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Integral representation of martingales
in the

Brownian excursion filtration

Paul McGill

Department of Mathematics, Maynooth College, Co. Kildare, Ireland

If B, is a Brownian motion, whose natural filtration we write as B, then it is a
well-known theorem of Ito that every B, martingale M; can be represented as a

stochastic integral
¢

M=%+/ u,dB,
0

where u, is a B, predictable process. This means that every B; martingale is
continuous and that, in a certain sense, B; is a one-dimensional filtration. In [14]
Williams has introduced the notion of the excursion o-field £* below z, defined
as the o-field generated by the time change of B, which deletes the excursions
above z. Walsh [12] takes the theory a stage further by considering the associated
filtration (£*,z € R). He points out that the Ray-Knight results (see also [6])
on the Markovian properties of the local time in the space variable enable us to
generate an infinite number of orthogonal £* martingales, so that this filtration
has infinite dimension [2]. He also poses the following questions.

(a) Is every £* martingale continuous?

(b) Can every £* martingale be represented as a stochastic integral?

Williams [15] has proved that the answer to (a) is yes. See [7] for more details on
the recurrent case. The precise formulation of (b) is more difficult because there
is no obvious choice of integrating process. However Walsh has suggested that
one look for an integral with respect to the local time L(z,t), using the family of
&% martingales associated with the Ray-Knight theorems. On the other hand the
conditional excursion formulae of Williams [15] provide us with a dense family £*



466

martingales. These have the added advantage that they are defined for all levels,
in contrast to the Ray-Knight martingales which are only defined on a semi-
infinite interval. In {13] Walsh defines a double integral, working directly with
L(z,t), and he then proves that the conditional excursion formulae of Williams
have the required integral representation. To do this he needs to derive certain
complicated analogues of Green’s formula.

Our idea is to modify Walsh’s procedure by integrating with respect to a different
process. In order to explain more fully let us write Tanaka’s formula

t
BiAz=BoAz+ f 1(3.<z)dB, - %L(z,t)
0

Time changing (see section one below) so that we only measure time spent below
T gives
B(z,t) = Bo Az + fB(z,t) — L(z,t)

where B(z,t) is now a reflecting Brownian motion on (—oo, z}, B(z, t) is a Brow-
nian motion, and L(z,t) is the reflecting Brownian local time at z. It is easy to
see, from the Ray-Knight theorem, that (L(z,t),z € R) is an £* semimartingale
so that we can use it to define stochastic integrals in the variable z. If we write
R$ f(y) to denote the resolvent of Brownian motion killed when it hits (—oo, z]
then the first order conditional excursion formula of [7] can be written as

E| / T eMf(B)slET] = R3F(0)+

exp{~V2Xz" }[R} f'(z+) /oo exp{—At — V2AL(z,t)}d, L(z,t)+

/ow exp{~ Xt — VEAL(z,8)}£(B(z,1))dt]

where we have assumed that By = 0. Here, and throughout the rest of this paper,
R f'(z+) is the derivative in y of R f(y) evaluated at y = z+. One is now led
to guess that this £* martingale can be written as some sort of stochastic inte-
gral in the space variable involving L(z,t), the essential contrast with [13] being
that we work in an intrinsic time scale. The integrals we use are parameterised
stochastic integrals rather than the more sophisticated double integrals of Walsh
and our approach has two important advantages. First of all we obtain all the
£* martingales from a single infinite-dimensional Markovian process. And also
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we identify a special dense subclass of martingales for which the representation
takes a particularly simple form. It is this, rather than the representation itself,
which we hope will prove to be most useful for subsequent calculation.

The article is organised as follows. In the first section we look at the basic
continuity properties of the processes B, ﬁ and L. We show here that, for each
fixed t, L(z,t) is a semimartingale in the filtration £*. It is perhaps surprising,
in view of the complexity of some if the subsequent calculations, that this is
an immediate consequence of the Ray-Knight theorem once we note an obvious
remark. In the second section we prove that the excursion filtration is right
continuous. For this we use the dense set of martingales found by Williams [15].
And from this we are able to see that L and B are strongly Markovian in the
space variable. Such results have already been looked at by Walsh [12], but our
reasoning is different.

The next section states the conditional excursion theorem (for a proof see [8])
and uses it to obtain information concerning the conditional joint law of L(z,t)
and B(z,t) given the o-field £2. The calculations are in principle fairly straight-
forward, though they should perhaps be omitted on a first reading. From this we
are able to find the Doob-Meyer decomposition of L,. This is the main result of
the paper and yields the extra information that the process [* L3(y,t)dy has a
density in the time variable. Because i(z, t) is a semimartingale for each value of
t, we can define the stochastic integral [* K(y,t)dy L(y,t) for suitable processes
K. From this we are able to construct a dense family of continuous £* martin-
gales by using processes of the form [° dt [*  K(y,t)d, L(y,t). The hard part is
to show that the conditional excursion martingales of Williams can be written in
the appropriate form using these parameterised stochastic integrals. Once this is
achieved, the general representation result is immediate. The results given here
have already been announced in the note [9].

N.B. Throughout the paper C shall be a constant, whose value may differ from
one equation to the next. Also it is often convenient not to specify the lower limit
on certain integrals in the space variable.

Acknowledgement I wish to thank IHES (Bires-sur-Yvette) for support during
the intial stages of this work, most of which was carried out while I was employed
at N.U.U. in Coleraine. Thanks go also to those who have helped by commenting
on previous versions.
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§1. Properties of the process at a fixed intrinsic time

Let (22, 7, P) be a probability space which supports a Brownian motion B;. We
will take Bg = 0. Then write

¢
A(z,t) =/0 1(B,<z)d8

and denote by 7(z, .) the right continuous inverse of the increasing process A(z,.).
Because A(z,t) is By adapted it follows that 7(z,t) is a B; stopping time. Define
B(z,t) = B(r(z,t)) noting that this process, whose completed right continuous
filtration we represent by B(z,t), satisfies the inequality B(z,t) < z for all ¢ > 0.
Then following David Williams [14], we define £* = B(z, 00) to be the excursion
o-field of B, below z. The increasing family (£*,z € R) is called the excursion
filtration of B;. It is known from the Ray-Knight theorems [12] that the martin-
gale dimension of this filtration is infinite, so it is certainly not the filtration of
any finite dimensional Brownian motion.

We will write L(z,t) to denote the almost surely bicontinuous version of the local
time of B;, which we normalise in such a way that the occupation density formula
becomes

/0 " (BJ)ds = / f(2)L(z, t)ds

Also write L(z,t) = +L(z,7(z,t)). In order to identify this as the local time of
B(z,t) at z we can proceed as follows. By the Tanaka formula

t

BiANz=BoAz+ / 1(B,<2)4Bs — %L(z,t)
0

When we time change by 7(z,t) this becomes
B(z,t) = Bo Az + Bz, t) — L(z,t) (1.a)

where f(z,t) = fo (=:t) 1(B,<2)4B, is, by Paul Levy’s martingale characterisa-
tion, a B(r(z,t)) Brownian motion. Now regard (1.a) as a stochastic differential
equation driven by fA(z,t) and subject to the boundary condition that L(z,t)
increases only when B(z,t) = z.

Theorem 1.1 (see [4] ) (i) B(z,t) is a reflecting Brownian motion on (—oo, 2]
and is the unique strong solution of (l.a).
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(ii) L(z,t) = sup{(B(z,8) — z*+)* : 0 < s < t} and hence it is B(z,t) adapted.
(iii) B(r(z,t)) and £* are conditionally independent given B(z,t).

