
SÉMINAIRE DE PROBABILITÉS (STRASBOURG)

DAVAR KHOSHNEVISAN

ZHAN SHI
Fast sets and points for fractional brownian motion
Séminaire de probabilités (Strasbourg), tome 34 (2000), p. 393-416
<http://www.numdam.org/item?id=SPS_2000__34__393_0>

© Springer-Verlag, Berlin Heidelberg New York, 2000, tous droits réservés.

L’accès aux archives du séminaire de probabilités (Strasbourg) (http://portail.
mathdoc.fr/SemProba/) implique l’accord avec les conditions générales d’utili-
sation (http://www.numdam.org/conditions). Toute utilisation commerciale ou im-
pression systématique est constitutive d’une infraction pénale. Toute copie ou im-
pression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=SPS_2000__34__393_0
http://portail.mathdoc.fr/SemProba/
http://portail.mathdoc.fr/SemProba/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


FAST SETS AND POINTS FOR

FRACTIONAL BROWNIAN MOTION

BY

DAVAR KHOSHNEVISAN* &#x26; ZHAN SHI

University of Utah &#x26; Université Paris VI

Summary. In their classic paper, S. Orey and S.J. Taylor
compute the Hausdorff dimension of the set of points at which
the law of the iterated logarithm fails for Brownian motion. By
introducing "fast sets", we describe a converse to this problem
for fractional Brownian motion. Our result is in the form of

a limit theorem. From this, we can deduce refinements to the
aforementioned dimension result of Orey and Taylor as well
as the work of R. Kaufman. This is achieved via establish-

ing relations between stochastic co-dimension of a set and its
Hausdorff dimension along the lines suggested by a theorem
of S.J. Taylor.

Keywords and Phrases. Fast point, fast set, fractional Brownian motion, Hausdorff dimen-

sion.
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§ 1. INTRODUCTION

Suppose W °-- (W (t); t > 0) is standard one-dimensional Brownian motion

starting at 0. Continuity properties of the process W form a large part of classical
probability theory. In particular, we mention A. Khintchine’s law of the iterated
logarithm (see, for example, [21, Theorem 11.1.9]): for each t > o, there exists a
null set such that for all w g 

lim sup |W(t + h) - W(t)| h ln ln(1/h) = 2. (1.1)

Later on, P. Levy showed that Ut  oNl (t) is not a null set. Indeed, he showed
the existence of a null set N2 outside which

lim sup sup 
|W(r + h) - W(r)| h ln(1/h) 

= 2. (1.2)
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See [13, p. 168] or [21, Theorem 1.2.7], for example. It was observed in [18] that
the limsup is actually a limit. Further results in this direction can be found in
[2, p. 18]. The apparent discrepancy between (1.1) and (1.2) led S. Orey and S.J.
Taylor to further study the so-called fast (or rapid) points of W. To describe
this work, for all A > 0, define Fi(A) to be the collection of all times t > 0 at
which

lim sup|W(t + h) - W(t)| h ln(1/h)  03BB2.
The main result of [18] is that with probability one,

dim (F1 (a)) =1- a~. (1.3)

One can think of this as the multi-fractal analysis of white noise. Above and
throughout, "dim(A)" refers to the Hausdorff dimension of A. Furthermore,
whenever dim(A) is (strictly) negative, we really mean A = Ø. Orey and Tay-
lor’s discovery of Eq. (1.3) relied on special properties of Brownian motion. In
particular, they used the strong Markov property in an essential way. This ap-
proach has been refined in [3, 4, II], in order to extend (1.3) in several different
directions.

Our goal is to provide an alternative proof of Eq. (1.3) which is robust
enough to apply to non-Markovian situations. We will do so by (i) viewing Fi (A)
as a random set and considering its hitting probabilities: and (ii) establishing
(within these proofs) links between Eqs. (1.2) and (1.3). 

’

To keep from generalities, we restrict our attention to fractional Brownian
motion. With this in mind, let us fix some a E ]0, 2[ and define X °-- (X (t); t > 0)
to be a one-dimensional Gaussian process with stationary increments, mean zero
and incremental standard deviation given by,

X(S) 112 °

See (1.8) for our notation on LP(P) norms.
The process X is called fractional Brownian motion with index a -

hereforth written as fBM(a). We point out that when a = 1, X is Brownian
motion. 

__

Let dimM (E) denote the upper Minkowski dimension of a Borel set E C I~1;
see references [17, 24]. Our first result, which is a fractal analogue of Eq. (1.2),
is the following limit theorem:

Theorem 1.1. . Suppose X is f BM(a) and E C [0,1] is closed. With probability
one,

lim sup sup |X(t + h) - X(t)| h03B1/2ln(1/h)  2 dimM(E). (1.4)

On the other hand, with probability one,

sup lim sup |X(t + h) - X(t)| h03B1/2ln(1/h) 2 dim(E). (1.5)
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Loosely speaking, when a = 1, Theorem 1.1 is a converse to (1.3). For all
a > 0, define ~’«(~) to be the collection of all closed sets E C [0,1] such that

lim sup sup 
|X(t + h) - X(t)| h03B1/2ln(1/h) 

 03BB2.

One can think of the elements of ~’«(a) as a-fast sets. Theorem 1.1 can be
recast in the following way.

