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0. Anosov flows

Let M be a compact C°° Riemannian manifold and let ^t - M —• M be a
Ch(k ^ 1) flow, t e R.

DÉFINITION. — We say that <f>t : M — • M is Anosov if there is a continuous
splitting of the tangent space TM = J5° ® E8 © Eu into D<f>t-invariant sub-bundles
such that :

(i) E° is one-dimensional and tangent to the orbits of the flow <f>;

(ii) There exist constants C, A > 0 such that

MI < C • e-xt and ||2ty-«|*.|| < C • e"At
s for t> 0

In addition, we shall always ask that the flow be transitive (Le. theie exists a
dense <£-orbit in M) and weak-mixing (Le. the least periods of closed orbits are not
contained in a Z, for some a > 0).

Remark. — The hyperbolicity of the flow can be seen through the induced action
on the Banach space C° sections a e Y(M>TM) given by (<j>tOt)(x) = D<j>ta(<j>-tx)
and the following characterisation.

T H EO REM (Mather). — The spectrum offö is contained in the union of : (a)
the unit circle; (b) an annulus with radii R\> Ri> \; and (c) an annulus with radii
n < T% < 1.

Principal example. — Let F be a compact n-dimensional manifold with né-
gative sectional curvatures. Let M = SV be the sphère bundie over V and let
<f>t : M — • M be the associated geodesie flow.

THEOREM (Anosov, 1967). — The geodesie flow is Anosov with :

(Dim M = 2n - 1, Dim Eu = n - 1 and Dim E* = n - 1)

The space of Ck all flows has a natural topology coming from the space of vector
fields X(M) on the manifold M. The stability of the définition is given by :

THEOREM (Anosov-Sinai, 1967).

(i) The Anosov flows are an open subset of all Ch flows on M;

(ii) The Anosov flows are structurally stable (Le. for each Anosov <f> and ij) sufficiently
close there exists a homeomorphism h = h$ \ M —• M such that h preserves
the orbits-up to parameterisation).
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(The proof of structural stability uses the implicit function theorem to find a
solution ip •-• h$ in Cf^{M^ Af). To apply this requires Mather's theorem).

1. Closed orbits and Livsic's theorem

We say that a 0-orbit r is closed if there exists T > 0 such that fox = z for all
x € r. The least such T is the least period A(r) of the closed orbit r.

PROPOSITION. — i4w Anosovflow has infinitely rnany closed orbits, and their
union is dense in M.

(This follows from "Anosov Closing Lemma" : If the ends of an orbit segment
are sufficiently close it can be "closed-up" to give a closed orbit r arbitrarily close by).

A function F : M —• R is Hölder continuous if \F(x) - F(y)\ ^
Const. ((£(37,2/))°, for some a > 0. Given a continuous function F : M — • R we
dénote Xp(r) = J0

A(T) F(<f>tx)dt. The density of the closed orbits leads to :

THEOREM (Livsic). — For Hölder continuous functions FyG : M —> R the
following are equivalent :

(i) \F(T) = A(j(r), for all closed orbits r;

(ii) There exists a Hölder continuous function k : M — • R (differentiable in
the flow direction) such that F(x) = G(x) + ***$*?> \t = 0. Furthermore, if
F, G€ C°°(M) then k e C°°(M) (Marco, Moriyon, de la Llave).

( (H) => (i) is easy. To construct k : M —> R given condition (i) choose
a dense <i-orbit y and a starting point ar e 7. For <j>tx £ 7 we define k(<f>tx) =
JQ(F — G)(<f>ux) - du. The Anosov closing lemma and condition (i) imply k\y is Hölder.
The définition of ik extends to M by continuity).

Application. — If <f> has a smooth {Le. a.c. wxt. volume) invariant measure on
M then the density is C°°.

2. Topological entropy and the maximal measure

THEOREM (Margulis). — There exists a constant h > 0 such that the least
periods are distributed according to

#{r|A(r) ^ x}x \l , —> 1, as x —• +00
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(Margulis proved this by introducing transverse measures for the horocycle
foliations which scales by e±hi under <f>\ and using a delicate application of the Anosov
closing lemma).

DÉFINITION. — The value h = /i(^) = lim ^ « W 7 * * ) is called the
«—*oo *

topological entropy of the flow <f>. Given any ^-invariant probability measure v we
dénote the entropy of the time-one map <j>t=\ : M — • M by h(<t>y v) ^ 0.

For example :
for v ergodic and a. a. x G M (w.r.t. v)

hty, v) = lim lim — Logi/{y € M\d(<f>tx, <f>ty) ^ e}.
c »0J "-^oo J.