Proof: (iii) Let F be bounded and £* measurable. We must prove that F; =
E[F|B(z,t)] = E[F|B(r(z,t))]. But this follows if every B(z,t) martingale is a
B(7(z,t)) martingale. Which is true by (i) and the Ito representation theorem
for B(z,t).

Let 8; be the shift operator of B,, and suppose that S is a B, stopping time.
Define £* o fg to be the o-field generated by the process { B(7(z,t)) o fs,t > 0},
and remark that it starts at the position Bg Az. This need not be £* measurable.
The next result therefore generalises [6] Lemma 4.3.

Lemma 1.2 Let S be any B, stopping time. If f is any Bs measurable function
then for each bounded measurable g we have

E[fgo 05|€%] = E[fEg(s)lg|£*]|€7]

Hence, if Bg is £* measurable we have conditional independence of Bs and
o{B;olg :t > 0} given £=.

Proof: Note first that o(Bs,£*) = o(Bs,£® o fg) so by the strong Markov
property applied at the time S

E[fh(gH o 05)] = E[fhEp(s)[gH]]

where h is Bs measurable, H is £* measurable, and both functions are bounded.
Thus we see that E[f(gH o 05)|Bs] = fEp(s)[gH] which implies that
E[fg o 0slo(Bs, £* o 8s)] = fEp(s)[g|€*]. The proof is finished by doing the

projection onto £*.

The next remark will prove extremely useful. Although it is almost obvious it
plays a key role in what follows.

Remark 1.8 Let p : @ — R* be measurable. Then r(z,p) > r(y,p) whenever
z<y.
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We shall need the following version of the Ray-Knight theorem. This formulation
is due essentially to Williams [14] and a proof can be found in either [6] or [12].
First let us note that the stochastic differential equation

Z(a,z) = Z(0,2) +2/0¢ VZ(b,z)dfs + 2(a A z)

where (8,,a > 0) is a Brownian motion, has a unique continuous strong solution
(see [6]) which is absorbed when the process reaches zero. And the hitting time
of zero is finite almost surely.

Theorem 1.4 Let £ > 0 be any £* measurable random variable. Then given
£=, the process {L(z + a,7(z,£)),a > O} has the same law as the process
{Z(a,z™),a > 0} started at 2L(z, £).

We point out that by Theorem 1.1 L(z,t) is £* measurable. Also notice that if
y > z then

7(z,€) = r(y, Ay, 7(2, §)) (1.b)
and A(y,7(z,€)) is €Y measurable. Therefore we see that L(y,7(z,§)) =
2L(y, A(y, 7(z, €))) is ¥ measurable. Also starting from (1.b) we can show that
the analogues of the identifiable rectangles, defined by Walsh in [13], form a
pre-ring. However we do not need this here. What we shall need though is the
following formula due to Williams [14]. His sketched proof is given in more detail
in [6] or [12].

Corollary 1.5 If z < a then
E[exp{—Ar(z’ E)}Iea] = exP{—‘/z_Aa— - AS. - mi(“; S.)}
where ¢ = A(a, 7(z, §)).

The next lemma should be compared with some of the results of [1] although it
is much easier. However we also use the Ray-Knight theorem in the proof.

Lemma 1.6 If K is any compact subset of the real line then for every ¢ >0 and
z < inf K then we have

E[:gg L*(a,r(z,t))|€%] < C[1 + L(z,t)]?
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for all p > 0.

Proof: By the previous theorem the process {L(a, 7(z,t)),a > z} is equivalent in
law to a process which is majorised on every sample path (see [17]) by a BES?(2)
process {Z(a — z,00),a > z}. But by writing the latter as the sum of the squares
of two independent Brownian motions we find

E[sup L*(a, 7(z,t))|£*] < E[sup Z?(a — z,00)|E*] <
e€EK a€K

E(sup f7 + sup A2)°] < C(1+ L(z,t))?
eeK °  aek

where for the last part we use independence and the inequality (see [3]) of
Burkholder-Davis-Gundy.

Notice that sup, L(a, r(z,t)) is not in L,, for this would imply uniform integra-
bility of the BES?(0) process.

Lemma 1.7 For every p > 1

E[|A(z,t) - Bly, 8)1**] < Cll(z,2) - (v, )lI?
where C is some constant and ||.|| is the usual norm on R2.

Proof: Let us write, fory < z

7(z,t) 7(y,8)
M(z, y;syt) =/0 1(B.,<z)dBu "/ ]-(B,,<y)dBu
0

Working on a fixed compact subset of RZ and considering M(z,y;s,t) as a
stopped B; martingale, we use the bilinearity of the mutual quadratic variation
to compute (and forgive the abuse of notation)

< M(z,y,;8,t) >=t+ s — 2A(y, 7(z,t) A 7(y, 8))

But, by Remark 1.3, notice that A(y,7(z,8 At)) < A(y,r(z,t) A r(y, 3)) <
A(y, r(y,t A 8)) which can be written as

tAs— /: L(a,7(z,t As))da < A(y,7(z,t)A7(y,8) <t As
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And so we obtain the estimate
< M(z,y;8,t) >< |t — 8|+ 2/ L(a,r(z,t A 8))da
y

And by the inequality of Burkholder-Davis-Gundy there is a universal constant
C, such that

E[M?*(z,y;3,t)] < CoE[< M(z,y;3,t) >7]

If however n > 1 then by Jensen’s inequality and the fact that we know the law
of the local time
n
i) |

E [(/” L(a, r(z,t A s))da)"] < E [(z -y" (/: L(a, r(z,t A s))z'ﬁ‘

(z —y)n-V) E[/z L*(y,r(z,t As))da] < C(z-y)"

Thus for integer values of p we can use the binomial theorem to expand the
estimate for < M(z,y;s,t) >P, which when we use the above inequality gives us
(once we put everything together again)

E[M?®(z,y;3,t)] < C(ls —t|+ |z - y|)?

as required.

We now recall the following well-known result. For the proof we can proceed as
in the appendix to [10].

Kolmogoroff Criterion: Suppose that X; is a process indexed by R? which

satisfies
E[|X, - X,|?] < Cljt - o]|**” (p>0,7>0)

Then X, has a version whose paths are almost surely Holder continuous of order
6 for every § < (7/p). More precisely for each bounded region of R? there exists
a constant C, independent of w, such that

|B(z,t) — Bly, 9)\ < Cli(z,t) - (v, 9)II*

whenever ||(z,t) — (y, 8)|| < 6(w).
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Corollary 1.8 ﬁ(z, t) has a version satisfying a local Holder inequality of order
a for each @ < L.

Proof: This follows from the Kolmogoroff criterion since the statement of the
above lemma holds for arbitrarily large values of p.

From Theorem 1.1 (ii) we can immediately deduce the following.

Corollary 1.9 The process (L(z,t),(z,t) € R x R*t) has a version satisfying a
local Holder condition of order a for every a < %

Proof: We have
|L(z,t) - L(y,8)] < C(lt—s|*+ |z —y|*)

< 20(t—s| + |z —y))*

Which gives the result.

Theorem 1.10 (i) The random variables (L(z,t),z < 0) are identical in law.
(ii) (L(z,t),z > 0) is an £* potential i.e. it is a supermartingale which vanishes
at infinity.

(iii) The process (L(z,t), z € R) is a continuous uniformly integrable semimartin-
gale.

Proof: (i) This follows by using the strong Markov property at the hitting time
of (—oo0, z].

(ii) For the supermartingale property let 0 < z < y and, using Remark 1.3, we
get

E2L(y,t)|€%] = E[L{y, r(y,8)) — L(y, 7(2,8))|€*] + E[L(y, (2, )| %] < 2L(z,2)

by Theorem 1.4. To see that it is a potential let T, be the first hitting time of y
80 that lim, T, = +00 almost surely. But L(z,) = 0 on the set {T}, > t}.

