A) vanishes except for r = 1,2.

The second statement follows from the first since ker’(F, A) obviously vanishes.
Now we prove the first statement. For finite groups A the statement is a theorem
of Tate [M, Theorem 4.10(c)], and since cohomology of I' commutes with direct
limits the statement holds for all torsion groups A. Therefore the statement holds
for torsion-free groups A and r > 4, as one sees by considering the torsion group
B := (A®z Q)/A, using the isomorphism

H™(F,A) ~ H""(F,B)
and its local analogs. Now we handle the general case. Choose an exact sequence
0-K->I—>A-0

where [ is a direct sum of [-modules of the form Z[Gal(K/F')] for finite Galois exten-
sions K of F in F. Note that K and I are torsion-free, so that the desired statement
for r > 4 follows from the 5-lemma and our previous work. For r = 3 we have

HYF,I) = [[H*(F,, 1) = 0;
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to see this use Shapiro’s lemma to reduce to the case I = Z and then use [M, Corollary
4.17]. Once again we conclude from the 5-lemma that (D.2.1) is an isomorphism for
r=3.

Next we discuss duality for ker”(F,T). Note that ker"(F,T) and ker” (F, T (F)) are
defined differently: the first is the kernel of

H"(F,T) - [[ H"(F,, T(F))

and the second is the kernel of
H™(F,T) - [[ H"(F., T(F)).
v
Actually these two subgroups of H"(F,T') coincide for r > 2; for this it is enough to
note that the natural map
H"(F,,T(F)) —» H"(F,,T(Fy))

is an isomorphism for r > 2 (the quotient group T'(F',)/T(F) is a Q-vector space and
hence has trivial cohomology in positive degrees). We conclude from this discussion
and Lemma D.2.B that ker" (F,T') and ker" (F, X) vanish except for r = 1,2.

Lemma D.2.C. — Forr = 1,2 the groups ker" (F,T) and ker> " (F,X) are dual finite
abelian groups. Moreover

ker®(F, X) ~ ker!(F,T) ~ ker'(Wp, T),
where kerl(WF,f) of course denotes the kernel of
H'(Wp,T) - [ H (WE,,T).
v
For r = 2 the duality statement is given in [M, Theorem 4.20(a)]; it is also easy to
prove directly (apply the functor Hom(-, Q/Z) to the exact sequence
HY(A,T) = H' (A/F,T) = ker®(F,T) - 1

and use duality for H'(A/F,T) (Lemma D.2.A) together with local duality).
For 7 = 1 we begin by choosing a finite Galois extension K of F in F that splits
T. We have the exact sequence

T(A) —» HY(K/F,T(Ak)/T(K)) - ker' (K/F,T) - 1
where ker! (K/F,T) denotes the kernel of the natural map
H'(K/F,T(K)) » H'(K/F,T(Ax)) = @ H" (Kuw/F., T(Kuw))
v
(for each place v of F pick a place w of K lying over v). Since H'(K,T) and H(K,,, T)

are trivial, we have
ker' (K/F,T) ~ ker' (F, T).
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Dividing by Ng,r(T(Ak)), we get another exact sequence
P T(F.)/Nk,/r,(T(Kw)) = H'(K/F,T(Ak)/T(K)) — ker' (K/F,T) - 1.
v

Therefore Hom (ker1 (F,T),Q/Z) is canonically isomorphic to the kernel of
Hom (H*(K/F,T(Ax)/T(K)),Q/Z) — [] Hom (H°(Ku/Fy, T(Ku)), Q/Z) .
v
Applying Tate-Nakayama duality in its standard form, we see that this kernel is

canonically isomorphic to the kernel of
H*(K/F,X) - [[ B (Kw/F., X),
v

which we denote by ker?(K/F, X). Note that H?(K/F,X) is finite and hence that
ker?(K/F, X) is also finite. Since H'(K, X) is trivial, we have the exact restriction-
inflation sequence

0— H*(K/F,X)— H*(F,X) - H*(K,X)
as well as its local analogs. Moreover ker? (K, X) is trivial, since by classfield theory
H*(K,Z)= H'(K,Q/Z) = Homcont (A /K>, Q/Z)
H*(Ky,Z) = H' (K, Q/Z) = Homeony (K, Q/Z).

Therefore
ker’(K/F,X) ~ ker’(F, X),
and we conclude that Hom (ker1 (F,T),Q/ Z) is canonically isomorphic to the finite
abelian group ker?(F, X). It then follows that ker' (F,T) is also finite.
It remains to prove the last statement of the lemma. The isomorphism

ker?(F, X) ~ ker'(F,T)
follows immediately from the isomorphism
HY(F,T) ~ H*(F, X)
obtained from the exponential sequence
0 X > LieT) T > 1
as well as its local analogs. The isomorphism
ker! (F,T) = ker!(Wg, T)

can be proved the same way as Lemma 11.2.2 of [K1].
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TAMAGAWA NUMBERS FOR COMPLEXES OF TORI

In this appendix we define Tamagawa measures on the groups
HiA/FT L U)
H(A/FT LUy,
HA\T L)
HAT LUy,
and study the Tamagawa numbers
vol(Hi(A/F, T L U)y)

(see Lemma E.3.D) as well as some variants (see Lemma E.3.E). In case T Luis
surjective with finite kernel C, our results reduce to those of Oesterlé [Oe] for C; in
case U is trivial they reduce to those of Ono [O] for T

E.1. Measured complexes

The results in this section are slight generalizations of results in [Oe, §§3-4]. Con-
sider a complex
A 5 A 5 A% .

of locally compact Hausdorff abelian topological groups. Put

B'=im[A" ! - 4] (B°=0)

Z' = ker[A' — A1

Hi(A*) = Z!/B'.
Of course we put the subspace topologies on B’ and Z* and the quotient topology on
Hi(A®). We say that A® is a topological complez if for all i > 0 B**1 is closed in A*+!
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and the canonical map

Az‘ /Zi N Bz‘+1
is an isomorphism of topological groups. We say that a topological complex A® has
compact cohomology if H*(A®) is compact for all i and trivial for all but finitely many

1. By a topological short exact sequence we will mean a short exact sequence that is
isomorphic to one of the form

0—-B—+A—A/B—0

for a closed subgroup B of A (we give B the subspace topology and A/B the quotient
topology).