Corollary 1.2. Suppose X is fBM(a) and E C ~0.1~ is closed. If dimM(E) 
a2, then E ~ F03B1(03BB) almost surely. On the other hand, then
E E ~’« (.1 ) .

Remark 1.2.1. An immediate consequence of Theorem 1.1 is the following
extension of (1.2):

lim sup sup 
~X(t + h) - X (t)~ 

= ~, a.s.

When a this is a consequence of [15, Theorem 7]. When a E~1, 2~, the
existence of such a modulus of continuity is mentioned in [16, Section 5].

A natural question is: can one replace E by a random set? The first random
set that comes to our mind is the zero set. When a = 1, the process is Brownian
motion. Its Markovian structure will be used to demonstrate the following.

Theorem 1.3. Suppose W is Brownian motion. Let Z ~ {s E [0,1] : W (s) =
0}. Then, with probability one,

lim sup sup |W(t + h)| h ln(1/h) = sup lim sup |W(t + h)| h ln(1/h) 
= 1.

Thus, the escape of Brownian motion from zero is slower than Levy’s mod-
ulus (1.2).

Next, we come to dimension theorems; see (1.3) for an example. Define the
a-fast points for fBM(a) as follows:

F« a °-- t E 0 1 : . (1.6)( ) L ’’ ’ J ’ ~ (i.s) ’

In particular, F1 (a) denotes the a-fast points of Brownian motion. In [9], R.
Kaufman has shown that for any closed E C [0,1] and every a > 0, with proba-
bility one,

(1.7)
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Moreover, there exists a certain fixed closed set E C [0,1] for which the above is
an equality. Our next aim is to show that the inequality in (1.7) is an equality
for many sets E C [0,1], and that this holds for all fBM(a)’s. More precisely,
we offer the following:

Theorem 1.4. Suppose X is fBM(a), E C ~0, l~ is closed and A > 0. Then,
with probability one,

dim(E) - dim (E n  dimp(E) - a2,

where dimp denotes packing dimension.

See [17] and [24] for definitions and properties of dimp.
In particular, (1.3) holds for the fast points of any fractional Brownian

motion. Moreover, when E = Z and a = 1, we have the following dimension
analogue of Theorem 1.3. Note that Fi(A) is the set of fast points of W as
defined earlier. In other words, it is defined by (1.6) with X replaced by W. .

Theorem 1.5. Suppose W is Brownian motion and Z ~ {s E [0,1] : W(s) =
0}. . Then, for all A > 0, with probability one,

dim (ZnF1(À)) = 1 _ 2 aZ .
A natural question which we have not been able to answer is the following:

Problem 1.5.1. . Does Theorem 1.5 have a general analogue for all f BM(a)’s?

The proofs of Theorems 1.1, 1.3, 1.4 and 1.5 rely on parabolic capacity
techniques and entropy arguments. The entropy methods follow the arguments
of [18] closely. On the other hand, the parabolic capacity arguments rely on
relationships between the Hausdorff dimension of random sets and stochastic
co-dimension (see §2). The latter is a formalization of a particular application
of [23, Theorem 4], which can be found in various forms within the proofs of
[1, 7, 14, 19]. We suspect our formulation has other applications. In §3, we
demonstrate (1.4) while (1.5) and the first inequality (i.e., the lower bound) of
Theorem 1.4 are derived in §4. The proof of the upper bound of Theorem 1.3
appears in §5; the upper bounds of Theorems 1.4 and 1.5 can be found in §6
and §7, respectively; and the lower bounds for Theorems 1.3 and 1.5 are proved
simultaneously in §8.

We conclude the Introduction by mentioning some notation which will be
utilized throughout this article. Define the function ~ as

~(h) °-- 2 ln(1/h), h E ~0,1( .
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By $ we mean the tail of a standard normal distribution, i.e.

03A6(x)  1 203C0 ~0 e-u2/2 du, x ~ ] - ~, ~[.

Furthermore, (03A9, F, P) denotes our underlying probability space. For any real
variable Z on (~, ~’, IP) and for every p > 0 we write the of Z by,

~Z~p  (03A9|Z(03C9)|pP(d03C9))1/p. (1.8)

Throughout, X denotes f BM(a) for any a E ]0, 2[. However, when we wish to
discuss Brownian motion specifically (i.e., when a = 1), we write W instead.
In accordance with the notation of Theorem 1.3, Z will always denote the zero
set of W restricted to [0,1]. Finally, the collection of all atomless probability
measures on a set E is denoted by ~+ (E) . .

Remark. Since the first circulation of this paper, many of the ’gaps’ in the
inequalities of this paper have been bridged. For instance, in Theorem 1.1, both
constants of (1.4) and (1.5) can be computed. This and related material can be
found in [10].

Acknowledgements. Much of this work was done while the first author was
visiting Université Paris VI. We thank L.S.T.A. and Laboratoire de Probabilites
for their generous hospitality. Our warmest thanks are extended to Steve Evans,
Mike Marcus, Yuval Peres and Yimin Xiao. They have provided us with countless
suggestions, references, corrections and their invaluable counsel. In particular, it ,

was Yuval Peres who showed us the role played by packing dimensions as well
as allowing us to use his argument (cf. [10]) in the proof of Theorem 2.5.

§2. PRELIMINARIES ON DIMENSION

In this section, we discuss a useful approach to estimating Hausdorff dimen-
sions of random sets via intersection probabilities.