(ili) Continuity is proved above. Uniform integrability follows because for all
p20

E[L*(z,t)] < E[L?(0,1)]
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since L(0,t) has the same law as the maximum of a Brownian motion. We now
take 0 > y > z and find that

E[2L(y,t)|€%] = E[L(y, 7(y,t)) — Ly, (=, t))|€%]+
E[L(y, r(z,t))|E%] < 2L(z,t) + 2(y — 2).

again using Theorem 1.4 and Remark 1.3.

This proves a little more than we claimed, namely that L(z,t) + z~ is an £*
supermartingale.

§2. Right continuity of £*

Most of the standard results in the general theory of processes [3] require that
the filtration be right continuous. In the present context this is quite a difficult
problem. The excursion filtration, as we have defined it, is assumed to be com-
plete and traditionally this suffices if the underlying Markov process is a ‘good’
one. However we have not as yet been able to exhibit the process. So we try to
show directly that £+ differs from £ only by null sets of the measure P . The
main difficulty is in applying the dominated convergence theorem to a suitably
large class of projections.

In [12] the proof is carried out by using what is called the ‘strong Markov property’
of the excursion process. However our method turns on the use of the CMO
martingales of Williams [15]. We have already shown in [7] how these may be
calculated without the use of excursion theory. So first we write

Kt(naAaf) = KC(AI’A%-'- )Aﬂ;flﬁfzi"‘f")

t tn 12
=/ dtnc“k"’"f,.(Be,‘)/ / dtlc_‘\"‘fl(Bh)
0 0 0

where the functions {f,} are always assumed to be continuous and to have com-
pact support. Also it will be convenient to let K.(0,),f) = 1.

Theorem 2.1 The filtration {£%,z > 0} satisfies the usual conditions.
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Proof: Since each £2 is defined to be complete it suffices to prove right continuity.
Namely that for F any bounded measurable function on {} we have

limE[Fl£=+] = E[F|¢*]

almost surely. This proves that £*+ and £* differ by no more than P null sets.
Moreover it suffices to project only those functionals of the Brownian path which
are supported above the level z. And since it is enough to give the proof for
a dense set of such F we can restrict ourselves to those functionals of the form
Koo(n, A, f) where the functions {f,} are all supported on a compact subset of
(2, +00). To begin with we have the evaluation from [7] Theorem 2.2 of the first
order CMO formula

E| fo - e~ f(By)dt|E] =

R$£(0) + exp(—v2Xa™) RS f'(a+) / " exp{-Xt — VENL(a, )} dei(a, 1)
0

where we recall from the introduction that R f(z) is the resolvent of Brownian
motion killed at a. We can now examine each term in turn. The first one R$f(0)
is continuous in a as can be seen from the explicit formula
oo
R$f(@)= o= [ (emVPhoyl - omVPRizes=sl) f(y)dy
V2A Ja
The second term is continuous in a by the bicontinuity of L, and the explicit

formula

RS f'(at) = 2 [ " o=Vl f(y)dy

a

We now consider the higher order formulae

E[ /0 " M (B Ka(n, ), )dt|€%] =

T. co
E[/o e~ £(B,) Ku(n, ), )dt] + E /T e~ £(B,) Ke(n, ), £)dt] €]

Examining each of these terms in turn we see that the first calculates by using
the expression

E,[Kz,(n, 2\, 0)] = B}, [/1RL,[f2...[R} [fa] - )(v)
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where pu; = A; + ... + An. The second term is reduced, via the facilities of (7]
Lemma 3.1 and 3.2, to the evaluation of a first order formula. The fact that
the limit gives what we want follows by the same argument as in the first order
case applied inductively, since at each stage the projection is continuous in the
variable a.

One can certainly interpret the above calculations as confirming the Markovian
properties of certain infinite dimensional processes in the space variable. We can
define the process (L.,z € R) with state space C([0,00)) by L.(t) = L(z,¢?).
The state space is Polish but is not locally compact, so one cannot directly apply
standard Markov process theory. The processes 4, and B, are defined similarly.

Corollary 2.2 If K is a functional of the Brownian path which is supported
above the £* stopping time X then

E(K|¢**] = E[K|Lx]

Proof: It is enough to prove this for a dense set of such K. Suppose that {X,}
is a sequence of discrete stopping times which decreases to X. Thus we may
suppose that K has the form Ko, (n, A, f) and we can allow all the functions to be
supported above a fixed X;y. The result clearly being true for discrete stopping
times, the general case now follows by taking limits.

The above appears in Walsh’s article [12] while the following result and proof are
taken from [13].

Lemma 2.3 The o-field £ —° is P trivial.

Proof: Let A € £—°°. Then by the strong Markov property applied at the times
T_. we see that A is independent of the generating set |J,» B(T-n) for £.
Which proves the result.

The results of this section are very important since, once we know that the
excursion filtration satisfies the (so-called) usual conditions, we can proceed to
deploy the machinery of the general theory of processes.
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§3. Calculations with the conditional excursion theorem

Let us fix the semi-infinite interval (—oo,a]. The excursions of B, from this set
take their values in the space W, the collection of all continuous paths ~ starting
at a and absorbed when they return to (—oo, a] again. The excursion process from
(—o0,a] is then a mapping £%: D x Rt = We defined by

€%(w,8) = BiaT, © 0r(a,0)— (Ar(a,s8) #0)
=A (Ar(a,8) =0)

where A is the null excursion and T, is the hitting time of (—00, a] (we recognise
that there may be a temporary risk of confusion between the two meanings of the
symbol € but this should not cause difficulties later on). The initial excursion
£*(w,0) from By > a to (—00, a), when it exists, is independent of £* and usually
needs to be looked at separately.

On this space W* we can define the so-called excursion measure Q°. If p¢(z,y)
denotes the transition density of Biar, then the excursion measure has entrance
law given by

3
Q2ldy] = dy 3-pi(2,¥)lamet (a<y)
The terminology means that if ¢ > 0 and Y is a Borel subset of (8, +00) then

Q*hr(t) e Y] = /Y Q¢ldy]

Q% is now completely specified by declaring that the Q® conditional distribution
of {7(t + ) : 8 > 0}, given that ~(t) > a, is that of a Brownian motion started
at 7(t) and absorbed at a. The following is (see [8] for example) a variant of the
general conditional excursion theorem.

Theorem 3.1 Let A2 > 0 be a time-homogeneous function defined on the excur-
sion space W*. Suppose that Q[4%] < +oo. Then for every bounded B(r(a,t))
predictable process Y,

t
Zo= Y Vah® o £%(w,s) — Qo[4°] / Y.d,i(a, s)
0

0<e<t

is a B(r(a,t)) martingale which is orthogonal to B(a,t).
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The effectiveness of this result for performing calculations depends to a large
extent on the following auxiliary facts. They are certainly well known to experts
but we think it useful to underline their importance.

Lemma 3.2 (i) Let A(t) > 0 be any continuous functional of the killed Brownian
path {B, : 0 < t < T,}, such that A(0) = 0. If 4° is the corresponding function
defined on W* then we have

Q%[1 — exp{—A4°}] = H'(a+)
where H(z) = E.[exp{—-AA(T.)}]
(i) If N, is a square integrable B(r(a,t)) martingale which is orthogonal to #(a,t)
then E[Ny, — No|é¢] = 0.