Lemma E.1.A. — Let

05 A*—>B*—C*—>0
be a topological short exact sequence of complexes of locally compact Hausdorff abelian
topological groups (in other words for all i > 0

03 A" 2B -C' =0

18 a topological short exact sequence). If A®,B® are topological complexes with compact
cohomology, then so is C*.

Fix ¢ > 0 and put
A=A
B = ker[B* - C*1]
D =im[B*"! - BY]
E =ker[B' — B*t]
Ap = im[A"! — A%

Of course we interpret A~!,B~!,C~1 as 0. Our hypotheses imply the following state-
ments:

(1) A,A¢,D,E are closed subgroups of B,

(2) BD ED D D A,

(3) B> A D Ao,

(4) E/D is compact,

(5) (AN E)/Ap is compact,

(6) A+ E is closed in B,

(7) the natural map A/(AN E) - (A+ E)/E is an isomorphism of topological
groups,

(8) B/(A + E) is compact.
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Only the last statement deserves comment. Note that the natural injection B/E —
Bi*! carries B/E into a closed subgroup of

ker[A"H! — A47F2],

and since Ht1(A®) is compact, we conclude that the quotient of B/E by (A+E)/E,
namely B/(A + E), is compact.

We need to show that the image of D in B/A is closed (equivalently, that A + D
is closed in B), that

D/(ANnD)— (A+D)/A

is a homeomorphism, and that B/(A + D) is compact (note that B/(A + D) is
isomorphic as topological group to H:(C*®)). We will show that these three statements
follow from (1)—(8). Dividing by Ay, we reduce immediately to the case in which
Ao =0.

We begin by showing that the obvious surjective homomorphism

s:A®dE—> A+ E
is proper. Let K be a compact subset of A + E. By (7) the set
K4 :={a€ A|3e € E such that a + e € K}

has compact image in A/(AN E), and since AN E is compact by (5) it follows that
K 4 is compact. Let

Kp= (K - Ka)NE,
a compact subset of E (here K — K4 denotes the set of elements of the form z — y
forz € K and y € K4). Then s7!(K) is closed in the compact set K4 ® Kg and is
therefore compact.

Since s is proper and A + E is locally compact Hausdorff (by (6)), s is a closed
mapping, and it follows that the image of A @ D, namely A + D, is closed in A+ E
and hence in B (again by (6)). This was the first point we needed to check.

Consider the groups

BDA+EDA+D.
We have seen that both subgroups are closed in B. Furthermore B/(A+ E) is compact
by (8), and (A + E)/(A + D) is compact as well, being a quotient of the compact
group E/D (use (4)). Therefore B/(A + D) is compact; this was the third point we
needed to check.

We have seen that s is closed; therefore s induces an isomorphism of topological
groups

(A®E)/(ANE)—» A+ E,
and it follows that the natural map

A+E— E/(ANE)
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is continuous and hence that
a:E/(ANE)— (A+ E)/A

is a homeomorphism. We want to verify the second point, namely that
j:D/(ANnD)— (A+D)/A

is a homeomorphism. For this it is enough to show that j is closed, and since (A+D)/A
is closed in (A + E)/A by previous work, it is enough to check that

i:D/(AND) - E/(ANE)=(A+E)/A

is closed (use that o is a homeomorphism). Since E/(A N E) is locally compact
Hausdorff, it is enough to show that ¢ is proper. Consider a compact subset K of
E/(ANE) and let Kg denote its inverse image in E. Then Kg is compact by (5).
The inverse image of K in D/(AN D) is (DN Kg)/(AN D), a compact subset of
D/(AN D). Thus i is indeed proper, and we are done with the proof of the lemma.
Next we discuss complexes in which each group is equipped with a Haar measure.
We say that a Haar measure on a discrete group is discrete if it gives points measure
1. Let A® be a topological complex with compact cohomology having the further
property that A‘ is a discrete group for all but finitely many i. Assume that for each
i > 0 we are given a Haar measure da; on A* and suppose that da; is discrete for all
but finitely many ¢. We refer to A®, with the given measures, as a measured complex.
Given a measured complex A®, we define a positive real number ¢t(A®) as follows.
For each i > 0 pick a Haar measure dz; on the subgroup Z¢ of A* with dz; discrete for
all but finitely many i; then take as Haar measure on B® ~ A*~1/Zi~1 the quotient
measure db; := da;_1/dz;—1 (for i = 0 take the discrete measure on B° = 0); then
take as Haar measure on H!(A®) = Z'/B* the quotient measure dz;/db;; finally put

o0 .
t(A®%) = Hmeas(Hi(A'))(‘l)l.

i=0
Each term in the product is finite since H?(A®) is compact, and all but finitely many
terms are equal to 1 since H*(A®) is 0 with the discrete measure for all but finitely
many . Moreover t(A®) is independent of the choice of auxiliary measures dz;. Note
that if da; is replaced by c;da; (with ¢; = 1 for all but finitely many 4), then t(A®) is
multiplied by [io, cg_l)l.

We extend the definition of t(A®) to finite topological complexes
A* =A% = A = ... —» A"
with compact cohomology and given Haar measures da; on A? by regarding A® as an
infinite complex
A s Al 5 A" 5050 -

and taking the discrete measure on A™ = 0 for all m > n. Suppose that
1545 A' 5 A2 51
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is a topological short exact sequence, and regard

A% A - A2
as a complex with three terms. Put Haar measures da; on A* for i = 0,1,2. Then
the t-value of our complex is 1 if and only if

day = day [day.

Lemma E.1.B. — Suppose that A* and da; are discrete for alli > 0 and that H:(A®) =
0 for alli > 0. Then t(A®) = 1.