Let So denote the collection of all Borel measurable subsets of ~0,1~ . We say
that E : : So is a random set, if x (c~, E) ~ {0,1 } is a
random variable in the product measure space. An important class of random
sets are the closed stochastic images E ~ 5~0,1~ °-- {S(t); t E [0, l~}, where S is
a stochastic process with cadlag sample paths.

Let us begin with some preliminaries on Hausdorff dimension; see [8, 16,
24] for definitions and further details. Given s > 0 and a Borel set E C [0,1],
let denote the s-dimensional Hausdorff measure of E. Recall that the
Hausdorff dimension - dim(E) - of E is defined by: dim(E) °-- inf { s > 0 :
A~ (E)  oo}. When it is finite, extends nicely to a Caratheodory outer
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measure on analytic subsets of [0,1]. By a slight abuse of notation, we continue
to denote this outer measure by ~’1S . .

Suppose E is a random set. Since we can economically cover E with intervals
with rational endpoints, dim(E) is a random variable. We will use this without
further mention.

Typically, computing upper bounds for dim(E) is not very difficult: find an
economical cover (Ij) of E, whose diameter is h or less and compute ~ - 
Obtaining good lower bounds for dim(E) is the harder of the two bounds. The
standard method for doing this is to utilize the connections between Hausdorff
dimension and potential theory. For any  E P+ (E) and all ,Q > 0, define,

A03B2 ( ) sup sup 
[t - h, t + h] h03B2

. (2.1)

(It is possible that oc.) We need the following connection between
Hausdorff dimension and potential theory; while it is only half of Frostman’s
lemma of classical potential theory, we refer to it as ’Frostman’s lemma’ for

brevity.

Lemma 2.1. (Frostman~s Lemma; [8, p. 130]) Suppose E E SA satisfies

~3  dim(E). . Then there exists ~c E 9+ (E) for which  oo.

Thus, a method for obtaining lower bounds on dim(E) is this: find a prob-
ability measure ~ which lives on E and show that  oo. If this can be
done for some (3 > 0, then dim(E) ~ ,Q. In general, this is all which can be said.
However, if the set E in question is a random set in the sense of the first para-
graph of this section, there is an abstract version of [23, Theorem 4] which can
be used to bound dim(E) from below; see also [1]. We shall develop this next.
Define the upper stochastic co-dimension (co-dim) of a random set E by

co-dim(E) ~ inf {,Q E [0,1J : V G E S5 with dim(G) > (3, P(E n G ~ 0) =1 } .
(2.2)

In order to make our definition sensible and complete, we need to define 
1.

Remark 2.1.1. In applications, we often need the following fact: if G E SA
satisfies dim(G) > co-dim(E), then ~ G ~ r~) = 1.

In this section we present two results about stochastic co-dimension, the
first of which is the following.

Theorem 2.2. . Suppose E is a random set. Then, for all G E So,

dim(E n G) ~ dim(G) - co-dim(E), a.s.

As mentioned earlier, Theorem 2.2 is an abstract form of a part of [23,
Theorem 4]. This kind of result has been implicitly used in several works. For
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example, see [7, 14, 19, 20]. To prove it, let us introduce an independent sym-
metric stable Levy process (S.~(t); t > 0) of index, E ]0,1[ . The following
two facts are due to J. Hawkes; cf. [6]. .

Lemma 2.3. Suppose G E So satisfies dim(G)  1- ~y. Then, with probability
one, 0 .

Lemma 2.4. Suppose G E SA satisfies dim(G) > 1- ~y. Then, P( S~,[0,1] n G ~
0) > 0. Furthermore, on ( S~,[0,1] n G ~ 0),

dim ( S.~ [0,1] n G) = dim(G) + ~y -1, a.s. (2.3)

Historically, the above results are stated with Sy [0,1] replaced by S~, [0,1] .
By symmetry, semi-polar sets are polar for Therefore, the same facts hold
for 5.~~0,1].

We can now proceed with Theorem 2.2.

Proof of Theorem 2.2. Without loss of generality, we can assume that the
compact set G satisfies dim(G) > co-dim(E). With this reduction in mind, let
us choose a number 7 E ]0, l~ [ satisfying,

7 > 1- dim(G) + co-dim(E). (2.4)

Choose the process Sy as in the earlier part of this section. Since 7 > 1-dim(G),
it follows from Lemma 2.4 that ~ °-- 0) > 0. By (2.3),

= dim(G) +, - 1)
 IlD ( S.y [0,1J n G ~ ~ , dim ( S.~ [0,1] n G) > co-dim(E) ) ,

where we have used (2.4) in the last inequality. In view of Remark 2.1.1, r~ is
bounded above by JIÐ( S~, [0,1] n G n E ~ ~) . Applying Lemma 2.3 gives

r~~(S~[0,1]nGnE~~, 

= r~ »( dim (G n E) > 1- ~y) .

The last line utilizes the independence of S~, and E. Since x > 0, it follows that
for all 7 satisfying (2.4), dim(G n E) > 1 - 03B3, almost surely. Let 03B3 ~ 1- dim(G) +
co-dim(E) along a rational sequence to obtain the result. 0

Next, we present the second result of this Section. It is an immediate con-
sequence of the estimates of [10, Section 3] and Theorem 2.2 above.
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Theorem 2.5. Suppose (En; n > 1) is a countable collection of open random
sets. If supn  1 co-dim(En)  1, then

00

. co-dim ( n En) = sup co-dim(En) .