Proof: (i) By our description of Q% and the continuity of A(t)
0°1 - exp{-34°}] = lim [ 11 - )@ (dw)
The result follows when we integrate by parts and take the weak limit, using our

definition of Q¢.
(i1) See [6] Lemma 4.2.

The following is typical of the kind of results we can obtain by using the second
part of the previous lemma as well as being a vital step in our main calculation.

Lemma 3.3 Forz > a
2 rz
Bylexp(-4 [ 50, (8, 9)b — 1L(a, (0, )}IE°] =

K (7,1, y) exp{—pZ(v, n,z)L(a,t)}
where we write

_ psinh p(z — a) + 2y cosh u(z — a)
" pcosh u(z — a) + 27sinh p(z — a)

Z(v,p, =)

_ pcosh p(z — y) + 2ysinh p(z — y)
" pcoshpu(z — a) + 2ysinh p(z — a)

K(v,m,9)
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when a < y < z. Furthermore if p = 0 we replace

29 1+29(z - y)
1oy + Elvpz) ————=
#E(rpyz) 1+ 2v(z - a) (v,1,2) 1+ 29(z—a)

Proof: By [6] Theorem 4.5

I‘Jylexp{—%zfz L(b,(a,t))db - 7L(z, 7(a,1))}|€*] = £(0) exp{f"(a+)L(a, )}
where f is the unique solution of the system
M=u'f (a<z<2) ; fl(z+) - f'(z~) = 2vf(2)

subject to the boundary conditions f(a) = 1 and f'(z) = 0 for z > z. Now we
solve explicitly for f and substitute.

Next we introduce some more notation. If W, = [ L(b,7(a, s)—)db we define Y,
be the indicator function of the event {s + W, < t}. Note that Y, is B((a, s))
predictable. This will be important later on. Also we shall use T.(z) to denote
the hitting time of (—o0, a] by the process B(z, t). Then in our proof we consider
the function A%(z) defined on the space W* so that

7(a,8)

A%(z) o E(w,8) = / exp{—vL(z,t) - ;—jt}dti(z, t).

r(a,8)—

Lemma 3.4 If z > q,
Q*[4%(2)] = A}~ (1 + Z(v/2, ), 2)]/(A + 7)
Proof: Following the prescription of Lemma 3.2 we first calculate
T. (=) . Az ~
E,| /0 exp{~1L(2,1) - S} (2,0)).
By Ito’s formula, since B(z, t) = z on the support of L(z, t), we have

- . 2
exp{AB(z,t) — yL(z,t) - %—t} — My
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A+17) /(: exp{\z — v7L(z,s) — 3;ey}d.f,(:t:, 3)

t . . Ag .
=) [0 exp{AB(z,9) ~ 1E(z,9) = 5-0}de(z, ).

and this martingale is uniformly integrable. Stopping at the time T,(z) and
taking the expectation Doob’s theorem gives

B fexp{~1E(z, To(a) ~ S Tu(a)}] - o =

(A + '7)E,[/o‘ exp{Az — vL(z, ) - A—;—.:}d.i(z, 3)]

However Lemma 3.3 and a time change shows that
gl A% [®
E,[exp{—-z-L(z,Ta) -7 L(b,T,)db}] =
; A2
E, lexp{~7L(s, Ta(2)) — 5-Ta(o)}] = K(1/2,),)
Thus we find that
Ta(2) . 22 .
E,/ exp{—7L(z,s8) — Ts}d.L(a:,a) =
0

[20=2) — =2 K(q/2, A, p)]/(v +))

Taking the derivative of this in y, and evaluating at y = a+, we get the value of

Qe[4%(2)]

Corollary 3.5 If A = 0 then

Q*{4%(2)] = 1/[1 + 1(z - a)]

With these preliminary calculations out of the way we are now in position to use
the conditional excursion theorem.

Lemma 3.6 32
Elexp{\B(z,t) — 7L(z,t) - -2—t}|€°] =
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Elexp{AB(z,t A Tu(2)) — vE(2,t A Tu(2)) - 523 A Ta(z)}+
A /oo exp{AB(z, s)}E[Y, exp{—-g—L(z, 7(a, 8)) — 523-(8 + W,)}€%d,Ba,8) —
0

oo y A2 -
Aere[1+ Z(7/2, A, 2)] / E{Y, exp{~ 1L(z, 7(a,5)) = (s + Wo)}|€*}d, (s, o)
0

Proof: By Ito’s formula

exp{AB(z,t) — yL(z,t) - A2—2t} =

exp{AB(z,t A T.(z)) — 7L(z,t A To(z)) - ’\z—zt AT, (z)}+

~ - 2 -
A exp{AB(z, s) — yL(z,s) — :\i—a}d.B(z, 3)
Ts(2)

‘ R = A2 -
| [1‘,(=) exp{AB(z,3) — 7L(z,s) — —2—3}d.L(z’ 3) (3.0)

Working term by term we note that the martingale part of (3.a) is uniformly
integrable. The contribution from the excursions above a is

t . . /\2 .
‘/T © L8 (z,0)>a) €XP{AB(2, ) — 7L(z, ) — —2—a}d.ﬂ(:c, s)

so that by time change to the 7(a,t) time scale we get a square integrable
B(r(a,t)) martingale which is orthogonal to B(a,t). Therefore by Lemma 3.2
its projection onto €% is zero. On the other hand

t . . A2 -
/T.,(s) L5 (z,6)<a) €XP{AB(2, ) — 7L(z, ) — Ta}d.ﬂ(z, 3)

can be time changed to give

E[./‘;°° Y, exp{AB(z, 8) — -}L(z, 7(a,8)—) — 1\21(3 + W,)}d.ﬁ(a, 8)|€°]

- /0 ” exp{AB(a, s)}E[Y, exp(~1L(z,7(a, ) - ’—‘;-(o + W)} €%]d, B(s, 5)
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Notice that we were able to replace L(z,7(a,8)—) by L(z,r(a,s)) since the in-

creasing process of B(a, t) is continuous. Next we consider the bounded variation
part of (3.a) which we can write as

(r- 7)[r © exp{\z — vL(z,8) — );ia}d.i(:c, 8)

since B(z,t) = z on the support of L(z,t). But in the 7(a,t) time scale this looks
as

(A = 7)er* Z Y,4%(z) o £*(w, 8) exp{— %L(z, 7(a,8)-) — %(a + W,)}

0<e<t

Now by Theorem 3.1, because we know that Y,exp{—%1L(z,7(a, 8)-) -
’l;—(s +W,)} is B(r(a,t)) predictable, this projects onto £ to give

oo 2 ~

(A - '7)e'\’_Q“[ﬂ“(m)]/ E[Y, exp{—g-L(z, 7(a,8)) — 1\2—(3 + W,)}|€%]do L(a, 8)
0

where we have invoked the continuity of L(z,t) in order to replace L(z, (a,)-)

by L(z,7(a,8)). The proof is completed by using the evaluation of Q¢[4%(z)]
from Lemma 3.4.

The following result can be proved either by the same argument this time with

. 2 . A2 .
exp{AB(z,t) - Z‘—-t}L"(:t:,t) instead of exp{AB(z,t) — —2—t — yL(z,t)}. However
we prefer to deduce it from the above.

Corollary 3.7 ,
Efexp{AB(z,t) - %—t}f/‘(z, H|ee] =

E[L"(z,t A To(z)) exp{AB(z,t A Ta(z)) — éz—z-t A To(z)}+
A /Ooo exp{AB(a, 8)}E[Y,2 " L"(z,7(a,3)) exp{— %2-(8 + W,)}E%]d, Bla, 8)
_64\0, ‘/Ooo E[Yl(—l)n 58,7_",;'[(A + AZ(’zl) A) Z)) exp{—g'L(z7 T(ar 8))}]'1=0+

exp{— :\21(8 +W,)}|E2)do L(a, 8)
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Proof: Since L has moments of all orders the only difficulty is in showing
that we can differentiate inside the integrals. However, even in the case of the
stochastic integral this is quite straightforward. We simply argue in the usual
way only that we take limits in the martingale H> norm.