This is obvious.

Lemma E.1.C. — Let A® be a finite measured complex such that A* is compact for all
i. Then

t(A®) = Hmeasda,. (A")(_l)i.
=0
Without loss of generality we may assume that measgq, (A%) = 1 for all i. We must
then show that ¢(A®) = 1. To calculate ¢t(A®) we choose the Haar measure dz; on

the compact group Z; so that measy,,(Z;) = 1; then meas(H*(A®)) = 1 for all i and
hence t(A°®) = 1.

Lemma E.1.D. — Let A¥ (i > 0,5 > 0) be a double complex of locally compact Haus-
dorff abelian topological groups. Assume that each row and column of the double
complex is a topological complex with compact cohomology. Assume further that we
are given on each group AY a Haar measure da;j. Finally we suppose that there ex-
ists a mon-negative integer N such that for all pairs (i,7) with ¢ > N or j > N the
following three statements hold:

(1) AY and da;; are discrete,
(2) the j-th cohomology group of the i-th row A% is trivial,
(3) the i-th cohomology group of the j-th column A®I is trivial.

Note that each row A* and column A* is a measured complex. Then there is an
equality

[Tt D" = I tas) v’
i=0 =0
(the products are finite by Lemma E.1.B).

We denote by
Z9 = ker[AY — AHIT]
BY :=im[A"~! o AY)
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the cycle and boundary groups for the rows of the double complex. We begin by
reducing to the case in which the double complex has only finitely many non-trivial
columns. Truncate each row at degree N to obtain a new double complex C¥ with

A4 j< N
CY = { 7iN j=N
0 j >N,

and put the discrete measure on each discrete group C¥ (j > N). Note that the
column Z*N has trivial cohomology (calculate the total cohomology of the double
complex A¥ (i > 0,7 > N) two ways). It is easy to see that every row and column of
C'% has the same t-value as the corresponding row or column of A¥. Our reduction
step is complete, and we now assume that A% =0 for j > N.

We want to use induction on the number of non-trivial columns. To get a complex
having fewer columns we consider

AOI /BOI 3 A02 y A03 N
I I I

All/Bll 3 A12 y A13 3
l I l

A2 /B21 5 A22 y A23 3

! ! !

To compare this with the original double complex we need three other double com-
plexes, one having a single column and two having three columns:

ZOO ZOO SN AOO — BOI BOI Y AOI 5 AOI/BOI
l ! | | !

ZIO ZlO — AlO - Bll Bll y All N All/Bll
I ! Lo ! !

Z20 Z20 —_ A20 —_ B21 B21 N A21 ) A21 /BZI
! l ! ! !

Note that Z% is compact for all ¢ and trivial for all but finitely many i. Applying
Lemma E.1.A to the two double complexes with three columns we find that B*! and
A*l/B*! are toplogical complexes with compact cohomology.

Pick Haar measures dzj on Z%, discrete for all but finitely many ¢; then as Haar
measure on B take the quotient measure db;; := dajo/dzi and as Haar measure
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on A% /B% take the quotient measure da;; /db;;. With these measures all four of the
double complexes obtained from A% also satisfy the hypotheses of the lemma. It is
not hard to see that if the lemma is true for all four of these double complexes then it
is true for the original double complex A%. Thus by induction it is enough to prove
the lemma in the following two special cases:

(1) A% consists of a single column,
(2) A% consists of three columns A* — B® — C*, and each row of the double
complex forms a topological short exact sequence

0— A5 B' - C'— 0.

The first special case is covered by Lemma E.1.C.

It remains to prove the lemma in the second special case. Applying the methods
above to the rows rather than the columns, we reduce to proving the lemma in the case
of a double complex with three rows and three columns, with all rows and columns
forming topological short exact sequences:

A0 s B > C0
| | |
Al s Bl y O1
| | |
A? s B? s C?

Pick Haar measures dag,da;,dby,db; on A%, A, B B! respectively. Define Haar mea-
sures on A%,B2,C°,C! by

das := day /dag
dbs := dby [dby
decy := dbg/dag
decy := dby /day.

From these we get two Haar measures on C?, namely dz := dby/das and dy :=
dey /deg. The lemma is equivalent to the statement that dz equals dy. Dividing by
Ay, we reduce to the case in which Ay is trivial. Then the closed subgroups A* and B°
of B! have trivial intersection. Moreover, the map A' — B! /B9 is a closed injection,
which means that the kernel of B! — C? is the direct product of A' and B°. The
measures dz and dy are both equal to the quotient measure db;/(da; x dbg). This
finishes the proof.

In (E.2) we will need the following construction. Let X be a finitely generated
abelian group. In the real vector space Hom(X,R) we have the lattice Hom(X, Z).
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Definition E.1.E. — The canonical measure on Hom(X, R) is the Haar measure
IXtorsl_ldxa

where Xiors is the torsion subgroup of X and dz is the Haar measure on Hom (X, R)
that gives measure 1 to the compact group

Hom(X,R)/ Hom(X,Z)
(use the discrete measure on Hom(X,Z)).

Lemma E.1.F. — Let
Xno2Xp1— 2 X12 X0

be a finite complex of finitely generated abelian groups, and assume that every homol-
ogy group H;(X,) is finite. Let A® be the measured complex

Hom(Xy,R) — -+ - —» Hom(X,, R)

(for each i use the canonical measure on Hom(X;, R)). Then

HIH NG

Consider the double complex
X3 R — Xt X,

! ! !

Hom(Xo,R) —— Hom(X;,R) » Hom(X,, R)

l ! !

Ky S K; > e > K,
where X} denotes the discrete group Hom(X;,Z) and K; denotes the compact group

Hom(X;,R)/X; .