In particular, P( i En ~ 0) = 1.

Informally speaking, this is a dual to the fact that for all Fn E SA (n =
1, 2, ...), = supn  o dim(Fn).

§3. THEOREM 1.1: UPPER BOUND

Define the set of "near-fast points" as follows: for all A, h > 0,

{t E ~0,1~ : sup X (t)) > aha~2~(h)}. (3.1)

Next, for any > 1, all integers j > 1 and every integer 0  m  + 1,
define

~ (m + , (3,2)

Finally, define for the above parameters,

~ n R ’ ) ~ ~~ ~ (3.3)

The main technical estimate which we shall need in this section is the following:

Lemma 3.1. . Let X be f BM(a), where a E ]0, 2~ . For all a > 0, ~ E ~0,1~, r~ > 1
and all R > 1, there exists Ji = Jl (~, a, r~, a, R) E ~2, oo ~ such that for all j > Jl
and all 77t ~ 0,

P03BB,03B1m,j  R-03BB2(1-~)j .

Remark 3.1.1. Part of the assertion is that Ji does not depend on the choice
of m.

Proof. By stationarity and scaling,

P03BB,03B1m,j = P( sup sup |X(s + t) - X(s)|  03BB03C8(R-j)).

We obtain the lemma by applying standard estimates and [12, Lemma 3.1] to
the Gaussian process (X (s + t) - X (t); s, t > 0) . 0

The proof of the upper bound is close to its counterpart [18]; cf. the first
part of Theorem 2 therein.
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Proof of Theorem 1.1: upper bound. Recall (3.1) and (3.2). Consider a
fixed closed set E C [0,1]. Fix R, 7y > 1 and A > 0. Define for all integers m ~ 0,

~k  1{I~m,j~F03B1(03BB,R-j)~Ø}1{I~m,j~E~Ø}. 

(3.4)

By (3.3) and Lemma 3.1, for all c 6]0,1[, there exists Ji = E

[2, oo[ such that for all k  J1,

= E E E E 

>

where E) denotes the ~-capacity of E. That is, it is the maximal number
of points in E which are at least 6’ apart ; see [5]. On the other hand, by definition,
for all J E ]0,1[, there exists J2 = J2(03B4, R, [2, 00[, such that for all j  J2,

E) ~ Hence, for all ~ Ji V J2,

V~ ~-7’(~(1-~)-~(1+J) 

It may help to recall that Ji VJ2 depends only on the parameters (A, a R, q ~, 6’). .
Let us pick these parameters so that A~(l - 6) > 7~(1 + ~) dimM(-E). It is easy
to see that for this choice of parameters, ~~  oo. By the Borel-Cantelli
lemma, with probability one, there exists a finite random variable ko such that
for all Jk = 0. In other words, with probability one, for all j  k0,

n E = 0. Rewriting the above, we see that with probability one,
for ko , supt~E supt  s  t + R-j |X(s) - X(t)|  03BBR-j03B1/203C8(R-j). Take any
h ~ There exists a ~ ko , so that R’-~ ~ ~ ~ It follows that for all

>

sup + h) - sup sup XM! )

~ AR-~/~(R~) ~ AR~/~~),

since ~ is monotone decreasing. This implies that whenever A~(l 2014 6) > 7~(1 +
03B4) dimM(E),

lim sup sup|X(t + h) - X(t)| h03B1/203C8(h)  03BBR03B1/2, a.s.

Along rational sequences, let c,(~ 2014~ 0+, 7y,R 2014~ 1+ and A~ ~ - in
this order - to see that with probability one, ~~

lim sup sup|X(t + h) - X(t)| h03B1/203C8(h) dimM (E).
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This proves the desired upper bound. o

§4. THEOREMS l.l AND 1.4: LOWER BOUNDS

For each closed set E C [0,1] and for every  E P+(E) and > 0, define,

I (h; 03BB) 10 (dt) 1{X(t+h)-X(t)>03BBh03B1/203C8(h)}. (4.1)

The key technical estimate of this section is the following:

Lemma 4.1. . Suppose E C (0,1~ is compact, ~, E ~+(E). For any e E ~0, 1~ and
a > 0, there exists a small ho E ~0,1( [ such that for all h E ~0, ho(,

C1+e+4 sup ~)~~i ~ ~ ~ ~ ~   ’l~ (hQ(h) )

Proof. Since X has stationary increments,

Illu(h; = ~(~~G(h)) ~ (4.2)

We proceed with the estimate for the second moment. Define,

a °-- 

U X(s + h) - X(s) h03B1/2
,

V X(t + h) - X(t) h03B1/2,

03C1 ~UV~1.