We can now prove the main result of this section. Recall that, unless otherwise
stated, we always have By = 0.

Theorem 3.8 For v, y positive and p > A2/2

lim /00 e #(Elexp{AB(z,t) — 7L(z,t)}|€*] - exp{AB(a,t)—vL(a,t)})dt

Z—=a T —Qa 0

©o

= ~(1/meen = (7575 [ P (AB@,0) = 1E(0,0) - e}

cAa

['71(a<0) + (21 — v?) L(a, a)] d,B(a,s) - (m> /ooo exp{—vL(a,s) — ps}
[ =% = 1A+ V) Laco) — (1 + A)(20 — 1) L(a, 8))d, L(a, s)

Proof: We use Lemma 3.6, so first we need to write

exp{AB(a,t) — vL(a,t) — l;—t} = exp{)B(a,0)}

oo . . A2 .
+/\/0 Lio,¢(8) exp{AB(a,8) — vL(a,s) — -2-—e}d.ﬂ(a,a)

oo . . A2 .
142 [ 110 (0) exp{MB(a,5) ~ 1E(a,0) - 2}, (o, o)

Subtracting this from the result of Lemma 3.6 and taking the Laplace transform
in t we look first at the martingale part. Because

/(;°° exp{—put + :\;t}Y,dt = exp{—(p — ;—2)(8 + W,)}/[p - i2-2-]

we find, using a stochastic Fubini theorem, that this contributes

A ) 1 e ~
(m) Jim — a/(; exp{AB(a,s)}
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(E[exp{—g-fz(z, r(a,3)) — p(s + W.)}|€*] — exp{~7L(a,s) — ps})d.f(a, 8)

And by Lemma 3.3, arguing as in the previous proof, this is equal to

(u—'u);’/_z) /ow exp{AB(a, 3)~7L(a,8)~ns}[11(a<0) +(28—17) L(3, )ld. B(a, )

Doing the same with the other integral and using Lemma 3.4 we see that we must

evaluate
¢ e (” );2/2):_”_ / i+ 2252

Elexp{- %L(z: r(a,8)) — (s +W,)}E - (1+ X) exp{—'yi(a, 8) — ps}}d, i(a, 8)

Which we can calculate from Lemma 3.3 as before. Finally we consider the
contribution from a possible initial excursion. For this take a < 0 and use Lemma
3.3 to calculate the limit

lim
z—a r —

AZ
—(Efexp{da - 1L(z,T0) - STa(@)}) - *%) = ~1h(aco

Thus the contribution from the initial excursion is —le"“l(,,«,) since we have
n
the difference
Elexp{)la — —L(:c T.) — T (z)}]—

Efexp{AB(z,t A Tu(2) — (.t A Ta(a)) - "?t ATo(z)}]

bounded by e**P,[t < Ty(z)] However from Lemma 3.3
o0
A / NP, [t < Ta(2)|dt = 1 — SechvZX(z — )
0
So dividing by (z — a) and taking the limit we get zero.

In fact we do not need the above result in such generality. But we have given
it here for convenience, and as an illustration of the power of the conditional
excursion theorem. We really only require the first two conditional moments of
L. And rather than apply a result on double limits it is easier to check, starting
from Corollary 3.7, that the argument used above gives the following results.
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Corollary 3.9 For each u > 0 we have

(i) lim / M E|L(z,¢) — L(a, )|€%)dt =
z—=a T —ajg
.l-l(a<0) - 2/ 6_"'I~J(a,s)d.i(a,s).
4 0
(i) lim / e M E[L*(z,t) — L(a,t)|E%]dt =
e T —a jg

©0o

%/ e"** (L + Liacq)ldsL(a, s) - 4/ e **L?(a,s)d,L(a, s).
0 0

$§4. Canonical decomposition in the excursion filtration

By the results of the first section we already know that {L(z,t),z € R} is a
semimartingale for each fixed t. Therefore we can write it as

L(z,t) = N(z,t) + D(z,t)

where N(z,t) and D(z,t) are respectively the martingale part and the bounded
variation part of L(z,t) . Recall that by a result [11] of Stricker and Yor
there is a jointly measurable version of this decomposition. And moreover,
since {L(z,t) — I l(y<0)dy,z € R} is a supermartingale, we can assume that
D(z,t) - [* L(y<o)dy is increasing so that almost surely it generates a positive
measure. We fix a normalisation for D by requiring that

D(w,t)=0

w being assumed fixed for the moment.

In this section we will find a more explicit form for this canonical decomposition
as well as investigating a similar result for the process B,. First of all we explain
the general approach. The main idea is really quite simple. Suppose that X,,
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with filtration X, is a process satisfying the stochastic differential equation

t t

X =Xo +/ o(s, X,)dB, +/ (3, X,)ds
0

0

where for the moment we assume that the coefficients are smooth. If we know
E[X.|X,] and E[X?|X,] for all pairs s < t then, in principle, we can determine
the coefficients & and r from the following formulae

lim ——(BIX,|X,] - X} = (5, X.) (4a)
lim t—i;{E[XﬂI.] X2} = 2X,1(s,X,) + 0%(s, X,) (4.)

In our case we should calculate

. 1
lim

z—a I —

—{E[LY(z,t)|€°] - L¥(a,1)}

for 5 = 1,2. However we have no reason to suppose that the coefficients are
smooth. Indeed they are not. It ought to be clear from the results of the previous
section that in order to do calculations we must use some sort of smoothing in
the time variable.

The results obtained below were motivated by the conditional Ray-Knight the-
orems as ennunciated by Walsh [12]. The guiding principle is that working in
the intrinsic time scale merely introduced a drift term and that infinitesimally
the relation between martingale parts remains unaffected. Consequently then
one expects that disjoint time intervals will produce orthogonal martingales and
that the quadratic variation will be the ‘usual one’. For more information on the
Ray-Knight martingales see [6] Theorem 4.8.

We begin with the following technical lemma. It is generally known [3] as ‘la
méthode des laplaciens approchés’. To set it up we suppose that Y; is a contin-
uous process which is a semimartingale in the filtration Y; and having canonical
decomposition there given by M; + A;. M, is the martingale part while A, has
bounded variation. Both of these processes are continuous so by localisation we
can assume that A, is integrable.

Lemma 4.1 Suppose that for some ¢ > 0 the set

{’1-‘ /0‘ (E[Yosn|Ys] - ¥.)ds,0 < h < e}
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is uniformly integrable and converges weakly in £; to the continuous process U,.
Then U, is a version of A,.

Proof: It suffices to prove that for every bounded random variable Z we have
E[ZU:| = E[ZA:]. Let Z, = E[Z|Y,] define a right continuous ¥, martingale.
Let us define U} = L [ (E[Y,44]Y,] — ¥,) ds so that by Ito’s formula d(Z,U}) =
U,"ng + Z,dU}. Now take expectations and use the definition of conditional
expectation to obtain

E[ZU}| = E|Z,U} = E| / 24U = B : / o (Auyn — Ay) do]
0 0

But by Fubini we transform this into E| f(: dA, ¢ f(:_h) + Z,ds] which converges

to E{fy Zu-dA,] = E] Js ZudA,] since A, is assumed to be continuous. However
another use of Ito’s formula shows this to be the same as E[Z A,]. And the result
follows since

. h —

Lli% E[ZU}] = E[ZU,

by hypothesis.