~
~

~+
L

Put the discrete measures on the groups in the top row, put the canonical measures
on the groups in the middle row, and put the Haar measures with total mass 1 on the
groups in the bottom row. Lemma E.1.D implies that

n

84" = T (1(Xoorl 1A XD) T

=0
It remains to prove that

n

(B.1.1) TT (o eanel 1 (x2)) HIH Sl

=0
Assume for the moment that X; is free for all 4. Then

HY(X?) = Ext'(X,,Z).
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From the short exact sequence
0-Z-Q-Q/Z—-0
we get the long exact sequence
- = Ext!(X,,Z) = Ext'(X,,Q) = Ext‘(X,,Q/Z) = -

and since Q and Q/Z are injective we have

Ext'(X.,Q) = Hom(H;(X.),Q) =0

Ext'(X,, Q/Z) = Hom(H;(X.), Q/Z).
Therefore H**1(X}) and H;(X,) are dual finite abelian groups, and in particular they

have the same cardinality. This proves (E.1.1) when the X; are free.
Now we prove (E.1.1) in general. We can find a complex of abelian groups

Yo=[Y, > =Y
with each Y; free of finite rank and a quasi-isomorphism
Y, - X,

with Y; = X, surjective for all i. Put Z; := ker[Y; — X;]. Then each Z; is free
of finite rank and Z, is an acyclic complex. To construct Y, start by picking any
surjection Yo — X, with Y, free of finite rank. Take Y; free of finite rank mapping
onto X; Xx, Yo. Then Z; maps onto Zy, and by the snake lemma the kernels of
Zy = Zy, Y1 = Yy, X3 = X, form an exact sequence. By iterating this construction
we get the desired complex.
Put the discrete measures on the groups X;,Y;,Z;. Applying Lemma E.1.D to the
double complex
Ze =Yy = Xo
we find that
t(Xe)t(Ze) = t(Ys).
We also have the dual double complex
X;->Y)—>2Z; - E,
where
E; == Ext!(X;,Z).
Again using discrete measures on all groups, and applying Lemma E.1.D, we find that
H(X$)HZg) = t(YS)E(E).
Moreover
t(Ze)t(Zs) = t(Y)E(Ye) =1
by the special case done before. Combining these equalities, we find that
HXJ)H(Xe) = t(Ea),
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which is equivalent to (E.1.1) since by Lemma E.1.C
n

t(E,) = H |E;| -V
0

and E; has the same cardinality as (X;)tors-

E.2. Tamagawa measures on H:(A,T — U) and H*(A/F,T — U)

We use the same notation as in (C.1). In Appendix C we topologized the groups

HAT L U)and H i(A/F,T %5 U). Now we define canonical Haar measures, called
Tamagawa measures, on them. Put

C :=ker[T — U]
V :=im[T — U]
W = cok[T — U]
A:=C/C°.

Then V,W are F-tori, C is a diagonalizable F-group, and A is a finite abelian F-

group. First consider HO(A, T Lu ) = C(A). For the identity component C° of C
we have the usual Tamagawa measure (see [O]) on C°(A); write it as a product of
local measures dc? on C°(F,), and abuse notation by also writing dc? for the unique
Haar measure on C(F,) that induces dc? on the open subgroup C°(F,). Put

de, = |A(Fy)|7tdc®

de = Hdcv.

We define the Tamagawa measure on H°(A, T Lu ) to be dec. Suppose that v is a
finite place such that 7' and U are unramified and dc® gives measure 1 to C°(O,).
We now verify that dc, gives measure 1 to C(O,), so that the product measure dc
makes sense.

Note that A(0,) = A(F,), since A is proper over O, (the groups C, A over F,
extend naturally to groups over O,), and note also that

C(Ov) - A(Ov) = A(Fv)

is surjective (use smoothness of the map C — A of schemes over O, plus surjectivity

of C(k,) = A(k,), a consequence of Lang’s Theorem for the connected group C°).

Therefore C°(0,) has index |A(F,)| in C(O,), and we conclude that dc, indeed gives

measure 1 to C(O,). At such a place v it is clear from what we have done that
C(Fv)/CO(Fv) = A(F,),

so that we could equally well have defined dc, by dividing dc? by |C(F,)/C°(F,)|
instead of |A(F,)|. At ramified places this can lead to different local measures, and
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so we would then obtain an alternative Tamagawa measure on H°(A, T Lu ). There
seems to be no reason to prefer one choice over the other, but we made a choice
(randomly) and will stick to it throughout this paper.

Next consider H'(A, T Lu ). On W(A) we have the usual Tamagawa measure
dw; write it as a product of local measures dw,. Consider the exact sequence (see
(A.1))

1 HY(F,,C) » HYF,,T HU) > W(E,) = .
Let dw? denote the restriction of dw, to the image of H(F,,T Lu ) in W(F,),
an open subgroup of finite index in W(F,). As topological group this subgroup is
isomorphic to the quotient of H!(F,, T Lu ) by the discrete finite group H!(F,, C),

and so we may define a Haar measure dz, on H'(F,,T Lu ) by requiring that its
quotient by the discrete measure on H'(F,,C) be equal to dw?. Then put

dy, = |A(Fy)| ™" dey
dy = dev.

We leave it to the reader to check that if v is a finite place such that T', U are unramified
and dw, gives measure 1 to W(Q,), then dy, gives measure 1 to H(O,,T Lu ); for
this one uses the equality

|H'(0,,0)| = |A(F,).

We define the Tamagawa measure on H!(A, T Lu ) to be dy. Note that |A(F,)|™! is
the same factor that appeared before. Again we have an alternative: we could divide
by |C(F,)/C°(F,)| instead of |A(F,)|. What matters is that we use the same factor
both times.

Finally, for all ¢ > 2 we define the Tamagawa measure on the discrete group

Hi(A,T Lu ) to be the discrete measure. Note that for all ¢ the Tamagawa measure
on HY(A,T Ly ) does not change when T Luis replaced by a quasi-isomorphic
complex T L U'.

For a single torus T we define Tamagawa measures on H*(A,T) as follows. On
HO(A,T) = T(A) we take the usual Tamagawa measure and for i > 1 we take the
discrete measure on the discrete group H*(A, T').