Then, ignoring the dependence on (h, s, t),

~)~~2 = W + Qa + ~s~ > (4.3)

where,

W f 
i 

10 N,(ds) 1{v % W Y % °’), > 
_

0 0
i t

Q2 2 10 (dt) t0 (ds)1{03C1>(ln(1/h))-2}1{t-s>2h}P(U  a, V  a),

Q3  2 10 (dt) t0 (ds) 1{03C1> (ln( 1 /h) ) -2 } 1{t- s 2h}P(U a, V a).
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We estimate each term separately. The critical term is Q1. Write x+ = 0)
for any x. If p  1/4,

P(U  a, V  a) = 1 203C01 - 03C12 ~a ~a exp(- x2 + y2 - 203C1xy 2(1 - 03C12)) dx dy
1 203C01 - 03C12 ~a ~a exp(-(1 - 403C1+)(x2 + y2) 2(1 - 03C12)) dx dy

= 1 - 03C12 1 - 403C1+(03A6(a1 - 403C1+ 1 - 03C12))2.
According to Mill’s ratio for Gaussian tails ([22, p. 850]), for any x > 1,

~2014~ 
2 

 ~ (x) ~ 1 exp (- ~2 ) . (4.4)

Therefore, using the fact that  is an atomless probability measure, we have,

Q1 sup 1-r2 1-4r+(03A6(03BB03C8(h)1-4r+ 1-r2))21 - 4r V 1 r ’/

 [03A6(03BB03C8(h))]2 sup (1 - 1 (03BB03C8(h))2)- 2(1 - r2)3/2 (1 - 4r+)2 
 exp((03BB03C8(h))2(4r+ - r2) 1 - r2).

Since (03C8(h))2(ln(1/h))-2 = 0(1) (as h goes to 0), this leads to:

Qi~~;A)[$(A~))]’, (4.5)

where B(h;.~) is such that, for any A > 0,

lim B(h; a) = l. (4.6)

To estimate Q3, use the trivial inequality a, V ~ a~ ~ a), to see that

sup ~,~(t - 2h, t]~~(~’i/~~h))

~2 2 sup ~c~(t - 2h, t + 2h~~~(a~(h)). (4.7)

Finally, we need to approximate Q2. Directly computing, note that when s 
t-2h,

_ 

03C1

= 1 2( t - s h)03B1[( 1 - h t - s)03B1 + ( 1 + h t - s)03B1 - 2].
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By Taylor expansion of (1 ~ x)O, we see that for 

( 1-x ) «+ ( 1+x ) «-2= a(a 2 1) ( 1_ ~i ) «-~ + ( 1- >

where ~~.~ (  2 for i = 1, 2. In particular, for 

!(1 - x)a + (1 + x)a - 2)  23-«x2.
In other words, when s  t - 2h, p  { 2h/ (t - s) } 2 « . . On the other hand,
if we also know that p > ( ln(1/h)) 2, it follows that for all h small,

2h( ln(1/h))2~~2-«)  Since ~(U > a, V > a)  ~(a~(h)), we obtain
the following: for all 6 > 0, there exists hl E ~ ]0,1[ such that for all h E ]0, Ai[,

Q2  2 sup ~c([t - hl-e, t + hl-E])~(a~(h))~

Together with (4.7), we obtain: for all  > 0, there exists h2 E ]o,1 such that
for all h E ] o, h2 [ , ,

Q2 + ~3  4 sup ~c([t - t + ~(~~(h))~

Combining this with (4.2)-(4.3) and (4.5)-(4.7), we obtain the result. o

Now we can prove the lower bounds in Theorems 1.1 and 1.4.

Proof of Theorems 1.1 and 1.4: lower bounds. By Frostman’s lemma
(Lemma 2.1), for any ,Q  dim(E), there exists a ~c E T+(~?), such that for all
h 6]0,1[ small,

sup ~u ( [t - h, t + h] ~ 

For such a ~u, use Lemma 4.1 to see that for all c E ]0, 1[ and A > 0, there exists
h3 E ] o,1 [ such that whenever h E ]0, h3 [ ,

~I (h; 03BB)~22 ~I (h; 03BB)~21  1 + ~ + 4h(1-~)03B2 03A6(03BB03C8(h)) .

According to Mill’s ratio for Gaussian tails (see (4.4)), for any A > 0, there
exists a small h4 > 0, such that for all h E ]0, h4[, .

Hence, for all h E ]0, h3 A h4 [ ,

~I (h; 03BB)~22 ~I (h; 03BB)~21  1 + ~ + 1603BBh(1-~)03B2-03BB2 ln(1/h).
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By choosing A such that > A2 we can deduce that for all h E ]0, h3 Ah4[,
Applying the Paley-Zygmund inequality ([8,

p. 8]), we see that

P(~;A)>0)~~~. ° (4.8)

We are ready to complete the proof. Define,

A03B1(03BB,h)  {t ~ [0,1]: sup |X(t + r) - X(t)| r03B1/203C8(r) > 03BB} . (4.9)

This is the collection of all h-approximate A-fast points. Observe that for
each h > 0, Aa(A, h) is an open subset of [o,1~. If I#L(h; A) > 0 (~ E ~+ (E) ),
then En Aa(A, ~) 7~ ~. By (4.8), we see that as long as (1 - 6-)/3 > A2, then for
all h E]o, h3 A h4 [, ~) > (1 + 2~)-1. Note that if h  h’, then
Aa (A, h) C Aa (A, h’ ) . Hence, for all a2 E [0, dim(E) [ , h)nE # Ø, h >
0) = 1. By Theorem 2.5, for all a2 E [0, dim(E) [ , ~ ( nh,o,A.a (a, h) n E ~ ~) = l. .
Since = Fa (a), we have shown that

co-dim(Fa(a))  ~2.