Lemma 4.2 If z > a then {D(z,t) — D(a,t),t > 0} is a decreasing process with
the same Laplace transform in ¢ as the distributional measure

k4 d x .
/ Ly<oydy - = / L3(y, t)dy

Proof: We wish to apply Lemma 4.1 to the semimartingale

{/ e M L(z,t)dt,z € R}
0

So first we check the uniform integrability of

{117/:.1,,/0” e~pt (E[E(y+ h,t)|€Y] —Z(y,t)) dt}

when 6 and A are sufficiently small and positive, and z lies in a fixed compact
interval. However from Corollary 3.7 with A = 0 we know ( using the evaluation
AZ(1/2,),z) — 7/[1+ y(z — a)] from Lemma 3.3 ) that

E[L(z,t)|€2] - L(a,t) = E[L(z,t A T.(z))] + /o = E[Y, - 1(,4()|€]d, L(a, o)
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where Y, is as defined for Lemma 3.4. Taking the Laplace transform in t gives

oo - 1 oo .

/ HE(L(s, ¢ A T (o))t + / e~PYE[e=*W. _ 1|£]d, E(a, )

0 0
and from Lemma 3.3 the conditional expectation calculates to be

sech(\/241(a<0) (2 — a) exp{—+/2ptanh(/2u(z - a)]L(a,t)} - 1.
Using the inequalities

1-¢e*<g ; l-sechzr<z

we find that this is bounded by 4p(z —a)L(a,t) + /2s(z — a) when z is close to a.
And by the Ray-Knight theorem we obtain the bound E[L(a, T,(2))] < (= - a).
This then shows that

/ooo e~ (Elff(z,t)lf o] - I}(a,t)) dt <

1 © e . 7, =
;(z -a)+ /(; e~#(z — a)[2L(a,t) + \/;]dgL(a, t)

which gives us the bound

i—/: dy/:o e bt (E[f,(y+ h,t)|€¥) - L(y, t)) dt <

i‘(z —a)+ / “dy [0 " e aE(a,t) + \/gldti(v,t)

However by Lemma 1.6 the r.h.s. is integrable so indeed the set is uniformly
integrable. Moreover Corollary 3.9 shows that as h | 0 it converges to

1 x oo x .
- / Liy<o)dy — / e™H / de L*(y, t)dy
14 a 0 a

Since this process is continuous it must equal, by the previous lemma, the
bounded variation part of [ e~#tL(z,t)dt. However by Fubini and the joint
measurability of the (unique) Doob-Meyer decomposition [11] this is given by
[s° e~*t D(z, t)dt. The result follows.
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Note that this automatically implies the almost sure relation

/ot(D(z,a) - D(a,s))ds = t/: Liy<oydy — /: dy./ot d,L2(y, )

This is proved by an integration by parts and then inversion of the Laplace
transform. Thus we can use the r.h.s. to define the version under consideration.

Lemma 4.8 As versions we have

~

x
<L(,t)>, —<L(,t>e = 2/ Ly, t)dy

Proof: For this we wish to apply Lemma 4.1 to the semimartingale

{/ e~ L[3(z,t)dt,z € R}
0

Which involves checking the uniform integrability of

% / " dy /0 T W (E(EA(y + b, 8)[€Y] — E2(y,0))dt (4.c)

when § and h are sufficiently small and positive. However from Corollary 3.7 we
know that
E[fﬂ(m, t)|E%] — 132(a,t) = E[I~,2(z,t A T,.(z))]

+ /Ooo E[Y,{2(z - a) + L(z,7(a,s))} — Lo, (8)2L(a, 8)|6)d, L(a, 8)

Taking the Laplace transform in ¢ gives

/oo e M E[L%(z,t A Ta(z))]dt+
0

1 [ . "
; / e~ Bl (2(z — a) + L(z,7(a, 1))} - 2£(a, 0)[E2]dy E(a, )
0
The conditional expectation E[e=#W. L(z, 7(a, 8))|€#] calculates from Lemma 3.3

(when z is close to a) as

[+ X<ty = sinh v/Bi(z — )2 sech?(y/Zi(z - a)lE(a, )
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exp{—/2p tanh(\/2u(z - a)]L(a,t)}.

Now we estimate. The Laplace transform of E[L?(a,t) — L?(z,t)|£¢] is bounded
by

oo"‘" L%(z T z ooc"‘"z—a L(a
/0 MBIz, Tu(o) i + 2 / (z - a)deL(a,8)}

*:‘21 /:, e #[{1 ~ 1(aco) ‘fé—;sinh VZa(z — a)} sech’[/2p(z — a)]

exp{—+/2ptanh(\/2p(z — a)|L(a,t)} — 1]d; L(a, t)
Now by using the Ray-Knight theorem we find that

/om e ME[L?(z,T.(z)))dt < C(z - a)

The same sort of inequality is valid for the second integral also. For the third we
see that it is bounded above by

g—/ e~#* [%(a,t)d L(a,t)
Kk Jo

when z is sufficiently close to a. And the uniform integrability of (4.c) is imme-
diate from Lemma 1.6 by arguing as before. Moreover from Corollary 3.9 we see
that as h | 0 it converges to

%[ eﬂ“/ wu+¢umn¢iw»)—4/ eﬂ“] dyE*(y, )du Ly, o)
0 a 1] a

And since this is adapted it follows from the previous lemma that it is the bounded
variation part of the process

/ e~Pt£2(z, t)dt
0
Now we know, using the Ito formula, that

i%%ﬂ=iﬂmn+2/ g, )y E(y, )+ < E(8) >z — < E(8) >a

a

and also recall how [11] shows we can assume there is a measurable version of

this. The bounded variation part we seek is given by

/ooo et ( /a "2k (y, )y D(y, )+ < E(,8) >2 — < L(,1) >,,)
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However by the previous lemma we can identify the measure dyD(y,t)dt with
dtl(y<o)dy — dy L?(y, t)dy. Comparing with what we have, gives

/oo e~ (< L(.,8) >z — < L(.,t) >¢)dt =
0

2/ 6—'“/ d,i(y,t)
~Jo a

And the result is immediate since L has a bicontinuous version by Corollary 1.9.

The next problem is to see how the processes corresponding to different time
intervals intefere. This is much harder than it might appear. As a general
principle the CMO formulae of order two and greater are extremely difficult to
write down explicitly. Nevertheless we are able to do the easiest case which turns
out to suffice for the next lemma. Unfortunately there is as yet no published
account of what we require, namely the CMO formulae for the process B(z,t).
But an inspection of (7] gives a good idea of what to expect. So the proof is given
in sketch only.