Lemma E.2.A. — Let
[T1 — Ul] — [T2 - Uz] - [T3 — U3] — [T1 — Ul][].]
be a distinguished triangle. Let A® denote the long exact sequence

H°(A, Ty = Uy) = HY(A, Ty —» Us) = H(A, T3 - Us) » HY (AT, - Uy) — - .
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Then t(A®) = 1 (use Tamagawa measures on all groups in the compler A®). In
particular for any T LU the complex

HY(A,T - U) = HA,T) - H(AU) - H (AT - U) - ---

has t-value 1.

The second statement follows from the first, applied to the distinguished triangle
l1-2Ul-[T-Ul-»[T—-1->[U->1].

The first statement follows from the following local statement. Let v be a place of F.
Define diagonalizable groups C1,...,Cs by

Ci = ker[T,- — U,]
Ci+3 = COk[Ti - Uz]

for i = 1,2, 3. The distinguished triangle gives rise to an acyclic complex of diagonal-
izable F-groups

Ci = Cy = C3 - Cy = C5 = Cs.
Put
S; = ker[C; = Citq1] = im[Ci—1 — Ci]
(take C; = 1 for ¢ outside the range 1, ...,6). We have short exact sequences
125 —=2Ci = Siy1 — L.

For all 7 pick a non-zero invariant differential form ds; of top degree on S;. For ¢
outside the range 2,...,6 the group S; is trivial, and we assume ds; = 1 for such .
We get a non-zero invariant differential form dc; of top degree on C; by putting

dc; = ds; ® ds;iy1.

Then dc; (respectively, ds;) gives us a Haar measure |dc;| (respectively, |ds;|) on
C;(Fy) (respectively, S;(F,)), and the restriction of |ds;11| to the open subgroup

Ci(Fy)/Si(Fy)

coincides with the quotient measure |dc;|/|ds;|.
Define groups H;, ..., Hg by

H; = HO(FU,Ti — Ui) = C,'(Fv)
Hiys = H'(F,, Ti = Uy)
for i = 1,2,3. Then the first six terms in the local analog of A® are

Hl—)Hz—)'-'—)Hﬁ.
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There is an obvious commutative diagram

H, —— H > e y Hg
| | |
C1(Fy) — Cs(Fy) > oo » Co(Fy)

in which the vertical arrows are isomorphisms for ¢ = 1,2, 3 and have finite kernel and
cokernel for i = 4,5,6. Put a Haar measure dh; on H; by requiring that the quotient
of dh; by the discrete measure on

ker[H; — C;(Fy)]
be equal to the restriction of |dc;| to the open subgroup
im[H; = C;(Fy)).
We can finally formulate the local statement that we need to prove: the complex
HY(Ty = Uy) = HY (T, = Us) — H(T3 —» U3) - HY(Ty = Uy) = -+

(in which we have abbreviated H'(F,,-) to H%(-)) has t-value 1, where we use the
measures dhq, ..., dhg on the first six terms in the complex and the discrete measures
on the remaining groups. To prove this we define groups

Z; = im[H,'_l — Hi]
fori=1,...,6 (take Hy = 1). There are natural maps
Zi — Si(Fv)

for i =1,...,6, and these maps have finite kernel and cokernel. Put a Haar measure
dz; on Z; by requiring that the quotient of dz; by the discrete measure on

ker[Z; = S;(Fy)]
be equal to the restriction of |ds;| to the open subgroup
im[Z; = S;(Fy)].

To prove that the t-value of our local complex is 1 it suffices to prove that dh;/dz; =
dzi41 for ¢ = 1,...,5 and also that dh;/dz; is discrete for ¢ = 6. Assume first that 4

is in the range 1,...,5 and consider the measured double complex (whose rows are
short exact sequences)
Zi — H; —_— Zi+1

| | !

Si(Fy) —— Ci(F,) —— Ci(Fy)/Si(Fy)
(use the measures dz;, dh;, dzit1, |dsi|, |de;|, |dei|/|ds;| and recall that |dc;|/|ds;| is
the restriction of |ds;+1]). The kernels and cokernels of the vertical maps are finite,
and by the snake lemma the alternating product of their orders is 1; therefore the
alternating product of the t-values of the columns is 1. It then follows from Lemma
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E.1.D that the t-value of the first row is equal to the t-value of the second row, namely
1, which means that dh;/dz; = dz;y1.
For ¢ = 6 we have the measured double complex

Ze —_— Hﬁ —_— HG/ZG

! ! !

Se(F,) —— Ce(F,) —— 1

and again the vertical maps have finite kernel and cokernel. Using the snake lemma
as before, we conclude that the t-value of the top row is 1 if we use dzg, dhg and the
discrete measure on Hg/Zg, which means that dhe/dze is discrete.

Next we need Tamagawa measures on H'(A/F,T EN s ). Let dy; denote the

Tamagawa measure on H'(A, T EN U); we take its quotient by the discrete measure
on the discrete subgroup
im [H"(F,T Luy-sH@ATS U)] ,
obtaining a Haar measure dy; on the open subgroup
coki(F,T L 1)

of HY(A/F,T Lu ); finally we define the Tamagawa measure on H*(A/F,T Ly )

to be the unique Haar measure whose restriction to cok’(F, T L ) coincides with
dy;. Note that for ¢ > 2 this Tamagawa measure is discrete. We follow the same
procedure for a single torus T: as Tamagawa measure on H°(A/F,T) we take the
unique Haar measure inducing the usual Tamagawa measure on the open subgroup
T(A)/T(F) and for i > 1 we take the Tamagawa measure to be the discrete measure
on the discrete group H*(A/F,T).

Lemma E.2.B. — Fizi> 0 and let A® denote the complex

ker'(F,T » U) »H'(F,T - U) - H(A,T - U)
—H{A/F,T - U) = ket ™ (F,T - U).