THEOREM (Variational Principle). — h(<f>) ^ h(<}>,v) for ail ^-invariant pro-
bability measures v, and there is a (unique) ^invariant probability measure fi such that

DÉFINITION. — The measure fi is called the maximal measure for the flow <j>.

The Margulis resuit suggests that // can be constructed from closed orbits :

THEOREM (Bowen). — For any continuons function F € C°(M) :

E

3. Equilibrium states and the SRB-measure

Let K : M —• R be a Hölder continuous function.

PROPOSITION (Variational Principle). — There exists a (unique) ^-invariant
probability measure p such that /i(^, fï) + ƒ Kdfi ^ h(<j>, v) + ƒ Kdvfor ail (^-invariant
probability measures v.

DÉFINITIONS. — The measure \i is called the equilibrium state for K and the
real number P(K> ^) := /i(^, //) + ƒ Kdfi the pressure of the function K.

PROPOSITION (Livsic-Sinai). — Iftwo Hölderfunctions K\, K% have the same
equilibrium state then

Ki(x) = K2(x) + dk^ftX\t = o + constant,
ai

for some k : M —• R.
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If we take K = O then P(K) = h(<p) and the equilibriwn state fi is the maximal
L \ D ( D \ \Log\Dtt(Dót\E»)\

measure. A more interesting case : K(x) = Xu(x) := lim —— •—— (Le. the
t i OO %

infinitésimal expansion in the unstable direction).

DÉFINITION. — The equilibrium state m for Au is called the Sinai-Ruelle-
Bowen measure (or SRB-measure, for short).

THEOREM (Sinai).

(i) For almost all points x G M (w.r.t. the Riemannian measure on M) and any
F e C°(M), } /0' F(<pu(x))du —> ƒ Fdm, ast — • oo.

(ii) If <j> has a smooth invariant probability measure then it is precisely the SRB
measure.

(Part (ii) follows from part (i) by the Birkhoff ergodic theorem).

4. Reducing to an expanding map ("Symbolic Dynamics")

We describe the rough idea of a standard approach is to reduce the study of
<f>t : M — • M to that of an associated expanding map.

Step 1 : (Markov Poincaré sections). — We choose a finite family {T\ 3 . . . ,
of (small) disjoint codimension-one sections transverse to the flow. We then define

r(x) = inf{< > 0\<f>t(z) e U TS} (Poincaré return time)
t

P(x) = <f>t=r(x)(x) (Poincaré return map){
Extra hypothesis. — It can be arranged that for each i = 1, • . . , k the sets

{ Ws(x,Ti) = {y£Ti\d(P*x)P*y)—•O, as i—• oo and
Wu(x,7i)={zeTi\d(P-ix,p-iz)-*0> as i—>oo and

for x € 71, some small e > 0

are sub-manifolds of T{ (with Dim W*(x, 75) = dim E* and Dim Wu(x, 7i) = dim Eu)
and satisfy

f P(int W*(x, T))) C int Ws(Px, Tj) for some j = j(x)
W | P'1(Wu(x,Ti)) C Wu(P-lx,Tm) for some m = m(x)
and r is constant on each int W5(xy Ti).

(These constructions are due to Ratner, Bowen - afier Sinai)

Step 2 : (The expanding map). — We define an équivalence relation on each 75
by x - y if W*(x,Ti) = W3(y}Ti) and dénote E = g ^ / ~ . By hypothesis (*) the
induced map ƒ : E —• E, /([ar]) = [Par] is well-defined.
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THEOREM (Bowen). — There is (almost) a one-one correspondence between
n- l

f-periodic orbits {x, / x , . . . , fn~lx) and closed <f>-orbits r (of leastperiod A(r) = £
i=0

r(/*x) =: Tn(x)). There is (almost) a one-one correspondence between ^-invariant
probability measures and f-invariant probability measures.

But the real reason for introducing this method is the following :

THEOREM (Ruelle). — If we define an operator

Lt :C

then :

(i) Lt has an (isolated) maximal simple positive eigenvalue eP(<\ with t •-> eP(t ) €
(0, oo) strictly monotonely increasing and to = h(<f>)iff eP('o) = 1 is the maximal
eigenvalue;

(ü) lf
ƒ Ltok = k e C°(E)

are the positive eigenfunction and its dual then fi = kv is a f-invariant
(probability) measure corresponding to the maximal measure // for <f> (and the
transverse measure constructed by Margulis);

(and this can be used to study the zetafunction oftheflow <f>).
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