Lemma 4.4 If0 < s <t then

< L(.,t) - L(.,8),L(,8) >, = 0

Proof: The idea is to project

/ e"“i(z,t)dt/ e 2 L(z,8)ds =
0 0

Ap/ e""’d;i(z,t)/ e~*d, L(z, 3) (4.0)
0 0

onto the o-field . The relevant modifications to be made in 7] are that the
resolvent of Brownian motion must be replaced throughout by the resolvent of
B(z,t). And instead of exp{—v/2XL(a, t)} for the conditional law of 7(a,t) (see
Corollary 1.5) we use instead the evaluation exp{—+/2) tanh v2X(z — a)L(a, £)}
taken from Lemma 3.3. The killed resolvent

Ta(2) .
E,| ] e F(B(z, 1)) d] (a<y<az)
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can be computed as

2 sinh \/2_A(y - a) / "
osh V2A(z — d
V2X (coshVL\(z— a) ) Jy cosh V2X(z - ) (2)dz
where we suppose (as will be the case here) that f is supported on ly, z]. In fact
f(2)dz needs to be replaced by the Dirac mass at z, which gives us

2 [ sinhv2X(y — a)
V2X \ cosh vV2X(z — a)

the derivative at the point y = a+ being given by 2sechv/2A(z —a). As a further,
almost trivial, simplification we will only consider the case a > 0. Then we can
read off from Lemmas 3.1 and 3.2 of (7] that the projection of (4.d) is given by

Ap2sech?V2A(z — a)/ exp{—Xt — V2) tanh V2X(z — a)L(a, t)}d: L(a, )

/: exp{—ns — [V/2(\ + p) tanh \/2(A + p)(z — a) — V22X tanh v2X(z — a)]x

= ~ 1
L(a,8)}d,L(a,8) + %—Tz tanh V2X(z — a)2sech\/2() + p)(z — a)x

/oo exp{—(X + p)t — V2(A + p)tanh \/2(A + p)(z — a )L(a,t)}d¢ L(a,t).

Now we take the derivative of this in z at z = a+. Comparing this with what
we get by using the Ito formula directly, using the results of the previous two
lemmas, we obtain the required result.

Lemma 4.5 The process N has a bicontinuous version.

Proof: We restrict our considerations to the compact set [21, 22] x [u1,u2] of
the plane and we re-normalise by letting N (21,.) = 0. Fix an integer p > 2 and
note that

IN(2,8) = Ny, t)llp < |IN(z,2) = N(z,0)llp + [IN(2,£) = N(y,2)ls

For fixed t we know that {N(y,t),y > z} has a continuous martingale version,
and so we can use the inequality of Burkholder-Davis-Gundy to get (using Lemma
4.3) the estimate

I (a,1) - N0l < GE(2 [ Ea,0)da)?’?] < Oy = )2
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where we use Jensen’s inequality and the fact that we know the law of L(a,t).
Next we use the fact that {N(z,s) — N(z,t),z > 21} has a continuous version
also to get (by the same reasoning) using this time Lemma 4.4

z P/2
|IN(z,t) — N(z,8)|p < C,,E[(2/ L(a,t)da) ] < C(t - s)?/4
N
when p is a multiple of 4. However then we calculate that
IN(z,8) = N(y,t)|[} < Cll(z,8) - (y,t)][P/®

provided p is a multiple of 12. The claim now follows by the Kolmogoroff criterion
which we stated in the first section.

This even gives us a Holder condition on the paths of both N and D. The
following is our main theorem.

Theorem 4.6 The semimartingale {L(z,t), z € R} possesses a bicontinuous ver-
sion of its canonical £* decomposition, this decomposition being given explicitly
by the following

L(z,t) = N(z,t) + [ 1(y<o) (v)dy - ‘%/: L?(y,t)dy
Moreover the quadratic variation satisfies the following properties
<) >s - <E(,f) >=2 / "y, t)dy
If0<r<as<tthen

< i’(zy t) - z(z’ 3)’ i(z) r) >=0

Proof: This is a consequence of the previous three lemmas. Note how the
identification of D(z,t) follows because we now know that this process has a
bicontinuous version. For by the remark following Lemma 4.2

/Ot(D(z,a) — D(a,s))ds = t/: 1(y<o)dy — /: dy/()t d,E%(y, )
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So the identification is immediate by the fundamental theorem of calculus applied
pathwise.

We now look briefly at the process B(z,t). This is not so important as L so we
give less detail.

Theorem 4.7 The process

{/ e~ B(z,t)dt,z € R}
)

is an £* semimartingale with drift term given by

x [~ <] o .
—2/ da/ ¢~ L(a,t)d: B(a,t)
0
Proof: We begin by proving that the process is a quasimartingale on every

compact interval [z,y]. So we let z =29 < z; < ... < Z, =y be a partition and
consider the sum

E [Z E [ /0 = e~ dt[B(zit1,t) — B(z,-,t)lf’-'] I] (4.¢)

However from Lemma 3.6 we can estimate for z > a

IE| f e {B(a,t) - Bla,t)}dtlE%) =

R -a we”u = - s)|€%1d, B(z, s
| ] e~ ME(B(z, t ATa(z)) — aldt + / dt / E[Y, - Lo (8)|€41d B(z, )|

..._..__.__.1 *® —At ; _ a ~
< Nz —a) +\/0 e E[exp{—/\/a L(b, r(a,t))db} — 1|£°]d: B(z,t)|

The conditional expectation computes from Lemma 3.3, so by the inequality of
Burkholder-Davis-Gundy (in semimartingale form [3]) we have the bound

E(| /0°° e M *Elexp{-) /’ L(b, 7(a, t))db} — 1|€°]d, B(z, t)|] <

a

oo /2 co . .
C{E| (/0 e~22)\2(z — a)? L(a, t)dt)1 ]+E[./(; e **\(z—a)L(a,t)d:L(a,t)]}
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for x sufficiently close to a. We can bound the first term by using Jensen’s
inequality to take the expectation inside the square root. And because we get
the bound C(z — a), it follows that the sum at (4.¢) is bounded independently of
the partition. This completes the proof that the process f0°° e~ B(z,t)dt is an
&2 semimartingale. The calculation of the drift term is much the same as for L.

§5. Parameterised stochastic integrals and martingale representation

Recall that we have the decomposition
L(z,t) = N(z,t) + D(z,t)

where N(.,t) is a martingale, and D(.,t) has bounded variation. We introduce
the following space of two-parameter processes. Denote by ¥ the collection of
equivalence classes of all processes Z(z,t) which are measurable w.r.t. the prod-
uct of the £* predictable o-algebra and the Borel o-algebra on R and which
satisfy the condition

1218 =2 [~ [~ 226,90 50,9d] < +oo

The equivalence relation is of course the usual one relative to this norm and it is
clear that ¥ is a Hilbert space. It is convenient to single out the collection ¥¢ of
elements of ¥ which can be written in the form Z(z,t) = [ K(z, 8)ds where K
is bicontinuous and £* adapted with compact support in z. Notice that K(z,t) is
not required to be B(z, t) adapted. Then by Theorem 1.9, since continuous pro-
cesses are predictable, we can define the stochastic integral [*  K(y, t)dy, L(y,t)
for each fixed value of t. This enables us to produce a martingale as follows.

Lemma 5.1 For each Z(z,t) = [ K(z,s)ds in }¥* the process

[T xwoaiwo- ["a [ 1gcredm

+ / / K(y,t)d,L*(y,t)dy
0 —oo
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is a continuous square integrable £* martingale whose increasing process is equal

to Jo° 2 Z2(y,t)de L2 (y, t)dy.

Proof: From Theorem 4.6 we can write the above expression as

/Ow dt /_ ; K(y,t)dy N(y, 1)

By Fubini this is a continuous martingale. For the calculation of the increasing
process, we know from Theorem 4.6 that

< / K104 E,0), [ K0,y 5l0,0) =2 [ " Ky, ) Ky, 8)E(y, ¢ A 2)dy

Now use the bilinearity of the bracket operation to find that the increasing process
of the above martingale is given by

2/000 dt /:o ds /z K(y,t)K(y,8)L(y,t A 8)dy

The proof is completed by replacing L(y, ¢ A 8) By the corresponding integral and
changing the order of integration (twice).

When Z is an element of ¥% then we shall write the above martingale as
I Z(y, t)3L(y,t). Obviously this does not depend on the choice of represen-
tation for Z. The next step is to extend this definition to all of ¥.