Make A® into a measured complex by using the Tamagawa measures on H (A, T ENy )

and H'(A/F,T Ly ) and the discrete measures on the other three groups. Then
t(A®) =1

This is an immediate consequence of the definitions.
There are still more Tamagawa measures to define. In (C.2) we defined a compact

subgroup H'(A/F,T 4 U); of HY(A/F,T 4 U). For i > 2 we take as Tamagawa
measure on H{(A/F,T Lu )1 the discrete measure on this discrete group. The
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groups H°(A/F,T EN U), and H'(A/F,T EN U); are the kernels of

H:HYA/F,T 5 U) > ker[2r — 2%y]

H:H A/F,T 4 U) 5 cok[2y — 2%y]
respectively. We will put canonical measures on ker[%r — 2y] and cok[™fr — Ay]
and then define the Tamagawa measure on H:(A/F,T Lu )1 (¢ = 0,1) by requiring

that the quotient of the Tamagawa measure on H(A/F,T Lu ) by the Tamagawa,

measure on H{(A/F,T Ly )1 yield the canonical measure on ker[2r — 2y] (resp.,
cok[™Ar — Ay]) for i = 0 (resp., i = 1).
Recall that

cok[Ar — Ay] = Hom (ker[YT — XT], R)
= Hom (X*(W)',R) ;
thus we have the lattice
Hom(X*(W)F,Z)
inside the real vector space
COk[QlT - QlU].

Of course we take as canonical measure on cok[2r — 2y] the unique Haar measure for
which the quotient of the vector space by the lattice gets measure 1 (for the quotient
of the canonical measure by the discrete measure on the lattice); in other words we
are viewing cok[r — 2y] as Hom(X*(W)F,R) and using the canonical measure in
Definition E.1.E.

For ker[%r — 2y] the definition of canonical measure is less obvious. Recall that

ker[A7 — Ay] = Hom (cok[YT — XT],R);
thus we have the lattice
Hom (cok[YT — XT],Z)
inside the real vector space ker[Ar — y]. However there is a second natural lattice,
namely the sublattice
Hom(X*(C)Y, 7).

Just as above this sublattice determines a Haar measure da on the vector space
ker[A7 — Ay], and for our canonical measure on ker[2r — 2y] we take the measure

I(x* (C)F)torsl_ldm

in other words we are viewing ker[27 — fAy] as Hom(X*(C)',R) and using the
canonical measure in Definition E.1.E.

Note that the kernel and cokernel of 27 — A7, as well as the canonical measures
on them, do not change if T’ Luis replaced by a quasi-isomorphic complex T" e
That is why we preferred to use X*(C)' rather than cok[YT — XT]. Consequently
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the Tamagawa measure on H*(A/F,T Ly )1 also remains unchanged for ¢ = 0,1
and trivially the same is true for ¢ > 3 as well. However for ¢ = 2 the group
H*(A/F,T 5 U),

itself can change when T — U is replaced by T' — U’.

In 27 we have the lattice Hom(XT',Z), which we use as above to get a canonical
measure on Ar and a Tamagawa measure on H°(A/F,T);. The restriction of this
measure to the open subgroup T'(A); /T(F) is of course the usual Tamagawa measure
on that group.

Let

[Ty = Ui] = [T2 = Us] = [T3 = Us] = [T1 — Uh][1]
be a distinguished triangle (of complexes of F-tori). Put the canonical measures on
ker[2r, — Ay,]
and
cok[™Ar, — Ay,]
for i =1,2,3. Let A® be the measured complex
ker[A7, — Ay,] = ker[Ag, - Ay,] = ker[™An, — Ay,] =
cok[Ar, — Ay,] = cok[Ar, — Ay,] = cok[Ar, — Ay,]

with ker[r, — 2y, | placed in degree 0.
Put

C; = ker[T; — Uj]
and
W; = cok[T; = Uj]
for 7 = 1,2,3. The distinguished triangle gives rise to an exact sequence
0= X*(W3) = X*(Ws) - X*(Wy) =» X*(C3) = X*(C2) = X*(C1) =0
which in turn gives rise to a complex
X*(Wa)' = X*(Wo)T = X*(W)F = X*(C3)T = X*(C)F = X*(C1)*

with X*(W3)! placed in degree 0. Denote by H' the i-th cohomology group of this
complex.
Let X; := X*(T;) and Y; := X*(U;) for ¢ = 1,2,3. There is a dual distinguished
triangle
Y3 = X3] = [Ya2 = Xo] = [Y1 = X1] = [Y3 — X3][1].
Put
u = |cok[H(F,Yz = X3) = HY(F,Y; = X1)]|
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and for i = 1,2,3 put
v; = | cok[H'(F,Y; = X;) = X*(C)"]
w; = |ker[HY(F,Y; = X;) = X*(C)"]]|
= [H'(F, X" (Wy))|
(the map
HYFY; = X;) = X*(Ci)"
is part of a long exact sequence of the kind described at the end of (A.1)).

Lemma E.2.C. — There are equalities

5 .
t(A.) — H |Hil(—1)z
=0

1 1 1

=u" U] UsUz wlw{1w3.

The first equality follows immediately from Lemma E.1.F. We get t(A®) rather
than its inverse since we switched from homological degree ¢ to cohomological degree
5 —i. Now we check the second equality. There is a commutative diagram

X*W3)l' —» X*Wo)f - Xx*(W)r - H@B) — H(?2) — H®1)

! ! ! ! ! !
X*(W3)' — X*(W2)' — X*(W1)' — X*(C5)F — X*(C2)" — X*(O)F
where we have written H (i) as an abbreviation for
HY(FY; = X)).

Apply Lemma E.1.D to the commutative diagram above (use the discrete measure
on each group). The top row is part of the long exact sequence coming from our
distinguished triangle and is therefore exact except at the right end, which means
that its t-value is

|cok[H(2) = H(1)]|™' =u~ 1.