Unravelling the notation, this implies Eq. (1.5) (i.e., the lower bound in Theorem
1.1 ) . It also implies the lower bound in Theorem 1.4. 0

§5. THEOREM 1.3: UPPER BOUND

For r~, R > 1, and j > 1, define,

(5.1)

The notation is motivated by the following description: we think of I~, j (see
(3.2)) as "good" if m E SO’). . Otherwise, is deemed "bad". We also recall
Eq. (3.1) with a = 1 (thus replacing X by W in (3.1)). In analogy with the
definition of ak (see (3.4)), we define,

~ ~ ~ ~ (5.2)
j > k mE9(j) 

By the independence of the increments of W, {I~,j n Fl (A, R-j ) # ~} is inde-
pendent of {m 6 SO)}. Recalling (3.3), we see that

= ~ ~ E ~(j))pm,~’
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Since has a probability density which is uniformly bounded above by 1,
for all 0  m  R~j,

P(m ~ G(j))  4(~j ln R m  1). (5.3)

Next, fix e ~]0,1[. By Lemma 3.1, there exists Jl (~, l, ~, a, R) E [2,~[,
such that for all j > J3 and all m ~ 0, Pm;3  R-a2(1-E~~. Using (5.3), we see that
for all k > J3, 

’

~J’k~1  4 03A3 (~j ln R m  1)R-03BB2(1-~)j.
~ » m=0

If we choose À2(1 - e) > r~/2, then a few lines of calculations reveal that
~~ oo. By the Borel-Cantelli lemma, there exists a finite random vari-
able such that with probability one, for all k > kl, a~ = 0. In particular, with
probability one, for all j > ki ,

’ 

~69(j)}~~Fi(~R-~)~0}=0. (5.4)

By Levy’s modulus of continuity for W’ (cf. (1.2)), there exists a finite random
variable k2 (r~, R), such that with probability one, for all j > k2 (r~, R),

(5’S)

Eq. (5.4) shows that with probability one, for all j > k3 °-- kl V k2 (r~, R),
Fi(A, n Z = 0. That is, almost surely, for all j > k3,

sup sup IW(t + s)I  
tEZ 

If h  R-k3, there exists k3, such that h  By monotonicity,

sup sup IW(t + 

In particular, we have shown that as long as 03BB2(1 - ~) > ~/2, then almost surely,

lim sup sup |W(t + h)| h1/203C8(h) 03BBR1/2 .

Along rational sequences (and in this order), let r~, R -~ 1+, ~ -~ 0+ and a2 ,~ 2
to see that with probability one,

lim sup sup |W(t + h| h1/203C8(h)  1 2.
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This proves the upper bound in Theorem 1.3. 0

§6. THEOREM 1.4: UPPER BOUND

Recall Eqs. (1.6) and (3.1). We begin with a "regularization scheme" which
is used later in our good covering for dimension calculations.

Lemma 6.1. . For all integers k > 1 and all reals 8 E ]0,1[ [ and R > 1, ,

Fa (A) C U 
j>k

Proof. From first principles, it follows that for all ~3  A, C

~h>0~003B4hF03B1(03B2, 03B4). Let 03B4  h  1, say R-j  03B4  R-j+1. For all t E Fa(,Q, 03B4),

sup (~’(S)-X(~)I ~~R ~a/2~’(R-~+1) - 
t  s  

We have used the monotonicity properties of ~. This implies that t E
Fa (~3R-al2, R-(j-1) ). The result follows. 0

We are prepared to demonstrate the upper bound in Theorem 1.4.

Proof of Theorem 1.4: upper bound. Fix R, 7y > 1, () E ]0,1[ and recall Im,j
from (3.2). From Lemma 6.1, it is apparent that for any integer k > 1, we have
the following covering of Fa (~) :

cn cn

U U (s.l)
j=k 

By (3.3) and Lemma 3.1, for all ~ > 0, there exists J4 = J4(~, a, ~, a, R, 8) E
[2, oo[, such that for all j  J4,

l?J)  R (1 ~)9a~2R 2a~, (6.2)

For any s > 0 and every integer k > 1, define,

ak (s) -~ ~ Lr 
~ "

By (6.2), for all k > J4,

~ .
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(Recall from §3 that E) is the ~-capacity of E.) Note that if we enlarge
J4 further, then for all /3 > dimM(E) and all j ~ J4, we can also ensure that
M ((1 + E)  Suppose ~i > dim~(E) and

775 (1 - . (6.3)

It follows that Lk  oo. By the Borel-Cantelli lemma, limk~~ Jk(s) =
0, a.s. From (6.1) and the definition of Hausdorff dimension, it follows that for
any s satisfying (6.3),

s(E ~ F03B1(03BB)) lim Jk(s) = 0, a.s.

Therefore, almost surely,

dim 

Letting 0, r~, R ,~ 1, 9 T 1 in this order and along rational
sequences, we obtain

dim (E n Fa(a))  dimM(E) - a~-’. a.s.