Theorem 6.2 The above mapping extends uniquely to an isometry from ¥ into
the space of square integrable continuous £* martingales.

Proof: By Lemma 5.1 if Z lies in ¥* then the martingale [* Z(y, t)dL(y,t) is
continuous. However ¥¢ is a dense collection in ¥ so that if {Z,} is a sequence
which converges to Z in the norm then the corresponding martingales form a
Cauchy sequence in the martingale Hz norm. Therefore this defines a unique
continuous square integrable martingale.

It is convenient to use the notation [*Z (y,8)3L(y,t) for the extended mapping
also. Notice that we have now proved that the martingales of this type form a
closed linear subspace of the square integrable £ martingales. The hard part
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is to prove that it is a dense subspace. This is made easier by the fact that
e suffices to represent the martingales arising from the conditional excursion
formulae of Williams. First we introduce some more notation. As in {6] we shall
write

Kt(nvh’f) = Kt(Al,/\2,-'-,/\n;fl,fZ,---fn)

t tn tg
= / dtnC_A"‘" f" (Bt”) / “ee / dth—Altl f]_(Bgl)
(] 0 0

where the functions {f,} are always assumed to be continuous and to have com-
pact support. Also it will be convenient to let K;(0, A, f) = 1. Note that here we
do not require all the functions to vanish below a pre-determined level as in [6] so
that the n** order formulae will necessarily be more complicated. The point is of
course that these random variables, with n, {},}, and {f,} all varying, generate
the o-field £°°. Their projection along the excursion filtration provides us with a
dense family of martingales.

Our immediate task is to examine the first order conditional excursion formulae.

B[ e /(B)dsle™] = RES(0) + exp{vERe™

(R} f'(z+) /Oooexp{—/\s —V2AL(z,8)}d L(z, 8)+

/000 exp{—Xs — V2AL(z,8)} f(B(z,s))ds] (5.a)

The term which now causes trouble is the absolutely continuous integral in (5.a).
The point is that, a priori, there is no reason to suppose that this does not
contribute to the martingale part.

First recall from Corollary 1.5 the evaluation

Elexp{~Ar(z, £)}|€*] = exp{-A¢ — V2AL(z, €) - V2Az~}

where £ > 0 is any £* measurable random variable.

Lemma 5.3 The martingale part of (5.a) can be written in the form

C+ / " Z(y,8)0L(y,¢)

for some Z in ¥*.
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Proof: Looking at (5.a) as a function of z we see that the first term on the r.h.s.
contributes only a drift. So we concentrate on the two integrals. For the first one
we can integrate by parts and get

exp{VZhz~} RS f’(z+)-\—/—1§—i[1 Y / exp{~Xt — VN L(z, )} dt]
0
So by Ito’s formula and Fubini this contributes the martingale term
R f dt / exp{V2\y~ }RYf'(y+) exp{— Xt — V2XL(y,t)}dy N(y,?)
0 —oo

By the occupation density formula the absolutely continuous integral can be
written as

[ iy / " Elexp{-Ar(y, )}1€*1d: L (5, 8

which makes it clear that the martingale contribution comes from the conditional
expectation part. Consequently, using Fubini, we see that it is given by

Y /0 = dt / " exp{— VIR~ — At — VINE(y, )} F(Bly, £))dy N(y, 1).

And this has the required form.

Theorem 5.4 Every martingale of the form E[K(n, ), f)|£*] can be written

as
C+/ dt/ K(y,t)dyN(y,t)
0 —o0
where Z(z,t) = [ K(z,8)ds is in ¥°.

Proof: We only need to look at these for n > 1. However the inductive step is
rather messy so we proceed in a more descriptive way. Consider for the moment
the situation where the process starts at x. Then, by (7] Lemma 3.1 or Theorem
3.1 we have o
E.[ [ e~ g(Be)Ki(n, A, )dt|€%] =
0

RS f'(z+) fo " U [exp{—pr(z, )} K (o) (m, \, D|E=]de £z, 8)+

/0 ~ U, fexp{—pr(z, )} K, (o) (n 1, D|E*la(Bz, 1)) dt (5.6)
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Now let us comsider the conditional expectation part on the r.h.s. of (5.5). It
will split into two terms, corresponding respectively to the excursions below and
above the level z. The first term is given by

[ Bulexplonr(a, ) = dar(a, D} e (3= 10 DIE7 (Bl s

But since s < t we can use the conditional independence result of Lemma 1.2 at
time 7(z, 8) to see that this equals

| " exp{—nult - 8) - VERLL(z:0) — L(z,9)}

Ez[exP{—(”' + ,\,.)r(z, ")}Kr(z,o) (n - 1) ’\: ﬂ'é.’]fn(é(z, 3))‘1"

where we have evaluated the conditional expectation of 7(z,t) — 7(z, 8) by using
Lemma 1.2 and Corollary 1.5. The point is that we have now moved the vari-
able ¢ outside the conditional expectation. The second term can be treated by
applying [7] Lemma 3.2 so that again the variable ¢ comes out of the conditional
expectation. Continuing this procedure, using [7] Lemmas 3.1 and 3.2 when we
need to look at the excursions above x and Lemma 1.2 when we look at the
process below x, we eventually obtain that (5.b) can be expressed as a sum of a
number of terms of the form

o t th—1
/ 41(0,¢) / dI(Lty)... / dI(n,ta) (5.¢)
0 0 0
where each dI(7, s) can be written in one of the two forms
dI(j,8) = F(z)exp{—As — VerL(z,s)}d, L(z, s)

or
d1(3,8) = F(B(z,s)) exp{—As — V2AL(z,s)}ds (5.d)

Now we want to remove the singular processes. This we can do by changing
the order of integration, bringing each one in turn to the extreme r.h.s. of (5.c)
and then integrating by parts. This is possible because the relevant term will
never contain any explicit dependence on B(z,s) and it yields a process of the
form F(z)exp{—As — V/2)AL(z, 2)} plus an absolutely continuous integral. Hence
we can assume that in (5.¢) all integrands are of the form (5.d). Now look at
the integrand in the multiple integral of (5.c) and apply Ito’s formula to obtain
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its martingale part, just as we did for the first order case, only that now there
will be up to n terms. This supplies us with a parameterised stochastic integral
of the required form provided we use a stochastic Fubini theorem to bring the
integrating processes to the front. Finally we look at the contribution from the
initial excursion. We will decompose (5.5) at time T, so that the 1.h.s. can now
be written as

T co
E[/ e~Ptg(B:)Ki(n, )\, )dt| €] + E[/ e~ g(B:)Ki(n, A, f)dt|E*]
0 T:

The first term does not have a martingale part, and it is independent of £*. The
second term can be further decomposed by repeating the procedure on the first
integral in K;(n, A, f). This gives

o0 Tz
E[/ e=Pt g(B,)dt / M £y (B)K(n — 1, ), D)ds|€%] +
T. 0

x

E| /T ~ e-ntg(By)dt / LMo f(BOK.(n— LADASIET]  (5)

x x

We can apply the strong Markov property at time T, to reduce the first part of
(5.€) to the consideration of a first order conditional excursion formula, which
we already know how to deal with. It is clear that we can repeat the procedure
to get higher order formulae of the type we have just looked at and which we
can therefore represent in the required form. The proof is now finished once we
remark that by Corollary 2.2 (ii) the initial o-field is trivial.

Corollary 5.5 The square integrable £* martingales can all be represented as

o+ [ 2005
where Z is an element of ¥.

Proof: By the theorem this holds for a dense set of £* martingales. However the
martingales which satisfy this representation property form a closed subspace of
the square integrable £* martingales.
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