The t-value of the bottom row is of course

5 N
H |H(-V",
=0

The t-value of each of the first three columns is 1, and the ¢-values of the last three
columns are wsv; v Wavy 1 w1y 1. We conclude from Lemma E.1.D that

5
if(-1)" _ -1, -1,  —1 -1
H|H |V = w7 wgug Ly wy tws,
=0
as desired.
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Corollary E2.D. — Let T — U be a complezx of F-tori. Let A® denote the complex
ker[QlT e ‘21(]] = A = Ay — COk[Q[T — QlU]

with ker[2Ar — Ay] placed in degree 0 and use the canonical measures above to make
A® into a measured complex. Then

t(A®) =d/e
where d (resp., e) is the cardinality of the kernel (resp., cokernel) of the natural map
cok[YT — XT] = x*(C)F.
Apply the first equality in Lemma E.2.C to the distinguished triangle

A-2U]l-[T-Ul=»[T—-1->[U->1].

E.3. Generalization of Ono’s formula for 7(T)

We write
vol(H (A/F, T % U)y)

for the measure of the compact group H*(A/F,T Lu )1 with respect to Tamagawa
measure, and we use parallel notation in the case of a single torus T'. Thus

vol (H°(A/F,T),) = 7(T)| ker' (F, T)|,

where 7(T') denotes the Tamagawa number of T', since the group T'(A); /T'(F) has
index |ker' (F,T)| in H°(A/F,T);. Ono [O] proved that

7(T) = |ker' (F,T)| 7' |H' (F, X*(T))|
= |ker' (F,T)|"}|H (A/F,T)| (by duality).

Thus Ono’s result can be reformulated as the equality
(E.3.1) vol (H°(A/F,T),) vol(H*(A/F,T))™" = 1.
Our next goal is to prove an analogous formula involving
vol(H(A/F,T L U)y).
Lemma E.3.A. — Let A® denote the complex
H°(A/F,T - U) —» H°(A/F,T) - H°(A/F,U) - H'(A/F,T -»U) — - .

Make A® into a measured complex by putting the Tamagawa measure on each group.
Then t(A®) = 1.
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We apply Lemma E.1.D to the following double complex.
— ke!(F,T -»U) — ker'(F,T) — ker'(F,U) — ke (F,T-U) —

! ! ! !

- HYF,T->U) — HYFT) — H{(F,U) — HYY(FT-U) —

! ! ! !

— H{(AT->U) — HY(AT) — H{(AU) — HYAT-SU -

! ! ! l

— Hi(A/F,T - U) - H{(A/F,T) —» H{(A/F,U) — H*\(A/F,T - U) —

! | | !

— ket Y (E,T - U) — ker'VY(F,T) — ker'V (F,U) = ker't?(F,T -5 U) —

We put the discrete measure on each group in the first, second and fifth rows. We put
Tamagawa measures on the groups in the third and fourth rows. Then by Lemma
E.2.B (and its analog for a single torus) the ¢-value of each column is 1. Therefore, by
Lemma E.1.D the alternating product of the t-values of the rows is 1. The t-value of
the first row is inverse to that of the fifth row, so that these two contributions cancel
in the alternating product. The ¢-value of the second row is 1 by Lemma E.1.B, and
that of the third row is 1 by Lemma E.2.A. We conclude that the ¢-value of the fourth
row is 1, which is what we needed to prove.

Lemma E.3.B. — Let A® denote the complex
H°(A/F,T - U); - H(A/F,T), - H°(A/F,U); = H'(A/JF,T - U); = - .

Make A® into a measured complex by putting the Tamagawa measure on each group.
Then

t(A%) = e/d,

where d,e are as in Corollary E.2.D.

Consider the double complex whose first row is the complex in this lemma, whose
second row is the complex in Lemma E.3.A, and whose third row is

ker[A7 — Ay] - Ar = Ay = cok[™/r = Ay] > 1 =1 —
ker[Dr — Dy] = Dy — Dy = cok[Dr - Dy] =1 — .

We put Tamagawa measures on the groups in the first and second rows. We put the
canonical measures of (E.2) (resp., discrete measures) on the real vector spaces (resp.,
discrete groups) in the third row. Clearly the t-value of each column is 1. Therefore
by Lemma E.1.D the alternating product of the t-values of the three rows is 1. The
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t-value of the second row is 1 by Lemma E.3.A; therefore the t-value of the complex
in this lemma is inverse to the t-value d/e (use Corollary E.2.D) of the third row.

Lemma E.3.C. — There is an equality
vol(HY(A/F,T L U)y) vol(H(A/F, T L U))) " H2(A/F, T L U)y| = e/d,
where d,e are as in Corollary E.2.D.

Consider once again the complex in Lemma E.3.B. It satisfies the hypotheses of
Lemma E.1.C. Therefore the alternating product of the total masses of the groups in
the complex is equal to e/d. Applying Ono’s equality (E.3.1) to T and U, we get the
statement of the lemma.

The equality of Lemma E.3.C is indeed a generalization of Ono’s equality, but it

has the defect that the quantities d,e,|H2(A/F,T Lu )1| can change when T Ly

is replaced by a quasi-isomorphic complex T" 25 U'. Our next result eliminates this
defect.

Lemma E.3.D. — There is an equality
vol(HO(A/F, T L U)) vol(HY (A/F, T L U)1)™! = vw?,
where
v:=|coklH'(F,Y L5 X) » X*(O)]|
w:=|ker[H'(F,Y &5 X) > X*(O)7)
= |H'(F, X*(W))].
Let I denote
cok[HY(FY 55 X) > x*(0)T).
We have two exact sequences (see (A.1))
1 H\(F,X*(W)) » H(F,Y 5 X) 5 Xx* ) T 1
1 cok[YT = XT] = HY(F,Y L5 X) - ker[H'(F,Y) - H'(F, X)] = 1.
Thus we have an exact sequence
1— D — HYF,X*(W)) = ker[H*(F,Y) - H (F,X)| - E = I — 1,
where we have written D (resp., E) for the kernel (resp., cokernel) of the natural map
cok[YT - XT] = x*(O)F.
Since each group in the exact sequence is finite, we see that
(E.3.2) 1 =dw | ker[H (F,Y) —» H*(F, X)]
By duality the map

e 1.