By [17, pp. 57 and 81], for every G E SA,

dim(G) = inf sup dim(G.i ),
i

dimp(G) = inf sup dimM(Gi),
i

where the Gi’s are assumed to be bounded. Thus,

dim (E n Fa (a) )  dimp(E) - a’ , a.s.,

which is the desired upper bound. 0

§7. PROOF OF THEOREM 1.5 : UPPER BOUND

Recall the notation of §3 and §6, from (5.1). By Lemma 6.1 and
(5.5), for any r~, R > 1 and 9 E ~0,1~, there exists a finite random variable K
such that almost surely for all k > K,

z n F1(a) c U U (7.1)
j > k 

’

Next, we show that the above is a fairly economical covering. Since W has
independent increments, for any s > 0,

E E n Fl (eaR 1~2, R ’+1) ~ ~ , , m E ~(~))~ 

= ~ ~ ~) P(m E 9(j)).
j > ~ 0  mR’~~+1 

’ "
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By (5.3),

E E n Fi(M~-~~R-~~) ~ 0 , m ~ SO-))

 4  |I~m,j|sP(I~m,j ~ F1(03B803BBR-1/2,R-j+1) ~ Ø)(~j ln R m  1).
~A: ~=0 

, , 

Using Lemma 3.1, we see that for all e 6 ]0,1[, there exists J5 = Js(~, ~, 7y, A, R) E
[2, 00[, such that for all &#x26; ~ Js,

E E ’ ’

//~ln~ ~ 
j~~ ~=o 

’ ~ 

In particular, if

~>~-(1-~A~-’, , (7.2)

then,

~ E Z~ t~j!" ~.~Fi(~R-i/~,R-~i)~0} = 0, a.s

Thanks to (7.1), we can deduce that for any s satisfying (7.2), = 0,
almost surely. In particular, almost surely, dim (Z n Fi (A)) % s. Let e ~ 0, C t 1
and 1 in this order to see that with probability one, dim 
03BB2. This is the desired upper bound. 0

§8. PROOFS OF THEOREMS 1.3 AND 1.5: LOWER
BOUNDS

The main result of this section is the following which may be of independent
interest.

Theorem 8.1. . Fix a compact set E C [0,1]. . Then, ’

dim(E) > ~ + ~ - P(Z n Fi(A) n 0) = 1.

As the lower bounds in Theorems 1.3 and 1.5 follow immediately from the
above, the rest of this section is devoted to proving Theorem 8.1.

Suppose E C [0, 1] is compact, p e T+(E) and h, A > 0. Define,
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J~(h;A) ~ ~ 
For all  ~ P+(E) and any h, 03B2 > 0, define the following:

Sh( ) sup hs (dt) t - s,
h( ) sup (s+h)^1s (dt) t - s.

The proof of Theorem 8.1 is divided into several steps. In analytical terms,
our first result is an estimate, uniform in 5 C [0,~], for the 1/2-potential of a
measure /~ restricted to an interval [~,A]. Indeed, recalling ~(~) from (2.1), we
have the following:

Lemma 8.2. Suppose ~ ~ T+(B). Then &#x26;r a~ /3 > 1/2 and aC h > 0,

9~ 1

~M~~-TT~M~’~ (8.1)

- - 9 ~ 1

~M~~2014Y~~)~’~ (8.2)

Proof. Without loss of generality, we can assume that A03B2( )  oo for some

/? > 1/2 (otherwise, there is nothing to prove). We proceed with an approximate
integration by parts: for all 0 ~ 5 ~ h,

hs (dt)(t - s)-1/2 = s+(h-s)e-js+(h-s)e-j-1 (dt)(t - s)-1/2

oo

~(~ - ~)-~ ~e~)~ + (h - 5)e~-~,5 + (h - 5)e~]

 e1/2(h - s)03B2-1/2A03B2( ) exp ( -j(03B2 - 1 2)),
j=o

which yields (8.1). The estimate (8.2) can be checked in the same way. ~

Our next two lemmas are moment estimates for 

Lemma 8.3. Suppose  ~ T+(E) js fixed. fbr every c > 0, there exists an
h~ > 0, such that for all h ~ ]0, hc[, and all A > 0,

)!~~~!!i~B/~~-~~~))-
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Proof. By the independence of the increments of W,

a)II~ _ ~(~~(~)) f 0 1 ~).

A direct calculation reveals that if r E ]0,1[, r~ ~ 2/ (~re) r. There-
fore, by Brownian scaling, for every h E ]0,1[,

~J (h; 03BB)~1 2 03C0eh03A6(03BB03C8(h)) 1h2 (ds) s

2 03C0e [h2,1]h03A6(03BB03C8(h)).
The lemma follows upon taking h > 0 small enough. 0

Lemma 8.4. Fix JJ E ~+(E). Suppose  oo for some ,~ > 1/2. . Then, for
all h, A > 0,

~2~e 2Q 1~2‘4a(f~)~2ha+s/a~~~’~~t,,)) +hz~2(a’~(lx))~. °
Proof. To save space, for all h, t ~ 0, define,

°-- W (t + h) - W (t).

By the independence of the increments of W,

~I~~ch;a)II2 - 2 ~ 0 i 
X f e li

= 2~(~’~’(h)) I ~ i li
~ LTl + T2~, (8.3)

where,

T1  ~1h (dt)1{|W(t)|  h} (t-h)+0 (ds)1{|W(s)|  h}1{0394hW(s)  03BBh1/203C8(h)} ~1,
T2  ~ 10 (dt)1{|W(t)|  h} t(t-h)+ (ds)1{|W(s)|  h}~1 .