H2(A/F,T L U) > ker[Dr — Dy]
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can be thought of as the map
Hom (Hl FYy L X),@/z) — Hom (cok[YT — XT),Q/Z),

and therefore
ker[HY(F,Y) — H'(F, X)]
is dual to
HX(AJF,T L U),.
Thus the equality in this lemma follows from (E.3.2) and the equality in Lemma

E.3.C.
Next we reformulate our results in terms of A rather than A/F. We put

coki(F,T L U), i= cok!(F, T L U)nHI(A/F,T L U),.

By the Tamagawa measure dt on

cok*(F,T Lu )
we of course mean the quotient of the Tamagawa measure on

H (AT 5 U)
by the discrete measure on

im[HI(F, T L U) » H(\T 5 U)),
and by the Tamagawa measure on
oki(F,T LU, (=0,1)

we mean the Haar measure dt; having the property that dt/dt; is the canonical
measure (see (E.2)) on

ker[r — Ay]  ifi =0,
cok[Ar — Ay] ifi=1.
For i = 0,1 we define Tamagawa numbers
(T L U) = vol(cok! (F, T L U),).
Because the maps
H:H°A/F,T 5 U) — ker[2r — 2%y]
H:HYA/F,T 5 U) = cok2ir — y]
remain surjective when restricted to
okl(F,THU)  (i=0,1)
the sequences

1= cokl(F,T L U), - HAF,T L U) » ke ' (BT L U) 51
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are exact for ¢ = 0,1, and therefore

vol(Hi(A/F, T L U)) =T L U)k(i+1) (i =0,1),
where k(i) denotes

|ker'(F, T % 1)),
which immediately yields the following reformulation of Lemma E.3.D.
Lemma E.3.E. — There is an equality
2T L k)T L U)k(2) ! = vl
One final remark is needed. When we defined Tamagawa measures on
H(AT L U) and HA/FT LU

for i = 0,1 we noted that there is an alternative normalization. However this alterna-
tive normalization has the effect of multiplying the measures for ¢ = 0,1 by the same
factor, so that the quantity

vol(HY(A/F, T L U)1) vol(H (A/F, T L U))~!
does not change, and Lemmas E.3.C, E.3.D and E.3.E remain valid.

ASTERISQUE 255



[AT]
[Bo]

(B]

[H]

[K1]

(K2]

[K3]

(La]

[LL]

[L1]

[L2]

[L3]

BIBLIOGRAPHY

E. ARTIN and J. TATE — Class Field Theory, Benjamin, New York, 1968.

M. BoRrovoI — Abelian Galois cohomology of reductive groups, Mem. Amer.
Math. Soc. 626 (1998).

A. Bouaziz — Relévement des caractéres d’'un groupe endoscopique pour le
changement de base C/R, Asterisque 171 (1989), p. 163-194.

G. HARDER — Uber die Galoiscohomologie halbeinfacher Matrizengruppen. II,
Math. Zeit. 92 (1966), p. 396-415.

R. KoTTwITZ — Stable trace formula: cuspidal tempered terms, Duke Math.
J. 51 (1984), p. 611-650.

, Rational conjugacy classes in reductive groups, Duke Math. J. 49
(1982), p. 785-806.

, Stable trace formula: elliptic singular terms, Math. Ann. 275 (1986),
p. 365-399.

J.-P. LABESSE — Cohomologie, L-groupes et fonctorialité, Compositio Math.
55 (1984), p. 163-184.

J.-P. LABESSE and R. LANGLANDS — L-indistinguishability for SLs, Can. J.
Math. 31 (1979), p. 726-785.

R. LANGLANDS — Stable conjugacy: definitions and lemmas, Can. J. Math. 31
(1979), p. 700-725.

, Les débuts d’une formule des traces stable, Publ. Math. Univ. Paris
VII, vol. 13, 1983.

, On the classification of irreducible representations of real algebraic
groups, Representation Theory and Harmonic Analysis on Semisimple Lie
Groups, AMS Mathematical Surveys and Monographs, vol. 31, 1989, p. 101-
170.




190

[LS1]

[LS2]

M]

[Oe]

[O]

[R]

[Sh]

[S1]

[Sm]

[Spr]
[St]

[T]

BIBLIOGRAPHY

R. LANGLANDS and D. SHELSTAD — On the definition of transfer factors, Math.
Ann. 278 (1987), p. 219-271.

, Descent for transfer factors, The Grothendieck Festschrift vol. II,
Birkhauser, Boston, 1990, p. 485-563.

J. MILNE — Arithmetic Duality Theorems, Academic Press, Boston, 1986.

J. OESTERLE — Compatibilité de la suite exacte de Poitou-Tate aux mesures
de Haar, Séminaire de Théorie des Nombres de Bordeauz, Année 1982-1983,
exposé 19.

T. ONO — On Tamagawa numbers, Algebraic Groups and Discontinuous Sub-
groups, Proc. Sympos. Pure Math., vol. 9, 1966, p. 122-132.

J. ROGAWSKI — Automorphic representations of unitary groups in three vari-
ables, Annals of Math. Studies, vol. 123, Princeton University Press, 1990.

F. SHAHIDI — A proof of Langlands’ conjecture on Plancherel measures; com-
plementary series for p-adic groups, Ann. of Math. (2) 132 (1990), p. 273-330.

D. SHELSTAD - L-indistinguishability for real groups, Math. Ann. 259 (1982),
p. 385-430.

G. SHIMURA — Introduction to the Arithmetic Theory of Automorphic Func-
tions, Princeton University Press, 1971.

T. SPRINGER — Linear Algebraic Groups, Birkhauser, Boston, 1981.

R. STEINBERG — Endomorphisms of algebraic groups, Mem. Amer. Math. Soc.
80 (1968).

J. TATE — Number theoretic background, Automorphic Forms, Representations
and L-functions, Proc. Sympos. Pure Math, vol. 33, part 2, 1979, p. 165-184.

ASTERISQUE 255