We will estimate Tl and T2 in turn.
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We will need the following consequence of Gaussian laws: for all s, h > 0,

h) % (8.4)

First, we estimate Tl. Note that,

T1 = 
1h 

(dt) t-h0 (ds)P(|W(t)| h, |W(s)| h, 0394h W(s) 03BBh1/203C8(h)).
(8.5)

Suppose t E ~h,1~ and s E [0, t - h). Then s ~ s + h ~ t, and we have,

I W(r);r~s+h~
=1~(~W(t)-W(s+h)+W(s+h)~~h I W(r);r~s+h~

SEll2

On the other hand, W (t - s - h) has a Gaussian distribution. By unimodality
of the latter,

) 
(This actually is a particular case of T.W. Anderson’s inequality for general
Gaussian shifted balls). Using (8.5) and the principle of conditioning,

I t-h
Tl ~ J h J 0 

- s - h)~ h) x

x 

03A6(03BB03C8(h)) 
1h 

(dt) t-h0 (ds)P(|W(t - s - h)| h)P(|W(s)| h).

By (8.4), ,

h2 ~ (~’~~~)~ f 1 It-h 0 ~~ds) s t 1 s h ~
Changing the order of integration, we arrive at the following estimate:

T1  h203A6(03BB03C8(h)) 1-h0 (ds) s 1s+h (dt) t - s - h

h2 03A6(03BB03C8(h))S21( )

4e203B2 (203B2 - 1)2 A203B2( )h203A6 (03BB03C8(h)) , (8.6)

by Lemma 8.2. Next, we estimate T2. By another unimodality argument, for all
t~sandallh>0,

, h, h) s h) S)~ h).
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Applying (8.4), h, ~W(t)~ ~ h~ ~ h2/ s(t - s). Therefore,

T2  h2 10 (dt) t(t-h)+ (ds)1 s(t-s)

= h2(T2,1 + T2,2), (8.7)

where,

/ 0 f o 
T2,2 1h (dt) tt-h (ds)1 s(t - s).

To estimate T2,1, reverse the order of integration:

T2,1 = h0 (ds) s hs (dt) t - s  S2h( )
4e203B2

~~2~_1~2AQO)h2p 1~ (8.8)

by Lemma 8.2. Similarly,

T2,2 = 10 (ds) s (s+h)^1s (dt) t - s

 S1( )h( )

4e203B2 (203B2-1)2A203B2( )h03B2-1/2.
Since h  1 and /~ > 1/2, using the above, (8.8) and (8.7), we arrive at the
following:

T2 8e203B2 (203B2-1)2A203B2( )h03B2+3/2.
Use this, together with (8.6) and (8.3) in this order to get the result. ~

We are ready for the main result of this section:

Proof of Theorem 8.1. For A, h > 0, recall (4.9) and define,

z(h) °-- {s E [0,1] : ~W(s)~  h}.
Path continuity of W alone implies that is an open random set.
We estimate the probability that it intersects E. By Frostman’s lemma, for all
/3  dim(E), there exists ~, E T+(jS) such that Ap(~,)  oo. Let us fix a ~,
corresponding to an arbitrary but fixed choice of ,~ satisfying:

.~2 + 2  ,Q  dim(E). (8.9)
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Applying Lemmas 8.3 and 8.4 to this choice of ~,, we see that for all e > 0, there
exists he > 0, such that for all h E ]0, he[,

~J (h;03BB)~21 ~J (h;03BB)~22  03B3~,03B2 [2h03B2-1/2 03A6(03BB03C8(h)) + 1]-1,

where,
n ~2~ - 1)2~1 - e)z

"~ - °

According to Mill’s ratio for Gaussian tails (see (4.4)), we can pick hx so small
that for each and every h E ]0, ~~a~(h)~ ~ Therefore, for

[8,~hp-~z-1~2 ln(1/h) +1, 1.~ 
’

By (8.9), lim infh~0+ ~J (h; 03BB) ~21 ~J (h; 03BB)~-22  03B3~,03B2 > 0. By the Paley-
Zygmund inequality ([8, p. 8]),

lim inf P(J (h;03BB) > 0)  03B3~,03B2 > 0.
h-0+

Note that the event ~J,~(h; a) > 0) implies that Z(h) intersects E

Hence,
lim inf n .A1 (a, h) n E # Ø)  03B3~,03B2 > 0.

However, as h .!. 0, the (random) open set Z(h) ~A1 (03BB, h) decreases to Z n F1 (03BB).
Adapting Theorem 2.5 to the positive probability case, we can conclude that

Fl (a) n E # I~l~ ~ > 0. Note that the only- requirement on E was that
dim(E) > A~ + 1/2. Since Hausdorff dimension is scale invariant, we see that for
any real number s E]0,1[,

n Fl(a) n ra) ~ ~~,~,
where s-lE °-- {r/s : r E E~. We finish the proof by showing that this probabil-
ity is actually 1. Fix s E ]0,1[ and observe from Brownian scaling that Z n Fi (A)
has the same distribution as Z n Fl (a) n [0, s~ in the sense that for all G E So,

P (Z n n G ~ fd~ = P(Z n n [0, s] n sG ~ 0).
In particular, for all s EJO, 1(, n F1 (a) n [0, s~ n E ~ et~ ~ > 0, Note that
Z n Fl (À) n E n [0, s] is increasing in s. Thus, _

P( Q 
Let C ~ (Z n Fi (A) n E n [0, s] ~ 0~ . Observe that C is measurable with
respect to the germ field of W at 0 and we have just argued that I~(C) ~ > 0.

By Blumenthal’s 0-1 law, P(C) = 1. Since (Z n Fi (A) n E ~ D C, the result
follows for Fi. 0
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